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(w,c)-PERIODIC AND ASYMPTOTICALLY (w,¢)-PERIODIC MILD
SOLUTIONS TO FRACTIONAL CAUCHY PROBLEMS.

JAMES LARROUY AND GASTON M. N'GUEREKATA

ABSTRACT. In this paper we establish some new properties of (w, ¢)-periodic
and asymptotically (w,c)-periodic functions, then we apply them to study
the existence and uniqueness of mild solutions of these types to the following
semilinear fractional differential equations:

) {CDf‘u(t) = Au(t) +° DO F(tut), 1<a<2,tER,

u(0) =0
and
CD?u(t) = Au(t) +¢ Dféilf(t?u(t - h))v l<a<2,the Ry,
(2 _
u(0) =0

where °Dg(-) (1 < a < 2) stands for the Caputo derivative and A is a linear
densely defined operator of sectorial type on a complex Banach space X and
the function f(¢,z) is (w, ¢)-periodic or asymptotically (w, ¢)-periodic with re-
spect to the first variable. Our results are obtained using the Leray-Schauder
alternative theorem, the Banach fixed point principle and the Schauder the-
orem. Then we illustrate our main results with an application to fractional
diffusion-wave equations.

AMS Subject Classification: 26A33, 34C25, 34C27, 34K14, 35B15, 47D06

Key words: Leray-Schauder alternative theorem, Arzela-Ascoli theorem,
Schauder theorem, Fractional differential equation, (w, ¢)-periodic, Asymptot-
ically (w, ¢)-periodic, Mild solutions.

1. INTRODUCTION

In their 2018 pioneering work, Alvarez et al. [1] introduced the class of (w,c)-
periodic functions which contains the spaces of periodic, antiperiodic and Bloch
periodic functions among others. It is motived by the so-called Mathieu’s equation
(3) y" () +[a — 2qcos (2t)] y (t) = O,
arising in seasonally forced population dynamics modelling. The solution is of
the form y(t + w) = cy(t) where ¢ is a complex number. The theory has rapidly
attracted several authors including Abadias et al. [2], Alvarez et al. [3], Mophou
and N’Guérékata [4], Kéré et al. [5], Li et et al. [6], Khalladi al. [7,8].

In their paper [3], Alvarez, Castillo and Pinto extended the concept to the one of
asymptotically (w, ¢)-periodic functions, that is functions which can be decomposed
uniquely as the sum of a (w,c)-periodic function and a function that vanishes at
infinity.

The aim of this paper is to keep on investigating properties of (w, ¢)-periodic
and asymptotically (w, ¢)-periodic functions and their applications to the following
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2 JAMES LARROUY AND GASTON M. N°GUEREKATA

equations:

" {cpgu(t) = Au(t) +° DP T f(tu(t), 1<a <2, teR,

u(0) =0
and
“Dfu(t) = Au(t) +° D f(tu(t —h)), 1<a<2,t,heR,,
(5) _
u(0) =0

were Dt (+) (1 < a < 2) stands for the Caputo derivative and A is a linear densely
defined operator of sectorial type on a complex Banach space X, and the function
f(t,x) is (w, c)-periodic or asymptotically (w, ¢)-periodic with respect to the first
variable. Our main results are Theorems 2.2, 2.5 and 2.7.

In order to illustrate our main results, we propose an application to Mainardi’s
concept of fractional diffusion-wave equations (see [9-11] for more details). Mainardi
and Paradisi have shown in [11] that this class of fractional equations with (1 <
a < 2) is that which governs the propagation of stress waves in viscoelastic media
which, by exhibiting a power law creep, are of relevance in acoustics and seismology
since their quality factor turns out to be independent of frequency.

2. PRELIMINARIES

Throughout this work, we assume that (X, ] -||) is a complex Banach space and
we will denote by C(R, X) the collection of all continuous functions from R into X,
and BC(R, X) the collection of all bounded continuous functions from R into X.
The space BC(R, X) equipped with the sup norm defined by || f|leo := sup || f|| is a

teR

Banach space. The notation B(X) stands for the space of bounded linear operators
from X into itself endowed with the uniform operator topology.

First, we recall some definitions and properties about sectorial linear operators
and their associated solution operators.

Definition 2.1. A closed and linear operator A is said to be of sectorial type &
and angle 0, if there exists (0,M,&) € (0,5) x Ry x R such that both following
assertions holds true :
(1) its resolvent exists outside the sector w+Sp == {@w + A\, A € C, |arg(—\)| < 6}.
(2) A=A < g A @+ S

A—a]”

Definition 2.2. Let a € (1,2) and A be a closed and linear operator with domain

D(A) defined on X. The operator A is called a generator of a solution operator

if there exists ©® € R and a strongly continuous function S, : Ry — B(X) such
o0

that (A%, Re(\) > @} C p(A) and \o—1(\@ — A)~1g — / NS, () dt, Re()) >
0
W,z € X. In this case, S, (t) is called the solution operator generated by A.

Definition 2.3 ( [12]). A family {Sa(t)},~o C B(X) is said to be uniformly inte-
grable if -

/OO 1S (t)]dt < 0o

0
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We note that, if A is a sectorial type of & with 6 € [0,7(1 — $)) then A is the
generator of a solution operator given by

1
Sa(t) == —— [ MA*TT (A — A)~ dA
()= 5z [ X074
where £ is a suitable path lying outside the sector @ + Sp.

Lemma 2.4 ( [13]). Let A: D(A) C X — X be a sectorial operator of type & < 0
and angle 0 in a complex Banach space X, then there exists Co 9 > 0 depending
solely on a and 6 such that :

Co oM
Sa(t < >0 >
| ()IIB(X)_IHQW >

Definition 2.5 ( [14,15]). The derivative of order o of a function f : Ry — R in
the sense of Caputo is defined as

c o _ 1 ! _Sn—a—l (n) $)ds
DEF0) = e [ (=9 o)

form—1<a<n,neN Ifl<a<?2, then
1 K .
— [ (t—s)fO(s)d
o =P

In the following sections, we will recall some properties of both (w, ¢)-periodic
and asymptotically (w, ¢)-periodic functions.

‘D f(t) =

2.1. On (w, c)-periodicity.
We first recall this fundamental definition :

Definition 2.6 ( [1]). Let w > 0 and ¢ a non-zero complex number. A function
f € C(R,X) is said to be (w,c)-periodic if f(t+w) = cf(t), Vt € R.

In this case w is called a c-period of the function f.

We denote by P, .(R,X) the set of all (w,c)-periodic functions from R to X.
When ¢ = 1, we write P, (R, X) instead of P, 1(R,X) and we say that f is w-
periodic. Using the principal branch of the complex Logarithm, ¢ is defined as
co = exp(£Log(c)) = ¢"(t) and we will use the notation le|(t) := | ()| = |c|£.

In [1], Alvarez et al. gave a useful description of the space P, (R, X). That
is Py, (R, X) is a translation-invariant subspace over C of C(R,X). Then for any
fixed h > 0 and u € Py, (R, X), we have up(-) := u(- — h) € Py, (R, X).
Proposition 2.7 ( [1]). Let f € C(R,X). Then, f € P, (R,X) if and only if
f(t) = esu(t), ut) € Pu(R,X).

Theorem 2.8 ( [4]). Let f € P, (R, X) and A € B(X). Then Af € P, (R, X).

We state and prove this basic property which follows naturally from the (w,c)-
periodicity definition. It will be very useful in the sequel.

Lemma 2.9. Let f € P, .(R,X). Then, f € P_, .—1(R,X).
Proof. Let f € P, .(R,X). According to Proposition (2.7), f(t) = c=u(t) with

u(t) € Py, (R, X). Then, we have f(t —w) = ct_Twu(t —w) = c’lcfu(t) =cL1f ().
So feP_, .1 (R,X). |
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Now we establish the following theorem :
Theorem 2.10. Let f € P, (R, X). Then, °Dg f(t) ¢ Py (R, X).
Proof. We have

1

t+w
‘DEf(t +w) = m/{) (t—&—w—s)”*a*lf(")(s)ds

c 0
= dCDE )+ prry [ (= o (s

— (D2 F(1)) + ﬁ /O bt w— e O (5)ds

Keeping in mind that f € P, (R, X) we know that f is not constant. It comes
that / (t 4w — )"0 ) (s)ds £ 0. Finally, D f(£) ¢ P (R, X). 0
0

Theorem 2.11 ( [1]). P, (R,X) is a Banach space with the norm | fllw,c =
sup |||e|*(=£) f(B)]]-

tel0,w]

We note that if f € Py, (R, X), then || f|lw,. < co and we say that f is c-bounded.
The use of ||f||w.c instead of || f]lcc will allow us to handle the (w,c)-periodicity
properties of f (see [1] for more details).

We now prove the following:

Proposition 2.12. Let A : D(A) C X — X be a sectorial operator of type @ < 0
and angle 0 in a complex Banach space X, then there exists Co 9 > 0 depending
solely on a and 0 such that :

Co,oM

Sat wc§7~
IS (Bl < T

Mo, t=0
where v1 = max{1, |¢|”'}.
Proof. Using Lemma 2.4, we have

1Sa(®)]lw.c = sup el (=)Sa®)l < ISa(®)llBex) - sup [llel"(=t)]

€[0;w] te0;w]
Co,oM
< = sup |e|M(=t)[| >0
1+ |U.}|t te0;w]
Co,oM

-1
_W~max{l,|c| },tZO

O

Now we will investigate some more general features of (w, ¢)-periodic functions
linked with their integration.

Proposition 2.13. Let f € P, .(R,X). Then for all 1,22 € R,
z1t+w za+{{}wtw

/ f(s)ds = cl&) / f(s)ds
x

z1 z2+{{}w
where § = F—*2[£] stands for the integer part of & and {§} for the fractional part
of €.
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Proof. Let f € P, (R, X). We have

T +w oo+(| =22 {2 Hwtw
/ f(s)ds = / f(s)ds

1 2 ([ H 522 H{H T2 Hw
xo+{ - 2}w+w .
_ / ] Fls+ |22
zo+{ B2 }w

o1 -y ngr{W}erw
=7 / B f(s)ds
s +{ B —2}w

Jw)ds

(]
Theorem 2.14. Let (b,b) € [0,00) x [0, 00] and Ab,Ags“p,Aginf define as :
t+b »
avw= [ s = [ sts
t
‘ t+b
Ap(t) = (Ap™ + Abmf)(t) = f(s)ds
t—b
Then Ay, A7™P, Aginf are (w, ¢)-periodic functions if and only if f € Py, (R, X).
Proof. We have that :
t4w+b t+b
Ayt +w) = / F(s)ds = / cf()ds = cAy(t)
t+w—b t—b
The proof is similar for A;*"P and Aginf case. |
¢
One can note that Ay / f(s)ds is well defined when |¢| < 1 and A™ = / f(s)ds

is well defined when |c| > 1 and both are in P, (R, X) whenever f € P, (R, X).
In [3], authors gave following proposition :

Proposition 2.15 ( [3]). Assume that f is a (w,c)-periodic function and b €

[—00,00). Then F(t / f(s)ds is a (w, ¢)-periodic function if and only if F(b+
w) =0.
We offer a more precise version of the latter for all b € R because the case b = —oo

is already treated in Theorem (2.14).

¢
Theorem 2.16. Let f € P, (R, X) and b € (—o0,00). Then F(t) = / f(s)ds isa

b
(w, ¢)-periodic function if and only if c =1 and f := u(t), with u(t) §-antiperiodic.



6 JAMES LARROUY AND GASTON M. N°GUEREKATA

Proof. Let f € P, .(R,X). According to Proposition 2.7, we have f = csu(t),

u € Py(R,X). If c=1and f := u(t), with u(t) §-antiperiodic, we have that

Fit+w) = [ " fs)ds = / " foas + / " foyds

b+w

bt bty

_ / F(s)ds — / F(s)ds + cF(2)
b b

= cF(t)

Now, if we have F(t) € P, .(R,X). According to Proposition (2.15), for b €
(—00, 00), we have

(6) Fb+w)=0
b4w t+{& fwtw
Using 2.13, it comes that / f(s)ds = cléd / f(s)ds, for each t € R,
b t+{&}w
where & = . Then for all t € R :
b+w t+{& wtw
/ f(s)ds = ¢l / f(s)ds
b t+{& tw
b+w t+{& fwtw
= clél / f(s)ds + clé) / f(s)ds
t+{&}w b+w

t+{& Jwtw t+{& tw
= fctg‘Jfl/ f(s)ds + CL&J+1/ f(s)ds
b b

= TPt 4 {6 )w + w) + SR+ (&) w)

But by hypothesis, F' € P, (R, X) then F(t-+{{ }w+w) = cF(t+{{ }w). Therefore,
forall t € R

_CLEtJF(t + {6 w) + clftJJFlF( t+{&tw)=0<—=c=1

b+ % b+
Finally, (6 )impliesthat/ : f(s)+ f(s+ )ds-0<:>/ ’ u(s) + u(s + 2)d s=0.

It follows that ¢ = 1 and f(t) = u(t) with u(t) %-antiperiodic. O

Corollary 2.17. Let f € P, (R, X) with |c| #1 and b € (—o0,0).
Then F(t / f(s)ds is not (w, ¢)-periodic.

Let us denote the Nemytskii’s operator associated with f € BC (R, X) by N'(¢)(+) :=
f(-,©(+)). Then we recall the following composition theorem :

Theorem 2.18 ( [4]). Let f € C(R,X). Then the following assertions are equiva-
lent :

(1) For every ¢ € P (R, X), N(9)() € P,y (R, X),
(2) For all (t,u) e RxX, f(t+w,cu) =cf(t,u).

We end this section with the new following convolution result:

Theorem 2.19. Let {Sq(t)},5o C B(X) be a uniformly integrable and strongly
continuous family. If f € Py, (R, X) then the function (Sq o f) given by

(Sa o f)(t /St—s s)ds
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is also in Py, (R, X).
Proof. We have

Saof)(t+0) = [

—00

t+w t
Su(t+w— 5)f(s)ds :/_ Su(t — 8)f(w+ 8)ds = e(Sacf) (1)

The proof is complete O

2.2. On asymptotically (w, ¢)-periodicity.
We first define the following spaces of functions vanishing at infinity:

Co(X) = {h € C(R4,X) such that lim h(t) = 0}

and
Co(,X) = {h € C(R+ x 9,X) such that tlim h(t,u) = 0 for all u in any compact subset of Q}
—00
Definition 2.20 ( [3]). Letw > 0 and ¢ a complex number. A function f € C(R,X)
is said to be c-asymptotic if ¢ (—t)h(t) € Co(X), that is
. Af_ _

Tim (1) (5) =0
And we denote by Co (X) this collection of function. Analogously, a function
g € C(R x Q,X) is said to be c-asymptotic if ¢ (—t)g(t,u) € Co(Q,X), that is

. " _

Jim e (=t)g(t,u) = 0

for all w in any compact subset of Q). The collection of all such functions will be
denoted by Co (£, X).
Definition 2.21 ( [3]). A function f € C(R,X) is said to be asymptotically (w,c)-
periodic if f = g+ h where g € Py, (R, X) and h € Cy (X).

We denote by AP, .(X) the collection of all those functions (with the same c-period
w for the first component). Reader should note that the previous decomposition is
unique, that is we have AP, .(X) =P, (R, X) P Cy (X).

Similarly to the previous section, we have these fundamentals results :

Proposition 2.22 ( [3]). Let f € C(R,X). Then f is asymptotically (w, ¢)-periodic
if and only if

F(t) = coult), u(t) € AP, (X)
Lemma 2.23 ( [3]). Following assertions holds true :

(1) (f +9) € AP, (X) whenever f,g € AP, (X).
(2) Let g € Py, (R,X) and h € Cp (X) such that g,h € C'(R,X). Then the
derivative of f = g+ h € AP, (X) belongs to AP, .(X).

Now we state and prove following theorems :
Theorem 2.24. Let f € AP, (X). Then if A € B(X), Af € AP, (X).

Proof. Let f = g+ h where g € P, (Ry,X) and h € Cy(X). We have that
Af(t) = Ag(t) + Ah(t). According to Theorem (2.8), Ag € P, (R4, X).

Also we have Htlirroloc/\(—t)Ah(t)|| < HA||B(X)Htligloc/\(—t)h(t)n =0
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So lim ¢"*(—t)Ah(t) = 0, which proves that Ah(t) € Co (X). The proof is complete.

t—o00
U

Asin [1] with Theorem 2.11, Alvarez et al. prove that there exists a norm suitable
for the study of asymptotically (w, ¢)-periodic functions with the proposition which
follows.

Theorem 2.25 ( [3]). AP, .([d,0) x X,X) is a Banach space with the norm
[ fllaw,c == §1>11d>|||C\A(*t)f(t)||-

In the following, we will focus on the case t € R,. Consequently, we will use
| fllaw.c as || fllaw,e :== sup|l|c|”(—t) f(¢)||. We propose the two following results :
t>0

Proposition 2.26. Let A: D(A) C X — X be a sectorial operator of type @ < 0
and angle 6 in a complex Banach space X. If |c| > 1, then there exists Cp9 > 0
depending solely on a and 0 such that :

Co oM
Sa(t < —— t>
180w < 75 12

Proof. Using Lemma 2.4, we have

Cat? A

———— .sup|||e|*(=t)|| ,t >0
< Tt sl (0]
Ca79~M £ 0

1+ |@fte

Theorem 2.27. Assume that A is sectorial of type © < 0. If f: Ry — X is an
asymptotically (w, c)-periodic function and (S, © f)(t) is given by

(Sa o f)(t) = /0 Sa(t — s)f(s)ds, t > 0.
Then (Sq o f) € AP, ,(X).

Proof. If f = g+ h, where g € P, (R,X) and h € Cy.(X), then we have that
(Sa ¢ f)(t) = (Sa © g)(t) + (Sa © h_g)(t) where

(Sa ©9)(t) = / Sut — ) f(s)ds, t > 0

and
0

(Sa @ h_g)(t) = /0 Sa(t — s)h(s)ds — / Sa(t—s)g(s)ds, t >0

—0o0

By Theorem (2.19), (S, ® g) € Py, (R, X). Now, let us show that (So ® h_,) €
Coo(X). Since h € Cy.(X), for each € > 0 there exists m > 0 such that
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|17(8)]|aw,e < € for all s > m. Then for all ¢ > 2m, we deduce

1M (=) (S @ h_g) (1) = [l (— t)[/OQ st
' h( ) a@M 0 a0M
+/;1+|uf|ts / 1+|w|t—s) Tl —sa

t

2 1
T+Glt—s)"

+ /t L d
g —_— Qs
L T+ Gl —9)°
0
1
w,C — d
gl /_OO TR ]
eCapM|d| = 7

<C M ’ w70d ’
= el /t 1+ |w|s> st asin(g)

<caeM{||h|W/
0

It comes that
oo
1 (—)(Sa®h_y)(1)]| < ca,eM(h||aw,c+||g||w,c) /

Therefore, tlim M(=t)(Sa ® h_g)(t) = 0, that is, (Sq ® h_y) € Cop,(X). This
—00
completes the proof. O

1 eCooMm

~Tea 08 ~ L T
1+|OJ‘S a‘w‘a sul(a)

Now we recall this composition theorem

Theorem 2.28 ( [3]). Let f(t,z) = g(t,z) + h(t,z) where g(t + w, cx) = cg(t, x)
and h € Cy (X, X). Assume that
(1) hi(z) = N(=t)h(t, " (—t)z) is uniformly continuous for z in any bounded
subset of X uniformly for t > 0, and hi(z) — 0 as t — oo uniformly in z.
(2) There ezists v € BC(R4,R,) such that

”f(tvul) - f(taUQ)” < V(t)”ul - UQH,V’UJ,UQ € Xa vt € R+
If p € AP, (X), then f(-,(+)) € AP, (X).

In the sequel, we need the following results :
Let h* : Ry — [1;00) be a continuous function such that h*(¢t) > 1 for all t € R4
and h*(t) — oo as t — oo. Initially we set Cp« (R4, X) for the space consisting of

< 00. endowed

continuous functions w : Ry — X such that ||ul|p« = sup HUUW’C
teR L h (t)

[tllacs e It turns out to be a Banach space.

hx(t)

with the norm ||ul|p« = sup
teERL

We also denote

0 _ T Hullaw,c o
Ch* (R+,X) = {U S Ch* (RJ’_,X) : tli)réloih*(t) = 0}

Here we adapt with the norm || - ||4w,c and prove an existing lemma in [16] .

Lemma 2.29. 4 subset R C C). (R4,X) is a relatively compact set if it verifies
the following conditions :
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1) The set Ry = {u :u € R} is relatively compact in C([0,0],X), Vb e R,.
I[O,b]

(2) tlggo Z![(LZJ)C = 0, uniformly for u € R.
Proof. First note that CY. (R4,X) is isometrically isomorphic to the space Cy(X)
of functions vanishing at infinity.
Now, let us consider the set Ry = {u,,, : u € R} C C.([0,b],X). Then, since for
all b € Ry, CY.([0,8],X) is isometrically isomorphic to the space Cy([0,b],X), the
set Ry is isomorphic to a subset of the latter space. Keeping in mind assumption
(1), we have that Vb € Ry, Ry is relatively compact in C([0,b],X) D Cy(]0,b],X)
which leads to the fact that Ry is relatively compact in Coy(]0, b], X).
Then, for any fixed b € Ry, R, admits a finite e-net {01, 72, ..., }, in C%. ([0, 4], X).
This result allows us to exhibit a finite e-net for R C CY. (R4, X) as follows :

{m(t) Yeeqa,... py forall t € Ry

. Hence, according to (2) and latter result, for any u € R there is a k € {1,...,p}
such that
[[u®) = 75 (t) | aco,e

u(t) — ne(t)||p = su <e
) =m0 = sup
Since € > 0 is arbitrary, this last relation proves that R is relatively compact in
CY. (R4, X). O

3. MAIN RESULTS

Because of the estimate on ||S,(t)||B(x), we can make the following assumptions :
[e%

(H1) : The operator A is sectorial operator of type & < 0 and angle 6 € [O, m(l — 5))

(H2) : Let (Sa(t))i>0 C B(X) be a strongly continuous family of linear operators.
(H3) : f € C(R x X, X) such that for all (t,u) € RxX, f(t+w,cu) = cf(t,u), and
there exist 6 € (0, 1] such that we have
||f(t7u1) - f(ta u2)|| < 5HU1 - U2H,VU1,U2 € X,
(H3 Bis) : f € C(R x X, X) such that for all (t,u) € R x X, f(t+w,cu) = cf(t,u),
and there exist x € (0, 1] such that we have
1 (& un@)] < Kllun @], Vo € X, VE, b € Ry

With all of this in mind, we can have the following results.

3.1. (w,c)-periodic case. In this section, we mainly deal with the existence and
uniqueness result of (w, ¢)-periodic mild solutions to the following fractional Cauchy
problem :
@ °Du(t) = Au(t) +° DY 1 f(tu(t), 1<a<2,teR,

u(0) =0
Definition 3.1. Assume that A is of sectorial type @ < 0 and angle 0 € [0, (1 — %))
A function continuous function u : R — X is called a mild solution to Equation (7)

on R, if the function s — S, (t — s)f(s,u(s)) is integrable on [0,t) for each t € R
and

u(t) = [ Sa(t —8)f(s,u(s)) ds, for any t € R.
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Theorem 3.2. Under previous assumptions, if we assume that (H1) — (H3) hold,
then there exist a unique (w,c)-periodic mild solution to Equation (7), provided

C’a79M715|cD|_717T

h
asin(Z) where

that there is a constant Ne0s € (0,1) such that nee >
3y = max{1, | 7}, p € (0, 0).
Proof. Consider the operator I' : P, (R4, X) — Py, (R4, X) such that :

(Tu)(t) := / Sa(t—9)f(s,u(s))ds ,t>0

— 00

then T' is well defined. In fact, let u € Py, (R, X) using Theorem (2.18), s —
f(s,u(s)) belong to P, (R,X). Then by theorem (2.19) with f € P, (R,X),
we have I'u € P, .(R,X). Thus we infer that I' maps P, .(R,X) into itself. For
u,v € Py (R, X), we get

ITu(t) — Tu(t ”“_H/ Wt — 8) [f(s,u(s)) — f(s,0(s) dsH

! 1
< CopMy1d sup / B S PR
! te0.w] | /oo 1+ |@|(t — )@ | I
< CqoMy19 sup

ds ¢ flv = ulle,
tefo,w] |W|a } o

< CqoMmy19 sup { “l aﬁ }||”uu||wc
o

tE[O,w] asin

Co.oM~10|0| =
< Cod M OBIE Ty e
asin(Z)

< nozﬁ,&”v - u”w,c

Finally, I" is a contraction. So by using the Banach fixed point theorem, there is
u € Py, (R4, X) which is the unique mild solution to Equation (7).
The proof is complete. O

We need the following theorems for the sequel:

Theorem 3.3. (Arzela-Ascoli) Let X be compact metric space and Y be a metric
space. Then A C C(X,Y) is relatively compact if and only if both conditions are
satisfied

(1) A(z) .= {f(x), f € A} is relatively compact in'Y for all z € X,

(2) A is equicontinuous.
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Theorem 3.4. (Schauder) Let E be a Banach Space, C' a nonempty closed convex
set of E and T : C' — C continuous. If T(C) is relatively compact, then T has at
least one fized point.

Let us assume that :

(H4) : f(t,u) is of Caratheodory ; that is, for any ¢ € R, f(¢, ) is continuous with
respect to u € X, and for any u € X, f(¢,u) is strongly measurable with respect to
teR.

Now, we state and prove this additional existence theorem :

Theorem 3.5. Assume that (H1),(H2),(H3 Bis) and (H4) hold. Then Equation
(7) has at least one (w, ¢)-periodic mild solution on Ry.

—1

~ =t t 1
Proof. Let T = Mif We recall that sup / —ds y <T.
asin(f) tefow) | J—oo 1+ [@[(t — 8)*

Now, choose
r > 2Cq.0 My17E||U]|w,e

w,e < 1}. Define the operator N on B, by

and consider B, = {u € P, (R4, X), ||u]

(8) (Nu)(t) = / St — 5)f (s u(s)) ds

Let us observe that if u € B, then Nu € B,.. Indeed, we have

[(Nw) (1) ||w.e = H/too Salt—s)f(s,u(s)) dusyc

< sup {/ el (=(t = $)Sat = s)| - - llle]" (=s)u(s)l| dS}

t
< sup { / 1St — ) lorelltfloe ds}
te(0,w] —0o0

t 1
< Co oMk sup / —————ds p|uflw.e
te0,w] | /oo 1+ |@[(t = 5)* e

< CooMnTE||ul|w,c
<r

Now let us prove that N is continuous and relatively compact. We show the conti-
nuity first.

Let (up)nen be a sequence in B,. such that w,, — u in B,.

According to (H4) f is continuous on R X X. It comes that f(s,u,(s)) — f(s,u(s))
whenever n — oo that is for ¢ > 0, there exist N € N such that for all n > N,
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IIf(s,un(s)) — f(s,u(s))]| < e. Then, for any t € R, we have

[(Nun)(t) = (Nu)()]|we < sup {/ I1Sa(t = 8)llBeolllel" (=5).f (5, un(s)) = (s, u(s))ll dS}

te[0,w] —o0

t
1
< Cq9Mmy1€ sup / —_— ds
te[0,w] oo 1 |w|(t_8)a
< (CaoMyi7)e

Now, we show the compactness of N, using Ascoli’s theorem. First, we prove
(Nu)(t) : w € B, is uniformly bounded.

t

[(Nw) ()] w,e < Sup ]{/ I1Sa(t = s)llBo el (=) f (s, uls))ll ds} < CooMTE|ullw,c
c|0,w —o0

So, [[(Nw)(t)]|w,c < oo and it is proved. Now, let us prove that N(B,) is equicon-

tinuous.

Let t € (—o00,b], b € R. For t1,ts € (—00,b] such that ty < t1, we have :

/_1 Sa(ts —s)f(s,u(s)) ds—/2 Sa(te —s)f(s,u(s)) ds

— 00

[(Nu)(t1) = (Nu)(t2)l|w,.ec = ‘

w,c
t1
2

— H/_; Sa(ty — 8)f(s,u(s)) ds +/t Sa(ti — 8)f(s,u(s)) ds

- Sal(ta —s) f(s,u(s)) ds

to
< ( [ 18ats = 9) = Salta = )l

t1
+ [ 18atts = ) el ds)

ta

to
< ( | 18attr =5) = Satta = 9ol ds

t1
+ [ 18t = 9ol ds)

ta

to t1
Let I, = / 1Sa(t: — 5) — Salts — ) lullue ds and I = / 1Sa(ts — B lullwe ds.
t

Actually, b;)th I and I tend to 0 independently of u € B, whenig — t1.
Therefore the continuity of the function ¢ — ||S,(t)|lgx) for t € (—oc, b] allows us
to conclude that tlin% I, = 0. In the other hand, we have :

2—t1

t1
Bo= [ 18t~ 9ol ds < (ca,eMnuw,cT) 6 — to

to

And consequently, it comes that lim I, = 0.
to—t1

So, using Theorem 3.3 we have proved that N(B,) is relatively compact for ¢ €
(—00,b] for all b € R. Then Nu : u € B, is a family of equicontinuous functions.
Then Schauder’s theorem (see theorem 3.4) allows us to conclude that (7) has at
least one (w, ¢)-periodic mild solution on R. O
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3.2. (w,c)-asymptotically periodic case. In this section, we mainly deal with
the existence and uniqueness result of asymptotically (w, ¢)-periodic mild solutions
to the following fractional Cauchy problem with delay :

°Dfu(t) = Au(t) +° D f(tu(t —h)), 1<a<2,t,heR,,
(9) _
u(0) =0

Note that in the following we will write up(-) as u(- — h).
Now let us assume that :
(H5) : f is satisfying Theorem 2.28.

Definition 3.6. Assume that A is sectorial type of © < 0 and angle 6 € [0, (1l — %))
A function continuous function u : Ry — X is called a mild solution to Equation
(9) on Ry, if the function s — S (t — s)f(s,up(s)) is integrable on [0,t) for each
t,h e Ry and

t
u(t) = / Sa(t —s)f(s,un(s)) ds, for any t,h € Ry.
0
Theorem 3.7. Under previous assumptions, if we assume that |¢| > 1, (H1)-

(H38) and (HS5) hold, then there exists a unique asymptotically (w, c)-periodic mild
solution to Equation (9), provided that there is a constant 1,9 € (0,1) such that

i 1
0,0 > Co,oM6 su /~—d5 )
Mot = Hot p{ o 1+ @l(t—s)
Proof. Consider the operator I : AP, .(X) — AP, .(X) such that
t
= / Sa(t—9)f(s,up(s))ds ,t>0,and h > 0 (fixed).
0

One can easily see that II is well defined and continuous. It follows from (H5) that
f € AP, -(X). By Theorem (2.27), it comes that

/0 Su(t — 8)f(s, un(s))ds, € AP, o(X)

Thus we infer IT maps AP,, .(X) into itself.
For u,v € AP, .(X), we get

II0u(8) = W) = | | Salt = 3) (s 0n(5)) = . 0n(5)] s

aw,c

<sup{H|c| / o(t =) [F(s,un(s) = £(5,00(5))] dsH}

< 8le]’( s%{p{ / 1S ||awcds}||v—u||w
teR

1
SC(X M(Sbup /~—d5 UV — Ullaw,c
¢ { o THEIE =) }” o

S 7)04,6”'0 - U”aw,c

Finally, II is a contraction. So by using the Banach fixed point theorem, there is a
unique mild solution v € AP, .(X). O



(w, ¢)-PERIODIC AND ASYMPTOTICALLY (w,c)-PERIODIC MILD SOLUTIONS TO FRACTIONAL CAUCHY PROBLEMB

We give the following assumptions :

(H6) : f(t,u) is uniformly continuous on any bounded subset 2 € X uniformly
in ¢t € Ry and for every bounded subset Q € X, {f(-,u) : u € Q} is bounded in
AP, (9, X).

(H7) : There exists a continuous nondecreasing function ¥ : Ry — Ry such that
for all t € Ry and uw € X, || £ (¢, w)|law,c < U(||tflqw,c)-

Now we establish an existence theorem of asymptotically (w, ¢)-periodic mild solu-
tion to Equation (9).

Theorem 3.8. Assume that f € AP, (Q,X) with |¢| > 1, satisfying (H1) -
(H2),(H5) — (H7) and the following additional conditions :

(1) For each r > 0,

LUk (s))
2&5{/0 1+|w|<t—>d} o

i ([ g e)) o

where h* is the function given in lemma (2.29) and we set

W (s)
“p{/ 1+|w|<t—s>ad8} N

(2) For each € > 0, and any fized h > 0 there is g > 0 such that for every
u,v € CY, (Ry,X), ||u—vlp < o implies that for all t € R,

*1£ G, un(s) = £(50(5) llawec .
“p{/ L+ (3] = 5)° ds} = Coghl’

(8) For each o, € Ry and v > 0, the set {f(s,h*(s)u) : « < s < B,u €
CY. (R4, X), |||+ < 7} is relatively compact in X.

(4) hgnii(gf@ > 1.
Then Equation (9) admits one mild solution in AP, .(Q,X).
Proof. We define the nonlinear operator A : CY. (R4, X) — C9. (R4, X) by

that is

o(r) =Cqy oM

(Au)(t) := /0 Sa(t—8)f(s,up(s))ds ,t >0, and h > 0 (fixed).

We will show that A has a fixed point in AP, (€, X) by the following steps :
(1) For u € CY, (R, X), we have ||ul|5+ < oo and

[Atfawe _ 1 LWl b (5))
OO (C“’QME‘K{/O Tl =) })

It follows from condition 1. that A is well defined.
(2) For each € > 0, and any fixed h > 0 there is §p > 0 satisfying condition 2.
such that for u,v € C), (Ry,X), with |lu — v|[5+ < & we have

[Au(t) — Av(8)|law.e < CaoM sup {/0 Hf<s,uh1(s)) - f(s,vh(s))naw,cds} <

- teR, +|w[(t = s)°
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which shows that A is continuous.

(3) Next we show that A is completely continuous. We set B,.(X) for the closed
unit ball with centre at 0 and radius r in the space X. Let ¥ = A(B,.(C). (R,X)))
and ¢ = A(u) for u € B,(CY. (Ry,X)). First, we will prove that Jy(t) is a relatively
compact subset of X for each t € [0,b]. In fact, by the continuity of S,(-) and
condition 3. of f, we infer that the set ¥ = {S,(s)f(m,h*(T)u) : 0 < s,7 < t,u €
CY. (R4, X), [Jullp= < r} is relatively compact. On the other hand, we can get
Ip(t) € t - co(X), where co(X) denotes the convex hull of ¥, which establishes our
assertion.

Second, we show that the set ¥ is equicontinuous. In fact, we can decompose

t+s
S(t+5) — s(t) = / Su(t — 5 — ) f(run(r)) dr

v/ t Sut+5) = S (0)] £t~ 70 (r) dr

Then from (H7) and above decomposition of ¢(t 4+ s) — ¢(¢), it follows that the set
¥ is equicontinuous.
Finally, applying condition 1., we have

t *
||§||aw,c < Ca,GM sup / Mds N O’ as t — oo.
teR 0 )(,Y

he(t) — he(D) 1+ @](t—s

and this convergence is independent of u € B, (CY.(R;,X)). Hence, by Lemma
2.29, ¥ is a relatively compact set in CY, (R4, X).
(4) Let u*(+) be a solution of equation u* = AA(u?) for some A € (0,1). From

E(||ut s h* (s
||u)\||aw,c < Coc,QM sup {/ WdS} < Q(”U)\Hh*)h*(t)
0

teR, L+ |@[(t—s)
we get
A
e
olluMn-)

and by condition 4., we see that the set {u® : v = M (u?),A € (0,1)} is
bounded.

(5) It follows from (H6) that t — f(t,un(t)) belongs to AP, (2, X) when
u € AP, .(92,X).
Moreover, from Theorem (2.27), we can deduce that A(AP,, .(Q2,X)) C AP, (92, X).
We note that AP, (€2, X) is a closed subspace of CY. (R, X), consequently, we can
consider A : AP, .(,X) — AP, .(9,X). By propositions 1. — 3., we deduce that
this map is completely continuous. Applying the well-known Leray-Schauder alter-
native theorem (see [17]), we infer that A has a fixed point v € AP,, .(X) which is
the asymptotically (w, ¢)-periodic mild solution to Equation (9). O

From Theorem (3.8), we can obtain the following interesting corollary.

Corollary 3.9. Let f: Ry x X — X be a function satisfying assumption (H6)
and the following Holder-type condition :

£t un) = £t vn)law.e < pllu— ]Gy, 0 < <1

for allt € Ry and u,v € X where p,h > 0 are constant. Moreover, assume the
following conditions are satisfied :
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t * ]
(h*(s))
a) su —————ds p =7 < 00,
) p{/ R
b) For each a,8 € Ry and r > 0, the set {f(s,h*(s)u) : o < s < B,u €

cY, (RJFE, X), [|lullpe < 1} is relatively compact in X,
c) hgrgg}f@ > 1.
Then Equation (9) admits at least one asymptotically (w, ¢)-periodic mild solution.

Proof. Let y1 = p and we take W(¢) = 71£Y. Then, condition (H7) is satisfied. It
follows from a), that the function f satisfies (1) in Theorem (3.8). Note that for
each e > 0 thereis 0 < 0V < = such that for every u,v € CY. (R4, X), [[u—v|p <6

t —
implies that Cy g M sup / 1/ (s, un(5)) — /(s Uh(s))”aw’cds <eforallt € R,.
Totery | Jo 1+ |@|(t — )

The assumption (3) in Theorem (3.8) can be easily verified by the definition of ¥.
So, from Theorem (3.8) we can conclude that Equation (9) admits at least one
asymptotically (w, ¢)-periodic mild solution. O

4. AN APPLICATION TO FRACTIONAL DIFFUSION-WAVE EQUATIONS.

To illustrate Theorem (3.2), we consider the following fractional diffusion-wave
equation type :
2
Dyu(t,x) = @u(t,x) — Bu(t,z) +° DI f(t, u(t,z)), t € R,z € [0,7]

u(t,0) =u(t,2m) =0,t € R

(10)

where 1 < a < 2 and f(t, u(t, z)) = a2 sin(a? u(t, z)) with u(t,z) (27, a)-periodic
with respect to the first variable and |a| # 1.
We set (X, || [lx) = (L2([0,7]), || - |l2) and define

D(A) = {u € L*([0,]), u(0) = u(m) = 0)}
Au = Au =", Yu € D(A).

It is well known that A is the infinitesimal generator of an analytic semigroup on
L?([0,7]). Thus, A is sectorial of type @ = —3 < 0. In addition to that, we have

flt+2m,u(t 4 2m,-)) = a5 sin(ait’z:r%r u(t+ 2m,-))
= aa?= sin(a’%wtaflau(t, )
= af(t7u(t7 ))

For all u(t,-) € L*([0,7]),t € R. Thus, f(t,u(t,z)) € Pox o(RxL3([0,7]), L2([0,7])).
Furthermore, for uy (¢, ), us(t,-) € L?([0,7]) and t € R we have

1F (8 un(t,-) = F(tua(t, )2 < e sin(aZur (1) — a3 sin(a? us(t)) |2
< |a? ||| sin(a7 u (¢, -)) — sin(a 7 ug(t, )|
< la% [la¥ ua(t, ) — a7 ua(t, )2
< [0 [|a> [ua (t,-) — ua(t, )|z
< ur(t, ) —uz(t, )2
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Hence choosing 3 such that

CooMd|an
- <
asin(X) "

where 71 = max{1, |a| 7'}, assumptions of theorem (3.2) are satisfied and (10)
has a unique solution in Pa, (R x L2([0, 71]), L*([0, 7])).

We end this section with the study of existence and uniqueness of an asymptoti-
cally (w, ¢)-periodic mild solution to the following fractional diffusion-wave equation

type :

2
e
(11) + oe M sin(v(t — h,x))), t € Ry, x € [0, 7]
v(t,0) =v(t,2m) =0,t € Ry
v(t,¢) = vo(¢), ¢ € [0, 7]

cDY(t, z) u(t, z) — po(t, )+ D=1 (237 € cos(25 vo(t — h, x))

where 1 < o < 2, h is nonnegative, vg(¢) € L?([0,7]) and v(t,z) is asymptotically
(2, 2)-periodic with respect to the first variable. We assume that &, o € (0,1) such
that & + o < 1.
Let (X[ - |lx) = (L2([0,7)),] - |l2) and (A, D(A)) as in the preceding example.
Hence, A is sectorial of type @ = —p < 0. Equation (11) can be formulated by the
inhomogeneous problem (9), where v, () = v(t — h, -) for any fixed h € R.
Let us consider the nonlinearity f(t,vs)(s) = 227 cos(22= vx(s)) + oe~ I sin(vy (s))
for all vy, € L*([0,7]), t € Ry, and s € [0, 7] with v, € APar o(L2([0,7]), L2([0, 7])).
We observe that f (¢, vp,) is asymptotically (27, 2)-periodic in ¢ for each v, € APay 2(L*([0, 7]), L2([0, 7])).
Indeed, let us decompose f as f(t,vp)(s) = g(¢, vn)(s) + h(t,vp)(s) with :
g(t,vn)(s) = 227 € cos (27 vp (s)) 1= (£)€ cos(s (t)vn(s))

and
h(t,vp)(s) = ge~ ! sin(vy,(s))

We have p(t) € Por2(Ry), <(t) € Poro-1(Ry) and g(t + 27,2z) = 2¢(t, x) for all
z € R. In addition to that, we know that (see previous example) :

lg(t,vn,1(s)) — g(t,vn,2(s))ll2 < Ellvn,1(s) — vn2(s)]l2
for all v, € L?([0,7]),t € Ry. Otherwise, h € Co .(L*([0,7]), L*([0, 7])), and

ity 0n.2(5)) — Bt o1 (D)2 < llom s (5) — v o ()
for all v, € L*([0,7]),t € R4. Thus
1f(t,vn1(s)) = f(t, vn2(5)ll2 < (€ + Q)llvna(s) = vh2(s)l2 < [[vn,1(s) — va2(s)]l2
Furthermore, for each fixed ¢t in Ry,

2N (=) h(t, 2N (—t)vp)(s) = 2N (—t)oe™ I sin (27 (—t)vp(s)) < ge Il

Then, h is uniformly continuous for u in any bounded subset of L?([0, 7]) uniformly
for t > 0, and h(t,vy) — 0 as t = oo uniformly in vy (s), s € [0, 7]. Finally, assump-
tions of Theorem (2.28) are satisfied.
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t
1
Hence, choosing p such that C, ¢ M sup / ————— dsy < 1, each as-
tery | Jo 1+ 0| —5)*

sumptions of theorem (3.7) are satisfied. Finally, Equation (11) has a unique
asymptotically (27, 2)-periodic mild solution.
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