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Context
PhD about wind instruments

Accurate models
Stable and efficient numerical methods
Applications : instrument design, preservation of ancient instruments,
artistic creation. . .

→ 1D models
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Models of acoustic propagation
Û(`) volume flow, p̂(`) pressure.

Zv (`)Û(`) +
dp̂
d`

(`) = 0, Yt(`)p̂(`) +
dÛ
d`

(`) = 0,

Lossless acoustics

Zv (`) =
iωρ0

S(`)
, Yt(`) =

iωS(`)

ρ0c2
0
,

Acoustics with viscous/thermal effects

Zv (`) =
1

1− Kv (`)

iωρ0

S(`)
, Yt(`) =

(
1 + (γ − 1)Kt(`)

) iωS(`)

ρ0c2
0
,

with Kv ,Kt known for cylinders.
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Base model (3D)

Linearized Navier–Stokes 2

iωρ̂+ ρ0∇ · û = 0, (1a)

ρ0 iωû = −∇P̂ + µ∇2û +
(
ζ +

µ

3

)
∇(∇ · û), (1b)

ρ0Cp iωT̂ = κ∇2T̂ + iωP̂, (1c)

P̂

p0
=

ρ̂

ρ0
+

T̂

T0
, (1d)

Small variations of : density ρ̂, air speed û, pressure P̂ , temperature T̂ .
Air at rest : (ρ0,u0 = 0, p0,T0).
On the wall :

û = 0 and T̂ = 0. (2)

2. bruneau2013fundamentals.
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3

3. thibault2020viscothermal.
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Simplifying assumptions 4

ΩΓ− Γ+

z

Σ

Figure – Straight tube

(A1) Planar pressure waves

P̂(x) = p̂(z)

(A2) Longitudinal diffusion is
neglected

λ� δ

(A3) Losses due to dilation are
neglected∣∣∣(ζ +

µ

3

)
∇(∇ · û)

∣∣∣� |∇p̂| .
4. stinson.
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Expressing v and T as functions of p
Solutions to a diffusion equation with oscillating source :ψ(α, x) +

R2

α
∇2

cψ(α, x) = 1 inside the domain x ∈ Ω,

ψ(α, x) = 0 on the wall x ∈ Σ,

(3)

where ∇2
c = ∇2 − ∂2

∂2
z
Laplacian on cross-section.

Viscous and thermal effects use respectively

αv = −is2 = −R2 ρ0iω

µ
αt = −iσ2s2 = −R2 ρ0iωCp

κ
. (4)

Separation of variables :

v̂(x , y , z) = − 1
ρ0iω

dp̂
d`

(z)ψ(αv , x , y),

T̂ (x , y , z) =
1

ρ0Cp
p̂(z)ψ(αt , x , y).
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Case of cylinders

In a circular tube of radius R the
solution is

ψ(α, r) = 1− J0(
√
αr/R)

J0(
√
α)

.

where αv = −is2 = −R2ρ0iω/µ. 0.0 0.2 0.4 0.6 0.8 1.0
r/R

0.00
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0.50

0.75

1.00

(
v,

r)

Shape coefficient  in a cylinder, s = 10

Loss coefficients Kv ,Kt are obtained
by averaging on a disk :

Kv ,t = 1−〈ψ(αv ,t)〉 =
2J1
(√
αv ,t

)
√
αv ,tJ0

(√
αv ,t

)
100 101 102

s

10 1

100

|K
v(s

)|

Magnitude

100 101 102

s

/2

/4

0
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K v
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Generalization to cones

O

r

Ω

Σ

Γ− Γ+

Figure – Conical tube

(A1) Spherical pressure waves

P̂(x) = p̂(r)

(A2) Longitudinal diffusion is
neglected

∇2 − ∂2

∂r2 ≈ ∇
2

(A3) Losses due to dilation are
neglected∣∣∣(ζ +

µ

3

)
∇(∇ · û)

∣∣∣� |∇p̂| .

Calculate ψ on a spherical cap, and average to obtain Kv ,t = 1− 〈ψv ,t〉.
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Express v and T as functions of p.
The shape function is now defined on a spherical cap. For circular cones of
half-angle Θ :ψ(α, r , θ) +

R2

αr2 sin θ

∂

∂θ

(
sin θ

∂ψ(α, r , θ)

∂θ

)
= 1 for 0 ≤ θ ≤ Θ,

ψ(α, r ,Θ) = 0.

Equation of spherical harmonics. The solution uses Legendre function Pη of
complex order :

ψ(θ) = 1− Pη(cos θ)

Pη(cos Θ)
.

where

ηv (ηv + 1) = −ir2 ρ0ω

µ
,

and ηt(ηt + 1) = −ir2 ρ0ωCp

κ
. 0.0 0.2 0.4 0.6 0.8 1.0

/

0.00

0.25

0.50

0.75
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(
v,
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Shape coefficient  in a cone, = /4, s = 10         

cone
cylinder

Thibault, Chabassier, Boutin, Hélie Conicity and acoustic losses ICSV 2021 14 / 19



Express v and T as functions of p.
The shape function is now defined on a spherical cap. For circular cones of
half-angle Θ :ψ(α, r , θ) +

R2

αr2 sin θ

∂

∂θ

(
sin θ

∂ψ(α, r , θ)

∂θ

)
= 1 for 0 ≤ θ ≤ Θ,

ψ(α, r ,Θ) = 0.

Equation of spherical harmonics. The solution uses Legendre function Pη of
complex order :

ψ(θ) = 1− Pη(cos θ)

Pη(cos Θ)
.

where

ηv (ηv + 1) = −ir2 ρ0ω

µ
,

and ηt(ηt + 1) = −ir2 ρ0ωCp

κ
. 0.0 0.2 0.4 0.6 0.8 1.0

/

0.00

0.25

0.50

0.75

1.00

(
v,

)

Shape coefficient  in a cone, = /4, s = 10         

cone
cylinder

Thibault, Chabassier, Boutin, Hélie Conicity and acoustic losses ICSV 2021 14 / 19



Complex coefficients for the cone
By averaging on the spherical cap we obtain :

Kv ,t,Θ(`, ω) =
sin2 Θ

1− cos Θ

P ′ηv,t (cos Θ)

ηv ,t(ηv ,t + 1)Pηv,t (cos Θ)
, (5)

Stokes number

s = R

√
ωρ0

µ

Usual choice : radius of the circle at distance ` from the apex.

Rcircle = ` sin Θ

Thibault, Chabassier, Boutin, Hélie Conicity and acoustic losses ICSV 2021 15 / 19



Complex coefficients for the cone
By averaging on the spherical cap we obtain :

Kv ,t,Θ(`, ω) =
sin2 Θ

1− cos Θ

P ′ηv,t (cos Θ)

ηv ,t(ηv ,t + 1)Pηv,t (cos Θ)
, (5)

Stokes number

s = R

√
ωρ0

µ

Usual choice : radius of the circle at distance ` from the apex.

Rcircle = ` sin Θ

Thibault, Chabassier, Boutin, Hélie Conicity and acoustic losses ICSV 2021 15 / 19



Complex coefficients for the cone
By averaging on the spherical cap we obtain :

Kv ,t,Θ(`, ω) =
sin2 Θ

1− cos Θ

P ′ηv,t (cos Θ)

ηv ,t(ηv ,t + 1)Pηv,t (cos Θ)
, (5)

Stokes number

s = R

√
ωρ0

µ

Usual choice : radius of the circle at distance ` from the apex.

Rcircle = ` sin Θ

Thibault, Chabassier, Boutin, Hélie Conicity and acoustic losses ICSV 2021 15 / 19



Complex coefficients for the cone
By averaging on the spherical cap we obtain :

Kv ,t,Θ(`, ω) =
sin2 Θ

1− cos Θ

P ′ηv,t (cos Θ)

ηv ,t(ηv ,t + 1)Pηv,t (cos Θ)
, (5)

Stokes number

s = R

√
ωρ0

µ

Usual choice : radius of the circle at distance ` from the apex.

Rcircle = ` sin Θ

Thibault, Chabassier, Boutin, Hélie Conicity and acoustic losses ICSV 2021 15 / 19



High frequency correction : hydraulic radius

|ω| → ∞ =⇒ losses depend on surface-to-volume ratio 5.

Using the hydraulic radius corrects this effect.

Rhydrau =
2 area

perimeter
= `

2(1− cos Θ)

sin Θ

5. allard2009propagation.
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Causality and passivity of the immitances

In the complex plane, with
Laplace parameter
s = iω ∈ C, operators Zv

and Yt are positive real :
Re(Zv (s)) ≥ 0 for
Re(s) ≥ 0.
Zv (s) = Zv (s)

→ Causal and passive
operators.

Cone, Θ = π/4
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Comparison with other models

Comparison on short, closed cone
(small Stokes number).

1 Reference : 3D Kampinga 6

2 Zwikker-Kosten 7(with length
correction)

3 Proposed model : Kv ,t of
spherical caps

6. kampinga2011efficient.
7. chaigne2016acoustics.
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Conclusion and prospects

Does conicity influence acoustic losses ?

Generalization of Zwikker–Kosten model to cones
Formula for Kv ,Kt parametrized by Θ

Similar coefficients, especially when using hydraulic radius
Passive operators
Correction amplitude 10 to 100 times smaller than difference with 3D

Possible further research
More numerical comparisons
Influence of wall porosity/roughness
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