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MODERATE DEVIATION PRINCIPLES FOR KERNEL ESTIMATOR OF
INVARIANT DENSITY IN BIFURCATING MARKOV CHAINS MODELS.

S. VALERE BITSEKI PENDA

ABSTRACT. Bitseki and Delmas (2021) have studied recently the central limit theorem for kernel
estimator of invariant density in bifurcating Markov chains models. We complete their work by
proving a moderate deviation principle for this estimator. Unlike the work of Bitseki and Gorgui
(2021), it is interesting to see that the distinction of the two regimes disappears and that we are
able to get moderate deviation principle for large values of the ergodic rate. It is also interesting
and surprising to see that for moderate deviation principle, the ergodic rate begins to have an
impact on the choice of the bandwidth for values smaller than in the context of central limit
theorem studied by Bitseki and Delmas (2021).

Keywords: Bifurcating Markov chains, bifurcating auto-regressive process, binary trees, den-
sity estimation.

Mathematics Subject Classification (2020): 62G05, 62F12, 60F10, 60J80,

1. INTRODUCTION

The study of bifurcating Markov chains (BMCs, for short) models has taken a special place
in the literature these last years due to their links with the study of the cell dynamics (see for
e.g. [6, 10, 13, 16, 17]). The first model of BMC, named “symmetric” bifurcating autoregressive
process (BAR, for short) were introduced by Cowan and Staudte [9] in order to understand the
cell division mechanisms of Escherichia Coli (E. Coli, for short). E. Coli is a rod shaped bacterium
which reproduces by dividing in two, thus producing two new cells. One of type 1 which has the
old end of the mother and the other of type 0 which has the new end of the mother. The age of
a cell is thus given by the age of its old pole in the sense of the number of divisions from which
this pole exists. This cell division mechanism raises several questions, among other that of the
symmetry of the division. In order to give a rigorous answer to this question, Guyon [16] has
developed and studied the theory of BMCs. We note that to the best of our knowledge, the term
BMC appears for the first time in the work of [1]. In particular, Guyon has studied an extension of
the model introduced by Cowan and Staudte, named “asymmetric” BAR. In the conclusion of his
study, Guyon concludes that aging has an impact on cell reproduction. We note that an extension
of the model proposed by Guyon, named nonlinear BAR (NBAR, for short) were studied by Bitseki
and Olivier in [6]. Another question of interest related to cell division is estimating the division
rate at which cells divide. This question has been tackled recently in the work of Doumic & al.
[13] and Hoffman & Marguet [17]. In all the previous work, the behaviour and the definition of
parameters of interest are associated with the density of the invariant probability of an auxiliary
Markov chain (see below for a precise definition). The estimation of this invariant density has
recently been the subject of several studies. One can cite [5, 8] where adaptive methods have been
proposed for the estimation of this invariant density. More recently, Bitseki and Delmas [2] have
studied central limit theorem for kernel estimators of this invariant density. Our main objective
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2 S. VALERE BITSEKI PENDA

in this paper is to complete the previous study by establishing a moderate deviation principle for
these kernel estimators. Before going any further, let us recall the definition of the main concepts
that we will use and study.

2. THE MODEL OF BIFURCATING MARKOV CHAIN AND DEFINITION OF THE ESTIMATORS

2.1. The regular binary tree associated to BMC models. We denote by N (resp. N*) the
space of (resp. positive) natural integers. We set Tg = Gg = {0}, Gx = {0,1}* and T} =
Uo<r<i Gr for k € N*, and T = (J, .y Gr. The set Gy, corresponds to the k-th generation, Ty, to
the tree up to the k-th generation, and T the complete binary tree. One can see that the genealogy
of the cells is entirely described by T (each vertex of the tree designates an individual). For i € T,
we denote by |i| the generation of ¢ (|i| = k if and only if i € Gy) and iA = {ij;j € A} for AC T,
where ij is the concatenation of the two sequences i,j € T, with the convention that (i = i) = i.
For A C T, we denote by |A| the number of elements of A. Note that for all n € N, |G,,| = 2" and
IT,|=2"+! —1.

2.2. The probability kernels associated to BMC models.

For our convenience, we set S = R%, d > 1 and S is equipped with the Borel sigma-algebra .7.
For any ¢ € N*, we denote by B(S5?) (resp. By(S5?), resp. Cp(S?)) the space of (resp. bounded,
resp. bounded continuous ) R-valued measurable functions defined on S9. For all ¢ € N*| we set
I =9 ®...0.7. Let P be a probability kernel on (S,.7%?), that is: P(-, A) is measurable for
all A € %2 and P(z,-) is a probability measure on (5%, #%?) for all x € S. For any g € B,(S?)
and h € B,(5?), we set for x € S:

(1) (Pg)(z) = /52 g(x,y,2) Plx,dy,dz) and (Ph)(x)= /52 h(y, z) P(x,dy, dz).

We define (Pg) (resp. (Ph)), or simply Pg for g € B(S?)(resp. Ph for h € B(S?)), as soon as the
corresponding integral (1) is well defined, and we have that Pg and Ph belong to B(S). We denote
by Po, P1 and Q respectively the first and the second marginal of P, and the mean of Py and Py,
that is, for all z € S and B € 8§

P
Po(x, B) = P(x, B x S), Pi(x,B) =P(x,S x B) and Q:w.

Now let us give a precise definition of bifurcating Markov chain.

Definition 2.1 (Bifurcating Markov Chains, see [16, 2]).
We say a stochastic process indexed by T, X = (X;,i € T), is a bifurcating Markov chain (BMC)
on a measurable space (S,.7) with initial probability distribution v on (S,.7) and probability kernel
P on S x S92 if:

- (Initial distribution.) The random variable Xy is distributed as v.

- (Branching Markov property.) For any sequence (g;,i € T) of functions belonging to By(S?)

and for all k > 0, we have
B[ T 9:(X: Xio, Xan)lo (X535 € Tw)| = ] Pai(X0).
i€Gy i€Gy
Following [16], we introduce an auxiliary Markov chain Y = (Y,,,n € N) on (S,.) with Yy = X;

and transition probability Q. The chain (Y,,,n € N) corresponds to a random lineage taken in the

population. We shall write E,; when Xy = x (i.e. the initial distribution v is the Dirac mass at
z € S). We will assume that the Markov chain Y is ergodic and we denote by p its invariant
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probability measure. Asymptotic and non-asymptotic behaviour of BMCs are strongly related to
the knowledge of . In particular, Guyon has proved that if Y is ergodic, then for all f € C,(5),
|A, 7! Z f(Xy) —— (i, f) in probability, where A, € {G,,, Ty }.

n—-+oo
uEA,

But in most cases, the invariant probability p is unknown, so its estimation from the data is of
great interest. For that purpose, we do the following assumption.

Assumption 2.2. The transition kernel P has a density, still denoted by P, with respect to the
Lebesgue measure.

Remark 2.3. Assumption 2.2 implies that the transition kernel Q has a density, still denoted by
Q, with respect to the Lebesgue measure. More precisely, we have Q(x,y) = 27! fS(TP(x,y,z) +
P(x, z,y))dz. This implies in particular that the invariant probability u has a density, still denoted
by u, with respect to the Lebesgue measure (for more details, we refer for e.g. to [14], chap 6).

2.3. Kernel estimator of the invariant density u. Recall that A, € {G,,,T,} and S = R?,
d > 1. Assume we observe X" = (X,,u € A,,). Let (h,,n € N) be a sequence of positive numbers
which converges to 0 as n goes to infinity. We will simply write h for h,, if there is no ambiguity.
Let the kernel function K : S — R such that [( K g K(z)dx = 1. Then, for all x € S, we propose to
estimate p(z) by

(2) fin, (@) = [An| 0y 2N K, (2= X)),
ueh,

where K}, (+) = h_d/QK(hn~). These estimators are strongly inspired from [18, 21, 22]. They have
been studied in [13, 8] (non asymptotic studies) and in [2] (central limit theorem).

2.4. Moderate deviation principle and related topics. Our aim is to study moderate devi-
ation principles for the estimators defined in (2). Before we proceed, let us introduce the notion
of moderate deviation principle. We give the definition in a general setting. Let (Z,)n,>0 be a
sequence of random variables with values in S endowed with its Borel o-field . and let (sy,)n>0
be a positive sequence that converges to +00. We assume that Z,,/s,, converges in probability to
0 and that Z,/,/s, converges in distribution to a centered Gaussian law. Let I : S — RT be a
lower semicontinuous function, that is for all ¢ > 0 the sub-level set {z € S, I(x) < ¢} is a closed
set. Such a function [ is called rate function and it is called good rate function if all its sub-level
sets are compact sets. Let (b,)n>0 be a positive sequence such that b, — 400 and b, //5, — 0 as
n goes to 4o0o.

Definition 2.4 (Moderate deviation principle, MDP).
We say that Z,/(bn\/3n) satisfies a moderate deviation principle on S with speed b2 and rate
function I if, for any A € &,

—inf I(z) < hmmf logIP’(

minf 75 € A) < lim SUp 3 logIF’( ) < — inf I(z),

bn\/ Sn n—+o0o by, n\/ Sn €A

where A and A denote respectively the interior and the closure of A.

The following two concepts are closely related to the theory of MDP: super-exponential conver-
gence and exponential equivalence. Let (Z,,n € N), (W,,,n € N) be sequences of random variables
and Z a random variable with value in a metric space (S, d).
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Definition 2.5 (Super-exponential convergence). We say that (Z,)n>0 converges (b2)- super-
superexp

exponentially fast in probability to Z and we note Z, ? Z if, for all 6 > 0,

n

1
limsupb—2 logP(d(Zy, Z) > §) = —oc.

n—4oco Yn

Definition 2.6 (Exponential equivalence, see [11], Chap 4). We say that (Z,)n>0 and (Wy)n>0
are (b2)n>0-exponentially equivalent and we note Z, Suggf)(p Wy, if for any 6 > 0,

lim sup biQ 1ogIP’(d(Zn, W) > 5) = —00.

n—+oo YUn
Remark 2.7. Note that for a determininistic sequence that converges to some limit ¢, it also con-
verges (b2 )-superexponentially fast to £ for any rate b,. We also note that if (Z,,),>0 and (W,,)n>0
are (b2),>o-exponentially equivalent and if (Z,),>0 satisfies a MDP, then (W,,),>o satisfies the
same MDP (for more details, see for e.g [11], Chap 4).

The following result give a sufficient condition for super-exponential convergence of a sequence
of random variables.

Remark 2.8. We assume that (S,d) is a metric space. Let (Z,), .y be a sequence of random
variables with values in S, Z a random variable with values in S. So if d(Z,,, Z) is upper-bounded
by a deterministic sequence which converges to 0, then, for all sequence (b,,n € N) converging to

superexp
+o00, Z, Z.

The moderate deviation principle has been proved in the i.i.d. setting for kernel density esti-
mator, see for e.g. Gao [15], Mokkadem & al. [20]. We refer also to [19] where Mokkaddem and
Pelletier have constructed confidence bands for probability densities based on moderate deviation
principles. In this paper, we will establish moderate deviation principle for fis , (x) following the
martingale approach developed in [2]. We will need the following assumption.

Assumption 2.9. There exists a positive real number M and « € (0,1) such that for all f € By(S):
(3) Q"f = (. /Yl < Ma™|flloc for alln €N.

Remark 2.10. Assumption 2.9 is for example satisfy for nonlinear bifurcating autoregressive process
under mild hypotheses on the autoregression functions (see [7] Lemma 9 for more details).

The others assumptions we will need are based on the following bias-variance type decomposition
of the estimator i, (x):

(4) fia, (x) — p(z) = B, () + Va, n, (2),
where for h > 0 and A C T finite:
Bu(x) = h™ 2Ky, x p(x) — p(z) and  Vyu(x) = A7) (Kh(x - Xu) — K *M(z)>’
u€A
and for h > 0 and u € T, we set:

K+ p(o) = BylKon(a = X)) = [ Ko = puto) dy.

To study the variance term Vi, p, (), we will introduce a more general sequence of functions (see
Section 3.2).

The following assumptions on the kernel, the bandwidth and the regularity of the unknown
density function are usual. Recall S = R4 with d > 1.
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Assumption 2.11 (Regularity of the kernel function and the bandwidth).
(i) The kernel function K € B(S) satisfies:
| K|, <4oo, [ K|} <400, [[K, < +oo, /K(m) dr=1 and lim |z|K(z) =0.
s

|z|—+o00
(i) There exists v € (0,1/d) such that the bandwidth (hy,,n € N) are defined by h, = 27"7.

Assumption 2.12 (Further regularity on the density u, the kernel function and the bandwidths).
Suppose that there exists an invariant probability measure p of Q and that Assumptions 2.2 and

2.11 hold. We assume there exists s > 0 such that the following hold:
(i) The density ;i belongs to the (isotropic) Hélder class of order (s,...,s) € R%:
The density p admits partial derivatives with respect to x;, for all j € {1,...d}, up to the

order |s| and there exists a finite constant L > 0 such that for all x = (x1,...,14), € RY,
teRand je{1,...,d}:
olsly olslp

T—j,t) — (CL’) §L|x_t‘{8}a
ax]LSJ ! ax}ﬂ ’
where (x_j,t) denotes the vector x where we have replaced the Gth
the convention 8%;/81‘9— = pu.
(ii) The kernel K is of order (|s],...,[s]) € N%: We have [, |z|*K(z)dz < oo and

Je 2 K(z)dz; =0 for all k € {1,...,[s]} and j € {1,...,d}.

coordinate x; by t, with

For o > 1/2, we shall also assume the following.

Assumption 2.13. Keeping the same notations as in (ii) of Assumption 2.11, we further assume
that Assumption 2.9 holds with

: 1—dy \n _
(5) ngr}rloo@ a)” =0.
Remark 2.14. As consequence of Assumption 2.13 and (ii) of Assumption 2.11, for moderate
deviation principle, the ergodicity rate a begins to have an impact on the choice of the bandwidth
for @ > 1/2. This is out of step with the central limit theorem where the ergodicity rate a begins
to have an impact on the choice of the bandwidth for a > 1/+/2 (see [2] for more details).

In the sequel, we will consider the positive sequence (b,,n € N) such that:

3/2
(6) lim b, =+4o00; lim b 0; lim bn

nerts ot B nobe fig aerd

where s is the regularity parameter given in Assumption 2.12.

The paper is organised as follows. In Section 3.1 we state the main result for the moderate
deviation principles of the estimators fis, (z) for z in the set continuity of x4 and A,, € {T,,G,}.
In Section 3.2, directly linked to the study of variance term Vj j,(x) defined in (4), we study the
moderate deviation principle for general additive functionals of BMCs. Sections 4 and 5 are devoted
to the proofs of results. In Section 6, we recall some useful results.

+00,

3. MAIN RESULT

3.1. Moderate deviation principle for jis . First, we state a strong consistency result for the
estimators [ia, (z) for z in the set of continuity of p. Its proof is given in Section 4.1.
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Lemma 3.1. Let X be a BMC with kernel P and initial distribution v such that Assumptions
2.9, 2.11 and 2.12 hold. Furthermore, if « > 1/2 then assume that Assumption 2.13 holds. Let
(bn,n € N) be a positive sequence with satisfies (6). Then, for all x in the set of continuity of u

superexp

and A,, € {T,,,G,} we have [is, () = p(z).
The main result of this Section is the following theorem which state the moderate deviation
principle for fia, (x) — p(z) for = in the set of continuity of the function .

Theorem 3.2. Under the hypothesis of Lemma 3.1, for all x in the set of continuity of p and
A, € {T,, G}, by /|Anlhd (fia, (z) — p(x)) satisfies a moderate deviation principle on R with
speed b2 and rate function I defined by: I(y) = y*/ (2| K|3p(x)) for all y € R, that is, for any
ACR,

— inf I(y )<11m1nfb log P(b;, "/ |An |he (i, (z) — p(z)) € A)

yEA n—-+4oo

<hmsupb2 log (b /1A | (7in, () — () € A) < — inf I(y),

n—-+4oo yeEA
where A and A denote respectively the interior and the closure of A.

In order to obtain confidence intervals for u(x), it would be interesting to replace u(x) in the
expression of the rate function I(-) by an estimator. In that direction, we have the following. Let
A} € {G,,T,}. Obviously, A}, and A,, can be the same. We consider the estimator fiax (x) of pu(z)
defined with A} instead of A,,. Let (wy,n € N) be a sequence of real numbers such that w, — 0
as n — +00. Then, we have the following result which the proof is given in Section 4.3.

Theorem 3.3. Under the hypothesis of Lemma 3.1, for all x in the set of continuity of u and

A, Al € {Ty, G}, by (1K l2y/Tiaz (2) V @) " A hE (s, (2) — () satisfies a moderate de-

viation principle on R with speed b2 and rate function I' defined by: I'(y) = y*/2 for all y € R.

In particular, using the contraction principle (see for e.g Dembo and Zeitouni [11], Chap 4), we
have the following corollary of Theorem 3.3.

Corollary 3.4. Under the hypothesis of Theorem 3.3, we have the following convergence for x in
the set of continuity of p and A, A* € {T,,G,}:

-1
= 1 = d
lim > logP(b (HKHQ uAn(ac)\/wn) A |hd

n—+

(fia, () — ,u(x))‘ > 5) --% w>o

Remark 3.5. Corollary 3.4 yields a simple confidence interval for w(z), of decreasing size
b /v/|An| R4 and with level asymptotically close to 1 — exp(—(b2 62)/2).

Using the structure of the asymptotic variance o2 in (7), we can prove the following multidi-
mensional result which the proof is given in Section 4.4

Corollary 3.6. Under the hypothesis of Theorem 3.2, we have, for x in the set of continuity of
t

and for all k> 0, b, (1Gu[2h/ (i, (2) = (@) - G202, (i, (2) — () ) satisfies

a moderate deviation principle on R¥+1 with speed b2 and good rate function J, : R¥+t1 — R defined

by
To(2) = 2| K3 u(@) 2Tz, ze R

with T = diag(2°,...,2%), where diag(-) denotes the diagonal matriz and z* stands for the transpose
of vector z.
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Remark 3.7. We deduce from Corollary 3.6 that the estimators |Gn_e\1/2hi/_2¢(ﬁ¢;n,e(x) — u(x))
are asymptotically independent in the sense of moderate deviation for ¢ € {0,...,k} and for any

ke N.

3.2. Moderate deviation principle for additive functionals of BMCs.
In order to study the variance term Vi, p, (), we give here a moderate deviation principle for
a general additive functionals of BMCs. For that purpose, we introduce the following assumption.

Assumption 3.8. Forn € N, let f, = (fr.n,n > £ > 0) be a sequence of functions defined on S
such that fo, =0 if £ > n and there exists v € (0,1/d) such that:
(i) suPg<r<n {27 2| femlloos 297 2[1Q femlloos 1Q(f7 ) lloos 2™ |P(fen®?) e} < +00.

(ii) supg< i<, {22, | fonl)s (p, f7,)} < +00.
(1ii) The following limit exists and is finite:

2 _ - 2
(7) 0" = nBTm; 27 (1 fem 2, < +oo-
=0

We will use the following notations. For a finite set A C T and a function f € B(S), we set:
Ma(f) = Zf(Xi)'
€A
In this paper, we are interested in the cases A = G,, and A = T,,, that is the n-th generation and

the first n generation of the tree. Recall p the invariant probability of Q, transition probability of
the auxiliary Markov chain (Y,,,n € N). For f € L(u), we set:

f = f - <ﬂa f>
Recall the sequence f,, defined in Assumption 3.8. For n € N, we set:
n
(®) Nuo(fn) = Gnl 12 Y~ Me,, (fon).
£=0

The notation N,, y means that we consider the average from the root §) to the n-th generation.

Remark 3.9. The definition of N, ¢(f,) in (8) is mainly motivated by the decomposition (4). It
will allow us to threat the variance term of the estimator fis, (z) defined in (2). Instead, for n € N,
we set f2(-) = Kp, (v —-). Then, we consider the sequences of functions (f{4 n > ¢ > 0) and

lno
(f2,. n > (> 0) defined by:

9) in=fi and fl, = filg—o).
It is not difficult to check that under Assumption 2.11, the sequence ( }?n, n > ¢ > 0) and

(fen>n > £ > 0) defined in (9) satisfy Assumption 3.8. In particular, let 2 be in the set of
continuity of p. Thanks to Lemma 6.3, we have:

(10) lim | f7[7e = lm (u, (f2)?) = p(z) | K3

n—-+4o0o n—-+4o00o
If A, = G,, it suffices to consider the sequence f, = (frn,0 < ¢ < n) with f,, = féom and
in that case, using (10), the asymptotic variance defined in (7) is given by o? = | K||3 pu(x). If
A, = T,, it suffices to consider the sequence f, = (fr.n,0 < £ < n) with fo, = é% and in that
case, using (10), the asymptotic variance defined in (7) is given by o2 = 2||K||3 u(x).
For our convenience, we assume that the quantity v which appears in Assumptions 2.11 and 3.8
is the same. The main result of this section is the following.
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Theorem 3.10. Let X be a BMC with kernel P and initial distribution v such that Assumptions
2.9, 2.11 and 3.8 hold. Furthermore, if a > 1/2 then assume that Assumption 2.13 holds. Let
(bn,n € N) be a positive sequence with satisfies (6). Then b, ' N, o(F,) satisfies a moderate deviation
principle on R with speed b2 and rate function I defined by: I1(x) = x%/(202) for all x € R, with
the finite variance o defined in (7).

Remark 3.11. In particular, using the contraction principle (see for e.g Dembo and Zeitouni [11],
Chap 4), Theorem 3.10 implies that

. 1 1
Jim 2 log P (|by, ' Nyy g (Fn)| > 6) = —1(5) V5 > 0.
Remark 3.12. Unlike the results of Bitseki and Gorgui [4], one can note that the different regimes
disappear in Theorem 3.10. Moreover, we are able here to give the fluctuations if 2a% > 1 which
is not the case in [4].

4. PROOF OF LEMMA 3.1, THEOREMS 3.2 AND 3.3 AND COROLLARY 3.6

We will denote by C' any unimportant finite constant which may vary from line to line (in
particular C' does not depend on n € N).

4.1. Proof of Lemma 3.1. We begin the proof with A,, = T,,. Recall the decomposition (4) with
T,, instead of A. Using Lemma 6.3, we have lim,, o | Bp,, ()| = 0. From Remark 2.7, this implies
superexp

that By, (x) — 0. Next, we set f,(-) = Kj, (z — ) in such a way that we have

n

T 70~/ 37 (Ko = Xu) = Knox (@) = [Tal 73723 Me, (f):
ueTy, =0

Following line by line the proof of (32) (where we take fr,, = f, for all £ <n), we get

> 8) < 2exp (2 exp (- 2 MTullay,

p(|T, *WHQ’ Mg, (f,
(' o, Z: e (fn) c1 + cad c1 + c20

Taking the log, dividing by b2 and letting n goes to the infinity in the latter inequality, we get

T, R/ S (Kh(x ~X,) - K, *u(x)) 2eeeR 0,
u€eT, "

superexp

It then follows from the decomposition (4) that pr, () w(x). We similarly get the result

b2

for A,, = G,, and this ends the proof of the lemma.

4.2. Proof of Theorem 3.2. We begin the proof with A,, = T,,. We have the following decom-

position:
B _ Gl _ VITnlhd
bt Il (e, (0) = ) = | b NalG) + Y B ),

where f, = (fon, n > € > 0) with the functions fr, = fi, defined in (9) for n > £ > 0 and
fe.n = 0 otherwise; N, ¢(fy) is defined in (8) and the bias term B, () is defined in (4). Thanks to
Theorem 3.10 applied to the sequence (f}ffl, n > £ > 0) and using that lim, o0 |G, |/|Trn| = 1/2,
we get that /|G, |[T,|~1b; ' N, ¢(fn) satisfies a moderate deviation principle in R with speed b2
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and rate function I defined by: I(y) = y?/(2||K||3 u(z)) for all y € R. To complete the proof of
Theorem 3.2, it suffices to prove that

(11) lim 7'|Tn|th (x) =0.

‘n
n—-+oo n

Next, using that

d
@ = hoy) — (@) =Y (@1 = hoyn, - 5 = by, T4, - - Ta)
j=1

— (@1 — byt i1 — RpYi—1, %5, Tjg1, -, Zd)),

the Taylor expansion and Assumption 2.12, we get that, for some finite constant C' > 0,
T, V2028, () = /| Tu|hd / h K (b7 (x — dy — ‘
T ™/ “hy " Bn, (x) T |hg; o (hy (= ) p(y)dy — p(x)
= Imng | [ K)ta o) = ) dy
d
/ (hnlys1)*
< Cy/|Ty|hd Z /Rd K(Q)Tdy
j=1
< C\/|T, &

Now, (11) follows using the latter inequality and (6). This ends the proof of Theorem 3.2 for
A, =T,. The proof is similar for A, = G,, using f, = fgn.

4.3. Proof of Theorem 3.3. . We begin the proof with A, = T,. We have the following
decomposition:

bl i ()~ o) _
12) Klav i @ Ve, -+ T

where

Ty(n) = (IK[l2v/p(@)bn) "/ | T | (ﬁ?rn (z) — p(x)
Tz(n) = ( ol

):
VITalt (@, (2) = () ).

1 1
— b
1K \[2/Foay, (2) V om IIKIIQ\/u(x))

First, we prove that
superexp

2
bn

(13) Ta(n) 0.

Let § > 0. For all » > 0, we have

P(ITa(n)| > 8) < B(|b5 /[Tl (fim, (2) — ()| > 8/7)
1 1
P e ve,  Khve@

).
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This implies that (see for e.g [11], Lemma 1.2.15)

(14)
. 1 ) 1 _ —~
ligitg) 2 log P(|T>(n)| > 6) < max { I;Eitg 5 log P(|b, "1/ | Twlhd (i, () — p(x))| > 6/7);
1 1 1
limsup — logP = — >7)o.
TR Ty ey et Ty )

Using Theorem 3.2 and the contraction principle, we have

. 1 1 PP L 52
(15) lim sup E logIP’(|bn /| Tp|he (/mn (z) — ,u(x))| > 5/r) = 72”[(”2#(30)7‘2'

n—-+o0o
Following the step 1 of the proof of Theorem 6 in [7] and using Lemma 3.1, we can prove that

1K ().

153 () v oo 22222

Using Lemma B.2 in [3], the latter convergence implies that
1 superexp ;
Koy @V on % [Klavi@)

Using (14), (15) and (16), we get

(16)

1 52
limsup — logP(|To(n)| >d0) < ———.
imsup g log P(To(n)] > 9) < — gy

Since r can be taken arbitrarily close to 0, we get (13) and using (12), this implies that

by /| Tl hgy (fim,, () — 11()) superexp
(17) — ~ Ty (n)
| K [|21/1as (%) V on, b2,
Using Theorem 3.2 and the contraction principle, we get that T} (n) satisfies a moderate deviation

principle on R with speed b2 and rate function I’ defined by: I'(y) = y?/2 for all y € R. Using
(17) and Remark 2.7, we get the result of Theorem 3.3.

4.4. Proof of Corollary 3.6. Let a = (ag, ...,ax)" € RETL. Let n > k. We consider the sequence
fn = (fon,m > € > 0) defined by fo, = 22a, Ky, ,(xz — ) for all £ € {0,...,k} and fr, = 0
otherwise. We easily check that f,, satisfies Assumptions 3.8. In particular, the asymptotic variance
defined in (7) is given by 02 = (5_, 2a2) | K||3 s2(). Observe that the linear combinaison M, (a),
with coefficients @ = (ag,...,ar)! € R¥! of the estimators |Gn_g|1/2hig(ﬁ@n%(x) — u(z)),
¢ €40,...,k} has the following decomposition:

k
1/2
(18) Mo(@) = Nuo(i) + Y ae(|Gueel b2 ) By, _, (2),
£=0
where N, ¢(fn) is defined in (8) and the By, ,(x), ¢ € {0,...,k}, are defined in (4). Applying
Theorem 3.10, we get that b ! N,,.0(fn) satisfies a moderate deviation principle on R with speed
b2 and rate function Iz a : R — R defined by

y2

(Yo 2%a?) | K13 (=)

(19) Iz,a(y) = 9 Yy e R
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Using (11), we have that

k
. 1/2 _
A3 ar(Gnl ) B ) =0
Using Remark 2.7, this implies that
1 2 superex
(20) — E ae(|Gr_e| h2_,) / MOE——%1

b3

Using (18) and (20) we get that b, ' M, (a) and b, ' N,, ¢(f,) satisfy the same moderate deviation
principle. We then conclude that b, ' M, (a) satisfies a moderate deviation principle on R with
speed b2 and rate function I, 4 defined in (19). Since this is true for all vector a € RF*!, that is

for all the linear combinaisons of the estimators |G,,— g|1/2hn g(,u(;," () = p(x)), € € {0,...,k},
we get the result of Corollary 3.6.

5. PROOF OF THEOREM 3.10

We begin with some notations. We will denote by C' any unimportant finite constant which may
vary from line to line (in particular C' does not depend on n € N nor on the considered sequence
of functions f, = (fen,n > € > 0)). Let (pp,n € N) be a non-decreasing sequence of elements of
N* such that

. 372 —1
ngl}goo P bn |Gn—Pn| =0.
When there is no ambiguity, we write p for p,,.

Let 7,5 € T. We write i < j if j € iT. We denote by i A j the most recent common ancestor of
i and j, which is defined as the only v € T such that if v € T and v < 4, v < j then v < u. We
also define the lexicographic order ¢ < j if either i < j or v0 < ¢ and vl < j for v = ¢ A j. Let
X = (X;,i € T) be a BMC with kernel P and initial measure v. For ¢ € T, we define the o-field:

F; = {Xu;u € T such that u <i}.
By construction, the o-fields (F;; i € T) are nested as F; C F; for ¢ < j.

We define for n € N, i € G,,_,, and f,, the martingale increments:

(21) Ani(fn) = Nn,i(fn) = E[Nni(Fa)| F:]  and  Ap(fn) = Z Ani(fn),
1€Gn—p,
where
p ~
(22) Noi(fn) = |Gl Mic,_,(fem) and G,y = {ij,j € Gy}
£=0
We have:

Pn n
> Nuilfn) = [Gul V2 Mg, ,(fon) = [Gul ™% Y Mg, (fa—kn)-

1€Gn—py, £=0 k=n—pn

Using the branching Markov property, we get for i € G, _,, :

(23) E [N, ()| T = B[N (F)| X = (Gl 2 S B, Mo, (Fo)]

£=0
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We have the following decomposition:
(24) N o(Fn) = An(fn) + Ro(n) + Ri(n),
where A, (f) is defined in (21) and:

n—pn—1
Ro(n) = |Gn|_1/2 Z Mg, (fa—kn) and Ri(n)= Z E [Np,i(fn)] Fi] -
k=0 1€Gn_p,

From (24), our goals will be achieved if we prove the following:

superexp

(25) b ' Ro(n) —0;
(26) b Ba(n) =25 0;
(27) b, A, (f) satisfies a MDP on S with speed b2 and rate function I.

Note that (25) and (26) mean that Ro(n) and R;(n) are negligible in the sense of moderate devia-
tions in such a way that using (24) and Remark 2.7, N,, ¢(f) and A, (f) satisfy the same moderate
deviation principle. To prove (27), the main method we will use is the moderate deviations for
martingale (see [12] for more details).

In the sequel, the sequence (277", n € N) which appears in Assumption 3.8 will be denoted

dyn/2 _ h;il/2

(hn,n € N) in such a way that we have 2~ . We have the following result.

Lemma 5.1. Under the assumptions of Theorem 3.10, we have b, Ry(n) SUP:eXp 0.
Proof. Let § > 0. Using the Chernoff bound, we have, for all A > 0,
n—p—1 ~
(28) P (b, Ro(n) > 6) < exp (= AbalGul"/26)E[exp (A D7 Me, (fame))|.
(=0

For all k € {1,...,n —p} and for u € T, we set

k—1 .

Ip,k = Z2TQTfp+k,,«’n and Zpyk(u) = gp_’k(Xuo) + gp,k(Xul) - 2Qgp1k(Xu).
r=0

Then, using recursively the fact that
YNoHX) = D (f(Xuo) + [(Xu) —20f(X0) + Y 20f(X.),
u€Gy ueGyr_q u€Gp_1

for all £ > 1 and for some function f, we get

n 1

]E{exp ()\ é

For all m € {1,...,n —p— 1}, we set

Mg, (fa-en))] = E[ exp (Agpnp(X0)) nﬁlexp(A > Zuw)].
k=1

UEG, p_k—1

Ln =E[expOgpnp(X0)) [] expr Y Zpaw))].
k=m

UEG, —p_k—1
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Using the branching Markov property, we get the following decomposition:

n—p—1
I, —E[exp()\gpn »(Xy)) H exp(A Z an(u))},
k=m+1 U€EGH _—p—k—1
with
In= I Ex.[e00Zm)].

UEGH_—p_—m—1

13

For all u € G,,—p_m—1, we will upper bound the quantity Ex, [exp(AZ, (u))] and then J,,. We

claim that:
(29) | Zpm(u)] < M = Ch;d/2§
m—1 2
(30) Ex, [Zpm(w?] < 0% = C+ Chi (D2 (20)™1) Loy
r=0
For that purpose, we plan to use the bound
A2g2
1 E Z)| < _—
(31) [exp(AZ)] < exp (2(1 - )\M/S))

valid for any A € (0,3/M), any random variable Z such that |Z| < M, E[Z] = 0 and E[Z?] < o2

For all u € G,,—p_y,—1 and for all X € (0, C’h;d/2/3) we get, using (29)-(31),

A2o?

=)
21— AM/3) /"
For all m € {1,...,n — p — 1}, the latter inequality implies that

)\20'2 |G —p— _1| /\20'2 ‘G —p— _1|
m n m L. < m n—p—m I )
2(1 — AM/3) ) and In < eXp( 2(1 — AM/3) ) mtl

Recall that I; = E[exp (A Z?__p_l Mg, (fn_g,n))]. By recurrence, we get

Ex, [exp()\Zpym(u))] < exp (

Jm Sexp(

E[exp (A Z Mg, (fa-en))] =T < exp ( D %‘G”‘p‘”‘l')E[exp (Agpn-n(X0)) |

T AM)3)

Using () and (u) of Assumption 3.8 and (3), we have
n—p—1 n—p—1
|gp,n—p| < |fnn| + Z 2T|QT71(an—r,n)‘ < Ch;d/Q +Chz/2 Z (2(1)7”71
r=1 r=1
This implies that

{eXp( nZIMG, (fa—tm )} < exp ()‘2 Z:Ln;?llgffj\?;?;)p_m_”)

n—p—2
X exp (/\Oh;d/z + ACh? zp: (m)r).
r=0

Distinguishing the cases 2a < 1, 1/2 < 2a < v/2 and 2a > /2 and using (5) for 2a > 1, we get

| exp (3 nzp:— M, (Fa-t)) Sexp(Q(lcliﬁ%Q%/3)>exp (carni2),
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where ¢1, ¢y and ¢3 are some positive constants. The latter inequality and (28) imply that

|Gyl
P(b7 Ro(n) > 8) < exp ( — Ab|Gy| /26 4 — 22 En—p exp (c3Ahy,Y/?).
( o(n) ) ( | 2(1—(32/\hﬁd/2/3)) (3 )

Taking'
B 3b, |Gn|M/26
29 by |G| V/2 h 5+ 31 |Gy

we are led to

]P’(b;lRo(n) > 5) < C exp ( —

36202 |G|
2(ca 5 by |G| V/2 hn? + 3¢ an|))'
Since we can do the same thing for —f,, instead of f,,, we get that

30202 |G,
2(ca 6 by |G |V/2 i ™? 4 31 |Gy )

(32 B |Rom)] > 5) <2C exp (-

Finally, in the latter inequality, taking the log, dividing by b2 and letting n goes to infinity, we get
the result of Lemma 5.1. Now, to end the proof, we will prove (29) and (30).

Proof of (29). Using Assumption 2.9, (¢) and (i) of Assumption 3.8 and Assumption 2.13, we get

m—1
| Zp,m (u)] <C||fp+1 nllee +C(1 4 2a) Z 2a)" 1||pr+m rinlloo)L{m>1}
r=1

m—1
<Chy? + ChY? Y (20)" < Chy/2.
r=0
Proof of (30). Using the branching Markov property for the second inequality, Assumption 2.9 for
the fourth inequality and (i) and (i) of Assumption 3.8 for the last inequality, we get

Ex., [Zp.m(u)’] < Ex,[(gpm(Xu0) + gpm(Xu1))?] < CUgp 1) (Xu)

< CO(f2,,)(Xu +cg((z 20 Q) ) ) () Loy

m—1
< 10 1l + (32 20) Qi) Loy
r=1
—1
<C+ Ch:i( (2a)" ) o)

r

3

Il
=)

g
Next, we have the following result.
; g _1 superexp
Lemma 5.2. Under the assumptions of Theorem 3.10, we have b, * Ry(n) 0.
b’!’L
"n fact, we use the following. For a, 8,7 > 0 and h(z) = —ax + %ffwiz) we have h(z*) = WO‘EW) for the

choice z* = W;%B € (0,1/75).
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Proof. We have, using (23) and (49),

»
(33) Ri(n) = |Gl ™2 Mg, (gpn) where gpp =S 2707, .

£=0
We follow the same arguments that in the proof of Lemma 5.1. For all m € {1,...,n — p} and for

allu € T, we set
Zpm(u) = 27710 g (X)) + 2771 g, (X yr) — 2MQ™ g, (X ).

We also consider the following quantities for m € {1,...,n — p} and A > 0:
n—p
L, = ]E{exp (AQ"‘an_pgp’n(X@)) H exp ()\ Z Z k(u))] and
k=m

UEG, _p_k
Jm = H Ex, [exp ()\me(u))}.

UEGH —p—m
Note that using the branching Markov property, we have

n—p

(34) L, :E[eXp (Aznfpgnfpgw(xw)) I e </\ 3 Zp7k(u))3m}.

k=m+1 UEG, —p—k

As for (29)-(30), for all m € {1,...,n — p} and v € G,,_p_,, one can prove that
(35)

p 2
Zym(u)| <M =Ch™%? and Ey, [Zpym(u)ﬂ <02 = Clymoy) + %;ﬁ(Z(m)ﬁW“) .
=0

Using (31) and (35), we have, for all u € G,,_,_,, and for all A € (0, Ch=%2/3),

A2,
]EXu [eXp()\Zp’m(u))] S exp (m) .
The latter inequality and (34) imply that

/\2072n ‘Gn—p—m ‘

2(1 — AM/3) )H’"“'

I, <exp (

By recurrence, this implies that

A? Z:Ln;ﬁ 072n|Gn—p—m|
2(1—AM/3)

(36) I <exp ( ) E[exp (A2”_pQ”_pgp,n(X@))} .

Using (i) and (é7) of Assumption 3.8 and Assumption 2.9, we get

P
(37) 9pnl < Chil/Q 2(204)”_2-
£=0
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From (36), (37) and according to the value of «, we have, for some positive constants ¢, co and
c3 (recall the definition of M and o2, given in (35)):

2
I; < Cexp ( A CllGn:d’;L ) if 2a < 1;
2(1 — Aeahn, 77 /3)
2 2ppd
I <exp ()\03(204)"h‘i/2) exp ()\ c1]CGn—p|(1 + (20) h”)) if 1 <2a <V?2;

2(1 — Acahn 2 /3)
2 2ppd D 2\npd
XelGoyl(L+ Qo +2CVHYY s g
2(1 — Aeahy % /3)
Recall that I; = E[exp(AMg,,_,(gp.n))]. Using the Chernoff bound and (33), we have for all
s (O,Chﬁd/Q/S) and for all § > 0,

P(bglRl (n) > 5) < exp ( . )\bn\GnP/Q(S) I.

I, <exp ()\03(2a)"h‘i/2) exp (

Taking
30, |G, |28 F 90 <1
2026 |G |1/ 2k V25 + 3¢1 |Gy =

30, |G, |'/26 .
A= nin ifl <2a<v2
2¢2b, |G |/ 20y 26 + 3¢1|Grp|(14(2a)2Phd) V2

1/2 .
S L if 1< 2a < V2,

202bn |G |1/ 20 725 4 3¢1|Gp—p | (14(20)2P hd +27 (202) " hd )

and since we can do the same things for —f,, instead of f,, we get,

if2a0 <1:
302 |G, |6
B(b; ! [Ra(m)] > 6) < Cexp ( - gl ;
2(Cabn| G [V/2hn %5 + 3¢1|Gry))
if 1 <2a<V2:
c3(2a "hﬁ/an G,|'/?
B(b; ! Ru(m)] > ) < 2ex0 22 ) b )
20500 |G| /200 25 + 3¢1| G| (1 + (201)20hdl)
3b3 |Gy |67
X exp ( — —d/2 ),
2(c2bn|Gp V2078 + 3e1|Gnp|(1 + (20)%Dl))
if 2a > /2
- c3(20)"h %, |G| H/2
P(bnl\Rl(n)\>6> §2eXp( = 3(20) [ )
205D |Gon |1/ 2hn 25 + 3¢1|G_yp| (1 + (20)2PRE + 27(202)7hd )
2 2
X exp ( B 362 |Gy )

2(Cabp |G| Y20 ™25 + 3¢1|Gpop|(1 + (20)2Phd + 20(202)7hd))
Finally, applying the log to each of these last three inequalities, dividing by b2, letting n goes to
infinity and using (6) and Assumption 2.13, we get the result of Lemma 5.2. O

From (24), Lemmas 5.1 and 5.2, we have

(38) b N (F) ™ b A (F).
As a consequence, using Remark 2.7, b, ' N,, ¢(F,) and b, ' A, (f,) satisfy the same moderate devi-
ation principle.
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We now study the martingale part A, (f,) of the decomposition (24). The bracket V(n) of
A, (fn) is defined by:

Vin)= > E[Ani(i)*F].
1€Gn—p,

Using (22) and (21), we write:

(39) V(n)=[G.7" Y Ex, <iMGpne(fz,n)> — Ra(n) = Vi(n) + 2Va(n) — Ry(n),

1€Gnmpn =0

with:

Vi =1e" Y Y Ex, (M, (Fi)?].

1€Gn_p, £=0

Vo) =[G Y Y Ex, M, (fen)Me,, . (Fin)]

1€Gn_p, 0<U<k<pn
Ro(n)= Y E[Nui(fa)lXi*.
1€Gn_p,

We have the following result.

superexp

b7

Lemma 5.3. Under the Assumptions of Theorem 3.10, we have Ra(n) 0.

Proof. Using the branching Markov property, we have

P N2
Ra(n) = |Gul ' Mg, (g5) with g, = (D 20" f,,) .
=0
Using Assumption 2.9 and (¢) and (i¢) of Assumption 3.8, we get

p—1

Igpllos < Cllfpmll% + CII(Z 2776QP=C ) )2 loo
=0
p—1 9
< Chd+ C(Z(Qa)p—%zﬂ)
=0
< Chy,“1gga<ty + C(hy,* + b (20)%) 12013 -

This implies that
(40) Ry(n) < C|Gn| ' hy, Ligacy + C(IGu| ™ iy + (202)7 0 Gy | ™) Lizas1y-

Recall that h,, = 277 with v € (0,1/d). Using Assumption 2.13, we conclude from (40) that Ra(n)
is bounded by a deterministic sequence which converge to 0. As a consequence, using Remark 2.8,
we get the result of Lemma 5.3. O

Recall 02 given in (7). We have the following result.

superexp
e 0'2

b7

Lemma 5.4. Under the Assumptions of Theorem 3.10, we have Vi(n)
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Proof. We have the following decomposition which is a consequence of (50):
Vi(n) = Vs(n) + Va(n),
with

Van) =[Gl Y0 Y2t o) (X,

1€Gy_p £=0
p—1 p—£—-1

Vi) =[G, 30 30 Y ap ik et (9> (Qkfg,n®2>)(Xi).

1€Gp_p £=0 k=0

Now, the result of Lemma 5.4 is a direct consequence of the following:

41 V3 n % 0'2;
( -
(42) ‘/4(“) superexp 0.

L
To end the proof, we will now prove (41) and (42).
Proof of (41). Set

P
Gon = 327007 (f2, — (. f2,)) and  HYU(f,) Zz s )

£=0
Following the same arguments that in the proof of Lemmas 5.1 and 5.2, we get after studious
calculations:

if 20 < 1,
P([Va(n) = Y > 8) = P(1G 0| ™M, _, (9pm)| > 6)
<Cexp Cnd exp (- s )
- Cohn® + 3(p22-P 4+ 2-Phy, %) 2(Cohn® + 3(p22-P 4 2-Php, %))/’
if 1 <2a <2,
P([Va(n) — HY"| > 6) = P(IGu | ' |Ms,_, (gp.0)] > )
cox ( c3(2a)"hd s ) (_ 362G, |nd )
= P06 + 3c1(2a2)hd 1 2-7) ) TP\ T 9(38 + 3¢, ((2a2)Phd + 2-7))
if 20 > /2,
P([Va(n) — HJ"| > 6) = P(1Gnp| Mo, (gp0)] > 3)
c3(2a)"hd s 362G, |nd
< _ .
<o (5 @i 727) (2 T e ey 7))’

Taking the log, dividing by b2, letting n goes to the infinity and using (6) and Assumption 2.13,
we get

limsup - log]P’(|V3( ) — HIY) > 5) — o

n—+oo Up
Next, using (ii) of Assumption 3.8, we get lim,_, o0 H"(f,) = o2. This ends the proof of (41)
since (H3 (f)) is a deterministic sequence.
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Proof of (42). We set
p—1p—t—1
hy) = 2FtQrlm R (p(Qh Fy L ©2)) and Hin =Y Y A
=0 k=0
in such a that Vy(n) = |Gn—p| ' Mg, _,(Hsn). Using, (3) and (i) and (i) of Assumption 3.8, we
get
RG] < 2XEP(1Q" fo | ®?) < C2FChla?E
This implies that |Hy4 »| < ¢, and then that [Vi(n)| < ¢,, where the sequence (c,,n € N) is defined
by
Cn = Chitliaa2<1y + Chit(20°)P 1202513
Using (5) and the fact that (h,,n € N) converges to 0, we get that the sequence (¢,,n € N)

converges to 0. Thus, we have that V4(n) is bounded by a deterministic sequence which converges
to 0. Then (42) follows using Remark 2.8. O

superexp
>

2
bn

Lemma 5.5. Under the Assumptions of Theorem 3.10, we have Va(n) 0.

Proof. Using (51), we get:
Va(n) = Vs(n) + Vs(n),
with
Vs(n) = IGu|™" > D 27 (i n QN fon) (X),
i€G,,_p 0<L<k<p
p—k—1

—k—
Vs(n) =G,|70 > > Y 2r e R (P(QT f @ QT fin) ) (X3).

1€GH_p 0<U<k<p r=0
First, we set
p—k—1
), =2t QPO (P(QT i @y O fy ) and He = Y. Y. A,
0<t<k<p r=0
in such a way that Vs(n) = |Gn—p| ' Mg, _,(Hen). Using, (3) and (i) and (i) of Assumption 3.8,
we get
10, | < Chi(20?) ek,
This implies that |Hg | < ¢,, and then that Vs(n) < ¢,, where the sequence (c,,n € N) is defined
b,
’ ¢n = Chiiliaa2<1y + C(202)Ph 11902513
Since the sequence (c,,n € N) is deterministic and converges to 0, it follows, using Remark 2.8,
that

Vs(n) % 0.

Next, for the term Vi(n), we have for all k > ¢:
270" (fin Q" fem)| < 27 Q7 (| frml | fenl) < C27* RGP TEIQPTR(| fi )
< CaP(2a) Lypepy + ChE(20) “aF ey 1y,
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where we used (3) for the second inequality and (¢) and (i7) of Assumption 3.8 for the second and
the last inequality. Using the latter inequality in V5(n), we get
[Vs(n)] < C(27PLpacty + 0P Lizas1y + h2).

We thus have that V5(n) is bounded by a deterministic sequence which converges to 0. It then
follows from Remark 2.8 that
‘/:5(77,) superexp 0.

b7,
From the foregoing, we get the result of Lemma since Va(n) = Vs(n) + Vs(n). O
As a direct consequence of (39) and the Lemmas 5.3, 5.4 and 5.5, we have the following result.

superexp
e 0’2

b3

Lemma 5.6. Under the Assumptions of Theorem 3.10, we have V(n)

We now study the 4th-order exponential moment condition. We stress that this condition imply
in particular the exponential Lindeberg condition (condition (C3) in Proposition 6.1). We have
the following result.

Lemma 5.7. Under the Assumptions of Theorem 3.10, we have

lim sup b%logl?’(bfl 3 E[Ana(a)'F] > 5) =00 V5>0.

n—+00 iEanp

Proof. For all i € G,,—,, we have

(43) E[Ani(fa)53] <160+ 1)°272" > Ex, [Mg, ,(fon)']
=0

where we have used the definition of A, ;(f,), the inequality (3";_ax)* < (r+1)3Y;_,a} and
the branching Markov property. Using (43), we get

p
(44) b > B[ ()Y F] < COpP2 Y Y T hu(Xa),
i€Gn_p £=0i€Gpn_p

where hy ¢(z) = E, [M([;,pil(f:g,n)ﬂ. We will now prove that the right hand side of (44) converges
superexponentially to 0 at the speed b2, that is

Z Z hn,Z(Xi)

£=04i€Gn_p

1
lim sup 7 logIP<Cbip32*2" > 5) = —00.

n——4oo

For that purpose, we will treat the case £ = p, £ = p — 1 and finally the case ¢ € {0,...,p — 2}.
First, we treat the case £ = p. Set gp,, = f;,l)n. We have

(45) by p2 72" Z hnp(Xi) = brp272" Z Ipn(Xi) + b2~ 1Gr—p (K gp,n)-
1€Gp_p 1€GnH_p

Since b2p3272"|Gp—p| (s Gp.n) < p327P b2 (|G hE)™1 — 0 as n — 0, it suffices to prove that the
first term of the right hand side in (45) converges superexponentially to 0 at the speed b2, that is,
for all § > 0,

1
(46) lim sup 1 1og]P’(bflp32*2" | Z Ip.n(Xi)| > 5) = —o00.

n—+00 i€Gn_p
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As in the proof of Lemma 5.2, we can prove that

~ 52'@ |2h2d
2,39—2n . < _ n n
P27 32 X0 > 6) < Cob (= sy i G )

Taking the log and dividing by b2, we get (46).
Next, for £ € {0,...,p—1}, we plan to prove that the quantity b2 p32-2" Z?;é Yicg, . hne(Xi)

n—p

is bounded by a deterministic sequence which converges to 0. First, for £ = p — 1, using the
branching Markov property, (i) and (i) of Assumption 3.8, we have, for all i € G,,_,,

hnvp—l(Xi) = EXi [MG1 (fp—l,n)4] S OQ(f;—l,n) S Ch;d
Using (6), this implies that

B2 Y By 1 (X)) SCBE2PPY([Galhd) T 50 as - oo,
i€Gp_p

Now we consider the case £ € {0,...,p—2}. From Lemma 6.4 with f replaced by fg’n and v by
the Dirac mass at X; (dx,), we have

(47) bzp32_2"2 ST hne(Xi) <02 Gyl 32 > lej,p (X

£=0i€Gpn_p £=0i€Gp_p j=1

Forall j € {1,...,9}, we will upper bound each term of the right hand side in (47) by a deterministic
sequence which converges to 0.

Upper bound of bv2|G,|?p*Y7_, > icG,_, [¥1,p—¢|(Xi). Using (i) of Assumption 3.8, we have
(1| < C27QP(fL) < O27 .

Using (6), this implies that

b2 |G, |2 32 D> hrp-el(Xi) < COLPY(IGalhd) ™ = 0 as n — +oo,

£=01i€Gp_p

Upper bound of v2|G,|®p*Y7_, > icG,_, Y2,p—¢(X;). Using Assumption 2.9 and (i) and (i)
of Assumption 3.8 for the second inequality, we get

p—L£—1
[2,pe| < C22E=0 3" 2 RQFP(IQP R (FE )| @gym (977 TFT2(Q 0 n))
k=0
p—L£—1
<022 P=0 N a7har R < 0P (1 naery + (P — O)1(2am1) + (20)P L2a513).
k=0

Using (6) and (5), this implies that

b |G|~ 32 D e el(X0) < CBGA T (P*L2a<1y + (20071 2051)) =0 as n — +o0c.
£=01€Gpn_p
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Upper bound of b3 |G, |p* 327_( Y icc, , [¥3,p—¢|(Xi). Using (i) and (ii) of Assumption 3.8
for the second inequality, we get

p—£—1 p—L€—1
|¢3,p—f| < 22([)7@) Z 27kaj)(Qp7€7kfl(fé27n)®2) < 022(;07@) Z 27k < C22(p7£).
k=0 k=0

Using (6), this implies that

P
b2 |G, | 2p? Z Z 9350 (X;) < CW2P* 27" 0 asn — +oo.
£=04€Gp_p
Upper bound of b2|G, | ?p*>°7_, > icG,_, |Yap—e|(X;). Using Assumption (2.9) and (i) and
(i1) of Assumption 3.8 for the second inequality, we get
|7/14,p—é| < 024(p72)j)(g)(|gp7£72]?€7n| ®2 ) ®2 ) < 024(;072)0[4(177[72)}1%%
Using (6) and (5), this implies that

P
bilGnrszZ Z [14,p—e[(X:)

0=0i€Gp_,
<C (bi p4 2_n_phid1{2a2§1} + bipSQ_n+p<2a2)2phid1{2a2>1}) — 0 asn — +oo.

Upper bound of b2|G,|3p* > 7_, > icG,_, |¥s.p—|(Xi). Using Assumption (2.9) and (i) and
(#4) of Assumption 3.8 for the second inequality, we get

p—f—1k—1
|w5,p—é| < 024(177@) Z Z 272k7TQr:P(Qk7r71 (T(|Qp7£7k71f~£7n| ®2 )) ®2 )
k=2 r=0
—4—1k—1
<C 24(;07@) pz Z 272k7rh$lda4(p7€7k)

k=2 r=0
<R 22070 (1ppn2 01y + (0 — OL{za2—1} + (207)°P D1 55251y).
Using (6) and (5), this implies that

P
bilGnerS Z Z [v5,p—e] (X:)

0=0i€Gp_,
<C (bi p4 2_n+phid1{2a2§1} + bip32_n+p(2@2)2phid1{2a2>1}) — 0 asn— +oo.

Upper bound of b2|G, | ?p*>°7_, > icG,_, |Y6.p—¢|(X;). Using Assumption (2.9) and (i) and
(i4) of Assumption 3.8 for the second inequality, we get
p—L—1k—1 ~
< C23(p72) Z Z271677"97"«‘])(91677“71:])(|Qp727k71f2,n
k=1 r=0
p—L€—1k—1
< 930 Z Z 9= pd o 2(p—=K)
k=1 r=0
< Chi 22(r=0) (1{2a2<1} + (p—€) 1oa2=1y + (2a2)p_€1{2a2>1})~

|w6,n ®2 ) ®Sy1‘ﬂ Qpieiril(fé%n))
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Using (6) and (5), this implies that

P
BalGul 0% D W6l (X0)

£=0i€Gp_p
<C (B2 pt 2—"+Ph§1{2a2§1} + bip32_”+p(2a2)2phfll1{2a2>1}) —0 asn— +oo.

Upper bound of b} |G| ?p* 3°7_( Y icq, , [¥7,p—¢|(X;). In the same way as for ¥g,,—¢, we have

p
Gl 2" Y D [ el(X0)

£=0i€Gp,_y
<C (b% p4 2inhgll{2a§1} + b?lp32in+p(20[2)2phi1{2a>1}) — 0 asn— 4oo.
Upper bound of b2|G,|?p* Y 7_, ic,,_, [Vsp—el(Xi). Using Assumption (2.9) and (i) and
(7i) of Assumption 3.8 for the second inequality, we get

p—l—1k—1r—1

|¢87p—€| < C24(p7£) Z ZZ27k7r7jng)(Qrfjflipﬂgpfeflfrfé’n| ®2)

k=2 r=1j=0
Baym QTP ©7))
p—L—1k—1r—1

<C 24(p7£) Z Z Z 27k7r7jhida4(pfl)72r72k

k=2 r=1;=0
<Ch? 2P (Lna2ary + (0= 0 Lpar—1y + (20°)°P79 150251y).
Using (6) and (5), this implies that

P
bilGnrszZ Z [18,p—e[ (X:)

0=0i€Gp_,
<C (bip5 2_n+phid1{2a2§1} + bipSQ_n+p<2a2)2phid1{2a2>1}) — 0 asn — +oo.

Upper bound of b2|G,,|~2p* >}_, > icG,_, [Yo.p—e|(Xi). In the same way as for s ¢, we have

p
DG TP 0 Y (o p—el(X0)

£=04€Gp_p
<C2p° 2_"+ph%d1{202§1} + bip32_"+p(2a2)2phid1{2az>1}) —0 asn— +oo.
Putting together all the upper bounds for ¢ € {0,...,p — 1} and using (43) and (47), we deduce

that b2 p? 2720 Z?;S > icG,_, Im,e(X;) is bounded by a deterministic sequence which converges to
0. As a consequence, it follows, using Remark 2.8, that

1 ( =
lim sup 2 log[P’(bip‘S 272n Z Z B o (X5) > 6) = —00.

n—+oo (=0i€G,,_,

Finally, using (43), (44), (46), we get

1 5
limsup - 1og1p( 3 E[Ani(a) 5] > b?) — 00 ¥5>0.

n—=+oo Un i€Gn_p n
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For Chen-Ledoux type condition, we have the following result.

Lemma 5.8. Under the assumptz'ons of Theorem 3.10, we have

limsup 0 log <|G | sup Py, (|An1(fn)| > bn>) = —o0.

n—+4oo Gn—p
Proof. For all i € G,,_,, using (21) we have

(48) P?i (|An,z(f)| > bn\/ﬁ) < Pf}“i (|Nn,z(f)‘ > bn\/ﬁ/Q) + P’.ﬂ' (|EXz [Nn,z(f)] | > bn\/ﬁ/z) )
with Ny, ;(f) defined in (22). Following the proof of (32), we get

by, bn/1Gn
P (Vo) > V") = p ( peelferm) F)
b2 |G|
<Ce - . :
- Xp( Q(Cbn«;n|1/2h;d/2+60@p))
Next, for
e /G
2cahn P bp/n + 3c1|Gy )|
we have
by, p by, G,
Py, (Exi [Nan,i(F)) > f) (ZQP () (X) > @)

£=0

< oxp (- uv iG] %;'Gn JEx, [exp (Ao 2076,

b%|Gn| )
2(Cby |G |1/2h 2 4 6C|G,))

where we used (49) and the branching Markov property for the first equality, Chernoff bound for
the first inequality and (3) for the last inequality. Doing the same thing for —f instead of f, we get

SCeXp(—

b1 b2 |G,
Po. ([Ex, [Vos(f)] | > V) < 2Cexp (- = )
2(Cby |G|V 20,77 + 6C|Gy|)
From the foregoing, we get, using (48),
b2 |G|
|G| sup P, (|Ani(f)| > buv/n) < C |Gyl exp | — L .
i€Cnp ( ) ( 2(Cbp |G|/ 20 “? + GC’|Gp|))

Finally, taking the log and dividing by b2 in the latter inequality, we get the result of Lemma
5.8. O

We can now use Proposition 6.1 to deduce from Lemmas 5.6, 5.7 and 5.8 that A, (f,) satisfies
a moderate deviation principle with speed b2 and rate function I defined by: I(z) = 2%/(202) for
all z € R, with the finite variance o2 defined in (7). Using (38) and Remark 2.7, we then deduce
Theorem 3.10.
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6. APPENDIX

We recall here a simplified version of Theorem 1 in [12]. We consider the real martingale
(M,,,n € N) with respect to the filtration (H,,n € N) and we denote ((M),,n € N) its bracket.

Proposition 6.1. Let (b,) a sequence satisfying

bn

vn

such that c(n) := \/n/b, is non-decreasing, and define the reciprocal function c=1(t) by
¢ (t) == inf{n € N: ¢(n) > t}.

b, 1is increasing, b, — 400, — 0,

Under the following conditions:
(C1) there exists QQ € R such that for all 6 > 0,

1 M
lim sup - log (IP’( Q — Q‘ > 5)) = —00,
n——+o0o bn n

1
(C2) limsup — log [ n esssup P(|Mp — My_q1| > bn\/ﬁ’f}{k_l)> = —00,

ntoo b2 1<k<c=1(bny1)
(C3) for all a > 0 and for all 6 > 0,

f}fk_1> > 5)) = —0Q,
2

) 1 1 Zn 2

I:LE-T-I;OP E o2 <]P (n k:1E <|Mk — My 1{\Mk—Mk,1\2a},/*f}
oz
=20

We have the following many-to-one formulas. Ideas of the proofs can be found in [16] and [3].

(My,/(bpy/1)),,cn satisfies the MDP on R with the speed b% /n and rate function I(x)

Lemma 6.2. Let f,g € B(S), z € S andn > m > 0. Assuming that all the quantities below are
well defined, we have:

(49) E. [Mg, (f)] = |Gn| Q" f(z) = 2" Q" (),

n—1
(50) Eq [Mg, (f)°] = 2" Q"(f%)(2) + D_2"HF Q"= F1 (P(Q°f © Q) (@),
k=0
(51)  Es[Mg,(f)Mg,,(9)] =2"Q™ (9Q""™f) (2)
m—1
+ Z 2n+k melcfl (:P (ng eym Qn7m+k:f)) (1,)
k=0
We recall the following result due to Bochner (see [21, Theorem 1A] which can be easily extended
to any dimension d > 1).
Lemma 6.3. Let (h,,n € N) be a sequence of positive numbers converging to 0 as n goes to
infinity. Let g : R* — R be a measurable function such that [g,|g(z)|dx < 400. Let f: R - R

be a measurable function such that || fl, < 400, [pa|f(y)|dy < 400 and lim, 4o |2]f(x) = 0.
Define

(o) =t [ 50 @ =)ot

Then, we have at every point x of continuity of g,

lm_ ga(z) = g(2) / f(w)dy.

n—-+oo
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We also give some bounds on E, [Mg, (f)*], see the proof of Theorem 2.1 in [3]. We will use
the notation:

gR*=g®yg.

Lemma 6.4. There exists a finite constant C such that for all f € B(S),n € N and v a probability
measure on S, assuming that all the quantities below are well defined, there exist functions ;.
for 1 <5 <9 such that:

E, [MGn (f)4] = Z<I/a wj,n>7

j=1
and, with hy, = Q¥=1(f) and (notice that either ;| or |(v,4;)| is bounded), writing vg = (v, g):
[Y1al < C27Q"(fY),

n—1
ipn| < €22 Y 27 WQFP (Q" (%) @y hni) |,

k=0
n—1

[3n] < C2" > 27FQFP (Qn R (£2)@?)
k=0

[an] <C27P (|P(hy10?) @),
n—1k—1

5] < C24 YN 272K Qrp (QFT T P(hy g @7)|®7)

3 >
|
=N

x> 03
= o

|'(/J6,n| < 023'rl Z 2—k—rQr|ﬂ) (Qk—r—lﬂ) (hn7k®2) ®sym Qn—r—l(fQ)) ‘7

(]

TT
— =

x> 03
[
= o

|V’(/}7,n| S C23n

(]
(]

2—k—r|Ver) (Qk—'l"—lgj (hnfk ®sym Qn—k—l(fz)) ®sym hnfr) |,

1T
— =

Il
= O

> 03
|

<

|

—

|,(/J8,n| S C 2477,

(]
(]

27D (19T TP (- @2) | @oym (9577 7P (k@) 1)

|
ESI
|

1T
= N

Il
_ =
3 S,

I
=

g n| < C 247 27k QNP (Q" T HP (R ®gym Q5P (Rp—1®?)) Rym Bn—j) |.

i
N
3
Il
-
<
I
o
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