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In this paper, the electromagnetic field scattered by several 2D scatterers of any shape is calculated rigorously from
the boundary integral equations discretized by the method of moments with the point matching method and
pulse basis functions. In addition, the resulting linear system is efficiently solved from the domain decomposition
method named the characteristic basis function method. To accelerate the computation of the primary basis func-
tions, which requires solving sublinear systems, the Kirchoff approximation is applied for metallic and dielectric
objects. The efficiency of the method is tested on several applications met in practice: stack of rough interfaces sepa-
rating homogeneous media, collection of metallic and dielectric elliptical cylinders, collection of coated elliptical

cylinders, and a combination of the previous scenarios.

https://doi.org/10.1364/JOSAA.430309

© 2021 Optical Society of America

1. INTRODUCTION

The study of the wave scattering from several scatterers of any
shape is a subject of great interest. The applications of such
research concern many areas such as remote sensing, radar
surveillance, optics, and ocean acoustics.

For a collection of objects of canonical shape, like circular
cylinders (of infinite length) and spheres, the scattered field
can be computed analytically by introducing special functions,
e.g., Bessel’s and spherical Bessel’s [1,2]. For elliptical cylinders
[3-5], Mathieu’s functions [6] are introduced, but they are diffi-
cult to program, unlike well-known Bessel’s functions. Adding
a boundary, like a smooth plate of infinite area (space divided
into two media), the previous formulations can be extended
[7-17], and the difficulty of programming increases. For a stack
of rough interfaces separating homogeneous media, asymptotic
approaches, in which simplifying assumptions are introduced,
have been developed. For small roughness, we can cite the small
perturbation method [18-24] and, for high roughness, the geo-
metric optics approximation [25-27]. For a complex scenario,
like inhomogeneous (dielectric objects are present in the layer)
layered rough interfaces, it is difficult to derive a closed-form
expression of the scattered field.

The well-known method of moments (MoM) [28-31] is
a way of rigorously solving this type of scattering problem by
converting the boundary integral equations into a linear system,
in which the impedance matrix must be inverted to determine

1084-7529/21/090001-01 Journal © 2021 Optica Publishing Group

the surface currents. However, the direct solution of the linear
system through a direct lower upper (LU) decomposition is
usually limited by O(N?) and O(N?) complexities in CPU
time and memory requirements, respectively, where N is the
number of unknowns. This is computationally expensive for an
electrically large multiscale object or a collection of dielectric
objects (i.e., many unknowns) and has led to develop iterative
methods and/or domain decomposition methods that signifi-
cantly reduce the storage and computation cost. Among the
numerous publications addressing this issue, references [32-43]
have shown the efficiency of these methods for the scattering
from a stack of two or three rough interfaces and for an object
near a rough interface.

The characteristic basis function method (CBFM), a domain
decomposition method, has shown efficiency for scattering
from a 3D metallic or dielectric object [40,43—45]. In this paper,
this method is applied for the scattering from P 2D metallicand
dielectric scatterers of any shape. The propagation inside layer
expansion (PILE) method [46] and its updated versions [39,42]
can be extended for this type of problem; however, the difficulty
of programming significantly increases. Thus, this method is
not chosen. In addition, the subdomain decomposition iterative
method (SDIM) [45,47] applied on the scenarios presented in
this paper does not converge.

The CBFM principle splits up the problem into subprob-
lems of smaller size, each of them being solved separately by
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calculating the primary basis functions (PBFs). Next, the cou-
pling between them is accounted for via the computation of
the characteristic matrix, which involves the coupling matri-
ces between the subproblems. To accelerate the calculation
of PBFs, which requires one to solve sublinear systems, the
Kirchoff approximation (KA) is applied for metallic and dielec-
tric objects. The efficiency of the method is tested on several
applications met in practice: stack of rough interfaces separat-
ing homogeneous media, collection of metallic and dielectric
elliptical cylinders, collection of coated elliptical cylinders, and a
combination of the previous scenarios.

The paper is organized as follows. Section 2 extends the
MoM to P scatterers of any shape. Section 3 briefly summarizes
the CBFM. Section 4 addresses the KA approximation for the
derivation of the PBFs. Section 5 presents numerical results on
four scenarios. The last section gives concluding remarks.

2. METHOD OF MOMENTS FOR SEVERAL
SCATTERERS

This section presents the MoM for solving the electromagnetic
wave scattering from several scatterers. For one and two scatter-
ers, this approach is thoroughly explained in the textbook [30].
To sum, the boundary integral equations are applied on each
scatterer and are discretized from the MoM by using the point-
matching method and the pulse basis function. This leads to
the linear system ZX = b, in which Zis the impedance matrix
of the two scatterers, & is a vector related to the incident field
on the scatterers, and X the surface currents on the scatterers,
i.e., the unknowns of the problem. In this section, this approach
is generalized to several scatterers.

A. Case of a Single llluminated Scatterer

For a single scatterer as shown in Fig. 1, the impedance matrix is
expressed from four submatrices as

e /_111 Ell
Z=| "= - . 1
’ [Cn Dn] (1)

The matrix A, is the matrix obtained from the Neumann
boundary condition, i.e., when the scatterer is assumed to be
perfectly conducting (metallic), and the transverse electric
(TE) polarization is considered. It is calculated in the inci-
dent medium §2. The matrix By, is the matrix obtained from
the Dirichlet boundary condition, i.e., when the scatterer is
assumed to be perfectly conducting (metallic), and the trans-
verse magnetic (TM) polarization is considered. It is calculated
in the incident medium €. The matrices {(_]11, Dy} are sim-
ilar to the matrices {41, By}, but they are computed in the

Source € Q

\\\:‘\

Fig. 1.

Scattering from a single scatterer.
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medium €2;. The elements of these four submatrices are given in
Appendix A.
The vector b is defined as

Yine(r1) .. Yinc(rn;) 0... 0"

bl — |:?)1 ] — N times , (2)

b_]r,resl

where Vi, is the incident wave illuminating the scatterer. The
symbol T stands for the transpose operator, and /V is the num-
ber of discretization points on the surface S; of the object. This
means that the size of the matrixis 2V, X 2V;.

The unknown vector X oflength 2V, is expressed as

Y1 (r1) oY1 (ry) T
Xo=[Yr0r) () 2t 20 1y €S,

3)
where 011 /0n = Vi - n; is the normal derivative, in which
n, is the unitary vector normal to S;. The unknown X; on Sy is
computed from X; = Zl_ll b,. The scattered field ¥, () in the
medium 7 € € is then obtained from the Huygens principle
expressed as

V() =—P(r, r)X, 4
where
I_)(V, 7'1) = |:4ZJ} ) (5)
Bl _,. ,._
ri=ri.ri=r

and 11 €S8 (r#wr). If reQy (r#r); then, Eq. (4) is
applied by taking the plus sign (instead of minus). The matrices
{Al]’ “

The matrix P(r, 71) propagates the surface currents
{1, 0Y1/0n} from 7y to 7. Its size is Ny, X (2/V;), where
N, is the number of observation points and ¥, is a vector of
length N,.

In the far field (k7 > 1, where £ is the wavenumber of the
medium), the propagation matrix can be simplified as [30]

_ o0 i [2
P (7’, 1‘1)22 %

efj(”//hL/fr) jvlksca : ;’\lle_jksca.rl vV 1+ )/IZAI
g_fksca'rl /1 + )/12A1 ’
(6)

where kg, = k(x sin Oy, + 2 cos Oy,) (see Fig. 1) stands for the
direction of observation, y; the slope of S; at the point 7, A;
its sampling step, and v; = sgn(#; - ) (sgn stands for the sign
function).

The radar cross section (RCS) is written as [30]

Bj;} are expressed in Appendix A.

sca

2

RCS = lim 277 |¥ ()
7—>00

~ . 2
; H:jvlksca'nlf_jksca.rl 1+)/12A1j|X
1

= @ gfkasca"'l 1 + y12A1

. (7)

where RCS isa vector of the same length as ¥ ., (7).
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The normalized radar cross section (NRCS, dimensionless) is
written as [29,30]

- 2
NRCS = lim - Pl (8)

7= 2770 Pinc
where 1 is the wave impedance of medium Qg and pj, the inci-

dent power. For an incident plane wave of unitary amplitude,
Pinc = L c0s 6inc/(219), so that NRCS = RCS cos 6,/ (2 L).

B. Case of P llluminated Scatterers

For the case of two illuminated scatterers (Fig. 2, with P = 2),
the impedance matrix Zis expressed as [30]

7 [Zl ?112)] , ()

=(1)

z) Zn
where Z;, [Eq. (1)] and Z,, are the self-impedance matrices of
scatterers 1 and 2, respectively. The matrix Z; is obtained from
Z;, by changing (81, 41) to (52, k2), where k; = ko /€, ; is the
wavenumber of the medium €; of relative permittivity €, ;. In
addition, £y = 271 /Aq is the wavenumber in vacuum and A, the
wavelength in vacuum.

The coupling (interaction between two different scatterers)
matrices Zﬁlz) (of size 2N} x 2V;) and Zgll) (of size 2N, x 21N})
are written as

=1 1‘1 2 B 2 (1) 1‘12 Ez
Z(12 B |: o B ’ Z;1 =| 7 T )

0, %, O s Opyx vy O, x v
(10)

where 0 is a null matrix. The size of the matrix Z is
2(NM + NV,) X 2(NVy + N,), where N; (:=1{1,2}) is the
number of discretization points on the surface S; of the object.
The elements of the submatrices {filz, B1,)} can be found in
Appendix A.

If scatterer 2 is perfectly conducting (metallic), then
222 = I_’zz, 2512) = [1_)12 6]T and Zill) = [A21§21]; where
P;={Aj, B} for the TM (3y,/3n =0) and TE (, =0)
polarizations, respectively. In addition, if the scatterer 1 is per-
fCCtly conducting, then Z§12),21 = 1312’21 and 211’22 = I_)ll,22-
Thessize of Zisreduced to (N, + Ns) x (N + Ns).

The excitation vector boflength 2(N; + V,) is written as

b=[b 6], (11)

Fig. 2.

Scattering from P illuminated scatterers.
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where the vector b; is defined from Eq. (2).
The unknown vector X oflength 2(V; + N, ) is expressed as

x=[x: x,], (12)

where X is expressed from Eq. (3). The unknown X on §; U S,
is computed from X = Z's.

The scattered field ';sca(r) in the medium » € Qq (r ¢ S;) is
then obtained from the Huygens principle expressed as
n _ [P )
¥..(r)= |:P(r, 7‘2)] X. (13)

If r€Q (r¢S1), then the above equation is applied by
taking the plus sign on the matrix P(r, r) (instead of minus).
If r € Q, (r ¢ S3), then the above equation is applied by taking
the plus sign on the matrix P(r, ).

In this paper, the formulation is generalized to P scatterers.
The impedance matrix is then expressed as

z, z;) .. 2,
=) z =(1
_ 1 Z) z, ... Z)

. (14)
oo K
Z0 70 .. Zy

where Z;; is the self-impedance matrix of the scatterer 7, whereas

Z;-l) is the coupling matrix between the objects 7 and j (propa-
gation of the scattered field from ; to 7) expressed from Eq. (10).
The size of the matrix Zis N x N where N =2 Zif N;.

The excitation vector & of length N iswritten as

b=[b b ... 55", (15)

where the vector ; is defined by Eq. (2). The unknown vector X
oflength Nis

X=[X X,... X»]", (16)

where X; is expressed from Eq. (3) and computed by solving the
linear system ZX = b.

The scattered field 1/_Isca(r) in the medium r € Qq (r ¢ S;) is
then obtained from the Huygens principle expressed as
1:)(7', 7'1)
- P(r, ry)
V. (r)=— : X. (17)
P(r, 7p)

ForreQ; (( #0and r ¢ S;), the abovci equation is applied
by taking the plus sign on the matrix P(r, ;) (instead of
minus).

C. Case of P llluminated Scatterers Where Only One
Is llluminated

For the case of two illuminated scatterers where only one is
illuminated (Fig. 3 with P =2), the impedance matrix Z is
expressed as [30]

173
174

175
176

177
178

179
180
181
182
183
184

185
186
187

188
189

190
191

192
193
194
195

196
197
198

199
200

201
202
203



204

205
206
207
208
209
210
211
212

213
214

215
216
217
218

219
220

221
222

223

224

4 Vol. 38, No. 9/ September 2021 / Journal of the Optical Society of America A

Fig. 3. P illuminated scatterers where only one is illuminated (the
scatterer 1).

.
Z= {Z“ z; } (18)

Z) 7,
. . =2) =2) .
where the coupling matrices ZE , and Z;I are written as

7Y _ |:6le1\/2 61\@x1v2 } 79 _ [_ 45, _ D, }
12 A12 BIZ o 0N2><N1 0N2><N1 ’
(19)

where 0 is a null matrix. The size of the matrix Z is
2(Ny + Ny) x 2(N; + N,). The elements of the submatrix
D, canbe found in Appendix A. Itis important to note that the

matrices 2522) and 2221) differ from those given by Eq. (10).

If scatterer 2 is perfectly conducting (metallic), then
Zy =Py, _Ziz =[0 P;,]" and Zil = [A451 Dy;], where
P;={A;, B;} for the TM (3v,/dn=0) _and TE (Y, =0)
polarizations, respectively. The size of Z is reduced to
QN+ M) x 2N + V).

The excitation vector boflength 2(NV; + N,) is written as

b=[b 00n | (20)

where the vector &; is defined by Eq. (2). In comparison with
Eq. (11), the vector &, =0 because, as shown in Fig. 1, the
scatterer 2 is not illuminated.

The unknown vector X oflength 2(V; + V,) is expressed as

x=[x x1". (21)

where Xj is expressed from Eq. (3). The unknown X on §; U S,

is computed from X :_Z_l b.
The scattered field ¥, (#) in the medium r € Qo (» ¢ 1) is

then obtained from the Huygens principle expressed as
';sca(r) = _I-)(r7 rl)Xl- (22)

Ifr e Q) (r ¢ Sy), then the scattered field Iﬁm(r) is

- . —i—I_’(r, r1)
'psca(r) - |:—I_)(7‘, 7‘2):| X. (23)

Ifr € Q, (r ¢ S,), then the scattered field '/_’sca(") is

’.;sca(r) = 1-)(7', r2)X2- (24)
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In this paper, the formulation is generalized to P scatterers.
The impedance matrix is then expressed as

[z, Z) 0 0 .. 0
_2) - _2) - -
%) 2y 2 © 0
| © z;, Z z; 0 (25)
1o 0o Z) Zu o |
. . . 5 =(2)
ZP—I,P—I Z(p_lyp
L0 0 ... 0 Z)o,  Zu

where Z; (or Z; ;) is the self-impedance matrix of the scatterer 7,

whereas ijz) (or Zfzj)) is the coupling matrix between the objects
7 and j (propagation of the scattered field from j to 7) expressed
from Eq. (19). Unlike the matrix expressed in Eq. (18), Eq. (25)
shows that only two adjacent scatterers 7 and min(|7 4 1|, P)
interact, which explains why null matrices appear.

The excitation vector bis given by

b= [1’1 Ui yizs ] ]T- (26)

It differs from Eq. (15) because &; = 0 for 7 € [2; P] (these
scatterers are not illuminated). A

The unknown vector X of length N=2 Zzzf N; s
expressed from Eq. (16) and computed by solving the linear
system ZX = b.

The scattered field lﬁsca(r) in the medium r € Q¢ (r ¢ S7) is
obtained from the Huygens principle given by Eq. (24). For r €
Q;(Gell; P—1],r¢(S;US;11)), thescattered field is

i _[ +P@. v X;
Vialr) = |:—P(r, 7‘1+1)i| |:X"+1i| . 0

_For reQp (r¢Sp), the scattered field is %Sca(r)z
P(r, rp)Xp.

D. Combination of Cases

As an example, in this paragraph, the impedance matrix of the
scenario presented in Fig. 4 is determined. It is expressed as

Zy %)z, 0 0
20z 4 o s

z =1 =1 = = =

Z= Z;l Zéz Zy3 Zy ng : (28)
- - - - l)

43 Zi 45

- o) =)
0 Z; Z§4 Zss

(=T

The impedance matrix of scatterers 1, 2, and 3 is expressed
from Eq. (14), with P = 3. This explains the first three rows and
columns of Z with the superscript (1) (Case 1). The impedance
matrix of scatterers 4 and 5 is expressed from Eq. (9), in which
the subscripts {1, 2} are replaced by {4, 5}, and the incident
medium is Q3. This explains the last two rows and columns of Z
with the superscript (1) (Case 1). The impedance matrix of scat-
terers 3 and 4 union 5 is expressed from Eq. (18). This explains
the rows (4,5) and columns (4,5) of Z with the superscript (2)
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S @S

Q, S
S;

Combination of cases.

2

(3]

Fig. 4.

(Case 2). The eight null matrices appear because scatterers 1 and
2 do notdirectly interact with objects 4 and 5.
The excitation vector bis given by

b= b1 by by 01,04 15) ]T7 (29)

for which the scatterers 4 and 5 are not illuminated. It is impor-
tant to note that, if a source exists in the medium €23, then &4
and bs differ from 0. By inverting the matrix Z, the surface
currents on the surfaces { S;e[1: 1} are computed.

The scattered field ¥, (r) in the medium 7€ Q
(r¢ (S1US,US3)) is then obtained from the Huygens
principle expressed as

_ P(r. )| [ X
-Wsca(r) = I;’(”’ 7'2) X2 . (30)
P(r, r3) X;

Forr € Q3 (r ¢ (55 U 84 U S5)), the scattered field is

+1:)(7“, r1) X
—P(r,re) | | X4 |. (31)
—P(r, rs) Xs

Via(r) =

Forre Q4 (r¢ o), ¥, (r) = P(r, r) X4.Forre Qs (r ¢
85), ¥oea(7) = P(7, 75) X5,

In conclusion, the two cases presented in the previous sections
allow us to generalize to any configuration made up of P scatter-
ers. To construct the impedance matrix, the following method is
proposed.

For a given scenario, first a boolean interaction matrix M of
size P x P is built. If the scatterer j shares a medium ; with
the scatterer 7, then Mj; = 1, 0 otherwise. For the case presented

in Fig. 4, M is written as

M= (32)

S O = = =
O O = =
—_
— = = O O
—_— e O O

If M;=0, then the corresponding matrix Z'j =0. The
matrix M is symmetric, owing to the reciprocity principle, and
M;=1 Viel[l; P].

Second, to distinguish cases of Figs. 2 and 3, for M; =1, if
the scatterer j has its surrounding medium €2;; ;2o belonging

Vol. 38, No. 9 / September 2021 / Journal of the Optical Society of America A 5

to the medium €2; of the scatterer 7, then Mj; = 2 [case of Fig. 3,
coupling matrix with the superscript (2)], 1 otherwise [case of
Fig. 2, coupling matrix with the superscript (1)]. Equation (33)
becomes

M= (33)

(=
(=
NN = ==
—_——_ N O O
— =N O O

In conclusion, if M;; =0 then Zj =0, Zy = Zgﬁly) (Z#7)
otherwise. For the excitation vector &, if the source belongs to
the medium €2, p|, then the scatterer set / = {;} that shares
this medium is illuminated. This means that b// =Yinc(r€§)),
b/j— = 61><Z N otherwise, where / =] ¢[1; P]. The scat-
tered field in medium ;¢(o, pj is computed by using the same
methods as those previously addressed.

3. CHARACTERISTIC BASIS FUNCTION
METHOD

For P dielectric scatterers, the size of the matrix to be inverted
is Nx N, where N=2 sz N;. The direct solution of
the linear system ZX = b through a direct lower upper (LU)
decomposition is usually limited by O(N?) and O(N?) com-
plexities in CPU time and memory requirement, respectively.
This is computationally expensive for an electrically large mul-
tiscale object or a collection of dielectric objects (i.e., NV huge).
To tackle this issue, the domain decomposition method, named
the characteristic basis function method (CBFM), is applied. A
summary of this method can be found in [44,45].

It is important to note that, originally, the CBFM was devel-
oped for radiation and 3D scattering problems [44] and on a
single geometry. Next, it was extended to a single and two 3D
dielectric scatterers [40,43].

Fora 2D problem, some minor changes are needed.

A. Case of Metallic Scatterers

First, the scatterers are assumed to be metallic. The CBFM
begins by dividing the geometry of the problem to be ana-
lyzed into B blocks, where Z ; is the self-impedance matrix of
the block 7. Next, a primary basis function (PBF), Y 4> is
computed for each block by solving the linear system

Zi/,i’ Yi/skIP\W = Bi/kaPW , (34)

where the subscript prime indicates that the block 7 is enlarged
and Aipw stands for the kjpwth plane wave (ranging from 1 to
Nipw ;). The original version of CBEM [44] used B 4\, = bir
(single incident plane wave, £jpyw = 1), and the secondary basis
functions (SBFs) are calculated. In 2008 [48], a more efficient
way is proposed to calculate the PBFs, and the computation of
SBFsis not required.

Lucente et al. [48] solved the linear system in Eq. (34) from
a collection of Mpy,; incident plane waves { B 4y}, and
the resulting vectors {¥/ 4\, } are stored in a matrix ]_ ; of
size INV; X Nipw.;, where N; is the number of unknowns of the
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block 7 without overlapping. This means that the overlapped
unknowns of ¥ .,

The choice of Mpw,; must be relevant to avoid the size of the
matrix being too big. The redundant information due to the
overestimation of NVpy ; is eliminated via the use of a truncated
singular value decomposition (SVD). This means that, from
a given threshold €cppm,svp, the values for which the mod-
ulii of the normalized eigenvalues are smaller than €cppm,svp

are removed.

are removed. The size of J; becomes N; X Mpw syp.;> with
Mpw,svp,i < Mpw,;-
The last stage of CBFM consists in solving a reduced linear

system Z'aR = bR defined as

21111 Zliz ZliB ay bg

7 - > R

N | K S ™
Zy Zyy o ZyplLesd LES

where the submatrix Zf{ ; and the subvector b? are defined as

- _H - -
Zij =7, Z.;J; [NMew.svp.i X Mpw.svp.;]

: (36)
bt =]§ij [ Mpw.svp.i X 1]

Moreover, the symbol H stands for the conjugate trans-
pose operator, and the indexes 7 and j range from 1 to B. The
unknown vector X; of the block 7 equals X; = j ialR .

The problem is then represented by the characteris-
tic square matrix of size (BNIPW’SVD)Z instead of a square
matrix of size N?=(BN)%, where N=(1/B) ZleN,-

and  Mpw.svp = (1/B) Zle Nipw,svp,, (mean  values
over the number of blocks B). Then, the reduction factor is
(N/Npw.syp)?. If multiple excitations {4} (for instance,

monostatic case) are considered, then the storing of Z" avoids
to repeat the procedure, and the surface currents are calculated
rapidly. The complexity of CBFM is detailed in [45].

Originally, the CBFM splits up the single geometry into B
blocks, since for a 3D problem the number of unknowns can be
huge. In this paper, since the number of unknowns /V; of a single
scatterer is moderate, it is not required to decompose it into
blocks, but it is not a limitation. This means that the number
of blocks equals the number of scatterers, B = P, and that the
overlapping between the scatterers is not necessary.

B. Case of Dielectric Scatterers

Asshown by Eq. (1), for adielectric scatterer, the self-impedance
matrix of size 2N; x 2V, is expressed from four submatrices of
size V; X N;. Thus, the PFBs are calculated by repeating the
procedure four times used for a metallic object and illustrated by

Eq. (34). This leads to the matrix

7 Jin J: 12] (

i = = = ’ 37)
4 [] i1 Jin

where the submatrices {]_i,],q} (=112}, g={1,2})

are o_btained fro_m the four submatices of Zy,,

ie, {4y, By, Cyy, Dy y}. This representation implies
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Table 1. Notations Introduced in This Paper
Name Definition

P Number of scatterers

B Number of blocks (= P)

N Total number of unknowns

N; Number of unknowns of scatterer ;

Nirw, CBFM plane wavenumber of block 7

Nipw,svp,, CBFM plane wavenumber of block 7 after SVD truncation
€ceem.svp CBFM threshold of the SVD truncation

N Mean value of NV over p € [1; B]

Nipw Mean value of Mpy ; overi € [1; B]

MPW,SVD Mean value Of]vlpw_svpyi overi € [1; B]

that the numbers of plane waves {Mpw.;, p4} of {]_LM} sat-
isfy Mrw.;11=Mrw.;21 and Mpw.; 12 = Mpw.;22. This
means that the size of ]_,- is 2V; X (Npw.i11 + Mpw.i12)-
Like a metallic scatterer, the redundant information is elimi-
nated via the use of a truncated singular value decomposition
(SVD). This yields that the new size of J;is2N; x N; pw, with
N;pw < Mpw,i11 + Npw,i,12. Equations (35) and (36) are
unchanged.

The SVD decomposition can be applied on each submatrices
Ji »q> and the resulting compressed matrix J ; is obtained from
Eq. (37). Numerical tests revealed that this procedure has a lower
precision than when the SVD is applied on the whole matrix I

For convenience, Table 1 lists the notations introduced in this

paper.

4. CBFM COMBINED WITH THE KIRCHOFF
APPROXIMATION

For a given plane wave By ., the calculation of a PBE
Y bpyw> requires solving the linear system Z-/,,‘/ Yii by =
Bt jpy» leading to a complexity of O(NN7), where Ny is the
number of unknowns with overlapping. To reduce the complex-
ity of this operation to O(4V;), the Kirchoff approximation (KA)
isapplied.

For a dielectric scatterer of surface S separating two homo-
geneous media (£2, €2;), the surface current and its normal
derivative on 7 € § are expressed as [49,50]

¥ (1) =14+ RO Yinc(NL(7) (38)
O — [1 - RO) L DT(r)

where R is the Fresnel reflection coefficient defined as

ny cos O+ny cos 6y (39)

71 cos 0 —ny cos Oy

R TE polarization

{ mp cosO=ni cosby g polarization
R =

In addition, cosf = —/;inc -n, cos B, =
\/1 —ni(1 —cos?0)/n3, and n; = Ve G={1,2}) the
refraction index of the medium €2;. The unitary vector /;inc
stands for the incident direction, and # is the unitary vector
normal to the surface at the point 7. In Eq. (38), Z(#) denotes a
boolean illumination function. If a point on the surface € S'is
viewed (that is, cos @ > 0) by the transmitter, then Z(r) = 1; 0
otherwise.
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For a metallic surface, R={+1, —1} for the TM
and TE polarizations, respectively. This leads to {y =
272V, 0¥ /0n =0} for TM and to {Y =0, 0y /dn=
270V /dn} for TE.

Assuming a plane incident wave i, = e/ linc'r Eq. (38)
becomes

¥ (r) = [1+RO)] /4" (7) (40)
O = [1 = RO)] e/ *n"T(r) jloige - 7

In Eq. (37), the PBFs {]_z‘,n, ]_,;,12} are obtained from
Eq. (40) by taking R = {41, —1} (metallic case), respectively,
whereas {]_,;21 , ji,zz} are obtained from Eq. (40).

In other words, it is equivalent to write that Z, is a diagonal
matrix (because only local interactions are accounted for, that is,
the multiple reflections are neglected) by blocks. The two upper
blocks have N; elements equal to 2Z(#,,) and 2Z(,,) kinc - 7,
respectively, whereas the two lower blocks have V; elements
equal to Z(7,,)[1 + R(6,,)] (6,, depends on #,, discretized on
S)and Z(rm)[1 — R(O)]1; kinc - #,, respectively.

To calculate the PBFs with KA, the resulting complexity
is O(LV;) instead of (9(Nl.3,) from a conventional LU decom-
position. For the numerical results, keep in mind that there is
no overlapping between the P = B scatterers, meaning that

M/:[Vl

5. NUMERICAL RESULTS

In this section, numerical examples are exhibited to demonstrate
the efficiency of CBFM combined with either LU or KA for
the calculation of the PBFs. Table 2 lists parameters of the four
scenarios.

A. Scenario 1: Stack of Rough Interfaces

First, the scattering from a stack of P = 6 random rough inter-
faces separating homogeneous media is considered. Table 3 lists
the simulation parameters; Fig. 5 shows the scenario.

To attenuate the edge diffraction by the upper surface,
Thorsos’s [51] Gaussian-tapered incident wave is applied with
g =1L1/6=10A¢, and the incident angle is 6;,c =0. The
parameter ¢ controls the extend of the incident wave.

To calculate the PBFs, the incident waves [vectors { Bj7 4, }
in Eq. (34)] are assumed to be plane, and their incidence angles
range from 0 to 27. In addition, they are spaced equally and
their number, MV, is assumed to be

koD + 1
Nipw = L— , (41)
nIPW

Table 2. Parameters of the Four Scenarios’
Scenario €cgrm,svp NV Np Ngrsvp #u fcBPM—LU CBFM—KA
1 1074 14,400 4,392 2,925 98 20 16
2 1073 4,074 1096 1036 15 0.6 0.5
3 1074 11,436 3,336 2,168 48 5 4
4 1072 11,056 3,326 2,690 81 13 11

“See Table 1 for the notations. In addition, computing times of LU (applied
on the entire matrix) #y, CBFM-LU, #cgpy_1u, and CBEM-KA, #cgpy_xa in sec-
onds. The matrix filling time is included.
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Table 3. Parameters of the First Scenario: A Stack of
P =6 Random Rough Interfaces Separating
Homogeneous Media @; of Permittivity ¢, ;”

Medium 2; €, Scatterer i 0, ;[Ao]l L. :[Xo] 5hi[Xo]
0 1

1 240015 1 0.1 1 0

2 2.5+0.025 2 0.15 1.5 —2
3 3+0.03; 3 0.2 2 —4
4 240017 4 0.1 1 -6
5 2.5+0.025 5 0.15 1.5 —8
6 340.03) 6 0.2 2 ~10

“The rough surface number 7 obeys a Gaussian height distribution with a
height autocorrelation function (ACF) assumed to be Gaussian, with a standard
deviation 0, ; and a correlation length L, ;. Its height mean value (or depth) is
h;, the surface lengths are equal to 601, where A, is the wavelength in vacuum
(medium €2,), and the sampling step per wavelength A, is equal to 20.

2
0

2 * %

£

2 :
_Bl\//b\ﬂ\_@—-/'\/-’\m
_10:’\-\,_/\/\/@\/\/\__’\_/‘
-12
30 20 10 O 10 20 30

Abscissa [)\0]

Fig. 5.  Scenario 1: A stack of P =6 rough interfaces separating
homogeneous media. The simulation parameters are listed in Table 3.

where the symbol | stands for the upper integer part, D the larg-
est dimension of the scatterer, and £y = 277 /1 the wavenumber
in vacuum. For 7jpw = 1, the above equation gives the number
of eigen modes that contribute to the scattering from a circular
cylinder of diameter D. Since for a rough surface, Mpw is over-
estimated, the number 7pw > 1 isintroduced.

Figure 6 plots the modulus of the surface currents {11, ¥}
(upper and lower interfaces) in dB scale versus the surface
abscissa. In the legend, the labels mean “CBFM(ecppm svp-
nlp\x/)-LU: lvlp\s(/ — ]VIPW,SVD) RRE” (Table 1), where the
relative residual error (RRE) is defined as

RRE = orm (Xru — Xcrm) . 42)
norm (X1y)

The norm is the norm 2, which is calculated over the surface
abscissa x;. CBFM-LU means that the PBFs are computed from
a LU decomposition. In addition, the legend “LU” means that
the strengths are computed from the brute force MoM (LU
decomposition of the entire matrix of the problem, that is, the
reference solution).

As we can see, for nipw = 3, the results match well with
those obtained from LU, and the comparison is better for
€CBFM.SVD= 1074, as expected, but the number NIPW’SVD is
larger. Table 2 shows that the size of the reduced matrix is 4.9
times smaller than that of the entire problem and the gain in
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—LU: 0.0000
CBFM(10°-3)-LU: 732-450, 0.0350
CBFM(1D"'3)VLU 732-488, 0.0094
-+ CBFM(10°-4)-LU: 549-437, 0.4429
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Fig. 6. Modulus of the surface current currents {{/;, ¥} (upper

and lower interfaces) in dB scale versus the surface abscissa (scenario

depicted in Fig. 5). The polarization is TM.

-5
Ao
-10 s N 11T | R
:l.‘;‘lr‘rl| \J.‘[/lllﬂ'-.
15 P R4 Wl '.,",.‘l ’
— Aot Wt "
o Ly | R IR
B.20 [ 1! iy [ b |' L 1 vi
i y ! f 1 . Y
8 IR Y R
& -25 PR i if ! I s
pd { ] Vo { ] :"l v \
-30 } ¥ i ]
M —uw f ‘}\
-35 i,’ = = CBFM(10°-3)-LU: 732-450: 0.0937 W
CBFM(10™-3)-LU: 732-488: 0.0014, 1
40 "l CBFM(10°-4)LU: 549-437: 0.8911 |

-90 -60 -30 0 30 60 90
Scattering angle 6 [°]

Fig. 7. NRCS in dB scale versus the scattering angle 0, (scenario
depicted in Fig. 5). The polarization is TM.

sca

saving time is of the order of 5. Figure 6 also shows that, for
nipw = 4, the results do not coincide with those of LU.

Figure 7 plots the NRCS in dB scale versus the scattering
angle 6, (scenario depicted in Fig. 5). The polarization is TM.
RRE is calculated over the scattering angles 6y, of the field
scattered by the upper surface (scatterer 1). As we can see, for
nipw = 3, a good agreement is obtained between CBFM and
LU, and, for nipw = 4, the disagreement is strong.

Figure 8 plots the same variations as in Fig. 7, but the PBFs
are computed from LU and KA with npw = 3. As we can see,
for €cprm.svp= 107>, CBFM-KA predicts satisfactory results,
whereas those obtained from CBFM-LU are very good for
€CBEM,SVD= 1074, However, for €CBFM,SVD = 1076, the differ-
ence between LU and CBFM-KA is small. This means that, for
a given threshold €CBFM,SVD> ZVIPW,SVD of KA is smaller than
that of LU, and, to obtain a similar value between KA and LU,
€cprm,svD of KA has to decrease. In other words, the eigenvalue
spectrum of PBFs of KA is broader than that of LU. It is impor-
tant to point out that KA allows us to accelerate the computation
of the PBFs because no inversion is needed, unlike LU.

The Kirchoff approximation is valid if the mean surface
curvature radius R, is greater than the electromagnetic
wavelength [49] (the term cos’6 is omitted). For a Gaussian
ACF [52,53], R. =~ L?(l +1.50,/L.)/(2.760,) ~
{4.16, 6.25, 8.33, 4.16, 6.25, 8.33} ¢ for the surfaces depicted
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Fig. 8. NRCS in dB scale versus the scattering angle 0, (scenario
depicted in Fig. 5). The PBFs are computed from LU and KA, with

nipw = 3.
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in Fig. 5. Numerical results, not depicted in the paper, demon-
strate that, when R, < Ao, the precision of CBFM-KA is lower.
In addition, it is important to underline that the multiple reflec-
tions are neglected with KA, which implies that the surface RMS
slope must be moderate (typically, smaller than 0.3-0.35).

Figure 9 plots the same variations as in Fig. 7, but the polari-
zation is TE. For LU, ecppm.syp=10"%, whereas for KA,
ecaem.svp= 107°. As we can sce, a good agreement is obtained
with LU, which implies that the input parameters are well
chosen.

This first study showed that, for a stack of rough interfaces,
the CBFM combined with either LU or KA gives very good
results. To calculate the PBFs, Eq. (41) with npw = 3 slightly
overestimates the number of incident plane waves. The use of
a SVD truncation allows us to reduce this number by a factor
ranging from 1.5 to 1.6 (see Table 2 or legends of Figs. 7-9),
which implies that the size of the reduced matrix also decreases.
It is also important to underline that the threshold €cprm svp
must be divided by 100 for KA in comparison with LU (with
€CBFM,SVD= 10™%) to obtain a similar value ofNIpw,SVD.

B. Scenario 2: Collection of Elliptical Cylinders

In this subsection, the scattering from a collection of 21 ellip-
tical dielectric cylinders is considered. Figure 10 shows the
scenario, in which the cylinders are identical but with a differ-
ent rotation angle. Their permittivities are €, ; =3 4 0.057,
semimajor axis 4 = A9, and semiminor axis & =2X,. They
are numbered from the left to the right going from bot-
tom to top (see Fig. 10). Their rotation angles are spaced

equally as {—180, —162, —144, ..., 144, 162, 180}
degrees, and the center coordinates are equal to
{(—6, —2), (—4, —2), (=2, =2), ..., (2,2), (4, 2), (6, 2)} 10.

The sampling step per wavelength X is 20, and the inci-
dent wave is assumed to be plane Y (7) = o/ inc T —
e kol sinOinc—200s0inc) \with an incidence angle 0, = 0.

Figure 11 plots the RCS in dBm scale versus the scattering
angle Oy, (scenario depicted in Fig. 10). The polarization is
TM. In the legend, the labels mean “CBEM(ecprm,svp-721pw)-
Method: Npw — ]VIPW,SVD» RRE” (Table 1), where the relative
residual error (RRE) is defined by Eq. (42), in which X is the
scattered field in far field versus 6,.,. “Method” is the method
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Fig. 10.  Scenario 2: Collection of P =21 elliptical dielectric
cylinders.
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Fig.12. Same variation as in Fig. 11, but the polarization is TE.

a

(LU or KA) applied to compute the PBFs. Figure 11 shows that
CBFM matches well with LU; further, in comparison with a
rough surface, the threshold €cppm,svp must be lower (divided
by 10). The label LU1 means that the self-impedance submatri-
ces {Z;;} and their associated PBFs are calculated only for the
scatterer 1, since these functions are invariant by rotation and
translation (the elliptical cylinders are identical). This property
significantly accelerates the first stage of CBFM since the matri-
ces {Z,} and their associated PBFs of the scatterers 7 € [2; P]
are not performed.

In Fig. 11, nipw = 1, and the legend (see also Table 2) indi-
cates that Npy does not significantly change in comparison
with NIP\W’ svD. This means that the value Mpw calculated from
Eq. (41) is well chosen and that the SVD truncation could be
omitted.

Figure 12 plots the same variation as in Fig. 11, but the polari-
zation is TE. The results of the different methods match well
with those of LU. The number of unknowns and the size of the
reduced matrix for CBFM-LU are reported in Table 2.

For a collection of elliptical cylinders, this second study
showed again that the CBFM is efficient and that the value of
Npw expressed by Eq. (41) is well suited. In addition, like for
a rough interface (comparison of Fig. 7 with Fig. 9), the TE
polarization needs a smaller threshold ecppm,syp than for the
TM one to reach a similar RRE.

C. Scenario 3: Collection of Elliptical Coated
Cylinders

In this subsection, the scattering from six elliptical coated
dielectric cylinders is considered. Figure 13 shows the sce-
nario. A coated cylinder is composed of three nested cylinders
separating four homogeneous media. The scatterers num-
bered 1, 2, and 3 have semimajor axis a = {4, 3, 2}A,,
semiminor axis & ={3, 2, 1}X, rotation angles {0, 30, 60}
degrees, and equal centers of coordinates (—4.5,7)Aq.
The permittivities of the four media {2;} (7 € (1;4)) are
€, ={1,240.057,2.5+0.06;5,3+40.07/}. The scatterers
{7, 8, 9}and {13, 14, 15} are obtained from scatterers {1, 2, 3}
by making a vertical translation of —74¢ and —14X¢, respec-
tively. The remaining scatterers defined for x > 0 are obtained
from those defined for x < 0 by symmetry. The sampling step
per wavelength X is 20, and the incident wave is assumed to
be plane i (7) = plkineT — piko(xsinOinc—zcosbind  wich an
incidence angle 8;,. = 0.

Figure 14 plots the RCS in dBm scale versus the scattering
angle 6y, (scenario depicted in Fig. 13). The polarization is
TM. As we can see, a good agreement is obtained between LU
and CBFM-LU and CBFM-KA. Like previously, for KA, the
threshold ecppum.syp = 107 is divided by 100 in comparison
with that of LU to select enough PBFs. In Fig. 14, the legend
(see also Table 2) indicates that Npw moderately changes in
comparison with NIPW,SVD. This means that the value Npw
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Fig. 13.  Scenario 3: Six elliptical dielectric coated cylinders

(P = 18 scatterers).
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Fig.14. RCS in dBm scale versus the scattering angle 6, (scenario
depicted in Fig. 13). The polarization is TM.
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Fig.15. Same variation as in Fig. 14, but the polarization is TE.

calculated from Eq. (41) is slightly overestimated and that the
SVD truncation allows us to decrease the size of the reduced
matrix. In the legend, “CBFM-LU3” means that the PBFs and
the self-impedance submatrices {Z ;}are only computed for the
scatterers 7 = {1, 2, 3} (first coated cylinder); the other coated
cylinders are identical by translation and rotation (same as the
second scenario).

Figure 15 plots the same variation as in Fig. 14, but the polari-
zation is TE. In addition, for CBEM-LU, ecppm.syp = 107>
is divided by 10 in comparison with the TM polarization. The
results perfectly match with those obtained from LU.
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Fig. 16.  Scenario 4: Inhomogeneous rough layer composed of two
rough interfaces separated by a collection of 24 elliptical cylinders

(P =206).
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Fig.17. NRCS in dB scale versus the scattering angle 6, (scenario
depicted in Fig. 16). The polarization is TM.

a

D. Scenario 4: Inhomogeneous Rough Layer

In this subsection, the field scattered by an inhomogeneous
rough layer composed of two rough interfaces separated by
a collection of 24 elliptical cylinders is presented (P =26
scatterers).

As shown in Fig. 16, scatterers 1 and 26 are two inde-
pendent rough interfaces of length 80X, with standard
deviations o0, ={0.2, 0.1}y, height correlation lengths
L,={1,1.5}Ay, Gaussian ACFs, and a Gaussian height
distribution. They separate three homogeneous media of per-
mittivities €, ={2+0.017,340.027,440.057}. The 24
cylinders are identical but with different rotation angles. Their
permittivities are €, ; =4 4 0.05 and have a semimajor axis
a4 = Ao and a semiminor axis 4 = 0.5A¢. They are numbered
from left to right going from bottom to top (see Fig. 16). Their
rotation angles are spaced equally and range from —180 to 180
with a step of 15.65 deg. The sampling step per wavelength ¢
is 20. As in scenario 1, to attenuate the edge diffraction by the
upper surface, Thorsos’s [51] tapered incident wave is applied,
withg = L1/6, and theincidentangle is 6, = 0.

Figure 17 plots the NRCS in dB scale versus the scattering
angle Oy, (scenario depicted in Fig. 16). The polarization is
TM. Figure 18 plots the same variation as in Fig. 17, but the
polarization is TE. From Eq. (41), to calculate Mpyy ;, nipw = 1
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Fig.18. Same variation as in Fig. 17, but the polarization is TE.

for the cylinders and nipw = 3, for both rough surfaces. As we
can see, a good agreement is obtained between LU and CBFM
combined with either LU or KA.

6. CONCLUSION

In this paper, the MoM is generalized to several 2D scatterers of
any shape; further, the CBFM combined with LU and KA is

. 1
_ ]kqu,r/|Aq,n| Hg )(kolqu.n*"p,m”)

A — 4 H/"q,n_"p.mH
pq.mn +l _ Uﬂ,n‘Az‘n‘ th,n
2 4 1+qu1”

addressed for efficiently solving the resulting linear system.
Considering four different complex scenarios depicted in
Figs. 5, 10, 13 and 16, for both the TM and TE polarizations,
the numerical results showed that CBFM-LU and CBFM-
KA are efficient in terms of computing time and memory
requirements in comparison with the brute force MoM (LU
decomposition of the entire matrix of the problem). Table 2
summarizes the performances of CBFM-LU. For a large num-
ber of unknowns, /V, the efficiency is even better since only
the self-impedance submatrices are stored for CBFM and the
complexity of LU is O(N?).

The calculation of the number of PBFs, Mpy,; given by
Eq. (41), is well suited. For a rough surface, 7ipw = 3 and for an
elliptical cylinder, npw = 1. To reduce the size of the reduced
matrix, a SVD truncation can be applied; for elliptical cylinders,
however, it is not useful because Mpw ; syp is of the same order
of Mpw ;. For a collection of objects invariant by translation
and rotation, another advantage of CBFM is that the PBFs
and the self-impedance submatrices of the scatterers are equal.
Therefore, the first stage of CBEM is applied only on a single
scatterer.

To accelerate the computation of the PBFs, that is, to avoid
an LU decomposition on the self-impedance submatrices, KA is
applied. The numerical results showed that CBFM-KA matches
well with LU, but in comparison with CBFM-LU, the threshold
€cprm,svp must be divided by 100 to obtain a comparable value
of Mpw ;. It is important to point out that CBFM-KA predicts
good results, even on geometries for which KA is not valid, like
the elliptical cylinders. In addition, in Eq. (38), the boolean
illumination function Z(7) can be omitted. This statement is
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surprising and allows us to simplify the calculation of PBFs.
Table 2 shows that the time difference between CBFM-LU and
CBFM-KA is small and increases as the number of unknowns
grows. As expected, the time is smaller for CBFM-KA. For
CBFM-LU, the PBFs are calculated from a LU inversion of
complexity O(N?), whereas for CBFM-KA, the complexity is
O(NV;). Thus, for large N; (3D problem), CBFM-KA should
be competitive. In addition, with CBFM, the allocation time
to calculate the reduced characteristic matrix (second stage
common to CBFM-LU and CBFM-KA) is about 80%-90%
of the total time. In Table 2, this explains the small differences
between CBFM,LU and CBFM,KA-

The advantage of the domain decomposition method is that
it is highly parallelizable, which further reduces the computing
time. The proposed method is then a powerful electromagnetic
computation tool to solve any 2D problem, especially when
some scatterers are identical.

APPENDIX A: ELEMENTS OF THE MATRICES

In Eq. (1), the elements (7, 7) (indexeis of the row and column,
respectively) of the submatrices {411, B11, C11, D11} are
expressedas (p =g = 1)

[Vq,n(xq,n - xp,m) - (Zq,n - Zp,m)] for m #*n

: (A1)

for m=n

5 _j|Aq,n| 1+7/q2,n
pq.mn = 4

Hy ko 74,0 = 7o)

[1 + %TL In (0.164/eo 1+ )/qzyn|Aq,”|)] form=n

for m £ n

(A2)
qu,mn ’/eozkl ) for m #n A
Cogmn =1 _1 _ vgnldul Vg for m—n " (A3)
2 4 1+)/q2,71
B Jmn |ko=k
qu’mn = M—|01. (A4)

Lo1

where 7, = (x4, 24.,) €S, (coordinates of the point on
the surface S,), 7, = (Xp.m» 2p.m) €Sy, ¥ =dz/dx, y' =
dy/dx, A, , the sampling step on S,, v, =sgn(#,,, - 2)
(., is the unitary vector normal to the surface S, at the point
Tqn)s H(()l) the zeroth order Hankel function of the first kind and
Hgl) its derivative.

For the TE polarization, the variable pg; = 1, whereas for
the TM polarization, po; =€, o/€,.1, where €, ; is the relative
permittivity of medium ;.

It is important to underline that, for a self (interaction of the
same surface) impedance submatrix, p = ¢ and a singularity
occurs for m = n, whereas for a coupling matrix p # ¢, there
is no singularity because 7, # r,. In addition, any matrix ZM
propagates the field from the source points {r, ,} toward the
observation points {7, ,,}.
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For the calculation of the scattered field in the far field
— 00), the following expansions [6] of the Hankel functions

can be applied:

Di

H 0~ 2 e[ (- 2)]

(A5)
H" (1) = — jH" ()
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