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Abstract

This paper deals with the effect of the introduction of a central flat zone on the mechanical strength of quasi-isotropic curved
composite beams. Composite fittings, a particular kind of curved composite beams, are often used in the aeronautical industry as
junction parts. In most cases, and in order to connect parallel or orthogonal panels, they present a C-, T- or L-shaped geometry.
Subjected to complex loadings, including bending, they have to face out-of-plane tension in their curved region. This phenomenon,
known as unfolding, can lead to unstable delaminations and to a global failure of the assembly.

In this study, a central flat zone is introduced in the curved region of a L-shaped laminated composite curved beam. Experimental
results demonstrate the strengthening effect of this architecture, with a rise in the mechanical strength of around 15%. A finite
element model, based on continuum mechanics and cohesive zones model, is developed. After dealing with the difficulties met with
cohesive zones model and mesh size dependency, the proposed model presents results in agreement with experimental observations.
It enables the understanding of the differences between the failure scenarii of the original and modified curved composite specimens.

Keywords: curved laminated composite, unfolding, delamination, cohesive zones model, finite element method

1. Introduction

Composite materials represent a significant and growing por-
tion of the materials used in the aerospace industry. Nowadays,
the percentage of mass of composites in the last generation
of aircraft structures, such as Boeing 787 and Airbus A350,
reaches almost 50% of the overall mass. This increasing use
is due to the high specific stiffness and strength and to the ad-
vantageous fatigue behaviour in comparison with metals.

Connecting parts, such as fittings, are concerned with that
transition to composite materials. These parts are of various
shapes, like, C-, L- and T-shaped for instance, as illustrated in
Fig. 1a. They are used to connect distant parallel panels (C-
shaped fittings) or perpendicular panels (L- and T-shaped fit-
tings). They can be subjected to severe and at spatially com-
plex loadings that lead to overall bending. An important con-
sequence is the appearance of out-of-plane normal tension and
shear stresses that tend to delaminate the curved regions of the
parts as presented in Fig. 1b.

The design and sizing of optimized shapes to prevent this
phenomenon of delamination induced by unfolding imply to be
able to accurately predict the behaviour of these structures until
failure. This point is essential to ensure the fittings will not fail
in flight.

One of the most commonly studied geometry of curved com-
posite beam over the fifty last years is presumably the L-shape.
In the last fifty, Lekhnitskii [1] proposed a calculation method
based on beams theory in order to determine the transverse ten-
sion state and the Curved Beam Strength (CBS: the moment per
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Figure 1: (a) Usual fitting geometries (b) Delamination by unfolding

unit width which causes a sharp decrease in the applied load)
of a L-shaped beam made of 0◦ unidirectional composite plies,
loaded with four-point bending. This method is now part of
the ASTM D6415/6415M standard [2] which proposes a proce-
dure to experimentally determine the CBS. Kedward et al. [3]
compared Lekhnitskii [1] analytical approach with a simplified
one and with a 2D finite element analysis. They obtained sim-
ilar results with low dispersion between the three calculation
methods. Later, Shenoi and Wang [4] proposed an extended
calculation method in order to determine the repartition of the
radial and tangential stresses in curved composite beams made
of 0◦ and 90◦ unidirectionnal plies. They have highlighted the
significant effect of the arc and of the stacking sequence on the
through-thickness stresses distribution and on delamination for
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relatively thin (up to 4 plies) laminates. Kress et al. [5] and
Roos et al. [6] developed an analytical model to compute the
interlaminar normal stress, by taking into account the interlam-
inar shear stress, in singly curved composite beams loaded in
tension (unfolding) or compression (folding). They validated
their model with reference finite element solutions and com-
pared the results obtained with experiments made on unidirec-
tional and cross-ply laminated specimens. They shown that,
in tension the failure was located at the centre of the arc (pre-
dominance of out-of-plane interlaminar normal stress) whereas
in compression it was in the arms, at the junction with the arc
(predominance of out-of-plane interlaminar shear stress). They
also pointed out the difficulties met with cross-ply laminated
specimen, where intralaminar transverse matrix cracking was
observed prior to delamination, contrary to what was expected.
More recently, González-Cantero et al. [7] obtained similar re-
sults compared to Lekhnitskii [1] with a new approach based
on the compatibility and equilibrium status at the interfaces of
the plies. They also confirmed the discontinuity of the shear
stresses on some interfaces calculated by Shenoi and Wang [4].

Based on Lekhnitskii [1], Kedward et al. [3] demonstrations
and ASTM procedure, several authors such as Cui et al. [8],
Hao et al. [9], and Charrier et al. [10] identified the CBS exper-
imentally with four-point bending tests on several kind of spec-
imens and laminates. Cui et al. [8] have tested E-glass armed
semicircular specimen. They observed sudden failures by de-
lamination with an onset located in the centre of the arc near
the middle of the thickness. Despite the dispersion of experi-
mental results, they were able to show that the method proposed
by Kedward et al. [3] was providing relevant approximations of
the interlaminar tensile strength (ILTS) for 0◦ laminates.

Hao et al. [9] studied L-shaped specimens made of 20, 40
and 60 plies of carbon-epoxy prepreg with a [45/0/0/-45] layup
pattern, intermediate 90◦ separation plies, laminate symmetry
and with various radius over thickness ratios. They shown that
the CBS increased significantly with the thickness and slightely
with the radius over thickness ratio. It was the opposite for the
maximum radial stress due to the presence of more flaws and
larger residual stresses in the thickest specimens. Moreover,
they observed brittle failures by delamination located in the
0/0◦ interfaces for all the configurations. For the thinest spec-
imens, delamination started at several interfaces at the same
time whereas for thicker specimens delamination was starting
nearby the middle of the arc at mid-thickness and then occuring
in upper and lower interfaces. According to Borg et al. [11],
this phenomenon can be explained by the fact that the interface
toughness of a 0/0 interface is four times lower than the one of
a 0/90 and two times lower than the one of a 45/-45.

More recently, Charrier et al. [10] studied L-shaped speci-
mens of various thicknesses (16, 32 and 48 plies of 0.262 mm
thickness) but with constant radius over thickness ratio. They
used highly oriented ([(03/45/902/135/0)n]s, highly disoriented
([(452/0/1353/90/45)n]s), quasi-isotropic ([(45/90/135/0)2n]s)
and unidirectional ([08n]s) carbon/epoxy laminates (where the
subscript n stands for the number of repetitions of the stack-
ing sequence pattern and the subscript s stands for symmetric).
To identify the CBS, they have extracted the maximum out-of-

plane tensile stress computed by a three dimensional linear elas-
tic finite element model at the experimental failure load. They
concluded that the stacking sequence of the laminate had no sig-
nificant incidence on the observed strength, so as the thickness
of the laminate once it was thick enough to avoid bending of the
arms in four-point bending. For the 48 plies specimen a lower
material strength was found, attributed to non suitable curing
cycle for such thick specimens. The same analysis was pro-
vided by Hao et al. [9]. The delamination was found to initiate
between the 1/4 and the 1/2 of the thickness (starting from the
inner arc) as a function of the stacking sequence but at constant
relative position for a given layup on different thickness. Once
again, the observed failures were sudden, with a pronounced
load drop. Another configuration was studied by Kim et al. [12]
on C-shaped beam of height 200 and 400 mm made of unidi-
rectional carbon-epoxy prepreg USN150B and quasi-iso layups
([(45/90/-45/0)n]s, 24 and 48 plies). The specimens were loaded
in tension in order to open the C. As a result, the curved zones
were not subjected to pure bending as it is the case in four-point
bending tests. With the help of a geometrically non-linear three
dimensional finite element model, and in agreement with ex-
perimental observations, the authors highlighted a failure due
to delamination located at an angle θ '70◦ corresponding to a
maximum out-of-plane normal and shear stresses mix (θ vary-
ing from 0 to 90◦ in the curved region). They explained this
phenomenon by the fact that if the maximum out-of-plane nor-
mal stress is located in the middle of the arc at approximately
one third of the thickness starting from the inner arc, the max-
imum out-of-plane shear stress is encountered at the junction
between the curved and the plane areas.

At last, the modelling of delamination on curved compos-
ite beams remains a challenging problem. Gözlüklü and Coker
[13] used Cohesive Zone Method (CZM) with bi-linear cohe-
sive zones damage model for mode I, mode II and mixed mode
delamination [14] on L-shaped laminate made of 24 unidirec-
tional carbon-epoxy plies oriented at 0◦. The dynamic propa-
gation of a crack located at the mid-height of the specimen was
investigated with two dimensional implicit and explicit finite el-
ement models built under plane strain assumption. Even if the
domain was quite small (L-shaped specimen 3 mm thick, with
internal radius of 5 mm and arms of 10 mm length), and even
if cohesive elements were used only in the interface located at
mid-height with an initial crack of 1 mm in the centre of the
arc, the fine mesh discretization (mesh size of 0.125 mm) lead to
long computation times of around 10 hours. Since the specimen
was blocked at the extremity of one arm and loaded parallel to
the other arm, the crack propagation was not symmetric. On
the embedded arm, the crack propagated under complex mixed
mode with a predominance of shear whereas on the loaded arm,
the crack propagated under normal stress opening loading. The
authors also shown that the crack tip speed was higher under
shear dominating mode.

Nguyen et al. [15] proposed an extension of this approach
to simulate the unfolding, under four-point bending tests, of L-
shaped carbon-epoxy laminated specimens with a stacking se-
quence [(45/0/-45/90)3]s for an average thickness of 3.288 mm.
They built a non-linear three dimensional finite element model,
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where the plies were elastic orthotropic media (no intralami-
nar degradation) and where all the interfaces were modelled
with cohesive elements under the framework of cohesive zones
model with bi-linear damage law. After recalling the great dis-
parity of values used in literature to feed the cohesive zones
models [14, 16–18], they investigated the influence of various
interfacial stiffness and strengths on the response of their struc-
ture. Due to the fine mesh used, they reduced the width of the
specimen to 5 mm, leading to computation times up to seven
days on modern and high-performance computer. Among all
the combinations of parameters investigated, a few made it pos-
sible to reproduce the failure observed experimentally with a
satisfactory level of precision, that is to say multiple cracks with
delamination close to the inner arc and most of the time located
at interface between 90 and ±45◦ plies, between the centre of
the arc and the transition zone with the arm (mixed mode fail-
ure). As an interesting point, it was shown by the authors that
the best set of parameters used to reproduce DCB tests was not
necessarily the most suitable for the simulation of four-point
bending.

As can be seen from this review, most research works have
focused on understanding and characterizing the ruin of curved
composite beams. In this study, a simple improvement for the
curved zone of a composite beam is proposed. A flat region is
introduced at the center of the arc. The configuration of the part
then changes from: arm, arc of 90◦, arm (L-shaped) to: arm,
arc of 45◦, flat area, arc of 45◦, arm (Fig. 2). This specimen is
called M-shaped specimen in the following.

The first part is dedicated to the presentation of the specimens
and of the four-point bending experimental test study carried
out in order to compare the mechanical strengths of M-shaped
specimens with that of standard L-shaped. The obtained results
are then presented and analysed in details. In the third part,
a numerical model based on three dimensional finite elements
method and cohesive zones model is built in order to study the
failure of both types of specimen. It provides a better under-
standing of what distinguishes the M-shaped specimens from
the L-shaped ones in terms of failure mechanisms.

2. Specimens and test method

2.1. Specimens
The L- and M-shaped curved beam specimens are presented

in Fig. 2. The L-shaped specimen is composed of two arms of
length L=90 mm, linked by a curved region of radius R=5 mm
and angle φ=90◦. The M-shaped specimen is almost the same
except in the middle, where the curved zone is split in two parts
of angle 45◦ linked by a flat area of length M=10 mm.

All the specimens were made from Hexcel AS4/8552 uni-
directional prepreg and laminated by hand on a moulding tool.
Pressure was applied every two plies with a vaccum bag in order
to avoid porosities. The specimens were cured in autoclave fol-
lowing the manufacturer recommendations and their final width
was W=60 mm. This value was chosen in order to limit the edge
effects on the measured failure load as specified by Charrier et
al. [10]. At last, a side face of each specimen was painted in
white to facilitate the detection of delaminations.

(a) (b)
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t

Figure 2: (a) L-shaped specimen geometry (b) M-shaped specimen geometry

A quasi-isotropic laminate sequence made of 24 plies was
used. The stacking sequence was [(45/0/-45/90)3]s where the
direction 0◦ corresponds to the direction along the length of the
arms of the specimen (Fig. 2). Since each ply was 0.18 mm
thick, the global thickness of the laminate was t=4.32 mm after
curing.

2.2. Test apparatus and protocol

The four-point bending apparatus presented in Fig. 3 was
used to unfold the specimens. Following the principles exposed
in ASTM D6415/6415M [2] recommendations, it was made of
two parallel upper cylinders separated by a distance dtop and two
parallel lower cylinders separated by a distance dbottom. The di-
ameter of the cylinders was 15 mm. To limit the sliding between
the arms of the specimens and the test device, all the cylinders
where placed in the apparatus with ball bearings. For L-shaped
specimens dtop was taken equal to 75 mm and dbottom to 100 mm
as in the standard. For M-shaped specimens two configura-
tions were used considering the preconisations of Charrier et
al. [10]. In the first one, referenced C75/100: dtop and dbottom
were the same as for the L-shaped specimens. This was done
to enable a comparison between L- and M-shaped specimen re-
sponses with the same structural loading. In the second one,
referenced C85/110, the idea was to keep the same distance d
between the top cylinders and the start of the curved region as
for L-shaped specimens. This led to dtop=75+M=85 mm and
dbottom=100+M=110 mm.

(a) (b)
dbottom dbottom

dtop dtop

D
D

d
d

Figure 3: Test apparatus in - (a) L-shaped specimen
(b) M-shaped specimen - loading conditions

The tests were performed with an Instron 8561 hydraulic
testing machine. The load signal was recorded from a ±10 kN
Instron loading cell at a rate of 50 Hz and the displacement
was monitored at the same rate with the LVDT sensor of the
machine. In order to catch the failure scenario, a high speed
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camera Photron FASTCAM SA5 was used with a speed of
150 000 images per second. An illustration of the experimental
setup is given in Fig. 4.

high speed camera
four-point
bending

apparatus
specimen

10 kN
loading cellspot light

Figure 4: Experimental setup

All the specimens were loaded with a loading rate of
0.5 mm.min−1 and the tests were stopped at the first load drop.
Each configuration was tested with at least three specimens in
order to control the repeatability of the obtained results. For
clarity, only the envelope curves are presented in the follow-
ing figures. The lower curves, corresponding to the less loaded
specimens, are post-fixed with ‘-L’ and the upper one, corre-
sponding to the most loaded specimen, with ‘-U’. At last, to
measure degradation, some specimens were submitted to one
cycle of unloading/reloading at various percentage of the fail-
ure load measured from previous tests. These specimens are
post-fixed by ‘UL’ in the summary of the specimens and test
conditions available in Tab. 1 (FSL: Failure Specific Load).
The LR5W60UL-50% and LR5W60UL-85% specimens were
respectively cycled from around 50 and 85% of the failure load.

[(45/0/-45/90)3]s carbon-epoxy specimens

Reference Type
Width W dtop

dbottom
FSL (N.mm−1)

(mm) (mm) avg / min / max

LR5W60 L 60 75 / 100 86 / 83 / 88
LR5W60UL L 60 75 / 100 88.5 / 86 / 91
M10R5W60

M 60 75 / 100 101.5 / 100 / 103
C75/100

M10R5W60
M 60 85 / 110 92.5 / 92 / 93

C85/110

Table 1: Summary of tested configurations

3. Results and analysis

3.1. L-shaped specimens
The force per unit width (‘specific’ load: F/W) versus im-

posed displacement (u) obtained for L-shaped specimens are
plotted in Fig. 5.
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Figure 5: Load per unit width F/W versus displacement u curves for
LR5W60UL and LR5W60 configurations

The first observation concerns the satisfactory level of re-
peatability achieved on these tests for each family of configura-
tion with less than 6% of dispersion in terms of failure specific
load and stiffness.

The curves exhibit a mechanical response in two steps. The
first part is non-linear with a pronounced stiffening aspect due
to geometric effects. Moreover, it can be said that it is elas-
tic. Indeed, the LR5W60LU-50% and LR5W60LU-85% spec-
imens did not present irreversible phenomenon before failure.
The parts of the ‘specific load’ curves corresponding to the first
loading and to the reloading look very close the one with each
other. Moreover, no crack that characterizes degradation was
heard during the test before failure.

The second part corresponds to the peak of load and to its
brutal fall. It corresponds to a sudden delamination of some
interfaces of the specimens. An illustration of what can be
observed with the high speed camera is given in Fig. 6 for a
LR5W60 specimen, representative of all the failures observed.

The first crack initiates in the first 90/45 interface starting
from the inner arc, in the curved region near the junction with
the arm, this region being loaded with a mix of out-of-plane
normal and shear stresses. This corresponds to Fig. 6a which
is the first image obtained with a clear delamination. These re-
sults are in good agreement with the observations made by Kim
et al. [12] in the curved region of C-shaped specimen or even by
Nguyen et al. [15] on L-shaped specimen. In all these studies,
similar quasi-isotropic stacking sequences ([(45/90/-45/0)3]s or
[(45/0/-45/90)3]s) and specimen thickness were used with vari-
ous unidirectional carbon-epoxy plies. By comparison, it seems
interesting to notice that the failure scenario clearly differs from
the one obtained with highly oriented laminates (almost 0◦

plies) such the one studied by Cui et al. [8], Hao et al. [9]
and Charrier et al. [10]. In these latter cases, all the delami-
nations initiated in the centre of the arc, at approximately one
third of the overall thickness of the specimen.

The first crack then quickly propagates of at least around
5 mm in each directions: arm and arc. This can be observed
in Fig.6 b that presents the next recorded image, 6.6 µs af-
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Figure 6: Typical failure scenario of L-shaped specimens. (a) Initiation (b)
Propagation of the first crack (c) Final state

ter Fig. 6a. The very high speed of propagation, at least
c ' 5.10−3/6.6.10−6 ' 750 m.s−1, is of the order of magni-
tude of what was measured by Gözlüklü et al. [19]: around
1000 m.s−1. This quantifies the very brittle aspect of the failure
observed.

Finally, the damage state reached after less than 0.5 ms af-
ter the first obervable delamination, is shown in Fig. 6c. The
specimen presents numerous 90/45 or -45/90 delaminated inter-
faces. Again it makes sense to compare these results, obtained
on quasi-isotropic laminates, with those obtained for strongly
oriented ones. In the first case, the authors Kim et al. [12] and
Nguyen et al. [15] mention many broken interfaces while in
the second, delamination is most often restricted to one or two
interfaces [8–10].

3.2. M-Shaped specimens

In the same manner as was presented for L-shaped speci-
mens, the specific load versus displacement curves are plotted
in Fig. 7. In order to be able to make comparison between the

mechanical behaviour of L-shaped and M-shaped specimens
subjected to the same loading conditions (M-shaped specimens
in configuration C75/100), LR5W60 specimens curves are plot-
ted in the same graph.
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Figure 7: Load per unit width F/W versus displacement u curves for LR5W60,
M10R5W60C75/100 and M10R5W60C85/110 configurations

As a first observation, the mechanical response appears to be
similar for L- and M-shaped specimens. A stiffening non-linear
specific load curve, followed by a sudden drop of the load due to
explosive delamination, is observed. In configuration C75/100,
when the cylinders present the same inter-axis for L- and M-
shaped coupons, the stiffness of both kind of specimens is al-
most the same. Moreover, a raise of the failure load of around
15% in average (13% in the worst case) can be measured. In
configuration C85/110 the stiffness is lower. This trend makes
sense since the arms, more flexible, are more loaded than in
C75/100 configuration. In terms of breaking load, it can be
noticed that moving the upper cylinders away from the curved
region also increases the failure load but with a lower extent,
with an average gain of around 7%. In this latter case, it worth
recalling that the loading conditions are not similar.

The second main observation arises from the analysis of the
failure of the coupons. For that purpose, some photos are gath-
ered in Fig. 8.

All the tested M-shaped specimen followed a similar failure
scenario as the one observed in Fig. 6 for L-shaped curved com-
posite beams. From Fig. 8a it can be seen an initiation of delam-
ination in the first or the second -45/90 interface starting from
the inner arc. Then, Fig. 8b highlights the rapid propagation
of the delamination with a crack enlargement of approximately
5 mm in 6.6 µs. As presented in Figs. 8c and 8d, the final states
of both M-shaped specimens loaded in configuration C75/100
and C85/110 present multiple -45/90 or 90/45 delaminated in-
terfaces. However, and contrary to what was observed in Fig. 6c
for L-shaped specimen, it can be noticed that the interfaces lo-
cated above the two third of the height of the majority of the
specimens were relatively spared. Indeed, only the -45/90 in-
terfaces located above the mid-plane of M-shaped specimens
were delaminated.
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Figure 8: Typical failure scenario of M-shaped specimens. (a) Initiation for
M10R5W60C75/100 (b) Propagation of the first crack for M10R5W60C75/100
(c) Final states of M10R5W60C75/100 and (d) M10R5W60C85/110

In order to explain the raise in failure load obtained from
L-shaped to M-shaped fitting, a simple bi-dimensional finite
element model, build under the plane strain assumption, was
developed. The specimen is idealized as an isotropic homo-
geneous aluminium like medium of elastic modulus E=70 GPa
and Poisson’s ratio ν=0.33. The geometry is meshed with 8
nodes quadratic, fully integrated plane strain elements of fictive
thickness t=60 mm. The cylinders are analytic rigid bodies in
normal contact with the arms of the specimen (no friction). The
solution is computed in a geometrically non-linear framework.

The Fig. 9 presents the out-of-plane normal stresses (σ22)
obtained for L-shaped and M-shaped specimens under the same
four-point bending loading (restricted to the curved regions).
By adjusting the scales, Fig. 9a highlights the areas in out-of-
plane tension whereas Fig. 9b highlights the areas in out-of-
plane compression. The evolution of σ22 at mid-height, along
the curvilinear position measured from the centre of the beam,
is plotted in Fig. 9c.

The L-shaped specimen is loaded in out-of-plane compres-
sion, tension and compression. The area fully loaded in tension
presents a plateau shape corresponding to an angular sector of
about 90◦ at the mid-height of the part. The M-shaped specimen
is subjected to out-of-plane compression, tension, compression,
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tension and compression. The two arcs loaded in tension exhibit
peaks of the same intensity but reduced area, with two angular
sectors of around 45◦.

These observations have to be interpreted at two levels to un-
derstand the benefit coming from the introduction of the flat
portion at the centre of the arc. At the material level, since the
amount of transverse normal stress is the same for L- and M-
shaped beams, the onset of delamination is reached and crack
may occur. But at the structural level, due to the stress distri-
bution, the opening force is twice as high in the L arc as in the
M arcs. Therefore, even if the interface is damaged, the change
in local load induced by the change of geometry prevents the
brutal propagation of the crack.

Hence, the introduction of a flat zone in the arc enables
the apparition of an area subjected to out-of-plane compres-
sion which stabilizes the curved region by reducing the opening
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force that can lead to global delamination.

4. Numerical modelling of the unfolding

4.1. Modelling strategy

This section presents the three-dimensional finite element
model developed to simulate the unfolding of L- and M-shaped
specimens. The preprocessing, processing and analysis were
performed through the use of scripts written in Python and of
Abaqus/Standard finite element program.

Each ply was represented as a homogeneous orthotropic
medium with one layer of three-dimensional, 8 nodes and fully
integrated linear finite elements (C3D8). The width of the spec-
imens was taken equal to W=30 mm, in order to limit the com-
putational cost and in agreement with what is often practiced
in literature [12, 15]. The thickness of the elements was set to
0.18 mm. In order to take into account the material orientation,
a specific coordinate system aligned with the fibres was affected
to each element of the plies. For that purpose, rectangular and
cylindrical coordinate systems were used in plane and curved
regions respectively.

Interfaces were introduced in the model by the use of 8 nodes
hexahedra cohesive elements (COH3D8) that were extruded
from the lower layer ply elements to the higher layer ply el-
ements. The geometric thickness of these elements was null
whereas the fictive associated thickness, used to compute the
stiffness, was taken equal to one tenth of the thickness of the
ply, that is t=0.018 mm. Each interface element had the same
coordinate system as the one of its lower associated ply ele-
ment.

The plies have a linear orthotropic elastic behaviour whose
properties are summarized in Tab. 2.

Property Symbol Unit Value

longitudinal modulus El GPa 130
transverse modulus El = En GPa 9.4

shear modulus Glt = Gln GPa 4.65
shear modulus Gtn GPa 4
Poisson’s ratio νlt = νln - 0.3
Poisson’s ratio νtn - 0.175

Table 2: Material properties for the mechanical behaviour of the AS4/8552 ply
introduced in the model

El, Et, Glt and νlt were identified from tests following ASTM
D3039 [20] and D3518 [21] recommendations. Gtn was ob-
tained from inverse identification from 3 points bending tests
made on [(45/0/-45/90)3]s specimens and νln was taken equal to
νlt. νtn was set to match transversally isotropic relationship.

The interfaces were modelled in a cohesive zones manner as
classically done in literature ([14, 22, 23] for instance). The
out-of-plane normal stresses σn and shear stresses τln and τtn

are computed from the displacement jumps between the lower

Mode II

σn
0

GIIc,l,t

GIc

τln,tn
0

δn

δl,t

Mode I

δm,f

Mixed
mode

Gc

σ

δm

δm,0

Figure 10: Response in mode I (normal), mode II (shear) and mixed mode for
cohesive elements

and the upper nodes (δn, δl and δt) of the elements with a two
bi-linear law as presented in Fig. 10.

The out-of-plane elastic moduli were taken equal to the trans-
verse modulus of the ply: Ecoh

n = Gcoh
ln = Gcoh

tn =9.4 GPa. With
the fictive thickness t=0.018 mm, a correct flexure modulus was
retrieved in comparison with three-point bending tests.

The stress state of the interface is computed from the dis-
placement jumps ∆ul, ∆ut (shear) and ∆un (normal) by the rela-
tionship  τln

τtn

σn

 =

 KII 0 0
0 KII 0
0 0 KI


 ∆ul

∆ut

∆un

 (1)

where KII = KI = Ecoh
n /t stand for the stiffness of the interface.

Damage is initiated in a cohesive element when the quadratic
stress criterion (

〈σn〉>0

σ0
n

)2

+

τln

τ0
ln

2

+

(
τtn

τ0
tn

)2

= 1 (2)

is reached (σ0
n is the initiation stress in pure mode I, τ0

ln the
initiation shear stress in pure mode II, direction l and τ0

tn the
initiation shear stress in pure mode II, direction t).

The propagation is performed through a linear damage evolu-
tion law, with the expression proposed by Camanho and Dávila
[22]

d =
δ

f
m

(
δmax

m − δ0
m

)
δmax

m

(
δ

f
m − δ

0
m

) (3)

where δmax
m is the equivalent mixed displacement jump attained

through history, δ0
m is the equivalent displacement jump at initi-

ation and δ f
m is the equivalent displacement jump at failure.

At last, the Benzeggagh and Kenane [24] criterion is used in
order to predict delamination and account for mode-mixity

GIc +
(
GIIc,l −GIc

) ( GII,l + GII,t

GI + GII,l + GII,t

)η
= Gc (4)
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with GIc being the critical fracture energy in pure mode I,
GIIc,l = GIIc,t the critical fracture energies in pure mode II,
GI , GII,l and GII,t the fracture energy states in mode I, mode
II direction l and mode II direction t and, at last η, a material
parameter.

The values of the critical fracture energies GIc and GIIc,l =

GIIc,t were identified with DCB and ENF tests following
ASTM D5528 [25] and ASTM D7905 [26] recommenda-
tions. The tests were carried out for each interface of in-
terest: 0/45, 45/90 and 90/90 by following the recommenda-
tions of Sebaey et al. [27] in order to prevent crack jump-
ing. The stacking sequence of the DCB and ENF specimens
were respectively [45/-45/010/-45//0/902/08/902/0], [45/-45/08/-
45/45//90/90/08/902] and [902/08/90/90//90/90/08/902]. An in-
verse identification technique, relying on meshes of character-
istic size 1 mm in the plan of the specimen, was used to finalize
the determination of the initiation stresses σ0

n, τ0
ln and τ0

tn. For
the power parameter η, that accounts for mixed modes, a value
of 0.5 was taken by inverse identification upon the unfolding of
the L-shaped specimens. All the values are gathered in Tab. 3.

Property Unit
Value

0/45 45/90 90/90
GIc mJ.mm−2 0.49 0.49 0.49

GIIc,l = GIIc,t mJ.mm−2 1.05 1.25 1.05
η - 0.5 0.5 0.5
σ0

n MPa 25 / 70∗ 20 / 65∗ 30 / 75∗

τ0
ln = τ0

tn MPa 55 / 135∗ 50 / 130∗ 30 / 110∗

Table 3: Material properties for the mechanical behaviour of the interfaces
(∗: for initiation normal and shear stresses, noted x / y, x stands for the value
for 1 mm elements whereas y is for 2 mm elements along the specimen)

4.2. Mesh considerations and loading conditions

Since the curved composite beams studied are of large di-
mensions, and with the aim to be able to re-use the proposed
approach on larger structures in the future, the choice was made
to use a relatively coarse mesh of size 1 mm along the specimen
(constant 1 mm for the width) in the plane of the ply at the level
of the inner arc. Since the shape of the specimen is convex, this
lead to elements of size 1.8 mm (still 1 mm width) at the level
of the outer arc.

To avoid premature delamination in the larger elements, a
pragmatic approach consisting in introducing a dependence of
the initiation stresses (σ0

n, τ0
ln and τ0

tn) to the mesh size was im-
plemented. Hence, the values presented in Tab. 3 with the form
x / y∗ correspond to x: values for 1 mm mesh and y: values
for 2 mm mesh. For the elements of size comprised between 1
and 2 mm, a linear interpolation was used. To limit the num-
ber of sections to be created, 5 families of material parameters
were defined as a function of the mesh size: (1) between 0.9
and 1.1 mm, (2) between 1.1 and 1.3 mm, (3) between 1.3 and
1.5 mm, (4) between 1.5 and 1.7 mm, and, at last (5) between
1.7 and 1.9 mm.

For the loading of the specimens, the top and bottom cylin-
ders were modelled as analytical rigid bodies. A normal law
for contact, without friction, was used between the cylinders
and the arms of the specimens. The bottom cylinders were
embedded whereas the displacement of the top cylinders was
imposed. Specific boundary conditions were imposed on three
particular nodes of the specimen to prevent rigid body motions
without introducing artificial stresses in the model. A geometri-
cally non-linear framework was used to solve the problem with
Abaqus/Standard. The analysis were performed using 2 CPUs
(20 cores) Intel Xeon E5-2680v2 2.8GHz with 64GB RAM on
CALMIP EOS super-computer. The parallelization parameters
were chosen after a scalability study. Each computation lasted
around 10 hours (up to 200 hours of CPU time).

4.3. Numerical results

The specific load versus displacement curves obtained from
the model are plotted in the Fig. 11. The experimental associ-
ated curves are also present for comparison.
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Figure 11: Comparison between experimental and numerical load per unit
width F/W versus displacement u curves for LR5 and M10R5 specimens

As a first observation, the model appears to be able to repro-
duce accurately the elastic non-linear stiffening part of the me-
chanical response of the specimens. The stiffness is indeed well
recovered which validates the elastic properties of the model.
Concerning the sharp drop of load at failure, the model is quite
predictive for the LR5 specimen. However, with the same mate-
rial parameters (curve labeled M10R5-Num) the failure appears
prematuerly for M-shaped specimen, with a capability of load
recovery that is not representative of what was observed in ex-
periments. If the initiation stress values are scaled by a factor
α=1.17 determined empirically by trial-and-error strategy upon
FE analyses, a correct level of load at failure is obtained, as can
be seen from curve M10R5-Num (α=0.17). Hence, the model
is not yet capable of predicting the correct level of load at fail-
ure for all the geometries. This issue is not surprising. Nguyen
et al. [15] already highlighted the very strong dependence and
sensitivity of this quantity to the parameters of the model.

The second observation concerns the failure scenario. The
Fig. 12 presents the delaminated areas of the LR5-Num model
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at increasing iterations of the calculation. The stacking se-
quence is recalled on the left and a zoom of the specific load
versus displacement curve is on the top of the figure. The A, B,
C, D, E and F sub-figures present the state of the specimen at
the points designated on the specific load versus displacement
curve. Only the interfaces of the specimen are represented by
quarter. The visible interfaces are as follows: bottom right quar-
ter: 3 first interfaces, top right quarter: 6 first interfaces, bottom
left quarter: 10 first interfaces and top left quarter: all the inter-
faces. Hence, the 3 first -45/90 interfaces are clearly visible on
the right and on the bottom of each sub-figure.
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Figure 12: Failure scenario of the L-shaped specimen

The model shows that the delamination starts at the first
−45/90 interface, at the centre of the specimen and in the arc
(Fig. 12-A). The crack then propagates and reaches the side
of the specimen, prior to any other initiation of delamination
(Fig. 12-B). In Fig. 12-C-D, two new cracks appear (in few it-
erations). The second crack initiates at the border of the spec-
imen in the second 90/45 interface (Fig. 12-C) and the third
one, near the border of the specimen, in the second -45/90 in-
terface (Fig. 12-D). The three cracks propagate widely before a
fourth crack initiation located in the centre of the specimen, on
the third -45/90 interface, as illustrated in the Fig. 12-E. In the
end, and in adequation with the experimental results, multiple
cracks reach the side of the specimen and propagate along the
arms as can be seen in the Fig. 12-F which presents the side of
the specimen.

As a result, the model seems able to produce the multiple
-45/90 or 90/45 delaminated interfaces that were observed ex-
perimentally. Beyond that, it allows a better understanding of
the failure scenario, the latter being experimentally inaccessible
because of its suddenness and brevity. Hence, the delamina-
tion failure mode starts in the arc, in the lower -45/90 interface,
which is not the weakest one as can be verified in Tab. 3. It cor-
responds to the peak load. The crack then grows and then other
cracks develop in the upper -45/90 or 90/45 interfaces during
the load drop.

The failure scenario established by the model for the M-
shaped specimen, is now presented in the Fig. 13. The same
elements compose the figure and sub-figures.
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Figure 13: Failure scenario of the M-shaped specimen

The failure scenario is somewhat different from what ob-
served for the L-shaped specimen. The interfaces involved in
the failure are -45/90 interfaces (no delamination in the 90/45
interface was observed). Only the first two -45/90 interfaces
are delaminated for the M-shaped specimen (instead of three
for the L-shaped one). This tendency is similar with the obser-
vations made from the tests, where more interfaces were found
delaminated for the L-shaped than for the M-shaped specimens.

Another difference concerns the sequentiality of the failure
events. In the case of the L-shaped specimen, the first crack
crosses the entire width of the specimen prior to any other de-
lamination initiation. This is not the case for the M-shaped
specimen. The model shows that the delamination starts at
the first -45/90 interface, at the centre of the specimen and in
the two radii (Fig. 13-A). These two cracks propagate but, be-
fore they reach the side of the specimen, other cracks appear on
the second -45/90 interface, near the borders of the specimen
(Fig. 13-B). Then, in agreement with the experimental results,
the first crack reaches the side of the specimen, at the level of
the radii, near the arms (Fig. 13-C) before the second crack does
the same (Fig. 13-D). At last, the Fig. 13-F presents the side of
the specimen, which highlights multiple cracks as experimen-
tally observed.

From these two numerical studies, and according to the
model, it is possible to describe a typical failure scenario for the
L- and M-shaped specimens that is not accessible from exper-
iments. Damage (delamination only here) starts in the -45/90
interface (or also in the 90/45 for L-shaped specimen) at the
centre of the specimen. It then propagates to cross the entire
width of the specimen: prior to any other initiation of delamina-
tion for L-shaped, and during other initiations for the M-shaped
specimen. In the end, multiple cracks occurred with a higher
number of delaminated interfaces for the L-shaped specimen
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than for the M-shaped specimen, which presents two areas of
damage in each interface layer instead of one.

5. Summary and conclusions

In this work, a pragmatic approach to improve the mechan-
ical strength of curved composite beams have been proposed.
It was shown, through experimental tests and numerical mod-
els, that the introduction of a flat portion in the arc of singly
curved quasi-isotropic composite beams was a simple and ef-
fective way to rise the failure load of such structures.

Under the same loading conditions, four-point bending fol-
lowing ASTM D6415/6415M [2] recommendations highlighted
a strengthening effect, with a raise of the load at failure of
around 15%. A simple two-dimensional, plane strain finite ele-
ment model was proposed in order to understand what physical
phenomenon was involved. It has clearly shown that the key
point lied in the introduction of an out-of-plane compression
zone located in the flattened area. The splitting of a 90◦ circle
arc into two 45◦ circle arcs separated by a flat section made it
possible to reduce the surface stressed in each 45◦ arc, and thus
to delay the failure. The experimental tests also revealed the
failure scenario of the L- and M-shaped specimens: non-linear
stiffening elastic behaviour followed by a brutal failure due to
unstable and multiple delaminations. Moreover, delamination
was shown to start in the area of the junction between the arms
and the arc, on the first or the second -45/90 or 90/45 interface,
followed by subsequent delaminations also involving -45/90 or
90/45 interfaces.

In the last section, a three-dimensional finite element model
based on continuum mechanics and cohesive zones model was
developed. The arbitrary choice to use relatively coarse meshes
was made in order to be able to handle large structures. The
elastic parameters of the model were identified from standard
tests such as tensile tests on 0◦, 45◦ and 90◦ tensile tests. To
feed the cohesive zones model, DCB and ENF tests were car-
ried out on the interfaces of interest: 0/45, ±45/90 and 90/90.
Associated with a pragmatic approach to deal with the depen-
dency of the cohesive zones model properties upon the mesh
size, the proposed approach appeared to be partially able to re-
produce the experimental observations. If the model was able
to predict accurately the failure load at the first run for the L-
shaped specimen, it was not the case for the M-shaped one. A
scaling strategy had to be set up for this. However, the model
was able to highlight a failure scenario in agreement with ex-
perimental observations, made from the side of the specimen. It
made it possible to have a more precise idea of the sequence of
events leading to failure, with delamination clearly initiated on
the first -45/90 interface, then progression on the higher -45/90
(or also 90/45 for L-shaped specimen) interfaces. The proposed
modelling strategy therefore provides a useful complement to
the tests.
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