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REACHABLE SPACE OF THE HERMITE HEAT EQUATION
WITH BOUNDARY CONTROL

ANDREAS HARTMANN AND MARCU-ANTONE ORSONI

ABSTRACT. We discuss reachable states for the Hermite heat equation on a seg-
ment with boundary L2-controls. The Hermite heat equation corresponds to the
heat equation to which a quadratic potential is added. We will discuss two sit-
uations: when one endpoint of the segment is the origin and when the segment
is symmetric with respect to the origin. One of the main results is that reach-
able states extend to functions in a Bergman space on a square one diagonal of
which is the segment under consideration, and that functions holomorphic in a
neighborhood of this square are reachable.

1. INTRODUCTION

An important branch in control theory concerns the identification of reachable
states of a given linear system. In a seminal paper going back to the 70’s, Fattorini
and Russell [FR71] investigated the situation for linear parabolic equations in one
space dimension with boundary L2-control. A special occurrence of such equations
is the heat equation on a segment which has met a growing interest in recent years.
Let us mention in particular work by Martin, Rosier and Rouchon [MRR16] which
re-launched the investigation on this problem in 2016 and trying to better under-
stand the role of holomorphic functions in this setting. Two years later, Dardé and
Ervedoza [DE18] were able to show that functions holomorphic in a neighborhood of
the square D a diagonal of which is the interval on which the heat equation has to
be controlled are reachable (previous work already showed that the reachable states
extend holomorphically to that square). In [HKT20], the connection with spaces
of holomorphic functions as reachable states was established for the first time con-
jecturing in particular that the reachable states should correspond to the Bergman
space on D. In [Ors21], Orsoni found that the problem boils down to a so-called
separation of singularities problem. The final step was achieved in [HO21] where
we solved the separation of singularities problem thereby establishing the conjecture
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2 ANDREAS HARTMANN AND MARCU-ANTONE ORSONI

raised in [HKT20] as correct: the reachable states of the 1-D heat equation on a
segment with boundary L2-controls are given by the Bergman space on D. It should
be mentioned that earlier work by Aikawa, Hayashi and Saitoh [AHS90] provides
a solution to the problem in the case of the half-line. We mention also the paper
[KNT21] which provides a wealth of results on the control of the 1-D heat equation.

It is natural, and in the spirit of the original paper by Fattorini and Russell, to
consider more general parabolic systems, and in particular to add a potential (this
amounts to replace the Laplace operator by a Sturm-Liouville operator). Clearly,
if one expects again holomorphic functions on D to be reachable, the least require-
ment on the potential should be analyticity in D. Very recently, Laurent and Rosier
discussed in [LLR20] a result in a rather general setting showing that functions holo-
morphic in a sufficiently big neighborhood of D are reachable.

The aim of this paper is to use techniques from [HO21] to give a more precise
information in the special case of a quadratic potential. The corresponding equation
is also called the Hermite heat equation. We will consider two cases: a segment
with one endpoint being zero (in this endpoint the equation behaves very much like
the classical heat equation and the corresponding control) and a segment symmetric
with respect to the origin. For the endpoints different from zero, we get a less
precise information (see precise statements below). Still it seems fairly reasonnable
to expect again the Bergman space on D to characterize the reachable states also in
this situation. A central ingredient in our method is the explicit form of the kernel
— the Mehler kernel — for the Hermite heat equation, which in several aspects
behaves like the heat kernel. Another central tool comes from the recent discussion
in Strohmaier-Water [SW20] which gives a general recipe to reachable states in higher
dimension exploring certain symmetry properties of the domains considered.

1.1. On a segment. We consider respectively the heat equation and the Hermite
heat equation on the segment [0, 7] with Dirichlet control at both ends which we
recall here:

(0w — 2w =0, t>0, ze(0,7)
w(t,0) = up(t ) w(t, ) =u.(t), t>0
w(0,z) = f, x€(0, ).
f&tw—ﬁzw—i—x?w =0, t>0, z€(0,7)
(HHE) Lw(t,0) = up(t ) w(t,m) =u.(t), t>0
w(0,z) = f, x€(0, ).

(HE)

A
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For every control u = (ug, u1) € L*((0, 00), C?) and every initial state f € X :=
W=12(0,7), these equations admit a unique solution w € C([O,oo); X) (see e.g.
[TW09, Theorem 10.8.3]) given respectively by

w(t) =T f + Pyu

and

w(t) = T f + &fu
where (T¢),., (resp. (Tf) 1) denotes the Dirichlet Laplacian semigroup (resp. the
semigroup generated by the (one dimensional) harmonic oscillator H = 02 — z?) and
®; (resp. @) denotes the input-to-state map (see [TW09, Proposition 4.2.5]) which
is a bounded operator from L% ((0, t), C?) to X. Thus, we say that a function g € X
is reachable from f € X in time 7 > 0 for (HE) (resp. (HHE)) if there exists a
control u € L? ((0, 7), C?) such that the solution w of (HE) (resp. (HHE)) satisfies
w(r,-) = g. Due to the smoothing effect of equations (HE) and (HHE), it is clear
that we cannot reach any non-regular function in X. Also, it is well-known that
these two equations are null-controllable in any time 7 > 0, which means that we
can reach the null function from any initial condition f € X and in any time 7 > 0
(this can be seen for example combining [TW09, Proposition 11.5.1] and the proof
of [TW09, Proposition 11.5.4] made for the heat equation). Clearly, this means that
their respective sets of reachable states do not depend on the initial condition f € X
and are equal respectively to the linear spaces Ran ®, and Ran ®f. As noticed by
Seidman [Sei79] (see also [HKT20, Remark 1.1]), this also implies that they do not
depend on time 7 > 0 neither. Therefore we will call them reachable spaces of
equations (HE) and (HHE).

As already mentioned, the problem of describing the reachable space for the heat
equation (HE) has a long history which started with the work of Fattorini and Rus-
sell [FR71]. After a series of developments in the eighties (see for example [Sch86]
and the references therein), it has then known a renewed interest very recently in
[IMRR16], [DE18], [HKT20], [Ors21], [KNT21] culminating with an exact and defin-
itive characterization in [HO21]. Solving a problem of separation of singularities, we
proved in this last paper that the reachable space of the heat equation (HE) is the
Bergman space A?(D) on the square

D:{zzx—i—iye(C ]x—g\+|y\<g}

We recall that for a non-negative measurable function w, the Bergman space A%(Q, w)
on a domain 2 of the complex plane consists of all the functions f which are holo-
morphic on () and satisfy

f |f(z + iy) Pw(x + iy)dzdy < oo.
Q
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When w = 1, we simply write A2(£2).

The question of describing the reachable space can be generalized to the n-dimen-
sional setting considering a bounded open set O instead of a segment. Very recently
Strohmaier and Waters have made in [SW20] a big step forward giving an optimal
result about the domain of holomorphy of the reachable states when O is a ball
B := B(0, R). More precisely, they proved that the reachable states are holomorphic
on the cone given by

EB)={2=x+iyeC" |z e B, |y| <dist(z,0B)}

and that the functions which are holomorphic on a larger cone £(B(0,R’)) with
R’ > R are reachable. Notice that the domain £(B) coincides with the square whose
one diagonal is (—R, R) when n =1 (i.e. B = (—R, R)).

In this connection we also mention recent activities on reachable spaces obtained
with smooth controls as investigated in [MRR16] (for control of Gevrey order 2) and
[KNT21] (for controls belonging to Sobolev spaces).

The first aim of this paper is to discuss the case of the Hermite heat equation
(HHE). Indeed, some of the tools developed in [HKT20],[Ors21], [HO21] apply to
the case of the heat equation with the potential 2 since the Green kernel is explicitly
known in this case. The description of the reachable space for the Hermite heat equa-
tion has been initiated in [LR20] where the authors proved that the functions which
are holomorphic on a certain disk are reachable for the equation (HHE). Actually,
their result holds for a general case of semilinear heat equations with very smooth
controls (Gevrey of order 2). When we restrict our attention on the specific equation
(HHE), we can give a much more precise description. The first result is the same
right inclusion as in [HO21].

Theorem 1. We have Ran(®) = A%(D).

While we were not able to prove equality, we have the following almost optimal
result. For € > 0, denote by D) the open square whose one diagonal is (0, 7 + ¢):

. +¢€ + e
D(E)z{z=x+zye(ﬁ:]:p—ﬁ T }

<
5Tl < —;
Theorem 2. For every € > 0, we have A*>(D®) c Ran(®).

Notice that the membership of the reachable states to the Bergman space has no
interest for the right-hand sides of the square since ¢ is arbitrary, but is sharp for

the left-hand sides.
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Finally, since the heat equation (HE) has constant coefficients, it is invariant by
dilation and translation. Hence the reachable space of the heat equation on a general
segment can be trivially deduced from the one of (HE). The situation is completely
different for the Hermite heat equation since the potential z? is space-dependent.
For this reason we will also consider this equation on the segment [—L, L] for L > 0.

ow — 2w+ 2w =0, te(0,7), ve(—L, L)
(HHE2) w(t,—L) =u_r(t), w(t, L) =ur(t), te(0,7)
w(0,z) = f, xe(—L, L).
Notice that this equation can be viewed as an equation on [0, 7] with a change of
potential. Denoting by Dy, the square whose one diagonal is (—L, L):
(1) Dp={z=x+iyeC:|x|+|y| <L},
and <I> LI the corresponding input-to-state map, we obtain the following result.

Pr0p051t10n 3. Let L > 0. For every L' > L, we have
Hol(Dy/) € Ran (I)E(—L,L) c A%(Dyp).

This result is not as sharp as the one obtained in Theorem 2, but it will be one
ingredient of it. The left inclusion is the same as that given by Dardé and Ervedoza in
[DE18, Theorem 1.1] for the classical 1-D heat equation. Our proof is an adaptation
to the Hermite heat equation of a very recent and clever argument of Strohmaier
and Waters developed in [SW20, Theorem 2| which generalizes the Dardé-Ervedoza
result to the n-dimensional setting.

1.2. On the half-line. Here, we consider also the two previous equations but on
the half-line.

(0w — 2w =0, t>0, z¢€ (0, x)

(HE-hl) Lw(t,0) =up(t), t>0

w(0,z) = f, x€(0,0).

rﬁtw—§2w+x2w=0, t>0, xe (0, 0)

w(t,0) =ue(t), t>0

w(0,2) = f, x€(0,0).

As equations (HE) and (HHE), the two previous equations define well-posed
linear time-invariant control systems: for every f € X = W1%(0,00) and ev-
ery ugp € L*((0,0); C), each of these equations admits a unique solution w €
C ([0,00); W=12(0,00)). We denote by (T;q)i=0 (resp. (']I‘Eo)t>0) the Dirichlet semi-

group generated respectively by the (one-dimensional) Laplacian (resp. the harmonic
oscillator); and by @, (resp. CIDE,O) the corresponding input-to-state map.

(HHE-h)

A
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However, unlike equations (HE) and (HHE) the latter equations (HE-hl) and
(HHE-hl) are not null-controllable. Worse, as proved in [DE19, Theorem 1.2 and
Corollary 1.4], it turns out that the lack of null-controllability is maximal: there is
no non trivial initial condition f € X which can be steered to zero, and this in what-
ever time. In other words, for any 0 # f € X and any 7 > 0, we have T; o f ¢ Ran ®,
(resp. Tjof ¢ Ran®). This means that the reachable space of equation (HE-hl)
(resp. (HHE-hI)), given by T;of + Ran ®, ¢ (resp. ']I'Eof + Ran (IDEO) is an affine space
which is linear only for f = 0. In this last case, this space is called null-reachable
space. Notice that now it also depends on time.

The characterization of the null-reachable space of (HE-hl) has been discussed in
several papers. In [AHS90], the authors proved using reproducing kernels arguments
that

Do [L*((0,7);dt/t)] = A*(A, wo )

where A denotes the right-angle sector

Az{zeC‘\arg(z) <%}

and wy , denotes the exponential weight

]_ Re(zQ)
wor(2) = ;e 27

Conversely, the second author proved in [Ors21] that
(2) A?(A) = Ran(®,0) @ X

where X is a suitable space of entire functions. Thus, combining the above two
results we have
A%(A, wo,) € Ran(®,) < A%(A).

Actually, an exact characterization of the null-reachable Ran(®, ) has been given in
[Sai91]. In order to state it, let us define another space of analytic functions. Let Q be
a simply connected domain in the complex plane with at least two boundary points.
For a non negative measurable function w, we say that an holomorphic function f
belongs to the Hardy-Smirnov space (also called Szego space) E*(Q,w) if there exists
a sequence of rectifiable Jordan curves (7, )nen eventually surrounding each compact
subdomain of €2 such that

sup j F()Peo(2)|dz] < 0.

Therefore the result can be formulated as:

Ran(®,,0) = A2(A,wo.) + E2 (A, 1/]2]).
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In the present paper, we will determine the null-reachable space of equation
(HHE-hl). Since the potential vanishes at x = 0 which is our point of control, it
seems reasonable to expect that the reachable space is not too far from the reachable
space of (HE-hl). Actually, we will prove that they are the same, up to a change of
time.

Theorem 4. Let 7 > 0 and T' = tanh(27)/2. Then we have
Ran (I)EO = Ran CI)T,O'

This result, interesting in itself, and will be one key of the proof of Theorem 1.

The paper is organized as follows. In Section 2, for the sake of completeness, we
compute the solution of (HHE) and (HHE-h) using the method of images. Section 3
is devoted to the proof of Theorem 4, and Section 4 to that of Theorem 1. In Section
5 we prove Proposition 3 and in Section 6 Theorem 2.

2. SOLUTION OF THE HERMITE HEAT EQUATION

In this section, we compute the solution of equation (HHE). The method proposed
in [HKT20] in order to tackle the reachable space problem for the heat equation
(HE) was to compute the solution via a decomposition on the orthonormal basis of
eigenfunctions of the Dirichlet Laplacian (the sine Fourier basis) and then to use the
Poisson summation formula. This allowed the authors to make the heat kernel of
the whole real line appear. Actually, the final formula can be obtained alternatively
using the method of images. This permits to avoid the Poisson formula step and so
to generalize the final formula to other equations. It is this method we choose here
in order to establish our formula for the solution of (HHE) and (HHE-hl), involving
the Mehler kernel (which is the fundamental solution of the Hermite heat equation).
Mehler kernel. Let us recall some facts about the fundamental solution of the Hermite

heat equation on R, i.e. the solution of
3) 0K —PK +2°K =0, t>0,zeR
K(0,2,-) = 0.

where J, stands for the Dirac delta distribution at z. It is given by the Mehler kernel

1 2?2 + 9 Ty )
4 K(t,z,y) = ——=exp | —coth(2¢ + — :
@ (t:2,9) 27 sinh(2t) P ( (20) 2 sinh(2¢t)

It can be obtained using the normalized Hermite functions defined by
:122
(—1)kez d*

o klrs dak

hi(x) = e, zeRkeN
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which are known to form an orthonormal basis of L?(R) and to be the eigenfunctions

of the operator —A + z? on L*(R) associated with the eigenvalues A\, = 2k +1. Thus,

the solution of (3) can be derived decomposing on this orthonormal basis. Finally,

the above form of the Mehler kernel is obtained using the so called Mehler formula.
More general Mehler kernels can be found in [DE19, Subsection 2.1].

Computation of the solution using the method of images. Let X := W~=12(0, 7). We
recall that w € C ([0, o), X) is called solution of (HHE) if it satisfies

wlt) )y = <f¢>11+f< o w>

' dip dp
X 0)ds — | un(9) 2 (1)d
) | uolo) G 01 f (5) 2 ()
for every t = 0 and every ¢ € W? 2(0 m) "W, (0, ) such that d L e W, (0, m) (see
for instance [TW09, Section 4]). In (5), ,-)_, | denotes the duahty W20, m) —

Wy (0, 7).
For ¢ € D(R) := CF(R), we denote by ¢pe the function

Pper = Z o( + 2km) — @(2km — ),
keZ

which is odd and 2m-periodic. Remark that the sum is finite and @per, dzdﬁé’“

W, (0, 7). Hence, for T € W=12(0, 7), we can define T}, € D'(R) by duality
VSO € D<R)7 <Tper7 §0>D/(R),D(R) = <T7 SOper>_171 :

It is easy to check that T}, is well defined as a distribution and T} € S'(R). Note
that Tpe is the continuation (in the sense of distributions) of 7" to R, first by odd
extension to (—m, ) and then by periodic extension to R with period 2.

Given L? functions ug and u,, let w be the unique solution of (HHE) with f = 0
in the sense of (5). Recall that D(R;) ® D(R,) is dense in D(R; x R,). Write W the
tempered distribution defined on R; x R, by

€

V(e D(Ry), Vo e D(R,), (W, (® 90>D’(Rt><Rz),D(Rt><RI) = N (w(t)per, @>D’(R),D(R) ¢(t)dt.
+

Note that

(6) Wig# x(0,ny = w (in the sense of distributions).
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Lemma 5. The distribution W is the unique solution in S'(R; x R;) of the equation
(7)
OW — OGW + 2*W = —2uglr, ® Yy O + 2urlp, ® ey 5E2k+1)7r = F
supp(W) c R, x R.

Proof. Since W and F belong to §'(R; x R,) (recall that L? = &), it suffices to prove
the equality in D'(R; x R,). For every ¢ € D(R;) and every ¢ € D(R,),

OV, (® 90>D’(Rt><Rz),D(Rt><RI) =W, 0(® ¢>D'(Rth1),D(Rthz)

dg
<w () per 80>D/(R)7 DR) ¢ (t)dt

= J dt <<'LU( )pem (70>D/ R)) C(t)dt
But, for each ¢t > 0 and for every ¢ € D(R), we have (using (5))

<w )P6r790>'D/(]R :<w(t)a90per>_171
d2 #p 2 ' dpyp ' dyp
er _ o er 0 d _ - per d
- [, S et v [ S0 [ S s

d2g0
= w(s), _— — ngo) ds
L < dz* per/ 11

J 20 )Zj—i(%w)dzs —J 2u(5) Y j—i((zm 1)m)ds

keZ 0 keZ

2
J < pera d 2 -z (p>D/,DdS
t
f <Z O 90> ds + QJ U () <Z 6E2k+1)7r7 90> ds
keZ DD 0 kel DD
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Therefore, we get
<atW ( & 90>D/(Rt xRz), D(R¢ xRy)

d*p
= f <w(t)per7 i $2<P> — 2ug(t) (D O <P>
Ry D', D keZ D', D

+2ur(t Z Ok 1)ms <P> C(t)dt
DD

keZ

= (02 = 2" )W, C®¢)p, 2 <uoﬂR+ ® D Soms (® s0>
D', D

keZ
+ 2 <u7r]1]R+ ® 2 ok 1ym C® <P> :
keZ D/, D
0
Proposition 6. The solution of the Hermite heat equation (HHE) with f = 0 is

given by

Vi>0, Vee (0,7), w(tz)= QJ — s,x, 2km)ug(s)ds
0 kez y

(8)

0K
_ QL kZZ o (= s (24 D ()

Proof. By Lemma 5, W is the unique solution of equation (7) in &’ which is by
Duhamel’s formula

Wit,x) ={F, K(t—-, ‘)>5/(Rsny),5(Rsny)

f 252]671'7 t—87$,')> UO(S)dS
S,S

keZ

J Z(S/%-i-l)m -5 >)> uﬂ'(5>d3
S8

keZ

¢
=2 Z oK (t — s, x,2km)ug(s)ds
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The result follows from (6). O
With an analogous method, we get the solution of (HHE-hl) with f = 0 which is
t
K
9) O jug(z) = 2 aa—(t —s,2,0)up(s)ds.
’ 0o 0y

It can be noticed that it corresponds to the zero term of the first sum in (8). In
the same way, we denote by @Ewuﬂ the zero term of the second sum in (HHE-hI),
which is actually the solution of the Hermite heat equation on (—oo, ) with Dirichlet
boundary condition u, at * = 7m and with null initial condition. This leads to the
following writing

(10) <I>tH(u0, Ug) = @Eoug + @EWUW + Ry ouo + Re nr
where R; gug and R ru, are the remainder terms
! 0K
(11) Ry oup(z) =2 Z —(t — s, z, 2km)up(s)ds,
0 gez* Y
¢ 0K
(12) Ri cuq(z) = — J Z —(t — s, z, (2k + 1)m)u,(s)ds.
0 kez* Yy

3. NULL-REACHABLE SPACE ON THE HALF-LINE
In this section, we prove Theorem 4.

Proof of Theorem 4. First, let us recall the expression of @7 (see e.g. [HKT20] or
[Ors21)).

2

__ =z
T ze AT-o)

Prof(z) = L mf(g)d@

Then, using the change of variable x = «(s) := tanh(2(7 — s))/2 (which leads to
ds = ——% and sinh(2(7 — 5)) = —22—), we obtain

T 142 V1—4z2
T '\K
dH Jug(2) = 2[ ¢ (T — 5,2,0)up(s) ds
’ 0 0y
2z T e—coth(2(7——s))z2/2 J
© V27 Jy sinh(2(7 — 8))3/2u0(s) °
tanh(27) 22
z 2 e 1

(1 — 42?) Viug(a Y (z))dx.

20/ Jo x3/2

Now, setting T' = tanh(27)/2 and the change of variable z = T' — ¢ leads to
[‘I)E, 0“0] (2) = [CI)T,O?TO] (2)
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where 1 is given by
Go(t) = (1= 4T = 1)*) " ug(a™ (T — 1))

Since tanh(27)/2 < 1/2, it is clear that the operator S : L?((0,7); C) — L?((0,T);C)
defined by
Sug = g

is boundedly invertible and we have

LTI%(t)Pdt:LT Cosh(2(1T_S))|u0(s)|2dsxLT un(s) 2 ds.

Ran (IDEO = Ran @7
and the proof is complete. 0

Hence,

An immediate consequence of the above discussion is that ®; is bounded from

L?(0,7) to A%(D) which we state here for later purposes as a separated result (and
even to a suitably weighted Bergman space on the sector A).

Corollary 7. The operator ®f_ is bounded from L*(0,7) to A*(D).

4. PROOF OF THEOREM 1

Proof of Theorem 1. Let ug,u, € L*([0,7];C). In view of equalities (9), (10), (11)
and (12), we will prove that each term belongs to A%(D). With the explicit structure
of the Mehler kernel in mind (see (4)), it is easy to show that R, gug, R, ru, € A%(D).
Indeed, consider for instance R, . Similarly as in [HKT20, Proposition 1.2], we get

T 0K
|R:oup(z)] < 2keZZ*JO |@(T—3),z,2kﬂ)u0(s)|ds

, 1/2
< 2> (L |aa—[y((7'—s),z,2k7r)|2ds) [

keZ*
d, si 2
and, since Re(2%) > 0,

oK 1+ 2km
|6_y(t’ 2, 2km)| < —pr P (* coth(2t)

Rez? + (2km)? N Rez x 2k

2 sinh(2t)
1+ 2km (2km)?  2|k|n?

< — —coth(2
t3/2 exp( coth(2() > sinh(2t)

1+ 2km —2k2*7? + 2|k|7?

e
t3/2 sinh(2t) ’
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which yields the required integrability condition in ¢ and the summability for k €
Z*\{1}. When k = 1, the above estimate is too crude, and one has to distinguish
between z being in D close to m (say Rez > 3m/4), in which case Re2?/2 in the
first term in the exponential adds the necessary convergence, and z being far from 7
(say Rez < 37/4), in which case the second term in the exponential is controlled by
3m%/2 which yields the required convergence. The term R, is treated in the same
fashion.

Next, by Corollary 7 we have ® juq € A*(D). Hence, it remains to prove that the
range of @' is contained in A%(D). Since this operator is the input-to-state map of
the Hermite heat equation on (—oo, 1) as explained after (9), we upgrade this result
as a lemma which concludes the proof of the theorem.

Lemma 8. We have Ran @} < A*(D).
Proof. Let us write the expression of @E Ut

[OF ur](z) := -2 (Z—K(T — 8,2, m)ur(s)ds
’ 0o Y

_ _ z2+7r2 Tz
z ) e COth(Q(T S)) 2 +sinh(2(7’—s))

— _9 —coth(2(7 — s))m + —
Jo ( (2( ) sinh(2(1 — s)) \/27T sinh(2(r — s))
7r—z)2+ sinh(2(7—s))

- B . 1—cosh(2(r—s))
= —2f0 (— coth(2(1 — s))m + Snh(2(r = s))) NZETCCE) ur(s)ds.

Note that the equality (@, f)(2) = —(®, of)(m — 2z) which holds for the classical
heat equation is no longer true here. However, we can make (DE,O appear in the above
expression of ® .. For that, remark that

_coth(22(7‘—s)) ( Tz

& s - L)

_(T - S)a

and ¢ is bounded on [0, 7]. Hence writing e?®)7 = 2% T e ghtain

[@77us] (2)

N o AN P
_ QJO;) ” ( th(2(r — 5)) +Smh(2(7_8))> N
YO e
_—QnZ_O oy L(@D(s)) (_COth(2(T_S))7T+SiHh(Q(T*S))) \/QWsinh(Q(T—s))uﬂ(s)dS'
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Now, since — coth(2(T — $))7 + Grai—a) = mnae sy + TY(s), it follows

— h(2(r—
T z _ cot (22( S))(ﬂ._z)2

(¥(s))"

2 e U (s)ds
o S RV sinh(2(1 — 5))2 "
(7z

_ coth(22(‘rfs)) (7‘(‘—Z)2

)n T n+16
L (¥(s)) sinh(2(7 — s)) tn(s)ds

__coth(2(r—s)) (71'72)2

vy O LT(MS))HHG smhz(z(T —y e

We treat these two terms separately. For the first term we use Corollary 7

[ Al a2y = [ [®70("ur)] (7 = )| a2(p)
= |07 6 (" ur) | a2(p)
S Y™ x| 22 (0,)
< furlzzom) 19170 0,0
On the other hand, we have an integral which converges easily. Indeed, using the
Cauchy-Schwarz inequality
— coth(2(1—s))(m—2)2

sinh(2(7 — s))

e

Blley < sl | | o) 4A(2)ds.

\W@MSMJWﬂLW@W” s

sinh(2(7 — s))

2n+1

T 1
qméwmmwmﬁw@ﬁmﬂfﬁw<w
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which in view of (13) is bounded. Finally, since |z| < 7, we have

0

@7 il az(p) < Z

_ Hu HLQ(O )i (HwHLOO(OvoO)TrQ)n‘

(HAHA2 + | Bllaz)

:‘1‘ 3‘_:10
3 3

(ltmll 20,0 90170 0,00y + 190 o0 0,00 [t [ 22(0,7))

|

n=0 n:
Since the last sum converges (to eWHL“’(O@C)’Tg), the proof is complete. O
This ends also the proof of Theorem 1 0

The converse inclusion is more tricky if one wants to use the same kind of argu-
ments as in the case of the heat equation. While @EO is still isomorphic, the situation
for ®¥ is more complicated and awaits further investigation.

Remark 9. Since the potential z? is even, one could want to take a symmetric
interval (—L, L) with respect to zero. This will be done in Section 5. In that setting,
the symmetry [®F, f] (2) = — [®F f] (—2) holds but the difficulty of describing the
ranges of these operators is comparable to the difficulty of describing the range of
ol

5. REACHABLE SPACE FOR A CENTERED INTERVAL

In the present section, we prove Proposition 3.
As explained in Remark 9, the right inclusion can be proved exactly as Theorem 1.
Indeed, the discussions in Section 2 applied to the symmetric interval (—m, 7) with

Pper (T Z o(x + 4km) — o((4k + 2)7 — x)

keZ

lead, as in Proposition 6, to

K
w(t,x) =2 28 (t —s,x,(4k — \)m)u_r(s)ds
0 kez y

- 2] — s, x, (4k + 1)m)u,(s)ds.
0 ez y

Now, the terms for k£ = 0 in the sums are treated in the same way as @EW in Lemma
8, and the remainders terms are again very regular.
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Let us thus focus on the left inclusion. It is based on the following key lemma
whose proof is an adaptation of that for the heat equation in [SW20, Theorem 3].
Recall that Dy, is the square whose one diagonal is the interval (—L, L) as defined in

(1).

Lemma 10. Let wy € C(R) admit an analytic extension on Dy which we will also
denote by wy. If w is a solution of the Hermite heat equation

ow—Pw+r*w=0, t>0, zeR
w(0,z) = we(x), xzeR

then w(t,-) converges uniformly on compact subsets of Dy to wg when t — 0 .

Proof. We consider a compact of Dj, that we can assume to be of the form Dj, with
O0<L;i< L. Let 0 < L; < Ly < L. We have
Lo

w(t, z) = f Ktz uwo()de = | K(t, . €ywol€)de + f K (t, . € o €)de
R R\(—Lz2,L2)

—Ls
= wi(t,x) + wa(t, ).

Let us start with wy. In this case we have |{[*> > L3. Recall also that

27 sinh(2t)

Provided that z € Dy, and hence Re(2?) > —L?, we have Re(z? + £2) > 0. Hence,
using that cosh > 1 we obtain

224+ £2 2€ 1 2
exp (—coth(Zt) 5t sinh(2t))‘ < exp <—m Re((z —¢) )> ~

Now, since for every z € Dy, we have |Im(z)| < L; — |Re(2)|, and for every £ €
R\(—Ls, Ly) we have || Re(z)| — £| = L2 — |Re(z2)|, we get
|

Re((z —€)?) = (Re(z) — €)* —Im(2)* = (|Re(z)| — L2)* — (L1 — |[Re(2)])?
(Lo
(Lo

(14)

L1)(Ly + Ly — 2|Re(2)])
L)*>0

A\ARRR\VAR

Hence, z — wy(t, z) extends holomorphically to Dp,. Moreover, we have for every
z€ Dy, and every t > 0
1

1
wa(t, z)| = ————==¢" 2=
fwalt, 2)] 27 sinh(2t)

_ 2
E2= LD v | 11 gy

Hence, t — wy(t, z) converges to 0 uniformly on Dy, as t tends to 0.
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Before treating w;, we remind some facts on the Mehler kernel (see e.g. [Dhu06,
Section 3]). It decomposes as

(15> K(t7x7£) = ﬁ(t,l‘)f?(t,l’,f),

where

St x) 1 _tanh(2t) o

7:'U = —F/—=¢ 2 )

! 4/ cosh(2t)

MQ*%(&WI(%)@Q.
2

Notice that 77 does not depend on & and 7 goes uniformly to zero on compact sets for
x (even in C) when ¢t — 0. Observe that K is a heat kernel in ¢ so that an immediate
computation (see also [Dhu06, Lemma 3.1]) yields for every x € R:

(16) JR Rt 2, €)de — 1

and for every § > 0

K(t,z,€) =

(17) Iw((t,a:,f)df — 0 as t — 0 uniformly for z e R

|6~ comncan 7[>

We turn back to the proof. For w;, the expression of K leads to an application
the Cauchy formula on the trapezoid delimited by the segment [—Ls, Ls], the line

Im(z) (notice that Im(z) | |Im(z)|) and the sides of Dy, (see

of equation y =

cosh(2t) cosh(2t)
Figure 1).
We obtain
L2~ (o Im(z) Im(z)
tz) = Kt z,6+i— vi— Y de+ | K, 2, d
wi(t,2) JLQJr Im(z) ( ¢ lcosh(Qt)) o (f ZCOSh(Qt)) ¢ Lz,t (1, 2, w) wolw)dw

cosh(2t)

where v, ; is the path formed by the lateral sides of the trapezoid (oriented clockwise).
Let us show that the second integral converges to 0 as ¢ tends to 0 uniformly on Dy, .
Indeed, using again inequality (14) for z € Dy, we can write

J K(t, z,w) wo(w)dw| < 2v2L, o~ zemhan (L1~ L2)?
Yz,t

< — sup |wp(w)],
v/ 27 sinh(2t) werL2| olw)

where 24/2L; is the maximal possible length of 72+ Finally, we will prove that

Lo— Im(z)

Cosh(20) . Im(z) . Im(2)
Im (2) K (t’ w8t Zcosh(Qt)) o <§ - ZCOSh(Zt)) dt

cosh(2t)

Fs ws(t, 2) ::f

— Lo+
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? Im(z)

LN T

—Lg —L1 0 Re(z) L L2

FIGURE 1. In red the integration path.

converges to wy as t tends to 0 uniformly on Dy,. We will adapt the proof of [Dhu06,
Lemma 3.2] to our complex variable case. Let ¢ > 0. There exists 6 > 0 such that
Ly + 0 < Lo, and by uniform continuity of wg on Dy,

(18) sup  Jwo(z) —we(Q)] < e.

ZEDLl
¢eC, [2—C|<d

Moreover, note that K <t, 2,6+ z'cgsr}ll(é)t)) — K (t,Re(2),£). Hence, writing

. Im(2)
wwﬂ@_“b@*”&aﬁﬂ)ﬁangﬁghr
and using (16), we obtain for every z € Dy,
o(2)]

) —w
LKG%€H£%%>WWQ%—%@

|1U3(t,Z

ﬁ@aggﬂmmaom@@%—muﬂ+@@a—mma
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So, by (16) and trlangular inequality, we get

s (t, 2) —
At 2)| f 00,01(€) — wo(2)| K (¢, Re(2), €) dé + (¢, 2) — 1] wo(2)]
- . Im(z) ~
g ‘77(75, Z)| sup Wy §+Z— _w0(2> K(ta Re(2)7€)d€
- e |<s cosh(2t) e- Be) | <2
+20fi(t, 2)| sup |wo(C)] K (t,Re(2), €)d + [f(t, 2) — 1]Jwo(2)]
CeDr, ’ —%(&)‘2%
= Il + ]2 + Ig.

Consider [;. For t > 0 satisfying ( m) Ly < , we have

£+ Z;;nh—%)t) —el=k ”cirsrlll(é)t) [Re(z) (cosﬁ<2t) - (cosli(Qt) - 1)) i iImZ']

Re(:) 1
<le— ch—(Qt)‘ + (|Re(2)| + |Im(2)|) (1 - M)

) )
< 5 +2x 1= 0.
Hence, I; < Ce by (18), (16), and C = eFitanh(0/2 /. /cosh(2t) uniformly bounds
7 (observe that C' goes to 1 when ¢ — 0).
Next, using (17), we deduce that I, converges to 0 uniformly on Dy, as t tends to
0. Since 7j(t, z) — 1 uniformly as t — 0 and wy is bounded on Dy, I3 also converges
to 0 as t tends to 0 uniformly on Dy,. The proof is complete. O

We are now in a position to prove Proposition 3. The following argument is
strongly inspired by Strohmaier-Water and exploits the invariance by rotation by
+m/2 of the square Dy. We would also like to thank S. Ervedoza for introducing us
to this proof and for his version of the said proof.

Proof of Proposition 3. Let g € Hol(Dy/) and let L < L” < L. We denote by
n e CP(—L', L") be a non negative cut-off function such that n = 1 on (—=L" L").
Set
x)g(ix), xe (=L, L"),
wo(z) = n(x)g(ix) /(/ )
0, zeR\(~L', L').

Observe that by rotation invariance with center 0 and angle +7/2 of D/, the function
g(iz) is well defined for z € (—L', L") (g is holomorphic on D > i(—L',L")) and
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that wy = ¢(i-) extends holomorphically on Dy». We denote by w the solution of the
equation

(19) {&tw—&ﬁerxzw:O, te(0,7)zeR

w(0,x) = we(z), xR

Then it is well-known (and it can be deduced from the Mehler kernel) that w and
hence d,w extend to entire functions in the space variable so that replacing 2% by 22
on the left hand side in the first equation of (19) yields an entire function vanishing

on R. Consequently, by the identity theorem for holomorphic functions and Lemma
10, w is also solution of

{&w(t,z) — Pw(t,2) + 22w(t,2) =0, t>0,2eC

(20) w(0,z) = wo(z) = g(iz), z€ Dy,

where, in the second line, we have used the uniform convergence of the solution
w(t, z) on compact sets as t tends to 0. Set v(¢,z) := w(t,—iz) for all t > 0 and
z € C. Then we have dv(t, z) = dyw(t, —iz) and 0%v(t, z) = —02w(t, —iz) for every
t>0and z € C. So,

Ow(t, z) + O2u(t, 2) = dw(t, —iz) — 2w(t, —iz) = —(—iz)*w(t, —iz) = 2%v(t, 2).
Therefore, in view of (20), v satisfies the backward Hermite heat equation

{&gv(t, 2)+ 02v(t,z) — 2*0(t,z) =0, te(0,7), zeC

(21) v(0,2) = g(2), z€Dy.

Using the change of variable t — 7 —t, (¢, z) = v(7 —t, 2), and turning back to the
real variable, this leads to

(22) o0t x) — %o(t,x) + 2*0(t,x) =0, te(0,7), zel;
o(r,x) = g(x), wxelf.
Finally, u_r(t) := 0(t,—L) = w(t — -,iL) and uy(t) := 0(t,L) = w(r — t,—iL) yield

the required boundary L?(0, 7)-control functions. Thus, g € (IDE’(f L) and the proof
is complete. 0

6. PROOF OF THEOREM 2

We start with a lemma which is of interest in itself. It translates the following
intuitive phenomenon: a solution of the heat equation on a domain (2 is also solution
on each subdomain O. Therefore, if the restriction of the solution to the boundary
20 of the subdomain belongs to L*([0, 7]; L?*(00)), then the reachable space on € is
included in the reachable space on O.
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Since we are interested in the one-dimensional case, we state the lemma for inter-
vals.

Lemma 11. Let L > n. We have the following inclusions of reachable spaces:
Ran q)f,(—L,L) < Ran @Y

and
Ran <I>H0 < Ran @

Proof. We only prove the first inclusion, the proof of the second inclusion is analogous
(and quite direct from the explicit form of the Mehler kernel). Let g € Ran <I> L)

Then there exists a control u := (u_r,uz) € L*([0,7]; C?) such that the solutlon w
of the Hermite heat equation (HHE2) satisfies w(r, -) = g. The key point is that we
can assume the control to be zero near ¢t = 0 as noticed in [KNT21, Proposition 3.2].
Let us remind the argument. Define

e (D) 0 ifo<t<r
u =
£ uep(t—7) if 7 <t <27

Then the solution w of the equation (HHE2) with control @ := (u_j, ;) reaches g
in time 27.

Now by uniqueness, w is identically zero on [0, 7) x (—L, L). Moreover, due to the
smoothing effect it is well-known that w e C*((0,27] x (—L, L)). Hence, w belongs
to C*([0,27] x (=L, L)) (focus on the regularity at ¢t = 0). Finally, it is clear that
w satisfies equation (HHE) with control vy = w(-,0) at z = 0 and v, = w(-, ) at
x = 7 which clearly belongs to L?(0,27) by the discussion above. Hence, g belongs
to Ran CDET’ which does not depend on time and the proof is complete. 0

In the previous proof, we have used the time invariance of the reachable space of
the equation on (0,7) to obtain more regularity for the solution at ¢ = 0. Actually
we only need that regularity for the restriction of the solution to an internal point
of the interval which is always fulfilled as mentioned briefly in [SW20, Remark 2].

We also want to notice that the above lemma is probably true for more general
linear time invariant parabolic control systems which are null-controllable in any
positive time. It turns out to be true for the classical heat equation since in this case
we have an exact characterization of all these spaces.

Let us now start the proof of the theorem.

Proof of Theorem 2. Let ¢ > 0. Note that D® is the intersection of the sectors
A = {zeC||arg(z)| < 7m/4} and m + ¢ — A. Hence, we can use a separation of
singularities theorem for the Bergman space proved in [HO21, Corollary 1.6] and



22

ANDREAS HARTMANN AND MARCU-ANTONE ORSONI

which reads as follows: the equality

A%2(D¥) = A2(A) + A%(1 + e — A)

holds. Therefore, using equality (2), we get

Now, by Propositon 3, Hol(D;.) < Ran ®
Ran ®¥ .

A*(D¥)) = Ran(®rg) + X + A*(7 + e — A)
< Ran(®rp) + Hol(Dxe).
y and by Theorem 4, Ran &7y =

(—m,m
We conclude the proof with Lemma 11.
O
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