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Mixed Modified Fractional Merton model of the bear spread
Basket put option using the multidimensional Mellin transform.

Eric Djeutcha', Jules Sadefo Kamdem 2, Louis Aimé Fono?

Abstract

In this paper, The generalized Mixed-Modified-Fractional-Merton like partial differential equation
with multi-assets under mixed modified fractional geometric Brownian motion was derived. The
multidimensional Mellin transform was applied to derive the integral equation for the price of the
European put option on a bear spread basket of multi-assets.

1 Introduction

Mandelbrot et al.[14] was introduced the Fractional Brownian Motion (FBM) as an extension of the
Brownien motion. In recent decades, several researchers including, Willinger and Taqqu [21], Lin [12]
et Rosteck [19] have focussed their studies on this process by studying self-similarity and the property
of long-range dependency. Those authors use FBM to express the random part of financial models.
However, the existence of this process in financial models can lead to some difficulties. We can show
that except the case H = %, the FBM process is neither a Markov process, nor a semimartingale.
Therefore, Roger [20] and Cheridito [5] have shown that there can be no equivalent probability under
which the process becomes a local martingale, this raises the arbitrage problem. To overcome this
problem, Cheridito 6] has applied the Mixed Fractional Brownian Motion (MFBM) and Zlli [23] has
applied its generalisation to unveil the random part of the financial model. A MFBM process whose
parameters a,b and H is a linear combination of Brownian Motion B; and independent Fractional
Brownian Motion BY, defined on a probability space (2, F,P) by:

M = M = aB, +bBJ, V(a,b) € R%. x Ry, t € [0,T]. (1)

Where H € (0,1) is the Hurst parameter. Cheridito [6] showed that the MFBM process with
H €] %, 1] equals to a martingale By and is therefore arbitrage-free. Nonetheless, there is no equivalent
probability under which the MFBM for all H €]3, 2[ becomes a local martingale. Djeutcha et al.[7]
suggest a new process defined on the same probability space (2, F, P) by:

1
M = aB, +bB/"*, V(a,b) e R x Ry, H SE (2)

with
H ! :
B¢ = [t~ s+ kabs, ve <R, t e 0.7) ¥
0

Where B, is a Brownian Motion and ¢ is a positive constant.

The process (2) is an modification of process (1), framed MMFBM stands for "Mixed Modified
Fractional Brownian Motion", its importance is linked to fact that it is a continous martingale. It
is used in this paper to design the financial assets.The Black Scholes Model [1], assumes the price
of heavily traded assets follows a geometric Brownian motion with constant drift and volatility. It
model cannot capture many of the features of asset price returns in the absence of dividend payments,
Merton [15] considered a jump-diffusion process that allows for the probability of the asset price to
change at large magnitudes irrespective of the time interval between successive observations. Em-
pirical studies have showed that the asset price is better described by a process with a discontinuous
sample path (Rosenfeld [16], Jarrow and Rosenfeld [10], Ball and Torous [2], and Brown and Dybvig
[3]). Cont and Tankov [4] showed that unlike standard diffusion models such as Black Scholes|1],
jump-diffusion models produce rich structures of the distribution of asset returns and implied volatil-
ity surfaces. To account for the possibility of instantaneous jumps in the asset price, Merton [15]



proposed the following modification of Black Scholes|1] by assuming that the discontinuous jumps
arrive as a Poisson process.

dS(t) = S()[r — NE(Y — 1))]dt + oS(t)dW (t) + o S(t)(Y — 1)dN(t) (4)

where Y (¢) is a nonnegative continuous random variable with ¥ — 1 denoting the impulse change
in the asset price from S(¢) to Y'S(¢) as a result of the jump and Y — 1 ~ N (p, %), E is the
expectation operator, and N = (N(t),t > 0) is a Poisson process with constant intensity A and such
that dN(t) = 1 (respectively, dN(t) = 0) with probability Adt (respectively, 1 — Adt). Using Mellin
transform techniques adapted from Rodrigo and Mamon [17], Li and Rodrigo [13] studied the Partial
Integro Differantial Equation (PIDE) and found exact pricing formulas for European options with
general payoffs such as those in many types of option. A PIDE analogue of Dupire’s PDE was also
derived and used to find an explicit formula for the implied volatility. In the same vein, Rodrigo and
Goard [18] considered PIDE with a time varying D and obtained exact pricing formulas for European
options on discrete dividend-paying assets.

An option is a financial derivative that grants its holder the right without obligation to buy a
specific asset on or before given date in the future for an agreed price called the exercise price. A
multi-asset option is path dependent option that depends on more than one underlying asset with
the payoff defined by a function of the asset prices. A basket option is a financial contract with
a portfolio of several underlying equity assets.The payoff function for a basket put option is of the
form:

(K = aiS)" (5)
=1

where «; is the number of shares of asset ¢ in the basket. S; is the price of asset i in the basket, K is
n

the exercise price and > a; = 1. Several authors have studied the Basket option, among which Xu
i=1

and Zheng [22] who have studied the Basket options valuation for a local volatility jump-diffusion
model with asymptotic expansion method, Kamdem|[11], use Mellin transform to get the expression
for the free boundary an price of an American finite-lived option, when the underlying is govern by
the Levy process and show how to compute the price of an American option on a basket of stocks
using Mellin transform of several variables. A bear spread option is a vertical spread. It consists
of buying one put in hopes of profiting from a decline in the underlying stock, and writing another
put with the same expiration but with a lower strike price, as a way to offset some of the cost. The
payoff function of the bear spread option is given by

(K2 —2)" = (K1 — )" (6)

Using Eq.(5) and Eq.(6), we define the Bear spread Basket put option as follows
(K2 — ZaiSZ-)J“ — (K1 — ZaiSi)+ (7)
i=1 i=1

This paper add a long-range dependency property to the model given by Merton [15] as far as
the non-arbitrage condition is concerned.

Our approach will consist firstly of describing the random part of the Merton model by using
the Mixed Modified Fractional Brownian Motion and secondly to evaluate the basket option coupled
with the bear spread option using the Mellin transform method with several variables and drawing
inspiration from research of Kamdem [11], Frontczak [8] and Fadugba [9].

Our motivation comes from the fact that the study of the markets with the MMFBM process is
recent and the evaluation of the bear spread basket put option price whose the payoff function is
given by Eq.(7) seems to be not studied in the recent litterature.

The main concern in this paper will be centered around finding the partial differential equation
of the pricing Basket options under MMFM model (Mixed Modified Fractional Merton model). We



also determine the closed formula for the bear spread Basket put option price. The section 2 of
this paper presents the Mixed Modified Fractional Merton Model, the section 3 defined the Bear
spread Basket put options in a MMFM model, the section 4 establish the Partial Integro Differential
Equation (PIDE) under the MMFM model and the section 5 gives the Multi-dimensional Mellin
transform for the tarification of the european Put option on a bear spread basket of multi-assets.

2 Presentation of the MMFM model

We recall that the Merton model is defined by Eq.(4). However, to resolve the arbitrage problem in
such a market when H e]%, 1], we plan to substitue in (4) the process W; by the MMFBM defined by
equation (2). The latter is thus called "Mixed Modified Fractional Merton model" in short MMFM
model and is a modification of model (4) defined by Eq.(8) below.

Definition 1. The MMFM model is one in which the dynamic underlying asset price S; verify the
following stochastic equation:
dS;
St

1

= [r = AE(Y — D)]dt + cdM/"* + o(Y — 1)dN(t), S5 = So > 0, H €l3 1 (8)
By using the equations (2)-(3) and taking into consideration that :

AM] = besdt + (a + bsH—%) dB, 9)
with

€ 1 ¢ H-—3
o = H—§ (t—s+4¢e)" 2dB,, (10)
0

Eq.(8) can also be written as

dS;

St

In the remainder of this paper, the MMFM Model given by Eq.(8) is used for the tarification of
the bear spread Basket options. The solution of Eq.(8) is

= [r = AE(Y — 1) + bodf]dt + o(a + b~ 2)dW; + o(Y — 1)dN (¢). (11)

2 9 N(t)
S = S5 <r—)\/\E(Y—1)—U2(a+bsH—§> )t—i—aMtH’E—l—ZY; (12)
=1

3 Bear spread Basket options in a MMFM model

In this section, we now shall concentrate on the pricing of bear spread basket options in the MMFM
model. Denoting by S7, the price of the i-th asset in the basket at time ¢, the basket is given by

S; =) 0;55,, (13)
i=1

where «;, for all j is deterministic, positive and constant weights specified by the option contract.
We assume that the risk neutral measure

— (r = AE(Y — 1))dt + 0,dM/T* 4+ (Y = 1)dN (1), (14)

where (Mg’a)t;o is a Mixed Modified Fractional Brownian motion associated with the price process

of asset ¢. Given the above dynamics, the i-th asset price at time ¢ equals
o? 12 N®
S5, =S, (r ~ ME(Y 1) - 5 (a n beH_§> > t+ oM+ SN () (15)
i=1



Further, we assume the different asset prices to be instantaneously correlated according to
corr(dMﬁE, dMHe) = pij(a+ bsH_%)th, Vi # 4, (16)

with p € [-1,1]. Using Eq.(17) the Mixed Modified fractional Bear spread Basket put option is
defined as follows

O(S5, 85, . S5) = (Ko — Y _aiS)* — (K1 — Y aiS)T (17)

where K7 and K» are respectively the strike price of the option such that K; < Ko.

4 PDE of the option price under the MMFM model

We consider an option on n stocks, with each the stock price 57,7 = 1,2,3,--- ,n follow corre-
lated geometric Mixed Modified Fractional Brownian motion with drift u; and volatility o; solu-
tion of Eq.(14). Before the derivation of the generalized Mixed-Modified-Fractional-Merton partial
differential equation, a counterpart; the It6’s lemma in higher dimensions is needed. Consider a
multi-dimensional Mixed Modified Fractional It6’s process of the form

dXi,t = Mz( ity )dt + Uz( ztu )dMZI—iEv <i<n, (18)

Therefore, the multi-dimensional 1t6’s lemma for Eq.(18) is given by

_ af(Xt>t) - 8f(Xt7t) 1 H—% 2 - 62f(Xtat) = af<Xt7t) H,e
df (X, t) = o + ;Nzgaxi + 5(‘1 +be ) j;lpwoz%xjxj dx,0z; dt‘f';%iaxi dM;,

(19)
where f(X;,t) € C*!. The derivation of the generalized Mixed-Modified-Fractional-Merton partial differential
equation for the European bear spread basket put option is given in the following result.

Theorem 1. Let f(S5,55,55,---,55,t) € C>! be some functions with multi-assets, St be the current price
of the underlying asset i , S5 be the current price of the underlying asset j , K1 and Ky be the strike price
of the bear spread option, o; be the volatility of asset ¢ , o; be the volatility of asset j , p;; be the correlation
coefficient between asset i and asset j , T be the time to expiry, v be the risk-free interest rate and . Using
the Ité’s lemma (19),the generalized Mized-Modified-Fractional-Merton partial differential equation for price
of an European bear spread basket put option is obtained as

of(S5,855, -+ ,55,1)

sy ~Mn
+

1 0 f (55,85, , 85, t)
ot 2

y Mno

8xi8;zj

(a—i—beH 2 Zp”UlO’JSESE

7,i=1

8f(STaS§7 B ’S'rewt)
0S¢

77‘.](‘( f,SS,,SZ,t):O (20)

=1

Proof. Construct a portfolio consisting of an option f(S§,S5,---,S¢,t) and W amount of assets

S¢. Let the asset j S be driven by correlated geometric Brownian motions. Using Eq.(19) for some functions
f(5%,85,---, 5 t) with multi-assets,yields

DF(S5, 85, -+, S5,1) o~ L Of(S5, 85, -, S5t
i=1 g
b1 € 582f(5fa55a" wa )

+ 2 a+b5 j;lpmazaas S; 0x;0x; a

. 8f(vaS§a"'as€7t) H,e
+ Y oSE oM

pt 05
+ [f(STy, -+ Spyst) = f(ST,-+ S5, 1) dN(2) (21)



The value of the portfolio denoted by II is given by

Zssaf ‘917527"' asfmt)

:f(SiSSW"; n7 oS¢

After one time step dt, the value of the portfolio changes by

dIl = df (S5, 85, -+, S5,1) _Zi:@f(Si,Sgig-;-- 2 Sy )dsf
Substituting Eq.(14) and Eq.(25) into Eq.(23) yields
dll = df (S5, S5, , S5t Zf: Sl’Sf;’S'Z;' St 4
L af(sis;ét... +Z B — 1572 1555 St
+ [;(a+ bsHé)zjilpzjalajSeSE 1 i(’)ii’)xj ’S’E”t)] dt
+ iaisz?af(sf’sg’s;;' 2 Sy >dMH8 - éaﬂ 1553 2 Sy >(7° —AE(Y —1))S%dt
_ Zaf Sé:s;? ) o seanfte - éaf( : S(%S 500y yszan(e)

+[f( 1y7"' 7Snya )_f(sfv ’Srsm )]dN(t))

ie
ail = [af( f,SS{;t'-- 2 Sst) + ;(aerz-:Hé)2jiilpwalajsfsfa f(sf’ai%'x']f Swt) | g
b At St - (ST St Z e 1)55] aN (1)
or dN(t) =1 with the probability Adt. Therefore, we havei
dll = [af( T’S%’t'” S, t) +% a+ bef ]ZzlpwaloszSsa f(Sfbi%éx] ’Sf“t)] dt

"0 87,95, ,95,t .

i=1

(24)

(25)

(26)

(27)

The portfolio is now riskless due to the elimination of dM/¢ term. It must then earn a return similar to

other short term riskless securities such as bank account. Therefore

dIl = rIldt
where r is the riskless interest rate. Substituting Eq.(22) and Eq.(27) into Eq.(28) gives

af( T7S§7 ’Sf“t) 1 H-3 € €a2f( fv‘ng 7sz7t)
[ En + 2(a+b€ J;lpwolajS S; 92:07; dt
- af(sfﬂsgv 75 7t)
E L TR € — € n Y —1)5¢
+AE | f(STy, - Sy, t) = f(S5, -+, S5, 1) — ; X (Y —1)8¢ | dt

N Of(ST, S5, SELt
f( f,S;,-~-7SZ,t)—ZSZ-E f( - ;Sg ) dt
-1 i

=r

(28)

(29)



Rearranging and solving the last equation further, the multi-dimensional Mixed Modified Fractional Merton
partial differential equation for the price of an option f(S%, S5, - ,S5,t) with multi-assets is obtained as

Of(S5, 85, , S5t
f( 1 2 )+

1 82f(5f7557 St )
ot 2

y Mn»

81’18$J

(a + b€H_%)2 Z pijUiO'ijS;

jri=1

n a 565587" S’rem
FAEf(S50, S5y t) — £S5, 85 0)] + 3 (r — AR(Y — 1)55 2 (5152 t)

0S¢
—rf(S5, 85, S5, t) =0 (30)
0

5 Multi-dimensional Mellin transform for the tarification of the eu-
ropean Put option on a bear spread basket of multi-assets

The following result gives the derivation of the expression for the integral equation for the price of the
FEuropean bear spread basket put option by means of the Mellin transform in higher dimensions.

Theorem 2. The generalized Mized-Modified-Fractional-Merton partial differential equation for the price of
the Furopean bear spread basket put option is given by

Of(51,55,+,55,t -3 9% f(S5,85, Syt
f(St gt )—&—%(a—i—baH ) Z p”O.ZO.JSESE £( 2 )

Ox;0x;
gri=1
FAE[F(STy. - S5pit) = F(S5 - S50+ X (r = AB(Y — 1)8; LG 0 (31
—rf(S5,55. -+ . 55,1) = 0
0< 8§55, ,9 <o0,0<t<T

with the initial and boundary conditions are given by

£(85,85, -+, 55, T) =0, a;S; — oo, on, [0,T] (32)
i=1

F(S5,85, -+, 85, T) = (55,55, -+, ) = max(Ky — Y ;55,0) — max(K; — Zaz on [0,00[ (33)

£(0,0,--,0,t) = Koe "7 — K7Dt € (0,7 (34)

Then, the expression for the integral equation for the price of the FEuropean put option on a bear spread basket
of multi-assets is obtained as

a1 +1i100 Ay +100 <1+i§1wi> <1+i§1wi>
f(S5, -+, 850t = : / /" B(w, -, wn) Ky — B(wy, -, wn) K,y
v ’ (27T)n a1 —100 a, —100 (w1++wn) (w1++wn+1)
x o (ePlor ) (85)7 e (85) 7 ) duwy - du, (35)

Proof. It is assumed that the underlying assets and follow geometric Mixed Modified Fractional Brownian
motion. From Eq.(31)

0f(S1,85,+,55.t) + %(a_i_bEH——) Z p’LJO.ZO-JSESEa f(S1,85,+,55:t)

ot i Bwbawj
B [F(S5y, -+, Say,t) — F(S5, -+, 85, 8)] + g (r = AE(Y — 1))5; 21505500500 (36)
_Tf( faSSa aS'rEwt) =0
0< 857,55, ,8 <o0,0<t<T
To use the multi-dimensional Mellin transform, assume that f(S§,S55, - ,S%,t) satisfies the condition

O(1),if S§,83,--+, 5, —0F

JUST 55 ’S"’t):{ O(S5,55,++,55),if 85,85, 85 — +00 (87)



o~

Equation Eq.(37) guarantees the existence of the multi-dimensional Mellin transform. Let f(wq,ws, - ,wp,t)
denote the multi-dimensional Mellin transform of f(S5,S55,---,55,t) given by

Flwn,w, - wyt) = / / F(S5.85, - S5, 0)(S5) 1 (S5)ve - (85)Un T dS5dSs - dSE (38)
0 0

where the complex variable wy, ws, -+ ,w, exists in an appropriate domain of convergence C™. Conversely,
the multi-dimensional Mellin transform inversion formula for the European put option on a bear spread basket
of multi-assets is given by

1 a1+ioco anJriooA
(S5, St = / / Flwn w, - w, )(55) 771 (S5) 70 -+ (85) " duwy - - d, (39)

(27T)n 1—100 n—100
Thus to find the multi-dimensional Mellin transform of Eq.(31), applying the definition given by Eq.(38) to
Eq.(31), yields

~

df(wlawZa"' 7wn7t)

1 _1 = 1 Qe Qe €
+ §(a+b€H Q)QZp’ijginwiwj f( 1aS2a"'7Sn7t)

dt “
J,e=1
1 i n n .
+ |50+ bel 2)22103% - Zl(r —AE(Y — 1))w; — 7+ AG(wy,wa, - - ,wy) | F(S5,85,---,85,t) =0
(40)
where
G(w17 Wa, - -+ ’wn) — (wl 4wy + -+ wn) E[Y] 4 ]E[Y—’LUl—’LUz—u-_’LUn]. (41)

We recall that, for the jump size distribution, different distributions are commonly used in financial litera-
ture, pominent candidates are among others(Log-normally distributed jumps,double exponentially distributed
jumps, Gamma distributed jumps and One-sided exponentially distributed jumps). The choice of the distribu-
tion of Y is crucial in order to solve the problem analytically in the (55,55, -, S5, t)-domain. In this paper,
the explicit expression for G(wy,ws, -+ ,wy) is given in the case for YV follows the Log-normally distributed
jumps given by Merton[15]. We obtain :

— ept3d?
E(Y)=et"2 L L (42)
E[Yy ~wi—w2=—wn] — et (witwat o Fwn )+ 5 (witwy++w)8°
Therefore
Glwy,wa, -+ ,wy) = (w1 4wy + -+ + wy) T30 1 plwrtwattwn) b3 (wituwitetwn)o (43)
By setting
1 H—1\2 = 1 H—-1\2 - 2
D(wy,wz, -+ ywn) = Sla+be72) > pijoiojwiw; + gla+be"72) > ot
jri=1 i=1
— D (r = AB(Y = 1))w; — 7+ AG(wy,wa, -+, wy) (44)
i=1
Eq.(40) becomes
d cee Wt ~
f(whwgc,lt , W, t) 4 D(wy,wa, -+ wn) (S5, S5, -+ S, 1) =0 (45)
The solution to Eq.(45) is obtained as
FUSE, 85, 82, t) = J(wy, wa, - ,wy)e Pwiwawa)t (46)
where J(wy,ws, -+ ,w,) is the constant of integration given by
J(w17 Wa, * - ,wn) e 5(7_017 Wa, * - ,wn)eD(wl:w%'” ,wn)T (47)



The multi-dimensional Mellin transform of the final condition
$(S5, 85+, 55) = max(Ky — »_a;55,0) — max(Ky — »_55,0) (48)
i=1 i=1

in Eq.(33) is obtained as

B( )K(1+-i1“’i> B( ) K<1+é“’i)
—~ Wi, " ,Wn 2 - - Wi, ,Wn 1 B
w7w7...,wn = 49
where
n
B('IUl,' . 7wn) = L (50)

()

Equation Eq.(50) is called the multinomial beta function of n-variables. Substituting Eq.(49) into Eq.(47)
yields

B(wy, - - - 7111")[('2<1+§1wi) ~ B(wy, - 7wn)K<1+i¥1wi>

J n) = 1 D(w1,wz, ,wn)T 51
(w1, w2, ,wy) 1+ twn) (Wit wn+ 1) e (51)

Therefore, Eq.(46) becomes

B K<1+i§:1wi) B K<1+i§1wi)
f‘/\(ST7S§7 757€ut) = (wl’.“ 7wn) = — (U}l?'" 5w7l) L eD(wl,w27---7wn)(Tft) (52)
(w1+...+wn)(w1+...+wn+1)

Taking the inverse multi-dimensional Mellin transform of Eq.(52), the expression for the integral equation for
the price of the European put option on a bear spread basket of multi-assets is obtained as

] i (lJr.i wi) (1+iwi)
€ e 1 aatiee antuoo B(wlv"' 7wn)K2 ! - B(w1,--- awn)Kl !
(S5, ,85,t) = ——
(27T)n a1 —ioco Ay — 100 (wl ++U}n) (wl + e wn +1)
x o (ePlo ) (85) 7 (85) 7 ) duny - du, (53)
O
We complete this section by showing explicitly that Eq. (39) with the special choices of f(S5,---,5%,t) =
E,(S%,---,55,t) and log-normally distributed jumps is equivalent to Mixed Modified Fractional Merton’s

infinite series solution for a European put in the bear spread basket option.

Proposition 1. If f(S5,---,55,t) = E,(S§,---,S5,t) and jumps are distributed log-normally with param-
eters i and 8, Y ~ 1n(u,d), then Eq.(39) is equivalent to Mized Modified Fractional Merton’s solution which
is formulated as an infinite series of Mized Modified Fractional Black Schole Merton- prices(MMFBSM):

S AY (T —t)"
Ep(S5, -+, 55.1) = Z%G*W*” x fMMEBSM (G2 .. Se Ky, K1, T,t) (54)
n=0 :
Where fMMEBSM(ge ... G¢ K\ Ko,7,T,t) denotes the European put in the bear spread basket option due

to the Mized Modified Fractional Black Schole Merton and equals

JUMEBSM(GE o Se Ky, Ko, Tot) = Koe "IN (=da) = Y iS5 N (—dh)
i=1
- K1€_T(T_t)N(—d4) - Z%Sf,t/\/(—di%) (55)
i=1



with

f: "‘isi n
In (1—11(2 ! ) + [r(T—t)—A(Y—l)(T—t)-&-n 1n(Y)+%(a+bsH*%)2 b af(T—t)—&-néz}
=1

Jlete b S o=y

dy = dy — \/(a+ bel=$)25° 02(T — t) + nd?
i=1

f: “‘isf,t n
In (1=1K1 ) + [T(Tft)f)\(Yfl)(TftH»n 1n(Y)+%(a+bsH*%)2 > af(Tft)+m§2:|
i=1

ds =

\/(a+ber 3)230 02(T—t)+ns?
i=1
n

1

dy =ds — \/(a+bsH_2)2Zaf(Tt) + nd2.

i=1

The proof of this Proposition 1 is obvious and as indication, we can use an approach given by Frontczak [8].

6 Conclusion

In this paper, we have studied the generalized Mixed-Modified-Fractional-Merton like partial differential
equation with multi-assets under mixed modified fractional geometric Brownian motion was derived. We
have used the multidimensional Mellin transform was applied to derive the integral equation for the price of
the European put option on a bear spread basket of multi-assets.
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