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The characterization of excitations in disordered quantum systems is a central issue in connection
with glass physics and many-body localization. Here, we show that quench spectroscopy of a disor-
dered model, as realized from its out-of-equilibrium dynamics following a global quench, allows us
to fully characterize the spectral properties of the disordered phases. In the Bose-Hubbard model, a
clear signature of gapless excitations in momentum-resolved spectroscopy enables us to accurately
locate the Mott insulator to Bose glass transition, while the presence or absence of a well-defined
soundlike mode distinguishes the superfluid from the Bose glass phase. Moreover, spatially-resolved
spectroscopy provides local spectral properties and allows us to extract the typical spacing of gapless
regions, giving a second independent way to uniquely identify all three phases. Our findings have
far-ranging implications for a variety of experimental platforms, and offer a powerful and versatile
probe of the low-energy phases of disordered systems.

Understanding the interplay of disorder and many-
body interactions in quantum matter is a longstanding
problem which remains a highly active area of mod-
ern research. While low-dimensional non-interacting sys-
tems can be completely localized by even an infinitesi-
mal concentration of disorder [I} 2], interacting systems
exhibit much richer behavior [3], from exotic quantum
glass ground states [4H7] to collective Anderson [8HI3]
and many-body [I4HI9] localization. One particularly
pressing question is how excitations from glassy ground
states behave in light of recent suggestions that quantum
glass ground states may be smoothly connected to many-
body localization of highly excited states [I9]. With this
question in mind, it is highly desirable to develop meth-
ods to probe the excitations of quantum glasses. This is
traditionally realized using Bragg spectroscopy [20], 21]
but it remains an extremely challenging task, which re-
quires fine tuning of both the momentum and the fre-
quency probed. Moreover, it is not suitable for probing
local properties of inhomogeneous systems.

Recent advances on the control of strongly interact-
ing quantum matter, with possibly single-site resolution
imaging in optical lattices [22H28], allow us to reconsider
these issues from the perspective of out-of-equilibrium
dynamics. A first step in this direction has been re-
ported in Ref. [29] where the Bose glass to superfluid
transition has been identified via the proliferation of fluc-
tuations following a quench across the transition. Re-
cently, quenches have been used to probe localization
of highly excited states and identify many-body mobil-
ity edges [30]. Here we develop a new form of excited-
state quench spectroscopy which can provide either mo-
mentum or spatially resolved information of disordered
quantum systems and permits us to fully characterize
the spectral properties of the zero temperature quantum
phases . This should be distinguished from prior work
on quench spectroscopy of homogeneous models [31], 32],

as the explicit breaking of translation invariance in the
Hamiltonian here leads to markedly different behavior.
In order to provide a proof-of-concept demonstration
of our approach, we benchmark it using one-dimensional
(1D) disordered bosons, where exact numerical calcu-
lations can be performed. We show that quench spec-
troscopy provides all necessary information to character-
ize the excitation spectra and determine the phase dia-
gram. Moreover, we obtain valuable local spectral prop-
erties, including the real-space distribution of gapped and
gapless regions in the Bose glass phase. Our approach
may be implemented in present-day quantum simula-
tors and permits full characterization of the quantum
phases of disordered bosons, including the still elusive
Bose glass. Extensions of quench spectroscopy to higher
dimensions and other disordered systems is discussed.
Model - Interacting bosons in a disordered potential
may be described by the disordered Bose-Hubbard model
(DBHM), the 1D Hamiltonian of which reads as

A U
H= Z [—J ((Al;&j+1 + h.C.) + Eﬁj(ﬁj - 1)+ Ving|,
J

(1)
where a; and &;r- are, respectively, the annihilation and
creation operators of a boson on site j, V; = A; — p,
with A; a site-dependent random potential and p the
chemical potential. The applications of the DBHM range
from disordered superfluid Helium [5] to magnetic sys-
tems [33H38]. It has also been emulated in ultracold-atom
systems [39, 40], where the disorder can be generated
by a speckle pattern [41], 42], a bichromatic quasiperi-
odic potential [43] 44], impurities [45H47] or by a spa-
tial light modulator [48, 49]. Hereafter, we consider
a disordered potential drawn from a box distribution
A; € [-A/2,A/2] with A the disorder strength.

The quantum phase diagram of the 1D DBHM has
been extensively studied previously [50H53]. For refer-



5
1.0
1.02
0.8
1.00
-, 0.6 0.98
~
3
0.4 0.96
02|, 0.94
0.92

0.0°

FIG. 1. Phase diagram of the 1D DBHM computed using
DMRG (L = 47, Ns = 15) at A/U = 0.25. The transition
points are found by analyzing the compressibility x and the
one-body correlator, and the error bars reflect the size of the
underlying grid used to compute the boundaries. The gray
points show the transition from x = 0 (MI phase) to k # 0, to
which the solid black line is fitted. The parameter ¢ is plotted
in color scale. The cyan points where § = 1, indicating the
transition between the BG and SF phases, to which the cyan
solid line is fitted. The red arrows represent the quenches of
J/U along lines of constant density as considered in Fig.

ence, we reproduce it in Fig.[T]using density matrix renor-
malisation group (DMRG) simulations [54] for the system
size L = 47 as used throughout this work, averaged over
Ny = 15 disorder realizations. The equilibrium, zero tem-
perature phase diagram for the clean system (A = 0) con-
tains two phases: a gapped incompressible Mott insulator
(MI) and a gapless compressible superfluid (SF). When
disorder is added into the model, a third gapless com-
pressible phase intervenes between the other two [55] [56],
known as the Bose glass (BG) [4, [B]. To identify those
three phases, we compute the compressibility £ = On/0u
and the one-body correlator g;(4,7) = (d;r&j>: The com-
pressibility allows us to distinguish the MI (which is the
only incompressible phase, k = 0), from the other two
(k # 0). The one-body correlator decays exponentially
with the distance r = |i — j| in both the MI and BG
phases, and algebraically in the SF. We introduce the
relative Pearson’s coefficient &, which provides a sensi-
tive probe of the relative quality of exponential and alge-
braic fits. By identifying the point at which g;(r) crosses
over from exponential (§ < 1) to algebraic (6 > 1) decay,
we obtain a good estimate of the BG-SF transition, see

Refs. [57, B8].

Out-of-equilibrium  dynamics - To induce out-of-
equilibrium dynamics, we first prepare the system in its
ground state using DMRG with given values of /U, J/U,
and A/U. We then quench the hopping from J;/U = 0.1
to Jr/U = 0.09 at a fixed density, hence also changing
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FIG. 2. QSF of the g1 correlator (L = 47, N = 25) at
A/JU = 0.25, after a quench from J;/U = 0.1 to J;/U = 0.09,
and various values of u/U (see red arrows in Fig. [1)). (a) and
(c) correspond to the BG phase at p/U = 0.14 and p/U =
0.71, respectively, (b) to the MI phase at /U = 0.5, and
(d) to the SF phase at /U = 0.98. The dashed red line in
panel (b) is the excitation band of the non-disordered MI. The
dashed cyan line in panel (d) is a linear fit to the QSF close
to k = 0 in the SF phase.

u, see red arrows in Fig. [I] The state then evolves out-
of-equilibrium under the unitary dynamics generated by
the new Hamiltonian, computed using the many-body
time-dependent variational principle (TDVP) [59], using
the hybrid time evolution method [60H62]. In all of the
following, we use open boundary conditions, a maximum
bond dimension y = 128 and a maximum evolution time
of tmax = 20/J;, with timesteps dt = 0.01/J;, and we
truncate the local occupancy to a maximum of Ny, = 5
bosons per site. We have checked these parameters and
found them to yield well-converged results. For further
details, see Ref. [63]. The timescale and system size are
consistent with state-of-the-art current experiments [64].

The out-of-equilibrium dynamics of an observable
O(m, t), at any time t after the global quench and a dis-
tance z in real space, is given by

Gz, t) = (O(x,t)} =Tr [ﬁi O(w,t)], (2)

where p; is the density matrix of the initial state. Spec-
tral properties of the excitations may then be obtained
using the space-time Fourier transform of Eq. (quench
spectral function, QSF),

Gk,w) = 27r/dx etk Z 0(Ep — B —w)
n,n’ (3)
x pi" " (n| O(z) |n')

where |n) represents the many-body states of the model,
of energy E,. Weak quenches populate the low-lying



excited states and, as previously shown, different prop-
erties of the excitations can be measured from the QSF,
depending on the choice of the observable [31}[32]. In con-
trast with these prior works, however, the disorder breaks
translation invariance and the energy eigenstates do not
have a well-defined momentum k. Moreover, a global
quench of a disordered system generates single-particle
excitations, which are forbidden by translation invari-
ance in homogeneous systems. Hence the application of
quench spectroscopy to disordered systems is not trivial
and requires some care to interpret. In clean systems,
the dispersion relation Ej of the excitations have been
obtained in both the MI and the SF using the one-body
correlator (O(z,t)) = g1(z,t) = (at(x,t)a(0,t)). The lat-
ter may be experimentally measured via standard time-
of-flight imaging [65]. In the DBHM studied here, al-
though the energy eigenstates do not have a well-defined
momentum k, the Fourier transform in Eq. remains
well-defined and weak disorder only broadens the spec-
tral features [63]. Below, we show that the observable
(O(z,t)) = gi(x,t) provides distinguishing characteris-
tics of all three phases of the DBHM using the quench
spectroscopy protocol described above.

Numerical results - Figure [2| shows the modulus of the
QSF, |G(k,w)]|, of the observable g;(z,t) for four dif-
ferent choices of p/U spanning the three phases. The
quenches performed are indicated by red arrows in Fig.
For all data, we use a Hann window function to reduce
boundary effects before taking a Fourier transform, and
we subtract the long-time average. The results are then
averaged over Ny = 25 disorder realizations and normal-
ized. In all cases, the low-k behavior contributes more
strongly to the observed signal. This is because of signif-
icant scattering of excitations from the disorder on small
length scales (large k), which broadens the spectrum at
large momenta and results in a weak signal. In contrast,
scattering is expected to be screened by repulsive inter-
actions at low momenta, hence resulting in a stronger
signal, weakly affected by the disorder [111 [12].

Characterizing disordered phases using QSF - We now
discuss how to characterize the three phases expected
in the DBHM from the QSF data. The BG and SF
can both be distinguished from the MI by the exis-
tence or absence of gapless excitations. As expected,
in the MI, the resonances of the QSF are strongest
around w/U ~ 1 and, most importantly for our pur-
poses, there is no signal close to w/U = 0, hence sig-
naling a finite gap. More precisely, the spectrum mea-
sured by the QSF closely matches the corresponding ex-
citation spectrum for the clean system in the MI with
n =1, E(k) = /(U - 6J;cosk)?+ 32(Jrsink)? [60],
see dashed red line in Fig. b). In spite of signifi-
cant disorder-induced broadening of the QSF, the gap,
e ~ U — 6J¢, is almost unaffected by the disorder, ow-
ing to strong screening in the low k sector. This value
is to be contrasted to the expected gap e = U — A in

the atomic limit (Jf = 0). By contrast, in both the BG
and SF phases, we find a strong peak in the QSF close
to zero frequency, indicating the existence of gapless ex-
citations. By extracting the QSF amplitude at w = 0
and £ = 0, we thus clearly distinguish the gapped MI
(|IG(k = 0,w = 0)] = 0) from the gapless BG and SF
(|G(k = 0,w = 0)| # 0) phases. Numerical results for two
different values of J;/U are shown in Fig. |3| (green points
and dashed line). The onset of gapless excitations mea-
sured by |G(0,0)| matches well with the MI-BG phase
transition in Fig. [1] (left boundary of the gray region in
Fig. 3))-.

To distinguish the BG and SF phases, we use the
qualitatively different behaviors exhibited by the QSF
due to the different natures of their low-lying excita-
tions. In the SF [Fig. [d)], the QSF shows a clear V-
shaped continuum emerging from the origin, whereas in
the BG [Fig. Pfa) and (c)] the QSF is featureless close
to w/U = 0. This may be attributed to the existence
of a well-defined speed of sound in the SF, which is ab-
sent in the BG. We can then discriminate the SF and BG
phases by the presence or absence of a soundlike mode
with finite velocity. The velocity of the latter is numer-
ically extracted by a linear fit close to the origin of the
(disorder-averaged) QSF, the results of which are shown
in Fig.|3|(blue points and solid line). To extract the slope,
we perform several linear fits across different momentum
intervals k € [0, kimax] while varying kpax. The error bars
in Fig. 3|are given by the standard deviation of the sound
velocities obtained by these different fits [58]. As shown
in Fig. 3] the results exhibit a clear SF-BG transition,
which closely matches that in Fig. [1| (right boundary of
the gray region in Fig. .

To estimate the speed of sound, we may map
the DBHM onto spinless fermions in the interaction-
dominated regime [67), [68]. Since the soundlike mode
is relevant in the low k& limit, we may further neglect
the disorder. In the regime with average boson filling
1 < < 2 corresponding to Fig. 3] strongly-interacting
bosons moving on top of a uniformly filled ‘vacuum’ map
onto free fermions with the average density ny = m — 1.
The speed of sound then maps onto the Fermi velocity
with a factor of 2 due to Bose enhancement. It yields
Vs = 4J sin(n7ir), shown as dashed orange lines in Fig.
This result is in remarkable agreement with the fitted ve-
locities within the SF phase for the non-disordered model
(data not shown here, see Ref. [58]). In the presence of
disorder, we find that the speed of sound is renormalized
towards lower values, as expected from renormalization
group analysis within Luttinger liquid theory [4]. Here
we find that this renormalization is weak in the SF phase,
down to the SF-BG transition where Vg drops to zero.

Hence the QSF displays clear features that allow us to
quantitatively distinguish the three phases: The ampli-
tude of the QSF at w = 0, k = 0 discriminates the gapped
phase (MI) from the gapless phases (SF and BG), and a
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FIG. 3. Identification of the three phases of the DBHM from

the amplitude of the normalized QSF of ¢1(z,t) at the origin
(|G(k = 0,w = 0)|, green squares) and the speed of sound
(Vs, blue circles), for (a) J;/U = 0.09, and (b) J;/U = 0.12,
averaged over Ng = 25 disorder realizations. The solid blue
line is a piecewise quadratic fit intended as a guide to the eye.
The MI is characterized by |G(0,0)| = 0 and Vi = 0, the BG
by |G(0,0)| # 0 and Vi = 0, and the SF by |G(0,0)| # 0 and
Vs # 0. The dashed orange line shows the speed of sound
obtained from the mapping of the clean model to spinless
fermions. The grey region represents the BG phase as identi-
fied by the data in Fig.

well-defined soundlike mode uniquely identifies the SF.
The complete phase diagram of the DBHM can be sys-
tematically reconstructed by analysis of the QSF [63].

Spatially-resolved quench spectroscopy - In the BG, the
QSF shows clear signals of independent bands of gapped
and gapless excitations [Fig. 2fa) and (c)], a potential
indicator of the coexistence of MI and SF regions within
the same sample. To get further insight into the real-
space distribution of gapped/gapless regions within each
realization, we introduce the local spectral function (LSF)

Gla,w) =21y pl""6(Ew — Ey — w) (n|O(x)[n’) . (4)

n,n’

By identifying whether G(x,w) exhibits a peak at w = 0,
we may associate a lattice site x with gapped or gapless
excitations. The simplest possible choice to achieve this
is to consider density fluctuations O(z,t) = on(z,t) =
n(z,t) — N, where N is the long-time-average of n(x,t).
This quantity can be experimentally measured using
quantum gas microscopes with single-site resolution [22-
28]. Intuitively, density fluctuations are related to the
propagation of excitations in the system, so that the LSF
of én(x,t) gives a gapless response in both the BG and
SF phases, and is gapped in the MI [63]. This spatially
resolved probe following a global quench in an inhomoge-
neous system should not be confused with prior work on
local quench spectroscopy [32], which instead focused on
the dynamics of a translation-invariant system following
a local quench.
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FIG. 4. Spatially-resolved quench spectroscopy. (a)-(c) Nor-
malized LSF |G(z = L/2,w)| on the center lattice site for
a single disorder realization, a quench from J;/U = 0.1 to
Jr/U = 0.09, and three values of u/U = 0.525,0.695,0.820
in the MI, BG, and SF phases respectively. The dashed line
is the result of Gaussian smoothing. (d) SF region spacing ¢
versus /U averaged over Ny = 25 samples for four values of
Ji /U, offset for clarity. The standard deviation of £/L across
disorder realizations is indicated by the error bars. The grey
regions represent the BG phase as identified in Fig.

Representative results are shown in Fig. [l|(a)-(c). We
use a Gaussian convolution to smooth the signal in fre-
quency before extracting the excitation peak [568]. In the
MI [Fig. [4(a)], we find two clear peaks close to w = £U
while, in the SF [Fig. (C)], we find a single peak at w = 0.
In the BG [Fig. [l|b)], we find both these two features,
suggesting the coexistence of multiple types of excita-
tions. By computing G(z,w) for each lattice site, we ex-
tract the typical size £ of gapped regions within a single
disorder realization, with results as shown in Fig. d).
The MI is characterized by a single gapped region with
¢ = L while the SF is characterized by the absence of
gapped regions, e.g., £ ~ 0. In the BG, £/L takes on
intermediate values, which continuously grow from SF to
MI. As shown in Fig. d), the three phases identified us-
ing this probe closely match those found in Fig.[I} This
lengthscale hence provides a single observable able to dis-
criminate the three phases and enables full reconstruction
of the phase diagram [63]. Moreover, it provides valuable
information on the distribution of SF regions within the
BG, a key quantity for determining many properties of
this phase. For instance, it allows direct measurement
of the growth of SF regions, and could allow for direct
observation of the percolation transition (in d > 1) from
the BG to the SF phase [69].

Discussion/Conclusion - In this work, we have demon-
strated that quench spectroscopy accomplishes two key
goals in the DBHM. Firstly, momentum resolved quench



spectroscopy is capable of distinguishing all three phases
of the model by testing whether the excitations are
gapped or gapless, and in the latter case whether or not
they exhibit a soundlike mode characteristic of super-
fluidity. It provides complementary information on the
energy-momentum profile of excitations, similar to stan-
dard Bragg spectroscopy [20, 21}, [70] but beyond lattice
shift and modulation spectroscopy [7IH74] and using a
greatly simplified experimental protocol [31], B2]. Sec-
ondly, we have introduced spatially-resolved quench spec-
troscopy, particularly fruitful in inhomogenous systems.
Local spectral properties allow identification of the dis-
tribution of gapped and gapless regions, the typical size
of which provides a single parameter to distinguish the
three phases. Both protocols can be used to systemati-
cally map out the entire phase diagram [63]. It is one of
the aims of this work to stimulate experiments realizing
quantum simulators for the disordered Hubbard model or
other disordered models. It is expected that the quench
spectroscopy approaches we propose here will provide ex-
perimentalists with an accurate probe relatively easily
implemented in such experiments.

The use of quench spectroscopy for disordered systems
extends beyond the 1D DBHM model to higher dimen-
sions [48], disordered fermions [75], and spin models [76].
It also applies to continuous models, recently consid-
ered as good candidates to observe the still elusive BG
phase [57, [[7H80]. The extension to higher-dimensional
systems is particularly promising, as this is a regime for
which efficient numerical methods are scarce, but the ex-
perimental realization is comparatively straighforward.
Our work also paves the way to detailed experimental in-
vestigations into rare-region Griffiths effects in disordered
systems, an increasingly important question not only for
BG physics but many-body localization [19], where a dif-
ferent form of quench spectroscopy has already been used
to identify mobility edges [30] and spectral functions of
local operators have been used to study the effects of
weak system-bath coupling [81].

Numerical calculations were performed using HPC re-
sources from CPHT and GENCI-CINES (Grants 2019-
A0070510300 and 2020-A0090510300). We acknowledge
use of the QuSpin [82] [83] and TenPy [84] packages.
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SUPPLEMENTAL MATERIAL

Computing the phase diagram using standard probes

The phase diagram shown in Fig. 1 of the main text was computed using the density matrix renormalization group
(DMRG) method, with system size L = 47 and bond dimension x = 128. The MI-BG phase boundary was computed
from the points at which the density deviates from an average filling of @ = 1 (which coincide with the points where
the reduced compressibility k = dn/Ou deviates from zero). The BG-SF phase boundary was computed from the
decay of the one-body correlator g (4, j) = (&Zé@), which we discuss here in detail.

The SF is typically distinguished from the BG via the presence of a non-zero superfluid stiffness in the thermo-
dynamic limit. However, computing this quantity is numerically challenging using tensor network methods. An
alternative option, which we use here, is to instead study the form of the one-body correlator. In the MI and BG
phases, g1(4,j) decays exponentially with distance r = |i — j|. In the SF, g;(4,j) instead exhibits an algebraic decay
g1(i,5) o< |i — j|*/?K where K is the Luttinger parameter. In a translationally invariant system, g1 (i, 5) = g1(|i — j|).
In contrast, for disordered system one must average over all fixed distances r = |i — j| in order to obtain an average
g1(r), the form of which defines whether the system is either in the MI or BG phase or in the SF phase. Representative
plots are shown in Fig. [5|in log (top row) and semi-log (bottom row) scales.

\l BG BG/SF SF
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o0 e &0 —2 £l
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FIG. 5. Representative plots of g1(r) in each of the three phases, shown in log-log scale (top row) and semi-log scale (bottom
row), for J/U = 0.1 and chemical potentials (a) p/U = 0.5, (b) u/U = 0.6, (¢) /U = 0.7, and (d) p/U = 0.8. In the MI and
BG phases, the data are linear on a semi-log fit (with P5™1°¢ ~ _1)  corresponding to exponential decay. In the SF, the data
is closer to linear on a log-log fit (with PP°™*™!a% ~ _1) corresponding to an algebraic decay. In panel (c), both fits are of
similar quality, indicating close proximity to the transition.

In order to determine whether g;(r) decays algebraically or exponentially, we compute the Pearson correlation
coefficient P for a linear fit of g(r). This quantity tests for a linear correlation in a given sample: for a perfect
linear correlation, P = 1, and for a perfect linear anticorrelation (as in the case of a decaying function), P = —1. By
fitting the data in both semi-log and log-log scales, we may obtain a measure of whether g;(r) is best fitted by an
exponential decay (P ~ —1 for the data in a semi-log scale) or a power-law (P ~ —1 for the data in log-log scale),
following Ref. [57]. To obtain the phase diagram, we define the ratio of the two coefficients P as

Ppowcr-law

0 = —emiios (5)

Psemi-log

and the phase boundary between BG and SF phases is given by the point at which § = 1. Note that to avoid finite
size effects, we restrict the computation of P to the points where r < L.



Extracting the speed of sound

The group velocity of excitations in a lattice superfluid is given by the slope of the dispersion relation close to
the origin, dFEy/dk. For phonons with k ~ 0, the dispersion relation is approximately linear close to the origin, and
can fitted to extract the speed of sound. In the presence of disorder, rather than having a single linear branch the
excitation spectrum instead takes the form of a continuum, however its lower boundary is still defined by a well-defined
linear edge close to k = 0. We find this edge by locating the lowest frequency at which the QSF reaches some fraction
e = 0.95 of its maximum at each momentum, and we perform a linear fit of the points close to k = 0 in order to
obtain the sound velocity in the disordered superfluid.

In the gapped Mott insulator, there is no phonon branch in the dispersion relation, and the QSF carries no significant
weight close to w = 0. It therefore cannot be fitted with a linear slope in the low-k regime. The speed of sound from
this measure can be taken to be zero. In the superfluid phase, the excitation spectrum displays a well-defined linear
branch close to k£ = 0, from which the speed of sound is extracted. In the Bose glass phase, the system is gapless but
insulating. Crucially, this means that there is no well-defined speed of sound, as phonons cannot propagate freely
through the entire lattice. Rather than a linear slope close to k = 0, the QSF instead exhibits a featureless continuum
centered around w = 0. In practice, we then set V5 = 0.

In Fig. [6] we show several examples of the fits used to obtain the results shown in Fig. [3] Note that many standard
file readers apply automatic antialiasing to the image, resulting in blurring of the features. It is recommended to open
this file in an alternate pdf viewer if this problem is encountered.

1.0
0.8
0.6
0.4

0.2

FIG. 6. QSF of gi1(x,t), averaged over Ny = 25 disorder realizations, for four values of /U at two interaction strengths: (a-d)
Jr/U = 0.09, and (e-h) J;/U = 0.12. Cyan dashed lines indicate linear fits used to extract the speed of sound in the SF phase,
the result of which is shown in Fig. [3| of the main text using a threshold £ = 0.95.



Speed of sound in the homogeneous system

For comparison with Fig. [3] of the main text, we show in Fig. [7] the same quantities computed in the homogeneous
(non-disordered) system, namely the speed of sound V; and the amplitude of the gapless mode |G(k = 0,w = 0)].
Both are computed from the QSF of g;(z,t). We find that the sound velocity obtained from the homogeneous system
in this regime is larger than the velocity reported in Fig. [3] of the main text for the disordered system, and agrees
with the analytical expression obtained in the strongly-interacting regime (within the error bars). This indicates that
the deviation from the analytical result seen in the disordered system is mainly due to disorder suppressing the sound
velocity, rather than from corrections of order ~ J2/U, which would be present even in the clean system.

(a) =
_H/ 1 - —n— - —a— - -» 05
3 MI -
= P
I =
! SF
90 S ——— OO

0.4 0.5 0.6 0.7 0.8 0.9

(b) =
] 1
3 MI -
: X,
i -

0.4 0.6 0.8
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FIG. 7. Speed of sound resulting from fitting the QSF of g1 (z,t) in the homogeneous system (no disorder) for (a) Jz/U = 0.09
and (b) J;/U = 0.12. The orange line is the result from the fermionic tight-binding model used in the main text for the
disordered system. Note that very close to the MI-SF transition, it is difficult to accurately perform a linear fit in order to
extract the speed of sound and so it is not possible to locate the transition point precisely. Away from the transition in the SF
phase, however, the fermionized analytical prediction matches well with the numerical results.
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Extracting {/L

The spatially-resolved local spectral function (LSF) is defined as:

Gla,w) =213 i 6( B — En — ) (n]O(@)|) (6)

n,n’

where O(m) is some local observable. We do not compute the space-time Fourier transform as in the case of the
QSF, but only the time-frequency transform. This allows us to obtain a spatially resolved measure of the excitation
structure, and extract the lengthscale £/L which characterizes the size of the gapped regions.

As specified in the main text, we choose the observable to be the local density fluctuations, O(z) = dn(z). In
Fig. |8, we show representative samples of the normalized LSF G(z,w) taken on the central site of the chain x = L/2
in the Bose glass phase, for 10 different disorder realizations. We use a Gaussian convolution to smooth the LSF
(dashed green lines) before extracting the weight of the w = 0 contribution. Sites where G(z,w = 0) > ¢ (with € some
threshold value) are defined as hosting gapless excitations, while sites with G(2,w = 0) < ¢ are identified as gapped.
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FIG. 8. A sample of normalized LSF for J;/U = 0.09 and a range of different p/U values, each taken on the central site of
the chain and shown for a single disorder realization. The black dashed lines are guides to the eye located at w/U = £1. The
chemical potentials used are (a-d) p/U = 0.5 (MI phase), (e-h) /U = 0.6 (BG phase), and (i-1) p/U = 0.9 (SF phase). In the
MI, the LSF is peaked at w/U ~ £1, but the Gaussian convolution can cause a spurious large zero frequency signal, as seen in
panel (a). In the BG, the LSF for single realizations of the disordered potential can be peaked either at w/U = 0 [as in panels
(e), (f), and (h)] or at w/U = %1 [panel (g)], signifying the different forms of local order present in the BG phase in finite-size
systems. In the SF, the LSF exhibits a strong peak at w/U = 0, consistent with the gapless excitations expected in this phase.

In principle, one would expect a site to host gapless excitations for any € > 0, however due to both the Gaussian
convolution and the random disorder which modifies the density matrix coefficients in Eq. @ of the main text we must
make a more conservative choice for the threshold . By convolving the signal with a broad Gaussian, we amplify the
w = 0 signal in the Mott insulator phase, and so a higher threshold of € > 0 is required. In addition, there exist rare
lattice sites in the MI phase where the peaks at w/U = +1 are strongly suppressed due to the disorder, and are of the
same order of magnitude as random noise in the signal. After normalizing the LSF, these random fluctuations can be
amplified, and therefore it is again important to use a threshold € > 0 that is larger than these random fluctuations.
In practice, we find that varying the threshold in the range 0.25 < ¢ < 0.75 does not strongly change the results
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except in the MI phase close to the tip of the Mott lobe (where the Mott gap closes exponentially). In this regime
the gapped LSF after Gaussian convolution cannot be distinguished from true gapless excitations. In Fig. [ of the
main text we choose € = 0.6, based on systematic analysis of the maximum value of G(R,w = 0) for points known to
be deep in the MI phase.
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