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Acoustic modes of rapidly rotating ellipsoids subject

to centrifugal gravity

Jérémie Vidal #) and David Cébron!
Université Grenoble Alpes, CNRS, ISTerre, 38000, Grenoble, France

(Dated: 31 August 2021)

The acoustic modes of a rotating fluid-filled cavity can be used to determine the effective
rotation rate of a fluid (since the resonant frequencies are modified by the flows). To be
accurate, this method requires a prior knowledge of the acoustic modes in rotating fluids.
Contrary to the Coriolis force, centrifugal gravity has received much less attention in the
experimental context. Motivated by on-going experiments in rotating ellipsoids, we study
how global rotation and buoyancy modify the acoustic modes of fluid-filled ellipsoids in
isothermal (or isentropic) hydrostatic equilibrium. We go beyond the standard acoustic
equation, which neglects solid-body rotation and gravity, by deriving an exact wave equation
for the acoustic velocity. We then solve the wave problem using a polynomial spectral method
in ellipsoids, which is compared with finite-element solutions of the primitive fluid-dynamic
equations. We show that the centrifugal acceleration has measurable effects on the acoustic
frequencies when Mg 2 0.3, where Mg is the rotational Mach number defined as the ratio of
the sonic and rotational time scales. Such a regime can be reached with experiments rotating

at a few tens of Hz, by replacing air with a highly compressible gas (e.g. SFg or C4Fg).
Authors’ preprint. The published version appeared in JASA (Vol. 150, 2021, pp. 1467-1478)
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I. INTRODUCTION

The acoustic resonant frequencies of fluid-filled cav-
ities have several important applications in experimen-
tal physics. The acoustic modes can, for instance, be
employed to measure the thermodynamical properties
of gases'?, to determine the Boltzmann constant in
metrology®®, or to passively determine the temperature
in sulfur plasma lamps®. The acoustic modes are also
known to be sensitive to the advection by background
flows, which can slightly change the acoustic resonant fre-
quencies (as evidenced by groundbreaking applications in
astrophysics”). The acoustic modes have thus been re-
cently used to remotely image the effective flow rotation
rate (i.e. the differential rotation between the solid-body
rotation and the flow) in rotating fluid-filled spheres® and
spheroids”. This imaging method promises future appli-
cations in experimental fluid mechanics, as it could be
used for fluids that cannot be easily imaged with conven-
tional velocimetry techniques (e.g. gases, which cannot
be easily seeded by optical particles'”).

A theoretical knowledge of the diffusionless acous-
tic modes has proven important for the aforementioned
applications, despite certain advances in computational
acoustics (e.g. relying on finite-element computations”).
It is, for instance, still costly to numerically resolve
the viscous (and thermal) boundary layers in three-
dimensional models, which are thus often approximated
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using asymptotic theory>!''. Motivated by rapidly ro-

tating fluid-filled experiments dedicated to planetary ap-
plications (e.g. the on-going ZoRo setup’ in spheroidal
geometry), we aim to theoretically study the diffusion-
less acoustic modes in rapidly rotating ellipsoidal cavities
subject to pressure or temperature variations. Acoustic
modes with angular frequency w are usually modeled us-
ing the equation

~w?P, = C2V?P,, (1)

where P, is the acoustic pressure and C the adiabatic
speed of sound. Helmholtz Eq. (1) results from simple
manipulations of the non-rotating primitive fluid equa-
tions upon a quiescent homogeneous medium, and an-
alytical solutions can be obtained in spheroids'*!® and
triaxial ellipsoids'*. The standard acoustic equation can
also be simply extended when the background medium
exhibits weak variations of pressure but strong density
variations (i.e. when |VPy| < |C2Vpg|, where [Py, po]
are the background pressure and density). This gives the
acoustic equation for waves upon isobaric states'®

~W?P, = poC?V - (pg'VE,), (2)

which is used in underwater acoustics or in the presence
of strong density gradient of thermal origin®'%'7. Equa-
tions (1) and (2) are, however, not valid when the fluid
has substantial pressure variations in an ambient grav-
ity field, or in the presence of global rotation. A scalar
acoustic equation for rotating stratified fluids has been
obtained under the beta-plane approximation'®, but it
does not rigorously account for global rotation in three-
dimensional inhomogeneous media (e.g. as encountered
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in the global fluid envelopes of rapidly rotating planets
or stars). Rotational effects are thus usually modeled
using asymptotic theory'® as small perturbations with
respect to the acoustic modes upon non-rotating inho-
mogeneous media'>?%, but the asymptotic approach un-
fortunately becomes inaccurate for rapidly rotating fluids
(e.g. for rotating stars?', and even for uniform-density
fluids®?). A non-perturbative description of global rota-
tion in (strongly) inhomogeneous media is thus desirable
for rapidly rotating experiments in ellipsoidal geometries
(but also in cylinders®*2%).

Going beyond the scalar acoustic equation is quite
unconventional in acoustic modeling, but the usefulness
of employing a vector wave equation has already been
recognized in several contexts?°~?%. Therefore, we derive
in this work an exact vector wave equation that includes a
rigorous treatment of rotation and buoyancy for fluids in
isentropic and isothermal equilibrium. Such equilibrium
states are indeed relevant for experiments”2?. The math-
ematical formulation extends our previous investigations
of the acoustic modes in uniform-density fluids®’ and in
a planetary context®’, to include centrifugal gravity and
isothermal reference states. We then solve the acoustic
problem in ellipsoidal geometries, using a spectral de-
scription of the velocity field. The paper is organized as
follows. We describe the acoustic problem in §II, then
presents results in §I1I. We discuss our results in light of
experimental applications in §IV, and we end the paper
in §V.

Il. FORMULATION OF THE PROBLEM
A. Primitive fluid-dynamic equations

We consider a compressible Newtonian fluid of den-
sity p, pressure P and temperature 7', enclosed within a
rigid arbitrary ellipsoidal cavity of semi-axes [a, b, ¢] and
volume V' = 4mabe/3. The cavity is subject to the con-
stant (local) Earth’s gravity gg = —ggl, (where 1, is
the unit vertical vector), and spins at the steady angular
frequency €2 = Q 1, with respect to an inertial frame. To
account for global rotation, we work in the frame rotating
at Q, where the ellipsoidal boundary 9V is steady and
given by (z/a)? + (y/b)? + (2/c)?> = 1 in the Cartesian
coordinates (z,y,z). Global rotation thus generates in
the rotating frame the additional centrifugal acceleration
ge = —§2 x (2 x ), where r = (x,9,2) " is the position
vector. We model sound below as small-amplitude time-
dependent perturbations for the velocity w1, the density
p1, pressure P; and entropy Sp, upon a spatially inhomo-
geneous reference state [pg, Py, So]. The reference state
is assumed to be in hydrostatic equilibrium

VP =pog, 9=9r+9c, (3a,b)
where g is the effective gravity. The other relation among
the ambient variables is the equation of state (EoS)*!

P
VPy = C?Vpo + or VS0, (4)
as ),
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where Sy is the background entropy, and Cs; =
(0P/0p)s is the adiabatic speed of sound that can be
inhomogeneous in space.

In the diffusionless theory (i.e. without attenua-
tion due to viscosity and thermal diffusion), the small-
amplitude perturbations are given in the rotating frame
by the linearized fluid-dynamic equations®!

po (Oruy + 29 x 1) = =V Py + p1g, (5a)
atP1+u-VP0 = —pOCEV-ul, (5b)
Oip1 + V- (pour) =0, (5¢)

where we have included the Coriolis term 2p¢€2 x u; and
the buoyancy force p1g in the momentum equation. Note
that Eq. (5b) is obtained from the isentropic equation of
continuity 9;S1 + w1 - V.S = 0 for diffusionless perturba-
tions. Additionally, the perturbations must also satisfy
the EoS

Py = C20ip1 +uy - [C2Vpo — V], (6)

which is obtained by combining Eqgs. (4) and (5). The
equations are also supplemented with appropriate bound-
ary conditions (BC) on V. The boundary is assumed
to be rigid (considering an infinite acoustic impedance at
the wall). This assumption is realistic for most experi-
mental conditions (e.g. with a gas-filled metallic cavity”).
The fluid velocity thus obeys the no-penetration BC
ui n|y, = 0, where n = (z/a%y/b% z/c®)" is the
(non-unit) normal vector on the boundary. For a non-
rotating fluid without buoyancy, this BC is equivalent
to the sound hard BC VP, - n|,, = 0 for the acoustic
pressure. However, the no-penetration BC gives a more
complicated BC for the pressure in the presence of rota-
tion and buoyancy (which is implicitly obtained from the
continuity of the normal component of the momentum
equation®?). The BC for the density can finally obtained
from the normal component of EoS (6) if required.

B. Wave equation for the acoustic modes

The diffusionless acoustic modes are sought
as  harmonic perturbations [uq, P1, p1](7,t) =
[U, Py, pu](r)exp(At) with A = iw, where w is the
angular frequency and [uy, P,,p.|(r) represent the
spatial structure of the modes. The identification of
a master wave equation often allows a better under-
standing of the modes’ properties, which are usually
difficult to uncover from the primitive fluid-dynamic
equations. As shown in Appendix A, it is possible to
extend scalar acoustic Egs. (1) and (2) to account for
non-rotating inhomogenous reference states stratified
in density under an external gravity field. The Coriolis
force has however significant effects on the lowest-
frequency acoustic modes??3°, which are important
for experimental applications®?, and so should not be
neglected (see below). Unfortunately, no simple scalar
acoustic equation can be obtained in the presence of
global rotation. To have a full account of rotational
and buoyancy effects, we can fortunately combine the
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fluid-dynamic equations to obtain a rigorous wave
equation for the velocity of the acoustic modes upon
arbitrary hydrostatic reference states.

To do so, we substitute Egs. (5b) and (5¢) into the
time derivative of momentum Eq. (5a). This gives

/\ZCUJ = —2XQ2 X Cw - (V'Cw)ngv(Cgv'Cw)
Ly (plc (VP — 2 vpo]) )
0

where the fluid momentum ¢, = pou,, is the dynamical
unknown. The wave equation is here solely supplemented
with the no-penetration BC {,, - n|;,, = 0, which is suf-
ficient to solve the problem. Wave Eq. (7) is an exact
generalization of the scalar acoustic equations, which rig-
orously takes global rotation and buoyancy into account
for arbitrary inhomogeneous reference states in hydro-
static equilibrium (i.e. in the presence of possibly large
pressure and density gradients). Note that alternative
vector equations have been obtained in astrophysics®® or
seismology?®, in which the fluid displacement vector is
instead taken as unknown.

A few characteristics of Eq. (7) are worth com-
menting on. The momentum can be expressed using
Helmholtz decomposition®® ¢, = V@, + V x A,,, where
®,, is the mass flux potential and A, is the vector po-
tential. Acoustic studies generally seek the momentum in
the form%16:31:33 ¢ = V®,,, which is valid if the curl of
all the terms in the right-hand side of Eq. (7) vanishes.
This assumption is appropriate for non-rotating fluids
with negligible pressure variations, such that we can set
VPy =g =0 in wave Eq. (7) that then simply reduces
to acoustic Eq. (2) for the mass flux potential (or the
hydrodynamic pressure given by*® P, = —\®,). Here,
this decomposition is however not appropriate because
V X 202 X ¢, + (V- ) g] # 0. Indeed, the rotational
component V x A, must be retained in the Helmholtz
decomposition of {,, to obtain accurate solutions of the
acoustic modes in rotating systems (even for uniform-
density fluids??). Therefore, we cannot reduce vector Eq.
(7) to a simple scalar equation in the presence of global
rotation.

C. Reference states

We describe the inhomogeneous reference states that
we consider in the following, and which are relevant for
our experimental applications. It is worth noting that
the centrifugal forces do not modify here the boundary
shape since the cavity is assumed to be perfectly rigid
(contrary to stellar applications where free-surface flows
are considered”). Hence, we can solve the hydrostatic
equilibrium assuming the problem geometry. To do so,
we rewrite EoS (4) in the form

C2Vpo =T VP, (8)

where T is a thermodynamic parameter (possibly inho-
mogeneous in space). EoS (6) for the perturbations then
reduces to O;P; = C20;, + (I — 1)u;y - VP, using EoS
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(8) for the ambient quantities, which clearly indicates
that the linearized perturbations do not obey the stan-
dard relationship®' 9,P; = C?d,p; unless the reference
state is characterized by I' = 1. This generic EoS for
the reference state, initially introduced in the planetary
context®?, allows us to model two important experimen-
tal configurations.

We can first model isentropic references states by set-
ting I' = 1, which develop when the fluid is well-mixed
by flow motions (e.g. by convective motions?”*"). Equi-
librium (8) can also model isothermal (VI = 0) hy-
drostatic states for arbitrary fluids. Indeed, isothermal
states are such that

VS, = (85

8P)TVPO, (9)

and Eq. (4) can then be written in the form of Eq. (8)

with 5P g
_q_ (9 g0y _,_or
r_1 (6S)p<ap)T -2 o)

We have used in the right-hand side of Eq. (10)
the Maxwell relations (9P/095), = p? (0T /8p)g and

(0S/0P); = (1/p?) (0p/OT) p to introduce

1/ 0p 1/ 0p

vy (o) or=p (7)o
where ag and ap are respectively the isentropic®®*” and
isobaric coefficients of thermal expansion. The thermo-
dynamic parameter I' has not been directly tabulated
in the literature, but it admits a simple expression. As
shown in Appendix B, we have indeed I = ~ for all fluids
in isothermal equilibrium. To summarize, we have thus

r— {1 for isentropic equilibrium, (12)

~  for isothermal equilibrium,

in EoS (8) for all (diffusionless) fluids.

We can now simplify wave Eq. (7) for isentropic and
isothermal reference states, using Eq. (3) and EoS (8).
We obtain after reduction

A+ 20 x =V [C2V-{, +(1-T)g- ¢
- (V : Cw)g' (13)
Finally, it is worth noting that I' directly controls the
density stratification of the fluid, which can affect the

acoustic waves?’. The strength of stratification is usually
measured by the squared Brunt-Vaiisild frequency?®

r-1
NZ= — _Pg).g= 2 14
0= o (Vpo 029) 9= "z 9 (14)

(with g2 = g - g), which quantifies the departure of the
reference density field from an isentropic density profile.
Neutral interiors NZ = 0 are isentropic with I' = 1,
whereas fluids in isothermal equilibrium with I £ 1 are
stably stratified in density if N2 > 0. Since I' = v in
isothermal conditions (see in Appendix B), it shows that
isothermal fluids are usually only slightly stably strati-
fied in density (because vy < 2 for most fluids in standard
experimental conditions).

Acoustic modes of rapidly rotating ellipsoids subject to centrifugal gravity 3
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FIG. 1.
of mass (16), as a function of Mgq, for a rotating spheroid

(Color online) Ratio pc/pm given by conservation

a* =b" =1 and ¢* = 0.95 in isothermal equilibrium with
Mg =0.

D. Numerical modeling

To solve wave Eq. (13), we have to provide mathe-
matical expressions for the isothermal and isentropic ref-
erence states. For mathematical simplicity, we assume
below that + is constant in the isentropic and isother-
mal cases. For the isothermal case, we also assume that
Cs = Cp is spatially homogeneous (as encountered in
most experimental conditions, e.g. for an ideal gas at
constant temperature Tp). The hydrostatic profiles for
the isothermal equilibrium are then given by

2

s z+c
Py = [pe, P. - r), 15
o) = e Plesn (5T - 5E°T) o)

where p. and P. = p.C3/T" are respectively the density
and pressure at z = —c on the rotation axis, and with
the cylindrical radius s = (22 4 y?)'/2. We have also
introduced the gravity scale height Hg = CZ /g, and
the rotation scale height Ho = Cy/Q. The value of p. is
obtained by the conservation of mass

/V po dV = (4/3)mwabcpy,, (16)

where p,,, is the mean density of the fluid in the absence
of rotation (and gravity). The ratio p./pm, computed
from Eq. (16), is illustrated in Fig. 1 as a function of the
strength of global rotation when gg = 0. The density on
the axis of rotation can be strongly weakened compared
to the density at rest when the fluid is rapidly spinning.

Contrary to the isothermal case, an isentropic equi-
librium is characterized by an ambient inhomogeneous
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temperature Ty defined by??

v, = 2rlog (17)
Cp

We assume below that the fluid obeys the ideal gas law
Py = R,poTp in the isentropic case, where R, = R/M
is the specific gas constant (with the molar gas constant
R and the molar mass M of the gas). We have thus
ap =1/Ty and Cp = R,v/(y — 1), where v is the heat
capacity ratio. The solution of Eq. (17) is then

—-1[Q?
TO = Tc =+ ’YR*’Y |:282 — gE(Z + C):| s (18)
where T, is the temperature at s = 0 and z = —c. The

adiabatic speed of sound, defined by C, = (yR,Tp)/? for
an ideal gas, is thus given by the inhomogeneous profile

—1/02
CS2 = C’g [1 + 702 (252 —ge(z+ c))] (19)
0

for isentropic states (with the constant C§ = yR,T.).
Considering the dry air-filled ZoRo experiment’ rotating
at /(2m) = 50 Hz, we obtain a temperature difference
of 2 K between the center and s = 0.2 m.

Having prescribed the reference state, Eq. (13)
is a quadratic eigenvalue problem of unknowns [A, ],
which can be solved in ellipsoids as follows. We seek (,
using the finite-dimensional expansion ¢, = Zj Aje;,
where A; are complex-valued coefficients and e; are vec-
tor elements that exactly satisfy the no-penetration BC
e;j - n|y, = 0. The elements e; are made of suitable com-
binations of Cartesian monomials 2%y’ z* of maximum de-
gree i + j+ k < n, which are sought using the Helmholtz
decomposition®’ e; = V& +V x ¥ (where  is the veloc-
ity potential, and W is the vector potential). The vortical
part V x ¥ which is usually neglected in acoustics, must
be retained in the presence of global rotation?? or buoy-
ancy since V x (A2¢,,) # 0 in the vector wave equation.
We then substitute the polynomial expansion into wave
Eq. (13), and employ a projection (Galerkin) method
to minimize the residuals with respect to every basis
function e; (using the volume-averaged inner product
(ei,ej) = [, ei-e;dV). This gives a matrix quadratic
eigenvalue problem [AzM—i—)\C—i—K] A = 0 for the
eigenvalue A and the unknown vector A = (A1, Ao, ... )—r
which can be solved using standard numerical algo-
rithms. We have implemented the aforementioned spec-
tral method in our bespoke compressible numerical code
sHINE?’, which has been extended to account for centrifu-
gal gravity and isothermal reference states when I' # 1.
We truncate the polynomial expansion at maximum de-
gree n = 20, which is sufficient to have a good frequency
(and spatial) convergence®” for the large-scale acoustic
modes presented below. The above algorithm has al-
ready been thoroughly validated against theoretical and
standard numerical computations for uniform-density??
and inhomogeneous®® fluids, but neither in the presence

)
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of centrifugal effects nor when I" # 1 in Eq. (13). To val-
idate the algorithm in such conditions, we have also em-
ployed standard finite-element computations performed
with COMSOL (see the numerical details in Appendix C).

I1l. RESULTS

We present below numerical computations of the res-
onant acoustic frequencies. To survey the parameter
space, it is advantageous to non-dimensionalize the phys-
ical variables. We use the semi-axis a as the length scale,
the typical value Cy of the speed of sound as the ve-
locity scale, the sonic timescale a/Cy, the density p. at
s = 0 and z = —c as the density scale, and P, as the
pressure scale. Rotational and buoyancy effects are then
controlled by the dimensionless numbers

Vage a
Mg = =,/— 20a,b
G OO HG 3 ( a, )

where Mg, is the rotational Mach number (which com-
pares the sonic time scale and the rotational time scale
Q~1), and Mg is the gravitational Mach number (i.e.
the ratio of the free-fall velocity \/age and the speed of
sound). In dimensionless form, the Coriolis force scales
as Mq while the centrifugal acceleration varies as Mg,
and the buoyancy force due to Earth’s gravity evolves
as Mg Typical experimental values give Mg < 1 and
Mg < 1. The dimensionless variables are written below
with an asterisk * for clarity (to distinguish them from
their dimensional counterparts).

Since the angular frequencies come in pairs +w* (by
virtue of the symmetries of the problem), we only con-
sider the solutions w* > 0 in the following. To com-
pute the acoustic modes, an ellipsoidal geometry must
be specified. Solutions of acoustic Eq. (1) have angular
frequencies that exhibit an azimuthal degeneracy in non-
rotating spheres (i.e. the modes with different azimuthal
wave numbers, but with the same meridional structure,
have identical angular frequencies). However, an ellip-
soidal deformation is known to lift the azimuthal degen-
eracy of the acoustic frequencies, which allows a simple
identification of the acoustic modes in the ellipsoid us-
ing their observed frequencies’. Moreover, ellipsoidal ge-
ometries are also relevant for planetary applications®®.
The effects of ellipsoidal deformation have already been
thoroughly studied elsewhere’??" (albeit without cen-
trifugal gravity), and so will not be further presented
here. We consider below the ellipsoidal geometry of the
ZoRo apparatus’, a spheroid with dimensionless axes
a* =b" =1 and ¢* = 0.95, and we have checked that
similar conclusions are obtained in other geometries (not
shown).

afl _ a

~Co Ha

Mq

A. Effects of Earth’s gravity

Earth’s gravity is usually neglected in the descrip-
tion of the non-rotating acoustic modes'®3!, though it
may modify the acoustic modes at rest for sufficient large
values of Mg (due to the presence of buoyancy terms in
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FIG. 2. (Color online) Dimensionless angular frequency w*
of the lowest-frequency acoustic modes, as a function of M&
for isothermal reference states in a non-rotating spheroid with
dimensionless polar axis ¢* = 0.95. Red empty squares are
the COMSOL solutions of Eq. (A5) with g = gg and I’ = 1,
for azimuthal wave numbers |m| < 8. Brown area represents
internal gravity modes, which exist when I # 1 in the range
|w*| < N§ with N = M&v/T — 1.

the wave equation). We explore in Fig. 2 how the angu-
lar frequencies of the non-rotating acoustic modes upon
isothermal reference states vary with M2 (for dry air with
I' = 1.4 and water with T’ ~ 1). We have also shown the
COMSOL solutions for I' = 1 obtained by solving Eq. (A5)
with g = gg, which are in perfect agreement with the
polynomial solutions. We find that the modes are almost
unaffected by Earth’s gravity for small values M2 < 1
(as expected), but Earth’s gravity is able to modify the
acoustic frequencies when typically Mg 2 O(1) for all
the modes (the precise value is mode-dependent). The
acoustic frequencies are also more affected for air than for
liquid water (as expected since air is more compressible).
Another interesting point in the figure is the presence of
non-acoustic modes when I' # 1, which have non-discrete
frequencies in the spectrum (contrary to the acoustic
modes). These modes are internal gravity modes that
exist because the fluid is stably stratified in density, as
evidenced here by the non-zero value of the Brunt-Véisala
frequency N§ = MZ+/T — 1. Since the spectrum of inter-
nal gravity modes is bounded® by |w*| < N¢g, they can
have frequencies comparable to the acoustic ones when
Mg is sufficiently large.

We have shown that Farth’s gravity has measurable
effects when Mg > O(1), that is when agrp > C2. Such
an extreme regime is valid for atmospheric conditions

Acoustic modes of rapidly rotating ellipsoids subject to centrifugal gravity 5
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FIG. 3. (Color online) Dimensionless angular frequency w*
of acoustic modes in a rotating spheroid with dimensionless
polar axis ¢* = 0.95, as a function of Mg for dry air (y =
1.4) in isentropic equilibrium. Olive solid curves represent
numerical solutions of exact Eq. (13) without approximation,
whereas dashed curves indicate solutions without the Coriolis
force. In the presence of the Coriolis force, some acoustic
modes can hybridize with inertial modes that exist when?°
|w*] < 2Mgq (brown area). Red empty squares are COMSOL
solutions of scalar Eq. (A5) with g = g. and azimuthal wave
numbers |m| < 6.

where the length scale is very large, but it cannot be
obtained in experimental conditions (even if a strongly
compressible gas is used such as SFg, see its properties
in Table I). Therefore, we discard Earth’s gravity in the
following and set Mg = 0 in all the computations.

B. Effects of centrifugal gravity

Contrary to Earth’s gravity, we cannot a priori ne-
glect the effects of centrifugal gravity on the acoustic
modes in rapidly rotating configurations. The centrifu-
gal acceleration has indeed a maximum amplitude Q2a,
which can be hundred times larger than Earth’s gravity
for rapid rotation (when Q/(27) > 11 Hz for the ZoRo
apparatus’ with a = 0.2 m). Actually, the centrifugal
and Coriolis effects have received much attention in the
modeling of stellar oscillations. Stellar models usually
neglect the Coriolis force in the wave equation whereas
the buoyancy force (including centrifugal gravity) is re-
tained, because the Coriolis force is expected to have a
weak influence on the high-frequency acoustic modes that

are used in astrophysics®’.
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FIG. 4. (Color online) Effects of centrifugal gravity on the
dimensionless angular frequency w* of a few high-frequency
acoustic branches in a rotating spheroid with dimensionless
polar axis ¢* = 0.95, as a function of Mg for dry air (y =
1.4) in isothermal equilibrium. Olive solid curves represent
solutions of exact Eq. (13) without approximation, whereas
dashed curves indicate solutions without the centrifugal force
for the perturbation (i.e. setting g. = 0 in the equation).

We assess the validity of this approximation in Fig.
3 for dry air in isentropic equilibrium. We show the evo-
lution of w* as a function of Mg for some acoustic modes
obtained from vector Eq. (13), either without approx-
imation (i.e. with a rigorous description of the Corio-
lis and centrifugal effects) or artificially neglecting the
Coriolis force. We also show the coMSsOL solutions of
acoustic Eq. (A5) with g = g., which are in excellent
quantitative agreement with the solutions of the vector
wave equation without the Coriolis force (as expected).
The results clearly show that neglecting the Coriolis force
is physically incorrect when Mg > O(1072), since the
lowest-frequency modes of experimental interest®” are
strongly impacted by the Coriolis force in this range®?.
Note that some acoustic modes can also hybridize, when
Mg > 1, with the inertial modes’. The latter are fluid
modes sustained by the Coriolis force, which are charac-
terized by the frequency spectrum |w*| < 2Mq in com-
pressible fluids®’. The inertial modes can thus interact
with some low-frequency acoustic modes in that range,
which would make the identification of the proper acous-
tic modes more difficult for experimental applications.

The relative importance of centrifugal gravity must
be finally addressed, since it could have weaker effects
than reported in stellar applications (since centrifugal ac-
celeration does not deform here the rigid cavity). In our
case, it could indeed be argued that centrifugal gravity
would only slightly modify the acoustic resonant frequen-
cies, since the buoyancy force p;g. in the momentum

Acoustic modes of rapidly rotating ellipsoids subject to centrifugal gravity



TABLE I. Physical properties of fluids usually used in labo-
ratory experiments, at pressure 10° Pa and ambient temper-
ature Tp = 20 °C. Heat capacity ratio -y, specific gas constant
R, , mean density at rest p,,, typical adiabatic speed of sound
Co, dynamic shear viscosity p, thermal conductivity k, spe-
cific heat at constant pressure Cp, and dimensionless Prandtl
number Pr = v/k = Cpu/k where v = p/pp, is the kinematic
viscosity and & = k/(pmCp) is the thermal diffusivity. Prop-
erties of SFg are taken from the library CoolProp™'.

Parameter Water Dry Air SFs
v—1 7x1073 0.4 0.1
R, Jkg ' K1) 4615 287.0 56.93
pm (kg.m™%) 10® 1.204 6.07
Co (m.s™1) 1481 343.2 133.9
u (Pa.s) 89x107* 1.8x107° 1.5x107°
E (WK 'm™) 0.6 2.58 x 1072 1.26 x 1072
Cp (Jkg ' K™') 4.18 x 10®°  1005.42 660.99

ap (K7* 2.07 x 107* 3.42 x 1072 3.55 x 1073
Pr 6.2 0.7 0.8

equation has the typical amplitude Mg (which is usually
smaller than the amplitude of the Coriolis force Mgq).
As previously reported in astrophysics®', we find that
the centrifugal effects are more pronounced for the high-
frequency acoustic modes (in particular because they
have smaller-scale structures). As shown in Fig. 4,
centrifugal gravity can have measurable effects onto the
acoustic frequencies of the high-frequency modes as soon
as Mg 2 0.3. We have illustrated in the figure a few high-
frequency branches with w* ~ 10, which approximately
correspond to the highest-frequency modes that can be
currently detected in rotation using the acoustic device
of the ZoRo apparatus’. The frequencies of the illus-
trated modes is erroneously shifted towards higher values
if centrifugal gravity is disregarded, and we obtain cross-
ings of acoustic branches that occur at wrong values of
Mgq. Erroneous mode crossings can also occur for lower-
frequency modes (e.g. in Fig. 6 below). Mode crossing
is a phenomenon that considerably complicates the iden-
tification of the modes in the experimental spectrum?,
and will also raise mathematical issues for the interpre-
tation of the observed resonant frequencies in terms of
flow structures for modal acoustic velocimetry??. A the-
oretical model accounting for centrifugal gravity is thus
appropriate to obtain accurate predictions for the acous-
tic frequencies, and also to precisely locate the possible
mode crossings in the parameter space.

IV. DISCUSSION
A. Effects of attenuation

We have shown that centrifugal gravity has non-
negligible effects on the diffusionless acoustic frequencies
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(Color online) Quality factor Q, as a function of

numbers |m| < 6 in a rotating spheroid with dimensionless
polar axis ¢* = 0.95. COMSOL solutions are obtained from
the diffusive fluid-dynamic equations for dry air in isothermal
equilibrium at ambient temperature Top = 20 °C (see in Table
I). Color bar shows the diffusive angular frequency w;.

when Mg 2 0.3. The validity of the diffusionless the-
ory may however be questioned for experimental appli-
cations, where fluid viscosity and thermal diffusion are
present (see some typical values in Table I). The pre-
dicted centrifugal effects might indeed be buried in the
experimental noise (e.g. if diffusive effects were stronger
than centrifugal effects). Hence, it is important to ex-
plore the effects of diffusion on the acoustic modes.

To address this point, we have computed acoustic
modes from the primitive fluid-dynamic equations in the
presence of viscosity and thermal diffusion, for dry air at
ambient temperature Ty = 20° C using COMSOL (see de-
tails in Appendix C). We have considered acoustic modes
with large-scale azimuthal wave numbers |m| < 6 and
angular frequencies |w*| < 10, which correspond to the
modes that could be identified with the acoustic appa-
ratus of the ZoRo experiment”. The eigenvalue of a dif-
fusive mode becomes A\* = o* + iw, where ¢* < 0 is
the damping rate of the mode (due to viscous effects
and thermal diffusion) and w is the diffusive angular
frequency. We illustrate in Fig. 5 the evolution of the
quality factor

Q = |wyl/lo”| (21)

as a function of Mq. Very large quality factors Q > 103
are found when Mq < 1, showing that these modes can
be measured in experimental conditions.

In addition to the damping ¢*, attenuation is also
known to slightly reduce the acoustic resonant frequen-
cies. Diffusion is responsible for small shifts in frequency
0 < & < O(1) of the diffusionless frequencies w* in
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FIG. 6. (Color online) Comparison between diffusionless (left vertical axis, colored curves) and diffusive (right vertical axis, red

empty squares) angular frequencies of some acoustic modes in a rotating spheroid with dimensionless polar axis ¢* = 0.95, as

a function of Mgq for isothermal states with I' = 1.4 (dry air). Olive solid curves are diffusionless solutions of vector wave Eq.

(13). Empty symbols are COMSOL solutions with azimuthal wave numbers |m| < 6 of the exact diffusive fluid-dynamic equations

for dry air at ambient temperature Ty = 20 °C (see parameters in Table I). For graphical purposes, the diffusive frequencies w

have been shifted by the amount 3 x 10™% on the right vertical axis (to be superimposed with the diffusionless frequencies). In

the right panel, dashed colored curves indicate diffusionless solutions without the centrifugal force for the perturbation (as in

Fig. 4).

the weak attenuation regime, such that the actual dif-
fusive acoustic frequency is wj ~ w* — §;, at leading
asymptotic order’”. The comparison between the dif-
fusionless theory and the diffusive solutions of the ex-
act diffusive equations is illustrated in Fig. 6. To ease
the comparison between our diffusionless and diffusive
computations, we have not directly shown in the figure
the diffusive frequencies w} but instead w} + &7, where
8% =~ 3 x 1072 is the typical shift of frequency due to
attenuation. An excellent quantitative agreement is then
observed between the diffusionless frequencies and diffu-
sive frequencies, showing that attenuation actually only
very weakly depends on M, for the modes with |w*| < 10.
Moreover, as further illustrated in the right panel for
a few high-frequency modes with |w*| ~ 7, centrifugal
effects do persist in the presence of attenuation when
Mg 2 0.2 — 0.3. Therefore, the effects of centrifugal
gravity must be considered for rapidly rotating experi-
ments.

B. Parameter regimes for experiments

It is worth estimating if the regime Mg 2 0.3 where
centrifugal effects are significant is relevant for on-going
laboratory experiments dedicated to planetary applica-
tions. Measuring the resonant acoustic frequencies can
indeed be used to reconstruct the effective rotation pro-
file of the fluid®, which requires prior accurate predic-
tions of the resonant frequencies in the presence of solid-
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body rotation. Existing rotating experiments in ellip-
soidal geometries are usually filled with water’? or dry
air”. The typical parameters for water-filled experiments
are a < 0.2 m and Q/(27) < 4 Hz, such that Mg < 1072,
The effects of centrifugal gravity on the acoustic frequen-
cies is thus entirely negligible for such experiments (as
well as the Coriolis effects??). The gas-filled acoustic ex-
periment ZoRo, with a = 0.2 m and Q/(27) < 70 Hz,
can reach larger values Mg < 0.25 when filled with dry
air at ambient temperature, but this is still insufficient
to be sensitive to the centrifugal effects.

However, it is currently under consideration to fill
the ZoRo experiment with gases having much smaller
speeds of sound than air, such as SFg or C4Fg with
respectively*' Cy ~ 133.9 m.s™! and Cy ~ 110.3 m.s~!
at the usual experimental conditions of pressure P, =
10° Pa and temperature Ty = 20° C. Much larger values
Mgq < 0.7 could thus be reached with the ZoRo experi-
ment rotating at high rotation rates and filled with such
gases. Therefore, it will be imperative to account for
centrifugal gravity in forthcoming experiments that will
consider gases more compressible than air in the reach-
able rapidly rotating regime Mg 2 0.3. Using other
gases would also allow us to explore different regimes
for the flow dynamics. For instance, SFg is character-
ized by a much smaller value of the kinematic viscosity
v = p/pm =~ 2.5 x 107% (compared to v ~ 1.5 x 107°
for dry air). Changing v will indeed give a different force
balance between viscous diffusion and rotation, as mea-
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FIG. 7. (Color online) Relative error dw* = |w* — w*(y =
1)|/|w* (v = 1)|, as a function of v — 1, for diffusionless acous-
tic modes upon isothermal states in a rotating spheroid with
dimensionless polar axis ¢* = 0.95 and Mg = 0.5. Color bar
indicates the angular frequency w*(y = 1) for the value v = 1.

sured by the Ekman number E = v/(a?Q) that plays a
central role in the theory of rotating fluids*’. Since it
is very small in planetary bodies (typically E < 10710),
reducing v will significantly enhance the planetary rele-
vance of the ZoRo experiment. SFg also has a smaller
thermal diffusivity x = k/(p,»,Cp) than air (see in Table
I), which would allow us to change the value of Prandtl
number Pr = v/k (which strongly impacts the outcome
of buoyancy-driven flows, e.g. for thermal convection*®).
Therefore, using different gases is highly desirable for
planetary modeling.

Finally, it is also worth considering the effects of
the ambient temperature for experimental applications.
In dimensionless variables, varying the temperature only
amounts to change the values of the heat capacity ra-
tio v > 1 and of Mg for the isothermal regime. The
variations with Mg have already been considered above,
so it only remains to explore the effects of 4. The vari-
ations of w* with v in the rapidly rotating regime are
illustrated in Fig. 7. Only small departures are found
from the value at v = 1, with relative errors always
smaller than a percent in the range of interest v < 2.
Hence, varying v by changing the temperature will only
have weak effects on the acoustic frequencies for usual
experimental conditions with v < 2. However, the rele-
vance of the isothermal assumption could also be ques-
tioned, since it is often difficult to keep a constant fluid
temperature in experimental conditions. Slight varia-
tions of temperature (e.g. in the room, or due to acous-
tic transducers'”) may indeed break the assumption of
isothermal equilibrium, such that Eq. (13) may lead to
inaccurate predictions. Order-of-magnitude arguments

J. Acoust. Soc. Am. / 31 August 2021

show that the density variations due to hydrostatic effects
would be smaller than the temperature-induced ones if'”
lpogl < |C%Vpol, that is when

APO/pO 2 ag/0327

where Apg is the typical variation of density across the
fluid due to the temperature difference AT and ¢ the
strength of the effective local gravity. If condition (22)
is fulfilled, it could be more appropriate to use wave
Eq. (7), with possibly VP = g = 0 to disregard
the hydrostatic pressure variations due to gravity. If
the ZoRo experiment is rotating at moderate rotation
rates 2/(2m) ~ 15 Hz, temperature variations of only
AT > 1 K in air, and AT 2 5 K in SFg, could be suffi-
cient to break the centrifugally-driven isothermal equilib-
rium. However, condition (22) would require AT > 10 K
in air and AT > 60 K in SFg for |C2Vpg| to violate the
(nearly) isothermal assumption for the gas-filled ZoRo
experiment rotating at Q/(27) = 50 Hz (with a = 0.2 m
and the centrifugal acceleration g = g. ~ Q2a). There-
fore, in the rapidly rotating regime, slight variations of
temperature in ZoRo are not expected to disturb the
(centrifugally-modified) acoustic resonant frequencies ob-
tained by assuming isothermal equilibrium.

Apo/po ~ apAT, (22a,b)

V.CONCLUDING REMARKS

Motivated by laboratory experiments of compressible
rotating flows dedicated to planetary applications®”, we
have investigated in this paper how the resonant acoustic
frequencies of rotating fluid-filled ellipsoids are modified
by centrifugal gravity. We have shown that, in the diffu-
sionless theory (i.e. without attenuation), the primitive
fluid-dynamic equations are exactly reducible to a sin-
gle vector wave equation for the velocity perturbation
upon inhomogeneous reference states in isothermal (or
isentropic) equilibrium. Although such an approach is
unconventional in acoustic modeling, it is essential to
rigorously account for the effects of global rotation and
buoyancy onto the acoustic perturbations. The acoustic
problem has been numerically solved using an efficient
spectral polynomial method in ellipsoids®?*°, which has
been validated against standard finite-element computa-
tions performed with a commercial software. We have
shown that centrifugal gravity has non-negligible effects
on the acoustic frequencies when Mg 2 0.3 (at least
for the high-frequency modes). Such a regime can be
achieved with a rapidly rotating experiment filled with
a highly compressible gas (i.e. with a speed of sound
lower than that of air, such as SFg or C4Fg). We have
finally shown that measuring centrifugal effects would be
possible in real experimental conditions, despite viscous
effects and thermal diffusion.

Future applications of our work concern the on-going
ZoRo experiment’. Beyond the isothermal situation,
our results for isentropic equilibrium will also be use-
ful to predict the expected resonant acoustic frequencies
upon fully turbulent convection states (since the adia-
batic temperature gradient is established in compress-
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ible convection?’*%). Our results will thus be used to
interpret the observed slight departures of the acoustic
frequencies from our isentropic predictions in terms of
convection-driven temperature anomalies upon the adia-
batic gradient. We believe that combining experimental
and theoretical works about rotating compressible flows
is a promising avenue for the next generation planetary-
driven convection models. Beyond the ZoRo experi-
ment, our wave equation could also be considered for
different boundary conditions***°, or for other acoustic
problems with rotation (e.g. gyrometers in cylindrical
geometries’®*", which could probe the regime Mg < 10
to measure very high rotation rates up to 10° degrees
per second). Other applications of our theory could also
concern (rotating) fluids that are not in isothermal nor
isentropic equilibrium (e.g. with a conductive tempera-
ture profile due to internal heating®'"), for which wave
Eq. (7) is appropriate. We thus hope that our results
will be useful for other acoustic problems.
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APPENDIX A: GENERALIZED ACOUSTIC EQUATIONS

1. Mathematical formulation

We present here a generalization of the scalar acous-
tic equations to account for arbitrary inhomogeneous
states (i.e. possibly non-hydrostatic), but still without
taking the Coriolis force into account. It has been ini-
tially discovered in acoustics'®, and later rediscovered in
astrophysics for hydrostatic reference states?’.

To derive the equation, we take the time derivative of
Egs. (5b)-(5¢), and replace Au,, with Eq. (5a) in which
the Coriolis force is neglected. This gives

N, + V- (pog) = VP, (Ala)
N (P, —C2p,) =C28 - [pug — VP,], (Alb)
where the vector Sp, defined by'®
1 VP
So=— - — A2
0= (V,Oo 2 ) ; (A2)

is related to the gradient of entropy V.Sy in EoS (4) such
as V.Sy = (asC?) Sy. We then obtain from Eq. (A1) the
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density perturbation

_ A\?P, 4 C2S,- VP,
Po = "2+ Sy - g)

(A3)

Finally, we can substitute Eq. (A3) into Eq. (Ala) to
obtain the wave equation for the acoustic pressure P,,.
The pressure equation has to be supplemented by a BC,
which is obtained by taking the normal component of
Eq. (5a) on the rigid boundary 0V (where the velocity
satisfies the no-penetration BC). This gives the Robin

BC P
- <VPw — C:’;g>

In isentropic interiors where VPy = C2Vpg and P, =
C?p,, from EoS (6), we obtain from (A1b) the equation

—0. (A4)
ov

)\QPw:CSZV-(VPw—P‘“ )

29 (A5)

The latter equation thus extends Egs. (1) and (2) to
include the effects of buoyancy for isentropic reference
states (which exhibit substantial pressure variations).
For non-isentropic reference states in hydrostatic equilib-
rium, we have VP = pog = Vpgxg = 0 (i.e. barotropic
fluids) and the acoustic equation reduces in this case to®"

N (NP, +C?S8y-VP,) = C2(\*> + N2)V*P,
NP, +C2%S,- VP,
s A
ey e) 49

—C2(N* 4+ NV - (

where Sy = (NZ/g?) g is directly related to the square
of the Brunt-Viisild frequency Ng = Sg - g.

2. Range of validity of the equations

We can now discuss the relevance of the various
acoustic equations for experimental modeling. When the
inhomogeneous reference state is isentropic, which occurs
for instance in the presence of vigorous convection®”:3°
(as in planetary or stellar interiors), then Eq. (A5) can
be employed. If the reference state is not isentropic (i.e.
VPy # C?Vpy), we can compare the magnitude of the
hydrostatic pressure |VPy| = |pog| with respect to the
amplitude of |C2Vpg|. If the fluid is in isothermal equi-
librium with TVPy = C2Vpg (i.e. NZ # 0), then gen-
eralized acoustic Eq. (A6) must be considered. The lat-
ter equation is however difficult to solve, because of the
fourth-order polynomial degree in A (albeit it only in-
volves second-order spatial derivatives for P,). This is
another reason showing that using vector wave Eq. (13)
is numerically advantageous, even in the non-rotating
case, as it only involves a second-order time derivative.

As discussed in the main text, the isothermal as-
sumption could become inappropriate if condition (22) is
fulfilled. In such a regime, the hydrostatic pressure varia-
tions due to gravity could be disregarded to recover wave
Eq. (2) by setting VPy = g = 0 in Eq. (Alb). For non-
rotating fluids subject to Earth’s gravity, we would have
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Apo/pm = 107% for dry air with @ = 1 m. Such small
density variations can be obtained for instance with a
temperature difference of AT ~ 1 K in air'”, and so us-
ing Eq. (2) appears suitable in such contexts. However,
we have shown in the main text that the Coriolis force
can have significant effects on the low-frequency acoustic
modes, such that Eq. (2) is inappropriate in the pres-
ence of global rotation. In the rapidly rotating regime,
Eq. (13) can be safely considered for nearly isothermal
equilibrium. Otherwise, Eq. (7) should be considered for
non-isothermal fluids in the presence of global rotation.

APPENDIX B: I" FOR ISOTHERMAL EQUILIBRIUM

We can obtain an explicit expression of the param-
eter I' in EoS (8) for fluids in isothermal equilibrium as
shown below. We rewrite Eq. (5b) as a function of the
temperature perturbation 7} upon the isothermal tem-
perature T in the form

pon(f)tTl = aplp [8tP1 +up - VP()] s (Bl)

together with the linearized EoS for the perturbations

Cr(y—1)

B2
Car (Baab)

p1= %fﬁ — poapTy, ap=
S

where Cp is the specific heat at constant pressure. Then,
substituting Eq. (B1) in the time derivative of Eq. (B2a)
yields an EoS in the form (6) with

F=1+(OZPCS)2T0/CPZ’YZ:[ (B3)

for isothermal equilibrium. Expression (B3) is thus valid
for all (diffusionless) fluids in isothermal equilibrium.
Note that a more straightforward derivation can be done
for an ideal gas. We have indeed ag = 1/[(1 — v)Tp] and
ap = 1/T, for the ideal gas law%*7 which gives T' = v
according to definition (10).

APPENDIX C: FINITE-ELEMENT MODELING

To validate the spectral method presented in the
main text, we have employed standard finite-element
computations (performed with the commercial software
COMSOL) in two cases. First, we have computed the dif-
fusionless solutions of Eqs. (A4) and (A5), using the
built-in acoustic module. Second, we have computed the
diffusive acoustic modes for an isothermal background
temperature Ty and a homogeneous speed of sound Cj,
by solving the primitive fluid-dynamic equations in the
presence of viscosity and thermal diffusion.

To do so, we include in the right-hand side of Eq.
(5a) the viscous force f, = uV2ui +[p/3+up|V(V-u1),
where 4 and pp are respectively the dynamic shear and
bulk viscosities (which are both assumed to be homoge-
neous in space). We also replace Eq. (5b) by the lin-
earized heat equation including thermal diffusion, which
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gives for isothermal equilibrium

poCpoT — apTy [6tP1 +up - VPO] = kV2T1 (Cl)

together with linearized EoS (B2) for the perturbations,
where Cp is assumed to be homogeneous, k is the (homo-
geneous) thermal conductivity, and ap is the (homoge-
neous) coefficient of thermal expansion at constant pres-
sure defined by Eq. (11b) and given in the general case
by Eq. (B2b). The diffusive fluid-dynamic equations are
supplemented with the no-slip BC u,|,,, = 0 for the ve-
locity perturbation on the boundary, and the isothermal
BC Ti|s, = 0 for the temperature.

The equations are discretized in COMSOL by repre-
senting the ellipsoidal geometry with an unstructured
mesh made of tetrahedral finite elements. To compute
the diffusionless solutions of acoustic problem (A5), we
have used quintic Lagrange elements for the pressure.
For the diffusive modes, we have used cubic Lagrange el-
ements for the pressure, and quartic Lagrange elements
for the velocity and the temperature. For the computa-
tions of air-filled cavities, we have adopted the built-in
COMSOL values for the physical parameters at the ambi-
ent temperature Ty = 20°C (see also values in Table I),
and we have considered®® pp = 0.64.
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