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Berry-Esseen type bounds for the Left Random Walk on

G Ly(R) under polynomial moment conditions

C. Cuny? J. Dedecker! F. Merlevede fand M. Peligrad ¥
October 30, 2022

Abstract

Let A, =&y, --- €1, where (e,),>1 is a sequence of independent random matrices taking
values in GLg4(R), d > 2, with common distribution p. In this paper, under standard
assumptions on p (strong irreducibility and proximality), we prove Berry-Esseen type the-
orems for log(||Ay||) when p has a polynomial moment. More precisely, we get the rate
((logn)/n)%/?~1 when p has a moment of order ¢ €]2,3] and the rate 1/y/n when p has a

moment of order 4, which significantly improves earlier results in this setting.

AMS 2020 subject classifications: 60F05, 60B15, 60G50.
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1 Introduction

Let (€,)n>1 be independent random matrices taking values in G = GLy4(R), d > 2 (the group of
invertible d-dimensional real matrices) with common distribution u. Let || - || be the euclidean
norm on R?, and for every A € GL4(R), let ||A|| = sup, = [|Az||. We shall say that y has a

moment of order p > 1 if
/G (log N(g))"dp(g) < oo,
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where N(g) := max({|g|l,[lg~"]])-
Let A, =&, - 1. It follows from Furstenberg and Kesten [14] that, if g admits a moment
of order 1 then )
T}Lrlgoglog |A,|| = A, P-as., (1.1)

where A, := lim,, oo n 'Elog ||4,]| is the so-called first Lyapunov exponent.

Let now X := P(R?) be the projective space of R? and write Z as the projection of z €
R? — {0} to X. An element A of G = GL4(R) acts on the projective space X as follows:
Az = Ax. Let I', be the closed semi-group generated by the support of p. We say that p
is proximal if I', contains a matrix that admits a unique (with multiplicity 1) eigenvalue of
maximal modulus. We say that y is strongly irreducible if no proper union of subspaces of R? is
invariant by I',. Throughout the paper, we assume that p is strongly irreducible and proximal.
In particular, there exists a unique invariant measure v on B(X) with respect to p, meaning

that for any continuous and bounded function A from X to R,

[ rerwv@) = [ [ ng-autg)an). (1.2)

Note that, since u is assumed to be strongly irreducible, the following strong law holds (see for

instance [3], Proposition 7.2 page 72): for any x € R? — {0},
o1
JLI&EIOg |Ayz|| = A\, P-as. (1.3)

To specify the rate of convergence in the laws of large numbers (1.1) and (1.3), it is then natural
to address the question of the Central Limit Theorem for the two sequences log||A4,| — nA,
and log||A,z|| — nA,. To specify the limiting variance in these central limit theorems, let us
introduce some notations: W, will denote a random variable with values in the projective space
X, independent of (g,,),>1 and with distribution v. By the invariance of v, we see that the
process (A,Wy)n>1 is a strictly stationary process. Denote also by Vj a random variable such
that ||Vp|| = 1 and Vy = Wj. Setting, S,, = log || A, Vo|| — nA,, Benoist and Quint [1] proved that

if 1 has a moment of order 2, then

1
lim ~E(S?)=s*>0, (1.4)
n—oo N,
lim sup sup |P (log [|Anz|| — nX, < tv/n) — ®(t/s)| =0, (1.5)
N0 4R g, ||z)|=1
and
lim sup [P (log | A, | — nA, < tv/n) — ®(t/s)| =0, (1.6)

where ® is the cumulative distribution function of a standard normal distribution. Let us

mention that (1.5) has been firstly established by Le Page [19] under an exponential moment
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for 41 (meaning that [,(N(g))*du(g) < oo for some a > 0, see also [12]) and then by Jan [16]
under the condition that u has a moment of order p > 2.

In the present paper, we are interested in Berry-Esseen type bounds in these central limit
theorems, under polynomial moments for ;1 (more precisely we shall focus on the case of moments
of order ¢ €]2,3] or ¢ = 4). Before giving our main results, let us briefly describe the previous
works on this subject.

When p has an exponential moment, Le Page [19] proved the following inequality: there

exists a positive constant C' such that

1
sup sup |]P’ (log | Anz| — nA, < tv/n) — Q)(t/s)’ < Cv, with v, = —.
teR ,z]=1 vn

Still in the case of exponential moments, Edgeworth expansions (a strengthening of the Berry-

(1.7)

Esseen theorem) have been recently obtained by Fernando and Péne [11] and Xiao et al. [21].
In these three last papers, the assumption that p has an exponential moment is crucial since it
allows to use the strength of the so-called Nagaev-Guivarc’h perturbation method. Indeed, in
case of exponential moments, the associated complex perturbed transfer operator has spectral
gap properties.

Now, under the assumption that all the moments of order p of y are finite, Jan [16] obtained

the rate v,, = n~1/2t¢

for any € > 0 in (1.7). Next, Cuny et al. [5] gave an upper bound of order
v, = n~/*/logn in (1.7) provided u has a moment of order 3 (as a consequence of an upper
bound of order n=!/2logn for the Kantorovich metric). More recently, Jirak [18] proved that, if

1 has a moment of order p > 8, then there exists a positive constant C' such that

sup |P (log || 4, Vo — nA, < tv/n) — ®(t/s)| < Cv, with v, = L (1.8)

1R vn
This result is based on some refinements of the arguments developed in a previous paper of
the same author (see [17]), and then on a completely different method than the perturbation
method for the transfer operator. Since our proofs will use a similar scheme let us briefly explain
it. First, due to the cocycle property (see the beginning of Section 2), log || A4, V|| —nA is written
as a partial sum associated with functions of a stationary Markov chain, which can be viewed
also as a function of iid random elements (see also [6]). Using the conditional expectation,
the underlying random variables are then approximated by m-dependent variables, say Xj .
Next, to break the dependence, a blocking procedure is used and the partial sum » ;_, Xy
is decomposed into two terms. The first one can be rewritten as the sum of random variables

which are defined as blocks, say Y;-(l)

, of size 2m of the X ,,,’s. These random blocks have the
following property: conditionally to IF,, (a particular o-algebra generated by a part of the &;’s),

they are independent. In addition, for any bounded measurable function h, the random variables



Zj = ]E(h(Yj(l)) |F,) are one-dependent. On another hand, the second term in the decomposition
of Zzzl Xk,m is Fy,-measurable and can be written as a sum of independent blocks of the initial
random variables. For both terms in the decomposition, the conditional independence of the
blocks comes from the independence of the ;’s. The next steps of the proof consist first of all
in working conditionally to IF,, and then in giving suitable upper bounds for the conditional
characteristic function of the blocks Yj(l).

Concerning matrix norms, we first note that the Berry-Esseen bound of order n=*\/logn
under a moment of order 3 is still valid for log||A4,| — n\, instead of log||A,z|| — nA, (see the
discussion in Section 8 of [5]). Moreover, if  has an exponential moment, Xiao et al. [22] proved

that there exists a positive constant C' such that

1
sup |P (log [|An|| — nA, < tv/n) — ®(t/s)| < Cw, with w, = oen (1.9)
teR \/ﬁ

Note that in [22], the authors also proved a similar upper bound for log(p(A,)) where p(A4,) is

the spectral radius of A,,.

In the present paper, we prove that:

e If ;1 has a moment of order ¢ €]2,3], then the rate in (1.7) (and then in (1.8)) is v, =
(logn/n)??~" and the rate in (1.9) is w, = (logn/n)?/271.

e If 1 has a moment of order 4, then the rate in (1.7) (and then in (1.8)) is v,, = n~'/2 and

the rate in (1.9) is w, = n~/2.

To prove these results, we follow the blocking approach used in Jirak [17, 18] (and described
above), but with substantial changes. We refer to Comment 3.1 to have a flavor of them. One
of the main changes is the use of the dependency coefficients defined in [5] (see also (3.11) in
Section 3) which are well adapted to the study of the process (log [|A,z| — nA,)n>1, instead of

the coupling coefficients used in [18].

The paper is organized as follows. In Section 2, we state our main results about Berry-Esseen
type bounds in the context of left random walks when p has either a moment of order ¢ €]2, 3]
or a moment of order 4. All the proofs are postponed to Section 3. Some technical lemmas used

in the proofs are stated and proved in Section 4.

In the rest of the paper, we shall use the following notations: for two sequences (a,),>; and
(bn)n>1 of positive reals, a,, < b, means that there exists a positive constant C' not depending
on n such that a, < Cb, for any n > 1. Moreover, given a o-algebra F, we shall often use the
notation Ex(-) = E(-|F).



Remark 1.1. After this article was submitted, we became aware of the paper by Dinh, Kauf-
mann and Wu [10], in which the authors obtain the bound (1.7) with v, = n~%/2? when p has a
moment of order 3, but only in the case d = 2. Note that, in the same paper and still in the

case d = 2, a Local Limit Theorem is also established for log || A, x||.

2 Berry-Esseen bounds

Recall the notations in the introduction: let (e,),>1 be independent random matrices taking
values in G = GL4(R), d > 2, with common distribution p. Let A, = ¢&,---&1 for n > 1, and
Ao =Id. We assume that p is strongly irreducible and proximal, and we denote by v the unique
distribution on X = P(R?) satisfying (1.2).

Let now V; be a random variable independent of (&,),>1, taking values in R?, such that
Vol = 1 and V4 is distributed according to v.

The behavior of log [|A,Vo|| — nA, (where )\, is the first Lyapunov exponent defined right
after (1.1)) can be handled with the help of an additive cocycle, which can also be viewed as a
function of a stationary Markov chain. More precisely, let W, = V (so that W, is distributed
according to v), and let W,, = ¢,W,_; = A, W, for any integer n > 1. By definition of v,
the sequence (W,,),>0 is a strictly stationary Markov chain with values in X. Let now, for any
integer k£ > 1,

X = 0(er, Wi1) — Ay = 0(eg, ApmaWo) — Ay s (2.1)

where, for any g € G and any = € X,

lg - xH) ‘

o9 =los (T

Note that o is an additive cocycle in the sense that o(g192,Z) = (g1, 92%) + 0(g2, 7). Conse-
quently

Su =Y Xi=log|lA, Vo] — nA, . (2.2)
k=1
With the above notations, the following Berry-Esseen bounds hold.

Theorem 2.1. Let i be a prozimal and strongly irreducible probability measure on B(G). Assume
that p has a finite moment of order q €]2,3]. Then n™'E(S?) — s> > 0 as n — oo and, setting

log ny4/2-1
Uy = ( > , we have
n

sup |P(S, <yv/n) — @(y/s)‘ <L Uy, (2.3)

yEeR



sup |P(log(||An|]) — nA, < yv/n) — ®(y/s)

yeR

<L Uy, (2.4)

and

sup sup |P(log [|Anz|| — nA, < yv/n) — @(y/s)| < vy, . (2.5)

z,||z||=1 yeR

Remark 2.1. As mentioned in the introduction, the fact that n 'E(S?) — s? > 0 has been
proved by Benoist and Quint [1] (see Item (c) of their Theorem 4.11). Let us mention that we
also have s = E(X?) +2Y,., E(X1Xy), which follows for instance from the proof of item (ii)
of Theorem 1 in [5]. )

Remark 2.2. The results of Theorem 2.1 are used in the article [7] to obtain Berry-Esseen type
bounds for the matrix coefficients and for the spectral radius, that is for the quantities

sup  sup [P(log [(Anz,y)| — nA, < ty/n) — @(t/s)

lzll=[lyll=1 teR

and  sup |P(log A (A,) — n, < t/n) — ®(t/s)

teR

)

)

where A\ (A,,) is the greatest modulus of the eigenvalues of the matrix A,. In [7], only the case
of polynomial moments of order ¢ > 3 is considered, but it is actually possible to obtain bounds

for moments g > 2 thanks to Theorem 2.1. More precisely, for both quantities, the rates are
e v, = (logn/n)¥>~1if ;4 has a finite moment of order ¢ €]2, (3 + v/5)/2];

e v, = 1/nl@=V/20 if ;) has a finite moment of order ¢ > (3 + v/5)/2.

Now if p has a finite moment of order 4 then the following result holds:

Theorem 2.2. Let i be a prozimal and strongly irreducible probability measure on B(G). Assume
that p has a finite moment of order 4. Then n 'E(S?) — s* > 0 asn — oo and (2.3), (2.4) and
(2.5) hold with v, = 1/y/n.

Recall that the classical Berry-Esseen theorem for independent random variables, which
corresponds to the case d = 1 in our setting, provides the rate 1/y/n under a finite moment of
order 3. For ¢ = 3, Thorem 2.1 provides the rate \/W, so one may wonder whether the
conclusion of Theorem 2.2 holds when p has a moment of order 3 only.

Note also that we have chosen to focus on the cases where p has a finite moment of order
q €]2,3] (since it corresponds to the usual moment assumptions for the Berry-Esseen theorem
in the iid case) or a finite moment of order 4 (since in this case we reach the rate 1/4/n), but we

infer from the proofs that if p has a finite moment of order ¢ €]3, 4] then the above results hold
with v, = (logn)“4=9/2/\/n.



3 Proofs

3.1 Proof of Theorem 2.1

As usual, we shall denote by Xj; the random variable X} defined by (2.1) when the Markov
chain (W,),>o starts from z € X. We then define S, ; := log (||Anz|/||z]]) — nA, = >y Xis-
We shall first prove the upper bound (2.3) in Section 3.1.1 and then the upper bounds (2.4) and
(2.5) in Sections 3.1.2 and 3.1.3 respectively.

3.1.1 Proof of the upper bound (2.3)

As usual, the proof is based on the so-called Berry-Esseen smoothing inequality (see e.g. [13,
Ineq. (3.13) p. 538]) stating that, there exists C' > 0 such that for any positive 7" and any

integer n > 1,

T ESn /v _ o—&2s%/2
sup IP’(Sn < x\/ﬁ) - ‘P(x/s)‘ < C’(/ ‘E<e ) e ‘
z€R 7 ‘€|

where we recall that S,, has been defined in (2.2).
To take care of the characteristic function of S,,/y/n we shall take advantage of the fact that

Xk is a function of a stationary Markov chain generated by the iid random elements (¢;);>1. As

dé + T—1> . (31)

in [17], the first steps of the proof consist in approximating the Xj’s by m-dependent random
variables X} ,,, and then in suitably decomposing the partial sum associated with the Xy ,,’s.

This is the subject of the following paragraph.

Step 0. Notations and Preliminaries. We shall adopt most of the time the same notations as in
Jirak [17]. Let 517 = o(gi,...,¢g;) for i < j, and m be a positive integer that will be specified
later. For any k > m, let

Xk,m = E<Xk|glljfm+l) = fm(gkferl; . ,Ek) s (32)
where f,, is a measurable function. More precisely, we have
Xy = / o (e, ASTHE)A(T) — A,
X

where we used the notation A; =¢j---¢; for i < j. Note that E(Xj,,) = 0.
Next, let NV be the positive integer such that n = 2Nm + m/ with 0 < m/ < 2m — 1. The
integers NV and m are such that N ~ rk; logn (where &, is a positive constant specified later) and

m ~ (2k1)"'n(logn) ! (see (3.27) for the selection of x1). Define now the following o-algebra
IFm = O'(({f(gj_l)m+1, c. 752jm)aj Z 1) . (33)
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Let Uy =Y 1, Xj and, for any integer j € [2, N], define

(2j—1)m
U= > (Xem—EXpmlFn)). (3.4)
k=(2j—2)m+1
For any integer j € [1, N], let
27m
Ri= > (Xim—E(XemlFn)), (3.5)
k=(2j—1)m+1
N
j=1
Let also
min(n,(2N+1)m)
UN+1 = Z (Xk,m - E(Xk,m’Fm))
k=2Nm+1
and n
RN—H = Z (Xk7m - E(Xk,m“Fm)) )

k=(2N+1)m+1
where an empty sum has to be interpreted as 0. Note that under Pg,, (the conditional probability
given F,,,), the random vectors (U;, R;)1<j<n+1 are independent. Moreover, by stationarity, the
r.v.’s (U, Rj)a<j<n have the same distribution (as well as the r.v.’s (R;)1<j<n)-

Next, denoting by Sﬁ) = > pmi1 E(Xim|Frm), the following decomposition is valid:

Shm = ZXk + Z Xkm = S‘(Tln) + Sﬁ) +Uns1 + By
k=1 k=m+1

To simplify the exposition, assume in the rest of the proof that n = 2N'm (so that m’ = 0). There
is no loss of generality by making such an assumption: the only difference would be that since
(Un+1, Rn41) does not have the same law as the (U;, R;)’s, 2 < j < N, its contribution would
have to be treated separately. Therefore, from now we consider m’ = 0 and then the following

decomposition
Snan = Si) + 52 (3.7)

We are now in position to give the main steps of the proof. We start by writing

[E(e857/VR) — o=€5/2| < |B(l50/VA) — R (5nm/V) | 1 |B(e€Snm/Vi) — e=€ /2|



Next
|]E(eifsn,m/\/ﬁ) _ e_§282/2|
- ‘E(eifs‘(’?/‘/ﬁ[]EF (eiésﬁf/x/ﬁ) _ 6—5252/4D g (E(eigs‘fj/\/ﬁ) B e,gzsz/4>

S HEFm (eigsl(;)/\/ﬁ) . e_§232/4

I ’E(eigsﬁf/\/ﬁ) e/
1

logn

g/2—1
Hence, starting from (3.1) and selecting T' = 1/v,, where v,, = ( ) , Inequality (2.3) of

Theorem 2.1 will follow if one can prove that "
/ "B B e (3.8)
7 €l ’
e al(1)
T |[Es,, (50T — e
- dé < vy, 3.9
/, g fe 39
and "
T €S /vy —g242/4
/ [E(e™ ’g‘ R FYOP (3.10)
-T

The objective is then to prove these three upper bounds, and the main differences compared to
[17, 18] lie in the intermediate steps and the technical tools developed for this purpose. They
will be based on the following dependence coefficients that are well adapted to our setting. Let
p > 1. For every k > 1, define

0 (k) = sup E|Xpz — Xpg/". (3.11)

Z,jeX
If i has a finite moment of order ¢ > 1, then, by [5, Prop. 3], we know that

S kerler (k) <oo  VYpe(lq). (3.12)

k>1
Hence, since (0, o (k))k>1 is non increasing, it follows that (if ¢ has a moment of order ¢ > 1)
Opoo(k) = o(1/KP71)  Wpe[l,q). (3.13)

In the following commentary, we list the places where it is essential to use the coefficients J, (k)
rather than the coupling coefficients used by Jirak [18] in order to obtain the most accurate

bounds possible. Note that this list is not exhaustive.

Comment 3.1. Denote by 9}.(p) and v;(p) the coupling coefficients defined in [18, Eq. (7)].

Note that in the Markovian case (which is our setting), these two coefficients are of the same order

9



and can be bounded by 6, (k). As we shall see in Lemma 4.3, by using a suitable Rosenthal-type
inequality and the strength of the 4, ~, coefficients, allowing to control also the infinite norm of
conditional expectations (see for instance (4.12)), we obtain, in particular, ||R;||, < 1 for p > 2
provided that p has a moment of order ¢ = p + 1. As a counterpart, Lemma 5.4 in [18] entails
that || R1]l, < > 1 0poo(k), and then ||R;||, < 1 as soon as p has a moment of order ¢ > 2p.
A suitable control of || Ry ||, for some p > 2 is a key ingredient to take care of the characteristic
function of the Yj(l)’s conditionally to F,, that we will denote by ¢,(¢) in what follows (see the
definition (3.16)). More precisely, if the condition (among others) ||R;]|, < 1 holds for p = 2,
then we get the upper bound (3.19) with ¢ = 3, and if it holds for p = 3 then we get the better
upper bound (3.35) (this difference in the upper bounds is the reason why in the statements of
Theorem 2.1 (with ¢ = 3) we have an extra logarithmic term compared to Theorem 2.2). Note
that the upper bounds (3.19) and (3.35) come from Lemmas 4.5, 4.10 and 4.11. Another crucial
fact that we would like to point out is the following: Imposing that p has a moment of order
q = 3 implies || R;||, < 1 only for p = 2 and then, when ¢ < 3, Lemma 4.5 in [17] cannot be used
to get the upper bound (3.24) which is essential to prove (3.9). Indeed, in order for [17, Lemma
4.5] to be applied, it is necessary that [|R;[|, < 1 for some p > 2. The role of our Lemma 4.1
is then to overcome this drawback (see the step 2 below and in particular the control of both
Il,N(f) and f3,N(5))-

On another hand, in view of (3.13), it is clear that, as k — oo, for any r € [1, p|, the coefficient
dr.00(k) has a better behavior than 0, - (k). Hence, in some cases, it would be preferable to deal
with the L"-norm rather than with the LP-norm. For instance, in our case, it is much more
efficient to control ||S,, — Spml|[1 (see the forthcoming upper bounds (3.14) and (3.15)) rather
than ||S, — S, |5 as done in Jirak [18] (see his upper bound (50)). This is the reason why we
can start directly from Inequality (3.1) and work with the characteristic function rather than

using the decomposition given in [18, Lemma 5.11].

Let us now come back to the proof. The next steps will consist in proving the upper bounds
(3.8)-(3.10).
Step 1. Proof of (3.8). Note that
[ Bt e
7 §
But, by stationarity and [6, Lemma 24] (applied with My = +00),

T
d < — n - ~Mnm .
5— \/EHS S, ||1

”Sn - Sn,m”l S n”Xm—l—l - Xm—l—l,m”l S nél,oo(m) . (314)
Hence, by (3.13) and the fact that p has a moment of order ¢ > 1, we derive

1S, = Spml < im0 (3.15)

10



So, overall, since T' < m®%?~1_ it follows that

T ‘E(eifsn/\/ﬁ) — ]E(eigsn,m/\/ﬁ)‘ n1/2
/_ ) A ds < 2

The upper bound (3.8) follows from the fact that m ~ ron(logn)~

1-
Step 2. Proof of (3.9). For any x € R and any integer j € [1, N, let

pi(r) = E(em/jm/\/%ﬂb’m) : (3.16)

Since, under Py, , the Y}(l)’s are independent we write

o (580 ) ] [T () - T

Asin [17, Section 4.1.1], we use the following basic identity: for any complex numbers (a;)1<j<n
and (bj)1<jen, [Ty a5 — [T, by = o0 (T2 by) (i — bi)(IT7,4, a;) to handle the right-hand
side of (3.17). Taking into account that (¢;(t))1<;<ny forms a one-dependent sequence and that

the r.v.’s (Uj, Rj)2<;j<n have the same distribution, we then infer that

EH ﬂ%(%) - f_v[e‘@/ “““H < Ln(E) + L () + Tan(€), (3.18)
where N1
116) = (4= Dl VR = | ] [ ()
Ly (€) = Ne € W=0/BN) ||, (¢ /3/N) — e/
and

(6) I €V — e TT Js(—5
I p1(6/VN HfN[/so( )

To integrate the above quantities we need to give suitable upper bounds for the two terms

s () — o=/, and | H] N2 [0 (D)l1. Applying the first part of Lemma 4.5 and using
stationarity, we derive that for any 2 < j < N,

t* i

782 2
l;(t) —e ! /4||1 < ma/2—1 + ma—3/2" (3.19)
Moreover the second part of Lemma 4.5 implies that
SR t2
1 (t) — e h < (3.20)

11



On another hand, according to [17, Inequality (4.14)], for any integer ¢ € [1,m],

Y

1

| 1 lest], < | T 160w/ = 67
JjET

j=N/2

where J = [N/2, N — 1] N 2N,

iz H®
o) =B (e i)

with Hfr)n = Fm V O'(&Q(j_l)m+1, Ce 762(j—1)m+€) and
, 1 (25—1)m
4 4
Ho= = 3 (Kuw— Eual#)) + Ry~ E(R[H))).

k=2(j—1)m+0+1

We shall apply Lemma 4.1 with

(25-1)m ()
1 R; —E(R;|H;,.)
o o @) Ty J j,m
AJ - ' — ¢ . Z (X/wn E(Xk,m|Hj,m))v BJ - mB-a)/2
—2(j—1)m4Ll+1
i (3-)/2
and a = m By stationarity, for any j € 7,
P(EH;fm(A?) < $P/4) = ]P’(EHQQYL(Ag) < s/4)
2m—¢ 9
_ }P((m - E)‘lEm<< 3 (X — Em(ka)) ) < 52/4> ,
k=m+1

where E,,,(-) means E(:|G,,) with G,, = o(Wp,e1,...,e,). Let K be a positive integer and note
that

m+K m+K
113 s, 55 i,
k=m+1 k=m+1
m+K m+K
<| Y Kem = X0+ D I (Xim)e
k=m+1 k=m+1

But, by using the remark after [5, Prop. 3], we infer that, for & > m + 1,

”EM(Xk,m)Hoo < 51700(/'6 —m). (3.21)
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Next, by [6, Lemma 24] (applied with M}, = +00),

m+K 9 m+K
| > Gm =), = D 1Kk — Xl
k=m-+1 2 k=m+1

m+K—1 m+K
2 Y Y ]E((Xk,m X E (X — X@)
k=m+41 ¢=k+1
m+K—-1 m+K
SKS . m)+2 Y ) IE(Xem — Xo) ool X — Xl
k=m+1 l=k+1
m+K—-1 m+K
<K& (m)+2 ) Y b1l — k)o10e(m).

k=m+1 {=k+1

Therefore, by taking into account (3.13) and the fact that p has a moment of order ¢ > 2, we

get that
m+K

H Z (Xem — Xi)

k=m+1

2
= o(Km*™7),
2

which combined with (3.21) implies that

Z (Xk,m - Em(Xk,m>)

:m+

K71/2

m+K
- H Z X’“H ‘<<m1*‘I/2+K*1/2.
2 k=m+1 2

But, using stationarity, K~V2|| 7 X ||, = K~V2|| S, X
that (m — ¢) is large enough, we have

H , — s> 0. Hence provided

2m—~{

m—0"E(( Y (Xim - Em(xk,m))f) > /2. (3.22)

k=m+1

So, overall, setting Xp.,, := Xgm — Emn(Xpm), for (m — £) large enough, we get

P(E, w0 (43) < 5°/4)

H,

82
z—).
4

Using Markov’s inequality, the same arguments as those used in the proof of Lemma 4.2, and

< P((m — )t

£ (3 5) <5(( 3 %))

since ¢ > 2, we then derive that, for (m — ¢) large enough and any j € 7,

P(E, 0 (A7) < s*/4) < (m —{)~° for some € > 0.

13



Hence, provided that m — ¢ is large enough, Item (ii) of Lemma 4.1 is satisfied with u~ = s?/4.
Note now that by stationarity, for any 7 € 7,
B(%) _ B

— <1,

E(B:) <4

by using Lemma 4.3 with p = 2. This proves Item (iv) of Lemma 4.1. Next, for p > 2, using
stationarity and [20, Cor. 3.7], we get that for any j € J,

2m— 2m—~
p
E(A4P) < 2m =07 3 Xum|| < [IXuimmllo+ 30 6 IEnXem)lh] - (323)
k=m+1 k=m+1

But | Xitmmll, < IXill, < oo if p < ¢ (indeed recall that it is assumed that p has a moment
of order ¢) and, by (3.21), ||E.(Xktmm)llp < 6100(k). Hence, by (3.12) and since p has a
moment of order ¢ > 2, Item (iii) of Lemma 4.1 is satisfied for p = ¢. So, overall, noticing that
|J| > N/8 > 16, we can apply Lemma 4.1 to derive that there exist positive finite constants ¢,

o and c3 depending in particular on s? but not on (m,n) such that for (m — ) large enough (at

least such that a = % < ¢1), we have
H H |g0 |H e est?N/8 4 (=N/256 g 02 o e,
JjeJ

implying overall that, for (m — () large enough and for t*(m — £)/(2m) < ¢,

H H o, (t |H e—cat?(m—ON/(16m) | (~N/236 (3.24)
J=NJ/2

The bounds (3.19), (3.20) and (3.24) allow to give an upper bound for the terms I; (&), Ion (&)
and I3 y(§) and next to integrate them over [—T,T] when they are divided by |¢|. Hence the
computations in [17, Sect. 4.1.1., Step 4] are replaced by the following ones. First, as in [17],
we select

£ = 0) = Ligraney + (m — 162/ (262)] + Dl {grsnes) (3.25)
Therefore m — £ is either equal to m — 1 or to [ney/(26%)] — 1. Since [£| < T = (n/(log n))qﬂ_l,
it follows that ncy/(26%) > 27 ¢y (log n)?2n?~9. Therefore
mB—9/2 _ mB-9/2 N 2mB—a)/2
(m—0Y27" m—1 = cn39(logn)?=2’

which is going to zero as n — oo by the selection of m. Then, for any ¢; > 0, we have a < ¢; for

a =

n large enough. This justifies the application of Lemma 4.1. So, starting from (3.24) and taking

into account the selection of ¢, we get that for any |{| < T" and n large enough,

N—-1
H II Isoj(é“/\/ﬁ)lH1 < OB ey eV o gy e /256 (3.26)
j=N/2
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Select now
N = [klogn] with k > 2max(256,32(coc3) ") (3.27)

and then m ~ (2x)'n/logn. Taking into account (3.19), (3.20) and (3.26), we get, for n large

enough,

' A ! e, -
[ @+ mvnfidas < ¥ [ (T oLy (e ) ag

1 N T2 TN 1
VN VN <<<0gn

O SN Ry Yoty R Yoty S YOOy p - Joogry n

q/2—1
< ) . (3.28)

Next, using (3.19), we derive

& W\f’) Ny

ma/2—1 + ma—3/2

ILn(§) < (

Therefore, by the selection of m and N,

logn)Q/Q—l
" :

[ nateiae < ( (3.29)

-7
Starting from (3.17) and taking into account (3.18), (3.28) and (3.29), the upper bound in (3.9)

follows.

Step 3. Proof of (3.10). Recall that Sﬁ? = > pemi1 E(Xim|Frn), and recall that we assume that
2Nm = n. Denoting
Y =0+ R? forj=1,...,N,

2 n 2
where U](V) = Zk:(2N71)m+1 E(Xym|Fm), Rgv) =0,

2jm (2j+1)m
U = Y E(XpwlFn) and RY = Y E(Xpu|F.) forj=1,...,N—1,
k=(2j—1)m-+1 k=2jm+1
we have S|(31) = Zjvzl Yj(Q). Note that the random vectors (U]@), RJ(-Q))lSjSN are independent. The
proof of (3.10) can be done by using similar (but even simpler) arguments to those developed
in the step 2. In this part, one of the important fact is to notice that the R;Q)’s also have a

negligible contribution. Indeed, for any 2m + 1 < k < 3m,

BBl = || [ [ (i om0

k k
- fm(bk—m+17 v )mea me-‘rl? LR 7bk)> H d:u(al) H d/’[/(bz>

i=2m+1 i=k—m+1

< sup ‘E(Xk,Qm]WO — ) - / E( Xy _om|Wo = g)dy(g)‘ < 61 oo(k —2m).

[ee]
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Hence by stationarity, (3.12) and since ¢ > 2, we derive that ||R§-2)||oo < lforany j=1,...,N.

To complete the proof of the upper bound (2.3), we just have to put together the results in
the steps 1, 2 and 3. O

3.1.2 Proof of the upper bound (2.4)

Recall the notation S, 5 := ZZ:1 Xz where Xy ; denotes the random variable X, defined by
(2.1) when the Markov chain (W,,),>¢ starts from @ € X. Our starting point is the following
upper bound:

(HAnH)—n)\#—/XSn,ﬂdu(ﬂ)H < oo, (3.30)

o

n>1
The proof of (3.30) is outlined in Section 8.1 in [5] but, since it is a key ingredient in the proof
of (2.4), we shall provide more details here. Let g € G and u € X. By item (7) of Lemma 4.7 in
[1], there exists v(g) such that

log [|lg|| — o(g,a) < —logé(a,v(g)),

where §(u,v) := Hgﬁ7|1|)1>)|||'
0 < log gl —/ (g, @) dv(a) < sup/ |log 8(a, 0)| dv (@) . (3.31)
X veX

But, according to Proposition 4.5 in [1], since p has a polynomial moment of order ¢ > 2,
supgey [ |10g8(4, ) | dv(@) < oo. Therefore, (3.30) follows from an application of (3.31) with
g=A,.

Now, using (3.30) and Lemma 1 in [2], the upper bound (2.4) will follow if one can prove
that

1 q/2—1
Og”> . (3.32)

sup [ ( /X Suadv (i) < /i) — B(y/s)| < (

yeR

We proceed as in the proof of the upper bound (2.3) with the following differences. First we

nm Z/XkudV Z ka;

k=m-+1

consider

where X}, ,,, is defined by (3.2). Hence

H/Xsn,ﬁdV(ﬂ) /X Z | Xka — Xeml|l1dv(a) < ndyoo(m).

k=m+1
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It follows that the step 1 of the previous subsection is unchanged. Next, we use the same notation

as in Subsection 3.1.1 with the following change: U; is now defined by

U, = ; /X X adv(a) (3.33)

and then, when n = 2mN, the decomposition (3.7) is still valid for S, ,,. The step 3 is also
unchanged. Concerning the step 2, the only difference concerns the upper bound of the quantity
1 (t) — e=*"¥/4||; since the definition of U; is now given by (3.33). To handle this term, we
note that for f(z) € {cosz,sinx}, by using the arguments used in the proof of [6, Lemma 24],

we have

e, [r (bR, [p( 2T Rl)]
|t]

Itl / it <
< — Xea — Xil1dv(a o (k) € —.
3% s = sehto < LS < S

k=1

1

The last upper bound follows from (3.12) together with the fact that p is assumed to have a

moment of order at least 2. Next, by taking into account (3.26), note that

/T\/_\/—H H | Jf/\/_\H dé < 1/v/n.

This implies in particular that (3.28) still holds. Compared to Subsection 3.1.1 the rest of the

proof is unchanged. O

3.1.3 Proof of the upper bound (2.5)

Once again we highlight the differences with respect to the proof given in Subsection 3.1.1. For

k=m+1

x € S9! we consider

and we note that

n

Su)I? ”Sn,i“ - Sn,m,i“Hl S Z sup HXk,f - Xk,m“l S n51,00<m) .
TEe T

j—1 zeX

Once again Step 1 of Subsection 3.1.1 is unchanged. Next, U; is now defined by
,=U, = ZX,”, (3.34)
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and the step 3 is also unchanged. Concerning the step 2, due to the new definition (3.34) of
Uy, the only difference concerns again the upper bound of the quantity ||¢1(t) — e ****/4||;. To
handle this term, we note that for f(y) € {cosy,siny}, we have, by using (3.12) together with

the fact that p is assumed to have a moment of order at least 2,

sup H]E]Fm [f(tZkzl\/);Ln’j - Rl)] — Eg,, [f<tZk:1\/)2(in;L Rlﬂ Hl

zeX
< “—|§m:sup 1Xes — Xan < L f:aw(k;) <l
\V2m o TEX V2om 1 vm

We then end the proof as in Subsection 3.1.2. O]

3.2 Proof of Theorem 2.2

Let us point out the differences compared to the proof of Theorem 2.1 (the selections of N and
m being identical). To get the upper bound (3.26), we still establish an upper bound similar
to (3.24) valid for any ¢ € [1,m] and any ¢ such that t*(m — ¢)/(2m) < C for some positive
constant C'. Since p has a finite moment of order ¢ = 4, according to Lemma 4.3, || R |3 < 1.

Hence, using Lemma 4.1 with
(2j—1)m ) )
> Kem — E(XulH0) + By — B(R[H,))

k=2(j—1)m+£0+1

1

m — /¢

A]’:

and a = 0 (here Lemma 4.5 in [17] can also be used), the desired upper bound follows and
the constant C' appearing above in the restriction for ¢ can be taken equal to ¢, (which is the
constant appearing in Lemma 4.1). The fact that a = 0 implies that we do not need to verify,
as in the proof of Theorem 2.1, that m©®=9/2(m — £)71/2 < ¢;. Next, we select £ as in (3.25).
This selection makes sense if €2 < ncy/2. Therefore, we use (3.1) by selecting T' = n+/n with 7
small enough (more precisely such that c,/(2n?) is large enough for (3.22) to be satisfied when
m — ( is of order cy/(2n?)). Therefore, for any [¢| < T, the upper bound (3.26) is still valid.
The second difference, in addition to the choice of T', is that instead of using Lemma 4.5, we use
Lemmas 4.10 and 4.11 with r = 3 which then entail that for anyj > 1,

lis(€/VN) = e V| < N7 PR 2 4 gm0 O (3.35)
Note that the upper bound (42) in Jirak [18] with p = 3 has the same order as (3.35) and is
obtained provided ;- k%03 00 (k) < oo for some a > 0 (indeed [18, Lemma 5.8 (iii)] is a key
ingredient to get (42)). Now, using (3.12), we see that } ., k3 .(k) < oo for some a > 0
as soon as p has a moment of order ¢ > 6. Actually [18, Lemma 5.8] is not needed in its full

generality to get an upper bound as (3.35). Indeed our Lemmas 4.10 and 4.11 are rather based

on an estimate as (4.35) which involves the L'-norm rather than the L3/2-norm.
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4 Technical lemmas

Suppose that we have a sequence of random vectors {(4;, B;) }1<j<s and a filtration {H;}1<j<s
such that

(Em (AJQ')’ E“rlj (’Aj‘p)a E%‘ (BJZ)>J.€J

is a sequence of independent random vectors (with values in R?). For any real a, let
H;(a) = Aj + aB; and (p}fa(x) = E(exp(ixHj(a))|Hj) .
With the notations above, the following modification of [17, Lemma 4.5] holds:

Lemma 4.1. Let p > 2. Let J > 16 be an integer. Assume the following:
(i) By (A;) = B, (B;) =0, for any 1 < j < J,
(i1) there exists u~ > 0 such that P(Bqy, (A7) <u™) < 1/2, for any 1 < j < J,
(iii) supj>, E(|A;]7) < oo,
(v) sup;, BE(B7) < oo.
Then there exist positive finite constants c1, ca and c3 depending only on p, u™, Sup;s, E(]A; ")

and sup;s, B(B?) such that for any a € [0, ¢1] and any 2* < ¢,

J
([ ihiel) <o st
j=1

Proof of Lemma 4.1. The beginning of the proof proceeds as the proof of [17, Lemma 4.5]

but with substantial modifications.

Let 1 < j < J be fixed for the moment. Using a Taylor expansion we have
1
E(exp(izH,(a))|H,) = 1 — B, (H2(a))a®/2 + /2 / (1— $)I(s,2)ds,
0

where, for any A > 0 and any s € [0, 1],

1(s, x)| < 4a’Eqy, (B7) + 2By, (A3|(cos(sz Hj(a)) — cos(0)) 4 i(sin(szH;(a)) — sin(0))])
< 4a’By, (B7) + 8Eay, (A7) |wh| + ABay, (ATL 11, @221) -

Using the fact that for any reals u and v, u*Lj,4y>on < U?1jy>p + 02, we get

1(s,2)| < 8a”Eqy, (B7) + 8By, (A7) |xh| + 4Eq, (A5114,15)
< 80y, (B) + 8Eqy, (A2)|xh| + 4h* PEqy, (|A;]7) -
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Now, for any a > 0,
|Es; (H3 (a)) = (B, (A7) + a®Eay, (BY))| < a7 "By (A7) + aa®Eyy, (BY) .
So, overall, for any h > 0 and any « > 0,

’E(exp(i:ch(a))]Hj) — 1 4 By, (A2))2? /2( < 22302 + aa®)Ey, (B2)/2
By (A2)(2%7" /2 + 2h[af?) + ah2 Ty, (| A7)

J
Let us take h = |z|~Y/®=Y. Set §(p) := (p —2)/(p — 1).
Let @, u™ be positive numbers to be chosen later.

Recall that by the conditional Jensen inequality, By, (A2) < (Ey, (|Aj|p))2/ ” P-almost surely.

For the sake of simplicity, we shall assume that this inequality takes place everywhere.

From the above computations, we infer that, on the set {Ey, (B?) < @} N{Eq, (|4;|P) < ut},
one has, for any a > 0,
’E(exp(ixHj(a)ﬂHj) -1+ EHJ.(A?))ﬁ/Q
< 2%(3d® + aa®) /2 + 22 (uH) P2 4 |2 PP (2(u )P 4 u).
Set
u(z) = a3+ a)i/2 + (uh)¥Pa /2 + |zPP (2(ut)?P + ut).
Let u~ be a positive number (u~ will be given by (i) but it is unimportant at this stage).
We infer that, for every x such that 22 < 2/u~ and 22 < 2/(u*)??, on the set
Iy i= {Byy (B2) <} 0 {Bag (42) > 0™} 1 {Bag (1A;P) < '}

one has

‘E(exp(i:ij(a)ﬂHj) <1—u22/2 + 2u() .

Select now a = 8(u*)??/u~. Since 0 < u~,u*, % < 0o, note that there exist positive constants

¢1, e < 0o (depending only on (u~,u™, )) such that

a<ec =ad*(3+a)i/2 <u /16,
22 < ey = |z'P Q2P +ut) <u /8.

Therefore, there exist constants 0 < ¢1,¢3 < oo (depending only on (@, u~,u")) such that for

any a < ¢; and any a? < ¢, we have, on the set T';,
|E(exp(izH;(a))|H;)| < 1—u"2/4 < v
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Set also ¥ := Z}]:1 1p, and Ay :={¥; > J/8}.

From the previous computations and the trivial bound |E(exp(izH;(a))|H;)| < 1, we see
that, for any 0 < @,u",u™ < oo, there exist positive contants ci,cs, cs such that for every
2? < ¢y and every a < ¢y, one has (recall that J > 16),

J
(H |(p;{a(x)|>]‘AJ < e—u*x2[J/8]/2 < e—u*sz/32.
j=1

Using the above trivial bound again, the lemma will be proved if, with «~ given by (i7), one
can chose @, u* > 0 such that P(AS) < e™7/32,

By Markov’s inequality and condition (iv),
supje{E(sz) .
u u——+00
Hence there exists @ > 0 such that, for any 1 < j < .J, P(Ey, (B7) > @) < 1/8.
Similarly, by condition (44i), there exists u* > 0 such that, for any 1 < j < J, P(Eq, (|4;[7) >
ut) <1/8.

On another hand, by condition (i7) and by definition of & and u™, we have

P(Ey,; (B:) > @) <

J
E(S;) > (1-(1/2+1/8+1/8)) = J/4.
7=1
Hence,

B(AS) = P(S, < J/8) = B(S, — E(S,) < J/8 — E(S,))
<P, — E(X)) < —J/8) = B(~X, + E(X,) > J/8).

Therefore, using Hoeffding’s inequality (see [15, Theorem 2]),

—2(J/8)? _
P(AG) <e 7 =e /32

which ends the proof of the lemma. ]

For the next lemma, let us introduce the following notation: for any real 3, let

_(B+D@=3/2)
q—1/2 '
Lemma 4.2. Assume that 1 has a moment of order ¢ > 2. Let Xy, be defined by (3.2). Then,
setting Xp.m = Xpm — Bon(Xim), for any real B such that —1 < 8 < ¢ — 3+ 1/q, we have

mo 2 2m o 2
B 3 ) —E( 3 %) |

=m+ =m+

(4.1)

L1+ m3_q1q§3 + ml_"‘ﬁ 1B<(q73/2)*1
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where kg is defined in (4.1) and E,,,(-) means E(-|G,,) with G,, = c(Wy,e1,...,m). In particular,
if g > 3, then

2m 9 2m 9
E X — X /5
B 32 Xin) —B( 3 Kew) ||, <m
k=m+1 k=m+1

Proof of Lemma 4.2. Note first that

2m 2m
H]Em< 3 Xk,m>2—]E< 3 Xk,m>2 1 (4.2)
k=m+1 k=m+1
2m 9 2m 9 2m 9
<[ 2 Xim) =B( 0 Xun) | +2E( ¥,
k=m-+1 k=m-+1 k=m-+1

=1, + I,

Taking into account (3.21), (3.12) and the fact that ¢ > 2, we get

2m 2m
[En( > Xew)|, < 32 IEa(Xuml < 25100 )< 1. (4.3)

=m+ =m+1
It remains to handle [,,. With this aim, we first write the following decomposition: for any

€ (0,1]

Z Xk+mm _]E(Xlg-i-m,m)“l

m

+ 2 Z Al sup H]Em (Xi'i‘m,ij-i-m,m) — E(Xi+m,ij+m7m) ||1
—1 {<j<i<min(26,m)
m—~{
i Z Z ”E XZ+m mX€+k+m m) o E<Xz+mva4+k+m,m) “1 . (44)
=1 k=[¢7]+1

Note that for 1 <1,7 < m,

HEm<Xi+m,ij+m,m) - E<Xi+m,ij+m,m)H1 >~ Sup E‘ i3 Xj30 — Xign Xjga| -

T1,29€X
¥1,92€X

With the same arguments as those developed in the proof of [5, Prop. 4], and since p has a

moment of order ¢ > 2, we then infer that

D R NEn (X ) — E(XE )1 < 1, (4.5)

k>1

and, for every 8 < q— 3+ 1/q,

@B sup HEm<Xi+m,ij+m,m> - E(Xi+m,ij+m,m)H1 < 1. (4-6)

>1 <j<i<min(2¢,m)
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On another hand, with the same arguments as those used to prove [5, Relation (34)], we first

write
m m—~{
Z Z HEm(XEer,mXZ+k+m,m) - E(X€+m,mXZ+k+m,m)H1
=1 k=[("]+1
m m—{ ¢
<( Z [En(Xen)lls) + > S Pt (Xt ol Pt (K etman)
{=m+1 =1 k=[¢7]+1 u=1
2m 9 m m m—~{
< (X IEaXelk) + (X aO.0)(swd Y alkw)),
t=m+1 v=1 uZl 21 k=) 41
where we have used the notations P, 11(-) = Epi1(-) —E, () and a(k, w) = || Prg1 (Xusktmm) ||2-
Note first that
m m—~{ m—1
Z a(k,u) < z:(k:l/7 Am)a(k,u)
=1 k=[7]+1 k=2
[m?] k
<<Zk71a(k,u Zf””—i—m Z kta(k,u Zl
k=2 =[m7]+1 =1
Changing the order of summation and using Cauchy-Schwarz’s inequality, it follows that
m m—{ [m7] 1/2
Z a(k,u <<Z:€1/7 VQ(Z(L (k u)
(=1 k=[¢7]+1 k>4
1/2 1/2
+m Z E_l/z(ZaQ(k,u)> + m1+7/2< Z a%k,u)) :

{=[m7]+1 k>0 k>[m7]+1

But, for any u > 1, by stationarity,
1/2
(S a2k w) " < IBmr(Xurermm)lls < 1Bt (Xaromm)loe < 81.(0).
Notice also that

S a(0,0) < 3 B (Kol € 361 (0)
v=1 v=1 v=1

Hence, from the above considerations and taking into account (4.3), (3.12), (3.13) and the

fact that p has a moment of order ¢ > 2, we infer that

m m—~{
Z Z HE X£+m,mXZ+k+m,m) - E(X€+m,mXZ+k+m,m)|’l
(=1 k=[¢7]+1

L1+ ml_V(q_3/2)11/7>q,3/2 . (47)
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Starting from (4.4) and considering the estimates (4.5), (4.6) and (4.7), we get, for any v € (0, 1]
and any [ such that —1 < < ¢—3+1/q,

Ly < 14+m* yes +m L +m! 00321, oo (4.8)

Let us select now v such that v — =1 — (¢ — 3/2). This gives v = (5 +1)/(¢ — 1/2). Since
B>-1,<q—3+1/qand ¢ > 2 we have v € (0,1]. Moreover 1/y > q—3/2 and v > f3
provided 8 < (¢—3/2)!. Starting from (4.2) and taking into account (4.3), (4.8) and the above
selection of v, which entails that kg = (¢ — 3/2), the lemma follows. O

Lemma 4.3. Let p > 2. Assume that j1 has a moment of order q in |p,p +1]. Then ||R;||b <
mPY=9 where Ry is defined by (3.5).

Proof of Lemma 4.3. Let X;.@m = Xpm — Ep, (Xim) and Ey (1) = E(-|G,) with G, =
o(Woy,e1,...,e0). We write

Xk,m = (Xk,m — ]Ekfl()?k,m)) + Ekfl(Xk,m) = dim + Thm 5

and then

(4.9)

p

2m 2m
1Rily < || D2 diw]| +] 35 i
k=m+1 P k=m+1

Note that (dg.,)k>1 is a sequence of Li-martingale differences with respect to the filtration

(Gr)r>1. Moreover, for any 7 > 1, ||dgmllr < 2|| Xkmll» and, for any integer k € [m + 1,2m],

E|Xpm|

= E’fm(gk,mﬂ, ey Emy Emals - -3 E) — /fm('uka, ey Uy Emels - - -5 EE) H dp(v;)
i=k—m-+1

< /E‘fm(ek_mﬂ, e Emy Emats -1 Ek) — S (Vk—mats - -+ s Uy Emads - - -5 Ek) H dp(v;) .
i=k—m+1

Hence, for any integer k € [m + 1,2m| and any r > 1,
E|ka‘r < //E‘fm(ukmﬂ, ey Uy Emg 1y - -+ Ek)
r m m
- fm(lvk*erlu <oy Ums Ema1y - - 7816) H d/”l’(vl) H d,LL(UZ)
i=k—m+1 i=k—m+1
< sup E| Xz — Xp—myl = 0ro (k—m). (4.10)
z,geX ’
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On another hand (ry,)k>1 is a sequence of centered random variables such that

17kmlloe < 2([E(Xk]|Gk-1)llo0 < Z/Glog(N(g))u(dg) =K <oo.

To handle the first term in the right-hand side of (4.9), we use the Rosenthal-Burkholder’s
inequality for martingales (see [4]). Hence, there exists a positive constant ¢, only depending on
p such that

| 5 anll <ofl] 3 Eaig]l1+ 3 1}

k=m+1 k=m+1

Taking into account (4.10), (3.12) and the fact that p has a moment of order ¢ = p+ 1, it follows
that

Z gl | < 27 Z (k —m) < mP-7.

k=m-+1 k=m+1

On another hand, by the properties of the conditional expectation, note that
(@ 0lGe)loe < IBCXEIG 1) < [ (08(V(9)) ) 2= L < 0.
Hence, by using (4.10),
IE(d} 0 Gr-)I[%5 < LO=272||dy |3 < ALP™2/2(| X3 < ALED7263 (k= m).

It follows that

| E@ G

k=m+1

p/2 i p/2
< 4L<P—2>/2< 5P (k ) .
= ; 2o ()

By taking into account (3.12) (when p = 2) and (3.13) (when p > 2), and since ¢q €|p,p + 1], we

get
2m /2
H Z E(d?, |Gr_1) < ALP=2/2ppt1-a
M ’ p/2
=m+1
So, overall,

< mPtiTa, (4.11)

2m
p
H Z dk,m

k=m+1 P

We handle now the second term in the right-hand side of (4.9). By using the Burkholder-type
inequality stated in [8, Proposition 4], we get

2m
> ’"ka <9 Z ZHnm (FemlGi1)lp2 -

k=m+1 i=m+1 k=1
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For any k > ¢, by the computations leading to the upper bound [6, (63)], we have
NE(rkm|Giz1)]loo < 01,00(k —i+1), (4.12)

implying that
175 mE(Tem|Gi-1) lpr2 < NITimllp/201,00(k — 1+ 1).

Since p has a moment of order at least 2, by (3.12), >_,5, 01,00(¢) < 0o. Hence

2m
H Z Tkm” < Z HszHp/Z

k=m+1 i=m+1

But, for any r > 1, |rimlls < K™ Yrimlh < 2K | Xim|l1. Hence, by using (4.10), it follows
that, for any r > 1, ||r; |7 < 2K7716; o (i—m). Therefore, by (3.13) and the fact that g—1 > p/2
(since ¢ > p and p > 2), we derive that

H rka < (ZW )m <1. (4.13)

k=m+

Starting from (4.9) and considering the upper bounds (4.11) and (4.13), the lemma follows. [

Lemma 4.4. Assume that p has a finite moment of order ¢ > 2. Then H Zk _— Xk”q < \/m
and || S0 kaqu < \/m.

Proof of Lemma 4.4. The two upper bounds are proved similarly. Let us prove the second
one. As to get (3.23), we use [20, Cor. 3.7], to derive that

| S K| < V|1 Xpmnla + S VE (K

k=m+1 k=m+1
where E,,(-) means E(:|G,,) with G,, = o(Wy,e1,...,6m). But [[Xigmmlly < | Xl < o0
and ||E,,(Xitmm)lle < | Em(Xitmm)lloo < 01,00(k). Hence, the lemma follows by considering
(3.12). O

For the next lemma, we recall the notations (3.3) and (3.6) for [F,, and Y;-(l)

Lemma 4.5. Assume that u has a finite moment of order q €]2,3]. Then for f(z) € {cosz,sinz},
we have

t? i3
ma/2-1 ma—3/2"

v ()] - Elsasi) <

In addition

o (e - BB < i
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Proof of Lemma 4.5. Since the derivative of z — f(tx) is t>-Lipschitz, making use of a Taylor

expansion as done in the proof of Item (2) of [9, Lemma 5.2], we have

(1)

[Er. [1(+ 2] ~ L)

gHEFm[f(t%)] E[tsN/VD)|| + o (IRl + I1R3) . (414)

Now recall that U2 Xk:,m where Xk:,m = Xk,m_]E]Fm (Xk:,m) with Xk,m = E(Xk|€]]§_m+1) =

k 2m+1
Jm(Ek—m+1,--.,€x). Let (€5)r be an independent copy of (), and independent of W,. Define
Ximn = fm (€ mats > €2y E2ma1s - - Ex) and Uy = Z X - (4.15)
k=2m-+1

Clearly Us is independent of F,,. Using again the fact that the derivative of x — f(tzx) is

t?-Lipschitz and a Taylor expansion as in the proof of [9, Lemma 5.2], we get

[e=. ()] - Elsesnvail |

<[E[s (1)) - BLsN/ VB |+ (10— U lalU5 e + 02— U5) .- (4.16)

Setting Grm = 0(€ 19y - - - Emr Em+25 - - - s E2ms E2m+1, - - - » Ek), We have
3m 9 3m
102 = U313 < 2(0 D0 MBr, (Kidll2) 42 D7 X — Xl
k=2m+1 k=2m+1

+4 ) Y (K — X5 ) E(Xem — Xl G 1
k=2m+1 {=k+1

But, for any integer k in [2m + 1,3m] and any r > 1,
1B, (Xim)ll2 < [[E(Xkm|Gom)llr < [E(Xkm|Gom)lloo < 01,00(k —2m), (4.17)

where Gy, = 0(Wy, €1, ..., €2,). On another hand, proceeding as in the proof of [6, Lemma 24],

we get that, for any k£ > 2m and any r > 1,
| Xbem — Xponlly < 05 oo (B —2m) . (4.18)

Let us now handle the quantity ||E(X¢m, — X7,,|0km)lle for £ > k. For this aim, let ())&
be an independent copy of (ex)x, independent also of ((¢})k, Wo). With the notation Hy,,, =
o((€i)i<k, Wo, €515 - - -, €5y ), One has, for any integers k, ¢ in [2m + 1, 3m] such that ¢ > F,

]E(Xé,m — sz‘gk,m) = E(fm<€éfm+17 e 8amy E2m+1s - - -5 €k €§g+1 s 752)‘Hk:,m)

— E(fm(ez_mﬂ, ey €y E2meATy - - -1 Eky Elopls - - - ,52)]7—[;€m) )
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Therefore, by simple arguments and using stationarity, we infer that, for &, ¢ in [2m + 1,3m)|
such that ¢ > k,

IE(Xeam = XimlGrm)lloo < sup |E(Xpkz) = E(Xpkg)| < 0100(C — k). (4.19)

zgex
So, overall,
m m 2
U — U3l < S 630 (k) + (chlmuc)) .
k=1 k=1
Taking into account (3.12) and the fact that p has a moment of order ¢ €]2, 3], it follows that
Uy — Us]ls < m* 2. (4.20)

On another hand, by stationarity, || Rs||2 = || R1]|2, and by Lemma 4.3, since p has a moment of
order q €]2,3], we have || R |2 < m®~9/2. Moreover, by using (4.20), Lemma 4.4 and the fact
that X, is distributed as Xj,n, we get that ||Us|ls + [|Us]|2 < v/m. So, the inequalities (4.14),
(4.16) and (4.20) together with the above considerations, lead to

HEFW [f(tj%)] —E[f(tsN/ﬁ)}Hl < ‘E[f(t\/%)] —E[f(tsN/\/i)}‘ + m%zl (4.21)

Next, taking into account that x + f(tx) is t-Lipschitz and the fact that Uy =P 7" | Xpimm
and S,, =P Sy, — Sy, we get

i

[ (1 75)] - Bl ()] = 7o o eomn = o]

But, by stationarity, [6, Lemma 24] and (3.12), we have
H Z(Xk+m,m — Xk+m>H1 < mbyeo(m) < 1/m?2,
k=1

implying that

()] Bl ()] < s (122
Hence starting from (4.21) and taking into account (4.22), we derive that
o ()] - e

t* g
ma/2—1 ma—3/2"

(4.23)

< ‘E[f(thm_mﬂ —E[f(tsN/\@)]‘ +
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Next note that o — f(tz) is such that its first derivative is t>-Lipshitz. Hence, by the definition
of the Zolotarev distance of order 2 (see for instance the introduction of [9] for the definition of

those distances),

‘E[f(t%ﬂ ~E[f(tsN/V2)]| < G (Ps, vz Gorpa) -

We apply [9, Theorems 3.1 and 3.2] and, since p has a finite moment of order g €]2, 3], we derive

C2(Ps,, vz Gzya) < ™92

Note that the fact that the conditions (3.1), (3.2), (3.4) and (3.5) required in [9, Theorems 3.1
and 3.2] hold when p has a finite moment of order ¢ €]2, 3] has been established in the proof of
[5, Theorem 2]. Hence

S 2

‘E[f(t\/Tm_mﬂ - E[f(tsN/\@)]’ < # (4.24)

Starting from (4.23) and considering (4.24), the first part of Lemma 4.5 follows. Now to prove

the second part, we note that

[Er. [1(- 2] — L)

<[[e [ (7)) - Blresnval | + 5 (1Rl Sulla+ 1)

where we used the fact that 5, is independent of F,,. Hence the second part of Lemma 4.5
follows by using (4.24), Lemma 4.3 and the fact that, by Lemma 4.4, ||S,,[|2 < /m. O

Lemma 4.6. Let p > 2. Assume that ju has a moment of order q in |p, p+1]. Then |[Uy—Us||F <
mPH=1 where Uy is defined by (3.4) and U; s defined by (4.15).

Proof of Lemma 4.6. When p = 2, the lemma has been proved in (4.20). Let us complete the
proof for any p > 2. We shall follow the same strategy as in the proof of Lemma 4.3. Let Z ,,, :=
Xkm — Xi, where Xy is defined by (4.15). Setting .7:jZ = O(Em+42s - 1Ej1 Emaar - > Eom)s

A7 vy = Zign — B(Zim| FL_1) and vy, = E(Zyml FL1),

we have
3m 3m
102 = Usllp < D" IE(Xem[Fon ||p+H Z ol +| X | @)
k=2m-+1 —om+1 P k=2m+1 P
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Recall the notation Gy = a(Wy, &1, ..., ). Note that

IE((dE ) * 1 F) oo < AIE(XE | Grt) I < 4/(;(10g(N(9)))2M(d9) <0 (4.26)
and
177 mlloe < 2NE(I Xkl [Gr-1)lloc < 2/Glog(N(9))u(dg) < oo. (4.27)
Next, by (4.19), for any integers k,i in [2m + 1,3m] such that k > i,
IECrlFZ ) oo < 10k — i+ 1) (4.28)

In addition, for any r > 1, [|df , |l» < 2| Zkml|» and, for any integer k € [2m + 1,3m],

r

E‘Zk,mr = E‘fm(ek_mﬂ, e Ems €2mats - - Ek) — frm (€t - - s v E2mt1s - - - Ek)

< //E’fm<ukm+17~--7u2m>82m+17---7€k>

_fm(vk—m—i-lw"7U2m752m+17"'7 H d,u Uz H d,u Uz
i=k—m+1 i=k—m-+1
< sup E|Xk—2m,5: - Xk—Qm,ng = 577:00 (k - Qm) ;
z,geX '
implying that
1l < 2070 (= 2m). (4.29)

Starting from (4.25), considering the upper bound (4.17) and proceeding as in the proof of
Lemma 4.3 by taking into account the upper bounds (4.26)-(4.29), the lemma follows. O

For the lemmas below, we recall the definitions (3.4), (3.5), (3.6) and (4.15) for Us, Rs, }/2(1)
and Uj.

Lemma 4.7. Let r €]2,3]. Assume that p has a finite moment of order r + 1. Let oy, =

Er,, (U24+R2)?)

Bz Then for f(z) € {cosx,sinz}, we have
m 2

1) *
Y U.
e [ (1 755) ) = o[£ (0 75
[Be [ (1) | = Ben [ £ (o= ]|
Proof of Lemma 4.7. Note that h = f/2%" is such that |h/(z) — h(y)| < | — y|" 2. Using
the arguments developed in the proof of [9, Lemma 5.2, Item 3] and setting V' = Us + Ry — Uj

and V =V + (1 — a,,) U3, we get
ol B/ (ton 75

<\tr{ (B, (V1) (E(U31)

+ag (e, (V1) (E(U317) " + Be, (V1) } . (4.30)

’t‘rm 1/2

2"=3(r — 1) x (2m)r/2‘EFm [f(
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Next, note that, by Holder’s inequality,

E(af; " (s, (V))") < E(a (B, (V1)) + E(afy " x |1 — ) | U],
< el Ve + lem M1 = @l |Us -

Proceeding similarly for the two last terms in (4.30) and taking the expectation, we derive

273 (r — 1) x (2m)"/ 2HEFm i (t%)] ~Er. |/ <to‘m\/%)}

< [t e [ VAT + [ el 1L = cnll T3
+ 20t [l I IVIRITS 1772 + 20 o 177111 — cm[FNTZ 7
+ 27 VT + 27 = el RT3

1

According to Lemmas 4.3 and 4.6, since p has a moment of order r + 1, ||V, < 1. Moreover,
by Lemma 4.4, [|Usl, = || Y1 Xktmmll» < +/m. On another hand,

1032 % 111 = @l = ||v/Bz,, (T2 + F2)?) — vEs,, (T3P
< |VE (G B =T5P)|| < IVI- < 1.
Since lim,, oo m~||Us||5 = s* > 0, it follows that for m large enough
11— apl, < m™ 2. (4.31)
The lemma follows from all the above considerations. O

Lemma 4.8. Let r €]2,3]. Assume that p has a finite moment of order ¢ = r + 1. Recall the
Ef,, (U2+R2)?
B, (U3)?)

ez 1 (tom 7)) = e 1 (ran 25

where s, = E(S?)/m and N is a standard Gaussian random variable independent of F,,,.

notation o, = . Then for f(x) € {cosx,sinx}, we have

)| < ttrm172 e,
1

Proof of Lemma 4.8. Let W be distributed as W, and independent of Wo Let (£7)k>1
be an independent copy of (£)r>1, independent of (W, Wp). Define S, = 322" 11 X where
Xi=o(ef, Wi_,) — A\, with W =e;Wp_ |, for k > 1. Note that S}, is independent of F,,, and
has the same law as S,,. In addition, by stationarity, [6, Lemma 24] (applied with M} = +00)
and (3.13),

Jes. 1 (tom )] = e 1t )]

2
4 — 4

t
& ———E|ayn| % | Xpm — Xill1 € == X mby oo(m) < [tjm~T~VD | (4.32)
V.2m k;Xm:H vin
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On another hand, let h = f/237" and note that |h'(z) — h"(y)| < |z — y["™2. Hence, by the

definition of the Zolotarev distance of order r,

S .
[z [ (rorn )] = B 1 (1™ |, =271 a6 (P, s G )
Next we apply [9, Theorem 3.2, Ttem 3.] and derive that since p has a moment of order ¢ > 3,

Cr( m/\/%,ngn/g)<<m /2.

As we mentioned before, the fact that the conditions (3.1), (3.4) and (3.5) required in [9, Theorem
3.2] hold when p has a moment of order g > 3 has been proved in the proof of [5, Theorem 2.
Hence, since [|a, ||, < 1 (see (4.31)),

2"

|E=.. {f(mm\%_m)} Ex, | /(¢ am%ﬂ S (4.33)
Considering the upper bounds (4.32) and (4.33), the lemma follows. O
Lemma 4.9. Let r €]2,3]. Assume that yv has a finite moment of order ¢ = r + 1. Recall the
notations o, = % and s2, = E(S2)/m. . Then, for f(z) € {cosz,sinz},
[ez st 25)] B [ (]I, <
where n = mln(f—o %, 2:-_23) and N is a standard Gaussian random variable independent of IF,,.

Proof of Lemma 4.9. We have

o 1o 520)] . [

1
< [HEIN| (lamllsls = sl + 5 x 11 = amll1) . (4:34)

But, since lim,, o, m™||Us |3 = s? > 0,
11—l < (11— ag i ~ %HEFTH((% + Ry)?) = Eg, (U3)?)]], -
On another hand
|Er,, (U2 + R2)?) — Er,, (U3)*)||, < ||Br,, (U3) —E(U3)?)]], + | R2ll5 + 2[|Eg,,, (U2R2)]]1 -
But, by stationarity,

B, (U2) ~ E(U3 )], < |[En 5 Xim) —E( > X))

1

3m

(X 1B (Xell)

k=2m+1
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where Xim = Xpm — En(Xpm) and E,, (1) = E(-|o(Wo,€1,...,6m)). Hence, by (4.17) and
Lemma 4.2, since g =r + 1 and r > 2,

|Eg,, (U3) — E(U3)||, < m'/®.
By stationarity and Lemma 4.3, we also have || Ra||2 = ||R1]|2 < 1. Therefore
[E., (Uz + R2)?) — B, (U3)%)]], < m"® + |[Es,, (UaRs)ll1 -
Next, note that

3m
|Eg,, (U2Rg)||1 = HEFm<R2 Z Xk””)”f

k=2m+1
Let h(m) be a positive integer less than m. Using stationarity, Lemma 4.3 and similar arguments

as those developed in the proof of Lemma 4.4, we first notice that

3m 3m
(e 3 )l <t 3 ], it

k=3m—h(m)+1 k=3m—h(m)+1
We handle now the term ||Eg,, (R» i’j;n’;f}’ Xpm)l1- For 2m 41 < k < 3m, define X;  as in
(4.15). Using (4.18) and (3.13), note that
3m—h(m)
Yo Xk = Xl < Z 8200 (K — 2m) < Z f-@/2-1)
k=2m+1 k=2m+1 k=1
Hence
3m—h(m)
Z [ Xkam = X lla < mP721, 5+ 1,_31og(m) .
k=2m+1

This estimate combined with ||Rs||s < 1 entails

3m—h(m) 3m—h(m)
E. (R m) (3-r)/21, H ( * > _
H ]Fm( 2 E X, <«<m 1,c3 4+ 1,—3log(m) + ||Eg,, ( R2 E Xiem .
k=2m+1 k=2m+1

Since (Xg7m>2m+1gkggm is independent of F,,,, we have E(X,jm\IFm) = 0 for any 2m—+1 < k < 3m.

Hence
m—h(m

oo S )l = oS i 3 )]

Next, note that if £ —m +1 > k + 1, conditionally to F,,, X} is independent of Xy ,,, which
implies that Er,, (X, X¢m) = 0. Hence

3m—h(m) 3m—h(m) dm—h(m
(5 s ) (5 S ),
k=2m+1 {=3m+ k=2m+1 {=3m+1
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Now, for any 3m + 1 < £ < 4m — h(m) — 1, let

(h(m),x) _ * *
X&m - fm(gé—m+17 e 7€3m—h(m)7 E3m—h(m)+1s - -+ 85) ;

and note that Ep,_ (X;mXﬁsm)’*)) =0 for any k < 3m — h(m) and any ¢ > 3m + 1. So, overall,
setting ¢’ = ¢/(q — 1),

3m—h(m 3m—h(m) 4m—h(m)—1

e (m2 Y. Xm) (X X 3 Kew— X0,
k=2m+ k=2m+1 {=3m+1
3m—h(m) 4m—h(m)—
S Y X0
k=2m+1 {=3m+1

Proceeding as in the proof of [6, Lemma 24], we infer that the following inequality holds: || X, —
Xé%m)’*)ﬂqz < 0y 00(f —3m + h(m)). Hence, taking into account (3.13) and Lemma 4.4, we get

o (r: 3 2] < 3 it

=zm

2r—3)

Taking into account all the above considerations and selecting h(m) = m!/( , we derive

m||1 — |l € mE21, 5 + m/E=0) L pl/5 (4.35)

On another hand, since s? > 0, [s—s,,| < s71|s?—s2 |. Hence by using Remark 2.1, the definition

of 52, and stationarity, we derive that
2
— < — k|Cov(Xo, X)| -
s = sm| < om ; |Cov(Xo, Xi)|

By the definition of 1 »(k), |Cov(Xo, Xi)| < || Xo|[101,00(k). So, by using (3.12) and the fact
that ¢ > 2, we get
|s — 8| < m™t. (4.36)

Starting from (4.34) and taking into account (4.35) and (4.36), the lemma follows. O

Combining Lemmas 4.7, 4.8 and 4.9, we derive

Lemma 4.10. Let r €]2,3]. Assume that p has a finite moment of order ¢ = r + 1. Then, for
f(x) € {cosx,sinx},

HE]Fm [f(t Yg(l) )] _ ]E[f(tsN/ﬁ)} Hl < ’t|rm71/2 + |t|m—(1/2+n) 7
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Let Ry be defined by (3.5). Proceeding similarly as to derive the previous lemma, we get

Lemma 4.11. Let r €]2,3]. Assume that 1 has a finite moment of order ¢ = r + 1. Then for
f(z) € {cosx,sinx},

D1 Xi + I H Ty —1/2 —(1/2+n)
HEFm [f(t o )} E[f(tsN/VD)]|| < lt'm™2 + Jt}m ,
where 7 = min(3, 52, 7=%)
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