N

N

Berry-Esseen type bounds for the Left Random Walk on
GL d (R) under polynomial moment conditions
C Cuny, J Dedecker, F Merlevede, M Peligrad

» To cite this version:

C Cuny, J Dedecker, F Merlevede, M Peligrad. Berry-Esseen type bounds for the Left Random Walk
on GL d (R) under polynomial moment conditions. 2021. hal-03329189v1

HAL Id: hal-03329189
https://hal.science/hal-03329189v1

Preprint submitted on 30 Aug 2021 (v1), last revised 30 Oct 2022 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03329189v1
https://hal.archives-ouvertes.fr

Berry-Esseen type bounds for the Left Random Walk on

G Ly(R) under polynomial moment conditions

C. Cuny? J. Dedecker! F. Merlevede fand M. Peligrad ¥

Abstract

Let A, = ey, - - - €1, where (6,,)n>1 is a sequence of independent random matrices taking
values in GL4(R), d > 2, with common distribution p. In this paper, under standard
assumptions on p (strong irreducibility and proximality), we prove Berry-Esseen type the-
orems for log(||A,||) when p has a polynomial moment. More precisely, we get the rate
VIogn/y/n when p has a moment of order 3 and the rate 1/y/n when p has a moment of

order 4, which significantly improves earlier results in this setting.

AMS 2020 subject classifications: 60F05, 60B15, 60G50.

Key words and phrases. Random walk; Cocycle; Berry-Esseen theorem.

1 Introduction

Let (€,)n>1 be independent random matrices taking values in G = GL4(R), d > 2 (the group of
invertible d-dimensional real matrices) with common distribution u. Let || - || be the euclidean
norm on R?, and for every A € GL4(R), let [|A|| = sup, = [|Az||. We shall say that y has a

moment of order p > 1 if
/G (log N(g))Pdp(g) < oo,

where N (g) := max(||g|, [lg~"]])-
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Let A, =&, - 1. It follows from Furstenberg and Kesten [12] that, if x admits a moment
of order 1 then .
nh_)riloﬁlogHAnH =\, P-as, (1.1)

where A, := lim,, o, n 'Elog ||A,]| is the so-called first Lyapunov exponent.

Let now X := P(R?) be the projective space of R? and write Z as the projection of x €
R? — {0} to X. An element A of G = GL4(R) acts on the projective space X as follows:
Az = Az. Let T, be the closed semi-group generated by the support of . We say that u
is proximal if I', contains a matrix that admits a unique (with multiplicity 1) eigenvalue of
maximal modulus. We say that p is strongly irreducible if no proper union of subspaces of
R? is invariant by [',. Throughout the paper, we assume that p is strongly irreducible and
proximal. In particular, there exists a unique invariant measure v on B(X), meaning that for

any continuous and bounded function h from X to R,

[ wrive) = [ [ ng-aiutg)anto). (1.2)

Let Wy be a random variable with values in the projective space X, independent of (&,,),>1 and
with distribution v. By the invariance of v, we see that the process (A,Wy),>1 is a strictly
stationary process.

Note that, since p is assumed to be strongly irreducible, the following strong law holds (see
for instance [3], Proposition 7.2 page 72): for any z € R? — {0},

1
nh_)rrologlog |Ayz]| = A\, P-as. (1.3)

To specify the rate of convergence in the laws of large numbers (1.1) and (1.3), it is then
natural to address the question of the Central Limit Theorem for the two sequences log || A, || —
nA, and log ||A,x| — nA,. The central limit theorem (with normalization y/n and positive limit
variance s®) for log||A,z| — A\, has been established by Le Page [17] under an exponential
moment for 4 (meaning that [,(N(g))*du(g) < oo for some a > 0, see also [10]). Then, Jan
[14] proved the central limit theorem for log||A,z| — A, if 1 has a moment of order p > 2, and
Benoist and Quint [1] obtained the same result for both sequences under a moment of order 2.
The fact that s* > 0 follows from item (c) of Theorem 3.1 of [1].

In the present paper, we are interested in Berry-Esseen type bounds in these central limit
theorems, under moments of order p = 3 or p = 4. Before giving our main results, let us briefly
describe the previous works on this subject.

When p has an exponential moment, Le Page [17] proved the following inequality: there

exists a positive constant C' such that

1
sup sup |P (log[|[Ayz| — nA, < tv/n) — ®(t/s)| < Cv, with v, = —, (1.4)
teR z||z]=1 Vvn



where s2 > 0 is the limit variance, and ® is the cumulative distribution function of a stan-
dard normal distribution. Still in the case of exponential moments, Edgeworth expansions (a
strengthening of the Berry-Esseen theorem) have been recently obtained by Fernando and Peéne
9].

Now, under the assumption that all the moments of order p of y are finite, Jan [14] obtained
the rate v, = n~/?*¢ for any ¢ > 0 in (1.4). Next, Cuny et al. [4] gave an upper bound of order
v, = n~Y4/logn in (1.4) provided p has a moment of order 3 (as a consequence of an upper
bound of order n=!/2logn for the Kantorovich metric). More recently, Jirak [16] proved that, if

1 has a moment of order p = 8, then there exists a positive constant C' such that

sup [P (log | AuVall - nhy < /) — 0(t/5)] < =, (1.5)
teR vn
where Vj is independent of (,),>1 and such that ||[V5|| = 1 and Vj is distributed according to
the invariant distribution v on X.
Concerning matrix norms, we first note that the Berry-Esseen bound of order n=*\/logn
under a moment of order 3 is still valid for log ||A,|| — A, instead of log ||A,x| — A, (see the
discussion in Section 8 of [4]). Moreover, if 1 has an exponential moment, Xiao et al. [19] proved

that there exists a positive constant C' such that

1
sup |P (log || Ayl — nA, < tv/n) — ®(t/s)| < Cw, with w, = oen (1.6)
teR

B

Note that in [19], the authors also proved a similar upper bound for log(p(A,)) where p(A4,) is
the spectral radius of A,,.

In the present paper, we prove that:

e If 11 has a moment of order 3, then the rate in (1.4) is v, = n~/?(logn)'/? and the rate in
(1.6) is w, = n~Y2(logn)/2.

e If 4 has a moment of order 4, then the rate in (1.4) is v, = n~'/2 and the rate in (1.6) is

wy, =n" 2,

To prove these results, we follow the approach developed in Jirak [15], but with substantial
changes, in order to take advantage of the dependence coefficients described in [4] and [5] (see
(3.1) and (3.2) below).

The paper is organized as follows. In Section 2, we state our main results about Berry-Esseen
type bounds in the context of left random walks when p has either a moment of order 3 or a
moment of order 4. All the proofs are postponed to Section 3. Some technical lemmas used in

the proofs are stated and proved in Section 4.



In the rest of the paper, we shall use the following notations: for two sequences (a,),>1 and
(by)n>1 of positive reals, a, < b, means that there exists a positive constant C' not depending
on n such that a, < Cb, for any n > 1. Moreover, given a o-algebra F, we shall often use the
notation Ex(-) = E(-|.F).

Remark 1.1. After this article was submitted (in January 2021), we became aware of the article
by Dinh, Kaufmann and Wu [8], in which the authors obtain the bound (1.4) with v, = n~'/2
when g has a moment of order 3, in the case d = 2. Note that, in the same paper [8] and still

in the case d = 2, a Local Limit Theorem is also established for log || A,x||.

2 Berry-Esseen bounds

Recall the notations of the Introduction: let (e,),>1 be independent random matrices taking
values in G = GL4(R), d > 2, with common distribution p. Let A, = ¢&,---&; for n > 1, and
Ay =Id. We assume that p is strongly irreducible and proximal, and ve denote by v the unique
distribution on X = P(R?) satisfying (1.2).

Let now Vy be a random variable independent of (g,),>1, taking values in R?, such that
Vol = 1 and V4 is distributed according to v.

The behavior of log ||A,Vo|| — nA, (where A, is the first Lyapunov exponent defined right
after (1.1)) can be handled with the help of an additive cocycle, which can also be viewed as a
function of a stationary Markov chain. More precisely, let Wy = 1} (so that Wy is distributed
according to v), and let W,, = ¢,W,, 1 = A, W, for any ineger n > 1. By definition of v, the
sequence (W,),>o is a strictly stationary Markov chain with values in X. Let now, for any
integer k > 1,

Xy = 0(er, W) — Ay = 0(ek, Apa Wo) — Ay s (2.1)

where, for any g € G and any = € X,

o(g,z) =log (%) )

Note that ¢ is an additive cocycle in the sense that o(g192, %) = 0(91, 927) + (g2, ). Conse-

quently
Sp =3 X =log || A, Vo] — nA,.
k=1

With the above notations, the following Berry-Esseen bounds hold.



Theorem 2.1. Let yi be a prozimal and strongly irreducible probability measure on B(G). Assume
that p has a finite moment of order 3. Then n™'E(S?) — s> > 0 as n — oo and, setting

v, = Vlogn/\/n, we have

sgg P(S, < yvn) — ®(y/s)| < vy, (2.2)
sup [P (Tog([| 4, ) = n, < yv/n) = B(y/s)| < v, (2.3)

y€R

and

sup sup |P(log [|Anz|| — nA, < yv/n) — @(y/s)| < vy, . (2.4)

z,[|lz)|=1 yER

Remark 2.1. The fact that n™'E(S?) — s? follows for instance from Theorem 1 of [4] and the
fact that s* > 0 follows (since yu is proximal and strongly irreducible) from item (c) of Theorem
4.11 of [1]. Finally, we also have s* = E(X7) +237,.,E,(X1X}), which follows for instance

from the proof of item (i) of Theorem 1 in [4].

Now if p has a finite moment of order 4 then the following result holds:

Theorem 2.2. Let u be a prozimal and strongly irreducible probability measure on B(G). Assume
that p has a finite moment of order 4. Then n™'E(S?) — s? > 0 as n — oo and (2.2), (2.3) and
(2.4) hold with v, = 1//n.

Recall that the classical Berry-Esseen theorem for independent random variables, which
corresponds to the case d = 1 in our setting, provides the rate 1/y/n under a finite moment
of order 3. Hence, one may wonder whether the conclusion of Theorem 2.2 holds under the
assumptions of Theorem 2.1. Note also that we have chosen to focus on the cases where p
has a finite moment of order 3 (since it corresponds to the usual moment assumption for the
Berry-Esseen theorem in the iid case) or a finite moment of order 4 (since in this case we reach
the rate 1/y/n), but we infer from the proofs that if ;4 has a finite moment of order ¢ € (3,4)
then the above results hold with v, = (logn)“=9/2/\/n.

3 Proofs

3.1 Proof of Theorem 2.1.

As usual, we shall denote by X} ; the random variable X}, defined by (2.1) when the Markov
chain (W},,),>o starts from z € X. We then define S, ; :=log || A, z|| — nA, = > 7 Xz



3.1.1 Proof of the upper bound (2.2)

Notations and Preliminaries. For every k > 1, let

55’00(]{3) = Sup ]E‘Xk’j — Xk7g|p .

Z,geX

If i has a finite moment of order ¢ > 1, then, by [4, Prop. 3], we know that

Y krrTier (k) <oo  VpeE[lg).

k>1

Since (dp,00(k))k>1 is non increasing, it follows that (if 4 has a moment of order g > 1)

Op.oo(k) = 0(1//{;Q/p_1) Vp € [l,q).

We shall also adopt most of the time the same notations as in Jirak [15]. Let & = o(e, . ..

for 2+ < 7, and m be a positive integer that will be specified later. For any k > m, let

Xk,m = E<Xk|g]}:_m+1) = fm(ek—m-I—la S 75143) )

where f,, is a measurable function. More precisely, we have
Xy = / o, AETHE)IAT) — A,
b's

where we used the notation Aé- =¢j---¢ for i < j. Note that E(X},,) = 0.

Next, let N be the positive integer such that n = 2Nm + m' with 0 < m' < 2m — 1. The

integers N and m are such that N ~ k; logn (where k; is a positive constant specified later) and

m ~ (2k1) 'n(logn)~! (see (3.23) for the selection of 7). Define now the following o-algebra

]Fm = 0((5(2j—1)m+17 c. 752jm>aj Z 1) .

Let Uy = ) -, Xj and, for any integer j € [2, N], define

(25—1)m
U= > (Xpm—EXpm|Fn)).
k=(2j—2)m+1
For any integer j € [1, N|, let
2jm
Ri= )Y (Xim —E(Xgm|Fn),
k=(2j—1)m+1

N
(1) (1) 1)
YV =U;+R; and S} =) V"
j=1

6

(3.5)

(3.6)

(3.7)

(3.8)



Let also

min(n,(2N+1)m) n
UN-H = Z (Xk,m - E<Xk7m|IFm)) and RN-H = Z (Xk,m - E(Xk:,m‘Fm)) y
k=2Nm+1 k=(2N+1)m+1

where an empty sum has to be interpreted as 0. Note that under Pg, (the conditional probability
knowing F,,), the random vectors (U;, R;)1<j<n+1 are independent. Moreover, by stationarity,
the r.v.’s (Uj, Rj)2<j<n have the same distribution (as well as the r.v.’s (R;)1<j<n)-

Next, denoting by Sﬁ) = > pemi1 E(Xim|Frm), the following decomposition is valid:

Spam =3 Xt > Xign =S+ 82 + Unar + Ry -

k=1 k=m+1
To simplify the exposition, assume in the rest of the proof that n = 2N'm (so that m’ = 0). There
is no loss of generality by making such an assumption: the only difference would be that since
(Un+1, Rn+1) does not have the same law as the (U;, R;)’s, 2 < j < N, its contribution would
have to be treated separately. Therefore, from now we consider m’ = 0 and then the following

decomposition
Spam = Sp + 82 (3.9)

According to the so-called Berry-Esseen smoothing inequality (see e.g. [11, Ineq. (3.13) p.
538]) for any positive T,

T ‘E(eigsn/\/ﬁ) _ 6—5252/2}

sup |P, (S, < zvn) — @(m/s)‘ < / de+T71. (3.10)
z€R -T |€‘
But
‘E(eifsn/\/ﬁ) _ 6*5252/2‘ § ‘E(eigsn/\/ﬁ) _ E(eigsn,m/\/ﬁ)‘ + ’]E(eifsn,m/\/ﬁ) _ 675282/2 .
Next

‘E(ei&S’n,m/\/ﬁ) _ 675282/2|
. ‘E(eigsﬁ)/ﬁ[mm (eSSl vy 6—5252/4D e (E (S e_§282/4>’
< ||Eg (ei£S|(rln)/\/ﬁ) — 6—5252/4H1 i ‘E(eigs\(i)/\/ﬁ) _ e_5252/4‘ .

Hence, starting from (3.10) and selecting 7" = /n/logn, Inequality (2.2) of Theorem 2.1 will

follow if one can prove that

[T ) Bl
-7 €]

Viogn

Nl (3.11)

d¢ <



Viogn
NG

/T |Ez,, (eiésf;)/x/ﬁ) _

e /|
dé <«
Y 5 :

(3.12)

and

/ TR — e €] iogn
r €] Vi

In the rest of the proof we shall prove these three upper bounds.

dE K (3.13)
Step 1. Proof of (3.11). Note that

[ Bl
-7 €]

But, by stationarity and [5, Lemma 24],

d¢ < (logn)_1/2||5n - Sn,mHl .

|Sn — Snmllt < nf| X1 — Xongimlt < 01 oo(m) .
Hence, by (3.3) and the fact that u has a moment of order ¢ > 1, we derive
1S — Snml < nm 1

So, overall, since ¢ = 3, it follows that

[ ) Bl
-7 €]

The upper bound (3.11) follows from the fact that we will select m ~ ryn(logn)='.

d¢ < n(logn)™V?m=2.

Step 2. Proof of (3.12). For any x € R and any integer j € [1, N], let

¢i(w) =E( VR, ).

Since, under Py, , the Yj(l)’s are independent we write

N N
| Ex,, (6153&)/\/5) Lo = EH [« (%) — Hefgzsz/(le)H (3.14)
j=1 j=1

As in [15, Section 4.1.1], we use the following basic identity: for any complex numbers (a;)1<j<n
and (bh1<jn [0y a5 — T2, by = i (IT52 b)) (@i = b)(TTjL, 41 @) to handle the right-hand
side of (3.14). Taking into account that (y;(t))1<j<n forms a one-dependent sequence and that

the r.v.’s (Uj, Rj)a<j<n have the same distribution, we then infer that

EH ﬁ@j (%) - ﬁe_£2/(4N)H < hn(§)+ L)+ Ian(E), (3.15)

8



where

)

N-1
242 f
(€)= (N = Dale/ V) — €0 | 1;[/ o=
I (€) = Ne 00 gy (6/VN) — e/,
N-1 £
o —£252 /(AN
Isn(6) = g1 (/ V) — e €0 >ulHj:Hm o ()

To integrate the above quantities we need to give suitable upper bounds for the two terms

and

s (1) — o2/, and | H] _ny2 [0l Applying the first part of Lemma 4.6 and using
stationarity, we derive that for any 2 < j < N,

2 t2 It|
les®) = e < —=+ . (3.16)

Moreover the second part of Lemma 4.6 implies that

lor(t) — ), < - 317)

1 \/m .
On another hand, according to [15, Inequality (4.14)], for any integer ¢ € [1,m],

N—1
¢
| I 1es01]|, < | TT leY v/t =5/ Cm))
J=N/2 jeg
where J = [N/2, N — 1] N 2N,
¢ iz (5)
(@) = B (e in 30,
ith #'") =F,, v : : d
w1 jm m 0(52(3—1)m+17 cee a52(]—1)m+ﬁ) an
, 1 (2j—1)m , ,
Hio= (3 (K~ EXuul#)) + Ry ~E(B M)
k=2(j—1)m-+£+1
We shall apply Lemma 4.1 with
] (2j—1)m ) )

A= o D (Kun —E(XmlM), By = Ry = E(R;|M,,) and a = (m— ()72,

k=2(j—1)m+L+1



By stationarity, for any 5 € 7,

P(E,  (42) < 52/4) = P(E, 0 (A2) < 5%/4)

:P((m (( ;_ (X — E ka)>2) 352/4>;

where E,,(-) means E(:|G,,) with G,,, = 0(Wp,€1,...,6m). Let K be a positive integer and note
that

10)

2,m

)

m+K m+K m+K
| > K = En(Xm)|, —H Z XkH > X~ Xlact 3 IEalun)l
k=m-+1 k=m+1
m+K m+K
Z 52,oo(k>+ Z 51,oo(k)
k=m+1 k=m+1

Therefore, by taking into account (3.3) and the fact that x4 has a moment of order 3, we get that

m+K

m+K
|5 ] -] 5
k=m-+1 2 k=m+1 2

But, using stationarity, we have K‘l/QH SR XkH = K‘l/zH S XkH — s > 0. Hence
2 2

(KY?).

k=m+1
provided that (m — ¢) is large enough, we have

2m—/{

m=07B(( 3 (Xn - En(Xew)) ) > 5°/2. (318)
So, overall, for (m — ¢) large enough, o
P(E, (4D < /1)
< P((m—07"[Ea(( %}(Xm ~En(Xim) —( imjmm ~En(Xen)) )| 2 4).

Using Markov’s inequality and the same arguments as those used in the proof of Lemma 4.2, we

then derive that, for (m — ¢) large enough and any j € 7,

P(E, @ (A7) < s*/4) < (m— )77,

",
Hence, provided that m — ¢ is large enough, Item (ii) of Lemma 4.1 is satisfied with u~ = s*/4.

Note now that by stationarity, for any j € 7,
E(B?) <4E(R}) =4E(R}) < 1,

10



by using Lemma 4.3 with p = 2. This proves Item (iv) of Lemma 4.1. Next, for p > 2, using
stationarity and [18, Cor. 3.7], we get that for any j € J,

2m—~{ 2m—/{
p
E(A7) < 2m =07 30 K| < [Xiemal+ 3 K IBa(Xew)ll] - (3.19)

But || Xi4mmllpy < [|[Xi]lp < oo if p < 3 (indeed recall that it is assumed that p has a moment
of order 3) and ||E,,(Xktmm)llp < |Em(Xktmm)lloo < 01.00(k). Hence, by (3.2) and since p has
a moment of order ¢ = 3, Item (iii) of Lemma 4.1 is satisfied for any p € [2,3]. So, overall,
noticing that | J| > N/8 > 16, we can apply Lemma 4.1 to derive that there exist positive finite
constants ¢y, ¢; and c3 depending in particular on s? but not on (m,n) such that for (m — ¢)

large enough we have

H 11 |‘P§‘Z)(9”)|H < e @ N/S | o= N/256 o 42 < ¢y,
i€J !
implying overall that, for (m — £) large enough and for t*(m — ¢)/(2m) < ¢,

N-1
H H |90j(t)‘Hl < 67C3t2(m76)N/(16m) _'_efN/256. (320)
j=N/2

The bounds (3.16), (3.17) and (3.20) allow to give an upper bound for the terms I; (&), Ion (&)
and I3 y(§) and next to integrate them over [—T,T]| when they are divided by |¢|. Hence the
computations in [15, Sect. 4.1.1., Step 4] are replaced by the following computations. First, as

in [15], we select

= L) = Ligzaneyy + (m — [nea/ (26)] + D1erzney) - (3.21)

Therefore m — £ is either equal to m — 1 or to [ney/(262)] — 1. Since [£] < T = n'/%(logn) /2,
it follows that ncy/(2£2) > 27'c*(logn)?. So, starting from (3.20) and taking into account the
selection of ¢, we get that for any [{] < T,

N-1
| TT s/ VM)l < e ey + e 8 sy +e7V20 (3.22)
j=N/2
Select now
N = [klogn| with k> 2max(256, 32(cac3) ") (3.23)
and then m ~ (2k)7'n/logn. Taking into account (3.16), (3.17) and (3.22), we get
g g g
/T(IlN(ﬁ)HgN(&))/I&Id& < N/T( Ly L) (e ) ag
7 ’ o \Nym  /Nm3/2

1 n \/N+ T? n TV'N <<\/logn
vm o omymo n2/mo nPmym N

< (3.24)

11



Next, using (3.16), we get

_|_

\/_|§|> o= s7€2/16

m3/2

Bl < (5 =

Therefore, by the selection of m and N,

v Jogn
/ RO/l ds < ¥

Starting from (3.14) and taking into account (3.15), (3.24) and (3.25), the upper bound in (3.12)
follows.

Step 3. Proof of (3.13). Recall that S(Q) > i1 E(Xpm|Fr), and recall that we assume that
2Nm = n. Denoting

(3.25)

Y® =0 +R? forj=1,....N,
2 n
where U](V) = Zk:(QN—l)m—f—l (Xem|Fm), R gv) =0,

2jm (2j4+1)m
U = Y E(XpwlFn) and RY = > E(XpulF.) forj=1,...,N—1,
k=(2j—1)m+1 k=2jm+1

we have Sﬁl) = Zjvzl Yj(Q). Note that the random vectors (U]@), R§2))1§j§N are independent. The
proof of (3.13) can be done by using similar (but even simpler) arguments to those developed
in the step 2. In this part, one of the important fact is to notice that the R;Q)’s also have a

negligible contribution. Indeed, for any 2m + 1 < k < 3m,

BBl = || [ [ (i om0

k k
 Fnhmits b b b)) [T e T duce)
i=2m+1 i=k—m-+1 o

< sup [E(Xi o W = 7) ~ / E( Xt Wo = 5)dv(3)| < 8yne( —2m).

Hence by stationarity and (3.2) we derive that HRg-Q)HOO < 1lforanyj=1,...,N.

To complete the proof of the upper bound (2.2), we just have to put together the results in
the steps 1, 2 and 3. O

3.1.2 Proof of the upper bound (2.3)

According to Proposition 4.5 in [1] and to pages 52-53 in [3], we have

sgngog(HAnH)—n)\u—/ Swdy(ﬂ)H <
n-=z X

o0

12



(see also Section 8.1 in [4]). Hence, according to Lemma 1 in [2], the upper bound (2.3) will

follow if one can prove that

Viogn
NI

We proceed as for the proof of the upper bound (2.2) with the following differences. First we

/Xkudy Z kaa

k=m+1

sup IP’(/XSn,udl/(ﬂ) < y\/ﬁ) — @(y/s)‘ <

yEeR

(3.26)
consider

where Xy, is defined by (3.4). Hence

H/ Sl (@) = S| / Z 1 Xz — Xill1dv(@) < 0y oo(m)
X X k=m

It follows that the step 1 of the previous subsection is unchanged. Next, we use the same notation

as in subsection 3.1.1 with the following change: U; is now defined by

U, = g: /X Xpadv(a) (3.27)

and then, when n = 2mN, the decomposition (3.9) is still valid for S, ,,. The step 3 is also
unchanged. Concerning the step 2, the only difference concerns the upper bound of the quantity
|1 (t) —e**#/4||; since the definition of U; is now given by (3.27). To handle this term, we note
that for f(z) € {cosz,sinz}, we have

k=1 Jx “‘k,u v(u) 1 ?:1 k 1
e [7 (122 X,@Z E)] - B [ (e )]
|t]

Z 1 Xka — Xk!dv(>§—26 (k) € —=.
X k=m+1 k=1 vm’

The last upper bound comes from (3.2) together with the fact that u is assumed to have a

Itl

moment of order ¢ = 3. Next, by taking into account (3.22), note that

/_TT\/NL\’%H:H;M@/\/N)\Hldf < 1/vn.

This imples in particular that (3.24) still holds. Compared to subsection 3.1.1 the rest of the

proof is unchanged. ]

13



3.1.3 Proof of the upper bound (2.4)

Once again we highlight the differences with respect to the proof given in Subsection 3.1.1. For

Zka+ Z Xiem

k=m+1

x € S9!, we consider

and we note that

n

sup HSn,:i - Sn,m,:f”l = Z Sup HXk:p Xk,m”l S nél,oo(m) .
zeX k=m+17 €x

Once again Step 1 of Subsection 3.1.1 is unchanged. Next, U; is now defined by

,=U, = ZX,W (3.28)

and the step 3 is also unchanged. Concerning the step 2, due to the new definition (3.28) of Uy,
the only difference concerns the upper bound of the quantity || (¢) —e~****/4||;. To handle this
term, we note that for f(y) € {cosy,siny}, we have, by using (3.2) together with the fact that

1 is assumed to have a moment of order ¢ = 3.

o [ (E ), [ (e
< 't‘ Z sup Xz Xl < L

Jm

We then end the proof as in subsection 3.1.1. O

1

3.2 Proof of Theorem 2.2.

Let us point out the differences compared to the proof of Theorem 2.1 (the selections of N and
m being identical). To get the upper bound (3.22), we still establish an upper bound similar
to (3.20) valid for any ¢ € [1,m] and any ¢ such that t*(m — ¢)/(2m) < C. Since pu has a
finite moment of order ¢ = 4, according to Lemma 4.3, ||R||3 < 1. Hence, using Lemma 4.1
with a = 0 (here Lemma 4.5 in [15] can also be used), the desired upper bound follows and
the constant C' appearing above in the restriction for ¢ can be taken equal to ¢ (which is the
constant appearing in Lemma 4.1). Next, we select ¢ as in (3.21). This selection makes sense if
£? < ncy/2. Therefore, we use (3.10) by selecting T' = 7+/n with 1 small enough (more precisely
such that cy/(2n?) is large enough for (3.18) to be satisfied when m — £ is of order cy/(2n?)).
Therefore, for any || < T, the upper bound (3.22) is still valid. The second difference, in

14



addition to the choice of T, is that instead of using Lemma 4.6 we use Lemmas 4.11 and 4.12

which then entail that for any j > 1,

i (€/VN) — e /UM || <« N7YePn~ 2 4 NY2[¢ln " (logn). O

4 Technical lemmas

Suppose that we have a sequence of random vectors {(A;, B;) }1<j<s and a sequence of filtration

{H,;}1<j<s such that the following sequence
(B, (42), B, (14;17), Eng, (BD))
JjeJ

is a sequence of independent random variables (with values in R?). For any real a, let H;(a) =
Aj 4+ aBj and
1 () = B(exp(inH(a))|H,)

With the notations above, the following modification of [15, Lemma 4.5] holds:
Lemma 4.1. Let p > 2. Let J > 16 be an integer. Assume the following

(i) s, (Aj) = Eq;(Bj) =0, forany 1 < j < J

(i1) there exists u~ > 0 such that P(Eqyy, (A7) <u™) < 1/2, for any 1 < j < J,

(iti) sup;»1 E([4;[7) < oo,

(v) sup,, E(B}) < oo.
Then there exist positive finite constants c1, ¢ and c3 depending only on p, u~, sup;s; E(|A4;[?)

and sup;, B(B?) such that for any a € [0, ¢1] and any 1* < ¢,

J
E([L 1ok @) < e 4 e,
j=1

Proof of Lemma 4.1. The beginning of the proof proceeds as the proof of [15, Lemma 4.5].

Let 1 < j < J be fixed for the moment. Using a Taylor expansion we have
1
E(exp(izH,(a))|H,) = 1 — B, (H2(a))a?/2 + /2 / (1— $)I(s,2)ds,
0

where, for any A > 0 and any s € [0, 1],

|1(s,2)] < 4a°Eqy, (B7) 4 2Ky, (Aﬂ(cos(stj(a)) — cos(0)) + i(sin(szH;(a)) — sin(0))|)
< 40°Eyy, (B?) + 8Eqy, (AZ)|h| + 4y, (A3, (o) >2n) -

15



Using the fact that for any reals u and v, u*Lj,4y>on < U?1jy>p + 07, we get

1(s,2)| < 8a’Eyy, (BF) + 8Es, (A7)|xh| + 4Es; (A1) 4,158)
< 8a”Eay, (B?) + 8Eqy, (A2)|h| + 4h* PEqy, (|A;]7) -

Now for any a > 0,

By, (H7 (a)) — (Bag, (A3) + a®Eqy, (B7))| < a "By, (A7) + aa’Eyy, (B3) .

J

So, overall, for any A > 0 and any a > 0,

’E(exp(ixHj(a))H-lj) -1+ EHJ.(A?))xQ/Q‘ < 2*(4a® + aa®)Eqy, (B7)
+ By, (A2) (2" /2 + 4h|a]?) + 2®h*PEq, (|A; 7).
Let us take h = |z|7Y®Y and o = a™*. Set 6(p) := (p —2)/(p — 1).

Let @, u™ be positive numbers to be chosen later.

Recall that by the conditional Jensen inequality, By (A2) < (Ey, (]Aj|p))2/ P P-almost surely.

For the sake of simplicity, we shall assume that this inequality takes place everywhere.
From the above computations, we infer that, on the set {Eq; (B}) < a} N{Ey, (|4;[7) < ut},
one has
‘E(exp(ixl—]j(am%j) -1+ IEHJ.(A?))xQ/Q
< a’(4a® + a)i + 2 (u")Pa/2 + [a P (4P ut).
Set
u(x) = x(4a® + a)i + 22 (u")Pa/2 + |z °® (4(ut)?P + ut) .

Let u~ be a positive number (v~ will be given by (i¢) but it is unimportant at this stage).

We infer that, for every z? < 2/u~, on the set
[y = {Ey, (B]) < a} N {Ew; (A7) > u™} N {Ey, (14;7) < u'}

one has

‘E(exp(ixHj(amHj) <1—u 2*/2 + 2%u(x).

Since 0 < w-,u",u < oo, there exist positive constants ¢i,co < oo (depending only on
(u™,u™,w)) such that

a<c = (4a® +a)a+ (uh)¥Pa)2 <u/8,

2% < ¢y = |2 P )P +ut) <u/8.
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Therefore, there exist constants 0 < ¢1,c2 < oo (depending only on (@, u™,u™)) such that for

any a < ¢, any 2% < ¢y, on the set I';,
|E(exp(izH;(a))|H;)| < 1—u"2/4 < v

Set also X := Z‘j]:l 1p, and Ay := {¥; > J/8}.

From the previous computations and the trivial bound |E(exp(izH;(a))|H,)| < 1, we see
that, for any 0 < @,u",ut < oo, there exists positive contants c;, cs, cs such that for every

z? < ¢y and every a < ¢, on the set I'y, one has (recall that J > 16),
J

E( H |SO;{G(‘I)‘> < eiu_IQ[J/S]/Q < efu—mQJ/32 .
j=1

Using the the above trivial bound again, the lemma will be proved if, with u~ given by (i),

one can chose @, u* > 0 such that P(A;) < e //32,

By Markov’s inequality,

sup,.; E(B?
P(Ey,(B3) > 1) < M — 0.
u u——+00
Hence there exists @ > 0 such that, for any 1 < j < .J, P(Ey, (B7) > @) < 1/8.
Similarly, there exists u* > 0 such that , for any 1 < j < J, P(Ey, (|4,]7) > u™) < 1/8.

By assumption (i7) and by definition of @ and u*, we have
J
E(Z)) > ) (1-(1/2+1/8+1/8)) = .J/4.
j=1
Hence,
P(AG) =P(X, < J/8) =P(Z, - E(X,) < J/8 - E(X,))

<P(S, — E(S)) < —J/8) = P(—%, + E(Z,) > J/8).

Hence, using Hoeffding’s inequality (see [13, Theorem 2]),

—2(J/8)?

P(AS) <e 7 =e 732
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Lemma 4.2. Assume that 1 has a moment of order g = 3. Let Xy, be defined by (3.4). Then,
setting Xgm = Xpm — B (Xim), we have

B 35 %) —B( 3 K| <,
’ ’ 1

where E,,(-) means E(:|G,) with G,, = c(Wy,e1,...,6m). In addition if ¢ =4, then

2m 9 2m 9
En( 3 X)) —E( Y Xin) 1
H _Z:I %, _Z:l %, 1 <
Proof of Lemma 4.2. Note first that
2m B 9 2m ~ 9
E _
[En( 32 Xim) —E( 32 Xum) |,
k=m+1 k=m+1
2m 9 2m 9 2m 9
< ||E X —
- H m( Z km) E( Z Xk’m) 1 +2HEm< Xk’m> 2
=1,+ 1,
But
2m 2m m
HEm( S X,C,m)H2 < N B X le < S1 (k) < 1, (4.1)
k=m+1 k=m+1 k=1

by taking into account (3.2) and the fact that ¢ > 2. It remains to handle I,,. With this aim,
we first write the following decomposition: for any v € (0, 1]

Z Xk—l—mm _E(Xlg+m,m)||1

m

+2 Z O sup  |En (XivmmXjrmm) — E(XivmmXjimm) 1

—1 0<j<i<2¢
m m—~

+2 Z Z H]Em<X€+m,mX€+k+m,m) - E<X€+m,mX€+k+m,m) Hl . (42)

0=1 k=041
Note that for 1 <1i,7 < m,
1Em (XitmmXjrmm) — E(XipmmXjrmm) 1 < SUPX E’ i1 X g — Xigpn X, yz‘
z1,T9€

Y1,92€X

With the same arguments as those developed in the proof of [4, Prop. 4], we infer that, if 4 has
a moment of order ¢ = 3,

Y IEn(XE,) —E(XE)h < 1, (4.3)

k>m+1
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and, for every § < 1/3,

Z €B sup ||E ( i+m,m J+mm)_E(Xi+m,ij+m,m>H1<<1' (4-4)

>m+1 1<j<i<2t

On another hand, with the same arguments as those used to prove [4, Relation (34)], we have

m m—~
Z Z 1B (Xt mmXertamm) — E(XepmmXerhrmm)|1
(=1 k=141

2m—1

(Z En(Xemll) + D B (Xl X 3R B (Kis)a (45)
k=1

{=m+1

But, by taking into account (3.2) and the fact that p has a moment of order ¢ = 3, we have, for
any 1 <k <m,
HEm(Xk-i-m,m)HZ < HEm(Xk-Irm,m)Hoo < 51,00(k) < k_Q-

Hence, using this upper bound in (4.5) and considering the estimates (4.3) and (4.4), we get, for
any v € (0,1] and any 8 < 1/3,

Ly <14m Pl + Y k722,
k=1
Hence, selecting v = 28 and 8 = 2/7, we derive that I,, < m?7 which gives the desired
inequality, when p has a moment of order ¢ = 3 .
Assume now that p has a moment of order ¢ = 4. In this case, with the same arguments as
those developed in the proof of [4, Prop. 4], we infer that (4.4) holds with § < 1+ 1/4. Then,
selecting v = 1 in the decomposition (4.2) and using similar computations as above, the desired

upper bound follows. n

Lemma 4.3. Let p € [2,3]. Assume that @ has a moment of order ¢ =p+1. Then |R:|, < 1,
where Ry is defined by (3.7).

Proof of Lemma 4.3. Setting kam = Xim — Ep,, (Xm) and applying [6, Proposition 3.1]
with NV =1, we have

2m 2m 2m

1/2 ~ 1/p
1Ry < (20-10 Y im) + (3 1Kkl 400 -1 > aim)

i=m+1 k=m+1 i=m+2

where
i—1

1,4 ~ - ,
Yi;m = 5“Xz,m||§+ Z ||Xj7mE(Xi,m|gg)Hp/2

j=m+1
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and .4
1 11— ~ B - - .
Aim = 5 > XKl PE(XE, — EXE)IED] -
j=m+1

But, for any integer k € [m + 1,2m/| and any p > 1,

E|Xm|”
m p
:E‘fm(ek—m—klw”75m75m+17---75k)_/fm(vk—m—l—ly---avmagm—l—la---»gk) H dlu(vz)
i=k—m+1
P m
< /E‘fm(ekmﬂ, ey Emy Emals - 1 Ek) — frn(Vk—mats - -« s Uy Emds - - -5 k) H dp(v;) .
i=k—m+1
Hence, for any integer k € [m + 1,2m| and any p > 1,
E|Xk,m‘p S //E‘fm<uk—m+ly coy Uy Emd1y - - - 75k:>
P m m
— S ety - Vg en)| [ de) [ du(w)
t=k—m+1 i=k—m+1
< sup E|Xy iz — Xpomgl” =08 o (k—m). (4.6)
z,5eX ’

By taking into account (3.2) and the fact that x4 has a moment of order ¢ = p+ 1, it follows that

2m

Z 1 Xemlls, < Z

k=m+1 k>1

On another hand, for m+1 < j <1 < 2m,
HE(XI,M‘Sg)HOO < 251,00(i - ]) :

By taking into account (3.2) and the fact that pu has a finite moment of order ¢ = p + 1 (and
then ¢ > 3 and ¢ > p), it follows that

Z%mgz Z(s +2Z Z Opj2,00(j — M) 61 00 (i — 7)

i=m+1 i=m+1 j=m+1
<Y B+ byl 25100 <1.
i=1 j=1

On another hand, for any m + 1 <1 < 2m, by Lemma 4.4,

IE(X?,, — E(X2)IE) e <4 sup E[Xija, Xivjo, = Xicjgn Xici|
T1,T9
y1,92€X
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Again, by (3.2) and the fact that p has a moment of order ¢ = p + 1 (and then ¢ > 3 and

q > p—1) and by using (4.7), it follows that

2m 2m m
p—2 .
§ Qjm K E Op—s.00(] —m) E _sup E| Xk 2, Xn s = Xiogu X | < 1.
i=m+2 j=mt1 k=1 pir2ex

Putting together all the computations above we get the lemma.
Lemma 4.4. Let )?k,m = Xim — Er,, (Xim). Foranym+1<j <i<2m,

IE(X7,, — E(X7,)IE) ]l < 4 Sup E| X i Xizjzs — Xijgp Xizjgm| -
T1,T2
y1,92€X

In addition, if i has a finite moment of order q,

-3
Y kP sup B[ Xpg, Xiay — Xig K| < 00
T,To€eX
k>1 71.92€X

(4.7)

Proof of Lemma 4.4. The upper bound (4.7) follows from equation (8) of [4]. Let us prove

the first part of the lemma. Let A; =¢;---¢;. For any integer 7 in [m + 1,2m]|, write that

Xi,m :/ 0'(8“147’ m+1x dV / / é‘“ m+lgm. “ Qi m+1x d]/ H dlu gk
X

k=i—m+1

)

Now, for any m+1 < j <1 < 2m,

E(Yfmlf‘?%) = /U(Qiagi—l o -gj+1Aif,m+1:7:)a(gi,gz-_1 9]+1A1 m¥)dv (T H du(gr) ,

k=j+1

and

E(YZQm) = /U(gu Gic1° " 9j+105 " Gimm41T)

U(gi’ Gi—1-G54+195  * Gi— m-‘rly)dV H d,u gk

kzm—i—l

Hence, using stationarity, we get

IE(Y:,1E) — B(Y2) [l < sup B|Xija Xivja, = Xiejpn Xivjm] -
Z1,ZTg
Y1,Y2€X
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Next, for any m+1 < j <i < 2m,

E(YimZim|E3) = /U(Uiauz’—l"'UﬁlAgme)

X 0 (Ui, Uim1 - 'Uj+1AZn+19m' Yimm—10)dv (T H dp(ug) H dp(gr)
k=j+1 k=i—m—1

By stationarity, we derive

X

iij’gQ ‘ °

IE(YimZim|€3) = E(YimZim) oo < sup E|Xi—jz Xivja — Xivjm
Z1,T9
91,92€X

We get a similar upper bound for H]E(me\c‘fg ) —E(Z},,)|l- The lemma follows by taking into

account all the above computations. O

Lemma 4.5. Assume that p has a finite moment of order ¢ > 2. Then H Zk il Xk”q < \/m
and || S0 Xk,qu < \/m.

Proof of Lemma 4.5. The two upper bounds are proved similarly. Let us prove the second
one. As to get (3.19), we use [18, Cor. 3.7], to derive that

2m

| 3 Xew| < v {IXiimnlls + S5 KB (Xl

k=m+1 k=m+1
where E,,(-) means E(:|G,,) with G,, = oc(Wy,e1,...,6m). But | Xipmmll, < X, < o0
and [|E. (Xitmm)llp < [|Em(Xktmm)|loo < 01,00(k). Hence, the lemma follows by considering
(3.2). O
For the next lemma, we recall the notations (3.5) and (3.8) for F,, and Y;-(l)

Lemma 4.6. Assume that p has a finite moment of order ¢ = 3. Then for f(x) € {cosz,sinx},

we have
§ |t]

\/—m-i-

e [£( )] - mlresniva), <

m32

In addition
(1) 2

e (200 - el < o

Proof of Lemma 4.6. Since the derivative of z — f(tx) is t*>-Lipschitz, making use of a Taylor

expansion as done in the proof of Item (2) of [7, Lemma 5.2], we have

v ()] - Elsas)

[Ee. 5 (122)] - BNV + o (1RallaOale+ Rl2) (09
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Now note that Uy = 2”:12”1“ Xk,m where

Xion = Xieon — Er,, (Xim)

with X, = E(Xk|5,’j_m+1) = fim(Ek—mt1,-.-,€k). Let (5)r be an independent copy of (e ).
Define
Xim = Fn(Eh it -+ Eoms E2mets - - - ) and Uy = Z Xim- (4.9)
k=2m-+1
Clearly Us is independent of F,,. Using again the fact that the derivative of x +— f(tz) is
t2-Lipschitz, we get

[B=. [ (t5=)] ~Elresnva))|

< )E[f(t%)] —E[f(tsN/VD)]| + o (102 = U1V + 102 = U31) . (420

But, by stationarity, |[Rz|l2 = ||Ri|l2, and by Lemma 4.3, since p has a moment of order
g = 3, we have ||Ri|| < 1. Moreover, by using Lemma 4.5 and the fact that X,’;m is dis-
tributed as Xj,,, we get that ||Uslls + [|Us]l2 < +/m. On another hand, setting G, =

O(Ehmitr -+ Ems Ehmmtls - - - » E2m> E2mep1, - - - k), We have
3m 3Im 3Im
12 =Usll3 < > 1Xem =Xl +2 D> D 1 (Kkm = Xi ) E(Xem — X7l G 1
k=2m+1 k=2m+1{=k+1

Now, for p > 1, | Xpm — X, 1B < 68 (k — 2m) and, for £ > k,
H]E(Xﬂ,m - Xg,m|gk,m)||oo < 51,00(€ - k) :

Since p has finite moment of order ¢ = 3, by (3.2), we obtain

U2 = U315 < 32 ) + (Do 01h)) < 1.
k=1 k=1

So, the inequalities (4.8), (4.10) together with the above considerations, lead to
e, [1 (2] - 2lrtesniva) | < [[r(i-)] - Elssn/va] | + =
"N V2m 1 V2m Vm
Next, note that U; =P ZZLI Xitmm and Sy, =P 89 — Sm. So, taking into account that
x > f(tx) is t-Lipschitz, it follows that

el (1) Bl ()] = ol o Keimn =i
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But, by stationarity, [5, Lemma 24| and (3.2), we have
H Z(Xk+m,m - Xk—i—m)Hl S mdl,oo(m) < 1/ma
k=1

implying that

Uy ||
E|f(t—=)] - E| (t—)” . 4.12
‘ / V2m / V2m R 412
Hence starting from (4.11) and taking into account (4.12), we derive that

(1)

(2] - Bl |

< ’E[f(t%)] —E[f (tsN/\/_)H—FTJr |§‘/2. (4.13)

Next note that x — f(tx) is such that its first derivative is ¢>-Lipshitz. Hence, by the definition
of the Zolotarev distance of order 2 (see for instance the introduction of [7] for the definition of

those distances),

‘E[f (t%)} _ E[f(tsN/\/i)]( < G (Ps, vz Gz ) -

Next we apply [7, Theorem 3.2] and derive that (since p has a finite moment of order ¢ = 3),

(P, vam Gozp) < m™ 12

Note that the fact that the conditions (3.1), (3.4) and (3.5) required in [7, Theorem 3.2] hold

when 4 has a finite moment of order ¢ = 3 has been established in the proof of [4, Theorem 2.

Hence
‘E[f(t%ﬂ —E[f (tsN/\/_)]‘ < \/—% (4.14)

Starting from (4.13) and considering (4.14), the first part of Lemma 4.6 follows. Now to prove

the second part, we note that

[Er. 1 (120 )] — L)

<[[e[# (7)) - Elresnva| + (RSl + I )3).

where we used the fact that S, is independent of FF,,. Hence the second part of Lemma 4.6

follows by using (4.14) and by taking into account Lemma 4.3 and the fact that, by Lemma 4.5,

|Smll2 < /m. O
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Lemma 4.7. Let p € [2,3]. Assume that u has a finite moment of order ¢ = p+ 1. Then
Uy — Us|l, < 1, where Us is defined by (3.6) and U; is defined by (4.9).

Proof of Lemma 4.7. Let Z;,,, := Xjom — )N(,:vm where X7 is defined by (4.9). Using once

k,m

again [6, Proposition 3.1] with N =1, we get

3m 3m 1/2
102 = Ul < 30 IEKimF)lp+ (260 - 1) > 77)
k=2m+1 i=2m+1
3Im 3Im . 1/p
(X 1zl -1 Y an,) "
k=2m+1 i=2m+2
where, setting ]-"jZ = O(Em+42s - - -1Ej,Epyar - -+ Em ), We have
1 i—1
Vi = 51ZimlB+ Y N ZinE Zinl FE) e
j=2m+1
and -
* 1 \ —
=5 O Ziml B2, ~E(Z2,)FD)h
j=2m+1

But, for any integer k in [2m + 1,3m],
1B (X k[ o) [p = IE(X | Fom )lp < [E(X k| Fam)lloo < 01,00(k —2m),
and, for 2m+1<j7<i—1,
IE(ZinlF7 ) oo < 2EXim]Fi)lloo < S1,00(i = j) -
In addition, we infer that, for 2m +1 < j <i—1,

IE(Z;,, — B(Z2 ) F e <4 sup E|Xi ja Xijzn — Xiojg Xiojg| = 4n(i — J).
1,9
Y1,U2€X

On another hand, for any » > 1 and any integer k € [2m + 1,3m],

r

E|Zkm

= E‘fm<5kfm+la e Emy E2mats k) = fm(Ehmtts - - Edms E2metds - - -5 ER)

S//E’fm(ukm+17'"7u2m7€2m+1a---7€k)

2m 2m
— fn(Vk—ma1s -« s Vomy E2mtts - - - 5 Ek) H dp(v;) H dp(u;)
i=k—m-+1 i=k—m-+1
< sup E[Xy ome — Xi—omgl” = 0y (B —2m). (4.15)
IgeX
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So, taking into account the above computations, we infer that

102 = Uslly < D" e (k) + (D2 030cli) + D Byjacly Zéloo )1/2
k=1 i=1 j=1
() zap— 0>onm)".
k=1

i=1
The lemma follows by taking into account (3.2), (4.7) and the fact that u has a moment of order
g=p+1 O]
For the lemmas below, we recall the definitions (3.6), (3.7), (3.8) and (4.9) for Us,, Ro, YQ(l)
and Uj.

oy (UatF2)®) gy oy

Lemma 4.8. Assume that p has a finite moment of order 4. Let o, = e (00D
m 2

for f(z) € {cosx,sinz}, we have

e [£(20)] B [1 (10 )], < e

Proof of Lemma 4.8. Using the arguments developed in the proof of [7, Lemma 5.2, Item 3|
and setting V = U, + Ry — U and V =V + (1 — o) U3, we get

2 x (2m)*?

(1) *
B [1(+5)] B [ (ten 2]
< a2, (Ex,, (V)" (BOUZ ) + s (Bs,, (V) (BIUZ ) + Ee, (V) (4.16)

Next, note that, by Holder’s inequality

E(a2, (Es, (IV1%)"?) < E(a2, (Be, (V%)) + E(a2, x [1 — )| Us |15
< laml2V s + llwml 211 = amlls|Uz]ls -

Proceeding similarly for the two last terms in (4.16), we derive that

1 *
B [1(2)] - B [ (00 ]|
< a3V IsIUs 115 + llaml311 — amlls|Us I3
+ 26| 3|V 121U |5 + 263t ||5 111 — v |21 U513
+ 48| V|5 + 48311 — a3 U5 )13 -

2 x (2m)*/?
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According to Lemmas 4.3 and 4.7, since p has a moment of order 4, ||V||3 < 1. Moreover
IU5]l3 < v/m. On another hand,

105 2 % 111 = awlls = || /B, (U2 + ) = vEs,, (057,

= H%EFm«Ul + R —Us)?)

L <IVIs <1

Since lim,, oo m~'||Us||3 = 52 > 0, it follows that for m large enough ||1 — a,||3 < m~/2. The

lemma follows from all the above considerations.

Ep,, (U2+R2)?)

Lemma 4.9. Assume that p has a moment of order 4. Recall the notation o, = B (00

Then for f(x) € {cosz,sinz}, we have

e (o) = 1 ()], o i

where N is a standard Gaussian random variable independent of F,,.

Proof of Lemma 4.9. Let W be distributed as Wj, and independent of Wo Let (€})k>1

be an independent copy of (¢)r>1, independent of (W, Wy). Define S¥, = k m1 X Where
X =o(ep, Wi_) — Au. Note that
Sy U; ||
B | (ton ) | = Ben 1 (ton )1 X
[ [ (o )] = B | (o Vo 2 Wl
t
< 14 X M1 0(m) < [tm ™%, (4.17)

vm
On another hand, note that = — f(tx) is such that its second derivative is t*-Lipshitz. Hence,
by the definition of the Zolotarev distance of order 2,

[Be [ (tom 22 )] =B [ (0 Z5)] [, < 11 3P . Goa)

Next we apply [7, Theorem 3.2] and derive that since p has a moment of order ¢ = 3,

Cs (PSm/\/%7 G52/2> < m_1/2 .

Note that the fact that the conditions (3.1), (3.4) and (3.5) required in [7, Theorem 3.2] hold

when 4 has a moment of order ¢ = 4 has been proved in the proof of [4, Theorem 2|. Hence

[Ben [# (o 722)] = o [ (0025 1P

<+, (4.18)
Considering the upper bounds (4.17) and (4.18), the lemma follows. O

1o Vm
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Lemma 4.10. Assume that p has a finite moment of order 4. Recall the notation «,, =

—EFm((UﬁRZ) ). Then for f(z) € {cosz,sinz}, we have

Er,,, (U3)?)
Jee. 1 (tan5)] - Eo. [1(25)],

where N is a standard Gaussian random variable independent of F,,.

< [tlm 1 log(m) .

Proof of Lemma 4.10. We have

sN sN
Er,, |/ (tom 75 )] = Be [£(155) ]|, < HOBINT X 11 = awmlls < [t x 11 = a2, ]l
[, [ (10 75)] = B £ (45 ) ], < 1OBANT < U1 =l < ] x 1= s

But 1
11— a2l ~ —|[Br,, (U + R1)?) = Es, (U3)*)]

and
|Er,, (U2 + R2)?) = Eg,, (U3)?)||, < ||Br,, (U3) = E(U)||, + | Rell] + 2||Er,, (UaR2) |1 -

By stationarity,

2m 9 2m 2
[z, W)~ B, = [En( 3 Fin) ~E( S Xiw)|
k=m+1 k=m+1

Hence, by Lemma 4.2, since q¢ = 4,
| e, (U3) — EU3)||, < 1.
By stationarity and Lemma 4.3, we also have ||Ra||s = || R1]]2 < 1. Next

IEs,, (VaRo)lly = |[E,, (B2 5 X)) -

k=2m+1

Let (e})k>1 be an independent copy of (gx)k>1. For 2m +1 < k < 3m, let

* * *
Xk,m - fm<€k7m+17 <o Eamy E2m1s - - '8/?) )

where we recall that f,, is defined as follows: Xy, = ]E(Xklé’,’j_mﬂ) = fm(Ek—ma1,---,€x). Note
that

3m
H ST (X = Xim) H Z §o.oo (k — 2m) <<Zk < log(m) .

k=2m+1 k=2m+1
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Hence since || Rs||2 < 1, we get

oo (e 3 0], om0 3 52

k=2m+1 k=2m+1
Combined with the fact that (X}

k,m

)2m+1<k<3m i independent of F,, and then E(X}  |F,,) =0
for any 2m + 1 < k < 3m, we get

[oen (e 3 0], 1ot [ 3 i D )],

=2m+ =2m+1 {=3m+1
Next, note that if £ —m +1 > k+1, given F,,, X} is independent of Xy,,, which implies that
Er,, (X3, Xem) = 0. Hence

4m k+m—1
fero( 3 Xin > x|, [ 3 $im 3 ),
=3m-+ k=2m+1 Z 3m+1

Now, forany3m+1§€§k+m—1andany2m+1§k’§3m, let

(k%) _ * *
XZ,m - fm(EK—m-i-lv vy Ehy Ektly - Ef) )

and note that Er,, (X}, X lff::)) = 0. Hence

3Im 4m k+m—1
forn( 3 i 3 )] = [ 2 i D <Xe»m—Xéfi?>)H1
=2m+1 {=3m+ 2m+1 {=3m+1

3m k+m—1

< 3 > I lall X — X0 s

k=2m+1 {=3m+1
3m k+m—1

k=2m+1 {=3m+1

Combining Lemmas 4.8, 4.9 and 4.10, we derive

Lemma 4.11. Assume that u has a moment of order ¢ = 4. Then for f(x) € {cosxz,sinx}, we

have

HEF’" [f(t?;i%)] - E[f(tsN/ﬁ)} H1 < |tPm~ 2 4 tjm~ (logm) .

Let R; be defined by (3.7). Proceeding similarly as to derive the previous lemma, we get

Lemma 4.12. Assume that u has a moment of order ¢ = 4. Then for f(x) € {cosz,sinx}, we

have

HEFm [f(tZ;“nzl\/);im+ Rl)] — ]E[f(tsN/ﬁ)} Hl < |tPm~Y2 + |tjm ! (logm) .
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