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𝐺

𝜌𝑝

𝜙

𝜌𝑝 𝜙

𝜙 𝜌𝑝 𝜌𝑐 𝜙 ≈

𝜌𝑝/𝜌𝑐

𝜌𝑝 𝜙



𝜓

1400 × 1400 × 500

𝑙

𝑡 𝑤

𝑟1 = 𝑙/𝑤 𝑟2  = 𝑤/𝑡 𝑟3 = 𝑟1𝑟2 = 𝑙/𝑡

𝑧 𝑤𝑏 𝑆𝑏
𝑟𝑏 = 𝑤𝑏/𝑤

𝑖 𝑗 𝒑𝑖
𝒑𝑗 𝑙 ̅ 𝑤̅ 𝑡̅ 𝑏 𝑆𝑏

𝑤̅𝑏



 

=  10 mm

 = 150 mm 𝜀̇

𝐸 𝐸𝐿 𝐸𝑇  

(𝐞1, 𝐞2)

0° 2.5°

𝐀

𝑖

𝐩𝑖

𝑙 ̅ ≈ 2000 𝑤̅ ≈ 30 𝑡̅ ≈ 6 𝑟̅1 ≈ 67

𝑟̅2 ≈ 5 𝑟̅3 ≈ 335

𝑤 (𝐞1, 𝐞2) 



𝑟̅𝑏
𝑤𝑏 𝑤

𝑟̅𝑏
𝜙

𝑟̅𝑏 = 𝛼(𝜙 − 𝜙0),

𝛼 = 1.2 𝜙0 = 0.02 𝑆𝑏
𝑆 𝑆𝑏 = 𝑟𝑏

2 𝑆

𝑟𝑏
2

𝑟̅1 and 𝑟̅3 ≫ 10

𝑧̅

𝑤̅

𝑧̅

𝑧̅ = 4𝛽𝜙 (
2

𝜋
𝑟̅1𝜑1 + 𝜑2 + 1),

𝜑1 𝜑2
𝑁



𝜑1 =
1

𝑁2
∑ ∑ ‖𝐩𝑘⊗𝐩𝑙‖

𝑁

𝑙=1

𝑁

𝑘=1
     and     𝜑2 =

1

𝑁2
∑ ∑ |𝐩𝑘 ⋅ 𝐩𝑙|

𝑁

𝑙=1

𝑁

𝑘=1
,

𝐩

𝐩′

𝐩

𝐩 0 1 2/𝜋

2/𝜋 𝜋/4 1/2

𝛽 ≈ 2

𝜙 = 0.323



𝜙 = 0.15

𝒆1

𝐸, 𝐸𝐿 𝐸𝑇 𝜙

𝜙 = 0.05

𝐸𝐿 ≫ 𝐸𝑇
𝐸/𝐸𝜙=0.35 𝐸𝐿/𝐸𝐿𝜙=0.35 𝐸𝑇/𝐸𝑇𝜙=0.35

𝜙

𝐸/𝐸𝜙=0.35 ≈ 𝐸𝐿/𝐸𝐿𝜙=0.35 ≈ 𝐸𝑇/𝐸𝑇𝜙=0.35  ∝ 𝜙
4.3

0.1 ≤ 𝜙 ≤ 0.35



𝜇

𝑟̅𝑏
𝜙

𝑧̅ 𝜙



𝐸

𝐸

- 

𝐸 𝐸𝑓

𝜙 

- 

𝐸

𝜙 𝐸𝑓 𝐺𝑓

- 

𝐸 𝜙 𝑟̅1, 𝑟̅2
𝐸𝑓 𝑣𝑓

𝑛𝑐

𝐸𝑓 = 30

𝐺𝑓 𝜈𝑓
𝑛𝑐

𝐸

𝐸

𝜙

𝜙

𝜙

𝐸

𝜙



𝜙

𝐸/𝐸𝜙=0.35 𝐸𝑇/𝐸𝑇𝜙=0.35

𝐸𝐿/𝐸𝐿𝜙=0.35 𝜙

𝜙

𝐸𝑐𝑜𝑥/𝐸𝑐𝑜𝑥𝜙=0.35 𝐸𝑃𝑆/𝐸𝑃𝑆𝜙=0.35 

𝐸𝑊𝐷/𝐸𝑊𝐷𝜙=0.35 

 𝜙



𝑁 𝑖 𝐺𝑖
𝐩𝑖

𝑙 ̅ 𝜋𝑤̅𝑡̅/4 𝑤̅ 𝑡̅

(𝐞1, 𝐞2) 

𝑙 ̅ 𝐿

𝜖 𝜖 = 𝑙/̅𝐿 ≪ 1. 𝑖 𝑗

𝑏 𝑖 𝑗 𝑀𝑖
𝑏

𝑀𝑗
𝑏 𝑠𝑖

𝑏 𝑠𝑗
𝑏 𝑆𝑏

𝑤̅ 𝑟̅𝑏 , 

𝑖 𝑗

𝑆𝑏 𝑤̅𝑏 = 𝑟̅𝑏𝑤̅

𝑖 𝑗

𝑆𝑏 ≈
𝑤̅𝑏
2

‖𝐩𝑖 × 𝐩𝑗‖
=

𝑟̅𝑏
2𝑤̅2

‖𝐩𝑖 × 𝐩𝑗‖
,

𝑏

𝑟̅𝑏 



𝛁𝐮̅ 𝐮𝑖
𝑏

𝑀𝑖
𝑏

𝐮𝑖
𝑏 = 𝐮𝑖 + 𝑠𝑖

𝑏𝜃𝑖𝐞3 × 𝐩𝑖

𝐮𝑖 𝜃𝑖 𝐺𝑖 𝑖

𝐞3 = 𝐞1 × 𝐞2
𝑖 𝑗 𝑏

𝐟𝑏 𝑚𝑏𝐞3
𝑗 𝑖 𝐟𝑏 𝑚𝑏

𝐟𝑏 = 𝑘̅𝑏𝑆𝑏Δ𝐮𝑏,

𝑚𝑏 = 𝑘̅𝑏
𝜋

4
𝑆𝑏
2Δ𝜃𝑏 ,

𝑘̅𝑏
Δ𝐮𝑏 Δ𝜃𝑏 𝑖 𝑗

Δ𝐮𝑏 = 𝐮𝑗 − 𝐮𝑖 + 𝐞3 × (𝑠𝑗
𝑏𝜃𝑗𝐩𝑗 − 𝑠𝑖

𝑏𝜃𝑖𝐩𝑖),

Δ𝜃𝑏 = 𝜃𝑗 − 𝜃𝑖.

 ℬ𝑖
𝑖 𝒩

𝑁 𝑖

∀𝑖 ∈ 𝒩,

{
 
 

 
 ∑𝐟𝑏

ℬ𝑖

= 𝟎

∑𝑚𝑏𝐞3  = ∑𝑠𝑖
𝑏𝐟𝑏 × 𝐩𝑖 

ℬ𝑖ℬ𝑖 

.



𝐟𝑏
𝑚𝑏

Δ𝐮𝑏 ≈ δ𝐮𝑗 − δ𝐮𝑖 + 𝛁𝐮̅ ⋅ 𝛏𝑏 + 𝐞3 × (𝑠𝑗
𝑏𝜃̅𝑗𝐩𝑗 − 𝑠𝑖

𝑏𝜃̅𝑖𝐩𝑖),

Δ𝜃𝑏 ≈  𝜃̅𝑗 − 𝜃̅𝑖.

δ𝐮𝑖 δ𝐮𝑗

𝐮̅ 𝜃̅𝑖 𝜃̅𝑗

𝛏𝑏 = 𝐆𝑖𝐆𝑗 = 𝑠𝑖
𝑏𝐩𝑖 − 𝑠𝑗

𝑏𝐩𝑗.

𝜖 ≪ 1

𝛔

𝛔 =
1

𝑉𝑟𝑒𝑣
∑𝛏𝑏⊗

ℬ

𝐟𝑏 ,

𝑉𝑟𝑒𝑣 ℬ 𝐵

𝐵/𝑉𝑟𝑒𝑣 =  𝑛𝑧̅/2 𝑛

(𝑛 = 𝑁/𝑉𝑟𝑒𝑣) 𝛔

𝛔 = 𝑘̅𝑏𝑟̅𝑏
2𝑤̅2 𝑛𝑧̅

2

1

𝐵
∑

1

‖𝐩𝑖 × 𝐩𝑗‖
𝛏𝑏⊗

ℬ

Δ𝐮𝑏 .

𝛔

𝛆 = (𝛁𝐮̅ + 𝛁𝐮̅𝑡)/2

𝛔 = ℂ: 𝜺,

ℂ

ℂ



ℂ

𝛆 𝛆𝐼 = 𝐞1⊗𝐞1 𝛆𝐼𝐼 = 𝐞2⊗𝐞2 𝛆𝐼𝐼𝐼 = (𝐞1⊗𝐞2+𝐞2⊗

𝐞1)/2 δ𝐮𝑖
𝜃̅𝑖

𝛔 𝛔𝐼 , 𝛔𝐼𝐼 , 𝛔𝐼𝐼𝐼

ℂ

𝑁 𝑖 𝑙 ̅

𝜋𝑤̅𝑡̅/4 𝐩𝑖
(𝐞1, 𝐞2) 𝑉𝑟𝑒𝑣 = 𝑙𝑟𝑒𝑣

2 𝑡𝑟𝑒𝑣  

𝑙𝑟𝑒𝑣 𝑙 ̅

𝑙𝑟𝑒𝑣 ℎ𝑟𝑒𝑣 1.5𝑙 ̅ 10𝑡̅

𝜙 =  𝑛𝜋𝑤̅𝑡̅𝑙 ̅/4 0.05 0.5

𝐞1

2𝛽𝑙𝑤̅̅𝑡̅ 𝑖

ℬ𝑖
ℬ 𝑧̅

𝑟̅𝑏

1. 

𝑧̅

2. 

‖𝐩𝑖 × 𝐩𝑗‖

𝑆𝑏
𝑆𝑏̅



𝑆𝑏 = 
𝑟̅𝑏
2𝑤̅2

‖𝐩𝑖 × 𝐩𝑗‖
≈ 𝑆𝑏̅ ≈

𝑟̅𝑏
2𝑤̅2

φ1

3. 𝐮𝑖 𝐺𝑖
𝛁𝐮̅

Δ𝐮𝑏 δ𝐮𝑗 − δ𝐮𝑖 ≈ 𝟎

4. 𝑖 𝐞3 × 𝜃̅𝑖𝐩𝑖

𝐞3 × 𝜃̅𝑖𝐩𝑖 = 𝛁𝐮̅ ⋅  𝐩𝑖 − 𝐩𝑖⊗𝐩𝑖⊗𝐩𝑖: 𝛆

Δ𝐮𝑏

Δ𝐮𝑏 = (s𝑖 𝐩𝑖⊗𝐩𝑖⊗𝐩𝑖 − s𝑗 𝐩𝑗⊗𝐩𝑗⊗𝐩𝑗): 𝛆,

ℂ

ℂ =
4𝛽𝑘̅𝑏𝑙𝜙̅

2 (
2
𝜋
𝑟̅1φ1 + φ2 + 1) 𝑟̅𝑏

2𝑟̅2

3πφ1
(1 −

1

4𝜙 (
2
𝜋 𝑟̅1φ1 + φ2 + 1)

)𝔸,

𝔸

𝔸 =
1

𝑁
∑𝐩𝑖⊗𝐩𝑖⊗𝐩𝑖⊗

𝑁

𝑖=1

𝐩𝑖.

(21) 𝑙 ̅ 𝑟̅1 𝑟̅2 𝜙

𝔸 𝜑1, 𝜑2) 𝑘̅𝑏
𝑟̅𝑏) ℂ

𝑟̅1 ≫ 1

𝑧̅ ≫ 10 (21)

ℂ =
8

3π²
𝛽𝑘̅𝑏𝑙𝑟̅̅3𝑟̅𝑏

2 𝜙2𝔸,

ℂ 𝑙 ̅

𝑟̅3 𝔸

𝑟̅𝑏 𝜙 ℂ

𝜙



𝐞1  𝐞2
𝛆𝐼 , 𝛆𝐼𝐼 , 𝛆𝐼𝐼𝐼

𝛔𝐼 , 𝛔𝐼𝐼 , 𝛔𝐼𝐼𝐼

𝐸𝐿 𝐸𝑇
𝐺𝐿𝑇 𝜈𝐿𝑇 𝜈𝑇𝐿

𝐸𝐿 = 𝜎11
𝐼 (1 − 𝜈𝐿𝑇𝜈𝑇𝐿) 𝐸𝑇 = 𝜎22

𝐼𝐼 (1 − 𝜈𝐿𝑇𝜈𝑇𝐿) 𝐺𝐿𝑇 = 𝜎12
𝐼𝐼𝐼 𝜈𝐿𝑇 = 𝜎22

𝐼 /𝜎11
𝐼

𝜈𝑇𝐿 = 𝜎11
𝐼𝐼 /𝜎22

𝐼𝐼 𝐸𝐿 𝐸𝑇 𝐺𝐿𝑇 𝜈𝐿𝑇 𝜈𝑇𝐿 𝜙

𝑘̅𝑏 = 𝑘̅𝑏

 

𝑧̅

 𝜙

 

𝐸 = 𝐸𝐿 = 𝐸𝑇  𝜈 = 𝜈𝐿𝑇 = 𝜈𝑇𝐿 𝐺 = 𝐺𝐿𝑇 = 𝐸𝐿/2(1 + 𝜈𝐿𝑇)

𝜈

𝜈

≈ 0.33

𝜈 = 1/3.

 

𝐞1 𝐸𝐿 ≈ 3𝐸𝑇 𝐸𝑇 < 𝐸 < 𝐸𝐿 𝜈𝑇𝐿 ≈ 3𝜈𝐿𝑇
𝜈𝑇𝐿 < 𝜈 < 𝜈𝐿𝑇



𝐸𝐿 𝐸𝑇 𝐺𝐿𝑇 𝜈𝐿𝑇 𝜈𝑇𝐿 𝜙

𝒆1



𝐸𝐿 𝐸𝑇 𝐺𝐿𝑇 𝜈𝐿𝑇 𝜈𝑇𝐿 𝑎𝐼

𝜙 = 0.3

(a)

(b)

(c)

𝐸𝐿

𝐸𝑇

𝜈𝑇𝐿

𝜈𝐿𝑇

𝒆3

𝒆1 𝒆2

𝒆3

𝒆1 𝒆2

𝒆3

𝒆1 𝒆2



𝐸𝐿 𝐸𝑇 𝐺𝐿𝑇
𝜈𝐿𝑇 𝜈𝑇𝐿 𝜙 = 0.3 𝑎𝐼

𝐀 𝑎𝐼 = 0.5

𝑎𝐼 = 1 𝐸𝐿 𝐸𝑇 𝑎𝐼
𝐺𝐿𝑇 

𝜈𝑇𝐿
𝑎𝐼 𝜈𝐿𝑇

𝑎𝐼

𝑘̅𝑏
𝑘̅𝑏 = 2000 N mm

−3

 

𝐸, 𝐸𝐿 , 𝐸𝑇

𝜙

𝑛 = 4𝜙/(𝑤̅𝑡̅𝑙)̅

𝜙 𝑧̅

𝜙 𝑟̅𝑏
2 𝑟̅𝑏

𝜙

 





𝒆1

 

ℯ𝑏

𝜀𝑌



0.2 0.5%

ℯ𝑏

ℯ𝑏
1

2
𝑘̅𝑏Δ𝑢

2
,

Δ𝑢

Δ𝑢

Δ𝑢 ≈ 𝜀𝑌𝑙/̅4 ℯ𝑏
𝑘̅𝑏

ℯ𝑏

𝑘̅𝑏
 𝑘̅𝑏

𝑘̅𝑏 =

3000 N mm−3 𝑘̅𝑏

𝐾̅𝑏 = 𝑘̅𝑏𝑟̅𝑏
2𝑤̅2

𝑟̅𝑏

𝐾̅𝑏



 𝐸, 𝐸𝐿 , 𝐸𝑇 𝜙

𝒆1

𝑘̅𝑏 2000 𝑁 𝑚𝑚−3

𝜙

1 25%



𝐸𝐶𝑜𝑥

𝐸𝐶𝑜𝑥 =
1

3
𝐸𝑓𝜙

𝐸𝑓

𝐸𝑃𝑆

𝐸𝑃𝑆 =
1

3
𝐸𝑓𝜙 [1 −

1

𝑟1 𝑅𝐵𝐴
√
𝐸𝑓

2𝐺𝑓
 ]

𝐺𝑓 𝑟1  = 𝑙/𝑤̅

𝑅𝐵𝐴 ≈ [1 −
1

𝑐̅
] [1 +

(1−𝜙)((2−(2+𝜙)(1−𝜙))

ln (1−𝜙)
]

𝑐̅ = 𝑤̅𝐺/𝛿 𝛿 = 1.5 × 10−4

𝐸𝑊𝐷
𝜈𝑊𝐷

𝑞 𝑤̅ 𝑛 = 4𝜙𝑟1/𝜋

𝐸𝑊𝐷 =
𝜋𝐸𝑓(1−𝜈𝑊𝐷

2 )

2𝑟1
𝑛 {

3

16
+ 2 [𝑛2 (

1

𝜋
+
1+

2

𝜋

2𝑟1
)

2

−
1

4
] (

𝑎

1+𝜈𝑓
+ 𝑏)} [1 − exp (

1−𝑛/𝑛𝑐

2
)]



𝜈𝑊𝐷 =
𝜋2−32{𝑛²[

1

𝜋
+(1+

2

𝜋
)
1

𝑟1
]−
1

4
}[

𝑎

1+𝜈𝑓
+𝑏]

3𝜋2+32{𝑛2[
1

𝜋
+(1+

2

𝜋
)
1

𝑟1
]−
1

4
}[

𝑎

1+𝜈𝑓
+𝑏]

𝜈𝑓 𝑛𝑐

𝑛𝑐 ≈ 5.7

𝑎 𝑏

𝑧̅ 𝑙𝑐 ≈

𝑤̅/2√6(1 + 𝜈𝑓)

𝑎 =
1

4(𝑧̅+1)²
∫ 𝜂 exp(−𝜂)𝑑𝜂

𝑙(𝑧̅+1)

𝑙𝑐

0

𝑏 =
3𝑤̅2

8𝑙²
∫

exp(−𝜂)

𝜂
𝑑𝜂

𝑧̅+1
𝑙(𝑧̅+1)

𝑙𝑐

𝛔

𝛔 =
𝑘𝑏𝑧̅𝑏̅

2𝑑𝑚𝑎𝑥
2 𝑛

2𝜑1
(𝔹1 +𝔹2): 𝜺

{
𝔹1 =

1

𝐵
∑ ∑ 𝑠𝑖

𝑏²𝐩𝑖⊗𝐩𝑖⊗𝐩𝑖⊗𝐩𝑖ℬ𝑁

𝔹2 = −
1

𝐵
∑ ∑ 𝑠𝑖

𝑏𝑠𝑗
𝑏𝐩𝑗⊗𝐩𝑖⊗𝐩𝑖⊗𝐩𝑖ℬ𝑁

{
∑ 𝑠𝑖

𝑏² ≈ℬ 𝑧̅
𝑙²

12
(1 −

1

𝑧̅
)

∑ 𝑠𝑖
𝑏 ≈ℬ 0

s𝑖 s𝑗 𝔹1 𝔹2



{
𝔹1 ≈

𝑙²

6
(1 −

1

𝑧̅
)𝔸

𝔹2 ≈ 0

𝔸

𝜙 = 0.323

μ














