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CRYSTALLINITY OF THE HOMOGENIZED ENERGY DENSITY OF
PERIODIC LATTICE SYSTEMS

ANTONIN CHAMBOLLE AND LEONARD KREUTZ

ABSTRACT. We study the homogenized energy densities of periodic ferromagnetic Ising sys-
tems. We prove that, for finite range interactions, the homogenized energy density, identifying
the effective limit, is crystalline, i.e. its Wulff crystal is a polytope, for which we can (expo-
nentially) bound the number of vertices. This is achieved by deriving a dual representation
of the energy density through a finite cell formula. This formula also permits easy numer-
ical computations: we show a few experiments where we compute periodic patterns which
minimize the anisotropy of the surface tension.

1. INTRODUCTION

The study of discrete interfacial energies has attracted widespread attention in the mathemat-
ical community over last decades, with applications in various contexts such as computer vision
[8], crystallization problems [9], fracture mechanics [7, [19] 86], or statistical physics [41], 42]. To
give examples, in computer vision the understanding of these energies allows us to investigate
functional correctness of segmentation algorithms [23]. Whereas for crystallization problems
it gives fluctuation estimates on the macroscopic shape of the crystal cluster of ground state
configurations [28] [34] [35] [40].

In this work, we consider energies defined on discrete periodic sets £ € R? and corresponding
Ising systems. We refer to [Il 3] 21 22] 29 BT, 37, B8], 39] for an abundant literature on the
derivation of continuum limits of such systems and their effective behavior. More precisely, we
consider L satisfying the following two conditions (see Figure [1))

(i) (Discreteness) There exists ¢ > 0 such that dist(z, £\ {z}) > ¢ for all z € L;
(ii) (Periodicity) There exists T € N such that for all z € Z<, it holds that £ + Tz = L;

To each function u : £ — {0,1} and each A C R? we associate an energy
E(u,A)= Y > eiju@) —u()*, (1)
i€LNAjeL

where ()" denotes the positive part of z € R, ¢; j: L x £ — [0,400) are T-periodic, that is
Ci+Tz,j+T> = Cij for alli,j € L and z € 74 and satisfy the following decay assumption

(iii) (Decay of interactions) For all ¢ € £ there holds

ZCZ'J'M —j| < +00.
JeEL
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2 ANTONIN CHAMBOLLE AND LEONARD KREUTZ

FIGURE 1. An example of the set £

Assuming conditions (i)-(iii) (and some additional coercivity assumption) ensures that the as-
ymptotic behavior of (1)) is well described (in a variational sense) by a continuum perimeter
energy. More precisely, let us introduce a scaling parameter € > 0. We consider the scaled
energies

Ee(u)= ) el (u(i) —u()"
i,j€eL
where ¢5 ; = ¢;/c j/- and u: el — {0,1}. By identifying u with its piecewise constant interpo-
lation taking the value wu(7) on the Voronoi cell centered at i € e£ we may regard the energies
as defined on Li (R? {0,1}). Integral representation results [2, 4, [I8] then guarantee that the
energies E. I'-converge (see [12], B0] for an introduction to that subject) with respect to the
L (R%)-topology to a continuum energy of the form

Eo(u) :/a*{ :l}go(yu(x))d?ld_l u € BVige(R%{0,1}).

Here, BVioc(R%{0,1}) denotes the space of functions with (locally) bounded variation and
values in {0,1}, 0*{u = 1} denotes the reduced boundary of the level set {v = 1}, v, (x) its
measure theoretic normal at the point # € *{u = 1}, and H~! denotes the (d— 1)-dimensional
Hausdorff measure, see [5] for the precise definitions of these notions. The energy density
¢: R? — [0, +00) can be recovered via the asymptotic cell formula (for the precise definition see

Definition

A= B s

inf { B(u, Q4): u £ {0,1},u(i) = w, () on L\ Q4 _yys > (2)

where

0 otherwise.

wy (z) = {1 if (x,v) >0,

Here, Q% is a suitable rotation of the coordinate cube with side-length S such that two faces
are parallel to {z: (v,x) = 0}. In the case £L =72, ¢;; = 1if |i — j| =1 and ¢; ; = 0 otherwise,
we have that () = 2||v||1, see Figure [2}

The goal of this article is to investigate the energy density . In particular, we show that
for finite interaction range ¢; ;, that is there exists R > 0 such that ¢, ; = 0 if |i — j| > R, the
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FIGURE 2. The energy density in the case of nearest neighbor interactions on Z?2

function ¢ is crystalline, see [32], Definition 3.2]. This means that the solution to

win{ [ plate)anss 14 =1

is a convex polytope. The finite range of interaction is crucial. Indeed, Example shows that
for infinite range interactions this is in general not true. In [I6] 7] it is shown that, as the
periodicity T of the interactions tends to 400, it is possible to approximate any norm as surface
energy density satisfying suitable growth conditions. We refer to [2] for a random setting where
it is shown that an isotropic energy density (and thus non-crystalline) can be obtained in the
limit.

The proof of the crystallinity in the case of finite range interactions relies on the following
alternative representation formula of the density, proven in Proposition Namely, we prove
that

1. . .
ov) = Td inf {E(u,Qr): u: L = R,u(-) — (v,-) is T-periodic} . (3)
This representation formula is reminiscent of the representation formula of the energy density
of integral functionals obtained via homogenization of T-periodic integral functionals in WP
[15]. To motivate this, consider the positively 1-homogeneous extension of E. defined by

= > & (@) —u())*,
i,j€eL

for u : e£L — R. The I'-limit F{ of the above sequence is clearly positively 1-homogeneous and
convex as the sequence of functionals satisfies these properties. Thus, Fy admits an integral

representation of the form
dDsu
D
= [ aoass [ (G5 dpal.

where fo: R? — R? is convex and positively 1-homogeneous, see [14]. (We like to stress however,
that this integral representation for the spin energies considered above is not proven in the
literature.) Here, the important point is that the density of the singular part and the density of
absolutely continuous parts agree. In [24], it has been shown that for continuous and convex
densities that satisfy a generalized coarea formula [45], the T'-convergence over sets of finite
perimeter or in the space of BV -functions is equivalent. This is used there to derive I'-limits
for a particular type of energies on the lattice Z¢. This is used as well in the continuous setting
n [27], to show that in this case, the densities agree. The density of the absolutely continuous
part can be calculated via . This property eventually allows us to express ¢ via since
the density of the absolutely continuous part can be calculated via (3) and the density of the
singular part agrees with the energy density in , see Proposition Using convex duality
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(see [43]) and using (3)) we show in Theorem [2.7] that ¢ is crystalline, and estimate an upper
bound on the number of extreme points of the corresponding Wulff shape. We would like to
stress that is not only a useful tool in our proof but it can be used also for computational
purposes as it is a finite and not an asymptotic cell formula.

The paper is organized as follows. In Section [2] we describe the mathematical setting and
state the main theorems of our paper. In Section [3| we prove Proposition the alternate
representation formula for ¢. In Section [4 we show that, in the case of finite range interactions,
the density ¢ is always crystalline. In Section [5| we discuss some differentiability properties of
. We present some numerical simulations of our findings in the last chapter.

2. SETTING OF THE PROBLEM AND STATEMENT OF THE MAIN RESULT

2.1. Notation. We denote by B(R?) the collection of all Borel sets in R?. For every A C R?
we denote by |A] its d-dimensional Lebesgue measure. Given r > 0, we denote by (A), := {z €
R? : dist(z, A) < r} the r-neighbourhood of A. Given 7 € RY, we set A+ 7 :={x +71: 2 € A}
and for A, B C R? we define A+ B := {a +b: a € A,b € B} their Minkowski sum. The set
S41:={v € R?: |v| = 1} is the set of all d-dimensional unit vectors. For v,w € R? we denote
by (v, w) their scalar product. We denote by {ej,...,eqs} C R? the standard orthonormal basis
of R%. Given C C R? convex, we denote by extreme(C) its extreme points. Given p > 0, we
denote by @, := [—p/2,p/2)? the half open cube centred in 0 with side-length p. For v € §%71,
we set () := R”(@),, where R” is an arbitrary rotation such that R"eq = v. Furthermore, given
z € R? we set Q%(x) := z + QY (vesp. Qp(x) =z +Q,). Given z € R? and r > 0 we denote by
B,(z) the open ball with radius r > 0 and center z. For A C R? we denote by x: R — {0,1}
the characteristic function of the set A given by

1 ifze A
) = ’ 4
Xa(x) {0 otherwise. )

We denote by wq the volume of the unit ball in R¢. Given v € S*~! we define

uy (2) = {1 if (v,2) 2.0, (5)

0 otherwise.

For 2z € R we denote by (z)* := max{z,0} the positive part of z and by |z] its integer part.

2.2. Discrete energies and homogenized surface energy density. In this paragraph we
define the discrete energies we want to consider and the homogenized surface energy density.

Let £ C R satisfy the following two conditions:
(L1) (Discreteness) There exists ¢ > 0 such that for all z € £ there holds
dist(z, £\ {z}) > c.

(L2) (Periodicity) There exists T' € N such that for all z € Z? there holds
L+Tz=L.

Note that the two assumptions and include multi-lattices, such as the hexagonal
closed packing lattice in three dimensions, and Bravais lattices, such as Z?, or the face-centered
cubic lattice in three dimensions.
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We consider interaction coefficients ¢; ; : £ x £ — [0, +00) and the corresponding (localized)
ferromagnetic spin energies of the form

E(u,A) == Z Z Ci,j(u(i) - u(]))+ ) (6)

i€LNAjEL
where u: £ — R and A € B(RY). If A = R? we omit the dependence on the set and write
E(u) := E(u,R?). We want to remark that we are considering interactions on the directed

graph instead of the undirected graph.
We introduce the following three hypotheses on the interaction coefficients ¢; ;: £ x £ —
[0, +00):
(H1) (Periodicity) There holds
CitTz,j+Tz = Cij
for alli,j € L, z € 7.
(H2) (Decay of Interactions) For all ¢ € £ there holds

> eijli—jl < +oo.
JEL
(H3) (Finite Range Interactions) There exists R > 1 such that
Ci,j = O
for all i,j € £ such that |i — j| > R.

It is obvious, that hypothesis implies hypothesis Note that, if |(H1)| and |(H2)| are

satisfied then

maXZci’ﬂi —j| = max Zci,jﬁ —j| < +o0.
€L it zELﬁQTjGL

Additionally, due to , by changing the order of summation, we have

Yoo doegli—il= Y > Y cigrrsli— T

1€LNQr jEL 1€ELNQT z€Z JELNQT
= S 3N argli-Ta—gl= Y Y egli-dl.
JELNQT 2€Z4 i€LNQT JELNQr i€L
Therefore, employing there holds
I}leag(ezﬁ ¢ jlt —j| < 4oo. (7)
3

As a consequence, letting for R > 0:

CR := max { max Z ¢ijli — j|,rjr_1€aﬁx Z cijli — j|} (8)

JEL|j—i|>R i€L,|i—j|>R
one has limp_, o, Cr = 0: this property will be used in several instances throughout the proofs.
Definition 2.1. Let ¢; ; satisfyand We then define the homogenized surface energy

density ¢ : RY — [0,+00) as the positively homogeneous function of degree one such that for
all v € ST~! we have

VP T o N v
p(v) = lim liminf —— inf {E(u, QY%):u: £ — {0,1},u(i) = uy (i) on £\ Q(H)S} . (9)
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with u, defined in .
In @, the rotation R” such that Q% = R”(Q)g is arbitrary and can vary with S. In fact, as

we will show in Lemma [3.17} for any family of rotations (R%)s>1 with R%eq = v, letting for
each S, Q% = R¢Qg, it holds:

o) = J it 7

inf {E(u, Q%): u: £ — {0,1},u(i) = u,(i) on L\ Q(”Hs)s}

= lim lim sup % inf {E(u,Qg): w: £ —{0,1},u(i) = u, (i) on L\ Qzllfd)s}-

=0 § 5400

Remark 2.2. The definition above can be interpreted as a passage from discrete to continuum
description as follows. Given € > 0, we consider the scaled energies

Bo(u) =Y > e e j(ulei) — u(ef))*,
i€L jEL

where u : e£ — {0,1}. Upon identifying u with its piecewise-constant interpolation, we can
regard these energies to be defined on L (R?). We know that their I-limit is infinite outside

loc

the space BVi,.(R%; {0, 1}), where it has the form
Eo(u) := / o(v)dHi?
0*{u=1}

with ¢ given by @, see for example [2]E| Here, 0*{u = 1} denotes the reduced boundary of
the set {u = 1} and H9~! denotes the (d — 1)-dimensional Hausdorff measure in R? (cf. [5],
Chapters 2.8 and 3.5).

Remark 2.3. Testing with u, in @, the forthcoming Lemma shows that ¢(v) < C for
all v € S%~1. Therefore, thanks to the convexity (deduced from Lemma Lemma and
Lemma and the fact that it is a positively one homogeneous function of degree one, ¢ is
Lipschitz continuous. The latter fact can be proved from the definition, see Remark [3.16]

2.3. Statement of the main result. In this section we state the main result.

Definition 2.4. Given ¢: R? — [0,4+00) convex, positively homogeneous of degree one, we
define the Wulff set of ¢ by

W, = {¢C € R%: (¢,v) < p(v) for all v € ST},
We say that ¢ is crystalline, if W, is a polytope.
Remark 2.5. From the definition of the Wulff set, it is clear that

@(v) = sup (v,¢).
CEW,

Furthermore, one can check, that if ¢ is crystalline, then the set {¢ < 1} is a polytope.

1Actua11y, the integral representation for the I'-limit has only been shown for undirected graphs. However, a
slight modification of the proof shows that it is still true for directed graphs.
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The next proposition shows that, we obtain a finite cell formula in order to calculate ¢ instead
of the asymptotic one, given in @ We think that this result in itself is interesting, since it
allows for calculations on finite size systems in order to compute ¢ for general Ising systems. This
result is in spirit very close to [I0] [14], where convex and positively 1-homogenous continuum
energies are considered. In this case, the surface energy density and the energy with respect to
the absolutely continuous part coincide.

For k € N let A := Tk and denote by
Aper(Qa;R) = {u: £ — R: u(z + Az) = u(z) for all z € 2} (10)
be the space of A-periodic functions.

Proposition 2.6. Let ¢; j: £Lx L — [0,+00) be interaction coefficients such that[(HI)| and[(H2)|
hold true. Then

pv) = % inf {E(u,Qr): u: L =R, u(-) — (v,") € Aper(Qr;R)} . (11)

Theorem 2.7. Let ¢; ;: £L x L — [0,400) be interaction coefficients such that and

hold true. Then, the homogenized surface energy density ¢ is crystalline. Denote by
N = #{(Z,]) eLNQr x L: Cij 750}
Then,

#extreme(W,,) < 3V .

The next example shows that without assumption Theorem fails to hold true.

Example 2.8. To construct the example we first observe that if f: R? — [0, +00) is crystalline,
then D?f is a Radon-measure with support contained in finitely many hyper-planes. To see this,
note that if f: R — [0, +00) is crystalline, then there exist {&}2_; C R such that

F(v) = max (€.v).

1<k<N

Here, we assume that {,}7_; is chosen minimal, i.e. if we set Vi, = {v € R%: f(v) = (&, v)},
then |[V4| > 0 for all k = 1,..., N. This assumption ensures that all the vectors & play an active
role in the definition of f. Now, Df € BV,.(R% RY) is given by

Df(w)=> xv. ()&,
k=1

with V}, defined above. Then
D*f(v) = Z (& — &) @ vy avinov; »

1<k<j<N
where 9V, NOV; = {v € R%: f(v) = (&, v) = (&, v)} and vg; € ST~! denotes the normal point-
ing towards the set Vj.

Let now £ = Z% and ¢; ; = ¢j_; = ¢;—; (in the following denoted by {c¢}¢cz4) be such that
ce > 0 for all £ € Z% and

Z C§|f| < +00.

¢ezd
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It is then obvious that ¢; ; is 1-periodic, (H1) and (H2) hold true, but (H3) is violated. Therefore,
due to Proposition we have

pv) =Y celi€ vl
gezd

This is true, since the only admissible functions in the minimum problem given by Proposition[2.6
are u, (i) = (v,1) + ¢ for some ¢ € R. We claim that

Do) = 3 sign((¢, 1)) ce €,

gezd
where sign: R — R is defined by
1 t>0;
-3 t) = -
o=, 1%,
Therefore
§ i
D2<p =2 Z ng ® EHd ! L{I/i (&,v)=0} - (12)

gezd

This can be seen by approximation. Consider pg : R? — R defined by

pr(v) = D el v)l, Der(v)= Y sign((& 1) e,

tezd gezd
[§I<R [EISR
Then
§ -
D’op=2)  cf® ik s =0y -
cezd
[€I<R
Now

ID*0R|(B,) < Ortt Y eelé].
ez

so the total variation of D?pp is (locally) uniformly bounded with limiting measure D2y and
Dyr — Dy in L (R4 R?), actually weakly in BV. Hence, is shown. Now, since c¢ > 0

for all £ € Z% it is obvious that D%y is not supported on finitely many hyper-planes. Thus ¢
cannot be crystalline.

Note that ¢ is differentiable in totally irrational directionsﬂ A similar property is known to
hold, in the continuous setting [6] 25], for homogenized surface tensions. We can state a result
showing that this is still the case in the discrete setting, under assumptions (H1) and (H2).

Proposition 2.9. Assume . Let v € S be a totally irrational direction such that
a minimazer to exists. Then, @ is differentiable in v.

See Example for a discussion on the possible non-existence of minimizers and a condition
for existence. It is expected that ¢ should be, “in general”, not differentiable in the other
directions, at least whenever the minimizers u in are constant on an infinite set, however
the proofs in [6l 25] rely on ellipticity properties of the problem and are less easy to transfer to
the discrete case. The proof of Proposition which mimicks the proof in [25], is postponed
to Section [5 and relies on the dual representation introduced later on.

2p is totally irrational if there is no ¢ € Z<% \ {0} such that (g,p) = 0.
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3. PROOF OF PROPOSITION

This section is devoted to the proof of Proposition[2.6] We split this section into several sub-
sections. In Subsection 3.1 we establish some basic properties of the energy E. In Subsection [3:2]
we show that the functions ¢ and v, to be defined in and , respectively, are continuous
functions that satisfy linear growth conditions. In Subsection we analyze the asymptotic
periodic cell formula and show that it can be calculated on a finite cell and coincides with the
asymptotic cell formula with affine boundary conditions. Finally, in Subsection [3:4] we show
that the surface energy density ¢ coincides with the cell formulas introduced below establishing
thereby also Proposition We assume throughout this section that assumptions
and are satisfied. The proof consists in showing that ¢ can be characterized by
several (equivalent) cell formulas and therefore passing from (@ to .

We introduce the following (shown to be equivalent) cell formulas:
We define ¢: RY — [0, +00] by

o(v) = }E%lslﬁlféf % inf {E(u,Qs): u: L — R,u(i) = (v,i) on L\ Qu—_s)s} (13)

and ¢gper: RY — [0, +00] is defined by

1
Gper (V) := lklgl-il-gf ) inf {E(u, Qrr): u: L = Ru() — (v,) € Aper (Qrr; R)} . (14)
Finally, we define ¢: R? — [0, 4+0o0] as the positively homogeneous function of degree one that
for v € S is given by

RN O o N )
$(v) = lim lim inf — inf {E(u, Q%): u: £ — R,u(i) = (v,i) on £\ Q(H)S} . (15)

The function ¢ differs from the function ¢ in the domain where one calculates the energy.
For the function ¢ we take the coordinate cube Q)7 whereas for v we take a cube Q7.

Remark 3.1. By standard subadditivity arguments, see e.g. [3l Proposition 4.2], it can be
shown that one can take any sequence S — o0 in the definition of . In fact

RS o N ,
U(v) = lim lim inf 5 inf { B(u, Q%): us £ = Rou(i) = (1) on £\ Qfy s |

. 1. N N v
:éﬂléﬂigﬁlnf {E(u,QS). u: L — R,u(i) = (v,i) on E\Q(lﬂg)s} .

In addition, with the same techniques as in the proof of Lemma one can also show that
these limits do not depend on the particular choice of the rotations R” defining Q%.

We show that ¢per = ¢ in Lemma 1 = ¢ in Lemma and 1 = ¢ in Lemma

3.1. Elementary properties. In this section, we will state and prove some elementary prop-
erties of E that will be used throughout the subsequent sections.

Lemma 3.2. Let A € B(R?) and let ¢ > 0 be as in .

(i) There exists a universal constant C > 0 (depending only on ¢; ; and ¢ in|[(L1)]) such that
for all v € RY we have

E(<V7 >7A) < C'”H(A)c' :
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(ii) Let u: L — R. For allt € R, A > 0 there holds
E(Au+t,A) = AE(u, A)
and u— E(u, A) is convez. In particular,
E(u+wv,A) < E(u,A)+ E(v, A)

for all u,v: L — R.
(iii) Let u: L — R and B € B(R?) be such that A C B. Then

E(u,A) < E(u, B).
(iv) Letu: L — R and B € B(RY) be such that ANB =0 . Then
E(u,AUB) = FE(u,A) + E(u, B).
(v) We have

. 1

(vi) Let u: L — R. Then, the function 7 +— E(u(- — 7), A+ 7) is T-periodic.

Proof. We start by proving (ii)-(iv) in Step 1, then (v) and (vi) in Step 2 and Step 3 respectively,
and finally (i) in Step 4.

Step 1.(Proof of (ii) - (iv)) All the three statements are a direct consequence of (6)) and the
fact that ¢; ; > 0.

Step 2. (Proof of (v)) Note that

U B c ()

i€ELNA

and therefore, due to|(L1)}

cogglie Ln Ay =| | Bo(i)| < |(A).

i€LNA

This is the claim.
Step 3.(Proof of (vi)) Let u: £ — R and z € Z¢. Then, using [(H1)|and

Eu(-—Tz),A+Tz) = Z ch (i—Tz) —u(]—Tz))

I€ELN(A+Tz) JEL

= Z Z Civtz g1z (w(i) — u(f)) "
1€ELNA jE(LAT2)

= D D cijuld) —u()" = E(u, A).
i€LNAJEL

Step 4.(Proof of (i)) Let v € RY, then, due to (v), |[(L1)} |(L2)I(H1), and |[(H2)} we have
E((v,),A) = > Y cijllvi—j) < |vl#{ie L£n A}machmh il < Clv||(A)|.

i€ELNAJEL JEL

The next Lemma shows that our energy satisfies a generalized coarea formula [24] [45].
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Lemma 3.3. Let u: £L — R and A C R®. Then
“+o0
E(u, A) = E(X{ust},A)dt. (16)

— 00

Proof. For a,b € R we have

“+o0
(a—b)" = / (X{a>t} — X{b>t3) T dt.

Therefore,
“+oo
Eu,A)= Y > e () —u@) = > Zcm/ (X{u(i)>t} — Xqu@)>ey) T dt.

i€LnAjeL i€LNAjeL

Now, by Fubini’s Theorem (note that ¢; ; > 0), we obtain
+o0 too +

Z Zci,j/ (Xqu(i)y>t} — X{u()>ty) T dt = / Z Zci,j(X{u(i»t} = X{u()>t}) " dt

iELNAJEL X GeLnAjeL

+oo
/ E(X{u>t}7A) de

— 00

and thus the claim. O

Lemma 3.4. Let S >0, >0 and v € S~ 1. Then
inf {E(u, Q%) u: L= Rou(i) =uy,(i) on L\ Q’(’1_5)S}

= inf {E(u, Q%): uz £— 0,1}, u(i) = un (i) on L\ Q(Vl,é)s} .

Proof. The infimum on the left hand side is taken over a larger class of admissible function, since
here the image of the competitor u is a subset of R and not just of {0,1}. Hence, one inequality
is trivial. The other inequality follows from a coarea formula satisfied by our energies.

Step 1. (Proof of ’<’) This inequality is clear, since the infimum on the left hand side is taken
over a larger class of functions.

Step 2. (Proof of ">’) Let us take u: £ — R such that u = u, on £\ Q{;_4 ¢ and denote by

U* = X{u>s}- Then, using Lemma there exists ¢t € (0,1) such that

1 “+o00
B @< [ B ,Qhds< [ B Q%) ds = Bw,Q5).
0 —0o0
Noting that u’(7) € {0,1} for all i € £ and u’ = u,, on L\ Q%, this concludes Step 2. O

To conclude this subsection, we show Lemma which will be used many times, such as
in the proof of Lemma Let v € S% ! be fixed. In the following, given A C = + v a
(d — 1)-dimensional subset, with # € R? an arbitrary translation, we denote 4, = {y € R? :
y — (y — x,v)v € A} the cylinder over A, and [A], s == {y+2z:y € A,z € vt |z]]2 < s}.
Furthermore, let

It ={iel:(i—zv)>0}, A

,={ielLnA, :i—zv) <0}.
Then the following holds:
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Lemma 3.5. There exists C > 1 (depending on L and the dimension) such that for any v €
Sl 2z e R, and A C x + v+ as above, there holds:
) | a7

d—

Y. D iy SCTHTY[A] . (}ggx D eigli—
i€A, jeny,

Remark 3.6. Thanks to (7), formula holds true with the weights c; ; replaced with c; ;,

yielding a bound on 3,y Y- 4> ¢i,j. Furthermore, we also observe that for any R > 0:

oy Ci,jSCTHdl([A]U’sgaT)@ggT( > Cm‘|ij|>- (18)

i€A, jEIt, JEL
li—j|>R li=j|>R

Indeed, the sum on the left-hand side does not involve any of the coefficients ¢; ; with |i —j| < R,
and follows by invoking Lemma after replacing the weights c; ; with ¢ ; defined as:

(2]

) {0 if |i — j| < R,

C;
ci,j else.

Corollary 3.7. Let Qs a cube of size S. Then, limg_,~ ﬁ ZieQ(l,g)smL > jer\gs G = 0.

Proof. The corollary follows by applying Remark to each side of the cube and noting that
ifi € LNQu-ss and j € L\ Qg, then |i — j| > 65/2. We will show a refined version of this
result in Lemma [3.15 O

Proof of Lemma[3.5 As will be clear from the proof, we may assume without loss of generality
that x = 0 and A C v*. For a non-negative integer n let D,, = {x € A;: — (n+1)T < (v,z) <
—nT}, P, ={z €II§,: nT < (v,z) < (n+ 1)T}. One has

oo 00 oo 1

PP BETEDIDID DD BTED I DD DED BELF

i€A; jems, n=0m=04i€D, jEPm 1=0 n=04€D, jEP_,,
Denote Cy := #(L£ N B /537(0))T~% Due to Lemma @(V)7 LNDy=LN(A+ [-T,0]v) may
be covered by disjoint (up to their boundaries) translates of Q% (a cube of size T with one
facet orthogonal to v), each containing at most CzT¢ points and with global volume less than
T?—ldil([A]yv\/gT). It follows that #(LNDy) < C’LT’Hd*l([A]V’\/ET) so that the first term in the
sum may be bounded as follows:

Z Z Ci; <#(DoNL) maXZcZ] < C.THY([A), \/QT)m?XZCiJ' (19)
J

i€Dg jEPy

Then, for each n > 1, we approximate nTv by an integer valued translation, letting k;(n) =
|ny;] for i = 1,...,d. One has, by definition, k;(n) < ny; < k;(n) + 1 so that for any set E,
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E +k(n)T C E +nTv + [-T,0]%. By periodicity of ¢; j, we have that for any | > 1,0 <n <1,

)OED I TED DD Pikctiu=]

ieDnjEPlfn i€Dy, jEPlfn

C7Z—]‘
2 2. T

1€D,+k(n)T jEP _pn+k(n)T

1
FY Y

i€Do+[—T,0]¢ jEP+[—T,0)

i—jl.

Hence,
l P
Y D < T > N cijli —Jjl.
n=04i€D, jEP,_, i€Do+[—T,0]% j€ P, +[—T,0)¢

Eventually, each point in £ belonging only to a uniformly bounded number of sets P, + [T, 0]4,
there exists C' > 1 with:

SYY Y <l Y Yo

1>1 n=0¢€D,, jEP,_,, i€Do+[-T,0]¢ J

< (Do + [-T.0Y) N 8) max Yol =l

The cardinality of (Dg + [-T,0]%) N £ is evaluated as before: as [-T'/2,T/2]¢ C E\/ET/2(O) the
set is contained in a translate of Dy + E\/ET/2(O)’ hence in a translate of [A] var + [—(1 +
2

Vd)T,0lv. Covering this set with disjoint translates of Q% (up to the boundaries), we deduce
#((Do + [-T,01") N L) < Ce([1+ V]| + HTH([A] avgr). It yields:

l
DD DD DT R CTHd*l([A]V,@)m?XZci,j\i—j|

1>1 n=04i€eD, jEP,_, j
for some C > 0. Together with , we deduce . O

3.2. Continuity properties of ¢ and . In this section we show some continuity properties
of the functions ¢, 1 defined in and , respectively.

Lemma 3.8. ¢: R? — [0, +00] satisfies the following properties:
(i) There exists C > 0 such that 1(v) < C|v| for allv € RY |

(ii) ¥ s a continuous function.

Proof. We divide the proof into two steps. We first prove (i) and then (ii). Throughout the
proofs let 1 < S.
Step 1.(Proof of (i)) Let v € S~1; it suffices to prove

Y(v) < C.

The general case then follows by one-homogeneity. In order to prove (i) we insert u(i) = (v, 1)
for all i € £ as a competitor in the cell formula. Using Lemma i), we then have

E(u, Q%) = B({(r,-),Q%) < Clv|l(@s)c| < S,
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Dividing by S¢ and letting S — 400 yields the claim.

Step 2.(Proof of (ii)) Due to the one-homogeneity, it suffices to consider the case where vy, vy €
St Let n > 0 and vy, vy € S! be such that |ty — vo| < 1. Our goal is to prove that there
exists C' > 0 independent of v, and v5 such that

(1) — ()] < Cn. (20)

We only prove
P(v1) —Y(v2) < Cn, (21)
since then follows by exchanging v and v, in . To this end let 6 > 0 small enough,
S > 0 large enough, uy: £ — R be such that uy (i) = (v1,4) on L\ Q(1_s)s and
1 1%
@E(uh Qg) < () +1. (22)
We assume that
urllpoe @y <5 (23)
If this were not the case, we consider
o @ As)v(=9) ieQyy,
(1) = . j
uy () otherwise.
Note that for i,j € Qyk, due to truncation, (@q(i) — @1(j))T < (w1(i) — ui(j))*, whereas in
general there holds | (1) — @1 (j)| < C'S + |i — j|. From this, using Lemma [3.2(v) and we
deduce

U1,Q5 Z Z Cz,] Uy (7 Z Z Cz,] iy (i Ul(]))+

iELNQG JELNQLL 1ELNQS JEL\QLY
YooY i@ —wmGNT+C DD ayli—l
iIELNQY JELNQLL ieLnQy  JEL
li—j|=5/2
< B(u1, Q) + C#(L N Qg ) max > cijli— il € Bur, Q%) + CsS?,
‘ jeL
li—jl=S/2

where Cs — 0 as S — oo (¢f. (). In particular C's < n for S large enough. Hence, we can
assume (23)). There exists C' > 0 such that for S = (1+ Cn)S there holds Q(l 55 2 Q'(j11+6)5'
We now define ug: £ — R by

’LLQ(i) = <l/2 — Vl,’i> + ul(i) .

First, note that ug(i) = (va,) for all i € L\ Q? Y and therefore

inf {E(u,Q?): w: L — Ryu(i) = (va,4) on L\ Q2 - 6)3} E(ug,Qg2). (24)
We claim that

C(S
B(u, Q%) < E(wmQ4) + TSSd +COnS? + 065, (25)
where C’g — 0 as S — +00. We postpone the proof of and show first how it implies .
Dividing by S%, letting S (therefore also S) tend to +o0o, § — 0, and using as well as
, we get

P(v2) < ¢(r1) +Cn < ¢(11) + Cn.
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This is (21). We now prove (25). Due to Lemma [3.2{ii), there holds

E(U/Q,Qg2)SE(Ul,Qg2)+E(<V2—1/1,'>7Qg1)- (26)
Now, due to Lemma i) and the fact that S < 25, there holds
E({v2 — 11, '%Q?) < Clvy — 1[5 < Cns?. (27)
Next, we prove
Cé
E(u, Q%) < Buy, QF) + €387+ =257, (28)

where C% — 0 as S — +oo. We use Lemma iv), to obtain
Blur, Q%) = Eur, Q%) + E(ur, Q2 \ Q%).
In order to prove it suffices to prove

1% 1% C(s
E(Ulanz \Qsl) §0n5d+755d, (29)

where Cg — 0 as S — +o0o. To see this we write
Bu,Q2\Q¢) = . Yo i) —w()*
IELNQP\QG JELNQ] 55

+ > S () —m()*

ieﬁﬁng\le jeﬁ\Q'(’llis)S

(30)

To estimate the first term, note that due to (23), we have |uq(i) — u1(j)| < CS + |i — j|, and
therefore, up to changing C, using [(H2), and Lemma iv), we get

Y Y am@-w@)<E Y Y el (31)

ieLﬁQ?\le je[,ﬂQ(Vllﬂns z‘eng’f’\le 4 q‘eﬁ
li—j|>65/2
C . C?
< S #(LN Q) max > agli—jl< TSSd,
27 e
JjEL
li—j|>6S/2

where C§ — 0 as S — +o00 (cf. (). To estimate the second term in the right-hand side of (30)),
we use the fact that uy (i) = (v1,4) on L\ Q'(jll_é)s, and Lemma (i), to obtain

> > cajlw(i) —w()t < B((m, ), Q2 \ Q) < Clnl(QF\ Q%)el < Cns*.
€LNQP\QE FEL\Q(_ 45

This together with and implies which in turn, together with and implies
(25) and therefore the conclusion of Step 2. O

Lemma 3.9. ¢: R — [0, +00] satisfies the following properties:

(i) There exists C > 0 such that ¢(v) < C|v| for allv € R? |
(ii) ¢ is a positively homogeneous function of degree one,
(iii) ¢ is a convex function. In particular, ¢ is Lipschitz continuous.
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Proof. We divide the proof into two steps. Throughout the proofs let 1 <« S. Furthermore, due
to Lemma we can take S — +o0o to be a fixed sequence such that

. . 1. . ;
o(v) = glir(l) SETOO g inf { E(u,Qs): u: L — R,u(i) = (v,i) on L\ Qr_g)s} -
Step 1.(Proof of (i) and (ii)) In order to prove (i) we insert u(:) = (v,4) for all ¢ € L as a
competitor in the cell formula. Using Lemma (i), we then have

E(u,Q%) = E((v,),Q%) < CIv[|(Qs)e < CS7.

Dividing by S? and letting S — 400 yields the claim. (ii) follows by using Lemma (ii) to
obtain E(Au, Qs) = AE(u,Qg) for all A > 0 and by noting that, given v € R?, if u: £ — R
satisfies u(i) = (v,4) on £\ Q(1-s)s, then Au(i) = (A\v,7) on L\ Q(1_s)s. Employing this in
it is easy to see that ¢ is a positively homogeneous function of degree one.

Step 2.(Proof of (iii)) We show that for every S > 0 and 6 > 0, S§ > 1 the function ¢%: R —

[0, +00] given by
qbg(y) = %inf {E(u,QS): u: L — Ryu(i) = (v,i) on L\ Q(pé)s} (32)

is a convex function. Note that

. : 4 d
o(v) = }1_1)1}) SEIEOO ¢g(v) for all v € R®.

Thus, the convexity for ¢% also implies the convexity of ¢. This together with (i) and (ii) implies
that ¢ is also Lipschitz continuous. Now we prove that ¢‘; is a convex function. Given X € [0, 1],
vi,vg €R% Jet € > 0 uy: £ — R, ug: £ — R be such that ug(i) = (v, i) on £\ Q1_s)s and

1
E(uk7Q5) < (;56S(Uk) + 58 for k=1,2.

We have that u(i) := Auy (i) +(1—\)ug is admissible for ¢&(Avy+(1—\)re) and by Lemmal3.2((ii)
we obtain
oL + (1 = Nw) < B(u,Qs) = E(\uy + (1 — MNua, Qs) < AE(u1, Qs) + (1 — N E(ug, Qs)
< AGY (1) + (L= N (va) +e.
Since € > 0 is arbitrary, this yields the claim. O

3.3. The periodic energy density. In this subsection we show that the asymptotic periodic
cell formula given in can be calculated via a finite cell formula and it coincides with the
asymptotic cell formula with affine boundary conditions defining ¢, see .

The next lemma shows that ¢per can be calculated via a finite cell formula. Additionally, it
shows that the liminf in the definition of is actually a limit.

Lemma 3.10. Let v € S% 1. For all k € N there holds

ﬁ inf {E(u, Qrr): u: L= R,u(-) — (v,-) € Aper(Qrr; R) }

1
= 7a inf {E(u,Qr): u: L= R,u(-) — (v,") € Aper(Qr; R)} .
In particular,

Sper(V) = % inf {E(u,Qr): u: £ — R u(-) — (1) € Aper(QriR)} (34)

and the liminf in 1s actually a limit since the sequence, in fact, does not depend on k.



CRYSTALLINITY OF THE HOMOGENIZED ENERGY DENSITY 17

The following example shows that, without any further assumption on ¢; ;, the minimum in
inf {E(u,Qr): u: L= R,u(-) — (v,") € Aper(Qr; R)} (35)
is not achieved by any u: £ — R.

Example 3.11. Let £ = Z and let ¢; ; be 2-periodic. We set

27k if j —i=2k+ 1,k € N,i even,
C; 5 =
7 0 otherwise.

Let s € R, u(0) = 0 and u(1) = s be 2-periodic. Then, for v = —1 we have

E(u,Q2) =Y coors1(u(0) —u(@k+ 1)+ 2k +1)T => 27F2k+1-5)T.
k=0 k=0

We have that
inf E(u, =0.
ue-Aper(QZ;R) ( QZ)

However, clearly, for all u € Ape;(Q2;R), E(u,Q2) > 0. In order to ensure the existence in
and the other minimum problems a coercivity condition might be: For any ¢, j € £ there exists
a path v = (ig,...,in) such that ig =4, iy = j and such that ¢;, 4, > 0. By considering the
directed graph G = (£, &), where € := {(i,5) € L x L: there exists z € Z? such that ¢; j17, >
0} this condition ensures that for two vertices 4, j € G there always exists a path of edges (in
the infinite graph) with positive weights connecting them.

Proof of Lemma[3.10, We split the proof into two steps by first observing the (obvious) inequal-
ity that the right hand side in is less than or equal to the left hand side. Then, we prove
the converse inequality by using a superposition argument.

Step 1.(Proof of ’<’) given u with u(-) — (v,-) € Aper(Q7;R), then obviously u(-) — (v, ) €
Aper(QkT; R) and
1
E(u, Qrr) = ﬁE(quT)
so this inequality is obvious.

Step 2.(Proof of ’>") This is a standard convexity argument: given u now with u(-) — (v,-) €
Aper (Qrr; R), then for i € Qp we let:

wr(i) = (v,4) + % S (i+T2) = (ni+T2)).
2€{0,...,k—1}d

Then clearly by construction, up(-) — (v, ) € Aper(@7;R) and by convexity,

1 1
E(ur,Qr) = FE(UT7QICT) < EE(/U’QICT)’
which shows the lemma.

O

The following lemma uses a standard cutoff-argument. However, due to the infinite range of
interactions, the arguments for the case of finite range interactions need to be adapted.
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Lemma 3.12. Let v € R%.  Then: ¢per(v) = ¢(v) and ¢ is independent on the sequence
Sy — +o0o. More precisely,

1
o(v) = %ij&) légl}rrolg 5 inf {E(u, Qs):u: L= Ryu(i) = (v,i) on L\ Q(l_(;)s} (36)

- 1. . .
= %13(1) lériitig 5 inf {E(u,Qs): u: L — R,u(i) = (v,i) on L\ Qui—_s)s} - (37)

Proof. We first show ¢per(v) < ¢(v) in Step 1, and then the reverse inequality. In order to do
so, we modify competitors of the respective cell formulas in order to obtain a competitor for the
other formula. Due to the one homogeneity of both functions, we may assume that v € S4=1.

Step 1.(Proof of ’<’) In this Step we show that

N . .
Gper (V) < ;gr(l) }glr_r}lirg@ inf {E(u,Qs): u: L — R,u(i) = (v,i) on L\ Qu_s)s} - (38)

Due to Lemma [3.10] the limit in the definition of @pe,(v) exists. Let S — 400 be such that

. . 1. . .
o(v) = %1_% SEIEOO gd inf {E(u,Qs): u: L — R,u(i) = (v,i) on L\ Qu_g)s} -

Let § >0, e > 0, and let u%: £ — R be such that u$(i) = (v,i) on L\ Q@ -s)s and
E(u$,Qs) < inf {E(u,Qs): u: L= R,u(i) = (v,i) on L\ Qu_s)s} +¢. (39)
We assume that
HU(SSHLQC(Q(H(;)S) <2S. (40)

If that were not true we perform the following construction with @4 (i) = (u$(i) V (—25)) A (295).
In the following we show that we can assume without loss of generality that S = kT for some
diverging sequence k € N. To this end, let kT = (|.S/T] 4+ 1)T. By Lemma[3.2(iv) we have

Eug,Qrr) = E(ul,Qs) + E(ul, Qur \ Qs)
‘We show that
E(ug, Qur \ Qs) < CTSY1(1 4+ C/5) (41)

and therefore we can assume without loss of generality that S = kT for some k € N. By
and the fact that u(i) = (v,i) on £\ Q(1_s5)s we have that

E(uganT\QS)S Z Z Ci,j|i—j|+% Z Z Ci7j|i—j|

1€ELNQrT\Qs JEL 1€ELNQrT\Qs JEL
[i—j|<6S [i—j|>6S
<H#(LOQur \ Qs)(1+C/)maxd eisli —j| < CTSH(1+C/o).
JEL

This shows ([@1]). By the definition of the sequence S, dividing with (¥7)? and letting & — o0,
we observe that it is not restrictive to assume S = kT for a diverging subsequence of k € N.

Since S = kT we denote by uz = u‘; and define v,‘z: L — R by setting
v (1) — (v,i) = ul(io) — (v,i0) if i = io + kT2, i0 € Qur, 2 € 2% (42)
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so that v9(-) — (V,") € Aper(Qrr;R). Then clearly, writing i = ig + kTz and j = jo + kT2" as
above:

[0k () — 0R ()] < lug(i0) — wg (o)l + i — ol + |i — 5| < CRT + i — g, (43)
and
(i) = (i) for i € Quisyr (44)
since uf (i) — (v,i) = 0 for i & Q1—s)rr- Additionally,
inf {E(u, Qur): u: £ — R,u(-) — (1, € Aper(Qur; R)} < E(vS, Qrr) - (45)
We are finished with Step 1 if we prove
Cé
E(v}, Qur) < E(ug, Qur) + < (WD), (46)

where CJ — 0 as k — +oo. In fact, using , , , dividing by (kT)%, letting k — +o0,
and then § — 0, we obtain by noting that ¢ > 0 is chosen arbitrarily. Let us prove (46)).

We have, using ,
E(v;i, Qrr) = Z Z Ci,j(’l’g(i) - Ué(j))+

1€LNQrT JEL

> PR CAO RTINS > (i) = ()*

1€ELNQrT JELNQ (1486 kT 1€ELNQKT JEL\Q (145 kT

5 5(s 5/ s
< E(uy, Qpr) + Z Z cijlvg(@) — v ()]
1ELNQ kT JE[:
li—j|>0kT/2

Hence, in order to show (46)), it remains to prove

, ‘ P
> D gk -G < FHED), (47)
1€ELNQkT JjeEL
li—j|26kT/2

where C? — 0 as k — +o0. Using , and Lemma (V), we have
Yoo > @ -R@I< Yo D ai(CRT+ i)

1ELNQKT JEL 1ELNQKT JEL
li—j1>okT/2 li—j|>6kT/2

<<§+1> > S ayli— gl

1€ELNQrT JEL

li—j|>6KkT /2
< 9#(LmQ ymax Y cigli— <Ci3(kT)d
=% kT e ‘ Ci, 5]t ]_5 )
JeEL
|i—j|>okT/2

where Cf — 0 as k — +oo (cf. (8)). This yields and therefore the claim of Step 1.
Step 2.(Proof of '>’) In this Step we show that

lim lim sup % inf {E(u,Qs): u: L — R,u(i) = (v,i) on L\ Qu—g)s} < bper(V). (48)

=0 55400
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Once this is shown, using also Step 1, it follows that ¢(v) = ¢per(v) for all v € RE. Let ¢ > 0
and u: £ — R be such that u(-) — (v,-) € Aper(Qr;R) and
E(u,Qr) <inf{E(u,Qr): u: L= R,u(-) — (v,) € Aper(Qr;R)} + €.
Fix ¢ > 0 and S > 0 such that 65 > 1. Since u(-) — (v, ) € Aper(@7;R), we have
E(u, Qr(20)) = E(u, Qr) for all zq € TZ?

and therefore

d
2.Qs) < L B gn). (49)

There exists a constant C' > 0 (we omit the dependence on T') such that, due to the fact that
U() - <V? > S Aper(QT;R)7there holds

N N
max fu(i) = (1, 1)] = max u(d) = (1,1)] < C. (50)

Let (s € C2°(R%;[0,1]) be a cut-off function such that

(s(x) =1for v € Qui_3s)5, suppls(z) C Qu-2s)s, and [|[V{s|lec < %

Define ug: £ — R by
us (i) = Cs(D)u(i) + (1 = Cs(i)) (v, 1) -
Then, us(i) = (v,i) for i € L\ Q1_s)s and therefore
inf {E(u,Qs): u: L — R,u(i) = (v,i) on L\ Qu_g)s} < E(us,Qs)- (51)
For all i, j € L there holds
us (i) —us(j) = Cs(i) (u(i) —u(f)) + (1 = ¢s(8){v,i — ) + (Cs(i) — Cs (7)) (uld) — (v, 5)),

which, together with , implies for all 4,57 € L

(5 — us ()" < () (i) + i = 31+ solul) — ( lli g
< (u(i) —u(g))* +Cli— i,

where we assume that S6 > C. (we will first send S — 400, then 6 — 0, and finally € — 0).
For all 4,5 € Q(1_35)5 We have

(us (i) —us(5))" = (u(i) —u(j))*. (53)
Using , , and , we obtain
Blus,Qs) < Y. Y cij(u(i)—u@)T+C ) S ali—l

IELNQs JEL 1€LNQ(1-68)s JEL\Q(1-35)s
+C Y D egli—l
i€LNQs\Q1-65)s TEL
Sd
= dE(ukakT)+C Z Z Ci,j|i—j|
(kT) , .
1€LNQ(1-65)s JEL\Q(1-35)s
+C Z Zci,j|i—j|.

i€LNQs\Q1-6s)s JEL

(52)

(54)
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We show that

> Yoo ayli—jl<cist, (55)

1€LNQ1-66)s JEL\Q(1-35)s

> > eijli— g < €8SY, (56)

i€LNQs\Q1-65)s JEL

and

where C% — 0 as S — 400 and C > 0 is a universal constant. Note that, due to Lemma
since € > 0 is chosen arbitrary, from and we obtain - the claim of Step 2 - by
using , , dividing by S¢, taking the limsup as S — +oo and then § — 0.

We first prove (55]). Note that, for S large enough, due to and Lemma [3.2v), we have

Z Z cijli —j| < Z Z cigli —jl

1€LNQ(1-656)s JEL\Q(1-35)s 1€LNQ1—65)s JEL
li—j|>55
< R P
SHLNQe)max Y cisli— |
JeL
li—j|>88
< (587,
where C§ — 0 as S — 400 (cf. (§)). Next, we show (56). Using|(H2)| and Lemma V), we
obtain
> > eigli—jl < > > cijli— il
1€LNQs\Q1-65)s JEL 1€ELNQs\Q(1-65)s JEL
SHLNOQs \ Qi—6s)s) I?E%XZ cigli —jl
JEL
< Cose.
This is and hence the claim of Step 2. Now follows from and . 0

3.4. Comparison between surface and affine cell formula. In this subsection we show that
the asymptotic cell formula describing the surface energy density is equal to the asymptotic cell
formula with affine boundary conditions. In Lemma [3.17] and Lemma [3.18 we use the following
remark.

Remark 3.13. We point out that S?~' N Q% is dense in S?~!. This follows from the fact
that Q4! is dense in R?"! and that the inverse of the stereographic projection P;: R4~ —
S4=1\ {eq4} is a rational and continuous function.

First, we show the following;:

Lemma 3.14. Given v € QNS and t € (—1/2,1/2), one has

e 1. y ) y
o(v) :gl_%lélﬁf;ﬁﬁ inf { E(u,Q%): u: £ — {0,1},u(i) = x{@w,)>ts3 on L\ Q(lﬂ;)s}

. 1 y ) v
:gf(l)l;gig)ﬁ inf {E(u,QS): u: L= {0,1},u(i) = Xq@,iy>tsy on L\ Q(1—5)s} .
(57)

Moreover, o(v) is independent of the particular choices of the rotations R” defining Q.
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Before proceeding with the proof of Lemma [3.14] we show an elementary Lemma that will
soon be useful. For a polyhedron P we denote by F(P) the set of its (d — 1)-dimensional facets
and for each F' € F(P) we denote by vp € S¥! its outer unit normal.

Lemma 3.15. Let P be a polyhedron and let R > 0. Then
_ . ... Cgr
Z Z ¢; <CT Z H 1([F]VF7R+%\/ET)1}1632(ZCZ'J|Z —Jjl+ f\Ph (58)
i€PNL jeEPeNL FeF(P) jecL

where Cr — 0 as R — +oo.

Proof. We start by observing that

E § Cij = § E Cij + E : E Cij s (59)
i€PNL jEPENL i€PNL jEPNL i€PNL jEPNL
li—jI<R li—j|>R

and we estimate each term on the right hand side separately. The second term is:

C
Z Z cij < R7'#(P N L)max Z cijli —jl < =Ep|, (60)
) ) ’ ieL 4 ’ R
i€ePNL jePeNL jeL
li—j|>R li—j|>R

where we used Lemma [3.2(v), and Cr — 0 as R — 400 (c¢f. (8)). The other term is
estimated by noting that if i € P, j € P¢, then the segment [, j] connecting ¢ and j intersects
a facet F' € F(P) with unit normal vz € S¥~!. Denote z + v the plane that contains F. We
estimate the contribution of the interactions of points ¢ € P,j € P such that |i — j| < R and
[i,7]] N F # 0. Note that in this case, since the projection onto the plane vy is 1-Lipschitz,
i € ([Flur,r);,- Hence, thanks to Lemma by summing over all facets F' € F(P) we obtain:

oY a;<cr > Hdil([F]yF,R-i-%\/aT)IZneaﬁXZCi7j|i_j|'

i€PNL jEPNL FeF(P) jeL
li—jI<R
This together with and yields . O

Proof of Lemma[3.14 We show that the liminf and limsup in (which are non-decreasing
with respect to §) differ at most by a quantity which goes to 0 as 6 — 0. Given § > 0,
t € (—1/2,1/2), R” a rotation which sends e4 to v, and S > 0, set:

o(t,S,R",0) := %inf {E(u,Q%):
Q% = R"Qs,u: L — {0,1},u(i) = X(@ay>tsy on L\ Q(1_gs}- (61)
Let § > 0. Given t,t' € (—1/2,1/2), let (S, R%), (S/,, R%) be subsequences such that:
gglirg o(t, S, R%,8) = nh_}rr;o o(t, S,, RY,6), E'Igj-uog o(t', S, RS, 6) = nll)rr;o o', S, RY6).

Up to extracting a further subsequence, we may assume that there exist limiting R, R’ such
that RY — RY, RY' — R"' and S! /S, — +oco. For each n € N we also consider u,, which
almost reach the infimums in ¢(¢, Sy, RY,d) up to errors which go to zero as n — co. We recall
that 0 < u,, < 1. We denote v; = R”¢; and the cubes QEL are given by {Z;izl tiRY e, : —S! /2 <
t1<855,/2}. Wefix(0<e< min{6—\1/g(1/2 —t']), 2%/3(1/2 —|t)} and find an orthonormal basis
(i), with vf € ST™1NQ? and [vf — | < e for I = 1,...,d. Then, there exists A € N
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(possibly very large), such that Avf € TZ? for all [ € {1,...,d}, where T is as in|(L2)|and [(H1)
respectively.

We assume n is large enough so that |RYe;—vf| < 2¢ for each I. In the following we set v = /3
that is the rational approximation of v. Then, we let Qgi = {Zld:l twe:—8,/2 <t < S,/2}
be a cube, centered in 0 and of size S,, € AN, which contains Q% . This may be built as follows.
For S,, = S, (1 + 2v/de) we have for Q% C Q’;f . This is true since for z € Q% there holds

(z,vf) < (x,R%e;)) + (&, R%e; — V)| < 8, /2 + VdSne = S, /2(1 + 2V/de)

(The condition that (z, ) > —S5,,/2 is verified in the same fashlon) Now let S,, = (1+ [S,,(1+
2v/de)/A|)A be the smallest integer multiple of A such that S, < S,. One has S, < S, <
S, (1 +2vde) + \. To simplify in what follows we drop the subscript n.

We estimate E(u, Qgs \ Q%) from above as follows:
BEu,Q%) - E(u,Q%) = Ew,Q4 \ Q%) <CS"™ S-S+ > >«
i€QY\QY li—i[>0S

for some constant C' > 0, where the first error term accounts for the interfacial energy at
{: (z,v) = 0}, estimated using Lemma 3.5 and the second for the other facets of the domain.

Since
)DRED DI TEID SR SRt

zeQu \QY% 13— z|>6S Z‘eQV \QY 17 —i>8S

it follows this second term is less than C.S?=1(S —S)C%/(8S) for some C¢ with limg_,, C = 0.
Hence (using that S and S are of same order),

E(u,Q%) < E(u,Q%) + CsS! (62)

for S large enough. Let now v = X(Q?1,5>S)C(X{<v%i>>55} — X{(ri)>ts}) Where t =t — eVdS/S
is chosen such that v > 0 in Qge. Then, the set where v = 1 in Qgs is given by £ N {z :
(ve,zy > tS, (v,z) < tS} N Qgs \ Q(1_s)s- Denote P the latter set. Its boundary is made
out of 4d — 2 facets (8 in two dimensions), two of which (4 in two dimensions) are given by
{{v,z) =tS}n QV; \ Q(1_s)s and {(v°,z) = tS}n QEE \ Q(,_s)s while the others are given by
6Q(”1_6)S N{z: (v°,z) > LS, (v,z) < tS} and 8Q§E N{z: (5, 2) > tS, (v,z) < tS}. We apply
Lemma with R = (§ + ¢)S. We note that P C Q”S,E so that |P| < 59, and that for all
F € F(P) we have H41([F] ) < C(T + (6 +€)S)S?2. Hence we obtain for S
large enough:

vp,3VdT+(5+€)S

. cyte
E(,Q%)<CS"™ (6 +¢) + 55?501—1 <CSTHo+e), (63)
where we used that C’g+5 — 0 as S — +oo. Now, we let & = u + v, that is:
1](@) _ u(z) 1fl S Q(V1,5)37 (64)
X{(ve,i)>tS} else

Thanks to Lemma ii) and , and using also and :
B(,Q%) < B(u, Q%) + BE(,Q%) < E(u,Q%) + CS* ™0 +e). (65)
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Now, choose kg = (1+ | (¢ +Vde)S'/S]) and we let

d
I == {E (kl,...,kd) S Zd : kd = kd,QgE +Zklg1/l€ C Ql(jl_é)s/} .

1=1
The choice of kqy implies that for any k € I and any r € Qgs with (v%,x) > 5, one has
(v,x + 27:1 ki Svf) > t'S" +£S. Note that, for = € Qgs

d
—Vd/28 < (vo+ > kSvf) <t'S +2VdS + 2VdeS’
1=1
and thus for the strip of cubes

Q= (QS +Zk15ul>

kel
we have for S, S’ large enough
QC QU N{t"S < (z,v) <t"8'} with |t — | < 3Vd(s + S/5") < 6Vde (66)
for values t” <t/ < ¢'".
We now let, for ¢/ € £
() = {a(i) ifhelicQy,i =i+ kv,
X{(we iy>is+has)  ©lse:
The function x ((ve iy >TS+haS} is chosen in order to match the boundary conditions of the
function a(i) for i € Q and dist(i, 0Q(;_5)5/) < S. Note that given a cube Qp = Q”E
Zl L kiSvg, k € I, one has /(') = a(i) for i’ = Z+Zl kiSuE i€ Q" and thus, using

Lemma 3.2 E vi) and ( .,

~ 1—1
B,Qp) < BwQ)+ Y Y ey < B1,Q5)+ 05 mas Y el
i€Qy |j—i|>65 Tli—i|>65

< E(u,Q%) +CS“Y5 + e+ CF)
where limg_, C(;S = 0, and where we have used . We now remark that #1 is of order
(1 =8)8")%1/((v,v5)))/S91 or even a bit less, due to the different rotations R, R*’ of the

cubes, and it can be bounded by (S’/5)% ! /(1 — 2¢?). Hence (assuming that S is large enough,
so that A\/S + C§ < e):

, S/d—l y e
E(U,Q)SWE(U,,QS)—FCSd 1(5+6) (67)

Now, we bound E(u/,Q%, \ Q). For this, we will invoke again Lemma [3.5] Remark [3.6] and
Lemma [3.15] to estimate the contribution of the interface where v/ jumps and the contribution
of the boundary 0Q. Here, we distinguish between the points close to 9Q%, and the bulk points
whose interactions cross 5‘Q where it is orthogonal to v, see Figure

_ First of all, we estimate the contributions of the interactions crossing the plane A := {{ve,x) =
(kq+ 3)S}. Note that here, given i below A and j above A, thanks to and the definition of
', we have v/ (i) = u/(j) = 1 as long as |i—j| < §S/2A[ES—45|if j € Qand |i—j| < [tS— 15| if
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Q%

Q
prEre
_] ‘== Ve

\

{(v°,x) = (ka+ 3)8} -

FIGURE 3. The two sets we distinguish in order to estimate u’ outside Q. We
distinguish between the gray set P and the interactions crossing the hyperplane

A.

j ¢ Q. Therefore, for 6 > 0 small enough, v/ (i) —u'(j) # 0 only if |i—j| > (55’/2/\\55—%5’\ =
(Since t € (—1/2,1/2), then, due to the choice of ¢ > 0 for all S large enough € (—1/2,1/2)).
Thus by Remark (applied with —v, and using its notation), there holds, for S’ > VdT large

enough,

YooY asw@—uGNts Y Yo iy
i€} .nQYy, JEA™ i€(ANQYS, )T e jelt .
li—=jl>nS

d—1 € : . nd—1,m
< COTHTHANQEs ] sap)max 3, cisli—jl < C(S)TICE, (68)

JEL

li—j|>n$

where C¢ — 0 as S — 400 (¢f. (§). Next, we bound the contribution of the interactions
in {z: 1S + kS < (v5,2) < (kg + 1/2)S} N (Q% \ Q). This is a polyhedral set P which
has two “large” facets {F},,, }i=1,2 with outer normal 1 € S*~! (4 in two dimensions) given by
{(v°,2) = (kat1/2)SIN(Q%\Q) and {(v°, z) = 1S +kaSIN(Q%\ Q) where H ™ ([Fipel s 55) <
C6(S'+5)(S")42, and smaller facets: an outer boundary made of 2d facets { F ., i1.... 24 With
outer normals {I/O}Z 1,...2a C S¢! contained in 0QY%,, where H~ 1([Fguter]w 53) < CS(8")42,
and an “internal” boundary given as the union of {F}, }iez,,, With outer normals {{};cz,,, C
S, where #Zine < C(5'/9)%2 and H“V([FL,],. 55) < CS9=1, These facets are facets of
cubes corresponding to I that lie in (0Q1—s)s) \/ggl (in order to estimate the cardinality note
that ki is fixed in the definition of I). The volume |P]| is of order §55"~! and

Z Hd 1 yp,éS ZHd 1 Fiarge 1/ JS ZHd 1 outer vi 5S Z Hd_l([F‘iint}uii,éS)

FeF(P) i=1 1€ Ling
N N S\ 42
<C (5(5’ +8)8'72 4 58172 ¢ (S> Sd‘1>

S C((S‘Srld—l + gsld—Q) )

.....
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We use Lemma with R = 65. Then, the volume term Cg|P|/R in is of order C'g/ "1
with Css — 0 as S — oo and therefore

> Y 6 <CsST 0+ 557%) < CosM !
i€LNP jeLNPe
if S, S’ are large enough (recalling that /S’ — 0).
Combining this with , we obtain for S, S’ large enough:
E(W/,Q%\ Q) <Cs(S) "+ (9ot < s,
where we used that C¢ — 0 as S — +oo. We deduce, using , that for S, 5’ large:

1 1 1

WE(U/, Q4) < WWE(U’ Q%)+ C(6+¢). (69)

To conclude, we need to correct the boundary condition for ', in order to make it admissible
for the problem defining ¢(#',5’, R, 6). For this, we let u” = u’ + v’ where for i € L,

’Ul(i) - (X{<V’i>>tls/} N X{(V5>i>>55+/~€d§}> X(Q?I—é)s/)c(i) :
Then u” is admissible. To estimate the energy, we use Lemma ii) and the definition of u”:

B, Q%) < E(u',Q%) + E(, Q%)

and it remains to bound E(v',Q%,). Here we use that by construction (by the choice of kq),
we have v'(i) € {0,1} in Q% , in addition the set where v'(i) = 1 is £ N P where P is the
polyhedron (Q% \ Q(;_gs) N {z: 'S" < (z,v),(z,v%) < tS + k4S}. Tts boundary has 4d —
2 facets (8 in two dimensions), two of which are given by {(v,z) = ¢'S'} N Q% \ Q(_s)s
and {(v°,2) = &S + kaS} N Q% \ @(1_s)s» while the others are given by 0Q(; 5 ¢ N {z :
(e, ) <18 + kgS, (v,x) > 'S} and Q% N {x : (v°,z) < 1S + kgS, (v,z) > t'S'}. Recalling
([66), we note that for each facet F € F(P) (whose outer normal is denoted by vp € S?71)
we have H¥H([F],, (516)s') < C(e +6)(S")*"! and the total volume |P| is of order 55"
Therefore, applying Lemma with R = (0 + ¢)S’, we obtain, for S, S’ large enough, that
E(,Q%) < Cle+0)(S)" 1+ Clsteys ()1, with Csyoysr — 0 as S” — oo, yielding a bound
C(e+6)(5)4! for S sufficiently large. In the end we obtain, using also (69):

1 S d—1
(S R0 < s (3) (S0 o) 4 Cle 40

and as n — oo and then § — 0 we obtain, thanks to the choice of the sequences (S,, Rj;) and
(8!, R%") and recalling S,, < S, that:

o Lol oo e v
%%ggi“ﬁj@(t S, R%,0) < 52 glg(l)ggirgcp(t,& RS,0) + Ce.
Since £ > 0 is arbitrary we deduce that Lemma is true. O

Remark 3.16. (Continuity of ¢.) One can adapt the previous proof to the case t = 0 and
v # V' (close enough) to show that there exists C' > 0 such that p(v) < (V') + Clv — V/|, that
is, ¢ is Lipschitz-continuous.

Lemma 3.17. Let v € R Then: ¥(v) = p(v).
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Proof. Due the fact that both ¢) and ¢ are positively homogeneous functions of degree one, it
suffices to consider the case where v € S?~!. Furthermore, since both functions are continuous,
see Lemma ii) and Remark it suffices to prove the claim for v € S¥~! N Q9. For each

such vector we can find v,...,v4_1 € S¥=1 N Q? such that the set {vy,...,vq_1,v} forms an
orthonormal basis of R%. Then, there exists A € N such that
A\, = z,, for some z, € Z% for all n € {1,...,d}. (70)

Step 1.(¢ > ¥) We show
e(v) 2 Y(v). (71)

To this end let {v1,...,v4-1,vq4 = v} C S41 N Q¢ be an orthonormal basis as previously
described and let 1 <« S7 < S3. We assume that S; = AT, where X satisfies (70) and T is given
by Note that if A satisfies , also kA satisfies and therefore we can find a sequence
Sk = kAT such that Sy — +o0 of the desired form. Lemma [3.14] and Remark [3.1] permit us
to assume that S is of the specific form. Let u;: £ — {0,1} be such that u;(i) = u, (i) on

L',\Q’(jl_é)s1 and
E(ui,Q3,) < inf {E(u, Q%) u: L—{0,1},u(i) = u, (i) on L\ Qzll—&)sl} +1. (72)

Due to the assumption on S; and Lemma vi), we have

d
E(ui(- — 2),Q%,(2)) = E(u1,Q%,) for all z = AT > _ knvm, k € Z. (73)

n=1

Set (omitting the dependence on S; and Ss)

d
Z = {z = Sl anyn: ke Zd?le('z> - Ql(jla)‘sb} )

n=1

We define us: £ — R by

us(i) = S1 (ul(z —z)— %) +(v,z) ifze Z.,i € Q% (2), (74)
(v, 1) otherwise.
We claim that
luz (i) — ua ()| < C(S1 + i —jl). (75)
We postpone the proof of to the end of Step 1. By the definition of wus, it is clear that
inf {E(u, Q%,): u: £ — Ryu(i) = (v,i) on £\ Q(VH)SZ} < B(uz,Q%,). (76)
It remains to show that
E(us, Q%) < igE( Q%)+ CoSY + CS3SI + S—gcé (77)
2,9 G,) = Sd_l uy, g, 2 12 5 Sy

1
where C’gl — 0 as S; — +o00. In fact, once we have shown , Step 1 follows from and
by dividing by S¢ and letting first Sy — +o00, then S; — 400, and finally § — 0. We are
left to prove . In order to prove we introduce

T = ’/'1(51752,(5) = (1 — (5)52 — 3\/(351 5

(78)
g = ro(S1, S2,8) = (1 — 8)Sy + 3VdS; .
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We use Lemma iv) to obtain

E(u2,Q%,) = E(u2, Q7)) + E(u2, @7, \ Q7)) + E(u2,Q%, \ Qr,) (79)
and we estimate the three terms on the right hand side separately. We claim that

Sd Sd
E(u,Q%,) + =2C8, (80)

E(u27 :1) < (5

2
— qd—1
S1

where C’gl — 0 as 1 — +oo. Indeed, if i € Q% (2) with z = S; Eizl knvy € Z and Q% (2) N
Y 2 () then
1

uz(i) = 54 (ul(z —z)— ;) + (v, 2) for all i € Q{1 14)s, (2)- (81)

Due to (74)), this is clearly true for i € Q% (z), while if i € Qli16)s, (2) \ Q%, (2) there exists

2 =S50 ko, € 2, k € 29 such that ||k — F||e = 1, Q% (2') C Q% and i € Q% (2')\
Q‘(’l_ 551 (2"). Then, due to the boundary conditions of u1, we have

us(i) = Sy <u1(i _ ) ;) ) =S <u,,(i _ - ;) )+ (2 - 2)

=S <ul,(i—z) - ;) + (2 =5 <u1(i—z) - ;) +(1,2).

Here, the third equality follows, from the fact that ||k — k'||cc = 1 and therefore (v,z' — z) €
{=51,0,51}. To obtain the previous equality, we distinguish the following two cases:

/

(v, =2y =485 = u,(i—2") —u,(i —2) = F1 and

/

2l —2)=0 = u,(i—2)=u,(i —2).

Now together with implies for z € Z such that Q% (z) NQY, # 0

Blus,Q%,(2) = Y > ¢ij(uz (i) —ua(j)) "

1ELNQE, (2) TELNQY 55, (2)

+ S cua(i) —u2(h)* (82)

1€LNQE, (2) TEL\Q 455, (2)

< S1E(u1,Q%,(2)) + Z Z cijlua(i) — uz(j)]

I€LNQY, (2) JEL\QY, 55, (2)

:S1E(U1,le)+ Z Z Ci,j|u2(i)_u2(j)|'

IELQY, (2) JEL\QY, 5, ()

We estimate the second term on the right hand side of to obtain . Note for i € Q%, (2),
J € L\ Qi 5)s, Wehave |i—j| >3§51/2 and thus, due to (75), we obtain

C
[uz(i) —u2(j)] < S li = jl for all i € @5, (2),7 € L\ Q11.5)s,(2) (83)
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for some C' > 0 independent of S7, So and §. Now, we get

. ‘ C _
> D agle@-w@l<y > D eyl
ingl(z)jeﬁ\Q;’Hé)Sl(z) 1€LNQY, (2) JjEL
li—j|>651/2
[
< £ v . i< 051 Sd
< #( ﬁQsl(»’Z))I}leaﬁX Z cigli —J| < 5 o1
JjeL
li—j|>651/2

where C’gl — 0 as S1 — +oo (c¢f. (8)). Hence, noting that for 2,2’ € Z such that z # 2/, we
have Q% (z) N Q%, (2') = 0 and therefore #2 < S¢/S{, we get

Cé
E(uy, Q%) < Y E(u2,Q%(2)) < #2(S1E(u, Q%) + —157)

zEZ J
Q% (2)NQ, #0
S5 vy, C8
< ?:E(ULQ&) + 71537
where Cgl — 0 as S1 — +oo (recall (§)). This is (80). Next, we prove
E(u2,Qy,\ Qy,) < CS7S3 71 (84)

We use to obtain
B(us, QL\QL) = D D eij(ua(i) —u2(f))" < CHHLNQLN QY ) max Y eijli — il

i€Qy, \Qz1 jeL jeL
where we used that, owing to we have |i — j| > cif i # j. Using Lemma [3.2|v), and

(78) we have that #(LNQY, \ Q) < CS S9=1 and thus we obtain (84). As for the third term
on the right hand side we prove

5

C
E(uz,Q%,\ QY,) < 085§ + —3+57., (85)

where C% — 0 as S; — +00. To this end we split the summation over j to obtain
5 J

B(up,Q4,\ Q%) = Y > cijlug(i) = ua(h)"
i€LNQY,\QY, jeL
[i—j]<516/2

(86)
+ > ciglug(i) —ua(4)) T
i€LnQ%\Qy,  J€L
‘Z—j|>516/2
Let us note first that Q%, \ @y, C Q%, \ Q(1_25)s, and therefore, due to v), we have
#(LNQY,\Qr,) < C855. (87)

Now, for the first term on the right hand side of , employing , we note that us(i) = (v, 1)
and us(j) = (v, 7). Hence,

> D ciglue(i) —u(i)| < #(LNQE, N\ Q) max Y e i — j| < COSY,
i€LnQy\Qy,  J€L jec (88)
li—j|<516/2
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where we used [(H2)| and (87). For the second term on the right hand side of (86), we use
and to obtain

‘ . C .
> > ciglua(i) — ua(j)] < 5 > > ciyli—dl
ieLngQ\Q:2 JeL ieLan2\Q:2 JeL
li—j|>516/2 li—j|>516/2
C .
S SHLNQENQ)max Y egli—jl (89)
JEL
li—j|>S16/2
Cs
< —2Lgd
= 5 2

where C’gl — 0as S — +oo (cf. ) Inequality follows from , , and . Now
, , , give . To conclude Step 1, it remains to prove . There are four

cases to consider:

(a) i =1io+z,j =Jjo+ 2 io € QY Jo € Q%,, 2 € Z;

(b) i =g+ 2 j = jo+ 2 io € Q% jo € Q% , 2,2 € Z;

(c) i=io+2z,i0€QY,2€ Zand j¢ QY () for any 2’ € Z;
(d) i ¢ Q% (2) for any z € Z and j ¢ Q% (2) for any 2’ € Z.
(
(

Case (a): This case follows since ||U1HL00(QE y < L
1

Case (b): Note that in the case where i = ig + 2, j = jo + 2 for some 1o, jo € Q%, and for some
2,7 € Z, we have

lug (i) — ua(j)| < v,z — 2")| + CS1 < (v, 2 +ig — 2" — jo)| + lio — jo| + CS1 < |i — j| + CSy
and therefore holds true.

Case (c): Note that in the case where i = ig + z, i9 € Q% ,2z € Z and j ¢ Q% (z) for any 2 € Z,
we have

lug (i) — u2(j)| < CS1+ (v, 2 — )| < CSy + [(v,i — j)| + lio]| < CS1 + |i — j].

Also here holds true.

Case (d): In this case ug(i) = (v,4) and uz(j) = (v, j) and therefore holds true. This shows
in general.

Step 2.(p < ) Given § > 0, t € (—1/2,1/2), S > 1, and € > 0 we find u;: £ — R such that
uy (i) = (v,4) for i € L\ Q(;_4)g and

E(u1,Q%) < 5% (¥(v) +¢). (90)
Due to Lemma there holds
+oo S(1-8)/2
B, @9 = [ Bt @9 > | B a1y Q%)
o —S(1-38)/2

(91)

(1-96)/2
=5 / E(X gy ot5y, Q) dt
~(1-8)/2

Note that for all ¢ € (—(1 —6)/2,(1 —§)/2), due to u;(i) = (v,i) we have that x(,,>¢5}(i) =
X{(v,i)>ts} fori € L \ Ql(ll—a)s and thus, recalling ,

E(X{u1>tS}an) > Sd_l@(tﬂi R",0). (92)
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Therefore,
(1-6)/2

et() > / (1, S, R”5) dt
—(1—5)/2

and then thanks to Fatou’s lemma, taking first the liminf as S — 400, then § — 0, and using
Lemma [3:14] we deduce:

1

et u() > / () dt = p(v).

-1
Since ¢ is arbitrary, this concludes Step 2 and also the proof.
O

In the next Lemma we show that, assuming affine boundary conditions, the calculation of
the asymptotic cell formula with respect to the coordinate cube and the calculation of the
asymptotic cell formula with respect to the rotated cube are equivalent.

Lemma 3.18. Let v € RY. Then: ¢(v) = ¢(v).

Proof. After reducing to rational directions, we define a sequence of cell problems defined on
cubes Q% and exploit Lemma to show that it suffices to compare the two sequences of cell
problems with periodic boundary conditions.

Since both ¢ and ¢ are positively homogeneous functions of degree one (cf. and Lemmal|3.9(ii))
it suffices to consider the case where v € S9~1. Thanks to Lemma [3.8(ii) and Lemma i)
both functions are continuous. Thus it suffices to prove the claim for v € S¥' N Q?. For each
such vector we can find {vy,...,vq_1} € ST™1 N Q? such that the set {v1,...,vq4_1,vq = v}

forms an orthonormal basis of R%. For such an orthonormal basis, it is clear that there exists
A € N such that

A\, = z,, for some z, € Z% for all n € {1,...,d}. (93)
Let {v1,...,vq-1,vq = v} C ST71 N Q% be the orthonormal basis described previously. For
v e SN QY fixed, we set

. L y
Yper (V) == klggo ORI inf{E(u, Qpr): u: L = R, (94)
u(- + MNTvy) — (v, + MkTvy) = u(-) — (v, for alln = 1,...,d}
Step 1.(¢per = ¥) We claim that
¢per(u) = ¢(V) . (95)
This follows exactly as the proof of Lemma [3.12] by replacing the coordinate cubes with the

cubes Q.7
Step 2.(¢Yper = ¢per) Due to Step 1 and Lemma it suffices to show that

Upex (V) = dper(V) - (96)

Step 2.1.(Proof of ’>’) To this end, let € > 0, k € N be large enough, and uy: £ — R be such
that ug(- + M\eTv,) — (v, - + MkTv,) = ug(-) — (v,-) foralln =1,...,d and

E(ur, QSr) < (ART) (¢per(v) + ). (97)
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Thanks to and the fact that {v1,...,v4} is a basis, we have that ug — (v, -) € Aper(Qrmr; R)
for some m € N depending only on {v1,...,v4} and A. Fix now M € N and integer multiple of
m such that M > m and let

n=1

d
Z = {z = )\kTZunVn: 1€ 2 Q% (2) N Qurer # (Z)} :

Since, ug — (V) € Aper(Qrmr; R) we have that uy — (v, ) € Aper(Qrarr; R) and thus
inf {E(u, Qpmr): u: L = R,u(-) — (v,-) € Aper (Qrmr; R)} < E(ug, Qumar) - (98)
Due to the periodicity of uy, the assumption on A, and Lemma vi), we have that
d
Eug, Q%pr(2)) = E(ug(- — 2), Q%pr(2)) = Eug, Q%r) for all z = /\kTZ finVn, b € 7.
"~ (99)
Note that for z € Z we have Q%1 (2) C Q(yr;yar,r and thus #Z < (M + CMI=INET) /A%

Therefore,
M®+ CMI~1\

E(uk, Qearr) < Y Bluk, Q5pr(2) < #ZE(uk, QSpr) < X

z€EZ

E(uk, QSxr) - (100)

Dividing by (kMT)?, letting first M tend to +oo, then k to +oo, and lastly € — 0, and noting
as well as , we obtain the conclusion of Step 2.1.

Step 2.2.(Proof of ’<’) The reverse inequality follows as in Step 2.1 by noting that if u €
Aper (Qrr; R) for some k € N, then, due to (93), we have that u(- — AmTv,) — (v, — AmTv,) =
u(-)—(v,-) for some m € Nand alln = 1,...,d. This allows us to perform the same construction
as in Step 2.1. This concludes the proof. a

Proof of Proposition[2.6. Our goal is to prove

P0) = g nf B, Q) w: £ = Bou() — (1) € Aper( Qi B} (101)
for all v € R?. Due to Lemma Lemma and Lemma we have
o(v) =) = (V) = dper(v) - (102)
Additionally, Lemma [3.10] ensures that
Gper(V) = % inf {E(u,Qr): u: L= R,u(-) — (v,) € Aper(Qr; R)} .
This shows (101)) and concludes the proof. O

4. CRYSTALLINITY OF THE HOMOGENIZED SURFACE ENERGY DENSITY

This section is devoted to the proof of Theorem We assume throughout this section
that assumptions [[L1)] [(T.2)] [(TI1)] and [(H2)| are satisfied. In Step 2 and Step 3 we additionally

assume |(H3)
We define the set of edges £ by

E={(t,)) € (LNQr) x L:c;j #0} and N = #E. (103)
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Proof of Theorem[2.7 We divide the proof into three steps. First, we derive a dual representa-
tion of . Then, using this representation, we show that ¢ is crystalline.
Step 1.(Dual representation) For this step we assume and [(H2)] We define

C= {am €1[0,¢i5]: aiyrs jir. = o for all z € L,

Z(am —o; ) =0forallieQrn E} .

JEL

(104)

Our goal is to prove the following identity for all v € R%:
1 .
o(v) = Ta, Sup <1/, Z Zai,j(z - ])> . (105)
(ai ;)i €C i€LNQr jeL
Let v € R%. Due to Proposition there holds

PV) = dperV) = 77 I {B (0, Q1) ) = (1,") € Aper(Qri R))
_ % inf {B(u+ (1,-),Qr): u € Aper(QrsR)}

1
= T e b DD eiul) —u() + (i =)

ZGQ JEL
Note that, we can write

Gpelv) = g ind swp Y Y aisul) () + i), (106)

u€Aper(QTR)  0Zai ey erngr et
Qi Tz, j+T==0Q;

To see this, we observe that for all u € Ape,(Q7;R) and all 0 < ¢ ; < ¢; ; such that a;y7s j47. =
;. ; for all z € Z4 we have

aij(u(i) = u(j) + (v,i = ) < e (u(i) —u(f) + (vi = 5)"
with equality for

0 otherwise.

{] if (u(i) = u(j) + (i =) 20,
Qij =
Given 0 < o j < ¢;; such that a7, j4y7. = oy for all 2 € Z4, and u: £ — R T-periodic, we

have
Z Zaiyj(u(i)—u(j)) Z Za”u Z Za”u

1€ELNQT jEL 1€ELNQT jEL 1€ELNQT jEL

= E E Q; U E g E QA j+T2U j + TZ)
1€ELNQT jJEL JELNQT z€Zd 1€LNQT

= D> Deul)— X X D airayulj
i€ELNQT jEL JELNQT 2€Z4 i€LNQT

= > D aiguli)— YD aijul))
E€LNQT JEL JELNQT i€EL

= DD (i —agauli).
1ELNQT JEL

Note that, since in all steps, due to[(H2)]and |a; ju(j)| < Ci,j MAXieLnQr |u(7)|, the double series
>icrnQqr 2ujer @iju(j) (vesp. changing u(i) with u(j)) is absolutely convergent, the order of
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summation can be changed without changing the value of the various sums. This implies that,
given 0 < «; ; < ¢; 5 such that a7 j47. = ;5 for all z € £, we have

Z Z 0 if Z(ai,j—aj,i) =0foralli e QrNL,
inf a; j(u(i) —u(j)) = jec
u€Aper (QTiR) | o0 Ser —o00  otherwise.

(107)

Hence, using (102)), (104)), (106]), and (107]), we obtain
1 ..
o(v) > T Sup <1/, Z Zam(z —])> . (108)

(ci,5)i,,€C 1€ELNQT jEL

As for the other inequality in finite dimension, that is when cfj is such that cfj = ¢ ; if
|i —j| < R and ij = 01if |i — j| > R, the equality is true due to [43] Corollary 31.2.1]. More

precisely, we obtain:

Prv) = g nE ST S el i)~ ul) + (i - )

d
T u€Ap icQr jeL
1 .
=7q  Sup <1/, Z Zam(z])> , (109)

(ei,j)i;ECR i€LNQr jEL

where Cg =CN[]; ;[0 cE]. Note that Cg C C and thus by (108) and (109), we have

) ~g,7
1 L.
¢r(v) < 7 sup <V’ Do) i —J)> <pv).
(@,4)i5€C i€LNQr jEL

To conclude, we show limg_, o pr(v) = @(v), from which (105]) will follow. For R > 0 let
ur € Aper(Qr; R) be such that

. . .. 1 1

S 3 el (un(i) —ur() + (i —3)* < TUor() + 5 STUp0) + 3. (110)

i€Qr jEL
One has

T(v) < Z Zci,j(uR(i) —upr(j) + (v, i— )"
i€Qr jEL
hence we need to show that
lim > Y ey(ur(i) —ur(l) + (vi—§)T =0. (111)

R—o0 | ) —
1€QT jEL,|i—j|>R

This will follow from (7)) if we show that (ug(i) —ug(j))" is bounded (and use (ug(i) —ur(j) +
(vyi— )T < (ur(i) —ugr(4))" + |i — j| which follows from the subadditivity of z + x™).

From ([110)), we have:
. . 1 .
S Y el (uri) — ur(G)* < TW) + 5+ 30 D eagli— gl = £ < Fox.
1€EQT jEL i€EQT jEL
On the other hand,

D D elilur() —ur(G)T =0 X | D el | (ur(@d) —ur()*

1€QT JEL 1€EQT JEQT \2€7Z°
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If R is large enough, Y. a0 > $30 . cpuijyzr for all (i,5) € (Qr N £)?. Whenever
> ez Cijj+er > 0, we deduce (ug (i) —ur(j))t < 20/(3,cpa Cijj+-17) < +00. As a consequence,
we find a uniform bound for (ug(i)—ur(j))" for all the pairs (, j) which appear in the sum (111).
This achieves the proof of the dual representation.

For the remainder of this section we assume [(H1)| and [(H3)|
Step 2.(Crystallinity) By Remark we have

¢(v) = sup (v,Q) .
CEW,

We shall prove that (105]) implies

1 ..
W =9 74 D> aijli—g): (aig)igeCy (112)

i€LNQr jEL
with C given in (104)). Recall N and £ defined in (103). Define L: RN — R? by
1 .
L{aig)gyes = 7a > aii(i—3j). (113)

(1,7)€€

Hence, we observe that

W= % S>> aijli—5): (aig)iy €Cp=L(C),

1€LNQT jEL

where C is a convex closed set as the intersection of two convex and closed sets. Thus, as the
image of the convex and closed set C through the linear map L, W is a closed and convex set.
Then (112)) follows by Fenchel duality, since

p(v) =Ly (v) =Ly, (v),
where T4: R — [0, +-00] denotes the support function of the set A given by
0 ife A,
La(Q) = {—i—oo ot}clerwise.
Now, since both W, and W are closed and convex, we have
Iw, (€) = Ly, (O) = ¢™(¢) = iy (€) = Tw (¢) -
This shows (112)). Furthermore, we find

We=L|Vn ] 0.cj] . (114)
(i,§)€E

where V' C R¥ is a linear subspace of co-dimension k := #(Q7 N £) — 1 given by

V= QG5 € RN: Z(ai’j — Oéj,i) =0 forallic QT nLe . (115)

JjeEL
Hence, due to (114]), W, is the image of the linear map L, given in (113, of a N-dimensional
polytope [[(; jjeel0, ci ;] intersected with the linear subspace V', given in (115). The intersection
of a cube with a linear subspace is a polytope, and thus also its image through a linear map.
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This proves that ¢ is crystalline.
Step 3.(Estimate on the number of vertices) Our goal is to prove that

#extreme(W,,) < 3V, (116)

where we recall N defined in (103). Let us note that, due to the Krein-Milman Theorem (cf. [20],
Theorem 1.13) and ([L14)), it is easy to see that there holds

#extreme(W,,) = #extreme [ L | V N H 0, ¢ 5] < #extreme | V N H 0, ¢ 5]
(i,5)€€ (i,5)€€

In order to show ([116]), it remains to show

#extreme [ V' N H 0,ci;] | <3V (117)
(i,5)€€

In order to obtain this estimate we note that the extreme points of VN[]; ;¢ [0, ¢;,5] lie on the
k-dimensional (here k is the co-dimension of the linear subspace V) facets of ] ; jee [0, ci ;]
Furthermore, we can find an injective relation between extreme points and these facets. In fact,
if the matrix determining the intersection of the facet with V is full rank, then the point of
intersection is unique. If that is not the case, then the solution set is itself a subspace and
one can add one additional condition to obtain the extreme point. This implies that here the
extreme point is shared by more k-dimensional facets on a lower dimensional facet. Note that
there are at most (JZ )2N ~* such facets and by the binomial formula we have that

N
N N .
2Nk < 27 =3V,
(i) =2 (5)=s
j=0
This concludes Step 3. O

5. DIFFERENTIABILITY OF THE EFFECTIVE SURFACE TENSION

In this Section, we prove Proposition [2.9 which states that ¢ is differentiable in totally
irrational directions whenever there exists a solution in the primal problem. It is a corollary of
the two lemmas which we state and prove below.

Lemma 5.1. Let v € S%1, let u be a minimizer in and assume that for any s € R, the
set {u = s} is finite. Then @ is differentiable in v.

Proof. The expression (105 shows that ¢ is a convex, one-homogeneous function with subgra-
dient at v given by

1
0p(v) = Td Z Zam(i —J) + a=(0y;)i; € C maximizer in (105

1€LNQr JEL
It is differentiable at v if and only if the above set has exactly one element.

Let «, o € C be two maximizers in (105]). Classical optimality conditions guarantee that for
any 14, j, if (i) # u(j), then:
(118)

Q; 5 =«

;o )cig if w(z) —u(j) >0
0 if w(i) —u(j) < 0.
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Let us denote by p,p’ € dp(v) the subgradients given by the dual variables, respectively, o and
o', we claim that p = p’. One has:

PP = XY (ool ) (119)

1€ELNQT jru(j)=u(i)

Let s € R, i € LN Qr with u(ip) = s and such that the finite set J; := {j : u(j) = s} has
more than one element. For any 4,7, let 3; j := o ; — a;’j. Then

Yod Buli=N=Y >, D> Bili—j)

1€Js jE€Js 2€24 i€ J,N(T24+Q7) JEJs

=> > > Big(i—J)

2€2%41€(Js—T2)NQr jE€EJs—Tz

where for the last line we have substituted (¢, ) with (i — Tz,j — T'z) and used that 8 is Q-
periodic. In addition, we have that u(z) = u(j) if and only if u(i — Tz) = u(j — T'z) so that this

can be rewritten:
YNod Bui-n=> > Y. Buli—j)

i€, jed, 2€Z4i€(Js—T2)NQT jiu(j)=u(i)

By assumption, the sets (J; — T2) N Qr, z € Z? are all disjoint. Otherwise, there would be i, z
with s = u(i — Tz) = u(i) + T'(v, z) = s, yielding in particular that (v,z) = 0, and one would
deduce that i — kTz € J, for all k € Z, a contradiction since we assumed Jg was finite. As a
consequence, showing that vanishes is equivalent to showing that

SN Bili—4)=0 (120)
1€Js jEJs

for any s € R (such that Js is not empty and contains more than one point). Obviously, the

expression in ((120)) is also
> > (Biy—Bia)i

1€Js JEJs

Thanks to the definition (104]) of C, one has for any 7 that Zj Bij — Bj: =0, so that:

Z Z (Bij — Bja)i = Z Z (Bji — Bij)i=0

i€Ja jET i€Js &
thanks to ((118)). Hence, (120]) holds and we deduce p = p’, which shows the lemma. O

Lemma 5.2. Let v € S%1 be totally irrational and let u be a minimizer in . Then for any
s € R, the set {u = s} is finite.

Proof. Recalling the notation in the previous proof, let s € R and consider the set J; := {u = s}.
For z € Z%, let J? = J, N (Qr +T2) — Tz C Qr. For i € J?, u(i) = s+ T(z,v). Since v is
totally irrational, we deduce that JZ N JSZ/ = () for any z # 2/, showing that all sets JZ but a
finite number must be empty. Hence Js is finite. O
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6. NUMERICAL ILLUSTRATION

6.1. A simplified framework. In this section, we address, as an illustrative experiment, the
following issue. We consider a basic 2D cartesian graph {(4,7) : 0 <i< M —-1,0<j < N —1},
representing for instance the pixels of an image, and we want to approximate on this discrete
grid the two-dimensional total variation [, |Du|, v € BV(£2). Here it is assumed that Q C R?
is a rectangle and that {0,..., M —1} x {0,..., N — 1} is a discretization of Q at a length scale
~1/N ~1/M.

There are of course many ways to do this, but we propose here to consider a family of discrete
“graph” total variations, defined for a family (u; ;)i ; € RM*N by:

= + . o T - . N+
J(U) - Zci_,'_%,j(u'kl»l,j Uz,]) +Ci+%,j(ul73 uz+1,g)
v (121)
+ o — )T e w0t
t s (ui o1 —wig) " + Ci+id (uij = wi 1)
and which involves only nearest-neighbour interactions in horizontal and vertical directions.

We assume in addition that the weight ¢* are T-periodic for some T € N, T > 0, that is,
C;ikT biT = c;tb for any (k,1) € Z2, (a,b) = (i + %,j) or (i,7 + %), as long as the points fall
inside the grid.

For T = 1, C;Eb = 1, it is standard that approximates, in the continuum limit, the
anisotropic total variation [, |O1u| + |82u|, which, if used for instance as a regularizer for im-
age denoising or reconstruction, may produce undesired artefacts (although hardly visible on
standard applications, see Figure E[)

A standard way to mitigate this issue (besides, of course, resorting to numerical analysis
based on finite differences or elements in order to define more refined discretizations), is to add
to diagonal interactions, with appropriate weights, in order to improve the isotropy of the
limit (see for instance [11]), with the drawback of complexifying the graph and the optimization.
We show here that a similar effect can be attained by homogenization. To illustrate this, let us
first consider the simplest situation, for 7' = 2.

FIGURE 4. The alternating 2-periodic coefficients yielding the smallest anisotropy

+

In that case, one can explicitly build coefficients ¢,

which will yield the homogenized surface tension

o) = (V2 - 1) <|1/1| + [va] + |”1\}L;2| + ”l\gﬂ) (122)

whose 1-level set (or Frank diagram) is shown in Figure Observe that this is the same

taking two values a, 8 (see Figure ,
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Vo

vy

FIGURE 5. The Frank diagram {v : ¢(v) < 1} given by (122))

anisotropy which would be obtained by using constant coefficients and adding interactions along
the edges ((4,7), (i + 1,5+ 1)) and ((4,7), (¢ + 1,5 — 1)).

In order to obtain , one needs to tune «, 8 so that a vertical edge and a diagonal edge,
in the most favorable position, have the same length (with a v/2 factor for the diagonal, whose
intersection with the periodicity cell is of course longer). This is ensured if a + 5 = 4a/ V2, that
is, B = (2v/2 — 1)a. We find that choosing

4v2 (123)

a=-1-~0.1768
B=(2v2—1)a ~ 0.3232

yields (122)), as an effective homogenized anisotropy.

For larger periodicity cells, it seems difficult to do a similar analysis, first of all, because one
should not expect the optimal minimizers, in most directions (if not all), to be given by straight
lines, but rather by periodic perturbations of straigth lines. We propose an optimization process
in order to compute the optimal weights cib.

6.2. The optimization method. The effective surface tension is obtained by solving the cell
problem:
o) = Hhm{ 2): iy iy —uig) T e (g — i )T
(i,5)€Y

+ CIH% (i1 — i)™ + ¢ s Uiy — uijy1)" (124)

Usj — V- (;) Y-periodic }

where Y = Z2 N ([0,T) x [0,T)) is the periodicity cell. This is easily solved, for instance by a
saddle-point algorithm [26] which aims at finding a solution to:
+

. + i —
v) = min max E wh et —wl o, ey )Win1s — v+ 11
(b( ) vY—periodiCOSwitgl(i j)eY( i+5.J i+%,] i+3,] H—g»])( L bJ )

- e _wt ot o
(W10 WGy y) Wik — Vi i),
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where we have replaced the variable u with the periodic vector v; ; = u;; — v - (i,5)T. For
technical reasons, we need to “regularize” slightly this problem in order to make it differentiable
with respect to the coefficients ¢ = (¢F). This is done by introducing ¢ > 0 a (very) small

parameter and adding to the previous objective the penalization
€ + 2 - 2 - 2 + 2, € 2
3 > (Wi g )7+ (i )7+ (w5 0)" + (w0 4) 4 5 > vy
(1,4)€Y (4,4)€Y

which makes the problem strongly convex/concave and the solutions w,v unique. We call
¢-(v)[c] the corresponding value. The advantage of this regularization is that one can easily
show that ¢ — ¢.(v)[c] is locally C*!, with a gradient given by:

. ¢e(v)[c+td] — ¢ (v)c] + ot -
lim 7 = (Wi 4y~ Wiy diys )iy —vi + 1)
(i,5)€Y
+

- A —wt o
0 Gy ~ Wiy i) g — vig £ v2)

where (w, v) solves the saddle-point problem which defines ¢.(v)[c].

Then, to find coefficients which ensure that ¢ is as “isotropic” as possible, one fixes a finite
set of directions (v1, ..., vg) (typically, (cos(2¢n/k),sin(2¢n/k)) for £ =1,... k), and uses a first
order gradient descent algorithm to optimize:

k
ZL(e) = (¢-(v)[e] - 1)?
=1

The problem is easily solved for Y = {0,1} x {0,1}, &k = 8 and (v/)%_, given as above. For
larger periodicity cells and more directions, it easily gets trapped in local minima and we use a
random initialization in order to be able to find satisfactory solutions. We then test the result
by computing the un-regularized surface tension ¢ with the resulting coefficients c. We show
some results in the next section. Of course, taking a large value of £ will make the problem
easier to solve, but the learned coefficients will not allow to reconstruct a satisfactory surface
tension: we need to choose € small, an order of magnitude below the error which we expect on
the anisotropy of ¢.

6.3. Numerical results. We show the outcome of the optimization, in the periodicity cell
Y ={0,...T — 1} x {0,..., T — 1} for T = 2,4,6,8. We plot first the set {¢ < 1} or Frank
diagram for the effective surface tensions. Figure [6] shows the diagram obtained, for T' = 2,4, 8.
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FIGURE 6. Frank diagrams of the effective anisotropies for T' = 2,4, 8.

For T = 2, the optimization yields the same anisotropy as our construction in ((123)) which gives
the anistropy (122)) and which we conjecture to be optimal for Z(c) taking k = 8 (compare
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with Fig. . However, except when initialized with the values in , the algorithm usually
outputs different values with the same effective anisotropy, see Fig. E] (the values in are in
some sense better, as for instance a vertical edge will always have the same effective energy with
these values, while with the computed values displayed in Fig. |7} it will need to pass through
the edges in the second column of the cell in order to get the minimal energy).

FIGURE 7. An example of optimized 2-periodic coefficients yielding the same
anisotropy as the choice ((123)

FIGURE 8. A minimal half-plane in the orientation (cos3w/8,sin37/8). Top
left, boundary datum, the region where the perimeter is minimized is in gray.
Top, middle: ¢(v) = |vi| + |va|. Top, right: optimal effective ¢ for T = 2.
Bottom: for T'= 4, 6, 8.

For T = 4, one sees that the behavior is almost isotropic, while for T = 8, the relative
error with the perfect unit disk is about 1%. Here, we estimated this error as (maxy ¢(vy) —
ming ¢(vy))/ ming ¢(vy), where £ € {1,...,k} and k = 180. We illustrate this on an “inpainting”
example, which consists in finding the minimal line in a given direction. We consider as an
example the direction (cos3w/8,sin37/8), which is irrational, so that there cannot be a fully
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periodic solution. The figure |§| displays several minimal half-planes in this orientation. Observe
that for this orientation, the results for 7' = 4 or 6 look nicer than the result obtained for T' = 8.

We also show a denoising example based on the “ROF” method (which consists simply in
minimizing the total variation (defined by the surface tension ¢) of an image with a quadratic
penalization of the distance to a noisy data, in order to produce a denoised version, see [44])
with the anisotropic tension ¢(v) = |v1| + |va] (“T = 17) and the optimized homogenized
surface tension for T = 4. The original image is degraded with a Gaussian noise with 10%
standard deviation (with respect to the range of the values). Here, the difference between the
two regularizers is hardly perceptible (since the data term strongly influences the position of the
discontinuities), yet a close-up (bottom row) allows to see a slight difference, for instance on the
cheek where the T' = 1 anisotropy produces block structures.

FicUure 9. “ROF” denoising example. Left: noisty image. Middle, denoised
with ¢(v) = |v1| + |v2]. Right: with the effective tension computed for T = 4.
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