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Transmission eigenvalues for multipoint
scatterers∗

P.G. Grinevich † R.G. Novikov‡

Abstract

We study the transmission eigenvalues for the multipoint scatterers
of the Bethe-Peierls-Fermi-Zeldovich-Beresin-Faddeev type in dimen-
sions d = 2 and d = 3. We show that for these scatterers: 1) each
positive energy E is a transmission eigenvalue (in the strong sense)
of infinite multiplicity; 2) each complex E is an interior transmission
eigenvalue of infinite multiplicity. The case of dimension d = 1 is also
discussed.

Mathematics Subject Classification (2020): 35J10, 47A40, 47A75,
81U40.

Keywords: Schrödinger equation, transparency, transmission eigenval-
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1 Introduction

Studies of transmission eigenvalues for Helmhotz-type equations have a long
history, and many publications are devoted to this problem. In fact, the prop-
erty that a spectral parameter E is a transmission eigenvalue, is a weakened
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version of invisibility (transparency) for this E. In the case of the stationary
Schrödinger equation the spectral parameter E is interpreted as the energy.

In connection with transparency for the Schrödinger equation, see [11, 14,
13] and references therein. Historically, these studies go back to [23, 20]. In
connection with transmission eigenvalues for Helmhotz-type equations, see
[7, 21, 8] and references therein. Historically, these studies go back to [18, 10].

In particular, it is known that for sufficiently regular compactly supported
scatterers transmission eigenvalues are discrete and have finite multiplicity
(see [24, 21, 8] for precise results). On the other hand, in [14] we constructed
two-dimensional real-valued potentials from the Schwartz class, which are
transparent at one positive energy. As a corollary, this energy is a transmis-
sion eigenvalue of infinite multiplicity in the strong sense, i.e., the number
1 is an eigenvalue of infinite multiplicity for the scattering operator at this
fixed energy! However, the potentials of [14] are not compactly supported.

In the present work we consider the stationary Schrödiger equation

−∆ψ + v(x)ψ = Eψ, x ∈ Rd, d = 1, 2, 3, (1.1)

with multipoint potential (scatterer)

v(x) =
n∑
j=1

εjδ(x− yj). (1.2)

It is well-known that point scatterers εδ(x) are well-defined only in dimen-
sions d = 1, 2, 3. If d = 1, then δ(x) denotes the standard Dirac δ-function. If
d = 2 or d = 3, then εδ(x) denotes a “renormalization” of the δ-function (de-
pending on a parameter). These “renormalized” δ-functions for d = 2, 3 are
known as Bethe-Peierls-Fermi-Zeldovich-Beresin-Faddeev-type point scatter-
ers. Exact definitions for the multipoint scatterers in dimensions d = 2, 3 can
be found in [2, 15, 16]. Historically, mathematical definitions of point scat-
terers in dimension d = 3 go back to [5, 4].

We also consider the equation

−∆ψ = Eψ, x ∈ Rd, d = 1, 2, 3. (1.3)

Let Uj be an open non-empty neighbourhood of yj such that yj′ 6∈ Uj if
j′ 6= j. Developing the approach, used in [5] for d = 3, a local solution ψ of
(1.1), (1.2) in Uj can be defined as a function such that:

(i) ψ(x) satisfies (1.3) in Uj\yj;
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(ii) If d = 1, then ψ(x) is continuous at x = yj, and its first derivative has
a jump

−αj [ψ′(yj + 0)− ψ′(yj − 0)] = ψ(yj); (1.4)

If d = 2, then

ψ(x) = ψj,−1 ln |x− yj|+ ψj,0 +O(|x− yj|) as x→ yj, (1.5)

and
[−2παj − ln 2 + γ]ψj,−1 = ψj,0, (1.6)

where γ = 0.577 . . . is the Euler’s constant.
If d = 3, then

ψ(x) =
ψj,−1
|x− yj|

+ ψj,0 +O(|x− yj|) as x→ yj, (1.7)

and
4παjψj,−1 = ψj,0. (1.8)

Here, we assume that αj ∈ R ∪ ∞. In addition, for each j = 1, . . . , n,
the strength εj of the point scatterer εjδ(x − yj) in (1.2) is encoded by αj,
see, for example, [2, 16]. If αj = ∞, then εj = 0 (and the corresponding
single point scatterer vanishes). If d = 1, then the renormalized δ-function
coincides with the standard one, and we have that εj = −1/αj.

In the present work, we use, in particular, that the scattering functions
for our multipoint scatterers are given by formulas (2.6)–(2.10) recalled in
Section 2.

In the present work we show that for the Schrödinger equation (1.1)
with multipoint potentials (1.2), for d = 2, 3, each positive energy E is a
transmission eigenvalue of infinite multiplicity in the strong sense, and each
complex E is an interior transmission eigenvalue of infinite multiplicity. The
related definitions of transmission eigenvalues are recalled in Section 2. One
can see that these multipoint potentials (1.2) are compactly supported, but
they are singular. We also give proper analogs of these results for d = 1 for
single-point potentials.

In Section 2 we also recall some basic facts from the scattering theory.
In connection with inverse scattering for the multipoint scatterers of Bethe-
Peierls-Fermi-Zeldovich-Beresin-Faddeev type see, for example, [1, 3, 12, 17,
22] and references therein.

The main results of the present work are presented in details in Section 3.
The proofs are given in Section 4.
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2 Preliminaries

For equation (1.1) with multipoint potentials as in (1.2) we consider the
scattering eigenfunctions ψ+ specified by the following asymptotics as |x| →
∞:

ψ+ = eikx + f+

(
k, |k| x

|x|

)
ei|k||x|

|x|(d−1)/2
+O

(
1

|x|(d+1)/2

)
, (2.1)

k ∈ Rd, k2 = E > 0, where f+ = f+(k, l), k, l ∈ Rd, k2 = l2 = E, is a priori
unknown. The function f+ arising in (2.1) is the scattering amplitude, or
the far-field pattern. It is also convenient to present f+ as follows:

f+(k, l) = c(d, |k|)f(k, l), (2.2)

c(d, |k|) = −πi(−2πi)(d−1)/2|k|(d−3)/2, for
√
−2πi =

√
2πe−iπ/4. (2.3)

It is important that for the multipoint scatterers the scattering eigenfunc-
tions and scattering amplitudes are calculated explicitly (see, for example,
[2, 15, 16]).

Let

G+(x,E) := −(2π)−d
∫
Rd

eiξxdξ

ξ2 − E − i · 0
(2.4)

where x ∈ Rd, E ∈ R, E > 0. We recall that G+(x,E) is the Green
function with the Sommerfeld radiation condition for the operator ∆ + E.
Note also that

G+(x,E) =
ei|k||x|

2i|k|
, d = 1,

G+(x,E) = − i
4
H1

0 (|x||k|),

where H1
0 is the Hankel function of the first type, d = 2, and

G+(x,E) =
1

2π

[
ln |x|+ ln |k| − ln 2 + γ − πi

2

]
+O(|x|2| ln |x||), as |x| → 0,

where γ = 0.577 . . . is the Euler’s constant, d = 2,

G+(x, k) = −e
i|k||x|

4π|x|
, d = 3,

(2.5)

where |k| =
√
E > 0.
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Then the following formulas hold (see [2, 15, 16]):

ψ+(x, k) = eikx +
n∑
j=1

qj(k)G+(x− yj, |k|2), (2.6)

f(k, l) =
1

(2π)d

n∑
j=1

qj(k)e−ilyj . (2.7)

Here q(k) = (q1(k), . . . , qn(k))t satisfies the system of linear equations

A(|k|)q(k) = b(k), (2.8)

where A is the n× n matrix with the elements

Aj,j(|k|) = αj − i(4π)−1|k|, d = 3,

Aj,j(|k|) = αj − (4π)−1(πi− 2 ln(|k|)), d = 2, (2.9)

Aj,j(|k|) = αj + (2i|k|)−1, d = 1,

Aj,j′(|k|) = G+(yj − yj′ , |k|2), m 6= j,

and b(k) = (b1(k), . . . , bn(k))t is defined by

bj(k) = −eikyj . (2.10)

In connection with (1.4)– (1.8) and (2.6) note also that the following
formulas hold:

− 1

4π
qj = ψj,−1, d = 3,

1

2π
qj = ψj,−1, d = 2, (2.11)

qj = ψ′(yj + 0)− ψ′(yj − 0), d = 1.

As we mentioned in Introduction, for each j = 1, . . . , n, the strength εj
of the point scatterer εjδ(x− yj) in (1.2) is encoded by a real parameter αj;
see, also, for example, [2, 16].

The scattering operator Ŝ = ŜE at fixed energy E = |k|2 can be defined
as follows:

(ŜEu)(θ) = u(θ)− iπ|k|d−2
∫
Sd−1

f(|k|θ′, |k|θ)u(θ′)dθ′, (2.12)
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where Sd−1 is the unit sphere in Rd, θ, θ′ ∈ Sd−1, dθ′ denotes the standard
volume element at Sd−1, see, for example, [19], Chapter XVII, § 125, see also
[6].

Consider the equation

(ŜEu)(θ) = u(θ), θ ∈ Sd−1, (2.13)

where u ∈ L2(Sd−1). We say that energy E is a transmission eigenvalue in
the strong sense if equation (2.13) has a non-trivial solution. Dimension of
space of these solutions is the multiplicity of this transmission eigenvalue.

Assume that
supp v ⊂ D. (2.14)

where D is a connected bounded domain in Rd with C2 boundary, where
Rd\D is also connected. Let

ψ(x) =

∫
Sd−1

ψ+(x, |k|θ′)u(θ′)dθ′, (2.15)

φ(x) =

∫
Sd−1

ei|k|θ
′xu(θ′)dθ′, (2.16)

where u satisfies (2.13), |k|2 = E. Then

−∆ψ(x) + v(x)ψ(x) = Eψ(x), x ∈ D, (2.17)

−∆φ(x) = Eφ(x), x ∈ D, (2.18)

and

ψ(x) ≡ φ(x),
∂

∂ν
ψ(x) ≡ ∂

∂ν
φ(x) for all x ∈ ∂D, (2.19)

where ∂
∂ν

denotes the normal derivative, see, for example, [9].
In addition, φ 6≡ 0 on Rd if u 6= 0 in L2(Sd−1), and |k| 6= 0.
The energy E such that (2.17), (2.18), (2.19) are fulfilled with non-trivial

φ, ψ is called an interior transmission eigenvalue for equation (2.17) in
the domain D; see [6, 7, 9, 10, 18, 21, 24].

Remark 2.1. If E ∈ R, E > 0, is a transmission eigenvalue of multiplicity
N in the strong sense for equation (1.1), then E is an interior transmission
eigenvalue of multiplicity ≥ N for equation (1.1) in any domain D as in
(2.14).
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3 Main results

Our results on transmission eigenvalues in the strong sense (in the sence of
equation (2.13)) for mutlipoint scatterers (1.2) are formulated in Theorem 3.1
and in Proposition 3.1.

Theorem 3.1. Let v be a multipoint scatterer (1.2) of the Bethe-Peierls-
Fermi-Zeldovich-Beresin-Faddeev type in dimension d = 2 or d = 3.

Then each energy E > 0 is a transmission eigenvalue of infinite multi-
plicity for equation (1.1) in the strong sense.

Proposition 3.1. Let v be a single point scatterer in dimension d = 1 as in
(1.2) with n = 1.

Then each energy E > 0 is a transmission eigenvalue for equation (1.1)
in the strong sense.

To prove our results on interior transmission eigenvalues for mutlipoint
scatterers (1.2) we use the following lemma, which is also of independent
interest.

Lemma 3.1. Let v be a miltipoint scatterer as in (1.2), (2.14), φ satisfy
(2.18), and φ(yj) = 0 for all j = 1, . . . , n. Then φ also satisfies (2.17) .

In Lemma 3.1 we assume that in equations (2.17), (2.18) the energy E ∈
C.

Our results on interior transmission eigenvalues (in the sense of (2.17)–
(2.19)) for mutlipoint scatterers (1.2) are formulated in Theorem 3.2 and in
Proposition 3.2.

Theorem 3.2. Let v be a multipoint scatterer as in (1.2) of the Bethe-
Peierls-Fermi-Zeldovich-Beresin-Faddeev type in dimension d = 2 or d = 3,
satisfying condition (2.14).

Then each energy E ∈ C is an interior transmission eigenvalue of infinite
multiplicity for equation (1.1) in the domain D.

Proposition 3.2. Let v be a single point scatterer in dimension d = 1 as in
(1.2) with n = 1, satisfying condition (2.14).

Then each energy E ∈ C is an interior transmission eigenvalue for equa-
tion (1.1) in the domain D.

In Theorem 3.2 and Proposition 3.2, D is the domain of formulas (2.14),
(2.17)–(2.19).
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4 Proofs of the main results

Proof of Theorem 3.1. It is convenient to use that

f(k, l) = f(−l,−k), where k, l ∈ Rd, k2 = l2 = E. (4.1)

The reciprocity property (4.1) follows from formula (2.7), equation (2.8) and
the property that A = At.

Due to (2.7), (4.1), we have that

f(k, l) =
1

(2π)d

n∑
j=1

qj(−l)eikyj . (4.2)

Due to (2.12), (4.2), we have that equation (2.13) is fulfilled for each
u ∈ L2(Sd−1) such that∫

Sd−1

ei|k|θyju(θ)dθ = 0, for all j = 1, . . . , n. (4.3)

One can see that a finite system of homogeneous linear equations (4.3) in
L2(Sd−1) has infinite-dimensional space of solutions for d = 2, 3.

Therefore E is a transmission eigenvalue of infinite multiplicity in the
strong sense for equation (1.1).

Proof of Proposition 3.1. It is convenient to use that, for d = 1, n = 1:

f(k, l) =
1

2π

eiky1e−ily1

α1 + (2i|k|)−1
, where k, l ∈ R, k2 = l2 = E. (4.4)

Due to (4.4), we have that equation (2.13) is fulfilled for each u = (u−, u+) ∈
L2(S0) = C2 such that

e−i|k|y1u− + ei|k|y1u+ = 0. (4.5)

One can see that equation (4.5) has one-dimensional space of solutions.
Therefore E is a transmission eigenvalue in the strong sense for equation

(1.1).

Proof of Lemma 3.1. This result follows from the definition of solutions of
equation (1.1); see Introduction. Indeed, equation (1.3) is fulfilled for ψ = φ
in D containing all yj, and we have that:

8



1. If d = 1, then

φ(yj) = 0, φ′(yj + 0) = φ′(yj − 0),

and condition (1.4) is fulfilled;

2. If d = 2, 3, then
φj,−1 = φj,0 = 0,

and condition (1.6), for d = 2, or condition (1.8), for d = 3, is fulfilled.

Proof of Theorem 3.2. For E ∈ R, E > 0, the result follows from Remark 2.1
and Theorem 3.1.

For E ∈ C, the proof is as follows. Let φl, l = 1, . . . ,∞, denote an infinite
set of linearly independent smooth solutions of (2.18) in D ∪ ∂D. For any
N ∈ Z, N > n, consider the linear system on z = (z1, . . . , zN) ∈ CN :

N∑
l=1

zlφl(yj) = 0. (4.6)

This system has at least N − n dimensional space of solutions. For each
z = (z1, . . . , zN) satisfying (4.6) the function

Φ(x) =
N∑
l=1

zlφl(x)

satisfies (2.18), and Φ(yj) = 0 for j = 1, . . . , n. Therefore, by Lemma 3.1,
Φ(x) satisfies (2.17) and (2.18) simultaneously! In addition, Φ(x) 6≡ 0 in
D, due to linear independence of φl. Thus, E is an interior transmission
eigenvalue for equation (2.17) in the sense of (2.17)–(2.19), where ψ ≡ φ ≡ Φ
inD∪∂D. In addition, the space of such Φ has dimension≥ N−n. Therefore,
E is an interior transmission eigenvalue of multiplicity, at least, N − n for
arbitrary large N , i.e. the multiplicity of E is infinite.

Proof of Proposition 3.2. For E ∈ R, E > 0, the result follows from Re-
mark 2.1 and Proposition 3.1.

For E ∈ C, the proof is as follows. Denote by Φ a non-zero solution
of (2.18) such that Φ(y1) = 0. By Lemma 3.1, Φ(x) satisfies (2.17) and
(2.18) simultaneously. Therefore, E is an interior transmission eigenvalue for
equation (2.17) in the sense of (2.17)–(2.19), where ψ ≡ φ ≡ Φ in D ∪ ∂D.
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