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SRB MEASURES FOR ANOSOV ACTIONS

YANNICK GUEDES BONTHONNEAU, COLIN GUILLARMOU & To0BIAS WEICH

Abstract

Given a general Anosov R action on a closed manifold, we study properties of certain
invariant measures that have recently been introduced in [GBGHW20] using the theory
of Ruelle-Taylor resonances. We show that these measures share many properties of Sinai-
Ruelle-Bowen measures for general Anosov flows such as smooth disintegrations along the
unstable foliation, positive Lebesgue measure basins of attraction and a Bowen formula in
terms of periodic orbits. Finally we show that if the action in the positive Weyl chamber
is transitive, the measure is unique and has full support.

Introduction

On a closed, smooth Riemannian manifold (M, g) (normalized with volume 1) we consider
a locally free abelian action 7 : R® — Diffeo(M). Assume that 7 is Anosov, and denote
by W C R" the maximal cone of transversely hyperbolic elements (see Section 1.1 for a
precise definition of all these terms). In [GBGHW?20] it was proved that there exists a
Radon probability measure pu, called the equilibrium measure, such that for every function
f € C°(M), every open proper! subcone C C W and linear form e on R*, positive on slightly
larger cone then C, the following holds true

. 1
(0.1) u = tim o | B | fr A a)a, (@

Here Cr = {A € C | e(A) < T} and |Cr| denotes the Euclidean volume of Cr C R” and dv, is
the Riemannian density on M induced by g.2 In this article we will explore the properties
of the measure pu, proving in particular:

Theorem 1. Let 7 be a transitive, smooth, locally free, R Anosov action. Let p be an
invariant Radon probability measure on M, then the following conditions are equivalent:

1) p is the equilibrium measure which then does not depend on the choice of vy.
2) For every continuous f, every open proper subcone C C W, and Lebesgue almost every

reM,

p(f) = lim .

— —A)(z))dA.
T—+o0 |C7| Jace, )(@))

Received November 19, 2023.

!proper meaning that C \ {0} C W.

ZNote that the right hand side of (2.1) a priori depends on the choice of subcone C, the linear from e and the
metric g, but it is part of the statement that the expression is in fact independent of e and C and — provided
that the Anosov action is transitive — also independent of v.

1



2 Y. GUEDES BONTHONNEAU, C. GUILLARMOU & T. WEICH

3) The measure j1 has an absolute continuous disintegration® with respect to the local stable
foliation, Wi . and is thus a Sinai-Ruelle-Bowen (SRB) measure® .

4) The measure ju has wavefront set> WF(u) C E*.

Such a measure p is always ergodic. If in addition we assume that the action is positively
transitive in the sense of Definition 2.8, then supp(u) = M.

In the rank one case, i.e. the case of Anosov flows, the properties (1), (2) and (3) are
very similar to the classical properties of the SRB measure for transitive Anosov flows, which
was studied extensively by Sinai, Ruelle and Bowen [Sin68, Bow74, Rue76, BR75]. The
characterisation (4) of the equilibrium or SRB measure in terms of wavefront sets is a more
modern point of view. For Anosov flow this characterization can be derived by combining
the results of Butterley-Liverani [BLO7] and Faure-Sjostrand [F'S11] (although the charac-
terization of SRB measures in terms of wavefront sets is not explicitely formulated in these
references). As for the results of this article, we also obtain a more general and more detailed
version (Theorem 4) without the transitivity assumption.

For a given smooth Anosov flow, the structural stability implies that any small perturbation
of the flow is again an Anosov flow. Furthermore for any fixed Anosov flow, one can associate
with each potential V' a so-called invariant Gibbs measure that has positive entropy. The world
of smooth Anosov flows is thus very rich and, for a fixed flow, there is also a rich ergodic
theory due to the different Gibbs measures. In contrast, for higher rank Anosov action the
situation is conjectured (and partially known) to be very rigid: in [KS94] Katok and Spatzier
proved that for a list of algebraic Anosov actions, called standard Anosov actions, any small
perturbation of the Anosov action is Holder conjugate to the original action. Until recently it
was conjectured (see [Has07, Conjecture 16.8]) that whenever a higher rank Anosov action
cannot be factored into a product of an Anosov flow with another action, they are algebraic
in the sense that they come from quotients of symmetric spaces or Lie groups. Assuming that
this rigidity conjecture holds, the classification of invariant measures reduces to analyzing
homogeneous dynamics, i.e R® invariant measures on homogeneous spaces. Such measure
classifications in homogeneous dynamics have been intensively studied in the past decades,
starting with the works of Katok and Spatzier [KS95, KS98] and culminating in more recent
works of Einsiedler, Katok and Lindenstrauss [EKL06, EL15].

Very recently it however turned out that the rigidity conjecture is much more subtle than
expected: while for the special case of totally Cartan Anosov actions the rigidity conjecture
has recently be proven [SV19], there were also first counter examples in the general setting.
Indeed, in [Vin22] Vinhage presented an approach to construct non algebraic Anosov actions
that have no rank one factor, by applying a non trivial time change to the product of two
Anosov flows. If at least one of the Anosov flows has a non smooth SRB measure, this example
leads to Anosov actions without rank one factors that have a non smooth SRB measure. This
gives another motivation of considering SRB measures in this setting without assuming that
the dynamics is homogeneous.

3in the sense of Definition 1.6
4in the sense of Definition 2.1
5See [H6r03, Section 8.1] for a classical introduction to wavefront sets
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No matter in which way the rigidity conjecture has to be modified (see [Vin22] for different
options), in order to make progress in this direction it is important to understand as many
dynamical properties of Anosov actions as possible, without assuming that these actions
are homogeneous. In particular it is important to understand and to construct meaningful
invariant measures® .

Let us mention two results that are related to Theorem 1 in this direction: in [KKRH11],
Kalinin-Katok-Rodriguez Hertz obtain the following: for a locally free abelian Anosov action
with dim M = 2k41 with k > 2, an invariant ergodic measure p which has positive entropy for
some A € R" is absolutely continuous under certain assumptions on the Lyapunov exponents
and hyperplanes of p (it is thus the same as our SRB measure).

Independently to our work and with different methods, Carrasco and Rodriguez-Hertz
[CRH21Db] (see also [CRH21c, CRH21a] for a review of the results and further applications)
have constructed equilibrium measures for center isometries and proved the existence and
uniqueness of an invariant measure that has absolutely continuous conditional measures with
respect to WS . If their center isometry stems from a regular element of a general Anosov
action, they show that there is a unique measure fulfilling the condition (3) of Theorem 1.
This provides an alternative construction of the same measure. They use geometric methods
and first construct leaf-wise measures that they combine in a sophisticated way to an invariant
measure. An advantage of their method is that it requires less assumptions (they only assume
C2-regularity and do not require that the center isometry stems from an Anosov action) and
they also construct a measure of maximal entropy and prove the Bernoulli property. On the
other hand the characterisations (1), (2) and (4) of Theorem 1 are not shown in [CRH21b].
Another aspect of our spectral /microlocal approach that is absent in [CRH21b] is a Bowen-
like [Bow72, PP90] formula for the measure p, showing equidistribution of regular periodic
orbits in arbitrary small cones for higher rank actions.

In order to state the second main result of this paper let us first introduce some notation: A
point € M is said to be a periodic point if there exists A € R®\ {0} such that 7(A)(z) = «.
Periodic orbits may have a complicated shape in general, but it is well-known (see e.g. [Spa83,
Sec. 2, Prop. 1] for a statement for Weyl chamber flows)” that if 7(Ag)(z) = z for some
Ay € W, then the orbit set T = T, := {7(A)(z) € M|A € R*} is a k-dimensional torus
— we say that the orbit is regular. We denote by 7 the set of such periodic tori of 7 and,
for T € T, we denote by L(T) := {A € R*|3x € T : 7(A)(x) = z} the associated lattice.
Pushing forward the Lebesgue measure on R*/L(T) to T' C M, we obtain a natural measure
on each torus orbit which we denote by Ap.

Theorem 2. Let T be a transitive R"-Anosov action, with Weyl chamber W. Let C C W
be a proper subcone and n € R** a dual element that is positive on a slightly larger conic
neighbourhood of C. Define Cop = {A € C|n(A) € [a,b]} if a,b > 0. Let pn be the SRB

5As explained to us by Ralf Spatzier, the existence of ergodic measures with full support is an important
tool in the direction of proving the rigidity conjecture (see e.g. [KS07] where this assumption is crucially used,
as well as the discussions in [SV19]).

"for the sake of self completeness we also provide a short proof in Lemma 3.1
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measure and a,b > 0. Then for each f € C°(M), we have

(0.2) p(f) = lim > 2 |deftT({iMPTA)|

N—oo |C
> ‘ aN. bN| TGTAECGN’I)NQL(T)

where P4 is the linearized Poincaré map of the periodic orbit A restricted to E, & Es.

This result is proved using microlocal methods inspired by Dyatlov-Zworski [DZ16] in
the rank 1 case: one needs in our setting to combine the Guillemin trace formula with the
analysis of the wavefront set of a certain meromorphic function F) (X1, ..., Xy) of the family
of commuting vector fields (X7, ..., X,;) generating the Anosov action, and this function has a
simple pole at A = 0 with residue given by p(f). The result (0.2) shows some equidistribution
of the periodic orbits just as in the rank 1 case, except that here the periodic orbits come
as k-dimensional tori. Note that the most prominent examples of an Anosov action are the
Weyl chamber flows for locally symmetric spaces. If G is a real semisimple Lie group with
Iwasawa decomposition G = KAN, these Weyl chamber flows are given by the right A action
on M =T\G/Zk(A) (with Zx(A) the centralizer of A in K) and the SRB measure is the
Haar measure, by uniqueness. Thus Theorem 2 gives an expression of the Haar measure in
terms of periodic tori: by (4.2), there is € > 0 so that for all A € L(T) NC, det(1 — Pa) =

20(4)(1 4+ O(e~41)) where p is the half sum of the positive roots of the abelian Lie algebra
a of A. Therefore (0.2) reduces to

— —2p(A)
(0.3) p(f) = Jim ,CGWZ S e /T fdAr.

TeT AECQN byNNL(T)

We notice that even for locally symmetric space where p is the Haar measure, the identities
(0.2) and (0.3) were not known, and our result is new also in that setting.

As a rather direct consequence of (0.2) we get the following result on the counting of
periodic tori:

Corollary 0.1. Assume there is a linear form n € R** that is positive on W and such that
for any proper subcone C C W there is € > 0 such that | det(1 — P)| = " (1 — O(e~c1))
for all A € C. For any proper subcone C C W let Cn :={A € C,n(A)/||n|| < N} then

A}gnoo — log ( Z Z )\T(T)> = [Inll.

TeT AeL(T)NCn

Note that we will show in the discussion after Proposition 4.1 that the above assumptions
are fulfilled for all standard Anosov actions (as introduced in [KS94, Sec. 2]). In the special
case of Weyl chamber flows, Spatzier [Spa83] proved a related result when the cone C is
the whole Weyl chamber: more precisely he proved that if s(7") := min{|A||A € L(T) N W}
denotes the regular systole of a periodic torus 7', then

1
Jim —log (Y0 () =2l
TeT,s(T)SN

Recall from above that for Weyl chamber flows one has n = 2p and 2||p|| corresponds also to
the topological entropy of the associated geodesic flow. The same asymptotics for torus orbits
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of Weyl chamber flows have been obtained by Deitmar [Dei04] (yet with slightly different
counting region) using trace formulae on higher rank locally symmetric spaces and Lefschetz
formulae.

Another aspect of our method is that, a byproduct of the proof of Theorem 2, we can
construct some zeta-like functions (see Theorem 5). For each function ¢ € C°(W) with
small enough support, we obtain a function dy(A) holomorphic on C” that vanishes exactly
when 1&()\ — () = 1 for some Taylor-Ruelle resonance ¢ of the action (as was introduced in
[GBGHW?20]). Here 1) is the Laplace transform of 1. As far as we know this is the first
example of a globally holomorphic zeta-like function for higher rank actions.

Let us mention three results that are related to the Bowen formula in Theorem 2 for
the special case of the Anosov action being a Weyl chamber flow on a compact locally
symmetric space: Knieper [Kni05] studies the measure of maximal entropy for geodesic flows
on compact locally symmetric spaces and showed its uniqueness. From this uniqueness he
derives a Bowen formula for e-separated geodesics. Furthermore, Einsiedler, Lindenstrauss,
Michel and Venkatesh studied the distribution of torus orbits of Weyl chamber flows in
[ELMV09, ELMV11]. In the special case of Weyl chamber flows on SL(3,R)/SL(3,Z)
they obtain a strong equidistribution result of periodic torus orbits [ELMV 11, Theorem 1.4]
that among others would imply the Bowen type formula above® . In [ELMV09] the authors
also study torus orbits on certain compact locally symmetric spaces that are constructed from
orders in central simple algebras. They also obtain equidistribution results (see [ELMV 09,
Corollary 1.7]) which are, however, weaker than those obtained for SL(3,R)/SL(3,Z) and
they seem not to imply Theorem 2 for this special class of compact locally symmetric spaces.
Finally, after the appearance of our paper on arxiv, Dang and Li [DL22] posted a very
interesting preprint where they study equidistribution and counting results of periodic torus
orbits for Weyl chamber flows on locally symmetric spaces. They use completely different
methods (like structure theory of symmetric spaces, compactifications, Patterson-Sullivan
measures etc) and obtain a result similar to Theorem 2 using the refined group orbit counting
estimates of Gorodnick-Nevo [GIN12]. While their techniques do not allow to localize in
arbitrary small subcones for the average, they obtain (0.2) without the determinant factors
and with an exponential remainder term. The exponential remainder term is a consequence
of property T for such groups, and is strongly dependent on the fact that the space is locally
symmetric. Our spectral approach could lead to such an exponential remainder provided one
could prove a spectral gap for the Ruelle resonance spectrum. Outside the world of locally
symmetric space, it is not yet clear what kind of assumptions are needed to prove such a
gap, and this difficult question is under investigation; we recall that for Anosov flows, the
contact assumption is sufficient [Liv04] to get such a gap. Let us finally emphasize that all
the above mentioned results use techniques that are restricted to the case of Weyl chamber
flows on locally symmetric spaces, whereas Theorem 2 holds for arbitrary Anosov actions.

Before closing this introduction, let us briefly mention the tools and techniques we employ
in this work. We build on our previous work [GBGHW 20| using microlocal methods in the

8Note however that our result does not hold for SL(3,R)/SL(3,Z) due to the non compactness of this space
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spirit of Faure-Sjostrand and Dyatlov-Zworski [F'S11, DZ16] in the framework of anisotropic
spaces (developed originally in dynamical systems by Blank, Keller, Liverani, Baladi, Tsujii,
Gouézel, Butterley [BKL02, GL06, BL07, BT07]). These techniques have a successful
history in the context of Anosov flows, and we use them intensively in this work. For the
proof of Theorem 1, it is sufficient to be familiar with the notion of Hormander wavefront
set. For the proof of Theorems 2 and 5, however, we assume that the reader is somewhat
familiar with more involved techniques, as were used for example in [DZ16, FRS08]. We
will also be using some classical techniques from the study of dynamical foliations (absolute
continuity, Rokhlin disintegrations...).

Outline of the paper.

In Section 1 we introduce and collect different preliminaries which are later used in order
to state and prove the main theorems: In Section 1.1 we give the definition of R"-Anosov
actions and introduce some related basic notations.

In Section 1.2 we collect and discuss crucial properties of the stable and unstable foliations
related to Anosov actions which we shall need in the sequel. In particular we give a proof
that the conditional densities of Lebesgue measure along the weak-(un)stable foliations are
smooth along the orbits. While this fact seems folklore, we couldn’t find a precise reference
and as we crucially need this in order to apply our microlocal methods, we took the effort to
work this out in details.

In Section 1.3 we recall how invariant measures for Anosov actions can be constructed using
the spectral theory of Ruelle-Taylor resonances as presented in [GBGHW 20] and we prove
some additional facts that facilitate to work with these measures later on.

Section 2 and Section 3 are the core of the paper:

Section 2 contains the proofs for the different equivalent characterisations of the invariant
measures (Theorem 1). This is done in two steps: in Section 2.1 we prove that the measures
obtained by the spectral theory are precisely the SRB measures i.e. measures which are
absolutely continuous with respect to stable foliation (Theorem 3). In Section 2.2 we analyze
the basins of attractions that have positive Lebesgue measures and prove Theorem 4. Note
that neither Theorem 3 nor Theorem 4 assume transitivity of the action, thus the statements
are more general and more precise (but also a little bit more technical to formulate) compared
to Theorem 1 that is stated in the introduction above.

In Section 3 we use microlocal analysis and a higher rank Guillemin trace formula to prove
the Bowen formula (Theorem 2).

Finally in Section 4 we shortly discuss the applications to counting of periodic tori.

We also prove some new statements in this context such as that will allow us to show that
the measures defined by spectral theory are always absolutely continuous along the stable
foliation.

Acknowledgements. We warmly thank the 6 referees for their careful reading, their
numerous comments and suggestions in order to improve the paper. We thank Sébastien
Gouézel for helpful discussions and explaining us the arguments in the proof of Proposition 1.8.
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1. Anosov actions, dynamical foliations and invariant measures

To study regularity of functions and distributions, we will rely on microlocal techniques
in the spirit of [DZ16]. In particular, we will use the notion of wavefront set, see [H6r03,
Section 8.1] for an introduction and properties of wavefront set.

1.1. Anosov actions. Let (M, g) be a closed Riemannian manifold, 7 : A — Diffeo(M)
be a locally free action of an abelian Lie group A = R" on M. Let a := Lie(A) = R* be
the associated commutative Lie algebra and exp : a — A the Lie group exponential map.
After identifying A = a = R", this exponential is the identity, but it will be useful to have
a coordinate-free notation that distinguishes between transformations A and infinitesimal
transformations a. Taking the derivative of the A-action one obtains an injective Lie algebra
homomorphism

. . { a = C®(M; TM)

d
A Xy = E\t:oT(eXp(At))
which we call the infinitesimal action. By commutativity of a, ran(X) C C*®°(M;TM) is a
k-dimensional subspace of commuting vector fields. Since the action is locally free, they span
a k-dimensional smooth subbundle which we call the neutral subbundle or center subbundle
Ey C TM. It is tangent to the A-orbits on M. We will often study the one-parameter

flow generated by a vector field X4 which we denote by ¢f*. One has the obvious identity
o = 7(exp(At)) for t € R.

Definition 1.1. An element A € a and its corresponding vector field X4 are called trans-
versely hyperbolic if there is a continuous splitting

(1.2) TM=Ey®E,® Es,
that is invariant under the flow (7' and such that there are v > 0,C > 0 with

(1.3) ldgtv]| < CemM|v]|, Vv e By, Yt >0,

(1.4) ldeitv|| < Ce "Mv|, Vv e E,, vt <0.

We say that the A-action is Anosov if there exists an Ay € a such that X4, is transversely
hyperbolic. Observe that if both E* and E® are trivial bundles, then M must be a torus, or
a finite quotient thereof. We will rule out this case in all our arguments.
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We define the dual bundles E}, E*, E; C T*M by’
(1.5) E(E,®Ey) =0, EI(Es®Ey) =0, Eo(E,®Es)=0.

Throughout the paper, we will assume that there exists such a transversely hyperbolic element
and denote it Ag € a. We define the corresponding positive Weyl chamber YW C a to be the
set of A € a which are transversely hyperbolic with the same stable/unstable bundle as Ay.
The following statement is well known — a proof can for example be found in [GBGHW 20,
Lemma 2.2].

Lemma 1.2. Given an Anosov action and a transversely hyperbolic element Ay € a, the
corresponding positive Weyl chamber VW C a is an open convex cone. It is the maximal open
convex cone containing Ag and comprised only of transversely Anosov elements.

Since we assume that F,, E, are not trivial, YW cannot be the whole of a*. For the record, let
us mention that when the set of transversely Anosov elements is dense in a, the action is called
totally Anosov. In that case, there is a finite number of Weyl chambers, which are separated
by hyperplanes (see §4 in [SV19]). Note that there are different concrete constructions of
Anosov actions and we refer to [KS94, Section 2.2] for examples.

Some very classical notions of Z or R dynamics have natural extensions to group dynamics;
since the reader may not have already encountered them, we recall the following;:

Definition 1.3. Let 7 be an R action on some compact manifold M.

e One says that 7 is (topologically) transitive if there exists x € M with dense orbit.
It is equivalent to require that for any open sets U,V there exists A € R" such that
T(A)U)NV #0.

e If 11 is a 7-invariant Radon probability measure on M, p is said to be ergodic if the only
r-invariant f € L'(u) are constant.

As usual for a compact hyperbolic dynamical system, the choice of the smooth Riemannian
metric g is not intrinsic to the Anosov action: Ag would be an Anosov element of the action
7 for any other choice of a smooth Riemannian metric g with the same hyperbolic splitting.
We nevertheless fix the metric g once and for all. This does not only give us a Riemannian
distance function to measure distances and regularity of functions as well as norms || - || on
TM and T*M, respectively. It also fixes a volume form v, — which we will assume to be
normalized with volume 1, but which will in general not be invariant under the action. More
generally g also endows any smooth submanifold of M with the corresponding volume form.

Throughout the paper, using our smooth volume, we will identify C°°(M) as a subspace
of its dual D'(M). We will use the duality bracket defined originally for u,v € C* by

(u,v) :/ uvdvg,
M

and extended by density whenever it makes sense.
All the important objects will be invariant, or at least equivariant, under changing g.

9Note that E*

s/u

are not the usual dual bundles of E;/, that vanish on E,/; © Eo. The notation that we
use has grown historically in the semiclassical approach to Ruelle resonances and is justified by the fact that
the symplectic lift of 7 to T" M is expanding in the Ej, fibre and contracting in the E} fibre.
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1.2. Dynamical foliations and absolute continuity. Since the point of this article is to
study in detail the SRB measure of Anosov actions, we will have to consider disintegration
of measures along stable and unstable foliations. It will be crucial that these foliations are
absolutely continuous. This fact is well established. However, for our purposes, we will need
that some conditional densities are C'°°. This seems to be folklore, but we have not found
a complete proof written down. We have thus decided to recall the relevant definitions, and
explain how the regularity of the conditional measures can be derived from existing results in
the literature.

Definition 1.4. Let F' be a partition of M and, given m € M, let F(m) be the unique
element in F' containing m. Given a neighbourhood U of m denote by Fj,.(m) the connected
component of F'(m)NU containing m.

The partition F is called a continuous (resp. Hélder) foliation with n-dimensional C*-
leaves (k € NU {oo}) if for any m € M there is a neighbourhood U C M and a continuous
(resp. Holder) map f : U — CF(D", M) such that for any m € U, f(i) is a diffeomorphism
of the n-dimensional unit disk D™ onto Fio.(m). In that case we denote by T'F the subbundle
of TM given by TF(y) = Ty (F(y)).

A particular case: the foliation is called a C* foliation if for any m there is a neighbourhood
U and a CF chart ¢ : U — D" x DI™M=" with Fo.(¢71(0,%)) = v~ 4(D" x {y}). Notice
that leaves are then C*.

In the following all foliations will be Holder with C'*° leaves, if they are not outright C'*°.

It turns out that for ¢ > 0, gpf Y is an example of a partially hyperbolic diffeomorphism.
More precisely in the terms of Pesin [Pes04, §2.2], it is partially hyperbolic in the narrow
sense with respect to the splitting (1.2). We can thus apply some classical results on such
dynamics.

By the stable manifold theorem for partially hyperbolic diffecomorphisms (see e.g. [Pes04,
Theorem 4.1] we get for any m € M a unique ns-dimensional immersed C*°-submanifold
W#(m) C M which is tangent to the stable foliation (i.e. T,(W?*(m)) = Es(x)). We call
W#(m) the stable manifold of m € M and there exists v > 0 such that

(1.6) W*(m) = {m eM ‘ 3C >0, dy(°(m'), g (m)) < Ce™* for all t > o} .

It is known that the partition of M into stable manifolds is a Holder foliation with C'° leaves
of the manifold M, called the stable foliation. Note that by (1.6) and the commutativity of
the Anosov action, we directly deduce that the foliation into stable leaves is invariant under
the Anosov action, i.e. for all a € A, 7(a)(W?*(m)) = W#(7(a)(m)). This also implies that
picking a different Ay € W would give the same foliation. We can define the weak stable
manifolds

(L.7) W (m) = | W (r(@)(m) = |J 74y
a€hA yeWs(m)

They are immersed submanifolds tangent to the neutral and stable directions, i.e.
T,(W™s(m)) = Eo(z) @ Es(z). By construction the weak stable manifolds provide again
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a Holder foliation of M with C'°°-leaves of dimension n.,s; = ns + k. Precisely the same
way one can define the unstable manifolds W*(m) and the weak unstable manifolds W*"(m)
and they provide foliations with the same properties. We can also fix a symbol for the orbit
foliation WO9(m) := 7(A)m. Note that despite the fact that all foliations have C'*-leaves,
none of these dynamical foliations is expected to be a C*°-foliation (or even a C! foliation)
in general — except W°. See [BFL92] for an example of what is expected to happen when
one assumes smoothness of such foliations.

In order to discuss the disintegration of measures along foliations let us introduce product
neighbourhoods. We consider given F' and G two continuous foliations with smooth leaves and
assume they are complementary (i.e TM = TF & TG). For 6 > 0 we denote by Bp(m,d) C
F(m) the ball of radius 6 around m inside the leaf F'(m). Then for any m € M there is a
0 > 0, a neighbourhood U called product neighbourhood (see [PS70, Theorem 3.2]) such that
the following map is a homeomorphism
18) . {Bp(m,a) x Bg(m, ) — U

(Jf, y) — Gloc(x) N F‘loc(y)
Given such a product neighbourhood U, we can introduce the Rokhlin disintegration of mea-
sures along F' in U.

Proposition 1.5 (Rokhlin’s theorem [Rok49]). For any Borel probability measure (1 on
U there exists a measure i on Bg(m,d) and a measurable family of probability measures i,
on Fioe(y), called conditional measures, so that for f:U — C in L'(p),

(1.9) [ gan= | ol / Sy @) i)

The iy are unique j-almost surely.

The p1y are called the conditional measures on the leaves Fioc(y). Note that by (1.9) one has
that fi is the pushforward of p under the projection U = Br(m,d) X Bg(m,d) — Bg(m,J).
Furthermore by the proof of Rokhlin’s theorem (see for example §5.2 in [VO16]) one gets a
description of the conditional measures ji,. Let us therefore introduce the F-tubes

TF(y7€) = P(BF(m> 5) X BG(?J?‘S)) cU.
Then for i almost all y € Bg(m,d) the limit

lim ]lTF(yﬁ)'u

e—0 M(TF(:% 6))
exists as a weak limit of probability measures on U. Obviously the limit is a probability
measure supported on Fio(y). It coincides with the conditional measures p,, (for the points y
where the limit may not exist the measures u, can be chosen arbitrarily as they are a fi-zero
set).

Definition 1.6. Let F' be a continuous foliation on M with C! leaves. We say that
a measure u has an absolutely continuous disintegration if p can be disintegrated in all
product neighbourhoods (with an arbitrarily chosen local smooth transversal foliation G of
complementary dimension) such that all the conditional measures j, are absolutely continuous
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with respect to the Riemannian volume measures on the local leaves Flo.(y). Being absolutely
continuous does not depend on the choice of Lebesgue measures.

We call the foliation itself F' is absolutely continuous if the Riemannian volume measure
vg on M has an absolutely continuous disintegration

If G is a foliation with C! leaves, the Riemannian volume form obtained by restriction of
the ambient metric to the leaves will be denoted LE. More concisely, we will write L* := LW"
for x € {u, s, 0, wu, ws}.

Note that if the foliation is C* with & > 1 then, by Fubini’s theorem, the foliation is
absolutely continuous and the conditional measures have C*~! densities. It is worthwhile
to note that if the foliation is not smooth anymore but only the leaves are, then absolute
continuity does not hold in general. There are indeed examples of Holder foliations with
smooth leaves that are not absolutely continuous (see e.g. [Pes04, Section 7.4]). Thankfully,
the stable and unstable foliations of Anosov actions are absolutely continuous. This follows
from the very general statement [Pes04, Theorem 7.1], which concerns (un)stable foliations
of partially hyperbolic diffeomorphisms. However, we need a more precise statement.

Given a manifold N with a locally finite atlas of charts, one can measure C* regularity
of functions using the usual C* norms in restriction to the charts, to provide C*(N) with a

norm | - [k charts- On the other hand, if N is endowed with a Riemannian metric g, one can
use the Levi-Civita connection V to define covariant norms, [| - [|cx . Recall that whenever
g and g~!' are C* bounded in each chart, with constants that do not depend on the chart,

I llck charts and || - [[or v are equivalent. One can find such charts provided the Riemann
tensor of g and all its covariant derivatives are bounded. In particular, if G is a continuous
foliation with C'*° leaves in a smooth compact manifold (IV, g), the restriction of g to each
leaf G(m) must satisfy such estimates, with constants independent of m; it thus makes sense
to talk of C* norms of functions on leaves G(m) without specifying exactly how they were
computed.

Definition 1.7. Let GG be a foliation with smooth leaves, U an open set. Let f: U — C
a measurable map. We will say, that f is uniformly smooth if for almost all y € U fiq,,.(y) €
C*®(Gloc(y)) and if for all k € N

esSSUPy /|| f1Groe () | 0% (Groe () < O©-

Proposition 1.8. Let X be a smooth!® Anosov action, and let W, W™ be the associated
stable and unstable foliations. Then, W* and W are absolutely continuous in the sense of
Definition 1.6. Moreover if U C M is a product neighbourhood around m € U of W*/* and
an arbitrary smooth transversal complementary foliation G, and v, the Riemannian volume
measure on U then there is a continuous function Oy : U — RT such that

= ] s/u G
(1.10) /U fdu, /G " ( /Wlié“@) F(2)0psru(2)dLS (z)> dLS ().

10Tf we assume that X acts on C'™®, with o > 0, we would probably obtain C'“ density; it is a classical
observation that dynamical foliations of only C* hyperbolic flows need not have absolutely continuous foliations.
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Furthermore 0yys/u is uniformly smooth along the leaves Wlf)/cu(y)

This smoothness seems to be folklore among dynamical systems specialists, but as the
statement is not written down explicitly and is important for our further analysis, we explain
how it can be deduced from existing results in the literature. Note that in the statement
above, the projected measure i of Proposition 1.5 has also been identified; it is absolutely
continuous.

Proof. In order to simplify the notation we restrict ourselves to the case of the stable folia-
tion W*. We follow the standard approach to express the density function dyys by holonomies
and their Jacobians.

Gloc(z) Groc(m)

Figure 1. In a product neighbourhood of two complementary transversal foliations (e.g.
W? and G in this sketch) one can define the holonomies along the respective foliations. In
the proof of Proposition 1.8 a crucial point is that one can first use a Fubini theorem w.r.t.
the smooth transversal foliation G and then transform this into a disintegration along W*
by the use of holonomies and their Jacobians.

Let us consider around a point m € M a local C"*°-foliation G that is transversal to W* and
has complementary dimension n,,. Let U be a product neighbourhood of these transversal
foliations. Now for any x1,z2 € W _(m) we define the following holonomy map (cf. Figure 1)
along the leaves of the stable foliation

ws Gloc(xl) — Gloc($2)
T2 z = W (2) N Groe(2).

As the stable foliation is not smooth in general, the holonomy maps are neither. But we have

Proposition 1.9 (See e.g. [Pes04, Theorem 7.1]). The holonomy maps of the stable (and
unstable) foliation are absolutely continuous, i.e. there is a measurable function jg‘f; on
Gioc(z1) called the Jacobian of the holonomy map such that

HY ) (GY L) = LS

T1,T2 Z1,T2
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In the same manner one can introduce the holonomies along the foliation G, H@ﬁ,yg :
W (y1) = Wi (y2) and their Jacobians j:g,w' As the foliation G is smooth and the leaves
W* are smooth, these holonomy maps are in fact diffeomorphisms and their Jacobians are
always defined via the differential.

With the absolute continuity of HZ‘I/SM one can prove that W?# is absolutely continuous
and give an expression for the conditional densities. First, as GG is a smooth foliation we use

Fubini’s Theorem and write

f =] ( L. f<z>6c<z>dL§<z>> AL ()

oc

Here, 6 € C*°(U) is a smooth density. Using the absolute continuity of the homeomorphism

HXLV 2 ¢ Gioc(m) — Gioc(x) we can transform the integral over Gioc(x) into an integral over
Gloc(m)

/ fu, = / ( / f<HZ¥,;<y>>5G<HZK;<y>>jX¥;<y>dL§<y>> dLS, ().
U W (m) \ Y Gioc(m)

Next, we use Fubini’s theorem to change the order of integration, and change variable Z :=
HK;(y) = Hgy(az) (cf. Figure 1), so we can transform the integral over W (m) into an
integral over W _(y)

(1.11) /U fuy = /G N /| IO g, W3 (L)L)
loc(m (T

making appear the Jacobian jgm of the holonomy map Hme This proves the absolute

continuity of the stable foliation and shows that the conditional densities on W}’ (y) are

given by 0¢(2)jV ¢ ) (y)jfm(fz’) As G was a smooth foliation g and jfm are smooth so
3 y,m k) ’

it only remains to show that h(y,2) := jnVY;{G ) (y) is a smooth function in z € W (y)
k) y,m

depending continuously on y € Gjoc(m). However by [Pes04, Remark 7.2] there is an explicit
formula for the Jacobian for partially hyperbolic diffeomorphisms. In order to shorten the

notation we introduce ® := gp‘lAO and we can express the Jacobian by [Pes04, (7.3)] as'!

by 2) = lo_oI ‘Jac((dcpk(y)@)‘%k(y)(Qk(Gloc(y))))‘

k=0 ‘Jac((dq)k(g)q)) |T4>k(2) (‘I’k(Gloc(g)))> ‘ |

In order to analyze the regularity of this infinite product we use a classical argu-
ment — see for example the proof of [dIL92, Lemma 5.5]. Consider the expressions

det((dq)k(y)q))|Tq>k(y>
Grassmannian bundle of n,,,-dimensional subspaces in T'M, which we endow with some aux-

@k(Gloc(m))) as functions on the Grassmannians: Let 7 : G — M be the

iliary metric §. The diffeomorphism ® has a natural lift ® to G. Furthermore we can define
J:G 3 (x, V) |det((d:P)y)| € Rso which is a smooth function.

1Be aware that Pesin uses the inverted diffeomorphism ® ! in his formula but the numerator and denom-
inator in his formula are also interchanged so that the formula agrees with the one that we use here.
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The foliation G defines a section S : m — T,,G(m) € G, so that we can write

(1.12) log(h(y Zlogj (P*(S(y))) —log T (D*(5(2))).

k=0
The set
A:={(z,Ey(z)® Ey(x)) | e M} C G

is @ invariant. It is a partially hyperbolic set, in the sense that T'G decomposes for £ € A as
TeG = Eg (€) © E3 (€) @ EJ(€).

Here EJ(€) is given by the direction of the action and E9(€) is tangent to the local stable
manifold

W3(€) ={¢ € A2’ = 7({) € Wige(n(€)), € close to £}
Similarly E¢ is tangent to the local unstable manifold
WH(€) ={¢' e Az’ = () € Wige(n(€)), & € A}
The main observation that we will need is that, since ® is smooth and contracting on Wy ,
we have estimates!?

FN —vN
(1.13) 1% lerw_(e)) < Cre™™™,

with constants uniform in £ € A.

We observe that since Z € W*(y), we have S(Z), S(y) € W*(E,(y) ® Eo(y)). In particular,
this implies

(1.14) dg(&)k(S( ), B*(S(z ))) < Ce™ "kdg<S( ), S(g)).
Here, the constants C, v are global constants on the manifold.

Now the compactness of G implies that 7 is uniformly Lipshitz and thus the series in (1.12)
converges absolutely which implies that h(:,-) is a continuous function (in both variables).
We now show that it is even differentiable w.r.t. Z: let us therefore take a smooth curve
7t (~2.8) = Wie(y), 7(0) = 2 and ||y ()]] < 1 then

(1.15) log h(y, y(t Zd log J) [dt\t KACICIONIE

dt |t=0
Using (1.13) we obtain the estimate

< C/e—uk‘
Ts@9

(v(#))

Hdtt 0

and this time the uniform boundedness of dlogj ensures the absolute convergence of the
right hand side of (1.15) which implies that 4 @ |t=0 log h(y,~(t)) exists and its value depends
continuously on y.

2This can be proved in local coordinates using Fad di Bruno formula for example; for a more intrinsic way
of defining the C* norm on maps between manifolds, one can consult [Wit19] for example
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To estimate derivatives of order k at Z it suffices to estimate the derivative at 0 of h(y,(t)),
for maps ~ defined near 0 € R¥, with v(0) = Z. The computation will be the same as above,
using (1.13) again. q.e.d.

Note that the proof of Proposition 1.8 strongly depends on the fact that there is an expo-
nential contraction along the stable, resp. unstable manifold and it would fail when working
directly on the weak-(un)stable foliation. Nevertheless thanks to the fact that the neutral
foliation is a smooth foliation we can establish the same result as Proposition 1.8 for Ww¢.
Let us start by showing there is a continuous density function dyyws for the weak-stable foli-
13 and give an explicit expression in terms of dys and some further quantities which
we introduce now: by (1.7) we have

(1.16) wedmy = ) wlam) = | Wil
yeWs/u(m) IEWI%C(T‘VZ)

loc

ations

By the fact that W*/%(r(a)m) = 7(a)(W*/*(m)) and the smoothness of the Anosov action
both partitions of the leaf VVIZUCS/ “"(m) are smooth foliations of s/ ““(m) and by Fubini

loc
ws/wu ws/wu(m)

there are strictly positive, smooth functions 5%5” ™ e o > (W? / “*(m)) and 65&3&
C“(st/wu(m)) such that

loc

€

[ o F@LEI )
14%

loc (m)

ws/wu .
(1.17) - /Ws/u( )</Wo P "(z)de;,(z)) ALy ()

loc (yl)

loc

(1.18) _ /WO

loc

WZj/wu(m) s/u 0/ 1
(m) </w;é“<y'>f(z>5wls/" (B)dLy (z)> )

Now, in the proof of Proposition 1.8 we chose a transversal complementary smooth foliation
G such that Gioe(m) = W% (m). With (1.10) and (1.17) we obtain

loc

/devg - /Wfé’é‘(m) [/WS ) FEPw (2L,

loc

- /Wﬁ‘,c(m) </W1%C<z> [

We deduce using (1.18) that

(1.19) /devg B /lec(m) (/W’“(y) f(Z)éwwg(Z)dL;M(Z)) nw)

loc

dLy"(y)

/ F(2)0w(2)dL3 (2)
W (y)

sy ™ (y)dL2<y>> ALY (x).

3 Again the case of weak unstable foliation follows exactly the same way but we only focus on the weak
stable case to simplify the notation.
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with

w(2)

Wiee (m)
5W5 (Z)(;WIO (prwllgcs (y)*wlgc
SyieeW (z)

Here pryyws(,y,wo () is the projection along the smooth subfoliation (1.16) of W¥3(y).

In order to obtain an analogue to Proposition 1.8 it remains to analyze the regularity of

Sy (2) =

ws
loc

(1.16) of W**(y) we conclude that the functions 5:5155@) (z) and 655‘;‘1’?(”1) (erws(y)_}Wo

oc loc loc

(y). Note that for fixed y by the smoothness of the subfoliations

)
w5(y). By the Holder continuity of the weak stable foliation their C{fvlws W
norms vary continuously on y € W (m). However, for dys(z) we only know so far that this
density is smooth along W}’ (y). Using the smoothness of the Anosov action we can improve
this further: for any z € Wy (y) C U and any a € V' C A where V is a neighbourhood
of the identity such that 7(V)z C U we get the following equivariance property which can
be derived from a straightforward calculations using the A invariance of the weak-(un)stable
foliations as well as several occurrences of the transformation formula:
| det(d7(a))(2)

(M%) = et ar(a) o) () - | det(dr(a) o) ()]
All the Jacobians appearing here are understood with respect to the respective Riemannian
volume measures. As the Jacobians depend smoothly on a this shows that dyys has also

dwws along the leaves

are smooth on

bounded derivatives of any order into the direction of the A-orbits. Summarizing we have
shown:

Proposition 1.10. Precisely the same statement as Proposition 1.8 holds when replacing
the (un)stable foliation W*/* by the weak (un)stable foliation W©ws/wu,

As a consequence of Proposition 1.10 we can prove the following crucial result which is
a slightly more general version of [Weil7, Prop 6] for Anosov actions. It connects classical
regularity of functions into the directions of a dynamical Hoélder foliations with its microlocal
regularity i.e. the wavefront set:

Lemma 1.11. Let 7 be an R*-Anosov action, and consider its weak-unstable foliation. Let
f be a measurable function on M, which is uniformly smooth along the leaves of W"¥*. Then
WF(f) C EZ.

Proof. We pick a point p € M, £ € Ty M, such that § ¢ E;; and S(x) = (x — p).§ defined
in local coordinates near p. Let G be a transverse foliation to W®* near p, and we can
assume for example that G(p) = W#(p). Then, using Proposition 1.10, for each y € C*°(M)
supported in a small neighbourhood of p

‘/Xeisfdvg’ S/
We(p)

Since each W»"(y) is a smooth manifold, and f restricted to this manifold is smooth —
for Lebesgue a.e. y — we can integrate by parts in the variable x. Here, it is crucial that

/ X(@)eRS@ F () () ALY ()| AL ().
Wige(y)

Spywu(yy(x) is smooth in z. We deduce (since the estimate on f are locally uniform) that
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this integral is O(h™), as soon as dS|ywu(,) does not vanish. But the condition that § ¢ E7
ensures this close enough to p, since E; is exactly the set of covectors that vanish on E*GRX.
So for x supported close to p one gets the desired result. This implies that £ ¢ WF(f) by the
usual definition of wavefront set [H6r03, Section 8.1]. q.e.d.

1.3. Invariant measures via spectral theory. In this section we state the results
about the equilibrium measure for general Anosov actions as they have been obtained in
[GBGHW20] and we also recall the essential constructions on which our analysis will be
based.

The existence was obtained through the theory of Ruelle-Taylor resonances, which are
defined as a joint spectrum of the family of vector fields X 4 for A € a acting on certain
functional spaces. More precisely, we say that A € ag is a Ruelle-Taylor resonance for 7 if
and only if there exists u € D'(M) non-zero with WF(u) C E and

(1.20) VAea, —Xagu=AA)u.

The choice of using —X4 and not X4 is justified by the fact that the flow e~*4 acting in
“backward” time by pull-back on distributions (for example on a Dirac mass) moves the
support forward by eX4 and is then more convenient.

The definition of the spectrum involves the unstable bundle, and depends only on the choice
of positive Weyl chamber. In the particular case of algebraic Anosov actions, the different
Weyl chambers are permuted by the so-called Weyl group and the Weyl group also acts on
the spectra as is explained in [HWW21].

Given a general Anosov action X, we choose vectors Ay,..., A, in the Weyl chamber W,
which form a basis of a. The dual basis in a* is denoted (e;);, and set X; := X4;, and we
use dv, the smooth Riemannian probability measure on M. If we further pick a non-negative
function ¢; € C°(R™T) satisfying [~ ¢;(t)dt = 1 then we can consider the operator

(1.21) R:= H/etjxjwj(tj)dtj.
j=1

This operator appeared in a parametrix construction in a Taylor complex generated by the
Anosov action and this parametrix was the central ingredient for establishing the existence of
the Ruelle-Taylor resonances in [GBGHW20]. For the purpose of this paper we will not need
to introduce the Taylor complexes and spectrum but we will only focus on the results needed
for our present work. In section 4.1 of [GBGHW20], we construct a function G € C*°(T*M),
called escape function for any A € W satisfying the properties of [GBGHW20, Definition
4.1]: in particular, there is Ry > 0, ¢x > 0 and a conic neighborhood I'gx of Ej in T M such
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that

(1.22)

G(x, &) = m(x, &) log(1 + f(,£)),

f € C®(T*M,R") positive and homogeneous of degree 1 for |{| > Ry,

m € C®(T*M,[-1/2,8]) homogeneous of degree 0 for || > Ry,

m < —1/4 in an arbitrarily small conic neighborhood T, of E? in {|¢| > Ry}

m > 1/2 outside an arbitrarily small conic neighborhood I", of T, in {|{| > Ro}.

Ureioa €4 (@,€) 1 {lg] < Ro} = 0 = m(e*4 (2,)) = m(x,£) <0
Urecio €4 (2,€) 0 (T U{JE] < Ro}) =0 = G4 (2,€)) = G(,€) < —ex

where X4 is the Hamilton vector field of the principal symbol p := £(X 4(x)) of the operator

—iX 4 (we note that its flow XA is the symplectic lift of pf).

After fixing a quantization procedure Op mapping symbols on T* M to operators acting on
C>®(M) (as in [Zwo12]), we consider the pseudo-differential operator Op(eN®) with variable
order and we define the Hilbert space

HNC .= Op(eNO)LLEM).

where Op(eY G) can be made invertible by choosing appropriately G. For later, we will also
need a semi-classical parameter h € (0, 1], to consider a semiclassical quantization Op;, and
to define

(1.23) M@ = (Opy (D))~ L*(M).

The spaces ’HhN G for different values of h are the same topological vector spaces but the
norms are different. For more details on the construction of the anisotropic spaces and the
used microlocal techniques we refer to [GBGHW 20, Section 4.1 and Appendix A].

Proposition 1.12 ((GBGHW20, Lemma 4.14, Lemma 5.1 and Lemma 5.2]). For N >0
large enough, the operator R of (1.21) is a bounded operator on HNC with essential spectrum
contained in the disk D(0,1/2). The only eigenvalue s with |s| > 1 is s = 1 and this eigenvalue
has finite multiplicity and no Jordan blocks. Finally, if Il denotes the finite rank spectral
projector of R at s = 1, then the following convergence holds in L(HNG)

lim RF =TI

k—+4o00

Moreover 11 only depends on the choice of positive Weyl chamber.

We note that the same results hold on the spaces HszG for all h € (0,1). We would like to
emphasize that the anisotropic Sobolev spaces and the escape functions are rather auxiliary
objects. Neither the Ruelle-Taylor resonances nor the resonant states depend on their choice.
The following technical Lemma (see [GBGHW20, Proof of Lemma 4.13]) indicates how the
flexibility in the choice of the function G' can be used:

Lemma 1.13. Let G satisfy (1.22). A distribution u € D'(M) having WF(u) C E}
satisfies u € HNC for some N > 0. Conversely, if for any G satisfying (1.22) there is No
such that u € HNC for all N > Ny, then WF(u) C E}.



SRB MEASURES FOR ANOSOV ACTIONS 19

If F C T*M is a conical closed set in T*M, we denote by Dp(M) = {u €
D'(M)| WF(u) C F}.

The spectral projector II satisfies RII = II = IIR, and by [GBGHW20, Lemma 5.3] its
Schwartz kernel is independent of NV, G and has the form

,
(1.24) M=) v ®u
j=1

with v; € HVY N DY, (M) and w; € (HNG)* N DY, (M); moreover if N > 0 is large enough
we have by [GBGHW 20, Lemma 5.3]

(1.25) ran Tl = {u € D (M) |VA € a, Xau = 0} = {u € HNY VA € a, Xau = 0}.

The relation of IT with the equilibrium measure is explained by [GBGHW 20, Proposition
5.4] as follows:

Proposition 1.14.
1) For each v € (HNC)*, the map"*

(1.26) fy 2w € CF(M) — (Iu,v)

extends to C°(M) as a signed Radon measure. It is A-invariant, in the sense that
(X au) =0 for all A € a and u € C*°(M). Also, WF(u,) C E¥.
2) We have the equality

span{, |v € D'(M), WF(v) N E} = 0} = IT*(C*°(M)).

For N sufficiently large, it is a finite dimensional subspace of (HN)* whose dimension
equals the space of joint resonant states. Furthermore it is precisely spanned by the
A-invariant measures p with WF(u) C E¥.

3) Let vi,va € C®(M,R") with vi < Cvg for some C > 0. Then p,, is absolutely
continuous with bounded density with respect to p,. In particular any p, is absolutely
continuous with respect to .

4) For each open proper subcone C C W in the positive Weyl chamber and each dual element
e1 € a* so that eg > 0 on C a slightly larger open cone, v a finite Radon measure with

WF(v) N E; =0, and u € C®(M),

1
(1.27) po(u) = lim —— (o2 u,v)dA
T—oo |Cr| Jaecr,
where dA is the Lebesque-Haar measure on a and Cp := {A € Clei(A) < T}. In
particular, py is the equilibrium measure.

REMARK 1.15. Item (4) only holds if we start with a measure and not a general distribution,
because we have to replace integration over a whole cone by integration against a smooth
cutoff, and control the error.

'an equivalent, shorter notation to express the definition of u, in (1.26) is to use the adjoint IT* of the
projector IT and write p, = IT*v.
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Proof. According to (1.24), we have

T

o) = 7,05 (u, ).

J=1

To establish (1) it suffices thus to prove that u — (u,wj) is a Radon measure. This and item

(2), (3) are contained in [GBGHW20, Proposition 5.4].
Now, (4) was only proven for v € C*°(M) in [GBGHW20]. According to Proposition
1.12, we obtain that for 1 chosen suitably,

(1.28) (RFu,v) — piy(w).

We now have to relate the quantity in the LHS to cone averages, which we do following the
same strategy as in [GBGHW 20, Proposition 5.4].

There, we replaced the functions [];_; ¥;(t;) by ¢»(t) = [[;_, ¥;(t; — o) for c e R* ~a
small in the definition of R*, and call R® the resulting operator. Fixing one direction A; € C,
e1 € a* so that e;(A;) = 1, and taking a transverse hypersurface ¥ = e *({1}) to C, we obtain
coordinates (t1,...,t;) with t; = e1(A) on a and ¢ = (t2,...,t;) some linear coordinates on
¥ associated with a basis Aa,... A, of kere;. We proved in [GBGHW20, Lemma 5.5] that
if w e C°((0,1)) satisfies [w = 1 and ¢ € CX(X NC) satisfies [¢ = 1, then for each
v € C®°(M), one has

N N
1 _ 1 SR XA k s
F 3 [ et Rs a0t - g [ e ) ) e at e
k=1

> _(t;iXa,
< e(N)sup [{e” 2= %450, 1) < () [ull o 1Vl oy -
t1,t
where o(t) = (1,t) in the coordinates t1,...,t; and €(N) — 0 as N — oo. By density, we can
extend the inequality above to Radon measures, so it applies to v. We obtain, using (1.28)
and letting N — oo,

1N Sy L
<HU,’U> :]\}lm A /RK1<6 Zj:lt]XAju,U)(tﬁl)l_n(x)(tﬁl)q(%)dtdtl.

By finally letting w(t1)q(t/t1) be arbitrarly close to mf’f_ll[oyl] (t1)1snc(t/t1)/|2 N C| in L,
we obtain the desired limit. q.e.d.

2. Characterization of the invariant measures

In this section we will characterise the invariant measures pu, obtained by the Ruelle-
Taylor spectral theory in terms of their fine dynamical properties: we will first study the
disintegration of u, with respect to the stable foliation. This will show that the measures
iy are precisely the Sinai-Ruelle-Bowen measures (see Definition 2.1). Next we will study
the ergodic decompositions of the measures p,, as well as their basins of attraction and relate
them to the physical measure (cf Definition 2.4).
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2.1. SRB measures. Let us now discuss absolute continuity of measures along W#:

Definition 2.1. Let u be a Radon measure. If p is A-invariant and has absolutely contin-
uous conditionals with respect to W*¢, we say that p is SRB.

Just as in the rank 1 case, we can prove the following:

Theorem 3. The set of SRB measures is exactly the set of positive Radon measures i, in
ran I1*. Additionally, the Lebesque density of the W* conditionals of i, is uniformly smooth
along the W? leaves and strictly positive p,-almost everywhere.

Proof. Let us assume the following:
Lemma 2.2. The measure py is SRB.'

It is not hard to see that if 4 < Cv, then v-a.e- p, < Cv,y. In particular, we deduce that
actually every positive Radon measure in ranII* has absolutely continuous disintegration
which shows that the positive Radon measures in ranII* are SRB measures. In [LY85], we
can find the following result (which follows from Theorem A and Corollaries 6.14 and 6.2
therein):

Lemma 2.3. If p is invariant by gof for some A € W, and has absolutely continuous
disintegration with respect to W#, then for u a.e. vy, its density p, is non vanishing on
Wi (y) and satisfies

py(x) H;.il ’ det(dcp;‘(m)SOéHEs)’

py(2) a H;il |det(d¢;‘(z)¢é1|Es)|'

The formula on the right of the equation defines a smooth function, as one can prove
following the same strategy as the one employed in the proof of Proposition 1.8. This proves
the announced statement regarding the densities of the p,’s. Finally, consider 4 an SRB
measure. According to Lemma 2.3, its densities must be uniformly smooth. Using the same
arguments as in the proof of Lemma 1.11, we deduce that WF(u) C E¥, and thus p € ranII*.
q.e.d.

It remains to prove Lemma 2.2. In general, if u, — i, and the uy have conditionals juy, it
is not guaranteed that py — p, a.e. y. This is behind the subtlety of this proof.

Proof of Lemma 2.2. We follow the proof of [You95, Theorem 6.3.1]. Call vy := v, and
va = (pA))sro for A € W. We also define v := W%lfCT vadA and v>® := p; so that
vp — v,

Let o € M and consider a small neighborhood U,,, and fix a smooth foliation G transversal
to Wy . such that the disintegration along stable leaves can be done by Rokhlin’s theorem
(Proposition 1.5). We also assume that v°°(0Uy,) = 0. For v*° a.e. y € Uy, we denote v,°

5 A priori, a different choice of measure v, yields another p}, but according to item 3) of Proposition 1.14,
we have p1 << py << p1.
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the conditional on Wy (y). Let Fe(z) = U.cpgy(a,0Wiie(2): this is a tube of radius ¢ > 0
around W (xo) (here Bg(x,€) C G(x) is the ball of radius € in G(z)). Then, for v*° a.e x,
1 2
vy® = lim 3G ey
e—0 v (F(z))
Fixing x € U,, such that the convergence holds, we can take the limit excluding those
(potentially countably many) €’s for which v>°(9F,) # 0. This ensures that v* (F,) — v>®°(F,)
according to the Portmanteau theorem.
Certainly, the measure v has a simple expression, since

dvT

Z(2)= — | det(do?(2))dA.
dl/() |CT| r ( 901( ))

Jjr(z) =

Now, we observe that for z € W} (y), with constants independent of A € C,

o det(dwf(Z))‘

1
_ iv tXa 2)) — div etXA
det(dofi(y))| / [div(Xa)(e"4(2)) — div(Xa)(e4 (y)] dt

<0 [ e, et < Cyor0)

This implies

jT(z) < eCdg(z,y).

Jr(y)
Now let V' C W} _(z) be a small open ball and consider V. := UyeyG(y) N F(z). Taking a
slightly large or smaller V', and again restricting the €’s, we can ensure that v7'(V.) — v>°(V.).

We use the smooth disintegration of Lebesgue measure (Proposition 1.8) to write

0=, o gy ORI

<C / / y)wsdL:(2)dLS (y)
Bg(z,€) HGy(V

<c Jr()dLS(y) / SuedLS (2).
BG ({L’,E) \74

In the last line, we used that dys are bounded from above and away from zero (because they
are continuous an non vanishing, see Proposition 1.8). On the other hand,

/ / (2)0w+dL3 (2)dLE (y)
BG x, e loc

/ / y)ow=dL3(2)dLE (y)
Bg(z,€) i (y

> — g7 (y)dLS (y )/ SwsdLi(2).
C Bo(e)” 2 .(@)

We deduce that for some constant C' > 0 independent of V' and T,

<cpvy,
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where |.| is the normalized Lebesgue measure on W}? (x). Letting T'— 400 and then € — 0
(with the conditions mentioned above on €) we get the same bound for v*°, which proves that

o0

v = pq has absolutely continuous density. q.e.d.

2.2. Physical measures. Next we want to study the ergodic decomposition and the basins
of the invariant measures u, that we obtained by the Ruelle-Taylor spectral theory.
Let us first introduce some notation:

Definition 2.4. For an invariant measure p define the basin (of attraction) to be those
points x € M such that for any f € C°(M) and any proper open subcone C C W we have

(2.1) p(f) = lim Fle?i(2))dA.

T—o0 |CT| A€eCr
We say that an invariant measure p is a physical measure for 7 if the basin has positive
Lebesgue measure.

We show that the p, are linear combinations of physical measures and give various other
different characterisations:

Theorem 4. Let 7 be a smooth, locally free, R® Anosov action with generating map X,
then we have:

1) The linear span over C of the physical measures is ran IT*.

2) The equilibrium measure (0.1) is a positive linear combination of physical measures.

3) The union of the basins of the physical measures has full Lebesgue measure in M.

4) An ergodic Radon probability measure p is a physical measure if and only if it is invariant
by cpf for all A € a and has wavefront set WF(u) C E¥.

Observe that the physical measures are really intrinsic to the action and do not depend on
the choice of auxiliary metric. The equilibrium measure is some combination of these physical
measure determined by a choice of volume measure, it does not have an intrinsic dynamical
meaning.

We furthermore prove that if the Anosov action is transitive then the equilibrium measure
is the unique SRB and physical measure (see Corollary 2.7) and if it is positively transitive the
equilibrium measure has full support (see Proposition 2.9). Theorem 4 together with these
two additional result then gives Theorem 1 stated in the introduction. Indeed the implication
(1) = (2) from Theorem 1 is exactly 3) of Theorem 4, the implication (2) = (1) of Theorem
1 follows from dominated convergence, the equivalence (4) <= (2) in Theorem 1 follows
from 4) of Theorem 4, the equivalence (2) <= (3) in Theorem 1 is a consequence of 1) of
Theorem 4 (with the uniqueness of physical measure by transitivity in Proposition 2.9), and
of Theorem 3.

We will first study the ergodic decomposition of 1 and identify the basins of attractions.
We will use some arguments in the spirit of [BKLO02, Proposition 2.3.2] to obtain the:

Lemma 2.5. Let X be an Anosov action, and let u = uy be the equilibrium measure.
There exist disjoint measurable sets Fi, ..., F, such that pu(F;) = vg(F;) # 0 for all i and

(Ui Fy) = vg(U; F;) = 1. Furthermore the ergodic components of ji are given by u' := :(F’_) I
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and F; is the basin of p'. In particular each p' is a physical measure. Finally the u'’s form

a basis of the space II*(C*°(M)).

This Lemma actually implies Theorem 4. Indeed, it gives directly item 2) and 3) and
also implies ran IT* C span(physical). Next we observe that the basins of different physical
measures must be pairwise disjoint. Since the union of the F}’s has full Lebesgue measure,
there cannot be an additional physical measure. This proves item 1). Finally item 4) follows
from 1). Indeed, let p be an ergodic measure. If it satisfies the wavefront set condition, it
must be in ranII*, so it is absolutely continuous with respect to u1. Since it is ergodic, it
must be an ergodic component of p3 and Lemma 2.5 applies. On the other hand, if it is
physical, item 1) applies.

Proof. For C C W a proper open subcone, e; € a* with e; > 0 on a slightly larger cone C,
and f € C°(M), we define

Q(f,C) = {x eM ‘ fo(z):= lim

- T—+oo ’CT| AeCr

where Cr = C N {e1(A) € (0,7)}. It follows from the ergodic Birkhoff Theorem for actions
(see [BewT71, Theorem 3|) that for all such C and f, and every invariant Borel measure
v, provided JC has zero Lebesgue measure, Q(f,C) has full v-measure. We observe that if
C1,Cy are disjoint open subcones, Q(f,C1) N Q(f,C2) C Q(f,C1 UCy). By dichotomy, we can
find a sequence (C;);>0 of proper open subcones whose boundary has zero Lebesgue measure
satisfying the following. For every proper open subcone C, there exists I C N such that
U;C;j C C is a disjoint union, and C\ (U;C;) has Lebesgue measure zero. Then we obtain that
NrQ(f,C;5) € Q(f,C). In particular, this gives

Q.0 =(f.c)),
c J

f(p?(2))dA exists } ,

has full v-measure. Using the fact that CY(M) is separable, we can further improve this, by
saying that
Q:=(Q(f,0),
7,C
also has full v measure for every invariant Borel measure v. Additionally, we observe that if
x € 1, then the weak unstable manifold satisfies W"*(x) C ).

More generally, if a measurable set F' is a union of full weak unstable manifolds, we will
say that F' is unstable-invariant. Notice that 2 is unstable-invariant. According to Lemma
1.11, this implies WF(1r) C E;, and thus 1 € HNG for N large enough. In particular, since
Xalp =0 for all A € a, 1p belongs to the finite dimensional space ranIl by (1.25). This
means that 1z = II1g in the distribution sense, thus Lebesgue almost everywhere since 1 is
L.

Since for v € C*°, the identity p,(u) = (ITu, v) extends from smooth functions u to elements
u € HNC, we have for each unstable-invariant set F,

(2.2) fo(F) = /M(Hlp)vdvg: /F v dv,.
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For v = 1, this gives u(F) = vy(F). In particular, since p(Q) = 1,  has full Lebesgue
measure (even if the Lebesgue measure is not invariant by the action). Since each such 1p is
an element of the space of resonant states at A =0

H :=Span{1p | F is unstable invariant } / ~ is a subspace of ranII.

(here, ~ is the equivalence relation of being equal Lebesgue a.e. or, equivalently p a.e.).
Accordingly, we can find pairwise disjoint unstable invariant sets Fi, ..., F, with r < rankII,
so that the [1 Fj] form a basis of H. Since (2 has full-measure, we can assume that UE = Q.

If f is a continuous function and C C W is an open proper subcone, we observe that the
sets {z € Q| f_(x) < r} are unstable-invariant for each r € R, so they are finite unions of
Fj’s, up to Lebesgue-null sets and by (2.2) also up to p-null sets. This implies that f_(z) is
constant on each Fj, p-a.e. and we denote f_ ; that value. By Lebesgue theorem and the
invariance of u by ¢4,

F(p1(2))dA du(z) = / S

Fj

@3)  wE) = [ o @dute) = i [
P T—oo i, [Cr| Jo,
Thus, if we define p? = 1ﬁjM/M(Fj) we get f_; = p?(f). Thus for arbitrary f € C%(M)
and an arbitrary proper subcone C C W we have shown that for p a.e. x € Fj we have
f—(z) = @/ (f). Using as above that C°(M) is separable and that we can approximate an
arbitrary cone by a countable number of cones, we deduce that the basin F}; of w/ differs from
Fj by a p nullset or equivalently a Lebesgue nullset. We have thus seen that the 1p, ~ 1 7
form a basis of H with dynamical significance.
Now we prove that in fact H = ranIl. The same argument as in (2.3) can be done for p,,
so we deduce that for v € C,

(2.4) [ fds =32 £ Bl B) = S w9 [ v,

Let m: LY (M, ) — LY(M, i) be the projector onto the set of X 4 invariant functions (for all
A € a) along the closed subspace generated by coboundaries {p{'f — f | f € L'(u), A € a}.
By the ergodic theorem of [Bew71], 7 is a continuous operator and for p almost all x € M

nf(e) = lim —— [ f(p2(x))dA.

We have just proved that m maps C°(M) to functions constant on the Fj’s. In particular,
by density of continuous functions in L!'(u), we deduce that the image of m only contains
functions constant on the Fj’s. This proves that the F}, or more precisely, the i/ are the
ergodic components of i, and that Equation (2.4) is the ergodic decomposition (in the sense
of Theorem 4.2.6 of [HKO02]). One consequence of the above is that p has at most rankII
ergodic components. However, according to Proposition 1.14 in {p, |v € C*°(M)}, we can
find rank IT linearly independent probability measures, absolutely continuous with respect to
1, and invariant under the action. This implies that the number of ergodic components is at
least rank II. We deduce that H = ranll, and that the 1x, form a basis of ranII.
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It remains to show that the p/’s form a basis of IT*(C°°). Since they have pairwise disjoint
basin, the y7 are linearly independent and they span a space of the same dimension as IT*(C').
It thus remains to prove that all p/ lie in ranII*. We can refine (2.4), since the LHS of (2.4)
is equal to (ILf,v). Since the 1p; form a basis of ranTl, we can find some w} € ranIl* so that

T
(25) M=) 1p 9w,
j=1

Now, we can write pu, in two different ways:
ty(u) = ij (u)/ vdvg = Z;ﬂ (u)/ vduy,
i s i E

so that w; = W q.e.d.

Observe that we had originally no information on the wavefront set of ;7, because it is defined
as the product of y3 with WF(u1) C Ef and 15, with WF(1x,) C E};. In order to prove the
uniqueness of physical measures for transitive actions, we will prove the following statement,
reminiscent of Smale’s spectral decomposition for Axiom A flows:

Lemma 2.6. Let i/ be a physical measure. The support of i/ is a union of full weak stable
leaves. The smallest A-invariant open neighbourhood U; of the support of W is given by

(2.6) U= |J w).

x€ supp(p/)
The basin F; of W is contained and has full Lebesque measure in Uj. Finally, supp(p’)
admits an arbitrarily small open meighbourhood that is —W stable. Finally, we obtain the
decomposition

szlUj®Mj-
J

We see that supp(p’) is an “attractor” for —W. Let us discuss some consequences before
going to the proof.

Corollary 2.7. It the Anosov action T is transitive then there is a unique physical measure
associated with V.

Proof. Assume that there are two physical measures p! and p? and denote by Uy, Uy the
open sets provided by Lemma 2.6. By transitivity there is A € a such that Uy N (Us) # 0.
Then we deduce that Lebesgue a.e. z € Uy N i (Us) lies in F; and (by absolute continuity
of i w.r.t. Lebesgue) Lebesgue a.e. x € Uy N il (Us) lies in p{(Fy). But as the basins are
flow invariant this is not possible except if F} = F5. q.e.d.

Definition 2.8. We call an Anosov action positively transitive with respect to W if there
is a proper subcone C C W such that for any two open sets U,V € M there is A € C such
that ! (U) NV # 0.

If the Anosov action is positively transitive then it is obviously transitive and we know
that there is a unique SRB measure.
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Proposition 2.9. If the Anosov action is positively transitive then the SRB measure u has
full support.

Proof. If the action is positively transitive with respect to WV, it must also be with respect
to —W. In particular, if we take any open neighbourhood of supp(u), if it is —W-invariant,
it must be dense. According to Lemma 2.6, supp(u) has an arbitrarily small open neighbour-
hood, so supp(pu) itself must be dense; since it is closed, supp(u) = M. q.e.d.

Proof of Lemma 2.6. According to Theorem 4, the u/’s are SRB, so we can apply Theorem
3. From this we deduce two facts. First, we observe that the support of 4/ must be stable-
invariant. Indeed, consider g in the support of u?, a local transverse foliation G, with
Gioc(r0) = W% (x0) and a product neighbourhood V. Consider y € W (x9) and assume
that y ¢ supp(p?). Then, we can find y € V' C V, of the form V' = UzeBWS(xO)(y,e)BG(ZaG),
so that 17 (V') = 0. Then, since the densities of the conditionnals of 1/ with respect to W*

are uniformly bounded above and below, we find that

0= [ aw= | ( / dugxz)) 4ji (z)
/ W(zq) Wlic(x)ﬁ\/’

loc

-5/ ( / duz;(z>) 4 ()
C JBywu(oe/2) \Jws (2)

loc

1 s
> 5,[1,3 (UxEwau(x075/2)moc(x)) z 0.

This is in contradiction with the fact that zg is in the support of /. We have thus shown
that supp / is stable invariant. As it is trivially invariant in the flow direction we deduce
that the support of 1/ is a union of weak stable leaves as claimed in the Lemma.

The second consequence of y7 being SRB is the fact that the product neighbourhoods
V of a point zg € suppy’/ from above fullfill vy(F; N'V) = v,(V) which can be seen as
follows: we start from the observation 1p, W = i/, so that with the notations above, for ji
a.e. vy, 1ijlec(y)uZ = ,ui. This means that for 47 a.e. y, Fj(y) := Wi (y) N F; has full
Lebesgue measure in W} (y). As the F}j are invariant in the weak-unstable directions we can
use the holonomy along W2* from one W} leaf to another, which is absolutely continuous
(Proposition 1.9), and deduce that every Fj(y) has full Lebesgue measure. Using Proposition
1.8 we deduce that F; NV has full Lebesgue measure in V.

By definition, U; is A-invariant, and W"-saturated. Let UJQ be a sufficiently small neigh-
bourhood of the support of p? that can be covered by product neighbourhoods as above.
Then F' N U]Q has full Lebesgue measure in U jQ . We make two observations concerning UJQ:
thanks to the local product structure, UjO C U; and additionally, for any point x in Uj;, there
exists A € W such that o4, (z) is in U ]Q. Both observations together with the A-invariance of
U; imply that

(2.7) U= J #'0)),
Aew
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so that U; is open. We observe that for x € F; we must also have e (x) e U ]Q for some

A € W. Thus by (2.7), we obtain F; C Uj. Since Fj is invariant, and since Fj N Ug has full
Lebesgue measure in U ]Q it must also have full measure in Uj, according to (2.7). q.e.d.

We close this section with a last result on the support of the physical measures.

Lemma 2.10. Let v be an A-invariant SRB Radon probability measure on M. Then
supp(v) C M is connected if and only if v is ergodic. Then v is physical.

Proof. According to our results so far, v being SRB must thus be a linear combination of
physical measures p/. According to Lemma 2.6, supp(p?) C U; and U; N U, = 0 if j # k, so
that supp(v) can only be connected if v is physical. On the other hand, we know that physical
measures are ergodic. It now suffices to prove that the support of each physical measure is
connected. For this we observe that if C' is a connected component of supp(p’), then 1¢ is
A-invariant, and non zero in L!(x?), so that it must be of full 4/ measure. However, each
connected component of supp(p?) must have positive p/ measure, so we are done. q.e.d.

3. A Bowen type formula for the SRB measure and Guillemin trace formula

In this section we show that the SRB measure p can be expressed in terms of the periodic
orbits of the flow. We obtain thus a generalized Bowen formula. Before we can state our
result, we have to recall some basic facts regarding the structure of periodic orbits of Anosov
actions. We recall the classical Lemma

Lemma 3.1. Let 7 be an Anosov action with positive Weyl chamber W. Let x € M, and
A €W, such that ¢{}(x) = x. Then there exists a lattice L C A, such that for all A’ € L,
o (z) =z, and T := 7(A)x ~ A/L is an embedded torus in M. We denote L = L(T).

Proof. Note that the set L = {A’ € a| @i (z) = 2} C a = R" is a discrete abelian subgroup
and the Anosov action provides an injective immersion of R*/L on the orbit through z. Let
us denote this orbit by Y := {¢{'(z)| A’ € a}. It is enough to show that Y is a closed
submanifold (then it has to be compact because M is compact and hence the lattice L
necessarily has full rank). Let y = ¢’ (z) € Y, then one has ¢ (y) = o (pf(z)) = y, i.e. Y
is comprised only of fixed points of cpf, and thus so is Y by continuity. However, since A is
transversely hyperbolic, we deduce by the implicit function theorem that for each fixed point
y of pf there is an open set U > y such that for i € U, if (/) = ¢/, then ¢/ is in the local
orbit of y under the action. This proves that Y =Y. q.e.d.

We stress that there may be periodic orbits {@i ()|t € [0,1]} of the flow in direction
Ap € a which are not contained in an invariant torus. However this can only happen if the
orbit is periodic with respect to a direction Ay which is not transversely hyperbolic and thus
in no positive Weyl chamber. In any case, we denote by 7 the set of invariant tori which are
precisely the compact orbits of the Anosov A action. According to the closing lemma (see
[KS95, Theorem 2.4]), the lattice points of the periodic tori are locally discrete in the sense
that for each compact set K C W,

(3.1) Kﬂ( U L(T)) is finite.

TeT
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Recall from the introduction that after fixing a Lebesgue measure on A we can pushforward
the measure on A/L(T') to T and obtain a natural measure Ay on T'. It thus makes sense to
integrate over periodic orbits.

Given T € T,z € T, and A € L(T) N W, the map ¢4 is hyperbolic transversal to T by
definition of being an Anosov action. In particular, if we set Pa(z) := dx(cpﬁll)‘Eu(z)@Es(x),
we find that

[det(1 — Pa())] #0
and that it does not depend on x € T. We denote then by P4 some choice of P4 (x).

Let us recall that in order to prove Theorem 2 we need to fix A; € W in an open proper
subcone C C W and a one form n € a* positive in a small neighbourhood of C and we defined
for 0 <a<b, Cop:={A € C|n(A) € [a,b]} and denoted by |C, | its volume. We then want
to show for f € CY(M)

pp=gm Loy oy P

N=oo [Canon| TET A€Con,pnNL(T) | det(1 = Pa)l

In the rank 1 situation, one way to prove such a formula is to consider the flat trace of the
resolvent (X — s)~!, relating it with the periodic orbits on the one hand via the Guillemin
trace formula, and with the SRB measure on the other hand, using the spectral theory of X
on some anisotropic space.

In our case, the proof will be heuristically similar. However, it will be complicated by the
fact that we do not have a resolvent at our disposal in the multiflow situation. Thankfully, we
can work around this. In the paper [GBGHW 20], we introduced some averaged propagators
(see (1.21) for the case A = 0)

ROV =] / ) e~ Xt A) e (¢ dt.
j=1

where X; = X4, for some basis (4;); € W of a. By definition, R()\) commutes with the
action. We proved that given N > 0, for G well chosen, R()\) is quasi-compact on HN¢ for
all N’s with ReA; > —N, j = 1,...,k. Then we proved that given Ao, if A is close enough
to Mg, A is a Ruelle-Taylor resonance of X if and only if A is in the joint spectrum of the
family (X7, ..., Xx) acting on ker(R(\g) — 1) (see [GBGHW 20, Proposition 4.17]). For this
reason, the study of the Ruelle-Taylor resonances (and in particular 0, the leading resonance)
can be done using the averaged propagators R(\). More generally, we will take functions
Y € CP(W), with [¢ =1, and consider

Ry(\) = /W e~ XA Ay (A)dA.

What will replace the propagator in our arguments will thus be the so-called shifted resolvent
T} ;(s), defined for f € C®(M),

T} (s) = fRy(N)(Ry(A) — 5) 7.
We will show that TJJ‘, #(s) admits a flat trace, and express this flat trace in terms of the orbits.
Practically, one would rather consider the resolvent (Ry(\) — s)™! of Ry()) than the shifted
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resolvent, but this operator would not satisfy the right wavefront set condition to define the
flat trace.

3.1. Guillemin trace formula. To start with, we need to extend the Guillemin trace for-
mula (see eg. [GS77, p313]) to the case of Anosov actions. We write n := dim M and & the
rank of the action 7 : A — Diffeo(M). We will follow the proof in rank 1 by Dyatlov-Zworski
[DZ16]. Recall that the flat trace is a regularized trace for certain operators that are not
trace class. The conormal to the diagonal A of M x M is given by

N*A ={(z,2,{, &) |z eM, E€T M} CTH(M x M).
If P:C*°(M) — D'(M) is a continuous linear operator, one can consider its Schwartz kernel
Kp € D'(M x M), and assuming that WF(Cp) N N*A = () we can set
T (P) := ((AK P, 1)ooo oo
where 1A : x € M — (z,2) € A C M x M is the inclusion. Here the pull-back is well-defined

thanks to the wavefront condition, see [Hor03, Theorem 8.2.4].

Proposition 3.2 (Guillemin Trace formula). Let 7 : A — Diffeo(M) be an Anosov action
with Weyl chamber W. Then the map

f € C (M), € CEW) o> TP (f / eXAwA)dA) ,

is well defined, and extends as a Radon measure on M x W.

Proof of Proposition 3.2. The proof is divided into three steps. The first step consists in
checking the wavefront set condition necessary to define the flat trace. Next, we need to
make a local explicit computation to obtain the formula. Finally, we need to obtain some
estimates to extend the formula to non-compactly supported functions.

For the first two parts of the proof, we can assume to be working with f(x)y(A4) with
Y € C°(W), using the density of product functions in functions on M x W. We introduce
the notation

Ry == Ry(0) = /W P(A)e X4dA.

First step: Let us show that Ry has a well defined flat trace, which means that its Schwartz
kernel g ” satisfies

(3.2) WF(Kg,) " N*A =0

if A € M x M is the diagonal. First, we consider e=X as an operator C®(M) @ C2(W) —
C>®(M) by f®1¢ — Ryf and we consider its Schwartz kernel IC,—-x € D'(W x M x M).
Using the formula for the wavefront set of a pushforward, we obtain

WF(Kr,) C {(z,n,2",7) € T*(M x M) |3A € supp(¥), (4,0, 2,n,2",1") € WF(K.-x)}.
Since K,-x (A4, z,2') = 6x:¢{x(x,), one has, by [H6r03, Theorem 8.2.4],
(3.3)
WF(K—x) C {(A, —n(Xa(¢1 (), o1 (@), m, 2", — dipf (') ') € T*(W x M x M)
|AeW, 2’ e M,ne T;{,(x,)/\/t \ {0}}
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Thus a point of WF(Kg,, ) belongs to N*A if and only if there exists 2’ € M and A € supp¢) C
W such that of(z') = 2/, n(Xa(pii(2')) = 0 for all A’ € a and 1 = dpi'(2')Tn # 0. Note
that (X (i (2'))) = 0 implies that n € EX @ E},

modulus 1 by normal hyperbolicity. This shows that (3.2) holds.
For the second step we start with the following Lemma:

where dp?'(2')” has no eigenvalues of

Lemma 3.3. Let zg € M and Ay € W such that 90‘140 (xo) = xg. There is a neighborhood
U of zo and € > 0 such that if B(Ag,¢) := {A € a||A— Ag| < €} one has ¢ (x¢) € U for all
|A| < € and for each h € C°(U x B(Ay,¢)),

b X4 _ 1 Ay
Tr (/h(x,A)e dA) = T =P |A|<€h(g01( o), Ag)dA.

Proof. We follow the argument in [DZ16, Lemma B.1]. Take an arbitrary basis Ay, ..., A,
of a and take ¢ : U — Bgn(0, €) some diffeomorphism so that, if y = ¢(x)

d(xo) =0, Vo eU, dp(x)Xa, =0y,
dé(x0)(Ey(z0) © Es(z0)) = span{dy, ., .., 0y, }-
Let F : Brn-x(0,€) — Bgrx(0,€1) and G : Brn—«(0,€) — Bgn—x(0,€1) so that
poe 0 op (0,y") = (F(y"),G(y"), " eR"™ || <e

and F(0) =0,G(0) =0. For A € U and (v, y") € Brn(0,€) we thus have, identifying a with
RK

poe o007y y") = (~A+ Ao +y + F(y"),G(y")).
Then for (2/,2") and (v/,y”) in Brn (0, €), we can write, using that K,-x (A, z,2') = e—pd(a'))

Ko-x (4,071, 2"), 071 (Y, y") = 8(G(2") =)oy’ + A= Ag — 2" — F(2")).
Taking the flat trace gives

Trb( / he=Xa dA) - / (h(qs*l(y', "), Aoy — G(y"))(A — Ag — F(y")))dy’dy"dA
= [ W) Ao P S~ Gl )y
B(0,¢)

Now Id — dG(0) is invertible by the normal hyperbolicity of the action (it is conjugated to
the Poincaré map dp, 0|, er., ), thus ¥ = G(y") has a unique solution y” = 0 for |y| < €
if € > 0 is small enough, and we thus get

Trb</he_XA dA) = der(l _d

this concludes the proof of Lemma 3.3. q.e.d.

! h(¢_1(y/’0)7A0)dy/

A
20 P | EueE.)| Jly|<e

Now, call Ty, the periodic torus containing xg, then if h(z, A) = ¥(A)f(z) € C(W) ®
C*°(M) is such that f is supported in a small neighborhood of T}, containing z¢, and

(Uren,, (L(T) x T)) N (supp(¥) x supp(f)) = 0,
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(a choice of such 1, f is possible thanks to (3.1)) we have by a partition of unity and Lemma
3.3

Xu ¢(A) szo fd)\TIO
Trb<f/1/1(A)€ . dA) = > [det(1 —Pa)|

AEWNL(Txy)

Consequently, using (3.1), since the measure on the orbit is given by the push-forward of the
Lebesgue measure on A, the formula is thus established for compactly supported functions.
The second observation is that given a proper subcone C C W, there exists C > 0 such
that for T € T, A€ L(T)NC,and z € T,
This complete the proof of Proposition 3.2. q.e.d.

We can apply the Guillemin trace formula to our integrated propagators. Given ¢ €
C°(W) with [ 4 =1 and supp(¢)) contained in a small neighborhood of an element Ay € W,
and f € C*°(M), we obtain

(3.4 WR0H =Y Y IR ey

ter aewnir) |98~ Pa)l
where ¢** is the k-th convolution power of ¢ and we used Ry (A)F = Ryr(X).

REMARK 3.4. The formula of Proposition 3.2 has a direct extension to the action on vector
bundles: instead of functions, let us consider the action on sections of some vector bundle £.
ForT € T,and A € L(T), and = € T, we denote by M (A, z) the holonomy map on &,. Then
for f € C°*°(M x C) the formula becomes

b X4 B fT x, A) Tr M (A, x)d\p(x)
e (/Wf ¢ dA) =2 2 det(i—Pa)

TeT AewnL(T)

Following the approach for flows in [GLP13, BWS20], this gives a method to get rid of the
Poincaré factor: We define for m € [0,n — x| the bundle

&' ={w e A"T*M|VA € a, 1x,w = 0}.

and denote by o(Fs) the orientation bundle which is a flat line bundle (see e.g. [BWS20,
Definition 1.4]). The Guillemin trace formula for the bundle £ ® o(E;) reads

W ([ e gy a4) = 3 > DA Pa)sienetPaies) Jp /o, A)Ar()

TeT AeWNL(T | det(1—Pa)|
Using
det(l —Py) = Z(—l)mTr(AmPA) and sign(det(1 — Py)) = (—1)1 4™ Esgign (det (Pa)g,)
m=0

we get a new formula where the determinant of the Poincaré map disappears

(35) Z(_ 1+m+dim Es Tr /fe ‘£m®o(Es dA) Z Z /f x, A d/\T )
m=0

TeT AewnL(T
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Note that this identity also opens a perspective to derive a Bowen formula for the measure of
maximal entropy for general Anosov actions introduced in [CRH21b]. In analogy to the case
of Anosov flows one expects a leading pole for differential forms whose rank is the dimension
of the unstable bundle. This requires however considerable additional work because the fact
that leading the Ruelle-Taylor resonance gives rise to a measure is so far only established for
the scalar case [GBGHW 20, Proposition 5.4].

3.2. Flat trace of the shifted resolvent. The purpose of this section is to study the
shifted resolvent, and its flat trace. That is to say that for f € C*°(M),v € C*(W) and
A € ag, s € C, we will consider the function

(3.6) Zy 1(5,A) = T (FRy(N) (s — Ryp(A\)7H).

and prove the:

Proposition 3.5. Let 7 : A — Diffeo(M) be an Anosov action with Weyl chamber V.
There is € > 0 small such that, for each ¥ € C°(W) with support contained in a ball of radius
€ and ||Y||r~ < 1, the following holds true. For f € C>°(M), the function Zy ¢ of (3.6) is
well-defined and holomorphic in (s,\) for X € af with Re(\) large enough'® and s € C with
|s — 1| < 1/2, and it has a meromorphic extension to Bc(1,1/2) x ai.. Moreover, for each
compact set K C af there is N > 0 such that Zy g is holomorphic in (C\ Bc(0, Ni)) x K
and the following identity holds, with the right hand side converging:

(3.7) Zs (5, 0) = Zs—kz 3 me—w‘)w*’“(m.

TeT AewnL(T

Finally, if we replace 1) by 1y := (- —0), then Ztp, depends continuously on o in a small
neighbourhood of 0 € a*. The topology on Zy . is given by uniform convergence on compact
subsets of the holomorphic regions in ai x Bc(1,1/2).

The proof of this theorem will follow the ideas of the proof by Dyatlov and Zworski of the
meromorphic extension of the dynamical determinant of Anosov flows [DZ16]. The idea is
to use propagation of singularities, and source/sink estimates to control the wavefront set of
the resolvent. We will explain this in detail. If ' € T%(M x M) \ {0} is a conic closed set,
define

FEOMXM)i={ue CT®(Mx M)| WF(u) CT}
the space of distributions on M x M with wavefront set included in I'. Its topology is defined
using sequences in [H6r03, Definition 8.2.2].

To analyze the wavefront set of the resolvent of Ry (), it will be convenient to work with
a small semiclassical parameter h > 0. As mentioned above (1.23), we use a semiclassical
quantization Op,, and define HéVG = Opy,(eNE)"1L2(M). Recall, that, as a vector space,
HhN G is equal to HNC; only the norm is different. We will denote by U (M) the space of
semiclassical pseudo-differential operators of order m € R (see [Zwo12] or [DZ19, Appendix
E]). We recall briefly that @ € ¥}*(M) can be written as @ = Opy(q) + Q" with Q" an

'6Here, large enough means that the real part Re()\) € a* is a sufficiently positive linear functional on the
open Weyl chamber W € a.
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operator having smooth Schwartz kernel with its C* norms being O(h>) for all k € N and
q € S™(T*M) a semi-classical symbol of order m. We use the notation T M for the radially
compactified cotangent bundle (see [DZ19, Appendix E|) and recall that the semiclassical
wavefront set is the closed subset WF,(Q) € T"M defined as the complement to the set of
points where ¢ and its derivatives is equal to O(h>(1 + |£])~>°) ([DZ19, Definition E.26]).
We denote by \Ilzomp(/\/l) the space of those semiclassical pseudo-differential operators with
compact semiclassical wavefront set. Below, we say that a family § € R — Ky € C~°°(M x
M) of Schwartz kernels of operators has wavefront set contained in I' C T*(M x M) locally
uniformly in 7 if for each closed conic subset Q € T*(M x M) \ {0} not intersecting I, and
each B, B’ € UY(M) satisfying WF(B) x WF(B') C {(z,&,2', ¢ | (x,&, 2/, &) € Q}, for each
N € N and each compact set K C R", there is Cy g g, > 0 so that for all 0§ € K

IBKoB'| g~ (my—m~ (M) < CNK,BBY-
There is a semi-classical version, for which we refer to [DZ16, Lemma 2.3]!" or [DGRS20,
Lemma 6.2] for the parameter dependent version. If Iy is an h—tempered distribution, a point
(x,& 2!, =¢) € T*(M x M) is not in WF(Ky) uniformly in § € K if there are f-independent
neighborhoods U of (2/,&') in T*M and V of (z, ) such that for any B, B’ € ¥;°"*(M) with
WF(B) C V and WF(B') C U, for any m > 0 there is Cy, so that for all A > 0 small and
alld e K
IBKoB'|| z(z2) < Crmh™.
For notational simplicity we shall say that the RHS is an O(h*°) uniformly in 6 € K.

Proposition 3.6. Let O be a ball centered in Ag and of radius & > 0 small'® with closure
contained in W, let v € CX(O;R") and define ¥, = (- — o) for o € a small so that
Ve € C(0).

1) There is co > 0, ¢1 > 0, ca > 0 such that for all N > 0 the operator Ty (X, s) :=

Ry, (N)(Ry, (N) — 5)7L: HNG — HNC s holomorphic in the parameter (), s) in the region
{(\,s) € ac x C|Re(A(Ap)) > —c1N, |s| > caN}

and meromorphic in the parameter (X, s) in the region

(3.8) {(\,s) € ac x C|Re(A(Ag)) > —c1 N, |s| > e N1,

2) Locally uniformly in (o, s) (where it is defined) the Schwartz kernel Kr, (x5 of
Ry, (AN (Ry, (X) — s)~1 has wavefront set contained in

WF(Kr, (o) € { (X% (2,6), (2.)) | (2,€) € B} © EZ, A€ kO, k € N\ {0}} U (E} x EY)

where Xlis the Hamilton flow of (X a(w)), the principal symbol of —iX 4 for A € W.
3) There is a cone I' C T*(M x M) such that T N N*A =0 and

(U, A, S) — ’CTwo()wS) S CEOO(M X M)

7Our condition readily implies the condition of [DZ16, Lemma 2.3], for it suffices to take U,V in [DZ16,
Lemma 2.3] given by the elliptic set of two B, B’ € U9 (M) that are respectively semi-classically ellpitic near
(2,€) and (2',¢).

8 As explained in the proof of Lemma 3.7, the reason of taking © small is that we shall need to use an
escape function that is valid for all A € O.
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s continuous where it is defined.

This is the main technical result; it is similar to [DZ16, Proposition 3.3]. Using the tools of
[H6r03, Chapter 8], we deduce directly that Zy,, is well-defined as a meromorphic function
(with the continuous dependence on o for Zy ). It will remain to obtain Formula (3.7) to
prove Proposition 3.5.

To prove Proposition 3.6, we will rely on a wavefront set estimate for a parametrix — much
as [DZ16]. This is done in the following Lemma, the proof of which is defered to Section 3.3.
This Lemma can be viewed as a refinement of [GBGHW20, Lemma 4.14].

Lemma 3.7. Let O as in Proposition 3.6. There exists co,c1 > 0 and Q € U7 (M)
such Ry(M\)(1— Q) — s has a bounded inverse on Hi'C for |s| > e=N and Re A\(Ag) > —c1 N,
|Tm | < h=Y/2 for all N > 0. In that region, its inverse
(3.9) TP (A 8) = (Ry, (N1 - Q) — )~

is an analytic family of bounded operator in (X, s) and its Schwartz kernel Kre

Ous) satisfies
Yo\

uniformly in (o, A, s)

(3.10) WEFL(K o, ) NT*(M x M) C N*AUQ,(O)

T3 (s)

Yo

0,(0):= [J24(0), 25(0):={ (¥ (2.€). (2,-9) | (v,6) € E; @ B}, A€ kO}.

Proof of Proposition 3.6. Using the operator Tir(/\7 s) of (3.9), we write

(Ry, (N) = )T (A, 5) = 1+ Ry, (NQT2 (A, 5)
and Tfa()\, s)(Ry,(A) —s) = 1+ Tfa(/\,s)R%()\)Q for |s| > e=N on HYNC. Denote by
Q' = Ry, (N\)Q € ¥;°™P(M) which is compact on Hj . Since HTi()\,S)HH}I:IG = O(|s|™h)
uniformly in h > 0 and locally uniformly in A\, o when |s| — oo, we see that Q' Ti (A, s) and
Ti (A, 8)Q@" are invertible for some s. We can then use the multivariable Fredholm analytic

theorem of Proposition B.1: this shows that (1 — Q’ Tf{r (A, 8))~! extends meromorphically in
(A, s) in the region (3.8) on the space HY¢ and

(Ry,(\) —5) =T (A, 5)(1 = QT (A, 9) !

is a meromorphic extension of (Ry, (\) —s)~! € L(HNY) in (3.8) and shows 1).
This argument also implies that for |s| > 1 large

(Ry,(A) = 8) P =T2 (A 5) + T (A 5)QTE (A, 5) + T2 (A, 5)Q (R, () — 5) ' QT (N, 9).
By Lemma 3.7 and since Ry, (\) is h-independent, we have
WEL(TY (A 9)QTS (A, 5)) NT* (M x M) C T,
WEL(T (A, 8)Q (Ry, (A) — ) TQ'TE (A, 5)) NT* (M x M) C T,
Y= {(z,& 2, &) e T*(M x M) | (z,€) € EX ® E¥, 3k, k' € N,3A € kO,
JA € KO, e X4 (2,6) € WFL(Q)), X4 (2, €) € WFL(Q')}
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and this holds locally uniformly with respect to (o, A, s). Since WF(Ry, (X)) C QL this
shows that

WE(Ry, (N)(Ry, (A) —8) " HNT*(M x M) C Q. (O)UT.

Now, using that WF,(Q’) is a compact set, we observe by hyperbolicity of the action that if
L > 1 is large, then the set

{(w&) e M]le| > Lyn | | 5 (WFL(Q) N (B @ EY))

£>0 AckO

is contained in {|¢| > L} N C¥ where C¥ is a small conic neighborhood of E} and CL is
a small conic neighborhood of E?, with the size of the cone sections going to 0 as L —
+00. Since Ty, (A, s) = Ry, (A)(Ry, (A) — s)~! is independent of h, we have WEF (K1, () =
WE (K7, () NT* (M x M)\{0}, thus by taking L — oo we obtain the desired statement, and
this holds locally uniformly with respect to (o, A, s). In particular, since Q4 (O) U (E} x EY)
is disjoint from N*A, we have proved 2) and 3) by choosing a cone I' containing Q4 (O) U
(EX x EY). q.e.d.

By the wavefront estimates from Proposition 3.6 it follows that the flat trace Z¢ . (s, )
defined by (3.6) is well defined and depends meromorphically on (), s) in (3.8) for each N > 0,
i.e. in ac x (C\ {0}): indeed, this is a consequence of the fact that the flat trace Tr” is a
continuous linear form on the space C*°(M x M) equipped with its natural topology given
by [Hor03, Definition 8.2.2], provided I' 1" N*A = () (the meromorphicity in A can be seen
by using the Cauchy characterization of holomorphic functions using contour integrals). To
finish the proof of Proposition 3.5, it suffices to prove the expansion (3.7) for some open set
of s, A: indeed, both sides of (3.7) are analytic with respect to A, s in some open set and the
equality will hold by analytic continuation. For ¢ € C2°(W,R™") with support near a given
Ap € W as above and |o| < € small, since Ry, ()\) is bounded on HN¢, for |s| > 1 we have as
a converging series

o
(3.11) Ry, (\)(s = Ry, (\) " =D s "Ry, (M*.

k=1
Formally, if we take the flat trace of the above identity multiplied by f on both sides, we
obtain using (3.4) the desired identity (3.7).

Lemma 3.8. Let v € C(W,R"), |o| < € and v, = (- — o) as above. Then for each
A € ag, if [s| > 1 is large enough, we obtain

>0 dX
Ziy, ()= sH> )Mew&) *(4).

k=1 TET AeWNL(T
Moreover the left hand side extends meromorphically in (X, s) € ac x (C\ {0}).
Proof. First, as in the rank 1 case, we need an exponential estimate on the number of

periodic orbits in the region {A € W||A| < L} as L — oo, which will ensure the convergence
of the RHS of (3.7) when |s| > 1 is large. This is the content of Lemma A.1.
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We then follow the argument of [DZ16] in the rank 1 case. By [DZ16, Section 2.4],
there is a family of operators E. with smooth integral kernels E(x,y) = Cec(z)F(dy(z,y)/€)
approximating the Identity as a bounded operator H®(M) — L?>(M) as € — 0 for any
fixed small ¢y > 0, with Ce(x) = O(e¢™") where n := dim M and F € C>(R, [0, 1]) satisfies
F(r) = 1 near r = 0. Furthermore for each A : C*°(M) — D'(M) with WF(A) N N*A =)
(see [DZ16, Lemma 2.8])

(3.12) lim Tr(E AE.) = Tr’(A).
e—0

Moreover, the proof of [DZ16, Lemma 4.1] yields that there is C' > 0 such that for each
A € W (with | - |1 the trace norm) ||E.e X4E||x, < CeClle=m=% for any §y > 0 fixed
small. Since supp(¢¥) € {A € a||A — kAg| < 6k} for some small § > 0 (depending on
supp(¢))) and Ay € W fixed, this implies that there is C' > 0 such that for all e > 0 and k € N

(3.13) |ER), (A Bl < CeCNke—n—do,

This proof also gives for some uniform C > 0

Te(ERY, (VE.)| < / “RAM) k(A Tr(Bee™ XA E, )| dA
/ Pk (A)e oA / Eula, y) Bl (), 2)duvg (2)du, (y)dA
Mx M
2n sk —Re\(A
<Ce” /WXMXM o (A)e ( )1{dg(ac,y)<cle,dg(m,(pél(y))<cle}dvg(x)dvg(y)dA

SO / VAN o () <2er e dUg (1) dA.
WxM

We used Lidskii’s theorem in the second line. Using Lemma A.1 and the support property of
ik this gives

(3.14) ITr(ERE (V) Eo)| < Ce@Nk,
Using respectively (3.11), (3.13) and (3.14) we can thus write for A fixed and |s| large enough

—1 —k k _ 1 —k k
Ztap, (5, 0) =imTe(f Y s~ B Ry, (V)" Ee) —lg%z_:s Tr(fE.R}, (\)E)

k=1
_Z hm Tr(fERY (NE) =Y s "I’ (fRE ()
k=1

where we used (3.12) for the last identity. The formula (3.4) concludes the proof since the
meromorphy in (A, s) was discussed before the Lemma. q.e.d.

3.3. Proof of Lemma 3.7. 1) We start with the proof of existence of Tf. In that aim, we
will show that there is ¢; > 0,c9 > 0 such that, for all A~ > 0 small and all N > 0, Ry(\)
is quasi-compact on HYY for |s| > e~ and Re A(Ag) > —c1N, |[Im A| < h~/2. We pick
I'g; C T*M, a conic neighborhood of Ej, and then G € C>®(T*M) an escape function for
all A € O compatible with cx > 0 and I'g: C T*M in the sense of [GBGHW20, Definition
4.1]. This is possible by [GBGHW20, Lemma 4.4]; the proof amounts to take an escape
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function for Ag € O, and show it remains adapted to all A’s sufficiently close to Ag. Notice
that this is the first reason for assuming that O is small enough. By the properties (1.22) of
the escape function, there is cx > 0 such that for A € O, and some r > 0 large enough,
U 3@ nlp =0, €] > r = G(e¥4 (2,€)) — G(x,€) < —ex.
t€0,1]
As it will be used several times below, notice that for ¢ € C°(0O),

supp(¢**) C supp(¢) + - - + supp(¢)) C kO.
This is contained in a ball of radius dk centered at kAg for some small § > 0. We imitate
now the proof of [GBGHW20, Lemma 4.5] but with a semiclassical quantization. The
idea here is that in the direction of the flow £}, averaging the flow is regularizing, and in

the transverse direction, we can use the escape function to obtain some compactness. Let
Lo := g N{[¢] > 1} and choose P € ¥} (M) which satisfies

WE,(P) € {(2,) e T"M | vt € 0,1],vA € O, ¢ (2,¢) ¢ T |

and the semi-classical principal symbol o(P) of P satisfies 0 < o(P) < 1. The operator P is
microlocalizing away from the neutral direction Ej. We also pick I, a neighbourhood of Ty
which is conic for || > 1 and contained in |{] > 1/2, and assume that

WF,(1—P) C T

(i.e. P is microlocally equal to 1 outside I'g.) Note that we can chose I'{ such that T*M \
[y is for [§] > 1 an arbitrary small cone around E} & E¥. Setting for A € O, By :=
eX4 Opp,(eN%)e X4, we have

Oph(eNG)e_XAP Oph(eNG)_l —e XAB,P Oph(eNG)_l.

The semi-classical principal symbol of B4P Op,(eV%)~1 € ¥9(M) is (by Egorov’s Lemma
and the composition rule for peudo-differential operators)

H
7(BAP Op,, (eNG)™1) = N (G4 =Gy (p) mod hSL.
Using the properties (1.22) of the escape function G, we find for » > 0 large enough and some

cx >0

ﬂlp lo(BAP Opy,(eN)™H(z,8)| < emx N,
g|>r

Next, we introduce Qp € U;""P(M) so that WF;,(Qo) C {|¢] < 2r} and WF,(1 — Qo) C
{|¢] > r} with 0 < 0(Qo) < 1. We also let Cp := maxaco He_XAHL:(L?(M))- The previous
estimate implies that for all A > 0 small and A € O,

(3.15) le™4P(1 = Qo) gaupey < Coe™ N + O(h).
We used [Qo, Opy,(eV¥)71] Opy, (eNY) € h¥, 1 (M). We get (using [ = 1)

HR1/1()‘>P(1 - QO)HL(’H}LNG) < C@QiCXN:ug e*Re)\(A) 4 O(h)
(S

Now, we observe that the operator e X4PQq is compact and smoothing (i.e. mapping
D' (M) — C®(M)), thus Ry(N)PQo is also compact and smoothing. We have thus shown
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that there is ¢g > 0 and ¢; > 0 such that for all m > 0, all h > 0 small enough and
ReA(Ag) > —ciN and [Im(\)| < h~1/2

Ry(A) = Ry(A) + Ry(A) + Ry (M@,

(3.16) RY(N) = Ry(MNP(1=Qo), Ry(N) = Ry(\(1—P), Q:=PQy,

IRE (M)l vy < €N, Ry(A)Q compact on Hy'@
To prove that Ry ()) is quasi-compact with Ry (A\)(1 — Q) — s is invertible on HYY for |s| >
e N Re(\)(Ag) > —c1N, [Im(A(Ag)| < /2 and h > 0 small enough, we have to show
that the norm of R}Z}()\) is small. This term is microlocalized in the region of ellipticity of

the action. We use the smoothing!'® effect in the direction of the flow: for each AjeW, by
integration by parts we obtain that

Ry(\)(Xa, +A(4))) = /W(aAj¢( A)e¥aNDaA = Ry, 4 (V).

This implies that
Ry(NAL(N) = Rag ()

where, for Aq,...,A. € W a local basis of a, we have set
AQ(N) == (04, + AMA))%, Au(N) =AY = =) (X4, +A(4)))*.
j=1 j=1

(The first one acts on A while the second acts on M.) Since we assumed that |Im \| < h~1/2,

h2A A () is elliptic on the wavefront set of 1 — P, uniformly in A\. We can thus find uniformly
in A for each m € N a parametrix S(\) € ¥}, *™(M) so that

(R*A(N))"S(A)(1 = P) = (1= P) € X% (M)

(actually, S(\) is a holomorphic function of h)). We thus deduce that

Ry(N(1 - P) — h2" /W[A&m)%]<A>e—XA-A<A>S<A><1 — P)dA € K% (M).

(here the bound on the remainder does not depend on % since ||¢||;1 = 1.) In particular, for
each m > 0 there is Cy,, > 0 depending continuously on HD2m17ZJ||L1(O) and N such that for all
A with Re(A(4g) > —¢1 N, [Im A| < h~%/2 and all h > 0 small

(3.17) IRy (1 = P)llggpey < Cunh®™.

The same argument (using the operator Ax(\) acting on the other side) shows that for the
same range or parameters

(3.18) (1= PYRs) gy < Conh™™

9Here the smoothing also happens in the semi-classical parameter in the sense that Ry, ()\)(1 — P) will be
O(h™) for all m > 0 due to the microlocalization in the ellpitic region.
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Now, we observe that the operator e~*4 PQq is compact and smoothing. We thus conclude
that there is ¢g > 0 and ¢; > 0 such that for all m > 0, all A > 0 small enough and
ReA(Ag) > —ci N and [Im(\)| < h~1/2

(3.19) IRy (M) Ly < Cmh™.

This shows that Ry(A\)(1 — Q) — s is invertible on HNC for |s| > e~V and h > 0 small
enough, locally uniformly in ¢ and A\. We call TwQ()\, s) = (Ry(N)(1 — Q) — s)~ ! its inverse.

2) The second step is to prove the announced property of its wavefront set. We will assume
that ¥, = ¢¥(- — o) is a family of C2°(O) functions for some parameter o € a* small. We thus
have a family ng (A, s) of operators depending on (A, s,0) and we will assume it lives in a

small compact set K where Tfa (A, s) is well-defined.
Let us start with the elliptic region. We observe that

(320) Zﬁ“”):‘i<1—5¢*ﬁg‘c”>A
=y e RO 0, W - Q)

Applying respectively (1 — P) on the right and then on the left (for P chosen as above with
a I'{; coming arbitrary close to E; & E7) and using that WF (1 — Q) C {|¢{] > r}, we obtain
using (3.17) and (3.18) that there is ' € (0,7) such that uniformly in (), s,0) € K,

(3.21)

WEL(Ky@ () N T(Mx M) €

N*A U{(2,6,0,€) | (0,€) € By @ BX and (2/,€') € By @ EZ, and [, €] > 1"}
Indeed, first one has WFy(1/s) = N*A, then, using Egorov lemma,
WE(Ry, M1 = Q) € {(z,&2,&) | [€'] =[] > 7'}

for some 7/ > 0 such that e=X4 ({|¢] > r}) € {¢ > 1’} for all A € supp(¢)). The result follows
from composition of semiclassical wavefront sets.

It remains to consider the intersection of the wavefront set with (E} @ E¥)2. Expanding
the formula for Tﬁ, (A, 5), we get a convergent sum in £(HY )

TV o) (LR

S
k>0

This is the inspiration for the wavefront set statement. However, since the terms in the
sum are not increasingly smoothing, only smaller and smaller, we cannot directly obtain the
desired statement.

Let us rewrite exactly what we need to prove. For each B, B’ € ‘I/flomp(./\/l) microsupported
near (B! @ EX) N {|¢| > 7'}, so that WF,(B') N Qp = 0 with

Op = {(x,g) ‘ XA (2,6) € WFL(B), Ac Ukzok(?} ,
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it suffices to prove that uniformly for (A, s,0) € K
(3.22) | BT (X 8) Bl 2(12) = O(h™)

Notice that in (3.22) one can use HY norms as well since |]B||£(Hth,Lz) + ||BH£(L27'H}]ZTG)
(and same for B’) is bounded by some h~“Y for some uniform C' > 0, as B, B have compact
semiclassical wavefront sets. Note also that the conormal region N*A is covered because we
now include k£ = 0 in the definition of Qp.

It will be convenient below to use that for |s| > e~V if 4 = Ti()\, s)f one has u =
(—f —{—R?po()\)u—l— R}pU(A)u)/s (recall (3.16)). Thus for each B € ¥9(M) with |o(B)| < 1, we
have uniformly for (A, s,0) € K

(3.23) |Bullyye < Is| 7 (1B Sllyyve + |BRY, (Wullygve) + O(h).

Here, for bounding HBR;U(/\)uHHgG, we have used the bound (3.19) and the fact that

ng (A, s) has norm uniformly bounded with respect to (A, s,0,h) € K x (0,hg) for hg > 0
fixed small.

Our strategy to prove (3.22) decomposes into 3 steps. First, we shall estimate the norm
||Blu||Hth of the microlocalized term Bju for By = Op;,(b1) with by a well-chosen function

that is = 1 near EX N 9T M (which is a source for the symplectic lift eX4 of the flow eX4)
in terms of || By f HthNG. This is reminiscent of the radial source estimate in [DZ16] and is a
consequence of the smallness of the propagator e”*4 on the anisotropic space Hév G given
in (3.15) and (3.16). Second, we use the propagation of regularity (a consequence of Egorov
lemma) to control the microlocal norm of  in the regions of 7" M which can be accessed
by the flow eXia (for k > 1 and A € ©) from supp(b;) where we already have microlocal
regularity. This will show (3.22) when WF,(B) N E = (). There remains to analyse the case
when WF,(B) is localized in a small ball around a point in EZ: the idea is that if WFy(B’)
is compact, there is k > 1 large enough so that e~Xca(WF,(B)) (for A € O) is going to be
contained in a small neighbourhood of & = 0 by the property of eX4 on E?, and thus can not
intersect WF,(B').

First we will need a so-called source estimate close to E* N&T M in order to control the
wavefront set in that region.

(i) The source estimate. Let V; C T M be a small neighborhood of L := E* N dT" M
so that e=~X4 (V,) C V for all A € O, m(z,€) is the function of (1.22), which is chosen to be
constant in Vs and finally P = 1 microlocally on V. Now using the fact that L is a repulsor
(a source) for the flow XA with A ¢ O, there is by,by € SO(T*M) with by = 1 near L,
supp(bs) C {by = 1} so that by 0 e=X4 = 1 on supp(by) for all A € O. See Figure 2. Notice
that for v € HYY and B; = Opy,(b;) for j = 1,2, one has

IBoolle < IB1Bavllgyo + O oo
By Egorov’s Lemma, eX4 Bie=*4 satisfies WFy, (eX4 ByeX4) C e XA (WF},(B1)) which is con-

tained in the set {by = 1} if A € O, thus one obtains BlR%g ()\)—BlR?po()\)Bg € hU, (M).
The remainder here depends continuously on o, A as before. Thus, using (3.16) we get for all



42 Y. GUEDES BONTHONNEAU, C. GUILLARMOU & T. WEICH

Fan

Figure 2. The support of b; and by near L in the compactified 7" M, as defined in (i). The
darker disks represent e~ XA (WF(B)) for A € £O for £:=0,...,k, with the last one £{ =k
being contained in the region {b1 = 1} as explained in (ii).

veC®M)

1By RSN lhgye < [ BiRYN) Bavllpge + OB o),
< V| Bavllygo + O™ ollypo)

< eV Byoflyve + O(h||]lyyve).

Combining with (3.23), and assuming e~“"|s|=! < 1/2, this yields that there is C' > 0 such
that for all f € C*°(M)

(3.24) [ Buullyye = IBTL O ) flye < CIB fllae + OG0 fllpve)

uniformly for (A, s,0) € K. This estimate is somehow related to [DZ16, Proposition 2.6]
but is slightly different (and actually simpler) in that we work here with propagators e=X4
rather than the vector field generating the flow.

(ii) Propagation estimate outside E;. We will next show how to use the source estimate
to obtain information on the wavefront set of K7, (» ) outside Ey,.

Assume that B € U};""P(M) satisfies WF,(B) N E = 0, 0 < o(B) < 1 and WF,(B)
contained in a small neighborhood of E} & E} and B’ € W;°"P(M) satisfying WF,(B’) N
Qp = (. Since L is an repulsor, there is k € N large enough such that for all A € kO,
e~ X4 (WF,(B)) C Vs and WF,(B') NV, = 0 for some small enough neighborhood V; of L,
invariant by e ¥4 as in (i). We will use Bj as in (i) for this set Vs and we can assume, up to
taking k even larger, that e=X4 (WF,(B)) C supp(b;) for all A € kO. See Figure 2.

Iterating (3.23), we obtain for each k > 1 and each f € C*°(M) (with u = Tﬁ N\, s)f)

(3.25)
k—1
1Bullgxe < (O IsI77HIB(RY, (V) fllgve + |sI I BORY, (\)Fullyyya) + O fllge)-
j=0
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By Egorov lemma (just as above), locally uniformly in (A, s, o)
WEW(B(R), (W) f) € WEL(B)n | J ¢4 (WEL(/)).
A€jO
Again by Egorov, we have B(R%a()\))k - B(R%U(/\))kBl € h*®Up (M) thus by (3.24)

k—1

IBIS (A 8) g < CCY sl B, () Flagye +1sl ™ 1B1 lagye) + O o)
§=0

with C' > 0 and the remainder being locally uniform in (A, s,c). Applying this with B’f
instead of f and using B1B’ € h®°W¥, *°(M) and B(R%a()\))jB’ € h*>W, (M) for j € [0, k]
under our assumptions on B, B, we obtain (3.22) uniformly in (A, s,0) € K.

(iii) Estimate near E;. As we already have the estimate (3.21) on WF(ICTf ) there
remains to study the case where WFy(B) and WF,(B’) are intersecting E. By Eg(:rov and
the fact that u := va()\, s)B'f has WF},(u) contained in {|¢| > 7'} (which can be read off
(3.20)), we obtain that WFh(R%U (Au) C UncoeXd (WF,(u)) is contained in {|¢] > //Co}
for some Cy > 0. We can assume that WF;(B) is a small neighborhood of a point (z,§) €
E* N {|¢] > '}, so that for k > 2 large enough e XA (WF,(B)) € {|¢| < +'//2C,} for all
A € (k—1)O. We then obtain by Egorov theorem that HB(RS})G (A))kilR?ba ()\)uHHth = O(h™)
uniformly in (A, s,0) € K. The estimate (3.25) still holds and we deduce that uniformly for
(A, s,0) e K

k—1
BT (3)5 Sl < 3 15177 IB(RS, )Y B flyo + OIS ye).
]:

Assuming that WF,(B')NQp = 0, the right hand side is an O(h®°) uniformly for (A, s,0) € K
by Egorov theorem again. We conclude that (3.10) holds.

3.4. Proof of Theorem 2. Since our analysis is based on the use of the operators Ry (\),
which are a kind of Laplace transform, it will be convenient to introduce the notation

D) = /eM%(A)dA, e

~

formally, R, (\) = ¥ (X 4+ A)). Using the analytic continuation of the function Z,, we can
( y, Ry g y b
obtain the following result

Proposition 3.9. Let f € C*°(M), and let iy € C(W;R™) with [,,,7) = 1 and support
in a small ball. For real X € a* C af,, we denote 6 = log 1/3(/\) We have for some € > 0 that
as k — oo

ke —A(A)M _ Sk (6—e)k
7%;—AEV%]:L(T)¢ (A)e !det(l — PA)| - M(f)e + O(e )

Additionally, if 1 = 15, the bound on the remainder is locally uniform with respect to o.
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Proof. By Proposition 3.8, the terms we want to estimate are the coefficients ¢ in the
expansion
Zf7¢(57 A) = Z S_kck.
k>0
Since Zf,, is meromorphic in the s variable in C*, according to Cauchy’s formula, we have
for every p € RT such that Zj (-, A) has no poles on the circle of radius p

1

Cr = 70—
2T J pst

Zy (s, \)s"ds + Z Res(Z (s, \)s* 7 ds).

poles of modulus >p
Let us assume that Zy (-, A) has a simple pole so with modulus strictly larger than all the
other poles, and sq is real. We denote by K the residue of Z7,(-,A) at s, and we find for
some € > 0

cr = Kslg_l + O((e s0)F ).

For this reason, we will be done if we can prove that €® is indeed a real dominating pole of
order 1 (when A is real), with residue

K = p(f)e’.
Let us describe the poles of Zf (A, ). As we have seen before, they are exactly the poles of
the resolvent (s — Ry (\))™!. Let us investigate the structure of these poles. Let sy € C* be
a pole of s — (s — Ry())) ™!, and denote by II(), sg) the corresponding spectral projector, so
that near s,

(3= R = 3 L0 ¢ clomorpic

320

Since sg — Ry () is Fredholm on some suitable anisotropic space, there is a finite dimensional
generalized eigenspace E(sg) such that (sg — Ry(A)N = 0 on E(sg) for some Ny > 1,
and since Ry () commutes with the Anosov action, we can split E(sg) into a sum of joint
generalized eigenspaces for the action. We can thus find in E(sp) a non-zero vector u such
that —X u = Xo(A)u for some Ao € af and all A € W. Since the generalized eigenspace
is contained in some suitable anisotropic space, we deduce that A\g € Res(X) where Res(X)
is the set of Ruelle-Taylor resonance of [GBGHW20] (and introduced in (1.20)). It follows
that

Ry = [ DAt = i = o,

A~

so that so = ¥(A—Xp). The converse argument completes the proof of the fact that ran II(\, sg)
is exactly equal to

{u ‘ o € Res(X), ¥(A— Ag) = s0, u is a generalized resonant state at )\0} .

Now, we know from [GBGHW 20, Theorem 2] that for all resonances Ao, and all A € W,
Re(Ao(A)) < 0, with equality for A\g = 0 (if the action is not mixing, there may be other
purely imaginary resonances). Now, since we have chosen 1 to be real non-negative, we have

/ er<A>¢<A)dA‘g / (ReOaA) y( A)dt.
w w




SRB MEASURES FOR ANOSOV ACTIONS 45

With equality if and only if e*o(4)—Re(ho(A4)) i5 constant on the support of . It follows that
for X real, and Ay € Res(X) with A\g # 0,

B = 20)| = ‘/ Go= Ny, )dA‘ </WeA(A)¢(A)dA=1/3(A)'

This implies that €9 = 1/1()\) is indeed a dominating pole. It remains to compute its order and
residue. However from [GBGHW20, Proposition 5.4], we know that there are no Jordan
blocks at 0, so that the O-characteristic space is equal to the 0-eigenspace, and that the

corresponding spectral projector II(A, 65) does not depend on the choices — it was denoted
I1(0) in [GBGHW20]. We deduce that indeed €’ is a simple pole, with residue

Tr fR,(NII(0) = ().

As a corollary of the proof, we find
Corollary 3.10. The function Zi (-, \) has simple poles, and
Res(Z1.4(s, \)ds, s0) = so > dim{u € Cp® [ >0, (=X —)'u=0}.
(ERes(X),p(A—=()=s0
Proof. Near a pole sg of (s — Ry()))™!, we come back to the formula
Ry (Ry(N) — 5011

Ry(N)(s — Ry(\) ™t = Z (5 — st 0 4 holomorphic around sg.
Jj=0

Since the trace of nilpotent operators is always 0, taking the trace eliminates the terms j > 0,
and we deduce that around s,

Zl,w(s, )\) =

50
We have already seen that the range of Il is the direct sum of the spaces
{ueCp®|3>0, (X -)‘u=0}

for (A — ¢) = so. q.ed.

In the case that f # 1, the singularities could become more complicated because f could
interact with the Jordan blocks of R. We can now turn to the proof of Theorem 2:

Proof of Theorem 2. We want to prove the convergence for any f € C°(M), but it suffices to
prove the statement for f > 0 and f € C°°(M) (first we can write f = fi1 — fo+if3 —ify with
positive continuouse functions f; and then approximate each of the function by a positive
smooth function in || - ||s norm). We will use some estimates from the proof of [ GBGHW 20,
Proposition 5.4]. Let v € D'(W) be the measure?

fod)\T
=Y Y ke
TeT AewnL(T ‘ det(l N PA)’

20D' (W) denotes the space of distributions on the open cone W.
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Figure 3. Support of the cutoff functions w and 6.

where 04 is the Dirac mass at A. Choose a basis (A;)}_; of a so that A; € kern for j > 2
and 1n(A;) = 1. We then identify a ~ R” by identifying the canonical basis of R*® with the
basis (A;);. We let C be a proper subcone of the Weyl chamber W and ¥ = C N {4; +
2?12 tjAj,|t; € R} be a hyperplane section of the cone C. Choose r > 0 smaller than
the distance of ¥ to the boundary 0W of the Weyl chamber (where the distance is the
Euclidean distance in the chosen coordinates). Next choose ¢ € C2°((—7r/2,7/2)) to be non-
negative and even with [p ¢ = 1, and for each o € R*, define ¢, (t) := [[;_; ¥(t; — 0;). Our
assumption implies that 1), is supported in W. We view X as an open subset of {(1,t) |t €
R*~1} and choose ¢ € C°(3;R™Y) with small support and let Q = [p._1 q(f)dt > 0, and
w € C((0,1);[0,1]) with W := folw > 0. We introduced ¢ in order to apply Proposition
3.9, that holds only locally uniformly with respect to 0. We consider limy_,o v(Fy) for
o(0) :=(1,0) € ¥ where

Z /R L w(yes ()Q(Q)dGZ% [EN%: ) /R w(E)vt Da0)ds.

for some € > 0 (we use the compact support property of w). By applying Proposition 3.9
with A = 0, we have

1 al —ek k
Plt) = S0+ 0k [ a(o)a0
k=1

and the sum over k converges as N — o0 to fol w (Riemann sum), thus

(3.26) WQu(f) = lim v(Fy).
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In the proof of [GBGHW20, Proposition 5.4], it is shown that if h(t) := t; "w(t1)q(t/t1)
with ¢ = (t1, ), then with Gy (t) := N*Fy(tN)

|GN(t) = ()| L2 (e a) — 0 as N — oo.

The proof of this convergence is based on the following estimates on the Fourier transform
Gpn of Gy: for § > 0 small, and all ¢ € N there is Cp > 0,C > 0,¢g > 0 so that

(327 Ve Jel > NV, AN (©) < O +eol ),
(3.28) VE [€] < NV GO < Clle] T+ NTHE)
and Gy (§) — h(€) for each £ € R®. The estimate above for || > N/2+9 follows from the

bound |1(€)] < (1 + ¢o€[2)~" for some ¢y > 0 (proved in [GBGHW20, Eq. (5.12)]) and

A [ 5 1 7 6 N f €
NG N E S P e S
kele,N,(1—e)N
while the bound for |¢] < N/2%9 is proved in [GBGHW20, Eq. (5.13)]. As a consequence,

for each ¢ > k one can take Ny large enough so that for all N > Ny

23 — h(&)Pde <C - o1 £272€Nd

[ @i —hoPa<c [ oo al gl e
<C N—Z(%+5)+n NE c(1 2 _2€Nd
= é( * /|§>N%+6 (1 +col€l?) §>

<y (N—Z(%—‘ré)—&—n + Nne—coeN%)

The bound follows from the fact that h € C°(R™), thus its Fourier transform is Schwartz,
and the bound (3.27). Now, using (3.28) (with 3¢ instead of £) and the fact that h is Schwartz,
we also have

1w/ (€)X IGN (€) — MO < Cu(e) ™"

where Cy > 0 is independent of N. Using Lebesgue dominated convergence theorem, we
conclude that |[{(£)*(Gn(€) — h(€))||z2 — 0 as N — oo, thus by Sobolev embedding ||Gx —
h||co — 0 as N — oo. Therefore

(3.29) [En(#) = N7"h(t/N)llco = o(N™").

Choosing ¢ = 1 on an open set U C ¥ and w(t;) =t ! in (¢,1 — €), we deduce that for N
large enough

1
Fn(t) 2 5rpetien,va- o)(t1)1u(t/t).
This implies that if C,(U) := {(t1,1) | t1 € [a,b],t/t1 € U}
Z/(CeN,N(l—e) (U)) < QNHV(FN) < 3NHQWM(f)

where we used (3.26). Thus we obtain v(Co n(U)) = O(N") by letting € — 0. This estimate
thus also implies by a covering argument that v(C N {|A] < N}) = O(N*). Coming back
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to a general w, g, using that supp(Fy) U supp(h(-/N)) C Cosn(U’) for some open set U" C
W N {t; =1}, and since v(Co3n(U’)) = O(N"), we obtain by (3.29)

Jim NTFU(h(/N)) = Jim v(Fy) = WQu(f).

Next, let U be a small open ball in ¥, we can choose ¢; € C2°(X) supported near U for
j = 1,2s0 that ¢ < 1y < ¢ and [¢; = |U| + O(e), and for 0 < a < b < 1, choose
w; € C2((0,1),[0,1]) such that wy < t”_ll[avb] < wo with fol w;(t)dt = f; t"Ldt + O(e).
Write now h;(t) = t; "w;(t1)g;(t/t1). One then has

N™"v(hi(-/N)) < N""v(Csn,1-s)n(U)) < N™"v(ha(-/N))
thus if Vo, = f: t"=1dt, we obtain for each € > 0 small
(Vs — (U] = ) < liminf N~"0(Coran (1)
limsup N™"v(Canpn (U)) < (Vap + €)([U| + €)u(f)-

N—oo

We let ¢ — 0 and deduce that
im N7"v(Canpn (U)) = p(f)VaplU| = 1(f)|Cap(U)]-

N—oo

Since N*|Cop(U)| = |Canpn (U)| and [Canpn (U)| " v(Canpn (U)) is the RHS of (0.2), we have
proved the desired result in the case of C being a cone with section U, i.e. a small proper
subcone of W. By compactness (of the cone section), any proper subcone of W can be
decomposed into a finite union of small cones and applying the result for small cones we
obtain the general result. q.e.d.

3.5. A dynamical zeta function. We conclude by some comments on links with dynamical
zeta functions. In [BT08], for an operator K, Baladi and Tsujii introduce the flat determinant
as

l
z
det’(1 — zK) := - 1Kt
et’(1 — zK) :=exp Z 7 I ,
>0
provided the RHS makes sense and converges. From the argument of the previous section, we
see that det”(1 — 2Ry (X)) is well defined for |z| small enough, and has a holomorphic extension
to z € C. Indeed for |z| small enough,

0 det’(1 —2Ry(N) _ 1 ST Ry (V) = 22 (1 A) .
det’(1 — 2Ry () 2 v 2T\

According to Proposition 3.5, the RHS here is meromorphic for z close to 1 and A € ag. It
remains to show it has simple poles, with integer residue, in order to deduce that detb(l —
2Ry, (N)) is holomorphic in (z, ). According to Corollary 3.10, near a pole 1/sg, Z; , takes
the form

1 1
——Z1y < A) = —(& + holomorphic = + holomorphic.
z z

m
2’ 1/z — so) z—1/s9
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Here m is the dimension of some generalized eigenspace, i.e an integer. This proves that
(A, 2) = det’(1 — 2Ry()\)) is holomorphic in ag x Be(1,1/4). The parameter z here is
auxiliary, so we can fix its value to 1, and obtain:

Theorem 5. Let X be an Anosov action of R* with positive Weyl chamber W, and let
Y € CP(W,RY) have [ =1 and small enough support. Then

vol(T ) PR (A)
dy(N) == exp Z Z |det1—77A)|e ()Z A )

TeT AeL(T) k

originally defined for Re X large enough (in the sense of evaluating it in elements of the positive
Weyl chamber W), has a holomorphic continuation to ai.. This continuation is a regularized
version of the formal product

H (1 _ &(A _ C))multiplicity of C'
(€Res(—X)
This means that for each A\g € C*, there exist only a finite number of (’s in Res(X) such that
|(Ao — ¢) — 1| < 1/2, and for X close enough to A,

dy(\) = J[ @ —w—¢))mitvicity of ¢ 5 4 holomorphic function.
C€Res(X)

As far as we know, this is the first appearance of a multi-parameter zeta function for actions
with a global meromorphic extension. The reader accustomed to the rank 1 case may find
the formula a bit surprising and wonder if it is possible to replace the term F := S ¢*F/k
by a simpler weight function. Let us first observe that formally, in the rank 1 case, to obtain
F = 1R+, we need to take formally 1& =1—e15 thatis ¢ = J1(2v/t)//t. This is certainly
smooth enough for our arguments, but the support assumption is not verified. Let us explain
briefly why this is not an easy question. The natural extension of the rank 1 case would be
to replace it by

F=11550, j=1..x}
having taken a basis comprised of elements of W and A = (A1,..., A;) in this basis. However,
there seems to be no hope that this can define a globally meromorphic function. Indeed, let
us consider the singular set of such a function. Each resonance ¢ would contribute by

(H AjiCj

For the resulting product to be meromorphic, the singular set has to be (at least) locally
closed. It is given by

)multiplicity of ¢

{A€Cr|3C€Res(X), Fj=1...5X =}

For this to be locally closed, we need that for any sequence of resonances (¢, each coordinate
((f) ¢ tends to infinity. For example for the resonances with small real part, this means that
the imaginary parts cannot equidistribute in R”. This would certainly be a surprise to us,
in particular as for Weyl chamber flows a Weyl-lower bound on the number of Ruelle Taylor
resonances with Re(A) = —p is known [HW W21, Theorem 1.1].
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4. Application to lattice point counting

In this final section we will work out the consequences of the Bowen formula for the SRB
measures in terms of the counting-problem of lattice points. We focus in particular on the
case of Weyl chamber flows, where we obtain precise estimates for the exponential growth
rates.

Choose a proper subcone C C W and fix some £ € a* such that £ is positive on a small
conical neighbourhood of C. For 0 < a < b we define Cop := {A € C,{(A) € [a,b]} and the
lattice point counting function

Nca,b = Z Z vol(T).

TeT AeL(T)NCq,p

We furthermore introduce a counting function that is additionally weighted by the Jaco-

bians | det(1 — Py)|
= ¥ _ vol(T)
TeT AcL(T)NCq p |det(1 N PA)|

Note that by Theorem 2 choosing the constant test function f = 1 we get for any ¢ > 1

¢
(4.1) lim — £t
n—00 q“(n 1

|Cl,q|

Let us define

log (ianGanfl o N(UrerL(T)) | det(1 — PA)I)
m = liminf J

n—00 qr ’

log (SUPA Conr nA(Uperr(r)) | det(l —PA)\)
M :=limsup SCan1gnOUrer L)) .

n—oo q"

Then for any € > 0 there is N such that for n > N we have
e(m—a)q”Nw < N¢ Nc (MJFE)qn

qn— 1 qn qn— 1 ,qn

and taking additionally (4.1) into account we get
_ _ n _ M n
(ICrg = £)g™ Ve <Ny < ([Crgl 4 €)g" e

Now, using N¢, .n = Neoy + D pey /\/‘chf1 o We deduce

log N, log Ng,
m < liminf 208V, < lim sup gino‘l
q

n—=00 q n—00

< M.

Now let us assume that there is 7 € a* positive on W such that for any proper subcone C C W
there is € > 0 such that |det(1 — P4)| = (1 — O(e~¢l41))] for all A € C. If we now fix
n/||n|| then we get the particularly simple expressions M = ||n|| and m = ||n||/q. As we can
choose ¢ > 1 arbitrary close to 1 we get the following result, which is precisely Corollary 0.1:
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Proposition 4.1. For an Anosov action for which there ism € a* with the above properties,
one has for each proper subcone C C W

osNeow _ )
v |

lim
R—o0

The assumption on | det(1 — P4)| is fulfilled for all standard Anosov actions. For example
for Weyl chamber flows, a periodic point g = 'goM € I'\G/M = M under Ay € W implies
the existence of 79 € I';mg € M such that ypgo exp(Ap)mo = go. With these notations we
can give an explicit expression of |det(1 — Pa,)|

|det(1—Pa)l = []

OJEA+

— 2r(Ao) H

(XGA+

C};it (1 — e_o‘(AO)Ad(mal)>

de (1 a0 )

dgit (1 — efa(AO)Ad(mal))

det (a7 ))

Here A, C a* denotes the set of positive roots, g+, the corresponding root spaces, my :=
dim g, and we use the usual notation p := >’ A, "« € a* for the half sum of positive
roots. As the adjoint action of M on g, is orthogonal and for any proper subcone C C W,
a(A) > ¢|A]| for all A € C we deduce by the continuity of the determinant

(4.2) |det(1 — Py)| = e (1 4+ O(e—=1)).

Appendix A. Upper bound on the number of periodic orbits

Lemma A.1. Let n = dim M, let dA be the Haar measure on a, let P := UperL(T) and
M := sup gew aj=1 l€¥4 | 22 (mr)) -
Fiz a proper subcone C C W, then there is C' > 0 such that for all £ >0
H{AePnC| |Al <0} < Ceretr—rIME
${T €T | A € L(T) N C with |A] < 1} < Crrem—rM!
and for each € >0 and § > 0,
(A1) (vg @ dA)({(z, A) € M x W | |A] € (8,€),dy(, 03 () < €}) < Ceme™™ME,

Proof. First, for 6o > 0 small there is a family of invertible linear maps 7,4 : T, M — T, M
depending continuously on dy(x,y) < d such that 7, , = Id and 7., mapping E,(x), E(z),
and Fy(z) onto E,(y), Fs(y) and Ey(y). Then exactly the same proof as [DZ16, Lemma A.1]
shows that for each r > 0 there is § € (0,d0) and C' > 0 such that if d,(z, p'(z)) < 5, A€ C
with |A| > r and v € E,(z) ® Es(z), then

(A.2) [o] < Cl(dei' = Ty o))l

This should be compared to the fact that for A € C, f(z) = = we know that (d,pf —
Id)|g, (2)@E, () 18 invertible with a uniform bound on the inverse as we restrict to a proper
subcone C C W that is bounded away from the walls of the Weyl chamber. (A.2) generalizes
this invertibility to orbits that are only approximately closed.
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Next, we have, by the group property of eX", that there is C > 0, M > 0 such that for all
AeW, z,2' e M

(A.3) [eXlcascn < CMA, dy(of (), ¢ (@) < CeMAldy(z,a).
Next, we show a separation estimate between periodic tori.

Lemma A.2. Let r > 0, then there is C,6 > 0 such that for all € > 0 small, if
dy(z, () <€, dg(a’, 01" (2") <€, A, A" €W with |A— A'| <5, dy(z,2') < 5%—M\A\, then
|A — A'| < Ce, and furthermore there is A" € a with |A"| <1 such that dy(z, 3" (")) < Ce.

Letting ¢ — 0 we get, as a direct consequence, the following:

Corollary A.3. If two periodic orbits Uiejo ] o (x) and Ute[o,l]sofl (') have minimal dis-
tance < de~MAl and nearby period |A — A'| < 8, and A, A" € W, then A = A’ and there is
an invariant torus orbit T such that v,x' € T.

Proof of Lemma A.2. We follow closely the proof of [DZ16, Lemma A.2]. Under our assump-
tions, x, 2, f(z) and @{' (/) are all in a small chart in R” and we will frequently identify
points in M and vectors in T M as elements in R™ via this chart. The norm | e | then in-
duces a metric that is equivalent to the Riemannian distance on M. We will furthermore
assume that chart is chosen small enough such that for any x,z’ in the chart, the angle of
E,(z)® Es(x) and Ep(z') is bounded from below. As E,(z) & Es(x) is a slice of the A action,
there is A” € a with |A”| < 1 such that ¢\’ (2') —z € E,(x)® E4(z). We write 2/ := ¢4" ().
By the boundedness of the angles between E, @& Es and Ey there is a global C' such that
|z — 2| < C|z — 2'|. Then by Taylor expansion there is C' > 0 such that

p1 (2") = oi (w) — dpf(2) (2" — 2)| < CM|z — 2" < Oz — 2",
o1 (@) = @i (@) = Xa—a(pi(a"))] < ClA - AP < C5|A - A
thus we obtain
o1 (@) = o' (@) — dpf(2) (2" — &) = Xar—a(pf
Then, using dy(, pi*(x)) < € and dy(z", @' (")) < Ce for some uniform C > 0,
(et (2) — 1) (2" — 2) + Xa—a(pi (")) < C8(|z — | + |A" — A]) + Ce.

1@ < Co(jz — 2"+ |A - A)).

Using that 7, is uniformly continuous in x,y, and dy(z, pi(x)) < € we get, if € is chosen
small enough (depending on 4):

(o' (2) = Ty o) (@ — @) + Xar—alpf! (2")] < C6(|2" — 2| + |A' — A]) + Ce.

Finally, using that (dp{(z) — 7;7%;(96))(1'” —2) € (By @ Es)(pi(2)), Xa_a(pi(2")) €
Eopi'(x") together with the lower bound on the angle of these subspaces as well as (A.2), we
conclude that

A=A+ |z — 2" < Cldpi (2) = Ty (o) (2" —2)| + A" = A|) < CO(IA" — A+ |2" — ) + Ce

which gives the result by choosing ¢ small enough. q.e.d.
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We now prove (A.1). Let ¢ > 0 be large. We take a maximal set of points (z;,A;); in
M x {A € W||A| < ¢} so that dy(x;,zx) > de™M¢/2 or |A; — Ax| > 6/2. The number of such
points is O(£%e™™*) and the polynomial term in £ can easily be absorbed (by changing M)
such that we have O(e™*) points. One has

Z = {(z,A) € M x W||A] < £, dyg(z, 07 (x)) < e} C | By,
J

Bj:={(z,A) e M xW||A—A;| <§/2,d4(x,z;) < 56_ML/2,dg(a:,cp‘14(a:)) < e}

Now by Lemma A.2, if (2/,A") € B;, Bj is contained in an e-neighborhood of the orbit
{2 (2)]]A”| < 1} times a € ball of A’ in W. The first neighbourhood has v,-measure
O(e"*) and the latter dA-measure O(e®). This shows that (v, ® dA)(Z) = O(e"e™M*).

We conclude with a bound on the number of periodic tori. By Corollary A.3, we see that
the periodic tori T' so that L(T) N B(A,0) # 0 with B(A,d) := {A' e W||A— A'| < 6} are
separated by a distance at least de~MIAl thus there are tubular neighborhoods of volume
bounded below by C'¢" #e~(=#MIAl that do no intersect in M. By a covering argument we
deduce that for each A € L(T) with T € T

${T" € T|L(T") N B(A,8) # 0} < ¢ en—mMIA|
#{A e L(T)NW|T € T, A € B(A,8)} < C5Feln=rIMIAl

(using again Corollary A.3 for the last bound) and therefore again by covering W N {|A| < ¢}
by O(¢*) balls of radius § we conclude that

HA € L(T)NW|T €T, |A| < £} < Cerel =M,
q.e.d.

Appendix B. Multivariable analytic Fredholm theorem.

The so-called “Analytic Fredholm Theorem” is a staple of spectral theory. In the main
part of the article, we rely on this slight extension:

Proposition B.1. Suppose that for z € Q € C", a connected open set, A(z) is a family of
bounded Fredholm operators on H (a fized Hilbert space) depending holomorphically on z. If
A(z9)~ ! ewists at a point zg € Q, then Q > z +— A(2)~! is a meromorphic family of operators.

We have purposefully mimicked the statement [SZ07, Proposition 2.3], as we will follow
their classical proof.

Proof. Since A(zp) is invertible, its index is 0, and thus so is the case for A(z), z € Q. Let
z1 € Q, and define
H_ =kerA(z), H;, =ranA(z)".
We can decompose
H=(H.)"®H =(Hy)"®H,,

10= (g0 mih):

and in this decomposition,
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At z = 21, this becomes

A(z1) = (E(gl) 8) :

with E(z1) invertible. For z close to z1, F(z) remains invertible, so we can apply Schur’s

complement and deduce that A(z) is invertible if and only if

P(2) = E_.(2) — B_(:)E""(2) B (2).

is invertible. The upside is that P(z) is now a matriz valued holomorphic function of z.
Taking f(z) = det P(z), we have found a holomorphic function in a neighbourhood of zj,
such that f(z) = 0 if and only if A(z) is not invertible. By connectedness of €2, and since
A(zp) is invertible, we deduce that f is a non constant function. Wherever f(z) # 0, we

obtain

-1 -1 -1 -1 -1 -1
Az)! = E'+E-'E,P'E_FE —-E'E. P .
—pPlp_E-! p1

Using the comatrix formula for P, we can decompose this into

M@1=<M@1(v+f1M@L

0 0 (2)
where M (z) is a holomorphic family of bounded operators. q.e.d.
References

[Bew71] T. Bewley, Extension of the Birkhoff and von Neumann ergodic theorems to semigroup actions,
Ann. Inst. Fourier 7 (1971), no. 4, 183-291.

[BFL92] Y. Benoist, P. Foulon, and F. Labourie, Flots d’Anosov & distributions stable et instable
différentiables, J. Am. Math. Soc. 5 (1992), no. 1, 33-74 (French).

[BKLO2] M. Blank, G. Keller, and C. Liverani, Ruelle-Perron—Frobenius spectrum for Anosov maps,
Nonlinearity 15 (2002), 1905.

[BLO7] O. Butterley and C. Liverani, Smooth Anosov flows: Correlation spectra and stability, J. Mod.
Dyn. 1 (2007), no. 2, 301-322.

[BowT72] R. Bowen, The equidistribution of closed geodesics, American journal of mathematics 94 (1972),
no. 2, 413-423.

[BowT74] , Some systems with unique equilibrium states, Mathematical Systems Theory 8 (1974),
no. 3, 193-202.

[BR75] R. Bowen and D. Ruelle, The ergodic theory of axiom A flows, Invent. Math. 29 (1975), no. 3,
181-202.

[BTOT7] V. Baladi and M. Tsujii, Anisotropic Hélder and Sobolev spaces for hyperbolic diffeomorphisms,
Ann. Inst. Fourier 57 (2007), no. 1, 127-154.

[BT08] V. Baladi and M. Tsujii, Dynamical determinants and spectrum for hyperbolic diffeomorphisms,
Probabilistic and Geometric Structures in Dynamics, Contemp. Math., vol. 469, Amer. Math.
Soc., 2008, pp. 29-68.

[BWS20] Y. Borns-Weil and S. Shen, Dynamical zeta functions in the nonorientable case, arXiv preprint

arXiv:2007.08043 (2020).



[CRH21a]
[CRH21b)
[CRH21(]
[Dei0d]
[DGRS20]
[DL22]
[dIL92]
[DZ16]
[DZ19]
[EKLO6]
[EL15]
[ELMV09)]
[ELMV11]
[FRS08]
[FS11]
[GBGHW?20]
[GLO6]
[GLP13]
[GN12]
[GST77]
[Has07]

[HK02]

SRB MEASURES FOR ANOSOV ACTIONS 55

P.D. Carrasco and F. Rodriguez-Hertz, Contributions to the ergodic theory of hyperbolic flows:
unique ergodicity for quasi-invariant measures and equilibrium states for the time-one map, arXiv
preprint arXiv:2103.07333 (2021).

, Equilibrium States for Center Isometries, arXiv preprint arXiv 2103.07323 (2021).

, Geometrical constructions of equilibrium states, Mathematics Research Reports 2
(2021), 45-54 (en).

A. Deitmar, A prime geodesic theorem for higher rank spaces, Geometric & Functional Analysis
GAFA 14 (2004), no. 6, 1238-1266.

N.V. Dang, C. Guillarmou, G. Riviere, and S. Shen, The Fried conjecture in small dimensions,
Invent. Math. 220 (2020), no. 525-579.

N-T. Dang and J. Li, Fquidistribution and counting of periodic flat tori, arXiv preprint
arXiv:2202.08323 (2022).

R. de la Llave, Smooth conjugacy and S-R-B measures for uniformly and non-uniformly hyperbolic
systems, Comm. Math. Phys. 150 (1992), no. 289-320.

S. Dyatlov and M. Zworski, Dynamical zeta functions for Anosov flows via microlocal analysis.,
Ann. Sci. Ec. Norm. Supér. (4) 49 (2016), no. 3, 543-577 (English).

S. Dyatlov and M. Zworski, Mathematical theory of scattering resonances, Graduate Studies in
Mathematics, vol. 200, AMS, 2019.

M. Einsiedler, A. Katok, and E. Lindenstrauss, Invariant measures and the set of exceptions to
Littlewood’s conjecture, Annals of mathematics (2006), 513-560.

M. Einsiedler and E. Lindenstrauss, On measures invariant under tori on quotients of semisimple
groups, Annals of Mathematics (2015), 993—-1031.

M. Einsiedler, E. Lindenstrauss, P. Michel, and A. Venkatesh, Distribution of periodic torus
orbits on homogeneous spaces, Duke Math. J. 148 (2009), no. 1, 119-174 (English).

M Einsiedler, E. Lindenstrauss, P. Michel, and A. Venkatesh, Distribution of periodic torus orbits
and Duke’s theorem for cubic fields, Ann. Math. (2) 173 (2011), no. 2, 815-885 (English).

F. Faure, N. Roy, and J. Sjostrand, Semi-classical approach for Anosov diffeomorphisms and
Ruelle resonances., Open Math. J. 1 (2008), 35-81 (English).

F. Faure and J. Sjostrand, Upper bound on the density of Ruelle resonances for Anosov flows,
Communications in Mathematical Physics 308 (2011), no. 2, 325-364.

Y. Guedes-Bonthonneau, C. Guillarmou, J. Hilgert, and T. Weich, Ruelle-Taylor resonances of
Anosov actions, To appear in Journal of the EMS (2020).

S. Gouézel and C. Liverani, Banach spaces adapted to Anosov systems, Ergodic Theory Dyn.
Syst. 26 (2006), 289-217.

P. Giulietti, C. Liverani, and M. Pollicott, Anosov flows and dynamical zeta functions, Ann.
Math. (2) 178 (2013), no. 2, 687-773.

A. Gorodnick and A. Nevo, Counting lattice points, Journal fiir die reine und angewandte Math-
ematik 663 (2012), 127-176.

Victor Guillemin and Shlomo Sternberg, Geometric asymptotics, Math. Surv., vol. 14, American
Mathematical Society (AMS), Providence, RI, 1977 (English).

B. Hasselblatt, Problems in dynamical systems and related topics, Dynamics, Ergodic Theory,
and Geometry, MSRI Publications 54 (2007), 273-325.

B. Hasselblatt and A.. Katok, Handbook of dynamical systems. Volume 1A, Elsevier, 2002.



[Hor03]
[HWW21]
[KKRH11]
[Kni05]
[KS94]
[KS95]
[KS98]
(KS07]

[Liv04]
[LY85]

[Pes04]
[PPY0]

[PS70]
[Rok49]

[Rue76]
[Sin68]
[Spas3)]
[SV19]
SZ07]
[Vin22]
[VO16]
[Weil7]

[Wit19)]

Y. GUEDES BONTHONNEAU, C. GUILLARMOU & T. WEICH

L. Hormander, The analysis of linear partial differential operators. I. Distribution theory and
Fourier analysis. Reprint of the second (1990) edition, Springer, Berlin, 2003.

J. Hilgert, T. Weich, and L. Wolf, Higher rank quantum-classical correspondence, To appear in
Analysis and PDE (2021).

B. Kalinin, A. Katok, and F. Rodriguez Hertz, Nonuniform measure rigidity, Annals of Mathe-
matics 174 (2011), 361-400.

G. Knieper, The uniqueness of the mazimal measure for geodesic flows on symmetric spaces of
higher rank, Israel. J. Math. 149 (2005), 171-183.

A. Katok and R. Spatzier, First cohomology of Anosov actions of higher rank abelian groups and
applications to rigidity, Publications Mathématiques de I'THES 79 (1994), 131-156.

K. Katok and R. Spatzier, Invariant measures for higher-rank hyperbolic abelian actions, Ergodic
Theory Dynam. Systems 16 (1995), no. 4, 751-778.

A. Katok and R. Spatzier, Corrections to “Invariant measures for higher rank hyperbolic abelian
actions”, Ergodic Theory Dyn. Syst. 18 (1998), 503-507.

B. Kalinin and R. Spatzier, On the classification of Cartan actions, GAFA 17 (2007), no. 2,
468-490.

C. Liverani, On contact Anosov flows, Ann. Math. (2) 159 (2004), no. 3, 1275-1312.

F. Ledrappier and L.S. Young, The metric entropy of diffeomorphisms: Part I: Characterization
of measures satisfying Pesin’s entropy formula, Ann. of Math. (2) 122 (1985), no. 3, 509-539.

Ya. Pesin, Lectures on partial hyperbolicity and stable ergodicity, Zurich lectures in advanced
mathematics, EMS, 2004.

W. Parry and M. Pollicott, Zeta functions and the periodic orbit structure of hyperbolic dynamics,
Astérisque (1990), no. 187-188, 268. MR1085356

C. Pugh and M. Shub, The Q-stability theorem for flows, Invent. Math. 11 (1970), 150-158.

V. A. Rokhlin, On the fundamental ideas of measure theory, Matematicheskii Sbornik 67 (1949),
no. 1, 107-150.

D. Ruelle, A measure associated with axiom-A attractors, American journal of mathematics 98
(1976), no. 3, 619-654.

Y. Sinai, Markov partitions and c-diffeomorphisms, Functional Analysis and Its Applications 2
(1968), no. 1, 61-82.

R. Spatzier, Dynamical properties of algebraic systems. A study in closed geodesics., Ph.D. thesis,
university of Warwick, 1983.

R. Spatzier and K. Vinhage, Cartan actions of higher rank abelian groups and their classification,
arXiv preprint arXiv:1901.06559 (2019).

Johannes Sjostrand and Maciej Zworski, Elementary linear algebra for advanced spectral prob-
lems, Annales de I'Institut Fourier 57 (2007), no. 7, 2095-2141 (en). MR2394537

Kurt Vinhage, Instability for rank one factors of product actions, arXiv preprint arXiv:2203.14480
(2022).

Marcelo Viana and Krerley Oliveira, Foundations of ergodic theory, Camb. Stud. Adv. Math.,
vol. 151, Cambridge: Cambridge University Press, 2016 (English).

T. Weich, On the support of Pollicott-Ruelle resonant states for Anosov flows, Ann. Henri
Poincaré 18 (2017), 37-52.

Johannes Wittmann, The Banach manifold C* (M, N), Differ. Geom. Appl. 63 (2019), 166-185
(English).



SRB MEASURES FOR ANOSOV ACTIONS 57

[You95] L.S. Young, Ergodic theory of differentiable dynamical systems, Real and complex dynamical
systems (Branner and Kluwer Acad. Publ. Hjorth, eds.), 1995, pp. 293-336.
[Zwo12] M. Zworski, Semiclassical analysis, vol. 138, American Mathematical Society, 2012.

E-mail address: bonthonneau@math.univ-paris13.fr

LAGA, INSTITUT GALILEE, 99 AVENUE JEAN BAPTISTE CLEMENT, 93430 VILLETANEUSE, FRANCE.

E-mail address: colin.guillarmou@universite-paris-saclay.fr

UNIVERSITE PARIS-SACLAY, CNRS, LABORATOIRE DE MATHEMATIQUES D’ORSAY, 91405, ORSAY, FRANCE.

E-mail address: weich@math.upb.de

UNIVERSITAT PADERBORN, WARBURGERSTR. 100, 33098 PADERBORN, GERMANY



	Introduction
	1. Anosov actions, dynamical foliations and invariant measures
	1.1. Anosov actions
	1.2. Dynamical foliations and absolute continuity
	1.3. Invariant measures via spectral theory

	2. Characterization of the invariant measures
	2.1. SRB measures
	2.2. Physical measures

	3. A Bowen type formula for the SRB measure and Guillemin trace formula
	3.1. Guillemin trace formula
	3.2. Flat trace of the shifted resolvent
	3.3. Proof of Lemma 3.7
	3.4. Proof of Theorem 2
	3.5. A dynamical zeta function

	4. Application to lattice point counting
	Appendix A. Upper bound on the number of periodic orbits
	Appendix B. Multivariable analytic Fredholm theorem.
	References

