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Abstract For a prime p, let F,2 be the finite field of ¢? elements where ¢ = p™ and m > 1 is
an integer. In this paper, we study constacyclic and skew constacyclic codes of length n over a
class of finite commutative non-chain rings A, , = Fy2lu1, us, ..., u.)/(u? — vius, uju; = uju; = 0)

where 1 <i# j <r, v € F* 42> and v > 1is an integer. For a unit A= Zm/l in the ring A, ,,

=
we show that a (skew) A-constacyclic code of length n is a direct sum of (skew) A;-constacyclic
codes of length n over F,2. Also, we derive the necessary and sufficient conditions for such codes
(constacyclic and skew constacyclic) to contain their Hermitian duals. By applying the Hermitian
construction on the Gray images of dual containing codes, many MDS and new quantum codes
with parameters better than the best-known codes are constructed.

Keywords Non-chain ring - Constacyclic code - Skew constacyclic code - Gray map - Hermitian
construction - Quantum code.

Mathematics Subject Classification (2000) 94B05 - 94B15 - 94B35 - 94B60

1 Introduction

Constacyclic codes form one of the most studied and fascinating classes of codes. Their rich al-
gebraic properties offer easy encoding and decoding methods. Also, their duality properties have
been successfully applied in the construction of quantum error-correcting codes. In fact, after the
discovery of first quantum code in 1995 by Shor [43], a large amount of quantum codes have been
obtained based on the structure of constacyclic codes [11,24]. Besides, many new quantum codes
by using cyclic codes over different finite commutative rings [12,18,23,25,29,31,39,40] are reported
in the literature. In that context, finite commutative non-chain rings are most studied alphabets.
In 2018, (1 — 2v)-constacyclic codes over F, + uF, + vF, + uvF, in [34], u-constacyclic codes over
F,+uF,,u? = u in [17], constacyclic codes over F),+vF, +v2F,, v = v in [35] are studied to obtain
quantum codes. Later in 2019, Ma et al. [36] determined many new quantum codes from constacyclic
codes over the non-chain ring Fy [u, v]/{u?—1,v* —v, uv—vu). Recently, Islam et al. [27] considered a
new class of non-chain rings Ry, = Fpm [u1, ua, . .., ug]/(uf —1, uju; —ujui)1<izj<k, (k,m > 1) and
studied constacyclic codes to explore quantum codes with better parameters. Further, Alahmadi et
al. [2] studied constacyclic codes over the family of non-chain rings R, = Fp[u]|/(u™ — 1) whereas
Islam and Prakash [28] studied these codes over a non-chain ring Fy[u, v]/(u® — yu,v? — dv,uv =
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vu = 0) (7,0 € F;) and obtained many new quantum codes from them. Therefore, the above
literature leads to conclude that constacyclic codes over non-chain rings are one of the richest
sources of good quantum codes. Hence, it makes sense to study these codes over different and
new non-chain rings in that context. Towards this end, we consider the class of non-chain rings
Agr =Fpelur,ug, ... up]/(uf — viwg, wiu; = uju; = 0) where 1 <i#j<r v € F?,, where ¢ is a
prime power and r > 1 is an integer. Note that for » = 2, it is a non-chain ring that appeared in
[28] with Euclidean inner product, however, here we investigate with Hermitian inner product.

Linear codes acted upon noncommutative rings (skew polynomial rings) have been studied
intensively for the last two decades. In 2007, Boucher et al. [6] introduced the notion of skew
cyclic code (a generalization of cyclic code) by using the skew polynomial ring F,[x; 6], where 6
is an automorphism on F,. From the application point of view, they have provided many codes
with parameters better than previously best-known codes [6,8]. Later, skew constacyclic codes over
Galois rings were introduced in [7]. Subsequently, skew codes have been studied over many finite
chain and non-chain rings. For instance, we can cite the rings Fo+vF2, v? = vin [1], Fp+oF,,v? = v
in [15], F, + vF,,v? = v in [16,20], F, + uF, + vF, where u? = u,v? = v,uv = vu = 0 in [3,22],
F,+uF,+vF,+uvF, where u? = u,v? = v,uv = vu in [21,45]. On the other hand, skew constacyclic
codes over finite commutative chain rings were studied in [30]. Like codes over commutative rings,
quantum codes can also be constructed from dual containing skew cyclic and constacyclic codes.
In fact, after the derivation of dual containing properties of such codes, the Hermitian construction
(Lemma 2) provides quantum codes. It is well known that the number of quantum codes directly
depends on the richness in the factorization of the polynomial ™ +1 (see Theorem 6 and Theorem
12). As a skew polynomial ring is not constrained by the unicity of factorization, it is logical to
study skew codes in the context of quantum code construction. To do so, some articles [4,33,37]
have studied skew constacyclic codes over non-chain rings and obtained many new quantum codes.
Due to the strong motivation discussed above, we have studied skew constacyclic codes over a class
of non-chain ring R, , = Fyfu]/(u® — 1) in [38] and explored many better codes compared to the
best-known codes. Recently, the work of [27] has extended to skew constacyclic codes in [44] and
obtained several superior quantum codes.

In continuation of that line of work, in the present paper we extend our study to skew consta-
cyclic codes over Ay, = Fp2lui, ug, ..., ur)/(u? — viu;, uju; = uju; = 0). Note that for r = 2,7, =
v2 = 1, skew constacyclic codes are studied in [22]. First, we derive the structural properties of
skew A-constacyclic codes where A is a unit in 4, ,. Then by applying the Hermitian construction
on the Gray images of dual containing skew A-constacyclic codes, we determine many better quan-
tum codes compared to the best-known codes in the literature. It is important to mention that for
3 < n < g, there always exists (see, [19]) a quantum MDS code with parameters [[n, n—2d + 2, d]],
where 1 < d < § +1. Therefore, in this paper, we try to obtain those quantum codes whose lengths
are larger than ¢q. Two primary contributions of the paper are

1. It derives A-constacyclic codes and their Hermitian duals of length n over A, ., and presents
many new quantum codes with better parameters.

2. The paper investigates the algebraic properties of skew A-constacyclic codes of length n over
Aq,» and their successful application to construct quantum codes. In this case, we also validate
the novelty of obtained codes by comparing them with the best-known codes.

2 Preliminary

Let A, = Fpelur,ug, ... ur)/(uf — viws, uu; = uju; = 0) where 1 < i # j < r, v € Fr2. q
is prime power and 7 > 1 is an integer. Thus A, , is a class of finite commutative rings (with
unity). Moreover, A, has another representation Ag, = F,2 + uiFp2 + -+ + u,F 2, where uf =
Yitls, uju; = uzu; = 0. So, it is a non-chain semi-local Frobenius ring with r + 1 maximal ideals.
For instance, there are three maximal ideals (u; + u2), (y1 — u1) and (2 — ug) in the non-chain
ring Ay 2, see [28]. Define the r + 1 ring elements

K

Uu; U,

ﬁo”(ll) ,andnjziforigjgr.
=1 Vi i

Then following easy but useful results show that the x;s form a fundamental system of idempotents

of Agr:
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1. ko+ k14 -+ kK- =1,
2. kirj =0, for i # j and k7 = k; for all 4,
3. .Aq’r = Iio.Aq,r D IilAq’T D---D IirAq,T = K()qu D Kquz D---D HTqu.

In the light of above discussion, we conclude that every element a € A, , has a unique representation
a = Koag+kK1ai +- -+ Kra,, where a; € Fp2. In addition, a is a unit in A, , if and only if a; € F;z,
for all 4.

Now, we recall some basic facts and results. A non-empty subset € of A7, is said to be a linear
code of length n if it is an A, ,-submodule of Ay ., and each member of € is called codeword. For a
codeword s = (s, 51,--.,5n—1) € €, the Hamming weight wp(s) is defined as the number of non-
zero places in s. Also, the Hamming distance between two codewords s = (sg, S1,-..,8n—1), and
t = (to,t1,...,tn—1) is given by dy (s, t) = wy(s—t). In this way, the Hamming distance for a linear
code € is defined by dy (€) = min{dy(s,t) : s # t,s,t € €}. The Hermitian inner product between

n—1
two codewords s and ¢ is (s,t), = Y s;t{. Therefore, the dual €t = {s € A? . : (s, 1), = 0, for all
i=0
t € €} is also a linear code over A, .. Further, € is said to be self-dual if € = €1n self-orthogonal
if € C ¢1+» and dual containing if ¢1t» C €.

Let GL,41(F,2) denotes the group of all (r 4 1) x (r + 1) invertible matrices over Fg . For a

matrix M € GL,41(F,2) satisfying MM? = al,;1, where o € IF},, consider the Gray map (see,

[18,27] for similar mapping) ¢ : Ay, — IFZ;H defined by
@(a) = (Cl(), A1y ey ar+1)M

-

where a = > k;a; € Ay. Then ¢ is a linear bijection and can be extended over A, , componen-
i=0

twise. Now, as in [27], we define the Gray weight of a € A,, as wg(a) = wy(p(a)). The Gray

weight for s = (sg,51,...,8,-1) € € is wa(s) = > wa(p(s;)) and the Gray distance for € is
i=0

da(€) = min{wg(s) : 0 # s € €}. In this way, it is seen that ¢ is a linear isometric map from A} .

(Gray distance) to IFZz(TH) (Hamming distance). The map ¢ preserves the orthogonality of a linear

code over A, , as shown in the next result. The proof of result being analogous to ([18], Theorem

5) is omitted here.

Theorem 1 Let € be a dual containing linear code of length n over A,,. Then ¢(€) is also a
dual containing linear code of length n(r + 1) over Fgp. Moreover, ¢(€) is a self-dual code if € is
self-dual.

Let € be a linear code of length n over A, ,.. Define €; := {s; € F;‘z | there exists sq, 81, - ., Si—1,

T
Sidly--sSp € IFZQ such that > k;s; € €} for 0 < ¢ < r. Then €; is a linear code of length n over
i=0

1=

T
F,2, and € can be written as € = @ «;¢;. In this case, the generator matrices of € and ¢(€) are
i=0

lioMO
HlMl

Kp M,

and
o(roMo)
(M) = ‘P(’il'Ml)

)

(i M,)

.

respectively, where M, is a generator matrix of &; for 0 < ¢ < r. Moreover, ¢ln = é nie:j " and
i=0

hence € is a self-dual code if and only if €; is a self-dual code for 0 < i < r.
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3 Constacyclic codes and associated quantum codes

Here, following [11], we recall some basic facts. Let ged(n,q) =1, A € F?. and ord,e (A) = 1. Then
there exists a primitive In-th root of unity w in some extension of F,2 such that w™ = A. Thus,

2" — A= [[ (x—w't). Let ¥ = {144l : 0 <4 <n—1} and for each t € X, C; be a g*-cyclotomic

i=0
coset mod In containing ¢, defined by C; = {t,t¢?, ... ,tqQ(m__l)} where m is the smallest positive
integer such that t¢*™ =t (mod In). Let f(x) = [] (z — w"). Then f(z) is a factor of 2™ — A

i€D
and € = (f(x)) is a A-constacyclic code of length n over F > with defining set D and dimension
n — |D|. It is evident that €1# is a A~9-constacyclic code with defining set Dy = {t € ¥ : —
(mod rn) ¢ D}.

Definition 1 Let A € A, , be a unit. Then a linear code € is said to be a A-constacyclic code of

length n if 74(s) = (Aspn—1,80,.-.,8n—2) € € whenever s = (sg, 51, -..,8,—1) € €. The operator 74
is called A-constacyclic shift. In particular, for A = 1, it is cyclic and for A = —1, it is a negacyclic
code.

T
Let A= Xg +u1 A1 + -+ up A be a unit in A, such that A = )" x;A;. Then Ay = Ao, 4; =
=0

Ao + 73 A; are units in Fg2, for 1 <4 < 7. In this case, y Z k;A; . Here, for such a unit

A, we study A-constacyclic codes of length n over Ag,. Later on these codes help to obtain

quantum codes. Now, we identify each codeword s = (s, 81, ..., $n—1) € € to a polynomial s(z) =

S0+ S1x+ -+ szl € éf;:[ﬁg under the corresponding s = (50,81,---,8n-1) —> s(z) =

S0 + 812+ -+ s,_12" L. As a result, we have the following theorem.

Theorem 2 Let € be a linear code of length n over Ay .. Then € is a A-constacyclic code if and

Aqrac]

only if it is an ideal of under the above identification.

The cyclicity of a code over the ring translates into cyclicity of its component codes over the
base field.

Theorem 3 Let € = @ ki€ be a linear code of length n over Aq,. Then € is a A-constacyclic

=0
code if and only if &; zs a A;-constacyclic code of length n over Fp for 0 <14 <.

Proof Let € = @ x;€; be a A-constacyclic code of length n. Let s = (s},si,..., s

n—l) € Q:i
1=0

for 0 < i < r. Take a; = sté— for 0 < j < n—1. Then a = (ag,a1,...,a,_1) € €, and
=0
hence 74(a) = (Aa,_1,0a0,...,0,_2) € €. Also, 74(a) = Z kiTA, (s') € € = @)_, ki€;. Therefore,

7a,(s") € €; for 0 <i <r. Thus, €; is a A;-constacyclic code of length n over Fg2, for 0 <i <r.
Conversely, let €; be a A;-constacyclic code of length n over F, for 0 S i < r. Let a =

T
(ag,a1,...,a,_1) € € where a; = Y ;s for 0 < j <n—1. Then s* = (sf,si,...,s,,_;) € ¢; and
i=0

hence 74,(s") € €; for 0 < i < r. Therefore, T4(a) = > ki7a,(s") € D_, £:i€; = €. In this way, €
i=0

is a A-constacyclic code of length n over Ag .

T
Theorem 4 Let ¢ = @ ki€; be a A-constacyclic code of length n over Ag .. Then € = () &, fi(x))
i=0
= (f(z)) where ™ A = fi(x)hi(x) in Fp2[x]. Moreover, f(x) is a factor of 2™ — A.

Proof Let € = @ k;€; be a A-constacyclic code of length n. Then, by Theorem 3, €; is a A;-

constacyclic code of length n over Fg2 for 0 < i < r. In other words, €; is a principally generated

ideal of F2[$]> Let €; = (fi(x)) such that 2™ — A; = fi(z)hi(x) for 0 < ¢ < r. Then € =

(kofo(z), k1fi(x),...,krfr(x)). Let f(z) = ET: kifi(x). Then (f(zx)) € €. On the other hand,

=0
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kifi(x) = ki f(z) € (f(z)) for 0 < i < r. Hence, (f(z)) € €. Now, combining both sides, we
conclude that C f(z)).
Further, [Z kihi(2)]f(x) = > kihi(2) fi(z) = > Kki(a™ — A;) = 2™ — A. This implies that f(x)
i=0 i=0
is a factor of 2" — A.

Corollary 1 The ring éf{i% s a principal ideal Ting.

Theorem 5 Let € = @ k;€; be a A-constacyclic code of length n over Ay, where € = (f;(x))

i=0
such that 2™ — A; = f;(x)hi(z) in F2(z]. Then €tr = P ki€ s a A 9-constacyclic code such
i=0
that €+r = (3 k;hi(x)) where hi(x) is the reciprocal polynomial of hi(z), fori=0,1,... 7.

=0

Proof Let € = @ k;€; be a A-constacyclic code of length n over A, ,. By Theorem 3, we have €;
=0

is a A;-constacyclic code of length n over Fg2 for 0 <4 < r. Therefore, C " is a A; ?-constacyclic

code of length n, for 0 < ¢ < r. Since A79 = Z kA7 and €tn = @ mQﬁLh by Theorem 3, we
=0 =0

conclude that €1+ is a A~9-constacyclic code of length n. In addition, let Qj‘h = (h}(z)), where
hi(x) is the reciprocal polynomial of h;(x) for 0 < ¢ < r. Therefore, by Theorem 4, we have

eln = ém;(gg)).

Let C? be a complex Hilbert space of dimension ¢q. Then the n-fold tensor product (C%)®" =
CleC!®---®C?is also a ¢"-dimensional Hilbert space. We recall that a ¢g-ary quantum code

n times

of length n is a K-dimensional subspace of (C?)®" denoted by [[n, k, d]], where d is the minimum
distance and k = log, K. Every quantum code with parameters [[n, k, d]], satisfies the quantum
singleton bound & + 2d < n + 2, and is known as a quantum MDS (maximum-distance-separable)
code when that bound is attained. Here, we obtain quantum codes (Theorem 7) from dual contain-
ing A-constacyclic codes of length n over A, .. Before that, we develop the necessary and sufficient
conditions (Theorem 6) of these codes to contain their duals. The next result (Lemma 1) recalls
the same conditions for constacyclic codes over F,»

Lemma 1 Let A € F}, such that I = ordy2(A)|(¢+1) and € be a A-constacyclic code with defining
set D. Then €+r C & if and only if DND~9 = {0} where D~ = {—qa (mod In) : a € D}.

This condition for dual containment translates at the component level as follows.

Theorem 6 Let € = P k,&; be a A-constacyclic code of length n over A, .. Also, let D; be
i=0

the defining set of €; and l; = orde(A;)|(q + 1) for 0 < i < r. Then €*r C € if and only if

D;ND; % ={0} for 0 <i<r.

Proof Let ¢tr = @ HzQ:Lh ce¢= @ %;®;. Since €; is a ¢%-ary linear code such that x;¢; = €
1=0 =0
(mod ;) for 0 < ¢ < r, we have Qi " C ¢ for 0 < i <r.Then, by Lemma 1, we have D;ND; ¢ = {0}
for0<i<r.
Conversely, let D; N D; Y = {0} for 0 < i < r. Then, by Lemma 1, @Z-lh C¢,for0<i<r.

Thus, €1 = @ k€ C @ ki€ = C.
i=0 =0

We recall the Hermitian construction of quantum codes from classical codes.

Lemma 2 [32] (Hermitian Construction) Let € be an [n,k,d], linear code of length n such that
¢Lr C €. Then there ezists a quantum code with parameters [[n, 2k —n, > d|],.

The consequence for constacyclic codes over A, , is as follows.
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Theorem 7 Let € = @ k,€; be a A-constacyclic code of length n over Ay, and ¢(€) has the
=0

parameters [n(r + 1), k,dg]. If €+r C €, then there exists a quantum code with parameters [[n(r +

1),2k —n(r+1),> dull,-

Proof Let € be a A-constacyclic code of length n such that ¢€+» C €. Since p(€1r) = (¢(€))*", we
have ((€))1 C ¢(€). Therefore, p(€) is a dual containing (Hermitian) linear code with parameters
[n(r+1),k,dy]. Now, by Lemma 2, there exists a quantum code with parameters [[n(r + 1), 2k —
n(r+1), = dullq.

Corollary 2 Let € = @ k;€; be a A-constacyclic code of length n over Aq, and D; be the defining
=0

set of €; such that l; = ord2(A;)|(q+1) for 0 <i <r. IfD;ND; ?*={0} for 0 <i<r, then there

exists a quantum code with parameters [[n(r +1),2k —n(r +1),> dg]],-

Proof If D; N D; 9 = {0} for 0 < i < r, then by Theorem 6, we have ¢+n C ¢. Now, the result
follows by Theorem 7.

4 New quantum codes and comparison

Ezample 1 Let r = 2,q = 9 and Ag o = Fg[ur, ua]/(u? — yiuq, u3 — yous, uyus = uguy = 0). Let
A =w'and n =8. Then Ag = A1 = Ay = w'® and I; = ordg2(4;) = 5/10 = ¢ + 1. Now, we
calculate 81(= ¢?)-cyclotomic coset modulo 40(= In). In fact, let Dy = {1} (mod 40), D; = {6}
(mod 40), and Dy = {11} (mod 40). Then Dy? = {31}, D;? = {26}, D;? = {21}. Let F§;, = (w).
Then fo(z) = 2 — w?, fo(z) = z — w'?, fo(x) = x — w?? are factors of 2® — w'® whose defining sets
2
are D;, for i = 0,1, 2, respectively. Therefore, € = (> k;f;(x)) is a A-constacyclic code of length
i=0
8 over Ag s. Now, let
w wt 2
M=|w*2 w GGLS(Fgl)

2 w w?

satisfying MMT = (2w? + w)I3. Thus, the Gray image ¢(€) has the parameters [24, 21, 4]. Since
D; N Di_g = {0} for i = 0,1,2, by Theorem 6, we have ¢+» C ¢. Thus, by Theorem 7, there
exists a quantum code with parameters [[24,18,> 4]]g. It is a quantum MDS code satisfying
n—k+2—-2d=0.

Ezample 2 Let r = 2,q = 7 and A7 2 = Fagluy, ua]/(u? — yiuy, u3 — yous, ujus = ugu; = 0). Let

n=12and A = -1+ 27f1u1. Then Ag = —1,A41 = 1,43 = —1, and lp = 2,]; = 1,1l = 2 where

l; = ordgg(A;). Now, from 49-cyclotomic coset modulo 24 and 12, let Dy = {1} (mod 24), D; = {1}

(mod 12) and Dy = {5} (mod 24). Then D0_7 = {17},D;" = {5},D; " = {13}. In this way,

folx) =z —w?, fi(z) = x —w, fo(x) = 2 — w'? are factors of #'? — A; whose defining sets are D;,
2

for i = 0,1, 2, respectively. Therefore, € = (> &, fi(x)) is a A-constacyclic code of length 12 over

A772. Let =
212

M= |521| € GL3(F4)
125

satisfying MMT = 2I3. Then the Gray image (€) is a [36,33,3] linear code over Fy9. Further,
D; N Di_7 = {0} for i = 0,1,2. Therefore, by Theorem 6, €1+ C ¢. Consequently, by Theorem
7, we have a quantum code [[36, 30, > 3]]7. It has same length and distance but larger dimension
compared to the best-known code [[36,29, 3]]7 given by [13]. Therefore, our code has better code
rate than the best-known code. Moreover, the obtained code satisfies n — k + 2 — 2d = 2.

Ezample 3 Let r = 3,q = 11 and A11 3 = F121[u1, u2, ug]/(u? — yrus, u3 — yaus, u3 — y3ug, ugus =
Ugl] = Uz = UsUy = Uty = urug = 0). Let n = 15 and A = -1 + 272_1u2 + 273_1u;),. Then
AO = Al = 71,/12 = A3 =1 and ZO = ll = 2,[2 = lg = 1, where lz = Ordlgl(/li) for i = 0,1,273.
Now, among 121-cyclotomic cosets, let Dy = {1} (mod 30), D; = {3} (mod 30), Dy = {1}
(mod 15), D3 = {2} (mod 15). Then Dy = {21}, D, = {27}, D; " = {4}, D = {8}. If
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Fiy, = (w), then fo(x) = v — w?, fi(x) = 2 — w'?, fo(x) = 2 — w’, f3(x) = x — w'® are factors
3

of 2% — A; whose defining sets are D; for i = 0,1, 2,3, respectively. Thus, € = (3 x;fi(x)) is a
i=0

A-constacyclic code of length 15 over Ajq 3. Let

1011 1
11110

M=\1191 1 |€CLaFin)
11101

satisfying M MT = I,. Therefore, the Gray image (€) is a [60, 56,4] linear code over Fja1. Also,
D; N D;H = {0} for i = 0,1,2,3. By Theorem 6, we have ¢1» C €. Finally, by Theorem 7, we
have an associated quantum code [[60,52,> 4]];1, which has lager minimum distance than the
best-known code [[60, 52, 3]]11 obtained in [36]. In addition, our code satisfies n — k + 2 — 2d = 2.

Ezample 4 Let € = @;_, k;€; be a A-constacyclic code of length n over A, , where ged(n,q) =1
and l; = ord,2(4;)|(g+1) . Let €; = (f;(x)) where D; is a defining set of f;(x) such that D;ND; ! =
{0}. Therefore, by Theorem 6, we have ¢» C €. We compute the Gray images of such constacyclic
codes under the map ¢ using the matrices My, M, M5 in Table 1 (for » = 2) and M, in Table 3
(for r = 3), where

My = |—22 1 | € GLs(F,), satisfying My M = 9I5, for ¢ =5,7,13,17,

w 2w’ 1
My = |2w" 1 w | € GL3(Fy), satisfying MoMy = I,
1w 2w’

w wt 2
M3 = wt 2 w S GL3(IF81)7 Satisfying M3Mg — (2’11}2 + w)I?”
2 w wt
-1 1 1 1
111 -1 o .
My= | | 7y | { | €GLa(Fy), satisfying MyM, = 4ly.
1 1 -11

Finally, by Theorem 7, we obtain new quantum codes [[n, k, > d]]; which have better parameters
compared to the best-known codes [[n/, k', d']]. Moreover, in Table 2 (resp. Table 4), we enlist the
units and ¢2-cyclotomic cosets for the construction of A-constacyclic of Table 1 (resp. Table 3). It is
worth mentioning that all obtained codes in Table 1 and 3 satisfy the condition n — k42 —2d = 2.
Therefore, all these codes are close to quantum MDS codes. In Table 1 and 3, to represent the
generator polynomial f;(x), we write the coefficients of the power of x in decreasing order. For
example, we write 1w?%w3® to represent the polynomial z? + w6z + w36. Moreover, in third
column of Table 4, we use the following notations:

Ay =w" — (14w tuy — (14 w'%)r; ug — (14 w'%)v5  us,
Ay = =1+ (14wt + (14 w'?)y5 tug + (14 w'?)rg s,
Az = wb — 1+ w6)72_1uQ -1+ wﬁ)’yg_lu;;

Ay =—-1+ 272_11@ + 2"}/3_1U3.
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Table 1: New quantum codes [[n, k, > d]], satisfying n — k +2 — 2d = 2

Label | (n,q) [fo(2), f1(@), fa(w)] ©(2) [[n,k, > d]lq [[n', k", d]]q
1 (10,9) [1(2w?), 1(2w12 , 1(2w?9)) [30,27,3]s1 | [[30,24,>3]]o | [[29,24,3]]9[13]
2 (8,9) [1(2w?), 1(2w'?), 1(2w??)] [24,21,4]s1 | [[24,18,> 4]]o MDS
3 (16,9) [1(2wd), 1(2w10), 1(2w'?)] (48, 45, 3]s1 [[48,42,> 3]]9 | [[51,39,3]]9[13]
4 (10,9) [TwSt w32, 1(2w'?), 1(2w??)] [30, 26, 4]s1 1130, 22, > 4]]o [[30, 20, 4]]9[28]
5 (12,7) [1(6w?), 1(6w?), 1(6w!?)] [36,33,3]40 | [[36,30,>3]]7 | [[36,29,3]]7[13]
6 (24,7) [1(6w), 1(6w*), 1(6w®)] [72,69,3]00 | [[72,66,>3]]z | [[73,65,3]]7[13]
7 (6,7) [1(6w?), 1(6w?8), 1(6w?30)] [18,15,3]49 | [[18,12,> 3]]7 [[14, 6, 3])7[27]
8 (12,5) [1(4w), 1(4w?), 1(4w>)] [36,33,3]25 | [[36,30,>3]]5 | [[37,29,3]]5[13]
9 (6,5) [1(4w?), 1(4w®), 1(4w'9)] [18,15,3]25 | [[18,12,> 3]]5 (22,12, 3]]5[13]
10 (24,5) [1(4w), 1 (4w?), 1(4wT)] (72,69,3]25 | [[72,66,>3]]5 | [[72,65,3]]5[13]
11 (4,5) [1(4w?), 1w31,1(4w")] [12,8, 4]25 12,4, > 4]]5 [[11,1,4]]5[13]
12 (6,13) | [L(12w'?), 1(12w3%), 1(12w7%)] | [18,15,3]169 | [[18,12,> 3]]13 | [[18, 10, 3]]13[27]
13 (6,13) | [1(12w™™), 1w*Bw36 1(12w™°)] | [18,14,4]169 | [[18,10,> 4]]15 | [[18,8,4]]13[28]
14 (16,17) | [1(16w?),1(16w"%), 1(16w*®)] | [48,45,3]2s0 | [[48,42,> 3]]17 | [[48,40, 3]]17[27]
15 (16,17) | [1(16w?), 1w ?2wd%, 1(16w*)] | [48,44,4]2s0 | [[48,40,> 4]]17 | [[48,38,4]]17[27]
Table 2: List of units and g-cyclotomic cosets used in Table 1
Label | (m,q) A (Ao, A1, Az) (lo, 11,12) [Do, D1, D] [Dy 9, D79, D5 )
1 (10,9) -1 (-1,-1,-1) (2,2,2) ({1}, {3}, {5}] [{11},{13}, {15}]
2 (8,9) w'6 (w6, w8 w!) | (5,5,5) ({1}, {6}, {11}] [{31},{26},{21}]
3 (16,9) 1 (1,1,1) (1,1,1) ({1}, {2}, {3}] ({7}, {14}, {5}]
4 (10,9) -1 (-1,-1,-1) (2,2,2) | [{1,7},{3},{5}] | [{11,17},{13},{15}]
5 (12,7) —142y; 'w (-1,1,-1) (2,1,2) ({1}, {1}, {5}] ({17}, {5},{13}]
6 (24,7) 1 (1,1,1) (1,11 ({1}, {4}, {5}] [{17},{20}, {13}]
7 (6,7) -1 (-1,-1,-1) (2,2,2) ({1}, {7}, {5}] ({5}, {11}, {1}]
8 (12,5) —142y; 'w (-1,1,-1) (2,1,2) ({1}, {1}, {5}] ({19}, {7}, {23}]
9 (6,5) -1 (=1,-1,-1) (2,2,2) ({1}, {3}, {5}] {73, {9}, {11}]
10 (24,5) 1 (1,1,1) (1,1,1) {1}, {31, {7} ({19}, {9}, {17}]
11 (4,5) —142y; tup (-1,-1,1) (2,2,1) | [{1}h{1, 7} {1}] ({3}, {3,5},{3}]
12 (6,13) —142y; 'w (-1,1,-1) (2,1,2) ({1}, {2}, {5}] ({11}, {4}, {7}]
13 (6,13) | =142y L (w?* + Dy (=1, w34, 1) (2,7,2) [{1},{1,8},{5}] | [{11},{29,22}, {7}
14 (16,17) —1+ 2y tun (-1,1,-1) (2,1,2) [{1},{2},{5}] [{15}, {14}, {11}]
15 (16,17) —1+ 2y7 tun (-1,1,-1) (2,1,2) | [{1},{1,2},{5}] | [{15},{15,14},{11}]
Table 3: New quantum codes [[n, k, > d]], satisfying n — k +2 —2d = 2
Label | (n,q) [fo(), f1(@), f2(x), f3(2)] ©(€) [[n, k, > d]]q [[n", k", d]]q
1 (16,9) [1(2w?), 1(2w'0), 1(2w'%), 1(2w?9)] (64, 60, 4]81 [[64,56,> 4]]o (65,51, 4]]9[13]
2 (4,9) [1(2w?), 1(2w10), 1(2w3?), 1(2w39)] (16,12, 4]s1 [[16,8,> 4]]o [[18,8,4]]9[28]
3 (5,9) [1(2w?), 1(2w'?), 1(2w??), 1(2w?9)] [20, 16,4]s1 [[20,12,> 4]]9 | [[24,12,4]]9[28]
4 (6,7) [1(6w?), 1(6w0), 1(6w?), 1(6w?)] [24, 20, 4] 49 [[24,16,> 4]]7 | [[20,12,4])7[13]
5 (3,7 [1(6w?), 1(6w?), 1(6w?®), 1(6w'?)] (12,8, 4]49 12,4, > 4]]7 [[14, 2, 4]]7[27]
6 (2,3) [1(2w), 1(2w®), 1(2w), 1(2w)] 8,4,4]9 [[8,0,>4]]s (8,0, 4]]3[14]
7 (15,11) | [1(10w?), 1(10w!?),1(10w?), 1(10w'6)] | [60,56,4]121 | [[60,52,> 4]]11 | [[60,52,3]]11[36]
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Table 4: List of units and g2-cyclotomic cosets used in Table 3

Label | (n,q) A (Ao, A1, Az, Az) (lo,l1,12,13) | [Do, D1, D2, D3] [Dy 4, Dy 4, Dy, Dy ]

1 (16,9) 1 (1,1,1,1) (1,1,1,1) ({1}, {2}, {3}, {4}] ({73, {14}, {5}, {12}]
(49 | A (w'®,-1,-1,-1) 5,2,2,2) ({1}, {1}, {3}, {3}] ({11}, {7} {53, {5}
(5,9) | w* | (@, w?,w?,w>) 4,4,4,4) ({13 33 {5}, {5} | [{11},{13},{15},{15}]
6,7) | Az | (-1Lw'w'? w'?) 2,4,4,4) | {1y {53 {13, {13 | [{5} {13}, {17}, {5}]
)
)
1)

(5,
(
(2,
37 | As (wf,w®, —1,-1) (8,8,2,2 {17y {1 {58 | [{173 {1}, {5}, {1}]

(2,3 | w? (w?, w?, w?, w?) (4,4,4,4 ({1}, {5}, {5}, {5}] ({5} {1}, {1}, {1}]
(15711) Ay (_17_17171) (272 [{1}7{3}7{1}7{2}] [{21}7{27}7{4}7{8}]

ES TN NS S U O

5 Skew constacyclic codes and associated quantum codes

In this section, we extend our study to noncommutative structure (skew polynomial ring). Let us
define an automorphism 60 : Fp2 — Fg2 glven by 6(a) = a?, for all a € Fp2. Now, we extend the

above map over the ring A, , by O(r) = Z kif(a;) where r = Z kia; € Aq . Evidently, © is an

=0 i=0
automorphism on A, , of order 2. The set A, .[z; 0] = {f(z) = fo+ fiz+- -+ fa_12" ! ¢ fi € Ay
for all i} is a ring under the usual addition of polynomials and multiplication subject to the
condition (az®)(bz?) = a®@'(b)x'*7. Clearly, it a noncommutative ring (unless © is identity), called

skew polynomial ring. Let n be an even integer. Then A, ,, = f:%[ﬂx@)] is a ring and (z™ — A)

is a two sided ideal in A, ,[z;©0]. But, if n is an odd integer, then A, ,, fails to be a ring.
However, in both cases, Ag ., is a left A ,[x; ©] module under the scalar multiplication defined
by f(z)(r(z) + (2" = 4)) = f(z)r(z) + (2" = A) where f(z),7(2) € Aq,r[z; 6.

Definition 2 [26] Let A be a unit in A,,. Then a linear code € of length n over A,, is a
skew A-constacyclic code if and only if 74 6(s) = (AO(sp—1),O0(S0);--.,O(Sn—2)) € € whenever
s =1(80,81y--,8n-1) € €. For A =1, it is skew cyclic and for A = —1, it is a skew negacyclic code
over Ag .

Similar to the commutative case, skew A-constacyclic codes also afford a polynomial representa-
tion under the correspondence s = (sg, $1,...,8n—1) — $(z) = so+ 812+ +5,-12" "1 € Ay .
In fact, a linear code € is a skew A-constacyclic if and only if it is a left Ay . [2; ©]-submodule of
Ay rn, Where every codeword is a polynomial in 4, , of degree at most n — 1. Now, we discuss
the algebraic structure of skew A-constacyclic codes (Theorem 8 and Theorem 10) and their Her-
mitian duals (Theorem 11). These structures are useful to construct quantum codes from them
subsequently.

Theorem 8 Let € = P k;€; be a linear code of length n over A,,. Then € is a skew A-

=0
constacyclic code if and only if €; is a skew A;-constacyclic code of length n over Fp for0 <i <r.

Proof Let € = @ k,;¢; be a skew A-constacyclic code of length n over A, .. Let s" = (sf,s},...,
i=0

st )ee for 0 <i<r. Let a; = st; for 0 < j <n—1. Then a = (ap,a1,...,a,-1) € €

" i=0
and hence 74 0(a) = (A0(ap-1),0(ap),...,0(an—2)) € €. Now, T40(a) = Z kiTa, 0(s") € €.
Therefore, 74, g(s%) € €; for 0 <4 < r. This implies that €; is a skew A; constacychc code of length

n over Fg> for 0 <@ <.
On the other hand, let €; be a skew A;-constacyclic code of length n over F,2 for 0 < i < r. Let

a = (ag,a1,...,ap—1) € € where a; = Zn,s for 0 < j <n—1. Then s* = (s},s%,...,s,_1) € &,
=0

and hence 74, ¢(s°) € €; for 0 <4 < r. Therefore, 74,6(a) = Z KiTa;0(s") € €. Thus, € is a skew

A-constacyclic code of length n over Ayg.,.
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Theorem 9 [16] Let € be a skew A-constacyclic code of length n over Fpz2. Then € = (f(x)) is a
left F g2 [x; 0]-submodule of Fy2[x; 0]/ (x™ — A), where f(x) is a right divisor of ™ — A.

Theorem 9 gives the structure of skew A-constacyclic code over the finite field F .. Here, we
derive the algebraic properties of these codes over A, , by using Theorem 9 in the next result.

T T
Theorem 10 Let € = P ;€; be a skew A-constacyclic code of length n. Then € = (" K, fi(x))
i=0 1=0
= (f(x)) where ™ — A; = hi(x) fi(x) in Fp(x;0]. Moreover, f(x) is a right divisor of ™ — A.

Proof Let € = @ k;€; be a skew A-constacyclic code of length n. Then, by Theorem 8, we have
i=0

¢; is a skew A;-constacyclic code of length n over Fp for 0 < ¢ < r. Following Theorem 9, let

¢; = (fi(z)) where 2™ — A; = h;(z)fi(z) for 0 < i < r. Therefore, ko fo(z), k1f1(2),. .., krfr(T)

are generators of €. Let f(z) = Y k;fi(x). Then (f(z)) C €. Again &, f;(z) = k; f(z) € (f(z)) for
i=0

0 < i < r. Hence, € C (f(x)), and € = (f(x)). Further, (XT: mihi(ax)) fz) = ZT: kihi(z) fi(z) =
i=0 i=0

XT: Ki(z™ — A;) = ™ — A. Thus, f(z) is a right divisor of 2™ — A.

i=0

Corollary 3 Ewvery left Ay . [x; O]-submodule of Agrn = fqu;?}l?] is principally generated.

We recall from [30] that for a skew A-constacyclic code of length n over Fy2 given by € = (f(z))
where 2" — A = h(z) f(z), its dual code €# is a skew A~ '-constacyclic code given by ¢+ = (h(x) )>
where h(z) = 0(hy) + 0*(hi—1)x + -+ + 08 (hy) 2t =1 + 0 L (ho)at if h(z) = ho + hix + -+ + Wyt
Now, we derive the analogue results of skew A-constacyclic codes over the ring A, , as below.

T
Theorem 11 Let € = @ k;€; be a skew A-constacyclic code of length n over Ag,, where €; =
i=0

(fi(x)) such that x™ — A; = hi(x)fi(x) in Fealz;0] fori =0,1,...,7r. Then € = @ £, € is a
i=0

skew A~1-constacyclic code such that €tr = (3" k;hi(z)).
i=0

Proof Let € = @ k;€; be a skew A-constacyclic code of length n over A, ., where €; = (f;(z)) such

that 2" — A; = h ( )fi(x) in Fp2[x;6]. Then €; is a skew A;-constacyclic code of length n over IF 2
for 0 < ¢ < r. Therefore, € " is a skew A; '-constacyclic code of length n such that Qflh = (hi(x))

for0<i<r. AsA™l= Z #; A7, then by Theorem 8, we conclude that €1r = @ ki€ is a skew

=0
T

A~ '-constacyclic code of length n over A, .. Further, by Theorem 10, we have €1 = (3 x;h;(z)).
i=0

It is evident that under the Hermitian construction, quantum codes can be constructed once
there are some dual containing linear codes. Therefore, we first need to develop the necessary
and sufficient conditions for the existence of such codes. Note that ord((@)) = 2. Therefore, a
skew A-constacyclic code of odd length n is equivalent to a A-constacyclic code of length n over
Ay (similar way of Theorem 22 in [21]). Consequently, non-commutativity of the multiplication
is no longer valid. Also, quantum codes from A-constacyclic codes are well studied in Section 3.
Therefore, we investigate these codes in the other case, i.e., when n is an even integer. In fact,
when n is even, the dual containing property of a skew A-constacyclic code over F 2 is presented by
Lemma 3. We therefore extend this property for a skew A-constacyclic codes over A, , (Theorem
12). Finally, utilizing these structures, we construct quantum codes by Theorem 13.

Lemma 3 (/33], Lemma 6) Let € be a skew A-constacyclic code of even length n over Fg2 such
that € = (f(z)) where 2™ — A = h(z)f(x) and A = +1. Then €t» C € if and only if 2" — A is a
right divisor of h(x)h(z).

Theorem 12 Let € = P k,;&; be a skew A-constacyclic code of even length n over A, , where
i=0
¢ = (fi(x)) such that 2™ — A; = hi(z) fi(x) in Fpez;0] and A; = £1 for 0 <i <r. Then ¢t» C €

if and only if ™ — A; is a right divisor of h;(x)h;(x), for 0 <i <.
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Proof Let ¢+ C €. Therefore, ¢+» = ) H,Qf‘h C @ ri€; = €. As €; is a ¢-ary linear code such
i=0 i=0
that k;€; = € (mod k;), for 0 <7 <r, ¢t C ¢; for 0 < i < 7. Then by Lemma 3, 2" — 4; is a
right divisor of h;(x)h;(z), for 0 <i < r.
Conversely, let 2™ — A; be a right divisor of h;(z)h;(z), for 0 < ¢ < r. Then by Lemma 3,

r T
lﬁiQ:iLh g @ /{Z-Ci =d.
= i=0

Gil*" C ¢, for 0 < i < r. Therefore, ¢+» = P
i=0

Theorem 13 Let € = @ k;¢; be a skew A-constacyclic code of length n over Aq, where €; =
i=0

(fi(z)) such that 2™ — A; = hi(z) fi(x) in Fpe2lz; 0] and A? = £1 for 0 <i <r. Also, let o(€) has

the parameters [n(r +1),k,dg| and 2™ — A; be a right divisor of h;(x)h;(x), for 0 < i <r. Then

there exists a quantum code [[n(r +1),2k —n(r +1),> dgllq.

Proof Let 2™ — A; be a right divisor of h;(x)h;(z), for 0 < ¢ < 7. Then by Theorem 12 we
have ¢t» C €. Therefore, (p(€))*" = p(€tr) C p(€). Hence, ¢(€) is a dual containing linear
code with parameters [[n(r + 1), k, dg] over Fp2. Now, by Lemma 2, there exists a quantum code
HTL(T‘ + 1); 2k — TL(?“ + 1)7 > dHHfI'

6 New quantum codes and comparison

Ezample 5 Let r = 3,q = 3,n = 8 and A3z 3 = Fo[uy, ug, us]/(u? — Villi, Uity = Wit; = 0)5£j=12 3.
Let A=1-— 2’yglu2 — 2’yglu3 and ¢ be a skew A-constacyclic code of length 8 over A3 3. Then
Ag = A1 = 1,45 = A3 = —1. Hence, €, €, are skew cyclic codes and €5, €3 are skew negacyclic
codes of length 8 over Fyg, respectively. Now, under the automorphism 6 : Fg — Fg defined by
6(a) = a® for all a € Fy, we have

2% — 1= (02" 4 2% + wa® + 22% + wo2® + 2% + war + 2)(wa + 1)
= ho(x) fo(x) € Fo[z; 0],

28— 1= (02" + 2% + wiaz® + 22 + w'e® + 2% + Wz + 2)(wiz + 1)
= hi(z) f1(x) € Fo[x; 6],

28+ 1= (w32 + w22t + wa® + 1)(w®z? + 1) = hs(z) f3(x) € Folx; 6].

3
Then € = (f(x)) = (> kifi(z)), where fo(x) = wz +1, f1(x) = w3z +1 are right divisors of 2% — 1
i=0

and fo(z) =1, f3(z) = wd2? + 1 are right divisors of 2 + 1, respectively. Again,

>

o(z) = w’a” + 2% 4 wa® 4 22t + w2 + 2% + wa + 2,

ho(z) = 227 + w3axb + 2% + w2t 4 22 + w2® 4+ + W',
ho(z)ho(x) = (w3z® + wa? + w32? + w")(2® - 1),
(z)

=wz" + 2% + wda® + 22* + w2 + 2% + iz + 2,

In this way, 2® — 1 is a right divisor of both hqo(z)ho(z) and hy(x)hi(z), and also 28 + 1 is a right
divisor of ha(z)ha(z) and hs(x)hs(x). Consequently, by Theorem 12, we have €1+ C €. Now, let

2111
1112
M = 1211 € GLy(Fy),

1121
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satisfying M M7 = 4I3. Thus, the Gray image ¢(€) is a dual containing [32,28,3] linear code
over Fg. Also, by Theorem 13, there exists a quantum code [[32, 24, > 3]]3, which has better code
rate than the known code [[33, 23, 3]]5 given by [13]. In addition, our obtained code [[32, 24, > 3]]3
satisfies n — k+2 —2d = 4.

T

Ezample 6 Let € = (> k;fi(z)) be a skew A-constacyclic code of length n over A,, such that
i=0

ord({0))|n and 2™ — A; = h;(z) f;(z) for 0 < i <. Also, let 2™ — A; be a right divisor of h;(z)h;(z)

for 0 < i < r. Hence, by Theorem 12, €1» C ¢. Now, by Theorem 13, we obtain quantum codes in

Table 5. In fact, Table 5 includes some better codes [[n, k, > d]], (in seventh column) compared to

the best-known codes [[n/, k', d’]], (in eighth column). To compute the Gray images (&) (in sixth

column), we used the matrices given in Example 4 for r = 2,3 and

1-1

M‘L 1

:| S GLQ(FQQ)

satisfying MM™T = 2I, for » = 1. In order to make the table precise, we write their generator
polynomials (fo, f1,..., fr) in which each polynomial is represented by a string containing their
coefficients in decreasing order. For example, we write the string w’ww to present the polynomial
w®2? + wx + w. Also, in Table 5 we have used the following notations:

By =-1+ 27f1u1 + 2751u2

By = -1+ 2A/flu1 + 2751u2 + 27§1U3

By =1— 275 'ug — 275 us.
Remark 1 In Table 5, codes [[32, 24, > 3]s, [[30, 20, > 4]|5 satisfy n — k+2 —2d = 4, and [[32, 20, >
4]]4 satisfies n — k + 2 — 2d = 6 whereas remaining codes satisfy n — k + 2 — 2d = 2. It is

worth mentioning that [[12,6, > 3]]3, [[16, 8, > 4]]3 are best-known record holder codes appeared in
Ezerman et al.[14].



Table 5: New quantum codes from dual containing skew A-constacyclic codes of length n over Ay,

(r,n) | ¢° A (Ao, A1, ... Ar) (fo, f1,-- 5 fr) ©(2) [[n, k, > dl]q ([, %, d]lq
(1,4) | 9 | —1+2y{ un (=1,1) (wdPww, w31) [8,5,4]o ([8,2,> 4]]3 MDS
(1,6) | 9 1— 297 g (1,-1) (w?1,w?11) [12,9,3]9 [[12,6,> 3]|3 [[12,6,3]]3[14]
(1,8) | 9 1—2v; tug (1,-1) (w1, w301) [16,13,3)9 | [[16,10,> 3]]s | [[16, 10, 3]]5[13]
(2,8) 9 B (=1,1,1) (wPw3w, w31, w31) [12,8,4]9 12,4, > 4]]5 [[13,4, 4]]3[13]
(3,4) 9 By (—1,1,1,1) (wPww, w31, w31, 1) [16,12,4]9 [[16,8,> 4]]3 [[17,7,4]]3[13]
(3,8) 9 Bs (1,1,-1,-1) (w1, w31, 1, w>01) [32,28,3] | [[32,24,> 3]]5 | [[33,23,3]]3[13]
(3,8) 9 Bs (1,1,-1,-1) (wl,w31,w301,w%01) | [32,26,4]9 | [[32,20,>4]]3 | [[36,20,4]]5[27]
(1,4) 25 1-— 2'yflu1 (1,-1) (4w1,421) (12,8, 4]25 12,4, > 4]]5 [[11,1,4]]5[13]
(1,8) | 25 1 (1,1) (w1, w311) [16,13,3]25 | [[16,10,> 3]]5 | [[16,10, 3]]5[13]
(1,8) | 25 | =14 277 us (=1,1) (w301, w311) [16,12,4]25 | [[16,8,>4]]s | [[16,8,4]]5[13]
(1,10) | 25 | —1 429 tus (=1,1) (wBwl, wtl) [20,17,3]25 | [[20,14,> 3]s | [[22,12,3]]5[13]
(2,10) | 25 | —1+4 295 tus (-1,-1,1) (w21, wdwl, wd11) [30,25,4]25 | [[30,20,>4]]5 | [[30,20,3]]5[35]

sopoo wmjuenb mou pue ‘P SSULI UTEYD-UOU JO SSR[D ® I9AO SOPOD DI[DADLISUO0D JO A[Iurej y

er
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Remark 2 Let r = 3,n = 2,q = 3,4 = 1 and the automorphism 6 : Fg — g, we have the
factorization

2? =1 = (W’ + 2)(wz + 1) = ho(z) fo(x) € Fola; 6]
= (W +2)(wSz + 1) = by (2)1(2) € Fol; 0]
= (Wz +w)(wz +w?) = ha(z) fo(x) € Fo[z; 6]
= (w'z +w®)(w3z + w) = ha(z) f3(x) € Fo[; 4].

Since 2 — 1 is a right divisor of h;(x)h;(z), by Theorem 12, €» C €, where € = (ko fo(z) + - +
ks fs(x)) is a skew cyclic code of length 2 over Aj 3. In this way, by applying Theorem 13 on its
Gray image ¢(€), we obtained a quantum code [[8,0, > 4]]3, which is better than the known code
(18,0, 3]]3 in [13].

On the other hand, if we consider the factorization of 22 — 1 over Fg[x], we see that there does
not exist any factor satisfying Theorem 6; in other words, there does not exist any dual containing
code, given the factorization of 2 — 1. Therefore, it is not possible to construct a quantum code
forr=3,n=2,qg=3,4=1. Again, it is easy to see that there does not exist any dual containing
codes for the factorization of 2% + 1 over Fg[z] and hence, it is not possible to construct a quantum
code in this case too. In conclusion, we must say that the quantum code [[8,0,> 4]]s can be
constructed by using the concept of skew polynomial ring but not a commutative structure for
r = 3. This example explains the advantage of skew cyclic codes over classical cyclic codes. In fact,
it is one of the major motivations of studying skew codes in the context of quantum code.

Remark 3 From [19] it is well known that for 3 < n < g, there exists a quantum MDS code with
parameters [[n,n — 2d + 2,d]]; where 1 < d < & + 1. Therefore, here we attempt to construct new
quantum codes of length n where n > ¢ + 1. In fact, all obtained codes in Tables 1, 3 and 5 are
satisfying n > ¢ + 1.

7 Conclusion

In this paper, we first studied A-constacyclic codes and then extended to skew A-constacyclic codes
of length n over A, . From an application point of view, we determined many quantum codes via
these codes by using Hermitian construction. Also, we have shown the novelty of our obtained
codes by comparing them with the best-known codes available in the literature.
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