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Abstract

In this paper, we use the Mellin transform to obtain the analytical formulas of
European option (call or put) values, when the evolution of the underlying asset return
is governed by a mixed modified fractional stochastic process. As an extension of the
Dupire Model [12], we also introduce the so-called ‘Mixed-Modified-Fractional-Dupire
model’, by giving the expression of it’s local volatility and it’s sensitivity in relation to
the Hurst coefficient H. Finally, in the same vein, we highlight an analytical relationship
between local volatility and implied volatility.

Key Words: Hurst Coefficient, Option Pricing, Surface Volatility, Mellin Transform, Local
Volatility.

1 Introduction

A European option on an underlying asset is generally priced according to the model in-
troduced by Black and Scholes [3]. Since its publication in the 1970s, the Black-Scholes
formula has become the most popular pricing of option method, and its generalized version
have provided mathematically correct and interesting results on option pricing. This frame-
work assumes, among other things, that the logarithmic returns of an underlying asset are
normally distributed. However, after empirical analyses of time series of assets that may be
underlying certain options, many researchers have shown that this assumption is violated
in practice. Cont [10] has put forward several ‘stylized facts’ of time series ex-post returns
of assets, defined as ‘statistical properties that are common to a wide range of instruments,
markets and time periods’. These include properties such as playtokurticity or even lep-
tokurticity of the distribution of returns, clustering of return volatility, short memory, but
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especially long memory (depending on the behavior of the autocorrelation function of re-
turns). Mandelbrot and Van Ness [25] was the first paper to define a fractional Brownian
motion as a long memory process characterized by a Hurst parameter exponent, noted H,
allowing to classify time series according to their dependency structure: short or no memory;,
long positive memory (persistence) and anti-persistence. Lardic and Mignon|21] propose to
forecast some forex exchange price using an ARFIMA model.

While many authors have studied the implications of these stylized facts through a va-
riety of market applications, some authors have proposed option pricing models under the
assumption that the log-returns of the underlying asset do not follow a normal probability
distribution. More recently, other authors have proposed pricing models likely to take into
account other stylized facts such as the short or long memory of the processes that generate
log-returns, thanks to an estimate of the Hurst coefficient from an analysis of the auto-
correlations of the returns of the underlying asset. Berg and Lyhagen [4], Lo [22], Hsieth
[18] and Huang and Yang [19] have shown that the returns of financial time series can be
linked to short-term or long-term dependence. Lo and Mackinlay [23], Elton and Gruber
[14], Frennberg and Hansson [16], Fama and French [17] as well as Poterba and Summer
[29] reported a positive auto-correlation for the short-term memory stock price process and
a negative auto-correlation for the long-term memory stock price process. The process of
generating a time series of returns on the asset underlying a European option is self-similar,
if it is a type of stochastic process presenting the phenomenon of self-similarity. A self-similar
phenomenon behaves in the same way when observed at different degrees of magnification or
at different scales over one dimension (space or time). Self-similar processes can sometimes
be described using long-tailed distributions. This type of self-similar process can be addictive
in the long run. In addition to having introduced fractional Brownian processes, a pioneer
study of long-memory processes was in the work of Mandelbrot [24] on self-similar and other
stationary stochastic processes that exhibit long-range dependence. Of great importance is
the problem of statistically estimating auto-similarity and/or the long memory parameter
(the Hurst coefficient denoted by H). This parameter H determines the mathematical prop-
erties of the model and therefore very helpful to describe the behavior of the underlying asset
return. The problem of the statistical estimation of the self-similarity and/or long memory
parameter H is of great importance (see Hurst[20] that introduced the relevant rescaled ad-
justed range or R/S statistic and suggested a graphical methodology in order to estimate H).
Recently, Chronopoulou et al. [8] has applied Malliavin calculus to long-memory parameter
estimation H for non-Gaussian processes.

The logarithmic price of the stock is often defined as a self-similar process with the Hurst
exponent H €]0,1[. From [35], many facts show that the Hurst exponent H varies in |0, 1],
for different stock returns or commodity prices or various exchange rates. These prompt us
to consider option pricing with an exponent of Hurst H €]0,1[. Takahashi [34|, Cutland
et al. [9] and Ren et al.[30] examined the options pricing problems for H €]1,1[) and the
case of H €]0, 5[, as we have known, it was studied by Wang et al. [35]. In the same
way, Aliou et al.[1] have studied the Black-Scholes option pricing equations described by the
Caputo generalized fractional derivative, Ndolane et al.|28| studied the Novel approaches
for getting the solution of the fractional Black-Scholes equation described by Mittag-Leffler



fractional derivative, Stelios et al.[32] have studied the economic uncertainty, stock market
predictability and nonlinear spillover effects and Stelios and Dimitris [33| have studied the
direction of change forecasting using a volatility based recurrent neural network. For option
pricing using integral transforms in fractional Brownian motion framework, see [2] and many
references therein.

In order to add the property of long-term dependence in the financial market, a mixed
Brownian fractional model has also been developed by Cheridito [7, 6] and Mishura and
Valkeila [27]. However, Cheridito [6] shows that for H €]2,1[ there is no arbitrage and that
the arbitrage problem persists for values of H G]%, %[ To resolve this arbitrage problem,
Djeutcha et al.[13] have proposed a modified fractional mixed model. Additionally, we know
generally that, volatility is a measure of how the price of a certain financial instrument
changes over time in finance, and there are many types of volatilities classified by differ-
ent standards (historical volatility, constant volatility and implied volatility). Nevertheless,
there are still facts that contradict the key assumptions of the Black-Scholes fractional mixed
model, in particular the constant volatility assumption. Proof of this contradiction is an im-
plied volatility model, in which at-the-money options tend to have lower implied volatilities
than in-or out-of-the-money options. One explanation for this phenomenon is that in re-
ality the volatility of an underlying asset is not really a constant value throughout the life
of the derivative. This is why the volatility curve plotted by using the implied volatility
values inferred by the modified Black-Scholes mixed fractional model does not appear to be
horizontal, but displays a ‘volatility smile’ in the charts. This, however, motivates us to
wonder if such a model can be found, which gives a series of volatility values quite close to
the volatility values in the volatility smile, (ie. implied volatility); or more precisely what is
the difference between the volatility given by this alternative model and the corresponding
implied value the volatility deduced by the mixed fractional Black-Scholes model, if any.
With this thought in mind, we can also apply this scheme of finding suitable test models
among different types of models.

Our contribution goes in this direction, by making it possible to propose a pricing model
for European options, with the hypothesis that the evolution of the return on the asset un-
derlying the option is governed by a mixed modified fractional Brownian stochastic process.
To do this, we use for the first time in the literature, the Mellin transform in order to obtain
the price of a European option under the hypothesis mentioned above. Specifically, this
article examines several theoretical and practical issues in pricing conditional claims when
the underlying is expected to display a long memory. We go further in our contributions,
by analyzing the implicit and local volatilities of the option price, when the evolution of
the return of the asset underlying the option is governed by a mixed fractional Brownian
stochastic process. Precisely, our approach in this paper uses the local volatility model and
the Dupire volatility. The historical aspect of local volatility models has been extensively
studied in the literature by Breeden and Litzenberger [5]. Their work shows that there
is a close relationship between stock density probability and the price of options. Dupire
[12], Derman and Kani [11| have showed that under the risk-neutral probability, there is a
unique diffusion constant with this distribution. In the Dupire model [12], the volatility is



constructed in a discrete form using tree methods.

In this paper, we study the option pricing problem of a mixed modified fractional Black-
Scholes model with Hurst exponent H €]3,1[ in general; using the same method [35]. As
in [31], we obtain the European option pricing closed form formulas using Mellin trans-
form, when the underlying asset return evolution is governed by a mixed modified fractional
Brownian. Special attention is given to the extension of the formula of the Dupire’s Model,
in continuous time. In order to avoid the arbitrage opportunity, the random part of our
‘extended Dupire model” will be governed by the mixed modified fractional process. We
therefore introduce the ‘Mixed-Modified -Fractional-Dupire (MMFD)’ model. In this new
MMFD model, we adopt a more realistic and flexible assumption that, the underlying asset
return evolution is governed by a mixed modified fractional Brownian motion.

The rest of this paper is organized as follows. In section 2, we introduce the MMFD
model framework. In section 3, we present the Mixed fractional Dupire model. In section 4,
we present the MFDD model and the particular case of the Mixed Fractional Dupire (MFD)
model.In section 5,the implied volatility of the MMFD model is studied and conclusions are
presented in the last section.

2 The MMFD Model Framework

Definition 1. [12] The Dupire model is an asset process model and the corresponding
Stochastic Differential Equation (SDE) is defined as follows,

dS, = S,odW,. (1)

o is a deterministic positive constant, (Wi)i>o denotes the standard Wiener process and Sy
denotes the asset price at time t. The local volatility given by Dupire(1994)[12] is expressed
as a function of the strike K and the maturity T, It is written as follows:

o(T,K) = | —2Z_. (2)

Definition 2. [13/A Mixzed Modified Fractional Brownian Motion process whose parame-
ters are a,b,e and H is a linear combination of Brownian Motion B; and an independent
semimartingale process BfI’E, defined on a probability space (2, F,P) by:

MEe = M = aB, + bB/™¢, ¥(a,b) € R®. x Ry, t € [0,T], (3)

where H €]1,1[ denotes the Hurst parameter and B, denotes a standard Brownian mo-
tion. The symbol Bf] “ is a fractional Brownian motion defined by

t
BtH’E:/ (t4c—)i2dB,. (@)
0



From Eq.(3). We define

dM["* = adB, + bdB}"*. (5)
We know that
dBI = ¢cdt + 7 2dB,, (6)
where . . |
o :b/o (H — 5)(t—|—€—s)H_%st. (7)

By letting x. = a + bel? -3, Eq.(5) helps to define the following expression:
M = ¢edt + x.dB,. (8)

In this paper, our aim is to establish an extension of the Dupire model Eq.(1), by substituting
in Eq.(1) the Brownian motion also known as the standard Wiener process W;, by the Mixed
Modified Fractional Brownian process Eq.(3). We thus consider the following model known
as Mixed-Modified- Fractional-Dupire(MMFD) model given in the following definition:

Definition 3. The Mixed-Modified-Fractional-Dupire model is an asset process model and
the corresponding Stochastic Differential Equation (SDE) is defined as follows,

dSe =S¢ o dM"*. (9)
From Eq.(8), Eq.(9) becomes
dS; = S;o¢idt + S;ox.dB,. (10)
By setting
p(t, Sp) = Sjody;o(t, S;) = Sioxe, (11)

the equation Eq.(12) can be written as follows:
dS; = u(t, Sp)dt + o(t, S;)dBs. (12)
We then obtain our main result on the local volatility, as follows:

Theorem 1. The local volatility of the MMFD model Eq.(9) is defined by:

o [32], | (], 2 [
T,K,a,b) = .
a( , 18, a, ) KX? % + K2X§ % + KQX?; % ’ ( )

where x. = a+ bef "2 and ¢5 = fOT b(H — )T + ¢~ s)~2dB,.

Proof of Theo 2.1. To prove Theorem 1, we apply the approach of Dupire[12] to express
the volatility o as a function of the strike price K and maturity T. An expression of the
Fokker-Planck equation for the diffusion S® is defined as follows:

dgr 0 1 92

(o*(t, %)gr) . (14)



where gr is the neutral risk density of the stock price S¢. We know that, the call price of the
Furopean option at initial time t = 0, with the maturity T and the strike K is given by

o0

C(T, K) = / (s — K)gr(s)ds. (15)
K
The density probability gr of Eq.(15) have to check Eq.(14) and then, we have:
o2
8(55)2

O9r __ 9
or 0S¢

(T, 5%)gr) +

(o*(T, 5%)gr) - (16)

N[ —

The double derivation of Eq.(15) with respect to the strike price K gives

0°C
9r(K) = 577 (17)
By replacing Eq.(17) in Eq.(16) and taking S¢ = K, we have
o [9*C 0 02C 1 9 02C
T {am} T 0K { (T, K)az@} 20K? [“ (T, K)aKz} (18)
By integrating Eq.(18) with respect to K, we obtain
0 [oC 02C 10 02C
— == =— T K - T, K . 1
oT [aK] {“( ’ )aKJ 30K [ K )(9K2] (19)
By re-integrating Fq.(19) with respect to K, we obtain
oC oC 1 0*C
o= [M(T, K)a—K} +3 {a (T, K)@KQ} . (20)
While we set S® = K andt =T, Eq.(11) becomes
(T, K) = Ko¢pyo(T, K) = Kox.. (21)
Substituting Fq.(21) into Fq.(20), we obtain
oc oC 1[. ., , ,0°C
O_T_ |: ¢T6K:| _|:KO-X68K2 : (22)

By considering Eq.(22) as a quadratic equation in o = o(T, K, a,b) , the discriminant denoted
by A of this second order equation gives

aC 92C OC
A= [<¢T8K) 2 <aK28_T)




We assume that 8K(’; g(Tj > 0, however this assumption makes the discriminant A positive.

The roots of Fq.(22) are defined for all i = 1,2. as follows:

528 + (—1)1/ (6522)" + 222 (25 29)

K 2820

oi(T,K,a,b) = (23)

The local volatility market is always positive, this assumption leads to choosing the value
defined for v = 2 which is given by

2
97 | 5% (65)2 | 5% 2 | 5
o(T,K,a,b) = 20 | T 21 | 22c | T e | o0 |-
Kx? K2 K*Xz | 5%z K2X: | 5xe

Remark 1. The particular case of Eq.(13) is obtained for a =1 and b = 0, this implies that
X2 =1 and ¢ = 0. Therefore,

o(T, K,1,0) = | —2Z_. (24)
We observe that o(T, K, 1,0) is equal to o(T, K) given by Dupire Eq.(2).

3 Mixed fractional Dupire model

We first recall the definition of the mixed fractional Brownian motion.

Definition 4. [36] The mized fractional Brownian motion with a,b and H parameters is a
linear combination of Brownian motion and fractional Brownian motion with parameter H,
defined for any t € [0,T] by:

M =aB, +bB} Va,b > 0, (25)
where B! denotes the fractional Brownian motion with Hurst parameter exponent H € (0,1).

In this section, our aim is to establish an extension of the Dupire model Eq.(1), by
substituting in Eq.(1) the Brownian motion or the standard Wiener process W; by the Mixed
Fractional Brownian process Eq.(25). We thus consider the model given in the following
definition as the Mixed-Fractional-Dupire(MFD) model:

Definition 5. The Mixed-Fractional-Dupire model is an asset process model and the corre-
sponding Stochastic Differential Equation (SDE) is defined as follows,

dS, = p(t,S)) dt + oft,S;)dME. (26)



where we have set

pu(t, Sp) = 0; o(t, St) = Sio. (27)

Now, we apply the approach of Dupire[12] to express the volatility o as a function of the
strike K and maturity 7. An expression of the Fokker-Planck equation for the diffusion S
is defined as follows:

8gT . l 82
ot 20(57)2

where g7 is the neutral risk density of the stock price S and

(&2, S)gr) , (28)

2(t,S) = (a® + 2H***1)o?(t, 9). (29)

The call price of the European option at ¢ = 0, with the maturity 7" and the strike K is
given by Eq.(15). The density probability g7 of Eq.(15) have to check Eq.(28) and then, we
have: 5 L 5

% =~ 5752 (@*(T, S)gr) (30)
Differentiating Eq.(15) twice with respect to strike K gives the value of gr(K) as seen in
Eq.(17). By putting Eq.(17) in Eq.(30) and taking S = K, we have

0 [(‘92(]] 1 0° (‘920]

- _— e =2 -
oT |0K?| ~ 20K? [" T K)5k |

Integrating Eq.(31) with respect to K, we obtain
0 {86‘] 10

I Bt R ~2
oT |0K | ~ 20K [" (T, K)

9*C
0K?

By re-integrating Eq.(32) with respect to K, we obtain

oc 1. 0*C

While setting S = K and t =T in Eq.(29), we get
o(T,K) = Ko(T,K,a,b, H)(a® + 2HV T 7). (34)
Substituting Eq.(34) into Eq.(33), we obtain

aO _ 1 2 2 2 2m2H—1 820
5 =3 [K (T, K, a.b, H)(a* + 2HPT ) 5 . (35)

The local volatility is therefore obtained by

> %
O'(T, K7 a, ba H) = \/K2(a2 + 2Hb2T2H—1) 82C (36)

OK?




Remark 2. The particular case of Eq.(36) is obtained for a = 1 and b = 0, this implies that:

o(T,K,1,0,H) = T, (37)

We observe that o(T, K,0,1, H) obtained by Eq.(37) is equal to o(T,K) given by Dupire
FEq.(2).
3.1 Fractional Dupire model

Definition 6. The Fractional-Dupire model is an asset process model and the corresponding
Stochastic Differential Equation (SDE) is defined as follows,

dS, = S;0dB!, (38)
where B is a fractional brownian motion.

Remark 3. The local volatility of fractional Dupire model is obtained from FEq.(36) by taking
a =0 and b =1. Therefore, we have

K,0,1) = 2 G
o(T, K,0,1) = SHRTT 2 (39)

Moreover, for H = %, we have

1 2 %
o(T,K,0,1, 5) = ﬁg—TC =o(T,K). (40)
OK?

We deduce that the local volatility of fractional Dupire model obtained from FEq.(39) is also
equal to o(T, K) given by Dupire Eq.(2).

4 Implied volatility of the MMFD model

In this section, we set-out to find the value of a European call option under the Mixed-
Modified -Fractional-Black-Scholes(MMFBS) model by using the Mellin transform. Our
approach in this section uses the model of Fadugba and Ogunrinde [15]. We also recall the
properties of the Mellin transform (see [26] for more details). For a function f, and for
x € (0,00), the Mellin transform is defined as the complex function

M{fa)w) = flw) = [ fa e, (a1)
0
and the inversion of the Mellin transform ]?is given by
1 ctico
f@) =5 [ Fwpavaw, (42)
T Je—ioo



The scale property of the Mellin transform is defined by

M {2"f(z);w} = f(w+a) (43)
and o I .
—+ ~
M b fla)iw b = (1) 44
{or Ser@r} = 0 ), (a4)
where I'(s) = OOO 2~ te~®dx is the gamma function, and s a complex number with a positive

real part. For the given functions f and g, such that their Mellin transforms are well defined,
the convolution property of the Mellin transform is given by

MA(f * g)(@);w) = MA{f(2); w} M{g(x);w}, (45)

o= [ 1w () (46)

4.1 Value of European options under the MMFBS model.

Definition 7. The dynamic diffusion S of the Black-Scholes under the Mized Modified
Fractional Brownian Motion is given by:

dS¢ = Serdt + oSedM[™e. (47)

with

Let C (t,S5) be a value of the european call option, S{ the stock price at the current time
t. We know that C'(t, SF) satisfy:

{ ac;ts 252(55)26 C(tSE)_|_ SfaCts B C(t §5) =0,

) 957

(48)
C(T, S°) = max(S¢ — K,0),.5° €]0 —l—oo[

where £ = (a + bsH_%> .
The value of the European call option price is given by the following theorem:

Theorem 2. Let C(t,S7) be a value of the European call option satisfying Eq.(48), S¢ be
the price of the underlying asset, K be the strike price, r be the risk interest rate and T be
the time to maturity. Applying the convolution property of the Mellin transform Eq.(46), the
Mized Modified Fractional Black-Scholes formula for the valuation of European power call
option 1s defined by

C(t,S5) = S;d(dk (a,b)) — Ke " T=0®(dl (a, b)) (49)

where the parameters d(a,b) and d¥ (a,b) are given by

2 -3y2
In(50) 4 (T — t) + Sl (p

i (a.b) = o(a+bef2) /T —t (50)
5z ) kbR

ola+bef=2)WT —t

with ® denoting the normal distribution.

10



Proof of Theo 4.1. Now, we use the Mellin transform to solve equation (48). We have the
Furopean call option of the form

OC(t,55) 1 ., .. ,02C(t,57) aC(t,57)  ~
22\ )y - N2 Z\0Pt) eZ 2\t t 5%) = 92
5 + 25 (S§) AL +7rS; 057 rC(t,S;) =0, (52)
with the boundary conditions
C(t, S°) = h(S5%) = max(S° — K,0), on [0, o0. (53)

Let M{é(t, Sg;w} = a(t,w) be the Mellin transform of a(t, S¢).  Applying the Mellin
Transform Eq.(41), using FEq.(44), linearity, and independence of the time derivative yields,

N . ~
€ w) | LGBt w) =, (54)
Ot 2
where
G(w) = (w+ ag)* — a3 — 2, (55)
with
&2 = o%(a+ bet~2)?
zZ1 = z—g (56)
Qs 1—21

with the final condition C(T,w) = E(SE) giwen by Eq.(53). This first order Eq.(54) has a
solution of the form

~ ~ 1
C(t,w) = h(w) exp {§§2G(w)(T — t)} . (57)
Applying the inverse Mellin transform Eq.(42) yields,

C(t,5%) = h(S%)+M™! {exp [%é(T — 1) (w4 a2)® — a3 — zl)] ;w} (58)
= h(S%)e T x Mt {exp BQ“Q(T — 1) (w+ 042)2} ;w} (59)
= h(S%)e T & R(t, 5°), (60)

where a; = —§§Q(a§+z1). Substituting w+ay = x and using the scale property of the Mellin

transform Eq.(43), we have

RS = (S5)=M {exp Bg?(cr ) (w+ a2)2] ;x} (61)
_ 275?;();24) exp {—%@an(saf}. (62)

11



From Eq.(60), Eq.(62), and Eq.(46), we obtain:

C(t, S°) = h(S%) » M~ {exp BXZ(T — 1) (w4 a2)® — a3 — zl)} ;w}

e e sy [ ) iIF
EV2n(T —t) Jk u u 2\ &VT — ¢

B Gl (O o D I S LTI

NG [uag Kuam]“p[ 2(5 Tt)]du
a1 (T—t) (Se)ag Keal(T—t)(Ss)ag

6\/27‘(‘ — 1) X 27T(T—t)J2

where

For Jy, we set

for Js, we set

Then
Ji = e—al(T—t)—g\{W e \/12_e_§yzdy
ey
NG
and

dfT(a,b)
Jy = eTnEY 2; ib) / ez
_ —r(T—t) (d (Cl b
= e (Sa)oe ool (I— t)
&/ 2m(T—t)

12

(66)

(67)

(68)



where

(L) + (T —t) + £ (T —t)

i (a,b) = 70
1 (CL ) gm ( )
In(32 T—t)— £ (Tt
VT — 1
Substituting Fq.(68) and Fq.(69) into Fq.(63), we obtain
C(t,5%) = S°®(d¥ (a, b)) — Ke " TDd(d (a,b)). (72)
From eq.(72), we deduce the value of European call option as
C(57,0) = 5°@(df (a,0)) — Ke "0 (dy (a,1)), (73)
where for ¢t = 0, the parameters d!(a, b) and d¥ (a,b) are given by
In(Ss T _ MT
O R ki— (74)
o(a+be=2)/T
In(55) 4 7T 4 a2
&l (a,p) = 2T (75)

ola+beH=2)y/T

Let P (t,S5) be a value of the european put option, S the stock price at the current time
t. We know that P(t,S5) satisfy:

a(57)? d5%

8P(t Ss) + 262(55)28 P(t SE) + SfaP tS ) N(tq Si‘:g) - O (76)
(T, 5°) = max(K — 5%,0),5° €]0, +o0]

where £ = (a + bEH_%> o

By using the put-call parity formula, the value of the European put option price is given
by the following result:

Theorem 3. Let P(t,S7) be a value of the European put option satisfying Eq.(76), S be the
price of the underlying asset at time t, K be the option strike price, r be the risk-free interest
rate and T the time to maturity date. Using the parity put-call relation, the Mized Modified
Fractional Black-Scholes formula for the valuation of Furopean put option is defined by

P(t,57) = =S;@(=df (a.b)) + Ke """ (~d}f (a.b)) (77)
where the parameters di (a,b) and df (a,b) are respectively given by equations (70) and (71).

The Hurst parameter H plays an important role in the Mixed Modified Fractional Black
Scholes Model Eq.(47). The sensitivity of our MMFD model in relation with the Hurst
parameter coefficient H, can be obtained via the following result:

13



Theorem 4. Let 6’(15, S5) be the value of European call option under the Mized Modified
Fractional Black-Scholes Model Eq.(47). Then, C(t,S;) satisfies Eq.(48) of Theorem 2. The
impact of the Hurst parameter H is given by

85 e H-Lxr/ iH
o5 = SeoblIn(e)e” 2 d'(d (a,b)).

Proof of Theo 4.2. Let z be one of the influence factors. Thus we have

aC o o
7 @(SE)@(d{{(a;b))+SE$(®(d{{(a75)))
0 0
-7 —r(T—t) H . —r(T—t) ¥ H
82 (K@ )q)<d2 (CL?b) Ke 62 (q)<d2 ((l,b))),
Moreover, B
OC(O(A (@) 1 _wlenrS o, 0
By = \/%e 7€ 82(d2 (a,b)).
Therefore, we have
0C 0 e _0 -
Er @(5 )®(dy (a,b)) + S &@(dl (a,b)))
— %(K@""(T_t))@(df (a,b) + S (d¥ (a, b))%(o(a + b 2)WT —1).

We deduce that for Z = H, an obtain

aoC

= = S50 (0 (a, b)) -2= (0 (a + b )WT = 1)

oOH
= 50 (d(a,b))obe™ 2 In(e)VT — 1).
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The following figures 1,2 and 3 show the influence of the Hurst parameter H on the volatility
surface by using the simulated parameter ¢ = 0.0001;a = 1;b = 100; K = 50;0 = 0.2;r =
0.06. We observe that, when H increases, the volatility surface varies and is smoother.

7= -g% - DRDIJEUSADE for o European Call - H=0.7; Strike K =50

100

40

Time to Maturity T (years) Current Stock Price SD

Figure 1: Djeutcha-Sadefo for European call: H = 0.7
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n = g% - DRDJIJEUSADE for ¢ European Call - H =07 ; Strike K =50

100

40

Tirne to Maturity T (years) Current Stock Price SD

Figure 2: Djeutcha-Sadefo for European call: H = 0.8
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N = g% . DJIJEUSADE for o Furopean Call - H=029; Strike K =50

100

40

Tirne to Maturity T (vears) Current Stock Price S,

Figure 3: Djeutcha-Sadefo for European call: H = 0.9

We believe that it is possible to link local volatility with implied volatility. The call option
prices are the real local volatility market prices. So they must correspond to the call option
price calculated with implied volatility. Let C(7T,K) = C be the call option price under
the Mixed-Modified-Fractional-Black-Scholes model, where I is the implied volatility. By
applying the Chain derivation formula, we obtain:

oc aC aC oI

oT ~ 0T " 00 0T (78)
oc _oC  aC oI

oK ~ oK ' 90 0K i (79)
O°C _0*C  , PC 9L  PC (01N oI & (50)
OK?  OK? "OKJo 9K = 0C? \OK) = Qo OK?
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By using Eq.(78),Eq.(79) and Eq.(80) we obtain the following expression:

ac ac | oC oI
ar T ' 8o ' dT
220 92¢ 92C o8I |, 92C (9I\2 |, OI 921
OK? oz T 28[(808_1( + 52 (8_K) + 90 9K2
ac oC 4 oC oI
oK _ oK " g 0K
220 T 92¢ 92C aI | 92C (9I\2 |, aI 92I
OK? oz T 28K808_K + 5oz (8_K) + 90 0K2
ac 1* oc | oC o1 2
oK | _ oK ' 8o 9K
2c | | 82C 92C o8I | 92C (9I\2 |, O 921
OK? oKz T 281{80% + 50z (%) + 95 o2
Substituting Eq.(81),Eq.(82) and Eq.(83) into Eq.(13), the local volatility becomes
o 9C 4 oC oL
O'(T, K, a, b) — T _ _ 0K 80’~(9K
Kx2 2C 4+9.02C o1 4 9°C (71)2+ga21
K2 9Kdo 0K T 902 \9K do OK?
~ ~ 2
£\2 oC | 0C oI
+ ((bT) 0K + Jo OK Tl
K2y4 | 820 22C 91 | 92C (OI\2 | oI 921 )
Xe | 557 +28k5s 5% T+ 90 (k) T S o>
Where N _
aC | 8¢ oI
2 ar T 9 -or

011 = = = = :
K?2y2 92C 92C 91 |, 92C (9IN\2 | oI 821
Xe S5x2 + 23%ss ok + 907 (3%) + 85 o2

From eq.(73), we have the following partial derivatives

gz = e e(df (a,b)),
G _ "ol (ah)

OK? ™ KIx.VT °
file]

9K = KIx.VT,
K2

9¢ = S ®(dll (a, b)) VT

~ SEID(dE (a,b —r
| 57 = % +rKe ™®(df (a,b)).

By replacing Eq.(86) in Eq.(84) and considering that the implied volatility I does not depend

directly of the strike K((%I{ = 0), we have

£

£\2
o(T, K, a,b) = ¢5xIVT + \/ (‘ﬁXTQ) I2T + o%,.

where

Se1®(dE (a,b —r
E o | FUEED p ke To(af (a,0))] + 52 (0, 0) VT

*oT
712 T 20 =T @ (dfl (a,b))
KIxeVT

ol

= IYT)+ 2TI(T)8—T
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and then Eq.(87) gives

e (97)° 1o ) or
o(T,a,b) = ¢5xI(T)VT + \/ TgTI (T) + I*(T) + 2T1(T) 7. (89)

We deduce the following result:

Theorem 5. The implied volatility I solution of Eq.(89) is a mean quadratic of the local volatility
0%(T,a,b) of the MMFD model defined by

5 Conclusion

Thanks to a recourse to the integral transform of Mellin [26], this paper proposes closed formulas
for the European option (call or put) values, in order to guarantee at the same time the absence of
arbitrage opportunity, but also to take into account the short or long memory of the processes gen-
erating the price time series of the underlying asset of the option. Thus, the closed form formulas
of the European options (call or put) values are obtained, with the assumption that the evolu-
tion of the logarithmic return of the asset underlying the option is governed by a mixed modified
fractional Brownian motion. We therefore introduce the Mixed-Modified-Fractional-Black-Scholes
model Eq.(47) with a closed form solution formula. If we select the driftless of Eq.(47) as equal to
zero, we obtain the Mixed-Modified-Fractional-Dupire model Eq.(13). We give an expression of the
local volatility and analyze its sensitivity in relation with the Hurst parameter coefficient H, via
our Mixed-Modified Fractional-Black-Scholes model. Finally, we give an explicit relation between
implied volatility of Eq.(13) and the local volatility of Eq.(13) .

As a perspective for this work, we intend to use real data from the markets, in order to provide
reliable and realistic estimates of local or implied volatilities.
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