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Abstract

A priori error analysis of the finite element approximation of Stokes equations un-
der slip boundary condition of friction type has been centered on the interpolation
error on the slip zone. In this work, we propose a novel approach based on the ap-
proximation of the tangential component of traction force by a truncated (cut off)
function. More precisely, we carry out (i) a complete analysis of the truncated formu-
lation from the continuous to discrete level in two and three dimensions. In particular,
we show linear convergence rate of the finite element solution by assuming standard
regularity of the weak solution. This improves all previous results. (ii) the description
of our solution strategy, (iii) a verification of the convergence properties with analytic
solution and benchmark tests.

Keywords: Stokes equations; Tresca friction law; cut off function; error estimates;
finite element approximation; linear convergence; numerical simulations.
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1 Introduction

After a brief introduction in the modelling of a Stokes with Tresca friction boundary
condition, Sect 1.2 presents the main findings of this work which is optimal convergence
for the finite element solution without imposing extra regularity of the solution on the slip
zone.

1.1 Stokes Equations with Tresca friction boundary condition

Let Q ¢ R? (d=2,3) be an open bounded set with boundary 02 assume to be polygonal
or polyhedral. We consider the steady incompressible Stokes equations modeled by the
equations

—2pdivDu+Vp=f inQ, (1.1)
divu=0 inQ, (1.2)

where u(x) is the velocity, the pressure is p(x) and f(x) is the external body force
applied to the fluid, while y is the kinematic viscosity and 2Du = Vu + (Vu)T is the
rate of deformation. These equations are complemented by boundary conditions. For that
purpose, we assume that 92 is made of two components S and I, such that 0Q = SUT,
with SN T = (). We assume the homogeneous Dirichlet condition on I', that is

u=0 onl. (1.3)

On the other part of the boundary S, the velocity is decomposed following its normal and
tangential part; that is

Uu=up+ur=(u-n)n+(u- 7)1,

where n is the normal outward unit vector to S and 7 is the tangent vector orthogonal to
n. We assume the impermeability condition

u-n=0 on S. (1.4)
The force within the fluid is the Cauchy stress tensor T' given by the relation
T =2uDu — pI on (),



I being the identity tensor. Just like the velocity, the traction T'n on S is decomposed
following its normal and tangential part; that is

Tn = (Tn-mn+t (Tn )
= (—=p+2un - Dun)n + 2u(T - Dun)t

Let g : S — (0, 00) be the threshold slip function. One considers the following constitutive
relation on S (see [1,2]);
—(Tn)r € golur|, (1.5)

with the pointwise Euclidean norm |v|? = v-v. Using the definition of the sub-differential,
(1.5) is equivalent to;

for all vector v glvr| —glur| > —(Tn)r - (v —ur) on S. (1.6)

When w+ is not equal zero, one has

Uur
—(Tn)r =9g——.
( )7' g|u7'|

Thus, (1.6) is equivalent to

if |(Tn)r|<g then wur =0,
if |(Tn)r|=g¢ then wur#0, and — (Tn),r = Ur on S. (1.7)

g—=
lur

So, when the tangential part of the traction is below the threshold, the velocity of the fluid
is zero. No motion is observed on S. But when the tangential part of the traction is the
same as the threshold, then the flow takes place in the opposite direction as (T'n),. From
the mathematical point of view the problems reads: Find (u,p) € {v € H'(Q) : v|p =
0, v-nlg=0}x{ge L*Q), (¢,1) =0} such that

J(u,q) < J(u,p) < J(v,p) for all (v, q) admissible functions

J(v,q):,u/ |D'v|2d:v—/qdivvdm—/f-'vd:n—i—/g\vﬁda,
Q Q Q S

where do is the surface measure associated to S. This problem has been studied math-
ematically by many authors [1-6], see also [7—16] for results pertaining to finite element
approximations. It is worth mentioning at this juncture that another nonlinear slip bound-
ary condition is formulated and analysed in [17], and numerical investigation of that model
is carried out in [18-20].

(1.8)

1.2 Main results

If the velocity and the pressure are approximated by P% x Py, then the finite element
solution associated to the equations (1.1)—(1.5) is convergent with a convergence rate of



3/4 provided that the weak solution (u, p) has the regularity H?(2)?x H'(Q2). This reduced
rate is mainly due to the presence of the non differentiable function (see [8-10,16,20])

i) = [ glorldo.

It is worth noting that optimal convergence rate is obtained if the tangential velocity is
required to be H? on the slip zone (see [21-23]), or if special procedures are considered on
the slip boundary [10,21-23]. We should also mentioned that if DG-approximations are
considered, then the same remedies are required (see [24,25]) if optimal convergence is what
one wants to obtain. This work analyses the convergence of the finite element solution
associated to the equations (1.1)—(1.5) by introducing a truncated problem whereby (Tn),

1
is approximated by ——v.4(ucr) with € a small positive parameter and v, : R? —s RY the

x for || <k,
v () = i

cut off given as follows

— for |x| > k.

Ed
With the intermediate (truncated) problem, it is manifest that the error is treated via the
triangle’s inequality, and beside the velocity and pressure, we also need to estimate the

quantity ~veg(ter) — ~veg(ul). The treatment of the later term is basically the novelty
5 5

of this work and has already been analysed by F. Chouly and P. Hild in [26,27] or I. Dione
in [28,29] for different problems. This work does not only differ from the ones presented
in [26-29] from the modeling aspect. In the previous analyses, the focus is on the quantity
u— u?, whereas in our work, we want to estimate the quantity uw—u”, and p—p”. Finally,
the fact that we are analysing a system of equations add more difficulties in our work.
Assuming that the velocity and pressure given by the equations (1.1)—(1.5) are such that
u € H3*7(Q) with r € (0,1/2], and taking (u., p.) the solution of the truncated problem
(see below), then there exists ¢ independent of € such that

1/ < e P w304, (1.9)

1
(Tn)r + *ng(usf)
€ s

[l —welly +p —pe + ¢

(1.9) shows that the truncated problem is a “good” approximation of the continuous
problem, and serves as a first step towards the convergence result. Here and throughout

this work, hg stands for the diameter of each element K € 7T and the h = ?a%{_h;( in
€

the underlying regular triangulation 7 into triangles or tetrahedra in the FEM. Just like
(1.9), a direct analysis of the finite element problems reveal that for —(T"n), € go|ul|,

1/2 < e gllpeosy . (1.10)

S

1
" =l + [lp" = p2ll + "2 | (T )7 + —veg(uly)

Just like (1.9), (1.10) express the proximity between the finite element solution (u”,p")
and its truncated counterpart (w!, p?). With (1.9) and (1.10) in place, it is now important
to estimate the quantities ua—u’g and p. —p?. Thus by considering any stable finite element



pair for approximating the velocity and pressure, then the surprising result of this work
states that

1 1
e — u?Hl + ||pe —p?” + <61/2 — ch1/2) nggg(ug) — ngg(ug)

s (1.11)
<c inf [|o" —uclli+c inf |pe —q"|,
vhe h q’LEMh

where V;, and Mj, are finite element spaces approximating the velocity and pressure re-
spectively, and c is a positive constant, independent of both € and h. It is then manifest
that for € = (¢ + 1)2h, and using some interpolation results for the velocity and pressure,
one gets a convergence result of order one for ||u. — u?(|; + ||pe — p%||. Finally, from the
triangle’s inequality one also obtain a linear convergence for ||u — u”||; + ||p — p”||. This
surprising result is confirmed in all the numerical experiments of this paper. This work
introduces a truncation technique as an approach to obtain a better (an improved) conver-
gence rate for finite element approximation of variational inequalities of second kind. This
approach also open the door for future applications to problems in plasticity or Bingham
flow.

1.3 Outline of the paper

The rest of the paper is organised as follows.

e Section 2 is concerned with the variational formulations of the problem and existence
theory.

Section 3 introduces the truncated problem follow by thorough a priori analysis.

Section 4 is devoted to the finite element formulation and its a priori analysis.

Section 5 is about the formulation of the numerical scheme

Section 6 is concerned with the implementation of the finite element solution, the
verification of the theoretical results and some concluding remarks.

2 Variational formulations

We adopt the standard definitions [30] for the Sobolev spaces H*(D) and their associated
inner products (-, -)s p, norms || - ||s.p, and semi-norms | - |s p for s > 0. The space H°(D)
coincides with L?(D), for which the norm and inner product are denoted as || - ||p and
(,-)p, respectively. If D = Q, we drop D.

Throughout this work, boldface characters denote vector quantities, and H 1(Q) = H'Y(Q)?
and L%(Q) = L?(Q)%.

In order to introduce the functions spaces for the analysis of the boundary value described
by the equations (1.1)—(1.5), we take in a naive way the dot product between the equation



(1.1) and w and integrate the resulting equation over 2. After utilization of the Green’s
formula and boundary conditions we arrived at

2;1/ |Du\2dfc+/gur\da—/pdivuda;: (f,u) , (2.1)
Q S Q

with do being the surface measure associated to S. In this work, we assume once and for
all that g is non-negative and g € L>(S), while f € L2(Q)¢. From (2.1), we introduce the
following functions spaces

V={uecH Q) ur=0, u nls=0},

M =13(Q) = {v € L*(Q) with /Qv(m)dx =0 } .

V is a Hilbert space equipped with the standard H'-norm on each component, while M is
a Banach space equipped with the L?-norm. With the spaces V and M, one can introduce
the weak formulation for the problem (1.1)-(1.5).

We multiply (1.2) by ¢ € L?(Q) and integrate over Q. We take the dot product between
(1.1) and v —u with v € V| integrate the resulting equation over 2, apply Green’s formula,
and the boundary conditions (1.3), (1.4) and (1.5) we obtain:

Find (u,p) € V x M such that for all (v,q) € Vx M

a(u,v —u) +b(v—u,p) +j(v) —jlu) > (v —u), (2.2)
b(u,q) =0
with
a(u,v) = 2u/ﬂDu :Dvdz |, b(v,q) =— /Q g div vdz, (2.3)

) = /S glorldo . L) =(fv),

and A: B= ) A;jB;j. One easily proves that
1<i,5<d

Lemma 2.1 If (u,p) is the solution of (1.8) then (u,p) solves (2.2) and vice versa.

Note that the operators defined via (2.3) are well defined for u,v in V and ¢ € L?(Q).
One readily verifies that b(-,-) is continuous; that is

for all (v,q) € Vx L*(Q) , b(v,q) < |v|1llql -

One of the crucial property when studying (2.2) is the following inf-sup condition: there
exists S > 0 such that

b
Bllgll < sup 0D oy att g e . (2.4)
0£veV [vll



In fact (2.4) is obtained by observing that H{(2) C V and the pair (H}(Q2), M) is inf-sup
stable (see [31,32]), hence there exists -y such that

)

b(v, q)
oxve H)(Q) vl

Q

b
forallge M , sup (v,
0£veV [vll2

>

>l -

At this point we recall that the Korn inequality reads: there is a constant cx depending
only on €2 such that

cK/VU:V'vde/Dv:Dvdx forall veV, (2.5)
Q Q

while the Poincaré-Friedreich inequality states that; there is constant cpr depending only
on the domain (2 such that

cPF/ lv|? dx < / Vv:Vovdr foral veV. (2.6)
Q Q

Thus it is manifest that the norms | - [|; and ||V - || are equivalent on V. Thus with (2.6),
one deduces that
2uck||v||? < a(v,v) forall veV. (2.7)

Next, the functional j(-) is convex and l.s.c (in fact even continuous) on V. Thus we claim
that

Proposition 2.1 If f is an element of L*(Q)¢, and g € L>(S), then the variational
problem (2.2) has a unique solution (u,p) € V x M, and the following estimate hold

lully + llpll < (@)1 £1] -

Moreover if S is of class C* and T of class C%, with g € H'(S) N L>(S), then Saito in [3]
has shown that (u,p) € H?(Q) x H'(Q), and enjoys the a priori estimate

lulla +llplh < (€, w)UFI =+ llglls) -

Another equivalent model, is the three field formulation which reads:

Find (u,p, (Tn);) € Vx M x H_1/2(S) such that for all (v,q) € V.x M
a(u,v) + b(v,p) — (Tn)r,vs) = {(v)
b(u,q) =0,

—(Tn)r € gO|lur| a.e. on S.

(2.8)

3 Truncated Problem

This section introduces the truncated problem and we provide a priori analysis associated
to the problem.



3.1 Some preliminaries

With the cut-off function v(-) introduces, we check easily that for all ,y elements of RY

(vk(x) — v (y)) - (. —y) >0,

ve() — i) < | — ] | 3
The truncated problem reads:
Find (ue,p:) € V x M such that for all (v,q) € Vx M |
a(ug,v) + b(v,ps) + i/sugg(us.,-) cvrdo = L(v) (3.2)

b(uez,q) =0 .

Using the Green’s formula, one can show that the truncated problem (3.2) is associated
to the following in the sense of distribution

—2udivDus +Vp. = f inQ,
divu, =0 in Q ,

1 (3.3)
(T(ue,pe)n)r + gygg(um-) =0 onlS,

ur=0, wu.-nlg=0.
1
Remark 3.1 One observes that ——v.g(u.r) = (Tn)r.
€

3.2 Analysis of the truncated problem

Henceforth, c is positive generic constant depending only on €2 unless otherwise stated. ¢
may vary from line to line but are always independent of e. When we need to specify its
dependency on other quantity, we write ¢(f,g), c¢(u, €). etc...

About the qualitative analysis of (3.2), we state that

Proposition 3.1 The truncated problem (3.2) has a unique solution (ug,p:) € V x M
and the following hold

[uells + ]l < e(w) | £1]

Proof. The variational problem (3.2) is nonlinear monotone elliptic problem, and its
existence theory is well known in the literature (see [34], Theorem 2.1, p. 171). The a
priori estimate is a consequence of the coercivity of a(-,-) and the inf-sup condition on

The next result is important and prepare for the convergence result between the solu-
tion (ue,p:) and (w,p). It is a result similar to Lemma 3.9 in [26], or theorem 2.1 in [28].
We claim that



Lemma 3.1 Let Q C R, d = 2,3, a bounded domain with polygonal boundary. let (ue, pe)
be the solution of (3.2) and (u,p) the solution of (2.2). Assume that w is in H3/*17(Q)
with r € (0,1/2], then the following holds

<ec <€T
—r,S

with ¢ a positive constant independent of both € and w.

1
(Tn). + ngg(UsT)

1 1 1
Jim), + Lo et (145 ) - )
9 S B

Before starting its proof, it is important to recall some preliminaries introduce by [26].
Since the domain 2 has a polygonal boundary, we have

N
ﬁ:Um.
=1

We denote by T. = {K}, a regular triangulation of Q with the mesh size €. Next, we
define the fictitious space V. given by

Ve = {’UE € C(ﬁ)d : 'U5|T € Pz(T)d , VT e T, ’Ush" =0, v TL|S = 0} .
The space of tangential traces on S for the elements in V. is

W(S) ={w.€C(S): Fv.€V., v.-r=w. on S} .

We also introduce the L?(S) projection, P, : L?(S) — W.(S) and we assume that the
triangulation 7; on S is quasi-uniform (in the sense defined in the context of finite element).
Then for s € [0,1] and v € H?*(.S5), there exists ¢ independent of € such that

[Pevll,g < cllvlls,s

. (3.4)
1Pev — wllg < e llv]lus -
We also recall the following inverse inequality since the mesh on S is quasi-uniform.
for all v € H'(S) [Poll1 g < ce" 3 | Poll, g - (3.5)

Finally assuming that the mesh on S is quasi-uniform, then there exists an extension
operator & : W.(S) — V. and c independent of € such that

Ee(ve)ls T =v:, [Evelli g < c||'v||%’s , forall v. e W.(9) . (3.6)

Proof of Lemma 3.1. By definition and w = w — P.w + P.w, one has

(Tn); + vy (1er), )

1
[CEONERTAC

" wern |w]|
_ HT(S w 75
ns o wETE) L (3.7)
(Tn),; + —veg(ter), w — Pew + Pw)g
_ €
= sup
weH"(S) |wllr,s




We now estimate the term on the right hand side of (3.7). Using the triangle’s inequality,
Holder’s inequality and (3.4), one obtains the following

1
(Tn) + Lot = P

1
H(Tn).,. + —Veg(uer) < sup
€ —r,S weH"(S)
1
<(Tn)‘r + gysg(usT)a P€w>S
+ sup
weH"(S) wllr,s
1 w— P.w
< H(Tn)T + —Veg(Uer) sup M
€ S weHT(S) |wlls
1
(Tn), + Ly er). P
+ sup
weHT(S) wllrs
1
< (Tn). + gyeg(uu-)

S

‘ <(Tn)q— + %V\Eg(ua‘r)y Pa'lU)S

+ sup

3.8
work o Twlhs (3:8)

'<(T")7— + 1ng(us‘r)a P-w)s

We estimate next the expression  sup . For that purpose,

weH"(S) |wl[r,s
for v € V and w € H3?>*"(Q), one has (Tn)r € H"(S), and (u, u.) is solution of:

a(u,v) + b(v,p) — /Tn.,--'dea—K()

(3.9)
a(ue, v) + b(v,pe) + - - /Sng(us‘r) vrdo = L(v) .
Putting together the equations in (3.9), one gets
1
/ <(Tn)7- + ngg(Usr)> cvrdo = a(u — ug,v) + b(v,p —pe) . (3.10)
S

Thus for v|g = P-w in (3.10), using Holder’s inequality, (3.6), (3.5) and (3.4), one obtains

1
/ <(Tn)7' + 6”69('“’67’)) -Pewdo = a(u — Ug, 5573611’) + b(gepsva - ps)
S

< 2pllu — w1 ||EePewl|1 + [|p — pell [|EP-w]|1
< c(pllu = uelly +[lp = pell) [[Pew] 1
_1
< "2 (pllu — el + llp — pell) [[Pewllr,s
_1
< g2 (pllu —uelr + llp = pell) [wllrs . (3.11)

10



It is manifest that to close the inequality in (3.8), we need to estimate ||p — p.||. For that
purpose, we take v such that v|gpg = 0. Then from (3.9) one finds

b(v,p: — p) = a(ue —u,v) ,

which together with (2.4) and a(u — u.,v) < 2ul|w — ucl1||v|1 gives
2
Ipe = pll < = llwe —uls (3.12)

Returning to (3.11) with (3.12) one has

1 _1
/S <(Tn)~,- + 5Vgg(um—)> - Powdo < ce" 2 (,u + g) lu — uel|1||wlrs - (3.13)
Finally (3.13) and (3.8) lead to the desired inequality and the proof is complete. O

Remark 3.2 Ifr =1/2, then from (3.10)

< 2pllu — el + [Ip — pell -

1
H (Tn)T + —Vgyg (us‘r)
€ -1/2,8

The solution (u,p) is closer to (u.,pe) in the following way
Proposition 3.2 Let (u,p) be the weak solution of problem (1.1)-(1.5) such that u €

H247(Q) with r € (0,1/2]. Let (ue,p.) be the truncated solution defined via (3.2). Then
there exists a positive constant ¢ independent of € such that

142r
12 <ce 2 |lullgs/2-

1
(Tm), + g’/gs(usr)

lue —uli +llp = pell +¢

Proof. Let uw € H™3/2(Q) with r € (0,1/2]. Then (T'n), € H'(S). So for (v,q) €
V x M, one gets

a(u,v) + b(v,p) — (Tn)r,vr)s = L(v)
a(ue,v) + b(v,p:) + é /S Veg(Uer) - vrdo = (V) (3.14)
b(us,q) =0 , b(u,q) =0.

Using the coercivity and linearity of a(-,-), one has

2uck ||lue — uH% < a(u: — u,u. —u) (3.15)
= a(ue,ue —u) —a(u,u. —u). .

11



We then need to determine a(u.,u. —u) — a(u, u. —u). From (3.14), one obtains

1
a(u,u: —u) — a(ue, ue —u) = b(us —u,p: —p) + / <(Tn).,- + sysg(u57)> (Uer —uy)do
S
b(us —u,q) =0 forallge M.

Because p. — p € M, b(ue — u,p- — p) = 0 and one deduces that
1
a(u,u: —u) — a(ue,us —u) = / <(Tn)-,- + EVEQ(UET)> (Uer —uy)do. (3.16)
S

We return to (3.15) with (3.16) and obtain;

1 1
2uck ||ue — ul)? < /S <(Tn)7- + 81/5g(u57-)> curdo — /S <(Tn)7- + gueg(ue-,-)> cuerdo .

(3.17)
From the slip boundary condition (1.7), we deduce that

/S ((Tn)r - il/sg(usr)) urdo _/S <(Tn)7' A+ %,jeg(um_) . ur) o

1
S 9

From the definition of 1.4, and Cauchy-Shawrz’s inequality, one has

1 1
/S ((Tn)T + 6I/Eg(um—)) curdo < / (—gluT! + g\ugg(ug.,-ﬂ |u-r|> do <0 .
S
Thus (3.17) and the definition of v.4(-) imply that
1
2uck ||ue — u||% < —/ <(Tn).,- + 5usg(us,.)) cUgrdo
S

1

< —/S <(Tn)7— + 8V‘Eg(um—)> Veg(Uer)do

1 1
< —6/3 ((Tn)T + 81/557('%7-)) . <—(Tn)7- + (Tn)r + El/gg(um-)> do

2
< —¢

(Tr)r + Lvgluier) | +2 /S ((Tn» T iueg,(uw)) (Tn)rdo,

S
which with the help of Cauchy-Shawrz’s, Holder’s and Young’s inequality leads to

2

picrclue —ulf + < [[(Tn)r + Tveglucr)| < &[Ty + Treglucr)| (TR
S » 1 —;,S
< o (Tn)-,——i—gygg(um-) e

e’ 2l (3.18)

12



with @ and « positive constants that will be made precise later. We Insert in (3.18),
Lemma 3.1 and obtain the following

1 2
(Tn)q- + *ng(us'r) 2_2—2a
€ s

2uck ||ue — ulF + ¢ < cpe

2a

€ 2r

— | €
+02a (

which for a = % —r, gives

@ 2
§HUHT+3/2

2 1\2
+ e (1 + ) lw — Us||%) ;
s B

1
(T")r + ngg(uaT)

2

2
MFK—j(ﬁ+;)]w—uﬂ%fO—;)WTmr+}@mw>

2 _1+2r @ 2
't r§”“”r+3/2'

s (3.19)
<cu

cu(l+1/8)°
cK

Finally for a > max |( ¢, ), we deduce that there is a positive constant c

independent of € such that

2
< ce
s

1+27"||u”2

1
|ue — u||% +e€ (Tn)q- + gVeg(ua‘r) r+3/2°

which is the desired result. O

Remark 3.3 From lemma 3.1 and Proposition 3.2, we deduce that

< e ||wllyrsya - (3.20)

@)+ i)

—r,S

4 Finite element Analysis

This section introduces notation pertinent to finite element discretization. We prove (1.10)
and (1.11), which together with (1.9) gives an estimation for ||u — u”|; + ||p — p"|.

4.1 Preliminaries

We recall that €2 is a polygon when d = 2 or polyhedron when d = 3, so it can be
completely meshed. Now, we describe the approximation spaces. A regular (see [35])
family of triangulations (75 )p of €, is a set of closed non-degenerate triangles or tetrahedra
called elements, satisfying,

(a) Q U K,.
1<n<N

(b)  the intersection of two different elements is either empty, a corner, or a whole edge
of both elements.
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(¢)  The ratio of the diameter hx of an element K in 7 to the diameter of its inscribed
circle or sphere is bounded by a constant independent of K and h.

As standard, h stands for the maximal diameter of all elements of 7. For each non-
negative integer [ and any K in Ty, P;(K) is the space of restrictions to K of polynomials
in d variables and total degree less than or equal to [.

In what follows, ¢ stand for generic constants, positive which may vary from line to line
but are always independent of both h and e.

We have chosen to work with the Taylor-Hood finite elements [31,32], thus the discrete
spaces of velocities and pressures are defined by

Vy,={o"eCc(Q)?inV: forall K e T, v'|x € Py(K)%},
My={"e MnC@Q), foral K eT, ¢"|x €Pi(K)}.

It is noted that the couple velcity /pressure is inf-sup stable that is; there exists a positive
constant § independent of A such that

b(v", ")

W for all qh € Mh . (41)

Bllg"| < sup
O;évhth

Remark 4.1 [t should be made clear that other choice of elements for the couple veloc-
ity/pressure can be adopted as long as the compatibility condition (4.1) is satisfied. The
reader may consult [31,32] for a thorough mathematical discussion of the inf-sup condition
(4.1), its implications and elements that satisfied the “test”.

We also introduce W},(S), the space of traces on S for discrete functions in Vy,:
Wi(S) ={a" €C(S); Fv" eV, v"-r=0a" onS}.

We assume that the mesh on S is the one induced by 7. Hence the mesh of S is locally
quasi-uniform. We also introduce the L?(S) projection, P, : L%*(S) — W,(S) and
because the triangulation 7 on S is quasi-uniform, then for s € [0,1] and v € H*(9),
there exists ¢ such that [26]

Pro < c||vl|ls.s
Pl < lvls )
[Prv —vl[g < ch®[|vlls,s -

Finally assuming that the mesh on S is quasi-uniform, then there exists an extension
operator &, : Wp,(S) — V}, and ¢ such that [26]

E(wM)|s - T =", thvhul Sl foral o e Wh(S) . (4.3)

The finite element solution associated to the truncated problem (3.2) is defined as follows:
Find (u?, p) € V;, x M, such that for all (v,q) € V x M, ,
a(ul',v) + b(v,pl) + é /S Veg(uls) - vrdo = ((v) , (4.4)
b(ul,q) =0.

14



We recall that (u”,p") is the solution of the finite element problem

Find (u”, p") € V), x M}, such that for all (v,q) € V}, x M}, ,
a(uh7v> + b('v,ph) - <(Thn)7" ’U7—> = E(”) )

~(T"n)y € gluk| on S,

b(u",q) =0.

(4.5)

4.2 FError estimates

The analog of lemma 3.1 is

Lemma 4.1 Let Q C R?, be a bounded domain with polygonal boundary. Let (u?,pg) be
the solution of (4.4) and (u”,p") the solution of (4.5). Then there exists c such that the

following holds
1
<c <5T + ,usr_% (1 + ~> |uh — ulg|1> :
—r,S S p

The proof is the same as the proof of lemma 3.1.
Next, the analog of proposition 3.2 reads

1 1
H (Thn) + 71/59 (U?T) (Thn) + 7V89 (u?'r)
T £ T )

Proposition 4.1 Let (u”,p") be the solution of (4.5). Let (ul,p!) the truncated finite
element solution defined via (4.4). Then there exists ¢ such that

lior
lul — "l + [lp" = P2 + <"/ <ce 2 lgllzeecs) -

1
(Th") + —vge(uly)

Proof. We follow the proof of proposition 3.2.
First the inequality (3.17) in this context reads

1
ol -~ p < [ (@) D)) b
S

_ /S ((Thn).,- T iygg(u’;;)) culdo (4.6)

h
ET

The second relation in (4.5) together with the definition of v.4(u’;) imply that
1 1
/ <<Thn>T + v€g<u27>) uldo <~ [ glubldo + [ Zvig(uly) - ubdo <0,
S € S S €
1 1
- [ (@ Dgule)) o < = [ (@) Lrgtute) ) vgtutio.
S S

Thus (4.6) imply that (see the derivation of (3.18))
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2

1
2uc|lul —u||f + ¢ || (T"n)+ + gvsg(ui‘r)
) S (4.7)

+ 272 (T )
—r,S 2

62a

< —
— 2«

2
S -

1
(T"n)r + 2 Ves (u?,,.)

with a and « positive constants that will be made precise later. We Insert in (4.7), Lemma

4.1 and take a = % — r to obtain

1 2
(Thn)T + - Veg (u?‘r)

h hy2 ¢
o =i e (1- ),

s (4.8)

(6
< FHL (T ) 2.

cu(1+1/B)?

Finally for o > max (c,
CK

), we deduce that there is a constant ¢ such that

2

1
[l —u||F + e (Thn)T oveg(ul)|| < e (T )]s (4.9)
S

From the second equation of (4.5) and the definition of sub-differential one has
for all vector v" | —(T"n),- (vf. - ui‘.) < glvh| — glul| on S.

We take v" such that 'v:”_ =0 and 'vij_ = 2u§_. Comparing the resulting inequalities, one
obtains
h h h
—(T"n)r - uz = gluz|.

Application of Cauchy-Shwarz’s inequality leads to
‘(Thn)T’ <g on S.
Hence Holder’s inequality implies that

(T n)7llrs < clgllre(s) -

which together with (4.9) gives the desired result. O

We discuss next the a priori error estimates for the solution (u,p) of (2.2) with the
regularity w € H%?*"(Q), r € (0,1/2], and its finite elements counterpart (u”, p) given
by (4.5). The main result on this paragraph is stated as follows

Theorem 4.1 Let (ul,pl) be the solution of (4.4), and (ue,p:) the solution of (3.2).
Then there exists ¢ independent of h, € such that for all (v",¢") € V}, x My,

1 1
e =l = 921+ (242 = en2) | 2oy o) = gl

‘ < cfv" —uclly +ellpe — "
S
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Proof. We recall that (u.,p:) solves

for all (v,q) € VX M |
a(ue,v) +b(v,pe) + i/suag(uw) ~vydo ={(v)
b(ue,q) =0,
and (u?, pl) solves
for all (v",¢") € V), x M, |
a(ul, v") + b(vh, ph) + é /S Veg(ul) - vldo = 0(v") |
b(ul,q") =0.
Since Vy, C V and My, C M, we deduce that
for all (v",¢") € V), x My, ,
ottt — o)+ 50 e = k) 5 2 [ (veg(uer) = vg(uly) ko =0 (410)
b(ue —ul,¢") =0.

Stepl: Inf-sup condition on b(-,-). Let ¢" € My, the inf-sup condition on b(-,-) and the

first equation in (4.10) imply the existence of E independent of h and ¢ such that

~ b(v" ph — gt
Bl — gl < sup WP )

vheHL(Q) [[v"]|1
h . h _ h _ . h
S Sllp b(’U 7p5 pE) —:; b(’U 7p8 q )
vheHL (D) [v"]]1
< sup a(u; — u?, vh) :— b('vh,p,E — qh)
vheHL(Q) 0”1

<opulfue — w1y + lpe — q".
Thus,
1 21
|m—4ﬁus(1+5)uk—th%Bwus—uﬁh. (4.11)

Step2: coercivity on a(-,-). Let v" € V),

2ucrc|v" — wl|ff <a(v" —ul,v" —ul)

—a(v" — ue, v" —ul) +a(u. —ul, V" —u

17



In (4.10) we replace v by v — ul

following

, compute a(u: — u, v" — ul). Then one obtains the

QMCKHU _uh”1<a(vh_u87vh_u )+bu?_v yPe — pg)

+i/s(y€g(u€ — Veg(uy ) (u —'u)da

= a(v" — u., v — )+b(u? U, pe — q") + b(ul —u, ¢ —pl)
+b(u€—'v,p€— i/g Veg(e) — Veg(uy ) ( vh)da
= a(v" — u., v — ) + b(u? ue,pe — q")
+b(ue — ", pe — ph) + i/g (Usg(us) - yeg(u?)) : (u? - Uh) do
(4.12)

where we have used the second relation in (4.10). We re-write (4.12) as follows

1
gperc 0"~ w4 2 [ (vegluae) = veg(ul)) - (ue — wl) do
S

< a(v" —uc,v" —ul) + b(ul — u.,p. — ") + b(u. — V" p. —pl) (4.13)

1
+ 5/ (ueg(ue) - ng(ug)) : (u€ — Uh> do .
S
It is manifest that in order to close the inequality (4.13), we need to bound from be-
1 1
low / (Vag(ua) - Vag(u?)> : (ug - u?) do and from above / (uag(ua) - Vag(u?)> :
€Js €Js

(u6 — vh> do. We follow [29] (theorem 4, or theorem 5).
First, from the definition of v.4, we have

L[ (vt = vegtu)) - (e =)o == [ (1<u> - ) - (Lu - Ll ) ao

2

v
™

v
™

(4.14)
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where the continuity of v.4(-) has been used. Next,

I [ (Bt = Do) - (ue = o) o

= /s <ngg(uE) - i%g(@?)) ) (ug —o - Ph(ue — vh)) do
[ (Bt = ) - (= )

< Hlysg(ug) — 1Vgg(u?) ‘ ue — vl — P (u. — 'vh)H (4.15)
£ € s S
1 1 h h
+ [ (Bt - Lt} - (Patue — o)) do
< ch'/? 1Vgg(ug) — 1I/EQ(UQ) ‘ U — vhH
€ 5 1

[ (Bt~ o)) - (Pt~ o)) .

From the lighting operator &, and the first equation in (4.10), one has

/ (iysgws) - iyeg@g)) (Pt~ ) do

— [ (Bt = Lot} - (P — o) o

(4.16)
= —a(ue —ul, &Py (u. — v™)) — b(ELPL(ue —v"),p. — pP)
< 2l — ul||1][€xPh (e — 0"l + (1€, Ph (e — 0"l Ipe — P2
< cpllus — ul|rllue — 0"+ cue — 0" |l1]lpe — 2]
We replace (4.16) in (4.15) and obtain
R e I R N e

+cllus — 0" |l1]lpe — 2] -

We insert (4.17) and (4.14) in (4.13) and obtain

2

1 1
2,ucKth - “?H% || =veg(ue) — *Vag(u?)
e 9 S
< a(vh - usvvh - U?) =+ b(u? — Ug; Pe — qh) + b(ue — Uhape _p?)
1 1
o2 | vy () = —veg(ul)| ||ue —o"|| + eplluee —ul il = 0l + el — 0" ]lp- = P

S
< 2pf[o" — |y [0 — ul|]y +

1 1
+eht2 || “veg(ue) — “veg(ul)

we =" o (Jlue = o o+ o =l o) = "
S
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which with (4.11) gives

2
2pcc|v” — |} +

1 1 h
ngg(us) - ngg(us)

S
h h h h h h h h
< 2pl[v" —ue|uflo” — el + fluz = vP{lllpe — ¢ + [o" = uell1]lpe — 4"

1 2u 21
+H%—wﬁm(<r+ﬂ>m%—qW+-5w%—vﬂh+1ﬂwh—¢w0

e =" e (llue = "+ 1" =l ) e = "
S

(4.18)

1

1
+eht2 | “veg (ue) — —veg(ul)

Finally, the application of Young’s inequality leads to

2
<l — uellf + cllpe — ¢"7
s

1 1
o~ w4 e = ) | Lol — Loyl

which is re-written as follows

2
<ch
s

1 h

1 1 1 2
th_u?H%‘i‘E ngg(Us) - ngg(ua) ’8%9(“&) - EVEg(u?) +chh—u5||%—|—ch5—qhH2.
S

We take the square root on both sides, use triangle’s inequality and (4.11) and one obtains
the desired result. O

Remark 4.2 Ife(h) = (c+ 1)%h, then one has

1 1
g”eg(us) - gVeg(u?)

e = alls + [lpe = pl{| + ch'/?

< chh — ucl|1 + c||pe — qhH .
s

(4.19)
To estimate the right hand side of (4.19), we consider the approrimation operators con-
structed in Girault and Hecht [33], Chapter 5. These are II, € L(V;V}y) and rp €
L(M; My) which satisfy; for each real number a € [0, 1]
(1) There ezists a constant c, independent of h such that

for allv e W@ NV, [V(ITho — v)|| < ch® [v]jpatizg) - (4.20)
(2) There exists a constant ¢, independent of h such that
for allg e W(Q)> M, |lrag — ql| < ¢h® |qlypac o) - (4.21)
Thus (4.19) together with (4.20) and (4.21) gives

1

1
loae =l + llpe = 2l + b2 | S () = Zveg(ul)| < e (Iaelypra oy + 9 by )

S

Thus one obtains linear convergence if a = 1.
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Remark 4.3 Having in mind proposition 4.1, proposition 3.2 and theorem 4.1, we have
for € given as before and o =1,

lw— w1y + lp—p"|| < ch .

Remark 4.4 From proposition 4.1, proposition 3.2 and theorem 4.1, it is clear that one
only need the interpolation estimate on the entire domain and an appropriate choice of €.
We also note that the reqularity of the solution on the slip/dissipation zone is not needed
at all. Hence this result differ from the ones derived previously (see [9, 10, 20, 22, 23] just
to cited a few).

Remark 4.5 In this text,we do not dealt with domains with curved boundary, and the
readers interested in that direction may consult the work of Ibrahima Dione [28].

5 Numerical algorithm

This section is devoted to the formulation of the numerical scheme for the Stokes equations
under Tresca’s boundary condition. We recall that because we are interested in rate of
convergence of the finite element solution, and in the previous section it is observed that
lue — w1 + |[p- — p?|| and ||u — w”|1 + ||[p — p"|| have the same convergence rate for
€ = ch, we will compute the solution for € = ch of the truncated finite element problem

for all (v", ¢") € V}, x My, ,
1
a(ul, v") + b(v", pl) + - / z/gg(u?T) . v}.}.da = E(vh) , (5.1)
S
b(ul,¢")=0.

(5.1) is a nonlinear system of equations, hence for its resolution an incremental or iterative
method is needed. In the lines that follows, we propose a Newton type algorithm. The
Gateaux-derivative of the projection (cut off) function

T for x| < k,
vi(@) = k2 for x| > k.
||
is given by
/(@) y for |z| < k,
k (I% - (Qr"laggm) for |x| > k.

We then propose the following method for solving the nonlinear equation (5.1), described
in Algorithm 1.

Remark 5.1 It should be noted that (wf,pF) € Vi, x My, given in (5.2) and (5.3) is well
defined by a direct application of Babuska-Brezzi’s theorem for mized formulations. Thus,
knowing (uf,pF) one can always compute (ub*1,pk+1). The convergence analysis of the

sequence (u¥, pF), may be done following similar analysis in [31, 36].
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Algorithm 1 Newton-Raphson algorithm for (5.1)
k=0. (u,p?) €V, x M,

k+1 k+1

k > 0. Assuming (u¥, p¥) is known, compute (uf*1, pi*1) as follows

1. Compute (@¥, pF) € V}, x Mj, such that

- - 1 _
@, o)+ 00" i) + = [ (b )ik wlhds = o)~ "), (52

b('&?vqh) = _b(ulg’qh), (53)

where .
Uo") = aful, o) + b, pk) + - / Vey(ul.) - v do
S

2wl =wl al, pitt =pk 4 ph

6 Numerical experiments

We now study the numerical behavior of the Newton-Raphson algorithm described in the
previous section. We have implemented Algorithm 1, using vectorized assembling functions
and the mesh generator provided in [37-39], on a computer running Linux (Ubuntu 16.04)
with 3.00GHz clock frequency and 32GB RAM. We use some classical tests problems to
evaluate the behavior of Algorithm 1 with the stoppting criterion

| @ By + 17 22y < 107 (It 12 + 11 8 o) -

6.1 2D Driven cavity

This problem has been considered by many authors [8-10,13,16,18-20]. We set Q = (0, 1)?
and we assume that its boundary consists of two portions I'p and S defined as follows

Tp = {0} x (0, 1)U(0, 1) x {0}
S = S51U8,, 5= (O, 1) X {1}, Sy = {1} X (0, 1).

The right-hand side is
f=—-2udivDu+ Vp

where (u,p) is given by

u(z,y) = —z’y(z—1)(3y —2), (6.1)
up(z,y) = ay’(y—1)(3z —2), (6.2)
plz,y) = (2r—-1)(2y—1). (6.3)
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In [19], it is shown that
9 1
(Tn)r = —4pz“(z—1) 0 | on S1

(Tn)r = —4py’(y—1) [ _(1) } on S

For p =1, a straightforward calculation reveals that
Tn)r| =4 Hz—1)=4 2(y — 1) = 0.59.
max |(Tn)r| = dumaxa®(z — 1) = 4pmaxy™(y — 1) 9

Then for an appropriate choice of g, both, slip and stick zones can appear on S. We
first run our code with h = 1/32, ¢ = h and two values of g. Figures 1-2 show the
velocity fields and the streamlines obtained, using Algorithm 1. We can notice that for
g =025 < mgx|(Tn),-| a non-trivial slip occurs, while for ¢ = 1 > mgxx|(Tn).,-| the

solution is such that w+ =0 on S.

1 T : S 1 _
09| -.ilI= = ‘\\iflil‘lisi ool . llI :
e TSI i \
o8t 11y NSRRI 08 i :
Ry “2 RN Ry :
fery RN Ry :
0.7—;11” s ;\“'i&r%»\\m 0.774:4H !
By // o A RERY |
0.6’1‘**" /// //‘ ~ ‘) ;r‘ \ 0-6’41** ’ I
HEh NI I T |
0.5 1] \ "j”&'l‘l‘«"x Ll /MVMM 0-5”;H b i1
oal i HTTHEE LIS ///////‘WHI oall LTI ']
' ‘it:\‘«?«“*\{‘%ﬁ\&;\\u =it T |
R RN NN EERERR R 2
03 it E T 22088 BILEN R R R R |
B N I :
0.2 LA aNNNIEEEEET sz 04 0.2 NN A
o1t liiTIITTT : S R T N
0 : : : 0 : : —
o] 0.2 0.4 0.6 0.8 1 o] 0.2 0.4 0.6 0.8 1

Figure 1: Velocity fields for the driven cavity problem (a): g = 0.25, (b): g =1

We evaluate the accuracy and the behavior of Algorithm 1 by calculating the error
between approximate solution and the exact solution. Since we do not know the exact
solution explicitly, we use an approximate solution on a finer mesh of size h = 1/124 as
the reference solution. The convergence errors are computed as follows

e1:=ep(u) = || up— w2
ez :=ep(w,p) = [lun—wllm + [l pn—po |12

where (u., ps) is the reference solution. Note that Algorithm 1 always converges for ¢ = h.
For ¢ << h, a suitable initialization is needed for the friction case since large values of
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(a) (b)

Figure 2: Streamlines for the driven cavity problem (a): ¢ = 0.25, (b) : g =1

1/e imply u+ =~ 0. In our code to compute the solution for ¢ = h/10, we start with e = h
and after convergence we adjust € to compute the adequate solution.

We report in Table 1-2 the number of iterations, the CPU times (in Seconds) and
the convergence rates for g = 0.25 and g = 1. For the stick case (¢ = 0.25) the best
convergence rates are obtained with € = h/10. For € = h the convergence rates are less
good than expected but the convergence of the Newton-Raphson algorithm is very fast.
For the stick case (¢ = 1) the convergence rates are less good than expected (for the
standard Stokes equation) for both choices of e. This can be explained by the fact that
the penalization term 1/e in (5.1) is not large enough to enforce u% = 0.

e=h e =h/10
h Iter. CPU Ratee; Ratees | Iter. CPU Ratee; Rate es
1/16 7 0.05 22 0.13
1/32 8 0.18 1.98 1.20 17 0.38 1.96 1.32
1/64 8 0.95 1.78 1.16 17 2.02 2.03 1.31
1/128 8 6.01 1.37 1.15 21 15.54 2.04 1.29
1/256 10 49.99 1.23 1.21 23 113.56 2.10 1.34

Table 1: Performances and accuracy of Algorithm 1 on the 2D driven cavity for g = 0.25

6.2 3D lid-driven cavity

This problem has already been considered in [18] for Stokes and Navier Stokes. The
geometry consists of a cubic cavity Q = (0,1)3 with a moving wall at I’ = {2 = 1}, and
u|r = (4x2(1 — 22),0,0). The remaining part of the boundary is S = IQ\I" where the slip
takes place and we take p = 1. Figure 3 shows the velocity fields and the magnitude of
its tangential component || ur || at the walls for ¢ = 0.25 and g = 2. In [18], numerical
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e=h e=h/10
h Iter. CPU Ratee; Ratees | Iter. CPU Rate e; Rate e
1/16 2 0.02 3 0.02

1/32 2 0.03 0.76 0.90 3 0.06 1.34 1.43
1/64 2 0.25 0.92 0.96 3 0.35 0.94 1.34
1/128 2 1.5 1.03 1.05 3 2.22 0.99 1.28
1/256 2 9.90 1.19 1.19 3 14.81 1.16 1.30

Table 2: Performances and accuracy of Algorithm 1 on the 2D driven cavity for g = 1

experiments show that, for this 3D lid-driven cavity, the friction always occurs. Table 3
summarizes the performances of Algorithm 1 in terms of the number of iterations and
the CPU times (in Seconds), with various values of g. We can notice that the proposed
Newton-Raphson algorithm is virtually independent of the mesh size, for a fixed parameter
€. Moreover, the convergence of the Newton-Raphson algorithm is fast.

Figure 3: Velocity field and || wr || for the 3D lid-driven cavity (a): g = 0.25, (b): g =2

6.3 Concluding remarks

We have studied, theoretically and numerically a new approach based on a cut off function
for the numerical approximation of the Stokes equation under Tresca friction boundary
condition. Numerical experiments have shown that optimal rates of convergence can be
obtained for the friction case. For the 3D lid-driven cavity studied, the proposed method
proved to be fast since the friction always occurs. Then, the proposed algorithm can be
useful for pure friction problem in 2D or 3D. However, with the proposed approach, the
tangential stress must be computed at the end of the algorithm while for the Lagrange
multiplier based approach (e.g., [18,19]), the tangential stress is available as a Lagrange
multiplier.
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g =025 g=1 g=2 \

e=h e=h/10 e=h e=h/10 e=h e=h/10
h | Iter. / CPU | Iter. / CPU || Iter. / CPU | Iter. / CPU | Iter. / CPU | Iter. / CPU
1/4 4 /0.07 6/ 0.08 2 /0.02 5/ 0.04 2 /0.02 4 /0.03
1/8 | 5,045 6/ 0.52 4/0.32 5/0.42 3/0.24 5/0.42
1/16 | 5/ 13.44 7/ 18.98 4/ 10.75 5/ 13.55 3/ 8.06 5/ 13.51
1/32 | 6/ 921.05 7/ 1078.2 4 /616.79 5/ 779.80 3/ 462.35 5 / 769.50

Table 3: Performances a of Algorithm 1 on the 3D lid-driven cavity, for various values of

g.
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