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Global observers with finite-time and fixed-time convergence for a class
of uncertain mechanical systems

Amina BENARAB and W. Alejandro APAZA-PEREZ

Abstract— This paper proposes global sliding mode observers
for a class of one-degree-of-freedom mechanical systems. For
the observer design, besides the usual Coriolis and centrifugal
forces, we consider uncertain dry frictions and disturbances.
Moreover, the system is not required to be bounded-input
bounded-state stable, rendering the observer design problem
challenging. The observer design exploits the specific rela-
tionships between the inertia and Coriolis terms providing a
sliding-mode observer, with global theoretically exact finite-time
and fixed-time convergence to the velocities of the mechanical
system. The efficiency of the proposed observer is validated
through simulations on an inverted pendulum.

I. INTRODUCTION

Control of mechanical systems usually requires informa-
tion about position and velocity. Often only the position is
available for which an estimation of the velocity is required,
this has given rise to interesting challenges in the area of
control and observation [1], [2]. The main challenge in
building observers to estimate the velocity in mechanical
systems is the presence of nonlinear terms (e.g. Coriolis
and centrifugal forces) and disturbances (e.g. unmodeled
dynamics). The sliding-mode observers/differentiators [3],
[4], [5], [6], [7] provide theoretically exact finite-time and
fixed-time convergence despite the presence of bounded
disturbances when the system has bounded-input bounded-
state (BIBS) stability, therefore they are semi-global. If the
BIBS property is not satisfied, then finite-time/fixed-time
convergence is not guaranteed, see an illustrative example
in [8].

In this paper, we will consider mechanical systems of one
degree of freedom (1-DOF) with disturbances, which could
not have the BIBS property.

State of art and motivation:

1) If the dynamical systems with disturbances satisfying
the conditions for the existence of an observer, among them
the relative-degree-one condition [9], [10], then dissipative
observers [11], [12], which include high-gain/Lipschitz ob-
servers, result to be efficient to deal with BIBS restriction.
They are able to estimate globally and exponentially the
real states using dissipative properties which could have the
nonlinear terms. But mechanical systems with disturbances
have the relative degree greater than one, with respect to
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(w.r.t.) the measured position.
2) There are many works (e.g. see [13], [14], [15], [16]) deal-
ing with the Coriolis and centrifugal forces, which provide
global observers when the model of the mechanical system
is completely known. Through state transformations, [15],
[16] propose observers with fairly high dimension, namely
3n+1 and 2n+ 2 respectively, where n is the dimension of
the unmeasured velocity. [13], [14] propose observers with
the same dimension of the system for a class of mechanical
systems. However, the challenge of dealing with frictions,
disturbances, and obtaining an estimation theoretically exact
of velocity was not considered.
3) To overcome the BIBS restriction and the presence of
Coriolis and centrifugal forces some recent works have been
presented. [8] and [17] propose a finite-time sliding-mode
observer for 1-DOF mechanical systems with disturbances
and uncertain inertial matrix, respectively, using state trans-
formations inspired by [13]. An extension to the 2-DOF
was proposed in [18] where some assumptions in the inertia
matrix are required. But, global observers with convergence
in fixed time have not been considered by previous works.
Main contribution. A global sliding mode observer for a
class of mechanical systems with Coriolis and centrifugal
forces, dry frictions, and bounded disturbances is proposed.
The proposed observer does not require a prior state transfor-
mation and provides finite-time and fixed-time convergence
to the position and velocity of the mechanical system. BIBS
stability of the mechanical system is not required, and its
gains can be obtained from a feasible matrix inequality.
Some definitions and preliminary results are described in
Section II. The problem statement is presented in Section III.
In Section IV, the observer design for the finite-time/fixed-
time convergences is described, with the main results. Fi-
nally, to illustrate our results, numerical simulations for an
inverted pendulum on a cart are shown in Section V.

II. PRELIMINARIES

Notations. Symbols R, Rx>g, R5( denote the set of real,
of nonnegative real numbers, of positive real numbers, re-
spectively. || denotes the absolute value in R and | ||
denotes the Euclidean norm on R”". Let Ayin(P) and Apax (P)
be respectively the minimum and the maximum eigenvalues
of the positive definite symmetric matrix P € R**" and PT
defines the transposed matrix of P.

Define the signed power function [x]”, for any x € R and
r € R>g, as an increasing odd function defined as [x|" =
|x|"sign(x), where sign(x) is the standard sign function. The
function [x|” satisfies following properties:



« For each r €[0,1), [x|" is differentiable for all x # 0,
[x|" € CVif re[1,2] and [x|" € C? if r € (2,).

o dlx)r=rx["Tand £|x|"=r[x]""!, forall x#0 and
r#0.

o For any r;s € Rsq, [x]"[x]* = |x|"™ and |x|"[x]® =
[x]™* and [x]|° = sign(x).

A. Finite-time and fixed-time stability
Consider the following system

xX(t) = f(t,x(1)), (1)

where x € R" is the state vector and f: R, xR" — R" is a
nonlinear continuous vector field. Assume that the origin is
an equilibrium point of (1), i.e. f(0) =0.

Definition 1 ([19]): The origin x = 0 of system (1) is
said to be globally Finite-Time Stable if it is globally
asymptotically stable and any solution x(¢,xg) of (1) reaches
the equilibria at some finite-time moment, i.e. x(¢,x9) =0
Vit > T (x0) where T : R" — R is the so-called the settling-
time function.

Definition 2 ([20]): The origin x = 0 of system (1) is said
to be globally Fixed-Time Stable if it is globally finite-time
stable and the settling time function 7 is bounded by some
positive number Tiax > 0, i.e. T(xp) < Tax for Vxp € R™.

We recall some technical results and well known properties
of continuous homogeneous functions.

Lemma 3 (Young’s inequality [21]): For any positive real
numbers a >0,b>0,c>0, p>1and g > 1, with %—i—é: 1,
the following inequality holds

t>1ty  x(tp) = xo,

P —-q
ab< “aP + b
P q

and equality holds if and only if a” = b9.
Lemma 4 (Jensen’s inequality [21]): For any real num-
bers ai,...,a,, if 0 < p <gq

For convenience notations, in the following we will con-
sider x, ¢, e, u, 0 instead of x(r), q(t), e(t), u(t), 6(z),
respectively.

III. PROBLEM STATEMENT

Consider the following 1-DOF mechanical systems

m(q)G+c(q)@*+-sign(q) +8(q) =u+6  (2)

where g € R denotes the (measured) generalized position,
g is the generalized velocity, m(g) denotes the inertia term,
c(q)¢* is Coriolis and centrifugal force, £sign(g) is a dry
friction, u is the measured torque, g(g) denotes gravitational
forces and & represents the disturbance in the system.

The objective is to design an observer for the system (2)
with theoretically exact global finite-time/fixed-time conver-
gence to the real values of position and velocity.

Consider the system (2), which additionally satisfies the
following assumptions:

(A-1) There exist constants ¢, > 0 and ¢y > 0 such that
0 < gn <m(q) < gy, for all g,

is satisfied.
(A-2) The inertia and Coriolis functions satisfy

m(q) =2c(q)q
(A-3) The disturbance &(r) is bounded, i.e. there exists a
constant Lz > 0 such that [|6(¢)[| < Lg is satisfied.
Assumptions (A-1) and (A-2) are assumed in most of
the mechanical systems [1]. Assumption (A-3) is a standard
condition for the construction of the observer due to the fact
that the system has the relative degree greater than one [9]

IV. OBSERVER DESIGN AND RESULTS

Considering g1 = g, g2 = ¢, the state space representation
of (2) is given by

q1=q2
G2 = sy (= 8(q1) —c(q1)g3 + 8) 3)
y=q
where 8 = & — (- sign(q).
We propose the following observer ! for system (3):

Gr— 1 A 6 _

q.1 = T (\/m(ch)qz +ki i (q 611))

g = —— (u—g(q1) +kav2(q1 — 1)) S

m(q1)m(qr)
— €@ a

where the correction functions y; and y, are defined by

vi()=al | +Bl]+7T 12, 5)
2 1
wO=S1 0 2P @

2097+ 3 BaT 1+ 3PP

with o, 8,7 > 0. Note that when y = 0 the structure of the
generalized super-twisting algorithm [23] is recovered, and
when 8 =0 and y =0 the standard super-twisting algorithm
[3]. The higher-order terms corresponding to 7y are introduced
to improve the convergence properties of the observer and
to obtain the uniformity of the convergence of the observer
w.r.t. the initial conditions.

A. Finite-time observer

In this section, consider the observer (4), and the nonlinear
functions y; and Y, given in (5) and (6), respectively, with
oa>0and B,y>0.

Lemma 5: Let C =[10], B

there exist p >0, o > 0, a constant matrix A =

[01]" and Ls > 0. Then,

EH

, such that

and

a symmetric and positive definite matrix P € R?*
the following nonlinear matrix inequality holds.

ATP+PA+CTI2C+pP PB

a1

I'The solutions of the system (3) are defined in Filippov’s sense (see [22]).



Proof: For the symmetric matrix CTL(%C +1(I=05hyy),
there is a positive definite symmetric solution P = PT > 0
for the next inequality (quadratic Lyapunov inequality)

ATP+PA+CTLEC+I<O. (8)
In other hand, one has

0< A2,

nin

(PYI<P<A2, (P)I 9)

max

which implies that
P

> . (10)
" 2uP)
Substituting inequality (10) in (8), one gets
PA+A"P+CTL3C+pP <0
where p = ) ( B For o > 0 sufficiently large the following

inequality is "satisfied

4
o
- +BT PIPA+ATP+CTL3C+pP|"'PB <0.
Finally, by Schur complement one can deduce that (7) holds.
|
Theorem 6: If the parameters 3, v are not negative and kj,
ky, o are selected such that (7) is satisfied, then the system
(4) is a global finite-time observer for the system (3) in the
sense that the estimation states §; and g, converge exactly
in finite time to the states g; and ¢, of system (3).
Proof: Define the error estimation of the systems (3)
and (4) as:

e1=q1—qi
ex =+/m(q1)q2—/m(41)§>
and its dynamic error is given by
6 = ex—ki yi(er)
m(qy) (11)
. . 1 .
& = =(—kys(e)+9)

where m(q1) =2c(q1) g2 and ri(gy)
by Assumption (A-2).

Consider a homeomorphism 1 (from [e1 e2]) defined as
N = [wiler) ez]T and a quadratic Lyapunov function

=2c¢(§1) g are satisfied

vi(n)=n"Pn

where P = P > 0 is obtained from the matrix inequality (7).
The time derivative of 1 with e; # 0 is given by

~yi(er) 8
- m@o<A”+Bw@n>

where y{(e;) denotes the derivative with respect to ey,

valer) = ¥i(en) valer), A= 4 ] and B=[¢].

12)

The time derivative of V| along trajectories (11):
Vi) =1 Pn+n" Pn

_ e (n (ATP+PAYN+nT PB——
m(q)

)
vi(er)
BTPn>
n
_68
vi(er)

+

vi(er)
T
{ATP+PA PB]

yiler) | M
BTp 0

m(q1) | vi(e

13)

Note that nonlinear correction term Y, defined in (6) satisfies
2
a 3 a
|' e JO ( ﬁ

3
+2aym++2ﬁﬂav)\

lya(er)| = le1]? + B2ler] + = Y2\€1|2

o
> 2
-2

which implies

<1V{((Se1))2 (V’z((sel)w]( )>2S(206L25)2%2(61) (19

with |8| < Lg. The inequality (14) can be written as a matrix
inequality in terms of 11 and ﬁ
1

T reTr2
c'Lic 0
?]l ° aﬂHTa’]. (15)
vi(en) 0 —(7) vi(en)

Adding the inequality (15) in the time derivative of Lyapunov
function Vi(n), we obtain

0<

) V(1) n 1T |aATP+Pa+cTLiC  PB n
iln) =———= m(q1) |:W16e1)] [ BTP 7("‘72)2 W{(ﬁel)
<—p 1) vy (from (7)
m(‘]l)
p o, 1
<= (Glal <) i), (16)
Note that
aler|? <|fer)*(ctler|* +Bler| +7ler]?)]
1
VZ(n)
< < 17
<lwi(e1)| < ”””-amm() (17

holds, which is given from (9) and implies in (16) the next
inequality holds
2
; P O Amin(P) 4 pB
Vi(n) < - ===V (n) -
2y/m(q1) m(q1)
Note that trajectories of the estimation error dynamics
cannot stay on the set S = {(e1,e2) € R?\ {0}]e; = 0}.
This means V; is a continuously decreasing function by
using a Lyapunov’s Theorem for Differential Inclusions [24,
Prop. 14.1 p. 205]; (that does not require differentiability

Vi(n)  (18)



of the Lyapunov function). Since the solution of the dif-
ferential equation v = —y;v!'/2 — 15y is given by v(r) =
exp(—yzt)[ V2 2(1—exp(§1)) }
the equilibrium point (el,ez) 0 is globally finite-time
stable. ]

we can conclude that

B. Fixed-time observer

In this section, consider the observer (4) with the nonlinear
functions y; and Y, given in (5) and (6) respectively, where
o,y >0 and B =0 for simplicity of the proof, which is
inspired in the Lyapunov function proposed in [6].

Theorem 7: If y> 0 and ki, kp, o are selected such that
(7) is satisfied, the system (4) is a global fixed-time observer
for the system (3) in the sense that the estimation states g
and ¢, converge uniformly w.r.t. the initial condition and in
fixed-time to the states g; and g, of system (3).

Proof: Consider a robust Lyapunov-Like function de-
fined as

4
Va(e) = aler|* —bfer][ea] 3 +cleaf*.

where a, b and ¢ are positive.

It is necessary to show that V, is positive definite and
V, is negative definite. For this, we use the following form
inequalities, derived from the Young’s inequality, Lemma 3:

4 1 2 _3
(1) \e1||ez|3<§ agler + 3@ *leaf,  Van >0,
.. ¢+ 1 4 -3
(il) ler]? |€2|‘§§ 1\61|2+§w1 lea|3, Yo >0,
: 3 1 4
(i) ferleaft < 20 et + 0y Fealf, ven >0,
. 12 3 1
(iv)  lerllez|? =3 32\€1|2+3604 lea|, V3 >0,
4 s 1
W) leil*leal? <3 f\ellﬂrsw Slea3, Ve >0,
. 3 16 % 1
(i) lerflea]’ <2 5\€1|2+7w Tleal5, Vs >0,
) 2 s 3 3
(vii) le1]]ez] < w6\61| +5w \ez|3 Y > 0.

From inequality (i), the function V, satisfies

aile1 ] +alea|* < Va(e) < biler|* +baler |

3
2bay 2
R
; 3
by = (a+b§)0>, and by = <c+2bw°
3

) . Therefore,
. b3 25077
Vo >0if a> 3@, and ¢ > 3b(;oo
The derivative of V; along the trajectories of (11) is given

19)

1
vV m(qn)

~ blea|3 +3aa[eljzeg+bk1af€1J7 [e2]

Va(e) = {—3ak1 oler[? —3aak yle|"?

Wl

Fbkiylen ] o]t 4 2 bk ]l

8 1 1
+ gbkzozy\el|2|e2|s +2bky 7 ey |ea]3

—Ckz()(2 |—€]J062—4Ck205’}/€] [
—3ckyy* [e1]%er —§b5 [e1] [ezj% +2c562}

which can be bounded using absolute value as follows, where

a is selected as a = Ckfxyz for canceling the term [e | e, and

c is selected sufficiently large:
1

vm(611)

7 TR E
— blea|3 + bkyaler|? |ea|3 + bky yler|? [ez|3

Va(e) < {—3ck1k2ay2 le1]2 —3ckika P er|?

2 4 18 1
+ <3 bk2a2+ 3bL5> |61| lea]3 + gbkga}/ ‘61|2 |€2|3
1
—I—Zbkzyz ‘61 |3 |ez|§ + (CkzOtz +2CL3)|€2|
+4Ck20£’}/|61| |82‘}.
From inequalities (ii)-(vii), the previous inequality leads

to the next inequality

1

ey

7 7 3 3
{=ilerl? —daleaf s + Bs(lerF +]eaf)

3
+a(ler|? +ea]) |
where
3 712 7
9 =3ck k¥ — bk Yo, — 7bk2y2a)56,

4 702 _
% =b—Zbkiyw, f7bk2y2a)57,

93 =max{g3, G},

64 :maX{g4ag~4}7
4 s 1 16 3
G :—ckzay<3k1y— w62> +§bk1awf+—5bk2awa,

6 s
& fbkloca)l : +—bk2aya)4 +5ck2ayw6 ’,

)

Do

(bkz a’+ 2bL5) o?

G4 =
2 2 -3
& —C(kQOC +2Lgs)+ §b(k205 +2Ls)a,

We recall the fundamental inequality proposed in [25, Thm.

16, Section 2.9]

T 1

51 G)|x2[*2) %2
(20)

(6" + (1= 6)xaf") T < (6]l +(1-



0< 6 <1, ¥x€R? 0< sy <s,. This inequality implies

5

1 s H 1 7 \7
sUeili +lea$) < = (lerli +leal?)
27

1 7 7
= (le13 +leal?)
27

<

1 3
Lerl? +les)) <
which imply that V, satisfies

. 7 3 3
Va(e) < —sllell;; +Dsllell, +Dlell,

7 3
= —00sel; — llell; [(1— o) 0s]lell; — Osllells — o]

2
where 0 < 6 < 1, |lefly = (|e1\%+|e2\%)7 and 05 =
min{, %}, % = 2%193, ¥ = 2%194. We can ensure that:

7
6

. 7
Va(e) < —oVslle||; <=1V, (e),

Bg+1/ 02 +4(1—
for all e € € = {66R2|||e||h > 66(6)197} and

21

2(1-o0)
g = 2% Vs &6 with ¢ = max{by,b,}.

Since the solutionl of the differential equation v = fyv% is
= (v(;g + %’t)_6, then, from (21) and compari-
son principle, V»(e(r)) < (Vz(e(O))*% + %t)’6 which implies

- Vgty/02+4(1-
Va(e(t)) < Va(e(0)). Put Va(e(r)) =k > SV e HHIZo)y

given by v(r)

u

O O

Inverted pendulum on a cart.

Fig. 1.

mass are chosen as m = 0.2, M = 1. The proposed observer
is given by

41 = % (\/ m(41)g2+1.95 -y (Q))

m(q
1

4= 7m<ql)m(ql)(u—g(th)+ 1.87ya2(q1 —41))
~man @) @
where m(q;) = 1 — 2£cos?(q1), m(c?l) =1- 3780052(671)’
clqn) = 3 sin2q1). yi(er) = 11[er - [er] and yafer) =
O ey )0+ 20 ey |3 + e .

5 2(1-o0) ’
the time 7; to go from V»(e(0)) to k is bounded by

% (12’% fVZ(e(O))’é>, which can be bounded indepen-
dently of the initial condition V»(e(0)), ie. T < %I}_é.

This implies that the trajectories of the system (11) reach
the compact set ¢ = {e € R?||le|s >k} in a time bounded

by % 6k~ ¢ independently of the initial condition. The time
to reach e = 0 with initial conditions in € can be bounded
by the compactness of €. Thus, we can conclude that the
equilibrium point (ej,e;) = 0 is globally fixed-time stable.
]

V. SIMULATION EXAMPLE

Consider an inverted pendulum on a cart which is adapted
from [26]

3 3
(1 - Tg cosz(q)> G+ ng sin(2q)

—sin(g) —ucos(g) + 6 =0.

(22)

where m and M are the pendulum mass and cart mass re-
spectively, and € = WLM is the relative mass, u is the control
law that is the horizontal driving force and & represents the
disturbance. Assumption (A-1) is satisfied with ¢, =1— 34—8
and ¢y = 1, (A-2) can be straightforwardly verified from
trigonometric properties.

For the numerical results reported bellow, the following
parameters were chosen solving the matrix inequality (7)
with disturbance bound Ls = 0.5: P = [°7% (%], A =

[’_11'?8576 (1)] ,p=1,and a =1.1. The pendulum mass and cart

Figure 2. presents the simulation results for finite-time
observer for initial conditions ¢(0) = 0.5 and §(0) = 5. Note
that the considered mechanical system is unstable, but the
convergence of the observed state to the real state of the
mechanical system is guaranteed in a finite-time (less than 2
seconds).

VI. CONCLUSION

In this paper, we propose a global sliding mode observer
for a class of mechanical systems with Coriolis and cen-
trifugal forces and disturbances. The proposed observer does
not require of a prior transformation and provides finite-time
and fixed-time convergence to the position and velocity of
the mechanical system. BIBS stability of mechanical system
is not required for the observer design, and its gains can
be obtained from a feasible matrix inequality. Future work
will focus on extending the approach to other types of
specifications and to other types scenarios such as time-delay
in the framework of Multiplicity-Induced-Dominancy (MID)
properties [27].
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