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Uniform in time propagation of chaos for the 2D vortex model and
other singular stochastic systems

Arnaud Guillin* Pierre Le Bris™ and Pierre Monmarché*

Abstract

In this article, we adapt the work of Jabin and Wang in [JW18]] to show the first result of uniform in
time propagation of chaos for a class of singular interaction kernels. In particular, our models contain the
Biot-Savart kernel on the torus and thus the 2D vortex model.

1 Introduction

1.1 Framework

Our main subject is the convergence of the law of a stochastic particles system with mean field singular
interactions towards its non linear limit. More precisely we will establish the first quantitative bounds in the
number of particles uniformly in time. Let K : T¢ — R be an interaction kernel on the d-dimensional
(d > 2) 1-periodic torus T¢ (represented as [—%, %}d), on which we will specify some assumptions later. In

this paper, we consider the non linear stochastic differential equation of McKean-Viasov type

{ dX; = V2dB; + K  py(Xy)dt (D)

ﬁt = LaW(Xt),

where X; € T¢, (B,);>0 is a d-dimensional Brownian motion and f * g(z) = [« f(z — y)g(y)dy stands
for the convolution operation on the torus. The distribution p; satisfies

Oipy = —V - (ps (K * py)) + Apy. (1.2)

In the other words, the non-linear Equation has the following natural probabilistic interpretation : the
solution p is the density of the law at time ¢ of the T valued process (X¢);>0 evolving according to (T-I)).
As we understand (1)) to be the motion of a particle interacting with its own law, (1.2) thus describes
the dynamic of a cloud of charged particles (where (X;);>o would be one particle). In particular, it holds
importance in plasma physics, see [VIa68|]. We also consider the associated system of particles, describing
the motion of [V particles interacting with one another through the interaction kernel K.

N
i i 1 i j
AX{ = V2B + 1 K (X! — X)), (1.3)
j=
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where X} € T is the position at time ¢ of the i-th particle, and (B},1 < i < N) are independent Brownian
motions in T¢, We assume that (Xé)i:L_,, N are exchangeable, i.e. have a law which is invariant by permu-
tation of the particles, so that this property is true for all times. We denote by py the law of the system of
particles, formally satisfying

N N N
1
8tpN = — E VIZ . N E K({L‘l — CCj) PN + E A;,;ipN. (14)
i=1 7j=1 i=1

We define pﬁ, the law of the first £ marginals of the IV particles system

p’fv(t,xl, W TE) = / pn(t,x1, .., eN)dTpqq...dT N,
T(N—k)d
which is also, thanks to the exchangeability of particles, the law of any k marginals. More precisely, in
this work, we focus on the equation (I.4) and we will not address the question of the well-posedness of the
stochastic equation (1.3).
Here, although we will consider general assumptions on K, the main example motivating our work is
the singular interaction kernel known as the Biot-Savart kernel, defined in R2 by

1
Kz) = =2 1< 2 ”“). (1.5)

Tooma2 T 2m \U |zf2 |2f?
Consider the 2D incompressible Navier-Stokes system on u € R?

Ou=—u-Vu—Vp+ Au
V - u =0,

where p is the local pressure. Taking the curl of the equation above, we get that w(t,x) = V x u(t, )
satisfies with K given by (see for instance Chapter 1 of [MP94]).

One can see equation (I.3)) as an approximation of equation (I.1I), where the law p; is replaced by the
empirical measure % Zf\il ) Xi- It is well known, at least in a setting where the interaction kernel K is

Lipschitz continuous ([M¢l96], [Szn91]]), that, under some mild conditions on K, for all fixed & € N, p’fv
converges toward g, = p®¥ as N tends to infinity, where 7 is the law of X solution of (I.I). Thus, provided
the particles start independent, they will stay (more or less) independent, as the law of any k-uplet of particles
converges toward a tensorized law. The expression propagation of chaos to describe this behavior was coined
by Kac [Kac56[), and we refer to Sznitman [Szn91] for a landmark study of the phenomenon. Of course
there is a huge literature on propagation of chaos however limited for uniform in time results, and always
when the interaction potential is regular, see Malrieu [MalO1] for an example by a coupling approach under
convexity conditions and the recent Durmus &al [DEGZ20] via reflection coupling allowing non convexity
but where the interaction is considered small and acts mainly as a perturbation. For more recent results we
refer to [Lac21]] for a nice new approach for propagation of chaos furnishing better (non uniform in time)
speed but strong assumptions on the interactions (regularity, integrability), including a nice survey of the
existing results, and [DT21]] using Lions derivatives for uniform in time results on the torus but also under
regularity assumptions on the interaction kernel.

Hence, both these classical and recent results do not apply to the Biot-Savart kernel, which is singular
at 0. For a convergence without rate, and specific to the vortex 2D equation, a first result appeared in
[FHM14], relying on proving that closen encounters of particles are rare and that the possible limits of
the particles system are made of solutions of the nonlinear SDE. In the recent work [JW18], Jabin and
Wang have proven that propagation of chaos still holds in this case with a quantitative rate. The goal of
the present paper is to extend their work and show that this propagation of chaos is uniform in time. We



refer to [FHM 14, UW 18| BJW19a, BJW19bl BJW20] for detailed discussions on the literature concerning
propagation of chaos with singular kernels, which is still at its beginning for quantitative rates.

The approach of Jabin and Wang [JW 18] is to compute the time evolution of the relative entropy of pn
with respect to py and then to use an integration by parts to deal with the singularity of K thanks to the
regularity of the probability density p;. In order to improve this argument to get uniform in time propagation
of chaos, our main contribution is the proof of time-uniform bounds for the density of p, from which a
time-uniform logarithmic Sobolev inequality is deduced. From the latter, in the spirit of the work of Malrieu
[MalO1]] in the smooth and convex case, the Fisher information appearing in the entropy dissipation yields a
control on the relative entropy itself, inducing the time uniformity. Finally, the remaining error term in the
entropy evolution due to the difference between (1.2)) and (I.4)) is tackled thanks to a law of large number
already used in [JW18]].

The organization of the article is as follows. For the remaining of this section, we state the main theorem
as well as the various assumptions on both the initial condition and the interaction kernel K. In Section 2]
we gather various tools that will be useful later on: we state the regularity of the solutions, the existence of
uniform in time bounds on the density and its derivatives, and we prove a logarithmic Sobolev inequality.
Finally, in Section |3} we prove the uniform in time propagation of chaos following the method described in
[JW 18]

1.2 Main results

First, let us describe the assumptions made on the initial condition. Unless otherwise specified, L? and H?
respectively refer to the spaces LP(T?) and HP(T<). Given A > 1, we denote by C5°(X’) the set of functions
finC®(X) suchthat 0 < §+ < f < A < o0, and CX(X) = Ux>1C{°(X), which is simply the set of
positive smooth functions when X" is compact.

Assumption 1. We make the following assumptions on py :
o Thereis A\ > 1 such that py € C5°(T?)
e Foralln > 1, C = ||[V"pyl L= < 0o

Let us describe the assumptions on the interaction kernel K. Below, V- stands for the divergence opera-
tor.

Assumption 2. We make the following assumptions on K :

o Kl < oc.

o In the sense of distributions, V - K = 0,

o There is a matrix field V € L* suchthat K =V -V,ieforl < a<d K, = Z%:l 08V, 8-

The problem of finding a matrix field V € L>°(T¢) such that K = V - V for a given K is a com-
plex mathematical question. We refer to [BBO3|] and [PT08] and the references therein for a more de-
tailed discussion on the literature. As it was noted in Proposition 2 of [JW18], the existence of such a
matrix V' is true for any kernel K € L (using the results of [BBO3]]), or for any kernel K such that
IM > 0,Vx € T?, |K(x)| < M/|z| (using the results of [PTOS]).

Remark 1. If a function a satisfies V - a = 0, then for 1 : T% — R we have V - (ap) = (a - V)3

Suppose K is an interaction kernel in R? (such as the Biot-Savart kernel). It is possible to periodize K
on the torus as follows. For f a function on the torus (identified as a 1-periodic function on R%), writing



f*x g(x) = [y f(x — y)g(y)dy the convolution operator on a space X,

Rosaf@) = [ Rla=piin= Y [ Ke—y+0)f-bi

kezd

—/ ST K(z—y+k) | f(y)dy,
T4 \ ez
and thus K #ga f(z) = K *pa f(x), where K(z) = >4 74 K(z + k). In particular, the periodized
Biot-Savart kernel obtained by taking K from (T.3)) reads
1ot 1

(x —k)* ~
K(z) +o— Y = K(z) + Ko(a). (1.6)

- o |z2 " 2m |z — k|2
kEZ2 k40

It has been shown that the sum defining K converges (in the sense that Ko (z) = limy_, 0 Z‘ K2<N £ %)

in C* (see for instance [Sch96]). It is straightforward to check that K is periodic, bounded in L', and di-
vergence free. Finally, Proposition 2 of [JW18]| yields the existence of V € L suchthat K =V - V. Asa
consequence, Assumption [2holds in the case of the periodized Biot-Savart kernel.

Remark 2. Notice that, for the Biot-Savart kernel on the whole space R2

~ 1 2t
K(z) = %Wa

the matrix field V such that K = V - V can be chosen explicitly

V) 1 — arctan (%) 0
)= —
27 0 arctan (%)

One could also consider collision-like interactions, as mentioned in [JWI8]. Let ¢ € L' be a function
on the torus, M be a smooth antisymmetric matrix field and consider the kernel K =V - (M ]1¢(a:)§0)- By
construction, K is the divergence of a L°° matrix field, and since M is antisymmetric K is divergence free.

Example 1. Consider in dimension 2 the function ¢ : x + |z|> — (2R)? for a given radius R > 0 and the
matrix
0 -1
v=(1 )

K(CII) = 2JIJ‘(5¢($):0.

which yield

This interaction kernel models particles, seen as balls of radius R, colliding with each other.

The well-posedness of the equations (I.2) and (I.4) under Assumptions[Iand[2]will be discussed respec-
tively in Sections and In particular we will see in Theorem that p; is in C{°(RT x T9).

The comparison between the law of the system of N interacting particles and the law of /N independent
particles satisfying the non-linear equation (I.1J) is stated in terms of relative entropy.

Definition 1. Let ;i and v be two probability measures on TN . We consider the rescaled relative entropy

1 dv vy .
Huv (v, 1) :{ A (f e ) v < (1.7)

+00 otherwise.
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For all k € N and t > 0 we write g3, (t) = p(t)®*. The main result is the following

Theorem 1. Under Assumptions [I|and 2] there are constants C, Cy and C3 such that for all N € N and
all exchangeable density probability pn(0) € C;%(']TdN) there exists a weak solution py of (1.4) such that

forallt >0
Cs

H(pn (1), pn (1) < Cre™ " Hn (pn(0), o (0) + ~ (1.8)

In particular, if px(0) = pn(0), the first term of the right-hand side vanishes, and this property has been
called entropic propagation of chaos, see for example [HM14].

1.3 Strong propagation of chaos

We show that Theorem [I] yields strong propagation of chaos, uniform in time. For x and v two probability
measures on T%, denote by IT (1, ) the set of couplings of x and v, i.e. the set of probability measures T’
on T% x T with T'(A x T%) = ju(A) and T(T% x A) = v(A) for all Borel set A of T Let us define
the usual L?-Wasserstein distance by

1/2

Wg(/w)=< inf /T dkdw(w,y)zf(dwdy)> :

rell(up,v)

where drax is the usual distance on the torus. For x = (2;);e[1 n] € T, we write 7(x) = + Zf\il s, the
associated empirical measure.

Corollary 1. Under assumptions [I|and 2} assuming moreover that pn(0) = pn(0), there is a constant C
such that forallk < N € Nand all t > (,

N

Ik = ol + 2 (o 0.pu0) <0 (|7 ])
and
By Wa(m(X),p(1))) < Ca(N)
where o(N) = N=/2In(1 4+ N) ifd = 2 and o(N) = N~V if d > 2.

As shown in [BGVO7]], the last result yields confidence interval in uniform norm when estimating p; with
7(XY) convoluted to a smooth kernel.

We postpone the proof as it will rely on results shown later. It will however be a direct corollary of
Theorem [I] and of the logarithmic Sobolev inequality proven in Corollary [2] which is a crucial ingredient in
the proof of Theorem|[I]

2 Preliminary work

2.1 First results on the non-linear PDE
We have the following result concerning the solution of (L.2).

Theorem 2. Under Assumption 2| let jig € C5°(T<). Then the system

2.1)

{ Oipr = =V - (K % p) pr) + Ape, in RT x T
ﬁO = Mo,

has, in the class of bounded solutions, a unique solution p(t,x) € C°(R* x T9).



Proof. The first part of the theorem (existence, uniqueness and smoothness) can be proven by following
closely the proof done by Ben-Artzi in [BA94]. For the sake of completeness, this is detailed in Appendix [Al
Note that a similar result has also been recently proven in [Wyn21]], where the C* regularity of p; for any
given k and any given ¢ is shown. The proof relies heavily on the fact that the kernel K is divergence free, that
the convolution operation tends to keep the regularity of the most regular term, and that the Fokker-Planck
equation has a smoothing effect.

Let us now prove the second part of the result, namely the time uniform bounds on p;. Assume that
pio € C°(T?), which by definition implies % < po < A, and consider p; the unique solution of (2.1). We
start by proving that K  p; is in C*°. By definition

K x py(x) = 5 K(z —y)pi(y)dy = — - K(y)pi(x — y)dy.
Then

Ksple) == [ V-Vt -y == | V)Tt -y

Since V € L>®(T%) and p € C®°(RT x T%), we easily deduce that K * p, as well as all its derivatives, are
Lipschitz continuous on [0, 7] x T for all T > 0. Hence K * p is C*°. Moreover, using that V - K = 0 (in
the sense of distribution), we immediately get that V - (K * p;) = 0 for all ¢ > 0.
Fort > 0 and « € T, consider Z, the strong solution of the following stochastic differential equation
for s € [0, ]
dZs = V2dBs — K * py_s(Zs)ds, Zg = x

which exists, is unique and non-explosive since K * p;_s is smooth and bounded. Then
At 7) = By (7o(Z0))

The bounds on p; follow. O

2.2 Higher order estimates

We have already established that p; is bounded uniformly in time. In this section, we extend this result to all
its derivatives.

Lemma 1. Foralln > 1 and oy, ..., € [1,d], there exist C, Co° > 0 such that for all t > 0,

t
sl < G and [l < O
0

Proof. Thanks to Morrey’s inequality and Sobolev embeddings, it is sufficient to prove such bounds in the

Sobolev space H™ for all m, in other words it is sufficient to prove similar bounds for ||0q, ... o, s H%Q for all

multi-indexes a.. The proof is by induction on the order of the derivatives, we only detail the first iterations.
We write f =V - (K x py) pr) = (K * pt) - V.

Integrated bound for ||V 5,[|7.. We have

1d
P |/7t|2:/ ﬁtatﬁt:/ ﬁtAﬁt—/ pef-
th Td Td Td ']Fd

/ PtAPtZ—/ Vi
T4 T4

On the one hand,



On the other hand,
/ pef :/ PtV - (K *py) pr) = — Ve - (K *py) pr = —/ pef =0.
T4 Td Td Td
Hence,

1d

5 oIl + 1953 = 0.

=112 =112
. . . _ - 2
By integrating the equality above, we get fg V5] = M < % = C7°.

Integrated bound for ||0y, ., t||%. and uniform bound for ||V ;|3 ,. Similarly, we calculate

1d _ _ _ _ _
23t 0wl = [ 00 p0 @) = [ Ouipin, (Api - £)
2dt Td Td Td
__Z/ ’8061,&2@52""/ aa17a1ﬁtf-
oy /¢ Td
Bounding

_ _ 1 _ 1
[ Ot < Nousanpllal 2 < 5 3 O anptla + 5 1513
T

a2
and

2
d

I£11Z> = /Td D (Eyxp) 0ypr| <K # ol VA2 < IE N7 15t 7o 1V 522,
v=1

where we used Young’s convolution inequality, we get
1 _ _
thH@alptHLz +35 Z 10ar,027l 72 < SIKIL 12l [V rlIZ2-

By integrating the equality above and using Theorem 2] we get

190, pell72 = 10 poll72 1 f* . 1 -
Pt PO L S 10uy sl <5 K3 [ V53 ds
0 ‘% 0

2
1
§§|yKHi1A2Cf°.

This provides both the existence of C5° such that for all ¢ > 0, fg |01 a0 ,F)SH%Q ds < C$°, and the
existence of C}* such that for all ¢ > 0, [|0a, p¢||3. < CY-.

Integrated bound bound for [|0,,,a,.a;7¢||3. and uniform bound for ||0,, q, 0|3 .. We have

daf = Z@K * Pt) fyPtJrZ ~ * Pt)Oay Pt
and
OaKyxpr = /Td 0Ky (z—y)pr(y)dy = — | 0Ky (y)pt(z—y)d / K\ (y)0api(x—y)dy

Td
== /Td V. 5(4)0a,801(x — y)dy = > Vi 5% O -
B 3



Hence

Z (Oa Ky * pt) Oypr = Z Z Vy.6 % Oa,ppt | Oyp

v v B
=(V*0aVpt) Vp,

and thus
1Y " 0Ky pr) 0ypillre < |V 5 0a Vol oo IV Al 2 < 1V I£oo 106V ol 11 Vil 2
v

Therefore
100 fl1Z2 < 20VIZ< 106V ol 2a IV pel|Z2 + 20 K12l el|Z o0 |0V el -
Similarly to previous computations,

1d

5% |aa1,0215t|2 :/ 8041,042/6158011,042 (Af_’t - f)
Td Td

= Z/ |806170427043ﬁt‘2 +/ Oar,az,020t0a1 f
o Td

< - Z ”aal,amaaptH%? + Haahozmaﬁjt”L?||8041f||L2

a3

_ 1 _
< - Z ”aa1,a2,a3/7tH%2 + 9 Z H8a1,a2,0c3/7tH%2

a3 a3

+ IV e 1000 Vot 7 [V 212 + K117 17 o 100y V117

1 _ _ —
<= 3 21100 asaaillie + IVIE< V21l 721100, Ve 72

as
+ (|7 2 17t F o0 100y VeI 2
and thus
1d

_ 1 _ _ _
5%”%1@2%”%2 t5 D MOarazaspilliz SIVITl100 Vel 72V 52 72

a3

K12t |0y V172

Integrating over time, and using Theorem 2]

10as,7t122 = 1901 aoll22 | 1 [* 5
B 2 - L2+QZ/O Haahama?)psH%QdS
(6%}

t t
<V |3 dC /0 10, Vul|2adds + || K120 A2 /0 100, V5] 22l

<d (d]|V][7C1 + [1K][7:3%) C5°

This provides both the existence of C'3° such that for all £ > 0, fg 1001 00,05 05| 22ds < C5°, and the
existence of C3 such that for all ¢ > 0, ||0a,,ax0tl172 < C5.

The proof is then by induction on the order of derivative, iterating the same method. 0



2.3 Logarithmic Sobolev inequality

We now establish a logarithmic Sobolev inequality (LSI) for g; solution of (I.2)). To this end, we use the fact
that the uniform distribution « on T satisfies a LSI and that p¢ 1s bounded (below and above) uniformly in
time. Recall the following Holley-Stroock perturbation lemma, from [BGL14, Prop. 5.1.6].

Lemma 2. Assume that v is a probability measure on T¢ satisfying a logarithmic Sobolev inequality with
constant CLS, i.e for all f € C%(T%),

Let 1 be a probability measure with density h with respect to v such that, for some constant A > 0, 5 < h <
A. Then p satisfies a logarithmic Sobolev inequality with constant CLS N2CLS j.eforall f € C o(T d)

Ent,,(f) gX"CVLS/ WJ{C'Qd
Td

We also know that the uniform distribution « on T satisfies a LSI. See for instance Proposition 5.7.5
of [BGL14], or [[Gen04]] for a proof in dimension 1, the results in higher dimension being a consequence of
tensorization properties.

Lemma 3. Let u be the uniform distribution on T%. Then u satisfies a logarithmic Sobolev inequality : for

00 d
all f € C(TY) 1 o
Entu(f) < 55 /T 7 du (2.2)

A direct consequence of Lemma [2] Lemma 3| and the bounds on p; given in Theorem [2is the following
theorem, as well as its corollary. It establishes a uniform in time logarithmic Sobolev inequality for py,
crucial for the uniform control of the Fisher information appearing in the study of the dissipation of the
entropy between the law of the particles system and the nonlinear ones.

Theorem 3. Under Assumpnonsland I forallt > 0 and all function f € C} o (T9),

2 2
Entz, (f) < 8/:r / NJ{‘ dpt

Corollary 2. UnderAssumptwnsIand@ forall N € N, t > 0 and all probability density 1y € C} (TdN)

A1 BN N
z; ] dX
Hy (un, N (1) _SQNZ/ HN‘ B

Proof. By tensorization of the logarlthmlc Sobolev inequality (see for instance Proposition 5.2.7 of [BGL14]),
since p satisfies a LSI with constant so does py. Using Theorem [3|for f = % we thus get

829

_ 1 N A2 1 piN 2 5N

Hence the result. OJ



3 Proofs of the main results

From now on and up to Section [3.5] (excluded), in addition to Assumptions [I]and [2] we suppose that there
exists a solution py € CXYH(RT x T INY of (I.4). This justifies the validity of the various calculations con-
ducted in this part of the proof. The question to lift this assumption (by taking a limit in a regularized
problem) is addressed in Section [3.5]

3.1 Time evolution of the relative entropy

We write

2
Z.logeN(t)' ax™.
PN (t)

as short hands for the relative entropy and relative Fisher information. We start by calculating the time
evolution of the relative entropy.

Hart) = Harlow @ n(0). Tnl0) = 5 3 [ ontt) |V

Lemma 4. Forallt > 0,
—Hn(t) < An(t) + 5Bn(t) — SIn(1), 3.1

with

1 _ V3. AN
17]

2

Va, 1 _
Z/wa | 72pN| ZV x; —x;) — Vo pa;)| dXV.

Proof. Tt has been shown, in [JW 18], that

1 N
il < _ _ R N v >
SHN() < ~In() — EU: [ o (i) = K < pla) - V. log X

with

1 — _
N2 Z /ﬂ‘dN pN (K(zi — x5) — K * p(xi)) - Va, log PNdXN
V%ﬁ]\[ N
= N2 Z/szv pn (V(x; — ) =V« p(z;)) - ——dX

PN

1 _ N
om0 [ V= 2) = Vo pla) : Vi @ Vi, 2 ax.
TdN p N
Let us consider the latter term

1 _ _ PN N
— E Ve, —x;)—V i) V. Vi, —dX
N2 ~ /’]FdN( (zi — zj) * p(;)) PN @ N
1 1 _ _ PN N
= — — Viei—z;)—V i s Ve — | dX™.
Nggﬁmszuwn ) <wm42ML

10



Let

; N PN ; _ VPN ; 1 _
Yp = (szp_> p—, Zo = (Va;pN) o ~——, and x, 5 1= N ZV(?L’Z —xj) — V= p(a;) ,
PN/ g PN 7 5
a,
then, using zy < % + % forall z,y € R,
1 1 ?
St = T (St ) < § S0+ 3 30 (St )
a,B B a B

and thus, using the Cauchy-Schwarz inequality,

) 1 )
D_wapath <5 D (5)’
a,B B

+
N —
=[]
Y
=[]
0
o~
®
N—
[N}
~
VR
Q
(]
N
QH
N—
[N}
~

Hence
1 = . ~ PN N
N2 ZZJ: /TdN (V(xi —zj) =V p(x;)) : Vy, pN @ inprdX

2

— 2
pv|® w1 \Vaon| | 1 ) N
—2N Z/’]I‘dN PN’ fﬂz - + 2NZi:/UI‘deN ﬁ%\] N Ej (xz :E]) *p(gjz)

2

Waz PN | ~ N
E /T " E , ;) * p(i)
This yields the desired result. O

3.2 Change of reference measure and Law of Large Number

We now state three general results which will be useful in order to control the error terms A and By defined
in Lemma] The first one will be used to perform a change of measure from px to py.

Lemma 5. For two probability densities p and v on a set Q), and any ® € L>(2), n > 0and N € N,
Et® < nHy(u,v)+ % log BV N/,
Proof. Define

f= 1eNCI)/”V, 0= / eN®Myaxy .
6 TanN

Notice f is a probability density. By convexity of the entropy

1 1
— log fdXV < — log ndX™.
N/TdNuogf _N/TdNuogu

On the other hand

1 1 1
N/ plog faxV = / pddXV + plog vdXN —
TdN 1 Jpan N

11



The next two statements are crucial theorems of [JW 18]

Theorem 4. Consider any probability measure yi on T% € > 0 and a scalar function 1) € L>®(T? x T)
with ||| Lee < o and such that for all z € TY, [, ¢(z, z)pu(dz) = 0. Then

10 s
/WN exp( Z Y(z1,25,) xl,xjg))u®NdXN <C=2 <1+ (1_3)3 + 1—5)’ (3.2)

J1,J2=1

where

= (ellllz=)* <1, = (@nw”mf <1

The second one is a nice improvement of the usual level two large deviations bound for i.i.d. random
variables.

Theorem 5. Consider any probability measure ju on T¢ and ¢ € L>° (T x T?) with

su 2 2
= (1600 + 36¢*) (sup I sup o H’“’“‘”) <1 (3.3)
p>1 p
Assume that ¢ satisfies the following cancellations
Ve T, | (e uldn) =0= | o(zz)u(dr).
T Td
Then, for all N € N,
1 & 2
= Lag) ) uENaxN < ——— . 4
/TdNexp(Ni;fb(xz,xj))u d < 1—7<OO (3.4)

3.3 Bounding the error terms

Lemma 6. The terms Ay and By introduced in Lemmad] are such that

Av(0)+ 3B (0 < © (Ha(0) + )

with
C = CilIV?pell e |V | oo A + Col [V [[70e A2d2(|V 5t | F
where C' 1, C’g are universal constants.

Proof. Recall from Theoremthat p(t) € C°(T9) for all t > 0. We first bound By. We have
2

\%
Z/szv | _'0‘ ZV — Vs play)| dXN

2

(i

2
1 i j ~ (i
NZV(Xt_Xg>_V*P(Xt)
J
2

1 i j ~ 3
N Z Va,5(Xi — Xt]) — Va,p * p(X{)
J

X > e *Xﬁ

i a,f=1

NVil2e ~ w 1 - o
STZ > E NZVa,ﬁ(Xt—Xt)—Va,ﬁ*p(Xt)
i «a,f=1 j

[\

12



We apply Lemma[5|to each

to get, for all C'p > 0,

2

1 i j _yri
E N Z Va5(Xi = X{) = Va5 * p(X7)
J

Cg 1 o S i
< CpHn(t) + “ElogE — | =SV s(X = X)) =V s % p(X
< CpHn(t) + v [0sE [ exp s \/]VZ B(X¢ i) 8 p(X{)

This way,

2
CeN|| Ve . 1 1 5 N

By ST ; ; log /szv PN €Xp Cp \/7N ; Va8(@i — x5) — Va g * p(i) dX
+ Cd® N ||V i || 3,00 Hv (1).

In the following we choose Cp = ||V||2 . Applying Theorem to

1

VED = s

(V(z—2)=V=p(2)),

which satisfies ||¢|| = < 2 and is such that

D 771 z—x)plx $_71 * p(z)plx)dx =
[ apta)is = o [ Vie—ap@ide - [ Vi ppaa =0,

and € = - (chosen such that [[¢)|| L~ < L and [|[¢[| o < 3-), we get
By < [VIIZ= X[V 2o (HN@) + B) : (35)

where C' is a universal constant.
We now proceed with the bound on Ay . Applying Lemma[5]to

V3. PN

1 i 2
P = WZ(V(% —xj) =V p(ay)) : ﬁT’
17]

we obtain, for all C'y > 0,

1 V2 p
o 2 Vi =) = Vo plan)) s~ | XY+ Catt (1)

C
Ay <—2log / PN exp
N TdN i PN

In the following we choose
Ca = 4v/16002 4 36e4 | V25| 1o ||V || e A := CaX|| V25| oo ||V || oo -

13



Then, we apply Theorem [5]to

.
o) = g (V=2 =V ep: TL0o).
which satisfies, thanks to Assumption 2]
0 _ ! —xz)—V=xp 'V—Qﬁz plz)az
[ oteaptant = [ (V=)= v : L) ) e
1

= /Td (divK (z — z) — divK * p(z)) p(z)dz = 0,

and, thanks to . (V(z —2) — V  p(2)) p(z)dx = 0,

¢(z,z)p(x)dx = 0.
Td

_ 2
Through our choice of Cy, (3.3) is verified, as v < (16002 + 3664) (2HV||LOOHVZWHL°°A> = i < 1. Hence

Ca

R C
Ax < Cal V20l Los |V ]| oo A (HN(t) + z\?) , (3.6)

where C'4 and C 4 are universal constants. The conclusion easily follows.

3.4 Proof of Theorem[Ilin the smooth case

It only remains to gather the previous results. Equations (3.1)), (3.3) and (3.6) yield

d A Vv 200)\2 AV 2ood2
G0 < (CNT Ve + IR 31,
Cy 1
=227
+ 57 ~ 5N (),

2 2 2 _
and using Corollaryland CallV2pell Lo |V]ILee A < 2 ()" + 1 () CAIIV2hi)2 |V ]2 A

d 7\ ioe, VI3 A2 Va3 ¢,
e <_ h— - oo oo — e
Latn(t) < (( ) Cul e VI | H(t) + 2

1 (2m\* Ao _ Ca
—2<(A) A IV Ve~ Hvuiwuwtu%wvdﬂﬂ W)+ 52,

IN

In a more concise way, using Lemma 1| it means there are constants C';, C5°,C3 > 0 and a function ¢ —
Cs(t) > 0 with fo Cs(s)ds < CS° for all t > 0 such that for all ¢ > 0

Cs

—”HN( ) < —(C1 = Ca(t)Hn(t) + N

Multiplying by exp(Cit — fo C(s)ds) and integrating in time we get

HN(t) <e Clt+f0 CQ dSH (0) ?\:; /0 ecl(sft)+fst C2(u)dud$

< 5O N (8) + CCjVeC?,
1

which concludes.
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3.5 Dealing with the regularity of py

As mentioned at the beginning of Section [3| up to now we have proven the result under the additional
assumption that there exists a smooth solution py to (1.4). Let us now remove this assumption. Consider
(Ce)e>0 a sequence of mollifiers such that ||(||;1 = 1, whose compact support are assumed to be strictly

contained within [—3, 3] ¢, Let us consider K¢ = K « Ce. We have K¢ € C*°(T?) and div(K¢) = 0.
Let p%; be the unique solution of the parabolic equation with smooth coefficients

N N

1

oy + 5 D K (w1 =) Vaply = D Auply, (3.7)
ij=1 i=1

with initial condition p%; (0, -) = pn (0, -). As a consequence, p§; is smooth.
We have the following bounds

Lemma 7. Let~y > 1 be such that py (0) € C3°(TN). Then, forallt > 0 and all € > 0, p&(t) € C3°(T).

Proof. Let x € T Consider the particle system dX{(t) = —+ Zé\;l Ke(X5(t) — X5(¢))dt + V2d B}
with initial condition X§ = x, where we denote X; = (X{(¢),..., X5 (¢)). We have strong existence and
uniqueness for this SDE. Then

P (t,x) = E (piv (0,X)) .
The bounds on p§; follow. O

Using Lemma we get (p% ) is a sequence of smooth functions uniformly bounded in L>°(R* x TN9),
This yields two results.

First, we can extract a weakly-* converging subsequence in L>°(R* x TV?), i.e there exists py € L® (Rt x TNY)
such that for all f € L'(RT x TN?) we have

Lot = | ot
TNd e—0t JNd

We finally check that py is indeed a weak solution of (I1.4). For all 7' > 0 and for all f smooth test function
on [0, T] x TNd

e We have, since 0; f smooth and therefore in L' ([0, 7] x TN9)

/‘ p%&f—>/1 Y
']I*Nd TNd

e Likewise, since A, f smooth and therefore in L' ([0, T] x TN9)

/ @%J%/ N
TNd TNd

e Finally
/ PNK(zi —xj) Vo, f — / pNK (i —xj) Vo, f
TNd TNd

:/TM PN (Kf(:l?i—xj)—K(xi—wj))-inf—i-/ (% — pn) K (25 — 2;) - Vo f

TNd
<N Lo Ve, fllzoe | K€ — K[ 2 + /TNd (Py — pN) K(x; — xj) - Vo, f
—0,

as |[K¢ — K||;n — 0and K (z; — z;) - Vg, f € LY([0,T] x TNY).
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We have thus proven that py is a weak solution of (I.4).

Likewise, we may consider (p¢)., which weakly-* converges to a solution which, by uniqueness, is p.

Second, pS satisfies the assumption made at the beginning of Section ie p§y € CH(RT x T4). Since
by considering V¢ = V * (. we have K¢ = div (V¢), we get that K€ satisfies Assumption [2[ and that the
calculations done in Section 3| are valid for this specific kernel, i.e

€ =€ = —C5t C°c CgeCw’e 1
Hy (o, PN)(t) < Hn(pn, pn)(0)e " Te™ 7 + o N (3.8)
1

Notice how, in the proof of Lemma [I] the constants bounding the various derivatives of p only depend
on the initial conditions, on || K||;:1 and on ||V||p~. Since ({)e>0 is a sequence of mollifiers, we have
|K€||r1 — || K| 1 as € tends to 0, and ||V¢||zee < ||V||zo~. The righthand side of (3.8)) can thus be chosen
independent of e.

We now use the fact that for u > 0 and v € R we have uv < ulogu — u + €, to obtain the variational
formulation of the entropy,

NHN (P, i) () = sup {Epe (9) — Epe, (e9) +1,9 € L}, 3.9)

the equality being attained for g = log (';Z; ) . We thus consider, for g € L*°,

1

E Ej (e9) +1) < H A (O)e-Citec . st 1
N( pe (9) —Eps (e7) +1) < Hn(pn, pn)(0)e” e +

1+C1 N’
By definition of the weak-* convergence in L> (since both g and e? are thus in L'), we have the following
convergence E e () — E,y (g) and Eg, (€9) — Ej\ (e7) as e tends to 0. Therefore, for all g € L,

1 oo
~ (Ep(9) = By (¢9) +1) < Hay (o, ) (0)e 1™ + 250

which yields Theorem [1} using (3:9) for Hn (pn, pn)(%).

3.6 Proof of Corollary ]|

Let £ € N, and N > k. The sub-additivity of the entropy (see for instance Theorem 10.2.3 of [ABC"00])
implies that the (rescaled) relative entropy of the marginals is bounded by the total (rescaled) relative entropy

k

The logarithmic Sobolev inequality established in Corollary [2]implies a Talagrand’s transportation inequality
(see [OVO00]), so that the L2-Wasserstein distance is bounded by the relative entropy. Classically, this is also
the case of the total variation thanks to Pinsker’s inequality, and thus

105 (8) — ()11 + Walohe, 1) (8) < C\JkMa (P, i) (1) < c\/ L]JXJHN@N,/;N)@).
k

With the additional assumption that Hy (pn, pn)(0) = 0, we thus get the result using Theorem |I} To
obtain the result on the empirical measure, we recall for the sake of completeness the arguments of [JM19,
Proposition 8]. Given x,y € T4, a coupling of 7(z) and 7 (y) is obtained by considering (x s, ;) where .J
is uniformly distributed over [1, N]. From this we get Wa(n(x), 7(y)) < |z —y|/v/N. Considering (X,Y)
an optimal coupling of (pn (), pn(t)), we bound

E (Ws(r(X, 5(1))) < E (Ws(r(X), 7(Y))) + E (Ws(r(Y), 5(1)))
< 1Nw2<pN<t>,pN<t>> +E(Wa(r(Y), 5(t)).

The last term is tackled with the result for i.i.d. variables established in [FG15].

k m Helole. p)(£) < Ny (o o) (0)
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A Proof of Theorem 2

The proof is based on an iterative procedure, and relies heavily on the work of Ben-Artzi [BA94]. Let
5= := 0, and then for k € N solve

0™ = — <u(k—1) . v) o5+ Ap®) | inRT x T¢ (A1)
u® =K % pk) (A.2)
pM(0, ) =po. (A.3)

Let us recall the following lemma concerning the regularity of the second order parabolic equation. We refer
to Chapter 7 of [EvalO] for a proof on a bounded domain that can be extended to the torus.

Lemma 8. Let a(t, z) be a C* function on RT x T and 1o € C>®(T?). Then the problem

Op = —a - Vb + A, in RT x T¢
QZJ(O? ) = ’QDO’

has a unique solution, which is C*°.

Lemma 9. Suppose pg € C(T?). Then the system (A.1)-(A3) defines successively a sequence of C*
solutions {p*®  u*)}.cn.

Furthermore, for allt > 0 and all k € N, ||5%)(t, )|z < ||pol| Lo and |u® (¢, )| < 1K || g2 || ttol] o
Finally, given a final time T > 0, p%) (resp. w*)) and all its derivatives, both in time and in space, are
bounded on [0, T] x T uniformly in k

Proof. We use induction on k. The assertion is clear for p(*) as the explicit solution to the heat equation.
Suppose {p), w9~} ,_, 1 have be shown to be C> solutions bounded uniformly in time.

Regularity. By definition

WWte) =KxpOta) = | Ke-ppPtdy=- | K@Y e -ydy.

Then
WM (t,z) = — /Td divV () g™ (t, z — y)dy = — /Td V(y)VypF (¢, x — y)dy.

Since we are in the compact set T?, that V € L®(T%), and that 5*) € C>®(Rt x T¢) by induction
hypothesis, we can easily show that u(¥), as well as all its derivatives, are Lipschitz continuous. Hence u(¥)
is C*. Using Lemmain (AT with k replaced by k + 1 yields the desired result for p*+1.

Boundedness of ﬁ(k“) and u®), Let us show that for all T’ > 0, ﬁ(kH) and u*) are both bounded on
[0, T] x T, with a bound independent of 7. We have, using Young’s convolution inequality and the induction
hypothesis

™tz < Ko llpN (e < I ol -
Now p(#+1) is the unique solution of
8,p%+D = _ (u(k) ~v) sk A kD

PED (0, 2) =po ().
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For t > 0, consider Z. s(kH) the strong solution of the following stochastic differential equation for s € [0, ¢]
dZ%* Y = \/2dB, —u®(t — s, Z,)ds,
which exists, is unique and non-explosive since u%) is smooth, bounded and Lipschitz continuous. Then
_ k+1
P (1 w) = Ex (no(20)).

We thus get
_(k+1
1 poo < o] oo

Boundedness of the derivatives of 5**1) and «(¥). The boundedness of the derivatives of u(¥) is a direct
consequence of the boundedness of the derivatives of 5(¥) thanks to Young’s convolution inequality. Then,
the proof for 5(*+1) similar to the proof of Lemma |1, using the boundedness of the derivatives of u(¥). To
show that the bounds are in fact independent of k, we follow the proof of Lemma [I} i.e by induction on
the order of the derivative, and within each induction step we prove that both the integrated and uniform
bounds are independent of k. This comes from the fact that the proof initially only relies on the bounds on
Hﬁgkﬂ) || o= and Hugk) || o= -which, as we have shown, only depend on ||| 1, - and then for each induction
step on the initial condition and on the bounds constructed at the previous step (therefore independent of k).
The bounds concerning the derivatives involving time are then obtained thanks to the bounds on the space
derivatives using (A.T).

O

Proof of Theorem It is sufficient to prove existence and uniqueness of the solution in [0, 7' x T for all
T > 0, since then the solutions on [0, 7] x T% and [0, T] x T%, with T < T, must coincide in [0, 7}] x T¢,
leading to the existence and uniqueness of the global solution in R* x T¢. Let us consider T > 0

Existence in [0, 7] x T for T small enough: Let us show the existence of the limit solution. We consider
|z+k[? )

here T to be small enough (an explicit bound will be given later) Let G(t,2) = >, c7a ﬁ exp(—"
Armt)2

be the heat kernel on the d dimensional torus. We have
F(t,2) = G(t,) * pola / [ Gt sz =y D (s.9) - 9,0 (5, )dyds,
Let us denote N (t) = supp<s<; |p*EH 1 (s, ) — p*) (s, -)|| oo We have, using V,, - ulF) = 0
pEI(t ) — g (t,2) = — /Ot | VGt = s -y) (P40 (s,) = 5 (s,9) ) ul (s, y)dyds

t
= [ [ Va6t = s = 0 s0) (1 5.0) — D s,0) dyds.
0 JTd

Remark (using the first moment of the chi distribution) that, for some constant 5 > 0
/ IV.G(t, z)|dz < Bt 2.
Td

We thus get
t
1P* V() = P, )| e SﬂIIK!LlHﬂoHLw/O (t = 5) "2 [p* D (s, ) = 5P (s, )1 ds

t
T Bllpoll = / (t— )" u® (s, ) — u®=D(s, )| poods,
0
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and
[u® (s,) = ™V (s, ) |Loe < (K| palp® (s,7) = 55D (s, )| poe.

Therefore

t 1 t .
Ni(t) < B |l sol e /O (t — )3 Ny(s)ds + BI K| o /0 (t— )3 Ny_1(s)ds.

Denoting C' = S| K || || pol| L we get
t
Nult) € [ (= 5)F (NU() + Nea () d, (A4)
0

Since Ny, is continuous, there exists R > 0 such that for all ¢ € [0, 7] we have Ni(t) < R. We thus have,
using this bound in (A-4) and assuming 2Cv/T < 1

t t
Ni(t) ch/ (t—s)-%ds+c/ (t — s)"2Njy_1(s)ds
0 0
t
§1;+C/ (t = $)~3 Ny (s)ds.
0
We use this bound in (A.4)
R ! _1 ! _1
Ni(t) §2C/ (t— ) 2ds+C’/ (t— $)"3 Ny (s)ds
0 0
t s
—1—02/ / (t—s)_%(s—u)_%Nk,l(u)duds.
0o Jo
We deal with this last term
t s
02/ / (t—5)_1/2(s—u)_%N1€_1(u)dud$
0o Jo
¢ ¢ 1 1
202/ Nk_l(u)/ (t—s)"2(s —u) 2dsdu
0 u
t
:C2ﬂ'/ Ni—1(u)du.
0

Let o = v/TwC and choose T such that v < % (which in turns also yields the previous condition 2C VT < %).
We have

t t t
aC/ (t— S)_%Nk_l(s)ds - 0277/ Ni—1(s)du = C'/ Ni—1(s) <a(t - s)_% - TI‘C) ds,
0 0 0
and since o« = VT7C > /T — stCfor0 < s <t < T, we get
t ) t
aC’/ (t —s) 2Ng_1(s)ds > 0271'/ Ni_1(s)du,
0 0
and thus

Ni(#) <§ +C( +a) /Ot(t §) BNy (s)ds.
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Iterating this method, we obtain for alln € N
t 1
Np(t) <2"R+C(1+a+---+a™ 1) / (t —s)"2Ng_1(s)ds,
0
and thus
t 1
Ni(t) < 20/ (t —s) 2 Ng_1(s)ds.
0

We now show that this implies that

Ni(t) < No(T) <2cr (;)) /21 (k —; 2) : (A.5)

where we denote I' (z) = [ t*~'e~!dt. We have that for k = 0, (AJ3) is satisfied and, by induction, we
have

t 1 T 1
/(t—s) Sshds =t b (1—u)*%u§du: %(”—3
0 0 (%)
Using the fact that I'(k + 1) = k! and T'(k + 3) = kIT'(3), we get that Y32 ; N(t) converges uniformly for
t € [0, 7] and the limits

p(t,z) = klim p¥) (¢, 2) and u(t,z) = lim v (¢, 2)
— 00

k—o0

anP k)”LO" and Halaoq u(k) | oo

-----

existin C([0, T]|xT¢). Now, since forall I,n € Nand all oy, ..., oy, || 00, ...
are bounded uniformly in £, using Arzela-Ascoli theorem, we have uniform convergence, up to an extrac—
tion, of the derivatives. Hence the validity of the limits in C°°([0, 7] x T%), i.e there is convergence of the
functions along with their derivatives of all order in [0, 7] x T. This gives us the fact that the limit 5 satisfies

@I).

Uniqueness in [0, 7] x T9. Suppose p' and p? are two bounded solutions of (Z.I) on [0, 7] x T¢. Then

0 (p' = p%) = AP =p") == (K*p') -V (p' = ") = V- ((K#p' = Kxp") p°),

so that
t
ﬁl(t,ﬂ?) - ﬁZ(t’x) == /0 T vyG(t - 5T y) ’ (K *y ﬁl(say)> (51(573/) - ﬁQ(Say)) dyds
t
[ G it =) (5, 0 0) = K 5y 7o) (1),

Let N(t) := supgecy 17 (5,-) — 72(s, )| o< - Recall
1K # pMs,) — K 225, Yl < IKIallo!(s,) — 2°(5. )l e,

which implies, like previously, the existence of a constant C' such that

y<C / )" Y2N (s)ds.
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We choose L > 0 such that C fOT s"2eLsds < 3. and let Q(t) = e L' N(t), which satisfies for all ¢

<C/ 1/2Q ) —L(t— s)ds

Let R > 0 be such that Q(t) < R
Then

<RC/ 1219 gs < 2.
-2
By induction, we get N (¢) = 0 for ¢ € [0, T']. This concludes the proof of uniqueness.

Existence in RT x T¢ For T small enough, there exists a solution in [0,7] x T%. Notice that T" only
depends on constants independent of time (it depends on the L°° bound of the initial condition, which we
have shown propagates). It is therefore possible to construct the (unique) smooth solution on all intervals
[to, T + to] X T, Uniqueness allows us to iteratively construct the (unique) smooth solution on R x T,
This concludes the proof.

O]

Acknowledgements
This work has been (partially) supported by the Project EFI ANR-17-CE40-0030 of the French National
Research Agency. The authors sincerely thank Didier Bresch, Laurent Chupin and Nicolas Fournier for
many discussions around this topic.

References

[ABC100] C. Ané, S. Blachere, D. Chafai, P. Fougeres, 1. Gentil, F. Malrieu, C. Roberto, and G. Scheffer.
Sur les inégalités de Sobolev logarithmiques. Société Mathématique de France, 2000.

[BA94] M. Ben-Artzi. Global solutions of two-dimensional Navier-Stokes and Euler equations. Archive
for Rational Mechanics and Analysis, 128:329-358, 1994.

[BBO3] J. Bourgain and H. Brezis. On the equation div y = f and application to control of phases. Journal
of the American Mathematical Society, 16(2):393-426, 2003.

[BGL14] D. Bakry, I. Gentil, and M. Ledoux. Analysis and Geometry of Markov Diffusion operators.
Grundlehren der mathematischen Wissenschaften, Vol. 348. Springer, January 2014.

[BGVO7] F. Bolley, A. Guillin, and C. Villani. Quantitative concentration inequalities for empirical mea-
sures on non-compact spaces. Probab. Theory Related Fields, 137(3-4):541-593, 2007.

[BJW19a] D. Bresch, P-E. Jabin, and Z. Wang. Modulated free energy and mean field limit, 2019.

[BJW19b] D. Bresch, P-E. Jabin, and Z. Wang. On mean-field limits and quantitative estimates with a large
class of singular kernels: application to the Patlak-Keller-Segel model. C. R. Math. Acad. Sci.
Paris, 357(9):708-720, 2019.

[BJW20] D. Bresch, P-E. Jabin, and Z. Wang. Mean-field limit and quantitative estimates with singular
attractive kernels, 2020.

[DEGZ20] A. Durmus, A. Eberle, A. Guillin, and R. Zimmer. An elementary approach to uniform in time
propagation of chaos. Proc. Amer. Math. Soc., 148(12):5387-5398, 2020.

21



[DT21]

[EvalO]

[FG15]

[FHM14]

[Gen04]

[HM14]

[IM19]

[JW18]

[Kac56]

[Lac21]

[MalO1]

[MEI96]

[MP94]

[OVO00]

[PTO8]

[Sch96]

[Szn91]

F. Delarue and A. Tse. Uniform in time weak propagation of chaos on the torus, 2021.

L.C. Evans. Partial Differential Equations. Graduate studies in mathematics. American Mathe-
matical Society, 2010.

N. Fournier and A. Guillin. On the rate of convergence in Wasserstein distance of the empirical
measure. Probab. Theory Related Fields, 162(3-4):707-738, 2015.

N. Fournier, M. Hauray, and S. Mischler. Propagation of chaos for the 2D viscous vortex model.
J. Eur. Math. Soc. (JEMS), 16(7):1423—-1466, 2014.

I. Gentil. Inégalités de sobolev logarithmique et de poincaré pour la loi uniforme. Unpublished
note, see http://math.univ-lyonl.fr/homes-www/gentil/logsob-segment.pdf, 2004.

M. Hauray and S. Mischler. On Kac’s chaos and related problems. J. Funct. Anal.,
266(10):6055-6157, 2014.

L. Journel and P. Monmarché. Convergence of a particle approximation for the quasi-stationary
distribution of a diffusion process: uniform estimates in a compact soft case. arXiv e-prints,
page arXiv:1910.05060, October 2019.

P-E. Jabin and Z. Wang. Quantitative estimates of propagation of chaos for stochastic systems
with w™1> kernels. Inventiones mathematicae, 214(1):523-591, Jul 2018.

M. Kac. Foundations of kinetic theory. In Proceedings of the Third Berkeley Symposium on
Mathematical Statistics and Probability, Volume 3: Contributions to Astronomy and Physics,
pages 171-197, Berkeley, Calif., 1956. University of California Press.

D. Lacker. Hierarchies, entropy, and quantitative propagation of chaos for mean field diffusions,
2021.

F. Malrieu. Logarithmic Sobolev inequalities for some nonlinear PDE’s. Stochastic Process.
Appl., 95(1):109-132, 2001.

S. Méléard. Asymptotic behaviour of some interacting particle systems; mckean-vlasov and
boltzmann models. In Probabilistic models for nonlinear partial differential equations, pages
42-95. Springer, 1996.

C. Marchioro and M. Pulvirenti. Mathematical Theory of Incompressible Nonviscous Fluids,
volume 96 of Applied Mathematical Sciences. Springer-Verlag New York, 1994.

F. Otto and C. Villani. Generalization of an inequality by talagrand and links with the logarithmic
sobolev inequality. Journal of Functional Analysis, 173(2):361-400, 2000.

N. Phuc and M. Torres. Characterizations of the existence and removable singularities of
divergence-measure vector fields. Indiana University Mathematics Journal - INDIANA UNIV
MATH J, 57:1573-1598, 01 2008.

S. Schochet. The point-vortex method for periodic weak solutions of the 2-d euler equations.
Communications on Pure and Applied Mathematics, 49(9):911-965, 1996.

A-S. Sznitman. Topics in propagation of chaos. In Paul-Louis Hennequin, editor, Ecole d’Eté
de Probabilités de Saint-Flour XIX — 1989, pages 165-251, Berlin, Heidelberg, 1991. Springer
Berlin Heidelberg.

22



[V1a68] A.A. Vlasov. The vibrational properties of an electron gas. Soviet Physics Uspekhi, 10(6):721—
733, jun 1968.

[Wyn21] D. Wynter. Quantitative propagation of chaos for the mixed-sign viscous vortex model on the
torus, 2021.

23



	Introduction
	Framework
	Main results
	Strong propagation of chaos

	Preliminary work
	First results on the non-linear PDE
	Higher order estimates
	Logarithmic Sobolev inequality

	Proofs of the main results
	Time evolution of the relative entropy
	Change of reference measure and Law of Large Number
	Bounding the error terms
	Proof of Theorem 1 in the smooth case
	Dealing with the regularity of N
	Proof of Corollary 1 

	Proof of Theorem 2

