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Convergence rates for the Vlasov-Fokker-Planck equation and
uniform in time propagation of chaos in non convex cases

Arnaud Guillin* Pierre Le Bris™ and Pierre Monmarché*

Abstract

We prove the existence of a contraction rate for Vlasov-Fokker-Planck equation in Wasserstein dis-
tance, provided the interaction potential is (locally) Lipschitz continuous and the confining potential is
both Lipschitz continuous and greater than a quadratic function, thus requiring no convexity conditions.
Our strategy relies on coupling methods suggested by A. Eberle [Ebel6] adapted to the kinetic setting
enabling also to obtain uniform in time propagation of chaos in a non convex setting.

1 Introduction

1.1 Framework
Let U and W be two functions in C! (R?). We consider the Vlasov-Fokker-Planck equation:
Oy (,v) = =V - (v (,0)) + Vo - (v + VU () + VW sk iy () v (2, 0) + Vory (z,0)), - (L1

where v (x, v) is a probability density in the space of positions 2 € R? and velocities v € R,

we () = / v (x, dv)
R4
is the space marginal of v; and
VW sk py(x) = y VW (x — y)u(dy).

It has the following probabilistic counterpart, the non linear stochastic differential equation of McKean-
Viasov type, i.e. v; is the density of the law at time ¢ of the R??-valued process (X7, Vi)t>0 evolving as the
mean field SDE (diffusive Newton’s equations)

dX; = Vidt
AV, = V2B, — Vidt — VU (X;) dt — VW * iy (X;) dt (1.2)
pe = Law (X¢) .

Here, (Xt, V;) € RY x RY, (B;),~, is a Brownian motion in dimension d on a probability space (2, A, P),
and yu; is the law of the position X;. The symbol V refers to the gradient operator, and the symbol * to the
operation of convolution.

Both in the probability and in the partial differential equation community, existence and uniqueness
of McKean-Vlasov processes have been well studied. See [McK66], [Fun84]], [Szn91] for some historical
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milestones. In the specific case of (1.1) and (1.2), under the assumptions on U and W introduced in the next
section, existence and uniqueness follow from [MEI96] for square integrable initial data.
A related process is the NV particles system in R in mean field interaction

dX} = Vidt,

Vi € [1,N], (1.3)

N
dvi = \/idBt—tht—VU(Xt)dt—NE 1VW<Xt_Xg)dt’
]:

where X/} and V}' are respectively the position and the velocity of the i-th particle, and (Bg, 1<i<N )
are independent Brownian motions in dimension d. One can see equation (I.3) as an approximation of
equation (T.2)), where the law 1 is replaced by the empirical measure p¥ = % sz\i 10 X

It is well known, at least in a non kinetic setting ([M¢l96], [[Szn91])), that, under some weak conditions
on U and W, ¥ converges in some sense toward the law p; of X; solution of (I.2). This phenomenon
has been stated under the name propagation of chaos, an idea motivated by M. Kac [Kac56]), and greatly
developed by A.S. Sznitman [Szn91]].

In statistical physics, (I.3) is a Langevin equation that describes the motion of N particles subject to
damping, random collisions and a confining potential U and interacting with one another through an interac-
tion potential W, which can be polynomial (granular media), Newtonian (interacting stellar) or Coulombian
(charged matter). See for instance [LG97| for an english translation of P. Langevin’s landmark paper on the
physics behind the standard underdamped Langevin dynamics. Therefore, Equation has the following
natural interpretation: the solution 14 is the density of the law at time ¢ of the process (X, V)0 evolving
according to (1.2), and thus describes the limit dynamic of a cloud of (charged) particles. In particular, it
holds importance in plasma physics, see [V1a68]].

More recently, mean-field processes such as have drawn much interest in the analysis of neuron
networks in machine learning [CCBJ18, (CCA™18]. In this context of stochastic algorithms, it is known that
the underdamped Langevin dynamics (not necessarily with mean-field interactions) can converge faster than
the overdamped (i.e non kinetic) Langevin dynamics [CCBJ18, (GM16] toward its invariant measure. For
example, the results on (I.2)) could be applied to study the convergence of the Hamiltonian gradient descent
algorithm for the overparametrized optimization as done in [KRTY20] for Generative Adversarial Network
training.

The goal of the present work is twofold. We are interested, first, in the long-time convergence of the
solution of (I.2)) toward an equilibrium and, second, to a uniform in time convergence as N — +oo of (I.3)
toward (1.2). It is well known that such results cannot hold in full generality, as the non-linear equation (1.1
may have several equilibria. Here we will consider cases where the interaction is sufficiently small for the
non-linear equilibrium to be unique and globally attractive, and for the propagation of chaos to be uniform
in time.

There are various methods to study the long time behavior of kinetic type processes, such as Lyapunov
conditions or hypocoercivity, and we will discuss these approaches and compare them with our results later
on. We rely here on coupling methods following the guidelines of A. Eberle et al. in [EGZ19a] where
the convergence to equilibrium is established for without interaction, and also extend the approach to
handle only locally Lipschitz coefficient. In a second part, we also use reflection couplings (see [DEGZ20])
for the propagation of chaos property.

Let us briefly describe the coupling method. The basic idea is that an upper bound on the Wasserstein
distance between two probability distributions is given by the construction of any pair of random variables
distributed respectively according to those. The goal is thus to construct simultaneously two solutions of
that have a trend to get closer with time. Have (X, V;) be a solution of driven by some Brownian



motion (By)¢>0 and let (X7, V/) solves

dX! = V/dt
dV] = \/2dB, — V/dt — VU (X}) dt — VW * pu; (X]) dt
py = Law (X7).

with (B}),5 a d-dimensional Brownian motion. A coupling of (X, V) and (X', V’) then follows from a
coupling of the Brownian motions B and B’. Choosing B = B’ yields the so-called synchronous cou-
pling, for which the Brownian noise cancels out in the infinitesimal evolution of the difference (Z;, W;) =
(X — X[,V; — V). In that case the contraction of a distance between the processes can only be induced
by the deterministic drift, as in [BGM10]. Such a deterministic contraction only holds under very restrictive
conditions, in particular U should be strongly convex. Nevertheless, in more general cases, the calculation
of the evolution of Z; and W} (see Section[3.1|below) shows that there is still some deterministic contraction
when Z; + W; = 0. We can therefore use a synchronous coupling in the vicinity of this subspace.

Outside of {(z,w) € R*¢, 24w = 0}, it is necessary to make use of the noise to get the processes closer
together, at least in the direction orthogonal to this space. In order to maximize the variance of this noise, we
then use a so-called reflection coupling, which consists in B and B’ being symmetrical (i.e B, = —By) in
the direction of space given by the difference of the processes, and synchronous in the orthogonal direction.
In other words, writing

. { Gty i 2+ WA
0 otherwise
we consider dB] = (I d— QetetT) dB;. Levy’s characterization then ensures that it is indeed a Brownian
motion.

Finally we construct a Lyapunov function H to take into account the trend of each process to come back
to some compact set of R2?, We are then led to the study of a suitable distance between the two processes,
which will be of the form p; = f(r)(1 + eH (X, Vi) + eH(X,, V/)), with . = o|Zy| + |Zy + W4,
where «, € > 0 and the function f are some parameters to choose. More precisely, we have to choose these
parameters carefully in order for Ep; to decay exponentially fast. This leads to several constraints on «, €
and on the parameters involved in the definition of f, and we have to prove that it is possible to meet all
these conditions simultaneously. For the sake of clarity, in fact, we present the proof in a different order,
namely we start by introducing very specific parameters and, throughout the proof, we check that our choice
of parameters implies the needed constraints.

The study of the limit N — 400 is based on a similar coupling, except that we couple a system of N
interacting particles [1.3|with N independent non-linear processes|1.2

The next subsections describe our main results and compare them to the few existing ones in the liter-
ature. Section [2| presents the precise construction of the aforementioned ad hoc Wasserstein distance. The
proof of the long time behavior of the Vlasov-Fokker-Planck equation when confinement and interaction co-
efficient are Lipschitz continuous is done in Section [3] whereas the propagation of chaos property is proved
in Section 4 An appendix gathers technical lemmas and the modifications of the main proofs when the
confinement is only supposed locally Lipschitz continuous.

1.2 Main results

For y and v two probability measures on R??, denote by II (1, v/) the set of couplings of  and v, i.e. the set
of probability measures I on R?¢ x R? with I'(A x R??) = 1(A) and T'(R?? x A) = v(A) for all Borel set
A of R??. We will define L' and L? Wasserstein distances as

W)= int / (|7 — &| + [v — 8]) T (dwdvdidd)



1/2
Wa (p,v) = < inf / (| — 4 v — 17|2) r (dxdvd:i‘df})) .

Pell(p,v)

Our main results will be stated in terms of these distances, even if we work and get contraction in the
Wasserstein distance defined with the aformentioned p. Let us detail the assumptions on the potentials U
and W.

Assumption 1. The potential U is non-negative and there exist A > 0 and A > 0 such that

2
Ve € R?, ;VU(x)-a:Z)\(U(a:)—i—’ll)—A. (1.4)

The condition (1.4) implies that the force —VU has a confining effect, bringing back particles toward
some compact set. It implies the following:

Lemma 1.1. Provided (1.4)), there exists A > 0 such that for all z € RY,
Al ~
U(x)> 6|$| —A. (1.5)

The proof is postponed to Appendix [A.T] In particular, it implies that U goes to infinity at infinity and is
bounded below. Since only the gradient of U is involved in the dynamics, the condition U > 0 is thus not
restrictive as it can be enforced without loss of generality by adding a sufficient large constant to U. This
condition is added in order to simplify some calculations.

Assumption 2. There is a constant Ly > 0 such that
Vo,y eR' xR, |VU (2) = VU (y)| < Lule —yl.
Example 1.1. The double-well potential given by

[ @1 s,
Ule) = { (J#] —1)*  otherwise.

satisfies Assumptions|[I|and

Assumption 3. The potential W is even, i.e. W (z) = W (—x) for all x € R?, in particular VIV (0) = 0.
Moreover, there exists Ly < \/8 (where \ is given in Assumption|l)) such that

Vo,y eRYxRY, VW () = VW (y) | < L]z — yl. (1.6)
In particular |[VNW (z) | < Lw || for all x € R%.

Here we consider an interaction force that is the gradient of a potential W, as we stick to the formalism
of other related works (for instance [DEGZ20]). Nevertheless, all the results and proofs still holds if VW
is replaced by some F' : R? i R satisfying the same conditions. The confinement potential may also be
non gradient, however the fact that the confinement force VU is a gradient simplifies the construction of a
Lyapunov function.

The condition Ly < A/8 is related to the fact the interaction is considered as a perturbation of the
non-interacting process studied in [EGZ19a]. Therefore, V¥ has to be controlled by VU in some sense.
Note that we immediately get the following bound on the non-linear drift:

Lemma 1.2. Under Assumption for all probability measures j1 and v on R® and x, & € R,

VW % i (2) = VW 50 (&) | < Lwle — & + LW (u.v).

4



See Appendix for the proof.
Example 1.2. Assumption |3|is satisfied for an harmonic interaction W (z) = +Ly|x|?/2, or a mollified
Coulomb interaction for a,b > 0 and k € N*
a ax|z|F2

Wa)=t——— ie VW@ =F—""1
(o[ + bk)* (Jofk + k)15

We are also interested in cases where, instead of Assumption [2] VU is only assumed to be locally
Lipschitz continuous.

Assumption 4. There exist Lyy > 0 and a function a function ¢ : R* — R such that
o,y €RTXRY VU (2) = VU ()| < (Lu + ¢ (2) + ¢ (y)) [« — yl,

and
Ve e RY 0 < op(x) < Lyv/Mz2 + 24U (2),

where Ly, > 0 is sufficiently small in the sense that
Lz/; < C’z/)(LUv A, A? d, CL),

where cy, is an explicit function given below in (C.2)), Ly is given in Assumption A by Assumption A by
Assumption[l| Lemma|l.1|and d is the dimension. Finally, a is a used to bound an initial moment (see (C.I)).

The first of our main results concern the long-time convergence of the non-linear system (1.1)).

Theorem 1.1. Let U € C* (Rd) satisfy Assumption |l|and either Assumption [2| or Assumption . There is
an explicit V' > 0 such that, for all W € C! (Rd) satisfying Assumption 3 with Ly, < ¢, there is an
explicit T > 0 such that for all probability measures l/é and Vg on R?¢ with either a finite second moment (if
Assumption 2| holds) or a finite Gaussian moment (if only Assumption 4| holds), there are explicit constants
C1,Cs > 0 such that for all t > 0,

Wi (v, vf) <e™Cr, Wh (i) <e TG

where v} and v} are solutions of (I_1) with respective initial distributions 1/6 and Z/g.
In particular, we have existence and unicity of -as well as convergence towards - a stationary solution.

The second of our main results is a uniform in time convergence as N — +oc of (1.3)) toward (1.2).

Theorem 1.2. Let C° > O and @ > 0. Let U € C* (Rd) satisfy Assumptionsand There is an explicit
V' > 0 such that, for all W € C! (Rd) satisfying Assumption [3| with Ly, < c", there exist explicit

Bi, By > 0, such that for all probability measures vy on R>? satisfying E, (e&(‘X|+|V‘)) < Co ,
kB kB
Wi (z/f’N, 17;@"“) <21 w3 (uf’N,ﬁg@’f) <22
VN

forallk € N, where Z/f’N is the marginal distribution at time t of the first k particles ((th, Vh, ey (XE, V;k))
of an N particle system (T.3)) with initial distribution (v9)®, while Dy is a solution of (T1) with initial dis-
tribution vy.



1.3 Comparison to existing works

Space homogeneous models of diffusive and interacting granular media (see [BCCP98]) have attracted a lot
of attention, usually named McKean-Vlasov diffusions, these past twenty years, by means of a stochastic
interpretation and synchronous couplings as in [CGMOS8] or the recent [DEGZ20] by reflection couplings
enabling to get rid of convexity conditions, but limited to small interactions. Remark however that small
interactions are natural to get uniform in time propagation of chaos as for large interactions the non linear
limit equation may have several stationary measures (see [HT10] for example). The granular media equations
were interpreted as gradient flows in the space of probability measures in [CMCO3]], leading to explicit
exponential (or algebraic for non uniformly convex cases) rates of convergence to equilibrium of the non
linear equation. Another approach relying on the dissipation of the Wasserstein distance and W .J inequalities
was introduced in [BGG13]] handling small non convex cases. This approach was implemented in [Sal20] to
get propagation of chaos, under roughly the same type of assumptions.

Results on the long time behavior of the non-linear equation (I.2)), i.e. space inhomogeneous, are few,
as they combine the difficulty of getting explicit contraction rates for hypoelliptic diffusions as well as a
non linear term. Concerning the uniform in time propagation of chaos, there are no results except in the
strictly convex case (with very small perturbation). We however refer to [VilQ9] for a result on the torus
with W bounded with continuous derivative of all orders, see also [BD95]]. Based on functional inequal-
ities (Poincaré or logarithmic Sobolev inequalities) for mean field models obtained in [[GLWZ19b]], other
results were obtained provided the confining potential is a small perturbation of a quadratic function as in
[Mon17, IGLWZ19al IGM20]] which combines the hypocoercivity approach with independent of the number
of particles constants appearing in the logarithmic Sobolev inequalities. Our results generalize [GM20]. In-
deed, we may consider non gradient interactions whereas it is crucial in their approach to know explicitly
the invariant measure of the particles system, and also we may handle only locally Lipschitz confinement
potential, whereas they impose at most quadratic growth of the potentials, and non strictly convex at infin-
ity potential. It is however difficult to compare the smallness of the interaction potentials needed in both
approaches. Note however that they obtain convergence to equilibrium in entropy whereas we get it in
Wasserstein distance (controlled by entropy through a Talagrand inequality). Using a coupling strategy, and
more precisely synchronous couplings, results under strict convexity assumption were obtained in [BGM10]
for contraction rates in Wasserstein distance, see also [KRTY?20|] but only for the nonlinear system.

As we mentioned, we adapt a proof from [EGZ19a], which tackles without interaction term. The
article uses a Lyapunov condition that guarantees the recurrence of the process on a compact set. This idea
is common when proving similar results through a probabilistic lens (see for instance [Tal02] or [BCGOS]).
Lyapunov conditions may also help to implement hypocoercivity techniques a la Villani to handle entropic
convergence for non quadratic potentials, see [CGMZ19]. Under the assumption U “greater than a quadratic
function” at infinity and VW Lipschitz continuous, we too consider a Lyapunov function that allows us
to construct a specific semimetric improving the convergence speed. But, and this is to our knowledge
something new, when proving propagation of chaos we add a form of non linearity in the quantity we consider
to tackle a part of the non linearity appearing in the dynamic (see Section [ below).

2 Modified semimetrics

As mentioned in the introduction, the proofs rely on the construction of suitable semimetrics on R2¢ and
R24N  They are introduced in this section, together with some useful properties. In all this section, \, A, A, Ly
and Lyy are given by Assumptions and[3]and Lemmal|l.1

Before going into the details, let us highlight the main points of the construction of the semimetrics. It
relies on the superposition of three ideas. The first idea is that, in order to deal with the kinetic process
(T2), the standard Euclidean norm |z|? + |v|? is not suitable and one should consider a linear change of
variables, like (z,v) — (x,z + Bv) for some 5 € R. This is the case when using coupling methods as in



[EGZ19a, BGM10] but also when using hypocoercive modified entropies involving mixed derivatives as in
[Vil09, Tal02, Baul7, ICGMZ19], the link being made in [Mon19]. This motivates the definition of r below.
The second idea is a modification of this distance r by some concave function f, which is related to the fact
we are using, at least in some parts of the space, a reflection coupling. The concavity is well adapted to
1t6’s formula enabling the diffusion to provide a contraction effect (in a compact). This method has been
considered for elliptic diffusions in [Ebel6], see also [EGZ19b]]. Intuitively, the contraction is produced by
the fact that a random decrease in 7 has more effect on f(r) than a random increase of the same amount.
Finally, the third idea is the multiplication of a distance by a Lyapunov function GG, which has first been used
for Wasserstein distances in [HMO8]]. That way, on average, f(r)G tends to decay because, when r is small,
f(r) tends to decay and, when r is large, G tends to decay.

2.1 A Lyapunov function

Let
A

et B=24(A+(—7)A+d) 2.1

and, for z,v € R,
H (z,v) = 24U (z) 4 (6 (1 — ) + \) |z|* + 122 - v 4 12]v|2.

For 1 a probability measure on R? with finite first moment, VIV being assumed Lipschitz continuous, denote
by L,, the generator given by

L6 (2,0) = 0 Vad (2,0) — (0 + VU () + VIV 5 () - Vo (2, 0) + Aub (1, 0).
The main properties of H are the following.

Lemma 2.1. Under Assumptions and|3| for all x,v € R and p,

a:‘ 2
H (x,v) >24U (x) + N|z|* 4 12 ’v + 3| (2.2)
2
Lt o.0) <5 + L0+ 3  [lvldut)) = (Ga+ 22 ol ot w0
2
L.H (2.0) <B + (( [ biautn) - |x|2> (3h+2) =it (2,00 24

In particular H is non-negative and goes to 400 at infinity.

The proof follows from elementary computations and is detailed in Appendix [A.3] Notice that the con-
dition Ly < A\/8 is used here.

In the case of particular interest where 11 = p is given by (1.2)), taking the expectation in (2.3) and using
Gronwall’s lemma, we immediately get the following.

Lemma 2.2. Under Assumptions[1} 2]and 3| let (X, V;)1=0 be a solution of (I2) with finite second moment
at initial time. For all t > 0,

d
B B\ _.,
BH (X, V) - = < (BH (X0.15) ~ = ) e 2.6)



2.2 Change of variable and concave modification

We start by fixing the values of some parameters. The somewhat intricate expressions in this section are
dictated by the computations arising in the proofs later on. Recall the definition of v and B in (2.1)). Set

2 2
N 24B - Rlz\/24((1+a) +a?)

—Ly+2 —
“ v 4’ 5y min (3, % 5y min (3, %)

For z, #,v,7 € R, set
r(z,z,v,0) =alt —Z|+ |zt —T+v—17|.

Lemma 2.3. Under Assumptions and forall z,x,v,0 € R,

1+a)*+a?
r(z,7,0,9)% < M (H (z,v) + H (3,7)) , 2.7)
min (§)\, 3)
so that, in particular,
12
r(z,Z,v,0) > Ry = ~vH (z,v) +~vH (Z,0) > EB'

We refer to Appendix [A.4]for the proof. Let

. v B 1 | 1 Ly + Ly Ly + Ly 1 /Ly + Lwy 1
- J o2 2 . 24/ (W 96 ~1))r
¢ mln{36’ 30 7 (2 20 e ) P78 o atdomax{g

(2.8)
Set
C=c+2eB
and, for s > 0,
1/1 1 5 °
¢(s)=exp|—=|—Lv+ Lw)+a+96emax | —,1 ) | s* |, P (s) = ¢ (u) du
8\« 2a¢ 0

9(8)21—9 "2

p B min(s,R1) p
L S fe= [ ewawan

Remark 2.1. The parameters above are far from being optimal. They are somewhat roughly chosen as we
only wish to convey the fact that every constant is explicit.

The next lemma, proved in Appendix[B] gathers the intermediary bounds that will be useful in the proofs
of the main results.

Lemma 2.4. Under Assumptions and

. 5y
<l|l1-—5 ], 2.9
“=%6 ( 2eB + 5g> 29
Ly + Lw <a, (2.10)
1 Ly+Lw\ . r¢ (1)
2B <-(1-=2""% f 2.11
o ee _2< @ )re%,Rl] D(r)’ @11
Ry -1
c+ 2B <2 (/ c1>(s)¢(s)1ds> : (2.12)
0
Vs >0, 0 =4¢' (s) + (i (Lv + Lw) + a + 96e max (210/ 1)> s (s). (2.13)

8
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The main properties of f are the following.

Lemma 2.5. The function f is C* on (0, Ry) with f% (0) = 1 and f' (R1) > 0, and constant on [Ry,0).
Moreover, it is non-negative, non-decreasing and concave, and for all s > 0,

min (s, R1) f* (R1) < f(s) <min (s, f (Ry)) < min (s, Ry).

Proof. First, notice that (Z.12) ensures that g(s) > 3 for all s > 0. Then, all the points immediately follow
from the fact the functions ¢ and g are C2, positive and decreasing, with ¢(0) = g(0) = 1. O
2.3 The modified semimetrics
For z,%,v, 7 € RY, set

G(z,v,2,0) =1+ €eH (z,v) + €eH (Z,0)

p(xz,v,2,0) = f(r(z,v,2,0)) G (x,v,Z,0).

An immediate corollary of Lemmas andis that p is a semimetric on R2? which controls the usual
L1 and L2 distances:

Lemma 2.6. There are explicit constants Cy,Ca,Cy,C, > 0 such that for all x,z',v,v" € RY,
|z — 2| + |v = V| < Cip ((z,0), (z/,0)))

), (2,01))

v), (2,0'))

|z — 2| < C.f(r(x,v,2",0")) <1+€\/HSC’U + ey/H(a, v))

|z — 2> + v —v'|* < Cap ((z,0)
r(z,v, 2’ ,v") <Crp(:r

)

We also mention a technical lemma, see Appendix [A.6|for proof.

Lemma 2.7. Forall z,v,%,7 € R?

|H (xz,v) — H(2,7) | < Cqur(x, &,v,0) + Cqpor(z, T,v,0) (\/Hxv )+ /H (2 ) (2.14)

where

Cann = and Cqp o := o ")

Finally, for 1 and v two probability measures on R?? and a measurable function 4 : R?? x R?? — R, we
define

24 24L 1-— - 1
VU () U S ATS o (105 )
(0%

WiGuo) = ot [ w0200 @0 d(5,9)

3  Proof of Theorem [1.1]

In this section, for the sake of clarity, we only assume the potential U satisfies Assumption [[]and Assump-
tion[2] We refer to Appendix [C|for the adjustment of the proof in the case VU locally Lipschitz continuous.
Our goal is to prove the following result



Theorem 3.1. Let C° > 0. Let U € C? (Rd) satisfy Assumptionand Assumption@ Let

i 2B B
Cr = Cy <1+ 67 +2€C0> 42 (,y +CO> 6*;”.

For all W € C? (]Rd) satisfying Assumptionwith Ly < c/C~K, for all probability measures I/& and Vg on
R2d satisfying IEZ,&H < CY and Eng <o
V>0, W, (v, 1f) < eI, (vh,1),

where v} (resp. v?) is a solution of (1) with initial distribution v} (resp. V).

3.1 Step one: Coupling and evolution of the coupling semimetric

Let £ > 0, and let 7c, sc: R?? s [0, 1] be two Lipschitz continuous functions such that :
ré® + s¢? = 1,
re(z,w) =0if |z + w| < g oralz| + |z +w| > Ry +&,
re(z,w) =1if |z +w| > £ and | 2| + |2 + w| < Ry.

These two functions translate into mathematical terms the regions in which we use a reflection coupling
(represented by rc¢ = 1) and the ones where we use a synchronous coupling (represented by sc = 1).
Finally, £ is a parameter that will vanish to zero in the end. We therefore consider the following coupling :

dXy = Vidt

AVy = —Vidt — VU (Xo) dt — YW # g (X)) dt + v/2re (Zy, Wy) dBLC + \/2sc (Ze, Wy) dBi®
pe = Law (X¢)

dXy = Vidt

AV = —Vydt — VU(Xyp)dt — VW * i (Xy)dt + v2rc (Ze, We) (Id — 2eie]) dB
+V/2s¢ (Zy, Wy) dB§°
ft = Law(Xt)>

\

where B¢ and B*¢ are independent Brownian motions, and

X ¥ Qe i Q£ 0
Zy =X = Xpy, We=Vi=Vi, Qi=2Zi+W;, e =4 |9 ! Qt# ’
0 otherwise,

and e} is the transpose of e;. Then

dZ;
LW, = — 7. 3.1
7t t = Q¢ t (3.1
So % = % (Qr — Zy) for every t such that Z; # 0, and % < |Q¢| for every t such that Z; = 0. In
particular
d|Z,|
< — | Z].
21 <1012

We start by using Ité’s formula to compute the evolution of |@Q;|. The following lemma is Lemma 7 of
A. Durmus et al. [DEGZ20] of which, for the sake of completeness, we give the proof.

Lemma 3.1. Under Assumption[l} Assumption 2] and Assumption [3| we have almost surely for all t > 0.
Qs = — e - (VU (X,) - VU(Xt)) dt — e; - (VW sy (X)) — VW % gt(f(t)> it (3.2
+ 2V2rc (Z;, Wy) e; - dBL¢

10



Proof. Lett > 0. We begin by considering the dynamics of Z;, W; and ();. We have
dZ, = Wdt
AW, = —W,dt — <VU (X,) - VU(Xt)) dt — (vw w1y (X)) — VW % gt(f(t)) dt
+ 2V 2r¢ (Zy, Wy) erey - dBJ©
dQ, = — (VU (X,) - VU(fQ)) dt — (VW « (X)) — VW % gt(fg)) dt + 2v/2r¢ (Ze, W) exer - dBI°.
Therefore
AlQi? = ~2Q; - (VU (X;) = VU(X))) dt = 2Q1 - (YW 5 puy (X0) = VW + in(K0) )
+4V2rc (Zs, W) (Qy - 1) e - ABYC + 8rc? (Zy, Wy) dt.

We consider, for 7 > 0, the function v, (r) = (r + 77)1/ % which is C® on ]0, co[ and satisfies

vrz 0, lim, (r) = r1/2, lim 20 (r) =~ Y2, lim 4y (r) = —r /2,

n—0
and thus lim 27"1#,’7/ (r) + 7/17'7 (r) =0.
n—0

Then
by (1Qu?) = =20/, (1) Qi - (VU (X1) = VU (X))

=200, (1Qu%) Q- (VW e (X0) = VW s fu( X)) dt

+ 4, (1Qil?) V2re (Ze, Wi) (Q1 - €0) er - dBLC + 8¢, (|Q¢]?) rc® (Zy, Wy) dt
+ 169, (\Qt|2) rc® (Zy, We) |Qy|2dt.

We make sure each individual term converges almost surely as n — 0. First, we notice that

Q]

2|Qt|¢q/y (|Qt|2) = W =

So
200, (1Qi?) Q¢ - (VU (X) = VU(Xy)) < VU (X;) = VU(Xy)| < Lol Z|

Then, by dominated convergence, for all 7' > 0 almost surely

Jiny /OTw%(@tF)Qt-(VU(Xt)w(i@))dt: / O (VU (%) - VUK de

el
T ~
_ / e (VU (X))~ VU(K)) di.
0
Likewise forall 7" > 0

200, (1Qu) Q1+ (VW i (X) = VW % (1)) < VW g () = VW 5 ie(Ke)|
< Lw|Zt| + LwE|Zy,

hence

T ~
tim [ 200, (1Q:f%) Q- (VW 5 i (X0) = TW (X)) dt

n—0 0

11



T
= /0 et - (VW * g (Xp) — VW % ﬂt(Xt)) dt.

Then, since rc (Z;, W;) = 0 for |Qq| < g and

1 Q¢ ) 4 4n
(

8 / 2 +16 " 2 2 _ 4 _ < ,
1/}77 (|Qt‘ ) wT) (‘Qt| )’Qt| <(|Qt|2+n)l/2 (|Qt’2+77)3/2 |Qt|2+77)3/2 - |Qt‘3

we have by dominated convergence

T
£§%j£ (8, (|Qul?) r¢* (Ze, We) + 164y (1Quf*) re® (2o, Wa) |Qul?) dt = 0

Finally, by Theorem 2.12 chapter 4 of [RY99]

T T
hi%/ 4\/51% (‘Qt|2) re(Ze, Wi) (Qr - er) e - dB{¢ = / 2v2re (Zy, Wy) ey - dB™.
n 0

0

For any ¢, we obtain the desired result almost surely. The continuity of ¢ — |Q;| then allows us to conclude

that (3.2)) is almost surely true for all ¢. O
We denote

re =o)Xy — Xy + X — Xo + Vi — Vil = | Ze] + Q) (3-3)

pi == f (1) Gy where Gy = 14 eH (X4, Vi) + eH (X, V). (3.4)

Since H (z,v) > 0 we have G; > 1. We now state the main lemma of this section.

Lemma 3.2. Under Assumption |l Assumption 2| and Assumption 3| let ¢ €]0,00[. Then almost surely for
allt > 0

t
V20, el <ot [ e Kuds M (35)
0
where (M), is a continuous local martingale and

d| Zy|
dt

+e (23 —vH (X4, Vi) — vH (X3, f/t)) f(re) + eLw (6 + 8X) (E (1Xe)* + E(IXe])?) £ (re)

Ky =4f" (re)re(Zy, Wt)2 Gy +cf (r) Gy + <a

1
+ 96¢ max (1, 2a> rof! (re) re (Zy, Wi)?2.

Proof. Using (3.2)
1Q:| = |Qo| + A2 + M? with
dAQ = —e, - (VU (X,) — VU(X})) dt — e - (vw s p1g (Xp) — VIV % gt(Xt)) dt
AMEP = 22rc (Zy, Wy) e, - dBL°.

Therefore ry = |Qo| + | Z| + A2 + M2, Let ¢ > 0. By Ito’s formula

d (eth (rt)) = ce f (re) dt + e f' (1) dry + %edf" (1) 8rc® (Zy, Wy) dt.

12



Hence
et f (re) =f (ro) + Ay + M, with
A ! d‘Zt| / >
dA, —<cf (r) +af (re) S = f (re) e (VU (X,) - VU(XQ)
= F(re)er - (VW g (X0) = VW s fu(R0)) +4F" (re) re? (Z, W) ) el
th ZGCtQ\/if, (T‘t) rc (Zt, Wt) €t - dB{C

We now consider the evolution of Gy = 1 + eH (X, V;) + eH(Xt, f/t)
G, =e (EMH(Xt,Vt) + Lo H(X0, W )

+ eV2re (Z, We) (

+ eV2rc (Zy, Wy) (

+eV2sc(Z;, Wy) (V

( )

H (X, V;) = V,H(X:,V;)) - esel dBre
H ( )

H (X, V)

)
X, Vi) +Vy H(Xt,Vt)> - (Id — erel’) dBy*
)

A

Vi) + VoH(X,, V) - dBse.
Therefore et p; = e f (14) Gy = po + Ay + My, where
AAy =Grd Ay + e f (re) (Lo H (Xe, Vi) + Ly H(X2, Vi) ) dt
- dee () 7 (20, W) (Vo (X0, Vi) = Vo H(X, 7)) - exdt,

and M, is a continuous local martingale. This last equality uses the fact that B"® and B*¢ are independent
Brownian motion and that e; - (Id — eze! ) = 0. Furthermore

\VoH (X4, Vi) — Vo H (X, Vi) = 12| X, + 2V, — X, — 2V;| = 12]2Q; — Z|

1
< (5121 + i)

1
< 24 max <1, ) T,
2a

so that dA; < e K,dt, where

d|Zt\

Ry =(cf (r) +af () =55 = (r)er - (VU (X)) = VU (X))
—f(re) e (VW * pue (X¢) — VIV x ﬂt(Xt)> +af" (re) v (Ze, Wr) >Gt
+€ (ﬁtH (X4, Vi) + L H (X, fft)) f (r¢) + 96e max <1, 2104) rof! (re) ré (Zy, Wy).

And we conclude using Lemma|I.2] and Lemma [2.1] O

3.2 Step two : Contractivity in various regions of space

At this point, we have
t
vt >0, e“py < po —|—/ e Kyds + M;,
0

13



where M is a continuous local martingale and, by regrouping the terms according to how we will use them

Kt = (Cf (Tt) + (ad|dZtt’ + (LU + LW)‘Zt’) f/ (Tt)) Gt (36)
+4 (f” (r¢) Gy + 24e max <1, 2104> ref’ (rt)> re(Zs, Wi)? (3.7)
+ e (2B v H (X0, Vo) = vH (%0, T0)) £ (72) (3:8)
+ L f' () E (1 Z]) Ge + eLw (64 8X) (E(1X:)” +E(Ki))?) £ (). (3.9)

Briefly,

* lines and (3.7) will be non positive thanks to the construction of the function f when using the
reflection coupling,

* when only using the synchronous coupling, i.e when the deterministic drift is contracting, line (3.6
alone will be sufficiently small,

* line (3.8) translates the effect the Lyapunov function has in bringing back processes that would have
ventured at infinity,

* finally, line (3.9) contains the non linearity and will be tackled by taking Ly sufficiently small.
In this section, we thus prove the following lemma

Lemma 3.3. Assume the confining potential U satisfies Assumption|(l|and Assumption|2| there is a constant

V' > 0 such that for all interaction potential W satisfying Assumption 3| with Ly, < ¢V, the following

holds for K, defined in (3.6)-(3.9)
EK; < (14 a)€EGy + Lw (Cx + Che ") Epy,

with 0B 0B
Cx = Ci <1+6) + 26480, (3.10)
Y YA

6 + 8A
A

Y = (cl + ) (EH (Xo, Vo) +EH(X0,VO)) .

The constant ¢V is explicit, as it will be shown in Appendix@

To this end, we divide the space into three regions
Reg, = {(Xt,Vt,Xt,%) s.t.|Q¢] > €andry < Ry

i

RegQ = {(Xb‘/taXt,f/t) S.t. ’Qt| < 5 and Tt < Rl}
Regy = { (X, Vi, X0, Vi) st 1y > Ba },

and consider

EK; = E(KilReg ) + E(KilReg ) +E(KilReg ).

14



3.2.1 Firstregion: |Q;| > andr; < Ry

In this region of space, we use the Brownian motion through the reflection coupling and the construction of
the function f to bring the processes closer together. Here we have rc (Z;, W;) = 1. Recall a| Zy|+|Q¢| = ¢
and G; > 1.

¢ We have

d| Zi|
dt

+ (Lu + Lw) | Zi] < alQy| — a|Zy| + (Lu + Lw) | Z4]
= ary — ®|Z| — a|Zy| + (Lu + Lw) | Z4|

1
< <a (Lu + Lw) + a) Tt

(0}

* Since Gy = 1 + eH (X3, Vi) + eH(Xy, V) > 1,

Gy + € (23 —NH (X4, V) — yH (X, f/t)) < ¢Gy + 2¢BG, = CG,. 3.11)
* We then have, by (2.13),

4¢' (r) + (1 (Ly + Lw) + o + 96e max <21a’ 1>> re¢ (r¢) = 0.

a
Hence
7 1 1 ,
41" (ry) + E(LU+LW)+04+96€maX %’1 ref’ (re)
1 1
=46/ ()9 () 440 ()’ () + ( 5 (Lo L) + -t 98emax (501) ) o () g )
=46 (re) g' (1) ,
and
, C
49 (re) g (re) + Cf (1) < 4@ (1) + C® (1) = 0.
* At this point, through this choice of function f, we are left with
Kilgeg, < Lw ' (r) E(1Zi]) Gy + L (6 + 8X) (B (1X])> + (%)) f ().
Using Lemma f'(r) <land Gy > 1,
E (KilReg,) < LwCiE (p) E (Gr) + eLw (64 83) (E (1Xi)) +E(IX,))?) E (o).
Recall
E(Gy) =1+ €EH (X, Vi) + eRH (X3, Vp),

2B o
<1+ 4 <EH (Xo, Vo) + EH (X, VO)) e,
Y

and, since H (z,v) > \z|?,

E (|Xi))% + E(|Xi))% <

1 .
_XEH <Xt7 ‘/t) + XEH(XU ‘/t);
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°B 1 o
<= 4= -,
<3t (EH (Xo, Vo) +IEH(X0,VO)> ¢

Hence

2B\ 2B
E (KilReg, ) <Lw <01 (1 + ;) + 22 6+ 8)\)) E (p)

YA
6 + 8\

+ Lyye (cl + > (EH (Xo, Vo) + EH (X, 170)) E (p;) et

We thus obtain E (Kt]lRegl) < Lw (Cx + Ce ) Ep;.

3.2.2 Second region: |Q;| < (¢ and r; < Ry

In this region of space, we use the naturally contracting deterministic drift thanks to a synchronous coupling.
Here Ry > r > «|Zi| > ¢ — & so that

K <Cf(r) Gy + <a§_rt+£+;(LU+LW)Tt> I (r¢) Gy
+ <4f” (Tt> Gt + 96€ max (21(1, 1) th/ (Tt>> rc (Zt, I/Vt)2
L f () E(1Ze]) Gt + Ly (6 + 8)) (E(]Xt])z +E(\Xt\)2> Fr),

where we use (3.11]). First

1
41" (ry) G + 96¢ max <20<’ 1) ref’ (ry) <O0.

We use (2:10) to obtain, since f (r¢) < @ (r;) and 36 (1) < f/ (1) = ¢ (re) g (re) < ¢ (1) by 2-12)),

Ky <€(1+a) 6 (1) g (re) Go + G <cq> () + 5 (; (Lo + L) — 1) reg (rt)>
4 L () EZ4) G+ el (6-+83) (E(Xl)? + E(K)2) £ (ry).
Then, thanks to (Z.T1), like in the first region of space
Kileg, < & (1+ )6 (r) g () G+ L () E|Zi) Gi -+ eLuy 6+ 83) (E(1Xe])? + E(D?) £ ().
Hence, since o (1) g (r7) < 1

ERIReg, < &(1+a)E(Gy) + Lw (Ck + Che ) Epy.

3.2.3 Third region: r; > R;
In this region, we use the Lyapunov function. Here f’ (r;) = f” (r¢) = 0 so that
KilReg, = (cGi + € (2B = vH (X0, Vi) = yH(X1, ) ) ) £ (re) TReg,
+ L (6+80) (E(1X:)? + E(Ki)?) £ (1) TReg,

e (v R ) $21
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+eLiw (6+8) (E (1) +E(X)) | £ () Treg,

Since ¢ — 7 < 0 as a consequence of (2.9), and using Lemma [2.3]

12 B ~
Kt < ((C — ’y) 6@; + 2eB + C) f (T't> + 6LW (6 + 8A) (E (|Xt‘)2 + E(’XtDQ) f (T't)
12¢ B 2 ~
< (e(F L 1) = 2em) 10+ et (648 (BOXD? + BUI?) £ ().
Then, using (2.9), EKt]lRegs < LwCkEp; + LWC?(IEpte_W.

3.3 Step three : Convergence

Let I be a coupling of v and 12 such that Erp ((x,v), (#,7))) < oo. We consider the coupling of (X, V4
and (X, V;), with initial distribution ((Xo, V), (X0, Vo)) ~ T, previously introduced. Using Lemma
and Lemma [3.3] by taking the expectation in (3.5)) at stopping times 7, increasingly converging to ¢ , we
have by Fatou’s lemma for n — oo, V€ > 0,Vt > 0,

t ¢ t
e Ep; <Epg+ (1 + a) §/ e“E (Gs) ds + LWCK/ e“Epsds + LWC%/ e(c_V)SEpsds. (3.12)
0 0 0
Moreover, using Lemma [2.2]and the fact v > ¢, forall ¢ > 0,

t f(Ry) (14 €CY + eCY
E(Gy) < (1 + EC% + eC%) ’ / e(c—v)sEpsds < ( H H) ’
0

Y —cC
/t esg c et —1 LwCk /t esg
e as = — e S
0 C—LWcK Cc C—LWcK 0 ’

we get

ct A+ a)¢ 0 0
e (Ept e LuCe (1+€CH+€CH>

F(R1) (1 +eCY + ec%)

1+a)é 0 0 0
< - 7> 2,
_EPO C—LWCK (1+€CH+€CH) +LWCK N —c
¢ cs (1+C¥)§ 0 0
—I—LWCK/O e <Eps — 7@—LWCK <1+ECH+€Cg>> ds.

Gronwall’s lemma yields, for all ¢ > 0

F(R1) (1 +eCY + eC%)

ot (1+a)¢ 0 0 0 L Crct
S Sl ) < wCkt
e (E(pt) P — (l—l—eCH—i—eCH) < [ E(po) + LwCx po— e
Since W, (14, ) < E (pt), we have thus obtained for all ¢ > 0
0 CO
(14—(1){ f(Rl) <1+ECH+E [}) Cro—c
W (v i) < (1+ eChy + <)+ | E(po) + L€l — (L Cr—o)t
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Taking the infimum over all couplings I' of the initial conditions and using the fact that the left hand side
does not depend on &, so that we may take £ = 0, we get finally that for all ¢ > 0,

F(R1) (1 +eCY + eC%)
Y—C

W, (v, ) < [ W, (W5, 1) + LwC ellwCr=c)t, (3.13)

and since, by Lemma CW, (v}, vE) > Wi (v, vE) and CoW, (v, vE) > W3 (v}, vi),

Wi (th,yf) <e (e—Lwlkltcl

vosy’
2(1 2 —(c—LwCi )t 2
Wi (v, 1) <e(emfwe) Coang:
Then, for all W such that Ly < ¢/Cg, there will be contraction at rate 7 := ¢ — Ly Cx > 0. So, it only

remains for Lyy to satisfy
c

L < , (3.14)
Cr (1+28) + 28 6+ 8))
with
c (2 1) t(araf+e?)
=max | —, 1 | max - )
! o} €min (%)\,6) F (1) ¢(R1)g(Ry)

Remark 3.1. We draw the reader’s attention to the fact that Theorem[3.1is then a consequence of everything
we have done so far : if we have an upper bound on EH (Xo, Vo) + EH (X0, Vo), the constant C% in
Lemma(3.3|can be chosen equal to 0 provided we modify Ck.

Let us now show that there is existence and uniqueness of a stationary measure. Let C > % and p; a

solution of (T such that E,,, H < C°. Using 2.6), forall t > 0, E,, H < C°. Thanks to Theorem for
Lyy sufficiently small, there is 7 > 0 such that forallt > s > 0

W, (e, pts) < € TW, (pt—s, o) < f(R1) (1 +2eC°) e,
and thus
Wi (pit, p1s) < Cif (R1) (14 2eC”) 77"

The space of probability measure with first moments, equipped with the W, distance, being a complete
metric space (see for instance [BolOS]]), and p; being a Cauchy sequence, there exists jio such that

Wl (:uta/‘LOO) —Oast — 0,

and /i, stationary. Theorem [I.1]then ensures uniqueness and convergence towards this stationary measure.

4 Proof of Theorem 1.2

In this section, we show how we obtain similar results for the convergence of the particle system to the
non-linear kinetic Langevin diffusion using the same tools. We start by introducing the coupling, the new
Lyapunov function, we give a new definition for the various quantities we consider, and then prove contrac-
tion of the coupling semimetric.
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4.1 Coupling

We consider the following coupling

\

with, similarly as before,

Zi =X} - XZNa WZZW*W"N, Qi =Z; +W{, eé:{

+V2 (Tc (Zi, wy) (Id — 2elel T) dB}*" + sc (Zi, W) dch,i) 7

\Q |
0 otherwise.

P40,

dX; = Vidt

AV} = ~Vidt = VU (X}) dt — VW s+ iy (X7) de + V2 (ve (2, Wi) dB{ + se (2}, Wi) dB;")
= L (X))

dx; ™ = v Nt |

aviN = —viNdt — vU(XpNyde — £ S v xpt — x)N )t

Let pulY = % Zf\i 10 X0V be the empirical distribution of the particle system, with i.i.d initial conditions

Xé’N ~ 1. We first notice that the particles are exchangeable. The generator of the process given by the

particle system (L.3)) is, for a function ¢ of (z1, ..., zn,v1, ..., UN)

N
=3 LN,

with
1 N
N ~ -
LoN6 = ;- V¢ = 03 Viué = VU (21) - Vi NZ_Z "

We define
ri =alZ{| + Q4.

H(z,v)
H(z,v) —/ exp (av/u) du
0

N
1 . U - ;
p = S (rf) (14 el (X5, V) + et (X, VN
=1

M=

N
€ ~ i i €
Py B (X ) 4

j=1 7=1

1 X o
iZNZf (7“%) G-

i=1

4.2 A modified Lyapunov function

V”Ui¢ + AUi ¢

AN, vEY)),

4.1

4.2)

(4.3)

(4.4)

Notice how in the expression of G above we did not consider the Lyapunov function H, but instead H. Let

us assume there exist Cp, a > 0 such that E,, (f[ (X, V)2) < (Co)? (which is equivalent to the existence of
C0,@ > 0 such that E,,, (ea(XIHIVDY < CO, as it was stated in Theorem). First, notice

ﬁ(:v,v):/oH(xw)exp(af)du— exp( VH(z,v ) (a\/H(a:,v)—l) +%.

Direct calculations yield the following technical lemma.
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Lemma 4.1. We have, for all x,v € R?

2 H(x,v)exp (a\/m) > H(z,v) 22 H(z,v)exp <a H(m,v)) % (e —2), (4.6)

a

We may calculate, using (2.2) and (2.3)
Eu(ﬁ):exp(a\/»)[, H + \/ﬁexp(a\/»)|v H|?
= exp <a\/ﬁ) L,H + 2422% exp (cn/ﬁ) z +v ’

5+
< exp <a\/ﬁ) (B + Ly (6+8N)E, (|z])? — <i/\ + )\2> |z|? — fyH) + 24aVH exp (a@)

2
< exp (a\/ﬁ) (B + %ia + Ly (6 + 8\ E, (Jz))? — ;H> : (4.8)

where for this last inequality we used Young’s inequality 24av/H < 1H + 288%2.

Notice that ensures that this new Lyapunov function also tends to bring back particle which ventured
at infinity, and at an even greater rate. This new rate H exp(v/H) however comes at a cost : the initial
condition must have a finite exponential moment, and not just a finite second moment as in Section

First, by (2.6) and (@.7),
iy 1 P 1 /B P 1 /B P 1 /B
E(|X{))? < 1E (H (X{,V})) < 3 <7+EH (XO,VO)> <5 <V+EH (XO,VO)> <5 <7+CO>.

Furthermore, the function h — exp (a\/ﬁ) (B — %h) is bounded from above for h > 0 and B € R. We
therefore obtain from (@.8)) the existence of B such that

£ﬁ§,NI:I (4, v5) <B-— % (H (24, v;) exp (a\/H (m,,vl))) 4.9
Dt (x1.7) <B - B <H (X1, Vi) exp <a H (Xi. v;'))) 4.10)
and SEA (Xi, V) <B - TEA (X, V}), @.11)

where for this last inequality, we used @.5). While (4.9) and (@.10) will be useful in ensuring a sufficient
restoring force, Equation (4.11) give us a uniform in time bound on EH (Xti, Vti), provided we have an
initial bound.

Now, for the system of particle, we have, using @8)), Vi € {1,..., N}, Va;,v; € RY,

N 2
N5 2880 =1 17
LNH (z;,v;) <exp (a\/H (:L'i,’UZ')> B+ fya + Ly (6 4+ 8X) (Z:J;éﬂ) - %H (4, v;)

Summing over i € {1, .., N}, we may calculate

P 2 N exp(a/H i,V N iU
6+8>\Z< Jl’ﬂ’>2 p( N( D_gz \
7j=1 7

i=1 =1
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S%( i H (w5,v;) exp (a/H (2, v;)) _%H(%’vi)exp <a\/m>) =0

< N N , N
i,j=1 =1

4.12)

Here, we used (2.2), the fact that Va,y > 0 ze™VY 4 ye™V?® — ge®V% — ye®V¥ = (eWV? — V) (y —x) < 0
and assumed I A \

w v g
6— (1+=A )<= ie Ly < ————.

) (+3>_8 YW= T16(3 + 4

Likewise, there is a constant, which for the sake of clarity we will also denote B (as we may take the
maximum of the previous constants), such that we get

N N 2
CN F (s, 00) <B + Ly (64 8) (ZJNI‘””"') exp (ay/H (ar, 1)
— %H (x;,v;) exp (a\/m> (4.13)
N
£ <le Zﬁ@i,m) <B- (}V > Hiwi,vi) exp (W)) @.14)

and

N1 QA 5 71 S
L P H(zivi) | <B - NZH(%W) (4.15)

Once again, (4.13) and @.14)) will be ensure a sufficient restoring force, and (4.13) ensures a uniform in time
bound on the expectation of (X", V"), since E (% Z;\le H(XM, VtJ’N)> =E (ﬁ(XZ’N, V;’N))
by exchangeability of the particles.

More precisely, we obtain from (@.11)) and (4.15)) the direct corollary

Lemma 4.2. Provided the initial expectations E (G{) and E ((G(l))z) are finite, there are constants Cq 1
and Cg 2, depending on initial conditions, such that for allt > 0, for all N > 0, and all i

E(Gi) <Co1 and E((G))") <Cap.
Finally, since H (z,v) > H(z,v), Lemma2.6|still holds for our new semimetric.

4.3 New parameters

For the sake of completeness, and since this is similar to Section [2.2] we quickly give some explicit param-
eters that satisfy the various conditions arising from calculation. T hese parameters are far from optimal,
and are just given to show that every constant is explicit. Let B be given by (.9)-(4.11)), and {.13)-@.15).
Define

A 1608
a=Ly+>, Ro=y/——F—= and Ry =+/(14a)?+ Ry

~ min (5, 3)
Recall the definition of Cyp 1 and Cypr 2 in (2.7). Denoting

1 1 2
Ci1=38 ((92 max <1, ) + 6\/§CdH 1) (exp <a> — 1) + 16\/§(€ —2)Cyg 2)
’ a 200 a ’ 2 ’
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1
Cf72 =8 <24 max <1, 2) + 4\/§CdH71a + 8\/§CdH,2a2)
(6]

we set
1 . Ly+Lw 1 Ly + Lw 1 (Lu+Lw 2
S - o (2 T =W - (U T W N (el el
c {12mln< a2 ,2< - ))exp( 8( 5 +a+Cp1+Cro )| RY ),

2B ¥
57800 [’
— 5c
and € = 2B.ForsZO,

6 (s) = exp <_; <; (Ly + Lw) + a +cCpy + cf,z) 32> o) = /0 6 (u) du

c €~ s u min(s,R1)
s =1-2E B se= [ swewade

This way we satisfy the following conditions

c< L <1 _ 7)
160 80eB +

a>Ly+ Ly
e <1

2¢ + 4eB <2 (/031 %m)

. L+ L
9%+ 4B <= [1-ZUTEWY re(r)
2 a r€l0,R1] P(r)

-1

1
Vs > 0,0 :4Q§/(S) + (a (Ly + Lw) + o+ ECfJ + Cﬁg) sé(s)
4.4 Convergence

The goal of the section is to prove the following result

Theorem 4.1. Let U € C! (Rd) satisfy Assumptionand Assumption @ Forall W € C! (Rd) satisfying
Assumption 3| with

A
LW<min< i c ! Ve ),

= 4.16
16(3 +4X)" C17 64C, " 256C, e (4.16)

and for all probability measures vy on R*? such that By, H%(X,V) < (CY2 forall N, ¢ >0, and t > 0,

: cocys [8 rt
ct cs G,2 8 cs
e“E (pt) SE(p0)+§(1+a)CG71/e ds + Lw )\’ N/e ds.
0 0
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4.4.1 Proof of Theorem [I.2]using Theorem [4.1]

We first show how Theorem is a consequence of Theorem Let I' be a coupling of v, N and I/®N ,
such that Epy < oco. We consider the coupling previously introduced. For clarity, let us denote

A cocds I8
\/NZLW \ N’ BZ(l—I—Oé)CG’l,

i.e
eE (p1) <E (po) + £B / e ds + = / e°sds.

Let us consider

) = (E(p) - 2~ ¢2)
Then u(t) < u(0) i.e
E (p:) <E (po) e + jj\/lﬁ (1—e)+ 5% (1—e).

We thus obtain the desired result, by taking the limit as £ — 0 uniformly in time, and by using the exchange-
ability of the particles to have E (p;) = E (% Zf\il pi) =E (% Zle pi) forall k£ € N.

4.4.2 Evolution of the coupling semimetric for the particle system

We thus need to start by considering the dynamic of p;. Like in Lemma [3.1} we have almost surely for all
t>0

d|Qi] = —ei” (VU (Xi) - VU(XZ’N)) dt — e (VW s in (X7) — VW 5 (X “V)) dt
+2Vv2rc (Zf, Wtz) ei’TdB:C’i.
Hence e f (r}) = f (ro) + A} + M; with

d!Z,?!

adi (e (1) + s () U - gy f” (w (x) - VU<XZ’N>)

N
— f(r}) 6iT VW sy (X7) — Z — XNy | +af” (r) r (2], W) )GCtdt,

AM} =e2v/2f' (r}) rc (Z{, W{) el dB:C’Z.

We now consider the evolution of

Gi=1+eH (X, V) +eH(X ZNWN)JF%ZI?(XLW%L% H(xIN v,

Jj=1 Jj=1

-

Notice how we have added new terms in G. Those additional quantities will help us in dealing with the non
linearity, as will be shown later.

4G} = ¢ (L,on 7 (X1 V7) + LY AN, V) di
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X0V = V(XN Vi) - edet dBp

<
unf
—

(v
+ eV2re (Z], W) (val (X7, V) + Vo H(XY, VZN)> . (Id _ eieiT) dBJ“"
(v

o (X0, V]) + 9 BN, VEN)) Bt

* fvi (ﬁn,@@Nﬁ ( X ,W) + N (XN v )) d
+6J\\/f§§:rc (Zt]’Wtj> (vaf (thth]> ~ v, H(X] VJN)> ciei”aBred
j=1
LS e () (Rt (K0 7) + WO ) (1 el am
j=1
—i—e\]\?g:sc (Zg,WO (V ﬁ(Xg,VJ> +V, H(X” V]N)) JB5
j=1
Therefore
epy = e f (r}) Gy = po + A} + M, e
with

AA] =GidA} + ee'f () (Lyon B (XL V) + VAN, V)
1 N B L 1 N ~ . .
A e (57) s e S e
j= J=

4 e (1 + ;V) 7 (rf) re® (20, W) (VB (RET) = VoY V) ) - el

and M} is a continuous local martingale. Let us deal with this last line. For the sake of conciseness, from
now on we denote for all ¢

H;=H (X, V), and HN .= HXN, V)
We have
VoI (X5, V) = V(XN Vo))

= |V, H;exp (a\/ﬁo — VvHiN exp ( > ‘

’12Xt 24V — 12X o4y ‘ (exp (a\/f_fz

(exp(
1 7 N

<24 max 1,£ Ty exp( —|—eXp a HZ

+ 4av/3 |H; — HY| (exp (a\/E) +exp< va)>

Now, using Lemma[2.7] we get

\_/
_|_
@
4
o}
A
8
N———
N———

HN

+a|12X] + 24V}

)
B
\‘L/
('D
]
o]
N
IS
<
N———"
N———

\VoH (X}, V) =V, HXPN, Vi)

24



< <24max< 21) +4V3Cup 10 ) (exp )+exp< \/ﬁ»
+4deH2art< 5V <exp +exp< \/ﬁ»
(24max <1 ) +4V3Cu 1a> rd <exp( \/ﬁ) + exp <a\/ﬁ>>
4 8/3C s ar (fexp( V) + ﬁexp( \/ﬁ»

Hence why, using (4.5) and (4.6), we get
Vo H (X, V) = Vo H(XEN, V)

1 (4 § i T Ca i
< <24max <1, 2) + 4\/§CdH,1a> rl <a,2 <exp (‘;) - 1) +H(XLV) + HXN, Y, 7N))
(6%
) 2 1 7,
+ 8V3C 9ar! <ag(6 -2)+ (Xta V) + ax;My, N)>
and thus

46(1+]1[> et 1 (1) re? (21, W) (Vo (KT, Vi) = Vol (XN V) ) -l

H
<Qerif' (r}) e“rc® (Zi, W) << < ) 16[0&1,1) (exp <a;> - 1> +16V3(e — 2)C’dH,2>
(:

20
+8rtf (rt)e rc (Zt,Wt <24max 21> +4\[CdH1a+8\[C’dH2a ) (ef[ ()_(Z,‘_/t)—i—eﬂ( x bV VtZN)>

<(eCt1+Cr2) r,’éf’ (r ) (ZZ, Wt G’

Then we use

7j=1
N 1 N ) . 1 N . .
< |VW * i (Xt)f—ZVW(XZ—Xf) + NZVW<X§—)_QJ>—NZVW(XZ’N—Xg’N) ,
j=1 j=1 J=1
A 1 X , . 1 N
< VW*gt(*g)—NZVW(Xg—Xg) +NZ‘VW(X§ Xf) - vw g - x|

j=1 7=1

N N
< [OW e (K0) = SO0 (= XE) |+ S (| X [ x]).
J=1 j=1

it 14

Lw!|ZH + L
+W‘t‘+W N

<
Il
-



And finally we use (4.9), (4.13) and (@.14) to have

- . ; 1
ﬁﬂigNH(XZvVi-f)"’ENH( V;N) N E ®NH(Xt,VJ)+ ENE;H X]N VJN)
J

S4B+LW(6+8>\)< o X ) exp )—ZHiexp<a\/E>—ZHiNexp (Wﬁ)
Sl W»

We thus obtain

dA; < e Kldt (4.18)
with
A . d| 7z . . . A o
K =f (r}) G} (a ‘dtt‘ + (Lu + Lw) | Z{| + (eCy1 + Cpo) rirc® (Z4, W;)) +2¢f () G, (4.19)
. . ) _ 1 N . .
41" () Gire® (21, W) + |YW x i (X)) = 3 > IW (Xg - Xg) f (1) G (4.20)
j=1
+6f (74%) 4B — 16H(XZ ‘/tl) - EH(XZ’Nv 7]\[2 (Xga‘/;j>
~y N
_ YN i xdN N

o 2 HXN V) 4.21)

e i N N 1o N N
_ §f (r}) | H; exp (a\/Hl- > + N;Hj exp (a,/Hj ) . (4.23)
=

This formulation of K} might seem cumbersome (and to some degree it is...) but we have actually grouped
the various terms based on how we will have them compensate one another. Thus,

* lines (4.19) and (4.20)) will be managed thanks to the construction of the function f like before, with a
spec1a1 care given to the last term of line (4.20), on which we will use a law of large number,

* line (4.21) will come into play when considering the “last region of space” introduced previously,
* line (4.22) will, under some conditions on Ly, be nonpositive when summing up all (Kf ) ,
J

* and finally, line (4.23) will be nonpositive thanks to Lemma [2.1] provided Lyy is sufficiently small.
This shows an important idea in the construction of the function p : we added in G the empirical mean of

H(X, ’N, VtZ’N) + H (Xg, Vtz). This will allow us to tackle the non linearity appearing through ZJ ‘
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4.4.3 Some calculations

Like previously, we now have to show contraction in all three regions of space. Recall f’ (r%) < 1. The
same calculations as before will be used, we only detail here the differences.

« First, since 2 (6 4 8X) < §, by using Lemma and since

N / N / N /
H; exp(a HZN>§HZ exp(a HZN>+HJ- exp(a HJN)

we obtain

N SN\ 2
eLw (6 +8\) f (7“2) (W) exp <a HZN>
g

N
_87]; (r}) NHiNexp(a\/HiN>+ZH}Vexp(a1/va) <0.

j=1
This takes care of (4.23).
e
e We have, since f’ (rt) <1: NZN it 1|Z lf/( ) M
Then, using Lemma [2.6]
1 & 1 X 9e N
o e GiN AN
7 2 A6l = 3 171+ NQZ|Zt|H(Xz,w) 2 S IZAGE V)
7’7]:1 1,]= 1 17]:1
N
2C
S b 3 i (1 (547 ¢ 0 )
=1 i,j=1
25 sty (VA8 ) (Ve (o) + BT e (0/75) ).

z]l

First, using (4.5))

2C € Z f(ry ( (tha‘ﬂ) —|—H(XJ’ VJN)> < 2]626 f: f(rd) <HjeXp (a\/EJ) —l—HJNexp (a@)) )

i,j=1 ,j=1

( ) ( eXp< \/ETJ> +\/H7Vexp (a\/HTN))
<2 (H exp (aV/H; ) + Hjexp <a\/£7]> + HY exp <a\/HTN> + HY exp (a\/HTN)> :

we have

15 0 (V) (e (o) e o)
ich Z £(ri) (H eXp< \/ﬁ) + Hjexp (a\/g) + HY exp <a\/ﬁ> + HY exp (a\/HTN)>

1,j=1
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This way, since 2C, Lyy < 32, LWESCZ < 32, and Ly C1 < ¢, we get

1 & ﬂt| . o oy .,
N Z < ] F(rt) Gy —cf (rt) Gy —ef (r1) (16Hi exp <a\/ﬁi> + -~ HN exp <a\/HiN)

16
gl Y / g Y /
7. 7. N N
-|-16sz_:1H]exp<a H]>+16N,§:1Hj exp(a Hj) <0
* Using Cauchy-Schwarz inequality

N
E|Gi VW*ﬁt(*g)—%ZVW@(Z x7)

2 1/2
N

SE(G,Z;?)WE E vw*gt(Xf)—%va(Xg—Xg) ‘X;’
j=1

Moreover, we notice that given X/, the random variables X f for j # i are i.i.d with law fi;. Hence

N 2
b

. . 1
—N_I;VW(XZ—Xg> X1 | = S Vara (VW (X( =),

E [ [V (X7)
2L%, 5
<5 7B (1),

SO

N—1
7j=1
1 Y A - i
7 vJ [ J

+E NZVW(Xt—Xt)—N_leW(X X) :

7j=1 7=1

212, ) 1 1\ &
E _ -\ N E(XZ X2
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Thus, by the same exact construction as before, we can obtain the existence of a function f and a constant
¢ > 0 such that in all regions of space, for Ly sufficiently small,

1 . cocl? /o 9 \1/2
il 1) < J .
(732 seor g S (5 )

By taking the expectation in the dynamic of p; given by and(@.18) at stopping times 7, increasingly
converging to ¢ , we prove Theorem {1 by using Fatou’s lemma for n — oco.

A Various results

A.1 Proof of lemma [I.1

The property only depends on the distance to the the origin, not the direction. We therefore only need to
prove it in dimension 1, making sure the constant A is independent of the direction. There is zg > 0 such
that 3z = 2A. Therefore, for = > 0, using (T4):

A A
U' (xo + ) (w0 + ) > 20U (20 + 1) + B (z0 + x)* — 24 = 20U (zo + ) + 51‘2 + Azzp.

Then, for x > 0:

1 1
U(zo+z)—U(z0) = / U' (zo + tx) zdt = / U' (zg + tx) (zo + tz) dt
0 0 i) + tx
x ! Ao o
> / 20U (xo + tx) + —t*x" + Maxodt
To + Jo 2
A A
> xogj_ - (61:2 + 2m:n0> since U > 0
A a3 A z2xg
6 o+ 2x0+T
We thus have for all x > z¢:
A(z— x0)3 Az — o) 2o
U(z)-U > — -
(2) — U (mo) 2 22200 4 220
A A A Axd A A}
= 63:2 — 5%T0 + 590% - 6;0 + 5 %20~ Azg + 5;0
Ay A, Az
6 Tty
However, —%x% + %%% > —%w% = —2A for x > xy. We therefore have the desired result for x > x. The
same reasoning gives us the result for x < —x.
Hence, if |z| > |z¢| = %, U(x)—U(xo) > %:cQ —2A. We then use the fact that U () is continuous

on the sphere of center O and radius \/%, hence bounded on this set, to give a lower bound on U (z()

independent of the direction. Finally, for |x| € [—x, zo], the function x — U (x) — %1'2 is continuous,
therefore bounded.
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A.2 Proof of lemma 1.2
We have

VW s p(x) = VW xv (Z) = VW s p(x) = VW s () + VIV x u () — VW s v ()
Let (X, X) be a coupling of z and v. Then
VW 5 g () — VW * fig (7) | = jE (VW(JU ~X) - VW(F - X))’
<LwE (|:c—X—5c+Xy)

<LwE (y;c —E| 4 X - Xy)

This being true for all coupling, we obtain the desired result.

A.3 Proof of Lemma
Remark A.1. With vy given by 1), we have v < .
We have

L,H (z,v) =v- -V H (z,v) —v-V,H (z,v) = VU () - Vo H (z,v) = VW % pu (2) - Vo, H (z,v)
+ AyH (z,v)
=v-(24VU (z) +12(1 —v) z + 2Xz + 12v) — v - (122 + 24v)
— VU (z) - (12x 4 24v) — VW * pu (x) - (122 + 24v) + 24d
=24d — 12VU (z) -z +x-v (12(1 — ) +2X — 12) = VW * pu () - (122 + 24v) — 12v|?,

with

—yH (z,v) = = 249U () — 67 (1 =) [&* = yA|z* — 1272 - v — 129]0]?
—12VU (z) - & < — 24\U () — 6)|z|? + 24A
—VW s () - (122 + 240) < (Lwla| + LwE, (| - ) (12]2] + 24]v])

2
T
<12Luwaf? + 24Luwalfo] + L, (| -1) (6 ‘(I'I) +6a,E, (|- )
w iy
jof?
e PP E ().
B (1) o(1D)

where this last inequality holds for any a,, a,, > 0. Therefore

L, H (x,v) <24A 4 24d 4 6LwE,, (| - |)? (ax + 2a,) — vH (x,v) + 247U () + 67 (1 — ) |=|?
+ N z2 + 12y - v + 129|v|* — 240U (z) — 6X\|2|> + 12Lw |z | + 24 Ly |z||v]

6Lw 12Lyy
| + = v?

+ +x-v(12(1 —7) +2) — 12) — 12|v]?,

X v

and then

L, H (x,v) <24A +24d + 6LwE, (] - )? (ag + 2a,) — vH (x,v) 4 24U () (v — \)
+ |z||v] (127 + 12 (1 — ) + 2X — 12| 4+ 24Lw)
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6L
+ |z? (67(1 — )+ YA —6A+ 12Ly + W)

X
12LW>

(%

+ |v)? (127 — 12+

We now use |z/[v] < 322 + & |v|%, and [129A + 12 (1 — 4A) + 21 — 12 = 2A,
We have (y — A) < 0. Hence 24U (z) (y — ) < 4\ (y — ) |z|> — 24 (y — \) A using Lemma
Then

L, H (x,v) <244 — 24 (y — A\) A+ 24d + 6 LwE,, (| - |)* (az + 2a,) — vH (z,v)

6L 202 24Lw A
+|:E!2<4A(7—A)+67(1—7)+7A—6>\+ aW—|—12LW+?+ 3W>
2Ly 3 3
2 w
12y — 12 S S odly ).
+ [v] ( g ettt W)

We now consider each term individually.

Coefficient of [z|%. We have, using 0 < v < 1land Ly < 3§

202 24Lyw A
AN (7 = N) 67 (1 =) +9A = 6A+ =+ 3W

2)2 3\

§7(5)\+6)—<4)\2+6>\—3—/\2—2>.

+ 12Lw

Therefore, it is sufficient that

<)\§ 5_
7=V 16

We check this holds for v = ﬁ Then

202 24LwA 6L
AN (7 = N H67 (1 =) +9A = 6h + T+ 3W 120y + aW

AN BA
5\ +6 da,

< (5A+6) ('y—

We therefore choose

3 >< _§A+3A> Ty 9\ BN 46

5AL 6 VAT g

Furthermore

202 24Lwy A 6L
6A (7 = A) + 67 (1 —7) +7A = 6A+ -+ 3W + 120w + aW

9 3 5A2 46N 7 15
2 Y 2y — I VA
A 2A+4A 2A+2 3 4A'

5>\2~|—6)\_Z
- 2242 3
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‘We then observe

6L 202 24LwA 3
LA L +12LW§—)\2—Z>\.

6A (7 — \) 4+ 67 (1 — A — 6\
(y=A)+6y(1—=7)+~ +ax 3 3

And finally

6L 202 4A8Lw A
w +22 4 w
Ay 3

YA >0, Vz, |z <6)\ (vy=A)+6y(1—7)+yA =61+ +12LW>

3
< —\2[af? - SAJaf

Coefficient of |v|2. We have, using 0 < v < % and Ly < \/8

3 3 3 18 A 3 9 9
199 12454 204l < 6424 0.2 g2 7
" totpMws b g+Tog =00+ 1=7]

‘We then choose

Therefore

3 3 12L
YAS>0, Vo, |2 (12y—12+4 5+ 224y + —) <.
2 4\ ay

We thus obtain
~ 4
L, H (z,v) <24 <A —(y=NA+ d) +6LwE,(|-])* (1 + 3/\> — Mz - %)\]a:\Q —~H (z,v),
ie
~ 3 3
L,H (z,v) <24 (A —(y=MNA+ d) +E, (|- )? <4)\ + >\2> — A2|z)? — 1)\|m|2 —yH (z,v). (A.l)
A4 Proof of Lemma
Using 1 — v > 1, we get
2 |2 2
H (2,0) 2 24U () + 3+ M) af> + 12 [0 + 7| = 3Jaf?,
which is (2.2). We then have
2
H (x,v) > min (3)\,6> (Jo]? + |z +v]?).
Thus

(Q+a)|z—Z+v—13+ajv—1|)?
2(1+a)? |z —i4v—92+ 2020 — 0|2

IN

T(;E’ f’ U’ 6)2

IN

<4 ((1 +a)® + a2) (Jz + o> + o + |2+ 3)* + |5]°) .
Therefore we obtain the final point.
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A.5 Proof of control of L1 and L2 Wasserstein distances

We prove Lemma Using the definition of Ry and (2.1, and since B > d > 1 and v < %, we have
Ry > 1.

* First for the L1-Wasserstein distance
2
|l — 2| 4+ v =2 < Jv—v' + 2 — 2|+ 2|z — 2/| < max <,1> r((z,v), (2',0")) .
o

Ifr ((z,v),(@,v) <1< Ry

v ) (@), (@)
Pl () < TRy S TR g ()

If r ((xz,v), (2/,v")) > 1, we have shown (2.7)

)’ + o ro
r ((a:,v) ) (x/,v’)) <r? ((:c,v) ) (:U/,v’)) < 4% (H (z,v)+ H (x ,U )) )
Thus
a)® +o? I
r ((x,v) , (x',v’)) < j% (eH (x,v)+eH (a: U ))
414 a0)?+a?p((z,v), (@)
~ € min (%)\,6) f(r)
414 a) +a?p((z,v), (',0))
~ € min (%)\,6) ()
Therefore
4 ((1 +a)? +a2> 1

|z — 2| + |[v — v'| < max <2,1> max p ((z,0), (a/,0)).

emin (%)\, 6) f(1) ¢(R1)g(Ry)

* Then for the L2-Wasserstein distance
v—vP=v—v 4+z—2 - (z —2') 2 <2v—v 4z -2+ 20z -2
Hence
lz— 2P+ o—vP<3(jv—v +2 -2+ |z —2)?).

But

r? (z,v), (2',0)) = (alz — 2| + |z — 2" +v— v’])2

>alle— 2P|z —a' v

> (1+a%) (o —2/P+ ]z —2" +v -]
1 2

> —ga (|a:—w'|2—|—|v—v'|2).
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Ifr ((xz,v), (@) <1< Ry

IN

r? ((x, v), (x/,v’)) <r ((x,v) , (x/,v/))
If r ((z,v), (2/,v")) > 1, we have shown

a)? + a2
r? ((x,v) , (3:', U’)) < 4% (H (x,v)+ H (:E',v’)) .

min (%)\, 6)
Thus
o o? 1o
r((z,v), (2/,0)) < j% (eH (z,v) + €eH (2',0"))
4(1+ a)? +a? p((x,0), (2 ,v))
~ ¢ min (3),6) fr)
4(1+0)2 +a p((2,0), (@',v))
~ € min (%)\, 6) f(1)
Therefore

lz— 2P+ jv—w

3 1((1+0) +a?) . .
- 1+‘ﬂlnm{(€“ﬂn(§x6)f<n’¢<3ng<R¢> e ((@.0). (o':1/))

A.6 Proof of Lemma[2.7|
We have

H(z,v) — H(%,7) =24 (U(z) = U(&)) + (6(1 — ) + A) (J2|* = |#]*) + 12(x - v — 7 - 5) + 12 (Jo]* — |7]?)

~ 12
~_|_CL'
v - .
2)

=maM@—U@»+wu—w+A—$ﬂﬂ”+a%+m(p+§ﬁ_

We first have
af? = |5 < Jo 21 el + la) < 02 (VA + VD))
Oé

Then
~ 12 ~ ~
+§‘ — 17—1—5 < v+2—ﬁ—2|<’v+2‘+ 6—1—2‘)
\ﬁ|va+2 <\/Hxv )+ H(%, )
_Tmax <1 a) z,v, %, ) (\/H(x,v)+\/H(§:,@)).
And finally
U(z) - U@)| /01 VU (i + tz — 7)) (x—fc)dt‘




< sup |VU (z +t(z —2)) ||z — 7|
t€[0,1]

<(VU(0) + Ly (|| + [Z])) |« — Z|

< <VU(O) + \Lfi <\/H(yc,v) + \/H(az,@))) W

These three inequalities yield the desired result.

B Proof of Lemma

We first rewrite the various conditions on the parameters.

* Since forallu > 0,0 < ¢ (u) <1, wehave 0 < @ (s) = [ ¢ (u) du < s,i.e s/P (s) > 1. Therefore

inf ro (r) > inf ¢(r)=¢(R1).

relo,R1] @ (r) ~ relo,R)

It is thus sufficient for (2.11)) that

1 1
* We have
Ly + Ly 2
< — 2.
o (r) _exp( tlhw, )
So
> Ly+ Ly 2ma
P < —— ds = —.
(7“)_/0 exp( o s> s To t Iw
Then

R g (r) 21 1
/0 ¢(7”)dr = Ly +LWR1¢(R1)'

It is thus sufficient for (2.12)) that

c+253§2,/LU+LW¢(R1). (B.2)
2mo Ry

At this point, we have now proven that under Assumption (1} Assumption [2| and Assumption |3} for the
parameters to satisfy Lemma [2.4]it is sufficient for them to satisfy

a> Ly + Lw, (B.3)
c<’ <1 - 27> (B.4)
6 2€B+2v)’
c+2eB < % (1 - é (L + LW)) 6 (R1), (B.5)



L
c+2eB <24/ U+LW¢(R1), (B.6)
2o R1
- T 24
’ 3

Let us show that there are positive parameters €, o, Ly and c satisfying those conditions.
For inequality it is sufficient, as Ly < %, to consider

with, again

A
Oé:LU""Za

while inequality first invites us to consider 2¢ B of a comparable order to ¢

2¢eB = éc.

We have thus switched parameter € for J. First we translate into our new parameter:

5
= )
CSZ 1_6775 <:>C§l C5
6 2e¢B + gv 6 dc+ g
~ 1) )
<— 1< = since ¢ > 0
~ 6d6c+ 2 ( 20)
vd—5
<~ < -
“=% 5

The appearance of ¢ (R;) in (B.5) and suggests we should try to minimize it. Let us assume, for
simplicity, that € < 1, which is equivalent to having ¢ < %. We then have

1/1 1
¢ (r) =exp <_8 (a (Lu + Lw) + a + 96e max <2a’ 1>> r2>
1 /L L 1
>exp | —= vt iw +a+96max ( —,1) )72 ) on [0, Ry]. (B.7)
8 o 2ce

Now, using (B.7), we have for and that it is sufficient that

1 1 1 /Ly + Ly 1 )
R — - - - P

2 LU+LW 1 LU+LW 1 2
< N (v Ew 96 — 1)) R?).
=511V 2ra eXp( 8( o Tatbmax ol 1

We could now optimize parameter J, but for the sake of conciseness, we choose § = 6.

Recall 0 < Ly < %. This way, both in (2.8)) and (3.14), ¢ and C; can be bounded independently of
Ly . Hence why Ly, in and (.16), can be chosen last, and every other quantities can be chosen
independently of Ly .

and
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C VU locally Lipschitz-continuous

In this section we replace Assumptionwith Assumption We assume, for 1} and 13 the initial conditions,

2

H(X,V)
Vie {1,2}, E,; / ey, < (C%)? (C.1)
0
We show how the proof can be modified to still obtain contraction. We make the following assumption
~ y X a
Ly <cy(Ly, N\ A, d,a) = LUg min (g, e¢,*> (C.2)

with B given by @9)-@I1) and v = ﬁ Then, choose € . to be smaller than €, independently of Ly,

using the assumption that 0 < Ly < %. Like previously, we consider
Gt =1 + EI:[ (Xt, V;g) + Eﬁ(Xt, ‘2‘,)

Hence following the same method as previously we obtain

Ko <Gu(ef () + 0 () U2y (5 - L) 00 120 4 e ) E 12 3

+4f" (r)rc® (Ze, W) ) + % (eCr1+ Cra)ref (1) re(Ze, We)? (C4)

te (2B - % (ﬁf (X0, Vi) + H(X,, f/t))) () (C.5)
(0000 + 000 1205 () 6= 2 (.0 ) exp (oV/B (0, 10) + HCEw T esp (/1R T ) )

(C.6)

+ eLTW (6 +8)) (exp (aV/H (X0, Vi) ) EH (X, Vi) + exp <a H(X,, f@)) EH(X,, f@)) f(re).

(C7

We describe briefly how the terms will compensate each other before writing the calculations that are differ-
ent.

* Like previously, lines (C.3) and (C.4) will be dealt with through the choice of function f, with the non
linearity appearing at the end of (C.3)) giving us a remaining expectation (cf bullet 1 below),

« line (C3) will intervene like before in the last region of space (where we use that for all z in R, H > H
to come back to calculations we’ve made in Section|3.2.3] cf bullet 2 below) and in the first two region
of space to compensate line (C.0)) (cf bullet 3 below),

* and line (C.7) will give us a remaining expectation (cf bullet 4 below).

Notice how we use the Lyapunov function to compensate ¢ appearing when considering VU only locally
Lipschitz continuous.

e 1. We can find a constant C; . such that for all x,v,z, v € R4,
|.I' - j| + ‘U - ,D| < Cl,ep(xﬂjwi:f))?
and thus

E(E(1Z]) Gif' (1)) < CicE (pr) E(Gy) -
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°2.

o3

4.

In the last region of space, we use the fact that
Kitp, < ((c= 1) Gi+2eB+3) () (C.8)

We deal with (C.8)) exactly like in Section

To deal with the only locally Lipschitz continuous aspect, we use the upper bound on v given in (C.2).
In the first two regions of space we use f'(r)|Z| < f'(ri)ri/a < f(ri)/a

Gr (v (X0) +9(X)) £ () 12]
- (e (o FCGT) + H R T (/7)) ) £ 00
< (4 (X0) +9(X0)) £ (r0) £/ () |24
+ % (v (x0) +w(X0) <\/mexp (aV/H (X0, Vi) + VHE T exp (“ H(Xe, m)) fr)
_ E% (H (X0, Vi) exp (a\/m> + H(X, V) exp (a H(X;, f@))) f(re),

where we used (.6). On one hand, since ¢(x) < Ly+/H (x,v), we have

(z) + (&) < Ly/H(z,v) + Ly JH(E,0) < Ly (H(:B,v)+H(:E,{)) +1)7

2
and thus
(Y(z) +(2)) ()| Ze]

< % (H(w,v)exp (ay/H(w,0)) + H(z, 5) exp (ay/H(7,7) ) ) f(a "y Lur o))
On the other hand

(Y(x) +¢(x)) (\/ \/H ) + VH(&,7)exp (a\/H(a: v)))
< Ly <\/H:Uv +\/H:if1>( exp(a\/m)—l— H(i,@)exp(a%))
< 2Ly <H(:1:,v) exp( H(z,v) ) H(Z,v)exp (aW)) :

This way, since 2 v < 616 an

f(re) =0,
Gy (1/} (Xp) + w(Xt)) f'(re) | 24|
-2 (1O exp (o O6T) + H G T exp (o HOE T ) ) 1 00) < Lol 205 )G

The righthand side is dealt with through the choice of the concave function f (we consider Ly + Ly,
instead of Lg).

Likewise, we can bound
E (6 (exp (a\/H (X, Vt)> EH (X:,V;) + exp (a H(X;, \Z)) EH (X;, f/t)) f (rt)>
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< Cpy 4 (pr) + €O 4E (pr) e,

0

with C}; 7 a constant independent of initial conditions and C7, - another constant, possibly depending
on initial conditions. Here, we used (2.6) and (4.5).

H,H

We can thus construct a function f and a constant ¢, through the same calculations as before, such that there
are C and C° constants (resp. independent and dependent on initial conditions) such that

t t
Vt, e“E(pr) <E(po) + (1 + @)E(Gy)e + LWC/ eI (ps) ds + LWCO/ el (py) ds.
0

0

Since EG; is bounded uniformly in time, we may now conclude using Gronwall’s lemma.
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