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Abstract

A phase field model for anisotropic, elastoplastic fracture model in layered structures obtained
by 3D printing processes is proposed. An extension of anisotropic phase field to elastoplasticity
model is developed. The model is able to describe a transition from quasi-brittle to elastoplastic
fracture behaviors depending on the angle of layers in the microstructure with respect to the
external loading. Such feature is of special interest to describe the anisotropic fracture behavior
in layered 3D printed materials. The present model introduces two phase field variables, one bulk
fracture damage and one micro interfacial damage variables, describing two different micro damage
mechanisms. Finally, we have proposed an original methodology to identify the macroscopic strain
density as a function of the micro interfacial damage variable using numerical homogenization
on Representative Volume Elements. Numerical investigations show that the present model is
convergent with respect to mesh refinement, and allows to describe complex crack initiation and
propagation in layered elastoplastic structures. An experimental comparison is provided to validate
the use of such model for 3D printed polymer materials.

Keywords: Phase field method, Anisotropic fracture, Elastoplasticity, RVE calculations, 3D
printing

1. Introduction

The study of fracture in 3D printed materials has gained growing interest in the past decades
[1–4], due to its impact in many industrial applications in a wide range of area, such as aerospace
[5], biotechnology [6, 7], automotive engineering [8] and environmental industry [9].

3D printing as an innovative additive manufacturing technology allows to produce 3D polymer
components with complex shapes directly from pre-designed digital models without additional
tooling or setup. The two major techniques for 3D printing are the Fused Deposition Modelling
(FDM) from thermoplastic material [10] and the Selective Laser Sintering (SLS) [11] from polymer
or metal powder. For both techniques, the parts are built up layer by layer (see a schematic
view of the SLS process in Fig. 1). More specifically in polymer 3D printing processes, porosity
can accumulate between each layer of deposited powder or in polymer fused deposition modeling
and may induce a preferential crack propagation direction along weak interphase associated with
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Figure 1: (a) Schematic view of the 3D printing SLS process (adapted from [13]) and (b) an example of 3D printed
part.

the layered structure. Fig. 2 illustrates the effects of orientation of the 3D printed samples on the
mechanical properties, from [12]: the behavior can go from brittle when the layers are perpendicular
to the loading (0◦), to elastoplastic when the layers are parallel to the loading (90◦, see Fig. 2(c)).
For intermediate orientations, the maximum strain to failure can also be modified.

In the past decades, many models and numerical methods have been proposed to simulate the
anisotropic damage failure, including: Finite Elements with anisotropic damage models (e.g. local
damage models [14, 15]), anisotropic crack propagation using sharp description of cracks (e.g. FEM
remeshing techniques [16, 17] and eXtended Finite Element Method (XFEM) [18–20] in anisotropic
media), cohesive zone models [21, 22] in layered materials. Local damage models are well-known
to be associated with mesh-dependency issues and lack of energetic convergence. In methods based
on sharp fracture description, crack initiation cannot be easily included, and extension to complex
3D patterns may be highly cumbersome. More specifically, in FEM remeshing techniques, the
mesh must be reconstructed after each crack propagation, which might be costly and non-robust
for 3D geometries or changes of the crack topology. Cohesive zone modeling is straightforward for
crack paths known a priori, but its extension to unknown crack paths may lead to strong mesh
dependency and over-estimated cracked areas [23].

Phase field method has emerged as an efficient method for computer simulation of fracture in
the past two decades [24–29], and has already been applied and extended in a variety of engineering
areas including quasi-brittle fracture [29–32], dynamic fracture [28, 33, 34], fracture in multi physics
problems [35, 36], hydraulic fracture [37–39], topology optimization for resistance to cracking [40–
43], interfacial fracture [39, 44–46], bone fracture [47], ductile fracture [48–52] and fracture in micro
tomography image-based models of microstructures [30, 53, 54]. In the phase field method, the
discrete crack surface is approximated by a diffusive crack representation with an auxiliary scalar
damage field. The evolution of the fracture is provided by a variational framework. The phase
field modeling offers several advantages, such as the possibility to initiate cracks from undamaged
configurations, to handle arbitrary crack networks without specific treatment and use of classical
finite elements, a variational framework allowing to include many models or mechanisms, and
a mesh-independence due to an appropriate regularization process. Detailed information on the
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Figure 2: Experimental tensile test on 3D printed samples [12] exhibiting a transition from quasi-brittle behavior to
elastoplastic behavior, depending on the angle between the layers and the tensile direction: (a) samples with different
layer orientations, (b) fracture samples and (c) tensile force and displacement curves obtained from uniaxial tensile
test.

phase field method can be found e.g. in the review papers [29, 55].
Phase field method has been recently extended to anisotropic fracture behaviors, like e.g. in [56–

61], where an anisotropic fracture energy was employed to simulate crack propagation in anisotropic
medias, e.g. in polycrystals [62–65]. In [66, 67], a decomposition of the critical energy release rates
was proposed in order to simulated the mixed mode I and II fracture in anisotropic rock-like
materials. Alessi and Freddi in [68, 69] proposed a phase field approach to simulate failure and
complex crack patterns in hybrid laminates, including a competition between fracture of both layers
and debonding of the adhesive interface. In [70, 71], a new decomposition for traction-compression
decomposition of the strain density energy was proposed to allow applying the phase field method
in arbitrary anisotropic elastic media. In [72], Bleyer and Alessi proposed an anisotropic brittle
fracture model to simulate the longitudinal/transverse damage in unidirectional fiber-reinforced
composites, where a damage-dependent elasticity tensor with respect to two different damage
fields was introduced. In [73], an equivalent crack surface energy density function was established
to evaluate the fracture state of the homogenized matrix and fiber materials simultaneously.

In the present work, a phase field model has been developed to describe the transition from quasi
brittle to elastoplastic behavior in 3D printed materials, with respect to the orientation of the layers.
Then, this work introduces several originalities as compared to previous anisotropic phase field
models: to our best knowledge, most above mentioned models are restricted to anisotropic quasi
brittle models and do not take into account elastoplasticity. The present work then constitutes an
important extension in this context. The present model is able to describe a transition from quasi-
brittle to elastoplastic behavior as a function of the layer orientation in 3D printed layered material.
Following [72], we introduce two macroscopic phase field variables, each associated with two distinct
damage mechanisms: a bulk layer damage variable, and a variable associated with the damage of
the interphase between layers. An original procedure is then introduced to characterize the strain
density energy associated with this phase field variable, through computational homogenization on
a Representative Volume Element (RVE).

The paper is organized as follows. In Section 2, we develop the anisotropic-elastoplastic phase
field model for 3D printed materials. In Section 3, we describe an approach to construct an in-
terfacial damage-dependent elasticity strain density function based on numerical calculations on
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Figure 3: (a) Layered structure; (b) RVE containing one weak interface/interphase in the direction e′1; (c) displace-
ment field; (d) bulk layer damage d(x); (e) micro interfacial damage variable α(x).

RVEs. Section 4 provides the FEM discretization and numerical implementation. Finally, numer-
ical examples are presented in Section 5, including numerical investigations and an experimental
validation of the model. α

2. Phase field approach to anisotropic elastoplastic damage in 3D printed materials

2.1. Damage variables

We consider a structure with layered microstructure (see Fig. 3 (a)), as obtained e.g. in 3D
printing SLS process. It is assumed that interfaces have weaker mechanical resistance than each
layer, then inducing an anisotropic fracture behavior in the direction of the interfaces. In the
present work, we define two macroscopic damage variables associated with two distinct fracture
mechanisms at the microscale: (a) a classical damage variable d describing the damage due to the
cracks in the bulk layers, without a preferential direction and (b) a damage variable α describing
the damage of the interfaces at the micro level, associated with an anisotropic damage in the
direction of the weak planes.

In Fig. 3 (a) the structure is depicted. The angle between the planes containing the layers and
the direction e1 associated with the Cartesian frame is denoted by θ. The structure is associated
with an open domain Ω ⊂ R2 with boundary ∂Ω, composed of Dirichlet and Neumann parts,
denoted by ∂Ωu and ∂ΩF , ∂Ω = ∂Ωu ∪ ∂ΩF , ∂Ωu ∩ ∂ΩF = ∅, where displacements and tractions
are prescribed (see Fig. 3 (c)), respectively. The mechanical state of the material within the
structure is then defined by the displacement u, bulk fracture d and micro interface fracture α
parameters (see Figs. 3 (c), (d) and (e)).

Defining x ∈ Ω as a material point within the structure, a value of α(x) = 1 indicates that in the
neighborhood of x, the interfaces at the micro scale are fully damaged, then inducing an anisotropic

4



behavior, while α(x) = 0 corresponds to an undamaged state of the interfaces. Similarly, d(x) = 1
and d(x) = 0 correspond to a fully broken state and undamaged states of the bulk layers. We
assume that all layers are parallel. The normal unitary vector to the layers is denoted by nα. We
define the projector

Pα = 1− nα ⊗ nα, (1)

such that v = Pαu is the projection of the vector u over e′1 (see Fig. 3 (b)) and 1 is the second-order
identity tensor.

2.2. Energy density function

In the following, the fracture is described using a regularized description of the cracks through
the smeared damage fields α and d within the phase field fracture method [24–26]. To extend the
phase field formulation to anisotropic elastoplastic model, we define the total energy of a cracked
structure in the absence of body forces as:

W =

∫
Ω

(
ψe + ψp + ψd + ψα

)
dΩ−

∫
∂ΩF

F · udS, (2)

where ψe denotes elastic strain density energy function, ψp denotes the plastic strain density energy
function, ψd is the bulk layer fracture density function and ψα is the micro interfacial fracture
density function.

We define

ψe =
1

2
(ε− εp) : C (α, d) : (ε− εp), (3)

where C (α, d) is the damage-dependent elasticity tensor. The elastic strain tensor is defined as:

εe = ε− εp, (4)

where ε = 1
2(∇u+∇Tu) and εp denote respectively the total and the plastic strain tensors. Plastic

incompressibility is assumed, i.e. Tr(εp) = 0, Tr(.) being the trace operator.
We assume that C depends on α and d in the form:

C (α, d) = g (d)Cα (α) , (5)

where we have chosen

g (d) = (1− d)2 . (6)

It should be noted that Cα (α) is constructed in this work by fully capturing the behavior of
the RVE, unlike in [72], where the anisotropic brittle fracture model was based on an empirical
damage-dependent elasticity tensor. A detailed description for the construction of Cα (α), based
on numerical calculations on RVE, is provided in Section 3.

In (2), ψp is here chosen as

ψp = σyp+
1

2
Hp2, (7)
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which describes a linear isotropic hardening law for the plasticity evolution, as shown in Section
2.3, where σy and H > 0 denote the yield stress and the hardening modulus parameters. In (7), p
is an equivalent plastic strain described by the evolution equation

ṗ =

√
2

3
‖ε̇p‖ , (8)

where ˙(.) denotes time derivative. In (2), ψα and ψd are defined as

ψα = gαc γ
α (α) , ψd = gdcγ

d (d) , (9)

where gαc and gdc are the fracture toughnesses with respect to α and d, respectively.
The bulk layer crack surface density function for d is defined by:

γd (d) =
d2

2`d
+
`d
2
∇d · ∇d, (10)

where `d is a length scale regularization parameter associated to d.
To enforce a preferential direction related to the damage induced by the micro interfacial failure,

an anisotropic crack surface density function is introduced [62, 63] as:

γα (α) =
α2

2`α
+
`α
2
ωα : (∇α⊗∇α) , (11)

where `α is the length scale regularization parameter associated to α and

ωα = 1 + ξαPα, (12)

with ξα � 1 being a parameter used to penalize damage along the direction normal to nα.
In the present work, the length scale parameter `α and `d are simply chosen according to

`α = `d = 2he, where he is the minimal element size. However, it is worth noting that these param-
eters can be interpreted as material parameters (see a discussion in [74]). Possible improvements
may imply the use of recent length-free formulations as e.g. proposed in [75] or in [76], where a
length-scale insensitive anisotropic Phase Field method considering distinct softening behaviors for
isotropic matrix and anisotropic fibers has been proposed.

2.3. Variational formulation

In this section, we employ the variational framework for fracture as introduced in [46, 51, 77]
to derive the evolution criteria of the proposed model. The variational framework involves: irre-
versibility condition, stability condition and energy balance. In this framework, stability condition
provides mechanical balance equation, damage and plastic criteria. The energy balance provides
damage consistencies and plastic flow rule.

2.3.1. Irreversibility condition

The irreversibility condition for both damage variables is expressed as

ḋ ≥ 0, 0 ≤ d ≤ 1, (13)

α̇ ≥ 0, 0 ≤ α ≤ 1. (14)
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In the present work, (13) is prescribed using a history function [26] (see section 2.4), while (14) is
prescribed numerically by:

αn+1(x) =

 αn+1
trial(x) if αn+1

trial(x) ≥ αn(x)

αn(x) if αn+1
trial(x) < αn(x)

(15)

where αn+1
trial(x) is the value of α obtained at one point x at time step n+ 1 after solving the micro

interfacial damage problem (44) and αn(x) is the value of α obtained at one point x at time step
n, and αn+1(x) is the corrected value.

2.3.2. First-order stability condition

We first define the directional derivative as:

Dvf(u) =

[
d

dh
f(u + hv)

]
h=0

. (16)

The first order stability condition (see [78–80]) is expressed by:

DδuW +DδpW +DδdW +DδαW ≥ 0. (17)

Using (2), (17) yields:∫
Ω
σ : εe (δu) dΩ +

∫
Ω

(
−
√

3

2
σ : n̂ +

∂ψp

∂p

)
δpdΩ +

∫
Ω

(
Dδdψ

e +Dδdψ
d
)
dΩ

+

∫
Ω

(Dδαψ
e +Dδαψ

α)dΩ−
∫
∂ΩF

F · δudS ≥ 0 (18)

where the Cauchy stress is given by

σ =
∂ψe

∂εe
= g(d)Cα (α) : εe (19)

and n̂ is a unit tensor in the direction of the plastic flow. Then, the following results stem out:

� For δp = δd = δα = 0, we obtain:∫
Ω
σ : εe (δu) dΩ−

∫
∂ΩF

F · δudS = 0 (20)

which is the weak form of the equilibrium equation.

� For δd = δα = 0 and δu = 0, we obtain∫
Ω

(
−
√

3

2
σ : n̂ +

∂ψp

∂p

)
δpdΩ ≥ 0. (21)

For J2-plasticity, this expression leads to∫
Ω

(√
3

2
‖σdev‖−

∂ψp

∂p

)
δpdΩ ≤ 0, (22)
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corresponding to the weak form of the plasticity yield criterion; σdev := σ − 1
3Tr (σ) 1 is the

deviatoric stress tensor. The associated Euler-Lagrange equation is expressed as:

Fp =

√
3

2
‖σdev‖−

∂ψp

∂p
≤ 0 in Ω (23)

which is the classical von Mises yield criterion.

� For δp = δα = 0 and δu = 0:∫
Ω

(
Dδdψ

e +Dδdψ
d
)
dΩ ≥ 0 (24)

which is the weak form of the bulk damage criterion.

� For δp = δd = 0 and δu = 0, we obtain:∫
Ω

(Dδαψ
e +Dδαψ

α)dΩ ≥ 0 (25)

defining the weak form of the interfacial damage criterion.

2.3.3. Energy balance

Following a procedure analogous to the treatment of the stability condition, the energy balance
condition leads to

−
∫

Ω
σ : εe (u̇) dΩ +

∫
Ω

(√
3

2
σ : n̂− ∂ψp

∂p

)
ṗdΩ−

∫
Ω

(
Dḋψ

e +Dḋψ
d
)
dΩ

−
∫

Ω
(Dα̇ψ

e +Dα̇ψ
α)dΩ +

∫
∂ΩF

F · u̇dS = 0. (26)

The following cases are analyzed:

� For u̇ = 0, ḋ = 0 and α̇ = 0, the plasticity consistency condition is obtained:

Fpṗ = 0. (27)

� For u̇ = 0, ṗ = 0 and α̇ = 0, the bulk damage consistency condition can be written in the
form:

Fdḋ = 0 (28)

where Fd will be specified in section 2.4.

� For u̇ = 0, ṗ = 0 and ḋ = 0, the interfacial damage consistency condition can be written in
the form:

Fαα̇ = 0 (29)

where Fα will be specified in section 2.4.
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2.3.4. Alternate minimization

A staggered alternate minimization algorithm is applied in this section. With the total energy
(2) at hand, the alternate minimization follows.

� Minimization with respect to the displacement field:

DδuW = 0 (30)

leads to∫
Ω
σ : εe (δu) dΩ−

∫
∂ΩF

F · δudS = 0 (31)

which corresponds to the weak form of the mechanical problem to be solved for u, given d
and α.

� Minimization with respect to the equivalent plastic strain:

DδpW =

∫
Ω

(
−
√

3

2
σ : n̂ +

∂ψp

∂p

)
δpdΩ = 0 (32)

which is the weak form of the plastic yield criterion (21) which has to be satisfied for ṗ ≥ 0.
In the present work, this condition is handled by a return-mapping algorithm (see [81]). In
[77] a regularization term was introduced in the total energy and the above equation was
verified through solving a global problem for p. Here we do not adopt this approach and
treat this criterion as a local one (at Gauss integration points). (31) and (32) are solved
together using the return-mapping algorithm [81].

� Minimization with respect to the bulk damage field:

DδdW =

∫
Ω

(
Dδdψ

e +Dδdψ
d
)
dΩ = 0, (33)

which corresponds to the global problem to be solved to find the field d(x), given u, p and α.

� Minimization with respect to the interfacial damage field:

DδαW =

∫
Ω

(Dδαψ
e +Dδαψ

α)dΩ = 0, (34)

which corresponds to the global problem to be solved to find the field α(x), given u, p and d.

2.4. Governing equations

The associated Euler-Lagrange equations to (31) are given by:
∇ · σ = 0 in Ω,

u = ū on ∂Ωu,

σn = F on ∂ΩF .

(35)
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We can re-write (23) and (8) to obtain the plasticity evolution equations:

Fp =

√
3

2
‖σdev‖ − (σy +Hp) ≤ 0, (36)

ε̇p = ṗ

√
3

2

σdev

‖σdev‖
with ṗ ≥ 0. (37)

Using (33) and the property:

(∆d) δd = ∇ · (∇dδd)−∇d · ∇(δd) (38)

as well as the divergence theorem and ∇d · n = 0, we obtain the weak form of the bulk damage
problem as:∫

Ω

({
−2(1− d)H+

gdcd

`d

}
δd+ gdc `d∇d · ∇(δd)

)
dΩ = 0, (39)

where

H = max
s∈[0,t]

ψe0 (u, s) with ψe0 =
1

2
εe : Cα (α) : εe (40)

is a history function to prescribe the irreversibility of bulk damage field. Then, the corresponding
Euler-Lagrange equations to (39) are given by:

gdc
`d

(
d− `2d∆d

)
= 2 (1− d)H

∇d · n = 0 on ∂Ω,

d = 1 on Γd.

(41)

From (28) we identify

Fd =
gdc
`d

(
d− `2d∆d

)
− 2 (1− d)H. (42)

Similarly, we can obtain the weak form of the interfacial damage problem as:∫
Ω

[
1

2
g(d)εe :

∂Cα

∂α
: εeδα+

gαc
`α
αδα+ gαc `αω

α : (∇α⊗∇δα)

]
dΩ = 0, (43)

the corresponding Euler-Lagrange equations to (43) are given by:
1
2g(d)εe : ∂C

α

∂α : εe + gαc
`α
α− gαc `αωα : ∇∇α = 0

∇α · n = 0 on ∂Ω,

α = 1 on Γα,

(44)
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Table 1: Governing equations of the anisotropic elastoplastic phase field model.

Irreversibility ḋ ≥ 0, 0 ≤ d ≤ 1, α̇ ≥ 0, 0 ≤ α ≤ 1

Mechanical balance ∇ · σ = 0 in Ω

u = ū on ∂Ωu, σn = F on ∂ΩF

Constitutive law σ = g(d)Cα (α) : εe

Bulk damage criterion gdc
`d

(
d− `2d∆d

)
− 2 (1− d)H ≥ 0

H = max
s∈[0,t]

ψe0 (u, s) with ψe0 = 1
2ε

e : Cα (α) : εe

Bulk damage consistency
(
gdc
`d

(
d− `2d∆d

)
− 2 (1− d)H

)
ḋ = 0

Interfacial damage criterion 1
2g(d)εe : ∂C

α

∂α : εe + gαc
`α
α− gαc `αωα : ∇∇α ≥ 0

Interfacial damage consistency
(

1
2g(d)εe : ∂C

α

∂α : εe + gαc
`α
α− gαc `αωα : ∇∇α

)
α̇ = 0

Plastic yield criterion Fp =
√

3
2 ‖σdev‖ − (σy +Hp) ≤ 0,

Plastic flow rule ε̇p = ṗ
√

3
2

σdev
‖σdev‖ with ṗ ≥ 0

where (∇∇α)ij = ∂2α
∂xi∂xj

. From (29) we identify

Fα =
1

2
g(d)εe :

∂Cα

∂α
: εe +

gαc
`α
α− gαc `αωα : ∇∇α. (45)

The different equations of the model are summarized in Table 1.
Remark: In the present work, the coupling of damage and plasticity shares some similarities

to the models in [48, 82], which do not consider strong coupling between damage and plasticity and
are able to control the evolution of the plastic strain. In these models, the crack is driven only by
the elastic strain energy as in (40). Here the evolution of plasticity delays the evolution of damage
in some sense, unlike in the ductile models [51, 83] where the plasticity induces the evolution of
fracture. Thus these models are proposed to simulate the brittle fracture in elastoplastic solids,
and are well-suited for the simulation of PA12 material used in 3D printing.

3. Construction of C
α

(α) using linear computational homogenization

3.1. Procedure

We describe a procedure to evaluate numerically C
α

(α), which is the matrix form of Cα (α) in
(5), from preliminary calculations using linear computational homogenization (see e.g. handbooks
in [84, 85]). We consider the RVE (see Fig. 3 (b)) characterizing the layer material, which is defined
in a domain ω ⊂ R2. First, an interphase model must be defined. Here, we define this model as
a geometric zone where the local elastic properties depend on α, α ∈ [0; 1], such that C(x) =
gα(α)C0(x). The function gα(α) is such that gα(0) = 1 and gα(1) = 0 and C0(x) defines local
undamaged elastic properties within the RVE. Then, for α = 0 the material is undamaged, while
for α = 1 the local stiffness goes to zero. In the examples of Section 5, this zone is taken as a layer
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with finite thickness, or the damaged zone obtained by a traction test on the RVE along e′2. Then,
for K discrete values αn ∈ [α1, α2, ..., αK ], with α1 = 0 and αK = 1 we apply the computational
homogenization procedure described in the next section to determine the corresponding effective
elasticity matrix C

′
(αn) in the basis (e′1, e

′
2). A continuous representation of C

′
(α) can then be

obtained by fitting analytical functions to the values of C
′
(αn) or interpolating these discrete

values. Finally, the effective elasticity matrix C
α
(α) in the Cartesian basis (e1, e2) can be obtained

by using a rotation relationship with respect to C
′
(α), as described in the next section.

3.2. Computational homogenization

For each value αn, n = 1, 2, ...,K, the local elastic properties are considered as fixed C(x) =
C(x, αn) ∀x ∈ ω. Then, the local problem to be solved over the RVE is as follows. Given C(x, αn),
ε, where ε is a macroscopic strain, find ε(x) such that :

∇ · σ(x) = 0 in ω, (46)

σ(x) = C(x, αn) : ε(x), (47)

〈ε(x)〉 = ε, (48)

where 〈.〉 = 1
V

∫
V (.)dΩ is the spatial averaging operator over ω, and V is the volume of ω. (48)

means that the RVE is subjected to a homogeneous strain ε. This condition can be satisfied
by prescribing appropriate boundary conditions over the RVE (see details in [84]), like e.g. the
so-called periodic boundary conditions defined by:

u(x) = εx + ũ(x) ∀x ∈ ∂ω, (49)

where ∂ω is the boundary of ω and where ũ(x) is a periodic fluctuation over ω. In practice,
this condition is equivalent to impose the following constraint for two nodes of the FEM mesh on
opposite sides of the boundary ∂ω of the RVE with coordinates x+ and x−:

u(x+)− u(x−) = ε
(
x+ − x−

)
. (50)

Details for implementing this condition by means of Lagrange multipliers within FEM dis-
cretizations of the RVE can be found in [84]. In (49),

ε =
1

2

(
e′1 ⊗ e′2 + e′2 ⊗ e′1

)
. (51)

The problem (46), (47) and (49) is then solved by FEM to obtain the displacement solutions
u(11), u(22), u(12) corresponding to the applied macroscopic strain fields

ε =


1 0 0

0 0 0

0 0 0

 , ε =


0 0 0

0 1 0

0 0 0

 , ε =


0 1/2 0

1/2 0 0

0 0 0

 (52)
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expressed in the basis (e′1, e
′
2). Then, due to the linearity of the problem, the displacement solution

can be expressed as:

u(x) =
[

u(11)(x) u(22)(x) u(12)(x)

]
︸ ︷︷ ︸

U


ε11

ε22

2ε12


︸ ︷︷ ︸

[ε]

, (53)

where [ε] is the macroscopic strain of the RVE in vector form. Then in each element, the stress is
expressed as:

[σ(x)] = C(x, αn)B(x)Ue [ε] , (54)

where C(x, αn) is the local elasticity matrix associated to C(x, αn), B(x) is a matrix of displacement
shape function derivatives, Ue is the element component of U and [σ(x)] is the vector form of stress
tensor. Averaging over ω, we have:

[σ] =

 1

V

∫
ω

C(x, αn)B(x)UedΩ︸ ︷︷ ︸
C
′
(αn)

 [ε] , (55)

where

C
′
(αn) =

1

V

∫
ω

C(x, αn)B(x)UedΩ (56)

is the effective elasticity matrix with respect to the basis (e′1, e
′
2). A continuous representation of

C
′
(α) can then be obtained by fitting analytical functions to the values of C

′
(αn) or interpolating

these discrete values.
To express C

α
in the Cartesian basis (e1, e2), a rotation is applied through the relationship

C
α
ijkl = Rip(θ)Rjq(θ)Rkr(θ)Rls(θ)C

′
pqrs, (57)

with

R(θ) =


cos(θ) −sin(θ) 0

sin(θ) cos(θ) 0

0 0 1

 . (58)

4. Discretization and numerical implementation

4.1. Displacement problem

We rewrite (31) as

R =

∫
Ω
σ : εe (δu) dΩ−

∫
∂ΩF

F · δudS = 0. (59)
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In a standard Newton method, the displacements are updated for each loading increment by
solving the tangent problem:

D∆uR
(
u(k)

)
= −R

(
u(k)

)
= 0, (60)

where Dv(.) has been defined in (16), and u(k) is the displacement solution known from the previous
iteration. The displacement corrections are obtained as

u(k+1) = u(k) + ∆u. (61)

In (60),

D∆uR
(
u(k)

)
=

∫
Ω

∂σ

∂εe
: εe (∆ε) : εe (δε) dΩ, (62)

with

∂σ

∂εe
= Cs (u, d, α) . (63)

We can obtain the FEM approximations as:

u = Nuue, δu = Nuδu
e, ∆u = Nu∆ue,

[ε] (u) = Buue, [εe] (∆u) = Bu∆ue, [εe] (δu) = Buδu
e, (64)

where Nu and Bu are respectively matrices of displacement shape function and its derivative, ue,
δue and ∆ue are nodal displacement components in one element, nodal trial function components
and nodal incremental displacement components, respectively.

After discretization, the linear system (60) with the displacement corrections (61) reduces to a
standard Newton-type iteration:

Ktan∆u = −R
(
u(k)

)
, u(k+1) = u(k) + ∆u, (65)

Ktan =

∫
Ω

BT
uCsBudΩ, (66)

and

R
(
u(k)

)
=

∫
Ω

BT
uσ

(k)dΩ−
∫
∂ΩF

NT
uFdS, (67)

and where Cs is the matrix form corresponding to the fourth-order elastoplastic consistent tangent
operator Cs in (63), which is determined by the classical elastic predictor and plastic corrector
(return-mapping) algorithm outlined in [86]. The iterative update (65) is performed until con-
vergence is achieved in the sense ‖∆u‖ /

∥∥u(k+1) − u(0)
∥∥ ≤ tol, with tol a numerical tolerance

parameter.
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4.2. Bulk damage problem

The damages and damage gradients are approximated in one element by

d = Nde, ∇d = Bde, α = Nαe, ∇α = Bαe, (68)

where N and B are matrices of damage shape function and of damage shape function derivative,
respectively, de and αe denote respectively nodal bulk and interfacial damage in one element.

The discretization of bulk damage problem in (39) results into the following discrete system of
equations:

Kdd = Fd (69)

in which

Kd =

∫
Ω

[(
2H+

gdc
`d

)
NTN + gdc `dB

TB

]
dΩ (70)

and

Fd =

∫
Ω

2NTH dΩ, (71)

where H is given in (40).

4.3. Interfacial damage problem

The discretization of interfacial damage problem in (43) results into the following discrete
system of equations:

Kαα+ Fα(α) = 0 (72)

in which

Kα =

∫
Ω

(
gαc
`α

NTN + gαc `αBTωαB

)
dΩ (73)

and

Fα(α) =

∫
Ω

1

2
g(d)εe :

∂Cα

∂α
: εeNTdΩ. (74)

Note that in general, (72) is a nonlinear problem and must be solved through a standard
Newton-type iteration as used in Section 4.1. In Section 5.1, we will choose a quadratic model for
the components C

α
(α) to keep (72) as linear.

4.4. Numerical implementation

In the present work, a single-step staggered scheme based on small load increments is employed,
where at each load increment the displacement problem is solved for fixed bulk and interfacial
damage fields which are known from the previous time step. The bulk damage problem is then
solved with the new displacement field and previous interfacial damage field. Finally, the interfacial
damage problem is solved with the new displacement field and bulk damage field.
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Figure 4: (a) 3D printed material with a layered microstructure; (b) RVE with a straight interphase; (c) geometry
and corresponding mesh; (d) RVE with a porous interphase and (e) geometry and corresponding mesh. L = 1 mm.

5. Numerical examples

We consider a layered material (see Fig. 4 (a)), where the layers have an angle θ with respect
to the main frame (e1, e2).

5.1. Identification of C
α

In this example, we apply the procedure described in Section 3 for the identification of C
α

for two different RVEs: one implying a straight interphase (Fig. 4(b)) and one with an irregular
distribution of holes along one direction, possibly characterizing a porous interphase induced during
a 3D printing SLS process (Fig. 4(d)).

5.1.1. Layered structure

We first consider the RVE described in Fig. 4(b), which consists of a square domain of length
L = 1 mm containing a rectangular interphase with thickness 0.1L in the middle of the RVE and
parallel to e′1. The corresponding mesh is described in Fig. 4(c), and consists into 80× 80 square
4-node elements. The blue mesh corresponds to the layers and the red mesh corresponds to an
interphase with weaker properties. Both materials (matrix and interphase, see Fig. 4) are assumed
to be isotropic-elastoplastic with linear hardening. The material parameters for the matrix are
chosen as follows (unless otherwise stated): E = 10 GPa, ν = 0.25, σy = 0.08 GPa and H = 0.1
GPa. In (12), ξα = 30 is used. We denote the Young’s modulus of the interphase EI with respect
to the micro interfacial damage parameter α according to:

EI(α) = G(α)E, G(α) =
(1− α)2

χ− (χ− 1) (1− α)2 with χ ≥ 1, (75)

16



0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

G
(

)

  = 1

  = 2

  = 5

  = 8

  = 10

Figure 5: The degradation function G(α) for various parameter χ.

where the degradation function G(α) is taken from [51]. Fig. 5 shows the sensitivity of G(α) with
respect to χ. The Poisson’s ratio νI for the interphase is assumed to be independent on α: νI = ν.

Using the plane stress assumption, the elasticity matrix for the interphase material can be
expressed as

CI (α) =
EI(α)

1− ν2
I


1 νI 0

νI 1 0

0 0 1−νI
2

 . (76)

As mentioned above, to maintain the interfacial damage problem in (72) related to α as linear,

we introduce a quadratic fit of the different numerical components of C
′
. The effective elasticity

matrix is computed by the procedure in Section 3. The evolution of the different effective compo-
nents are depicted in Fig. 6. It can be seen from this figure that the effective elasticity components
C
′
12, C

′
22 and C

′
33 decrease to zero when α = 1, and C

′
11 decreases slightly to a nonzero constant

when α = 1.
To ensure that (i) (72) remains linear and that (ii) 0 ≤ α ≤ 1 when solving (72), a quadratic

function :

C
′
ij(α) = aij1 + aij2 (1− α)2 (77)

is employed to fit the evolution of the effective elastic components which are thought as a function
of α, as shown in Fig. 6, we obtain C

′
as

C
′
(α) =


8.999 + 1.668(1− α)2 2.667(1− α)2 0

2.667(1− α)2 10.667(1− α)2 0

0 0 4(1− α)2

 . (78)
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Figure 6: Layered structure: evolution of different effective components with respect to the interfacial damage α.
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Then we can obtain C
α

by using the rotation relationship defined in (57).
We can note in Fig. 6 that in the case χ = 10, the quadratic fit provides a good approximation

of the discrete values of C
′
(αn). It is not the case for the other values of χ: then, higher order

functions might be used to fit the numerical curves. However, this will lose the linear character
of the interfacial damage problem in (72) and numerical constraints will be required to prescribe
0 ≤ α ≤ 1. The study of such case may require additional developments and is reported to future
studies.

5.1.2. Porous layer

In the next example, we identify C
α

for the RVE including an irregular distribution of pores
along e′1 (see Fig. 4 (d)). The corresponding mesh is depicted in Fig. 4(e), where the RVE domain
is uniformly discretized into 200× 200 elements and the elements at the position of the pores are
removed. Here, we create a domain with the properties depending on α as follows. We first conduct
a phase field analysis applying ε = ε22e

′
2 ⊗ e′2 as described in (50). Then, we select the elements

where d > 0.9 as belonging to the domain where the properties are the one of the interphase in
the previous section. In Fig. 4(e), these elements are depicted in red color. Here, a quadratic fit
is employed for χ = 20.

The evolution of the different effective components of C
′
are depicted in Fig. 7, and are obtained

as:

C
′
(α) =


9.486 + 0.85(1− α)2 2.575(1− α)2 0

2.575(1− α)2 10.231(1− α)2 0

0 0 3.802(1− α)2

 . (79)

Similarly, C
α

for porous layer RVE can be obtained using (57).
We can observe similar results as compared to the results of Fig. 6, except that the initial

stiffness matrix at α = 0 is different and slightly anisotropic (C
′
1111(α = 0) 6= C

′
2222(α = 0)) here

because of the presence of pores along e′1.

5.2. One-notch square plate

In this example, we investigate the proposed model with a one-notch square plate, as shown
in Fig. 8. The boundary conditions are as follows: on the lower end (y = 0), the y-displacement
are fixed, while the x-displacement are free and the node (x = 0, y = 0) is fixed. On the upper
end, the x-displacement are free, while the y-displacement are prescribed to an increasing value of
U with ∆U = 5 × 10−4 mm during the simulation. The fracture toughness for bulk fracture and
interfacial damage are gdc = 4× 10−3 kN/mm and gαc = 1× 10−3 kN/mm, respectively. The length
scale parameters for bulk damage and interfacial damage are `d = `α = 0.2 mm. The values of C

α

have been obtained by using the interphase RVE. The mesh is composed of 10050 4-node regular
elements, as shown in Fig. 8 (b).

Fig. 9 shows the load-displacement curves obtained from different layer orientations, using
both RVEs. We can note that the curves for θ = 0◦ and θ = 30◦ are very close, while for θ = 60◦ a
higher peak load is noticed. A significant plastic response is only noticed for θ = 90◦. We can also
note that the response obtained through both RVEs is not significantly different.

As the responses of the structures for both RVE models in Fig. 9 are close, we only consider
the model using the interphase RVE in the next examples.
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Figure 7: Porous layer: evolution of different effective components with respect to the interfacial damage α.
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Figure 8: One-notch square plate: (a) geometry and boundary conditions; (b) finite element model.

20



0 0.1 0.2 0.3 0.4 0.5 0.6

Displacement [mm]

0

0.1

0.2

0.3

0.4

0.5

0.6

L
o
ad

 [
k
N

]
  =0

°

  = 30
°

  = 60
°

  = 90
°

 = 0
°

  = 30
°

  = 60
°

  = 90
°

layer RVE     pore RVE

Figure 9: One-notch square plate. Load-displacement curves for different layer orientations, obtained from (a) Cα

in (78) and (b) Cα in (79).

Fig. 10 shows the final interfacial damage, bulk crack and equivalent plastic strain field for
different layer orientations, using the interphase RVE. For θ = 0◦, θ = 30◦, and θ = 60◦, the
directions of micro interfacial damage α correspond to the layer directions. For θ = 90◦, after a
long plastic stage, the layer damage d is perpendicular to the layer orientation. We can also observe
a significant distribution of the equivalent plastic strain field in that case, which does not occur for
the other orientations.

Then, the present model is able to describe the transition from quasi-brittle behavior to elasto-
plastic behavior for 3D printed materials with respect to the layer orientations.

Next, we test the convergence of the model with respect to the mesh refinement. For this
purpose, the previous test is conducted for θ = 90◦ with three refined meshes with 3320 elements,
7076 and 14, 818 elements, respectively. All meshes include a refined region where the crack is
expected to propagate, as shown in Fig. 11, which shows the final bulk damage fields for the 3
meshes. The load-displacement curves for the 3 meshes are provided in Fig. 12, which demonstrates
the convergence of the method with mesh refinement.

5.3. Two-notch specimen

In this next example, we investigate the proposed model on a two-notch specimen, as shown
in Fig. 13(a). The boundary conditions are identical as in the example of Section 5.2. External
loading is applied by displacement control through a series of load increments with a fixed step value
∆U = 1×10−3 mm. The spatial discretization of the model comprises 20, 777 4-node quadrilateral
elements, with refinement in the central region where the crack is expected to propagate (see
Fig. 13(b)). The fracture toughness for bulk layer fracture and micro interfacial damage are
gdc = 6.5 × 10−3 kN/mm and gαc = 1.5 × 10−3 kN/mm, respectively. The length scale parameters
are chosen as `d = `α = 0.4 mm.
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Figure 10: One-notch square plate. Final interfacial damage, bulk crack and equivalent plastic strain field for different
layer orientations.
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Figure 11: Meshes and final bulk layer damage fields d(x) for θ = 90◦: (a) coarse mesh (3320 elements), (b) medium
mesh (7076 elements) and (c) fine mesh (14, 818 elements).
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Figure 12: Load-displacement curves for three finite element meshes, one-notch plate example.
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Figure 13: Two-notch specimen: (a) geometry and boundary conditions; (b) finite element model.

The load-displacement curves for the different layer orientations are shown in Fig. 14. We can
see that the peak load increases with an increase of the layer orientation angle θ, which matches the
experimental tendency observed in the experimental results of [12]. Here again, only the curve for
θ = 90◦ exhibits a significant plastic stage. Fig. 15 shows the final micro interfacial damage, bulk
layer damage and equivalent plastic strain field for different layer directions. We can observe that
when θ = 0◦, θ = 30◦ and θ = 60◦, the failure of the structure is mainly caused by the evolution
of the micro interfacial damage α, while for θ = 90◦ the bulk crack d perpendicular to the layer
direction causes the final failure of the structure. This example further illustrates that the proposed
model can simulate the different fracture resistance caused by the different layer orientations.

5.4. Two-hole specimen

In the next example, a structure with two asymmetric holes, as shown in Fig. 16(a), is investi-
gated. The boundary conditions are similar as the example of Section 5.3. The spatial discretization
of the model comprises 13, 839 4-node quadrilateral elements, with refinement around holes where
the crack is expected to propagate, see Fig. 16(b). The fracture toughness for bulk layer dam-
age d and micro interfacial damage α are gdc = 6 × 10−3 kN/mm and gαc = 1.5 × 10−3 kN/mm,
respectively. The length scale parameters are `d = `α = 0.4 mm.

Fig. 17 shows the load-displacement curves for different layer orientations. As in previous
examples, quasi-brittle behavior is noticed for θ = 0◦, θ = 30◦ and θ = 60◦, while a plastic
stage is observed before the final failure of the structure for θ = 90◦. Fig. 18 shows the final
micro interfacial damage, bulk layer damage and equivalent plastic strain field for different layer
orientations. We can note that the presence of the holes induces a more complex local strain
state, which leads to both micro interfacial and layer bulk damage for θ = 60◦ and θ = 90◦. This
example further demonstrates that the proposed model allows describing a complex anisotropic
damage phenomenon combining interfacial damage and bulk crack in complex configurations.
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Figure 14: Two-notch specimen. Load-displacement curves for different layer orientations.
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Figure 15: Two-notch specimen. Final interfacial damage, bulk layer crack and equivalent plastic strain field for
different layer orientations.
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Figure 16: Two-hole specimen: (a) geometry and boundary conditions; (b) finite element model.
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Figure 17: Two-hole specimen. Load-displacement curves for different layer orientations.
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Figure 18: Two-hole specimen. Final interfacial damage, bulk layer crack and equivalent plastic strain field for
different layer orientations.
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Figure 19: (a) Geometry and boundary conditions for experiments, (b) boundary conditions and (c) mesh model
used in the numerical simulations.

5.5. Experimental validation

In this last example, the proposed anisotropic elastoplastic model is validated through experi-
mental traction results on 3D printed samples.

The considered material consists of 3D printed Polyamide (Nylon) 12 material provided by
Sinterit company and printed by SLS technique. The SLS 3D printing process consists in sintering
the PA12 powder with the help of an infrared laser under elevated temperature. The high tem-
perature helps the grains of the powder to consolidate before being bound with the laser beam.
The powder is spread in thin even layers using a roller (see Fig. 1(a)) which also helps decreas-
ing porosity between layers. The samples have been printed at MSME Lab on the LISA Sinterit
printing machine using standard printing parameters provided by the manufacturer on the slicing
software Sinterit Studio. These parameters include a layer thickness in the printing direction of
0.125 mm. This machine uses an infrared laser diode to sinter the powder, the power of which is
not accessible to the user and a temperature in the printing chamber of 170◦ C. The orientation of
the layers is defined by the position of the sample with respect to the plane where the laser sinters
the powder. The samples are defined in Fig. 19, as well as the corresponding model and mesh used
for the simulations. Three orientations of the layers with respect to the main loading have been
considered, θ = 0◦, θ = 45◦ and θ = 90◦.

In the simulations, the loading is applied by displacement control through a series of load
increments with a fixed step value ∆U = 5 × 10−3 mm. The spatial discretization of the model
comprises 10, 105 4-node quadrilateral elements, with refinement in the central region where the
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Figure 20: Comparison of the load-displacement curves obtained from experiments and numerical simulations.

crack is expected to propagate (see Fig. 19(c)). The following material parameters of the model
have been identified using the experimental curves. We obtain: E = 0.57 GPa, ν = 0.25, σy = 0.01
GPa and H = 0.28 GPa. The fracture toughness for bulk fracture and interfacial damage are
gdc = 4.5 × 10−3 kN/mm and gαc = 1.7 × 10−3 kN/mm, respectively. The length scale parameters
for bulk damage and interfacial damage are `d = `α = 0.6 mm. Here C

α
is identified with the

interphase RVE.
Fig. 20 shows the comparison of the load-displacement curves for experiments and numerical

simulations. We can show that the present model is able to capture the experimentally observed
transition from quasi-brittle behavior to elastoplastic-brittle behavior of the material and the right
dependence to the orientation of the layers.

Finally, we present qualitative comparisons of crack patterns obtained from simulations and
experiments in Fig. 21. In the experiments, only one crack is noticed, while two cracks are found
in the simulations. However, for the case θ = 45◦, we note an orientation of the crack as in the
simulation, even though the angle is not the same. Several reasons can cause these discrepancies:
(a) there are many local defects in the experimental samples (pores, irregular boundaries, local
distribution of fibers) which are not modeled in the simulations. In addition, the geometry of the
two holes is only approximated in the experiments, as the boundaries are not circular but have
stair-shape due to the 3D printing process. This can induce additional defects in the vicinity of the
holes and trigger cracks preferentially near one single hole unlike in the simulations. Finally, in the
case θ = 90◦, where the simulation predicts a fracture purely due to the damage of the polymer
matrix, we note that the crack profile is not as straight as in the case θ = 45◦, where the damage
was purely due to the damage of the interphase. We believe that to deliver a fair comparison
regarding the crack patterns, a statistical study on more samples should be performed, but was
unfortunately not possible in the context of this work and is reported to future studies.

In the present model, the elastic parameters E and ν mainly control the slope of the load-
displacement curve in the elastic stage; σy is related to the critical point of plastic stage; H affects
the slope of the plastic hardening stage and gαc and gdc control the initiation and propagation of
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Figure 21: Comparison of the final cracks for experiments and numerical simulations: (a) θ = 0◦, (b) θ = 45◦ and
(c) θ = 90◦.

interfacial damage and bulk layer damage, respectively. Thus, we used the following strategy for
the identification of the material parameters: (i) we first identify the elastic parameters E and
ν using the elastic stage of the experimental load-displacement curves; (ii) we then identify the
plastic parameters σy and H from the plastic hardening stage for 90◦ load-displacement curve; (iii)
we finally identify the damage parameters gαc and gdc using the peak values of the experimental 45◦

and 90◦ load-displacement curves, respectively. We note that an inverse approach as proposed in
[53] could also be employed to identify the material parameters in a more systematic manner, and
could be investigated in a future work.

6. Conclusion

In this work, a phase field model for anisotropic, elastoplastic fracture model in layered struc-
tures obtained by 3D printing processes has been proposed. As compared to available anisotropic
phase field models for fracture in the literature, three main contributions have been introduced.
First, we have proposed an extension to elastoplasticity of anisotropic phase field model. Second,
the model is able to describe a transition from quasi-brittle to elastoplastic fracture behaviors
depending on the angle of layers in the microstructure with respect to the external loading. Such
feature is of special interest to describe the anisotropic fracture behavior in layered 3D printed
materials. The present model introduces two phase field variables, one bulk fracture damage vari-
able and one micro interfacial damage variable, describing two different micro damage mechanisms.
Finally, we have proposed an original methodology to identify the strain density function as a func-
tion of the micro interfacial damage variable using numerical homogenization on Representative
Volume Elements.

The numerical investigations have shown that the present model is convergent with respect
to mesh refinement, and allows to describe complex crack initiation and propagation in layered
elastoplastic structures. An experimental comparison has been provided to validate the use of such
model for 3D printed polymer materials.
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Possible extensions of this work include exploring more complex Representative Volume Ele-
ments configurations, as well as a fully nonlinear description of the strain density function as a
function of the micro interfacial damage variable.
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