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Asymptotic moments of spatial branching processes

Isaac Gonzalez®", Emma Horton! and Andreas E. Kyprianou*
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Abstract

Suppose that X = (X¢,t > 0) is either a superprocess or a branching Markov process
on a general space E, with non-local branching mechanism and probabilities Ps,, when
issued from a unit mass at * € E. For a general setting in which the first moment
semigroup of X displays a Perron-Frobenius type behaviour, we show that, for k > 2
and any positive bounded measurable function f on F,

Jlim g(t)Es, [(, Xi)¥] = C(, f),

where the constant Cy(z, f) can be identified in terms of the principal right eigen-
function and left eigen-measure and ¢(t) is an appropriate determinisitic normalisation,
which can be identified explicitly as either polynomial in ¢ or exponential in £, depending
on whether X is a critical, supercritical or subcritical process. The method we employ
is extremely robust and we are able to extract similarly precise results that additionally
give us the moment growth with time of fot (g, Xy)ds, for bounded measurable g on E.

Key words: Moments, branching processes, superprocesses, non-local branching, asymp-
totic behaviour

MSC 2020: 60J68, 60J80.

1 Introduction and main results

A fundamental question concerning general spatial branching processes, both superprocesses
and branching Markov processes, pertains to their moments. Whilst the setting of first
and second moments has received quite some attention, limited information seems to be
known about higher moments, in particular, their asymptotic behaviour with time. Relevant
references that touch upon this topic include [11} [7) 15, I8, [12]. In this paper, we provide
a single general result that pertains to both superprocesses and spatial branching Markov
processes and which provides a very precise and somewhat remarkable result for moment
growth.
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We show that, under the assumption that the first moment semigroup of the process
exhibits a natural Perron Frobenious type behaviour, the k-th moment functional of either
a superprocess or branching Markov process, when appropriately normalised, limits to a
precise constant. The setting in which we work is remarkably general, even allowing for the
setting of non-local branching; that is, where mass is created at a different point in space
to the position of the parent. Moreover, the methodology we use appears to be extremely
robust and we show that the asymptotic k-th moments of the running occupation measure
are equally accessible using essentially the same approach. Our results will thus expand on
what is known for branching diffusions and superdiffusions e.g. in [5], [I7], as well as giving
precise growth rates for the moments of occupations.

To this end, let us spend some time providing the general setting in which we wish to
work. Let F be a Lusin space. Throughout, will write B(E) for the Banach space of bounded
measurable functions on E with norm |-, B (F) for non-negative bounded measurable
functions on E and B (E) for the subset of functions in B (E) which are uniformly bounded
by unity. We are interested in spatial branching processes that are defined in terms of a
Markov process and a branching operator. The former can be characterised by a semigroup
on E, denoted by P = (P;, ¢ > 0). We do not need P to have the Feller property, and it is not
necessary that P is conservative. That said, if so desired, we can append a cemetery state
{1} to E, which is to be treated as an absorbing state, and regard P as conservative on the
extended space F'U {t}, which can also be treated as a Lusin space. Equally, we can extend
the branching operator to F'U{f} by defining it to be zero on {f}, i.e. no branching activity
on the cemetery state.

1.1 Branching Markov processes

Consider now a spatial branching process in which, given their point of creation, particles
evolve independently according to a P-Markov process. In an event which we refer to as
‘branching’, particles positioned at x die at rate 5(z), where § € B*(FE), and instantaneously,
new particles are created in E according to a point process. The configurations of these
offspring are described by the random counting measure

Z(4) =Y b, (A),

for Borel A in E. The law of the aforementioned point process depends on x, the point of
death of the parent, and we denote it by P,, v € F, with associated expectation operator
given by &,, x € E. This information is captured in the so-called branching mechanism

(1) G[f](z) := B(x)&s [H fai) — f(x)] ,  rek,

where we recall f € B (F) := {f € BT(E) : sup,cp f(z) < 1}. Without loss of generality
we can assume that P,(N = 1) = 0 for all z € E by viewing a branching event with one
offspring as an extra jump in the motion. On the other hand, we do allow for the possibility
that P,(IN = 0) > 0 for some or all z € F.



Henceforth we refer to this spatial branching process as a (P, G)-branching Markov process.
It is well known that if the configuration of particles at time ¢ is denoted by {z1(t), ..., zn,(t)},
then, on the event that the process has not become extinct or exploded, the branching Markov
process can be described as the co-ordinate process X = (X;,¢ > 0) in the space of atomic
measures on E with non-negative integer total mass, denoted by N(E), where

N
Xi() =Y buwl), t=0.
=1

In particular, X is Markovian in N (E). Its probabilities will be denoted P := (P, u € N(E)).
With this notation in hand, it is worth noting that the independence that is manifest in the
definition of branching events and movement implies that if we define,

(2) vi[f](z) = Es,

N

Hf(ﬂfi(t))] . [eBi(E)t=0
i=1

then for p € N(E) given by = >""_, d,,, we have

(3) By

Ny n

Hf(fvi(t))] =[[vlflw), t=o.
i=1 i=1

Moreover, for f € BY(F) and z € E,

(4) vilf](2) = Pe[f](2) +/0 P [Glves[f]]] (x)ds, >0,

where P, is a slight adjustment of P, which returns a value of 1 on the event of killing.

Branching Markov processes enjoy a very long history in the literature, dating back as far
as |23, 22, 24], with a broad base of literature that is arguably too voluminous to give a fair
summary of here. Most literature focuses on the setting of local branching. This corresponds
to the setting that all offspring are positioned at their parent’s point of death (i.e. z; = x in
the definition of G). In that case, the branching mechanism reduces to

Gls](x) = B(x) [Zpk(w)sk - S] ,  TEE,

where s € [0,1] and (pg(x),k > 0) is the offspring distribution when a parent branches at
site x € E. The branching mechanism G may otherwise be seen in general as a mixture of
local and non-local branching.

1.2 Superprocesses

Superprocesses can be thought of as the high-density limit of a sequence of branching Markov
processes, resulting in a new family of measure-valued Markov processes; see e.g. [19] 3], 25]
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0, 4]. Just as branching Markov processes are Markovian in N(E), the former are Markovian
in the space of finite Borel measures on F topologised by the weak convergence topology,
denoted by M(E). There is a broad literature base for superprocesses, e.g. [19, 3] 25 111, 9],
with so-called local branching mechanisms, and later broadened to the more general setting
of non-local branching mechanisms in [4, 19]. Let us now introduce these concepts with an
autonomous definition of what we mean by a superprocess.

A Markov process X = (X; : ¢t > 0) with state space M(FE) and probabilities P :=
(P, 0 € M(FE)) is called a (P, 9, ¢)-superprocess if it has transition semigroup (E;, ¢ > 0) on
M (FE) satisfying

(5)  Eu[e¥M] = / e UE, (i, dv) = e VW e M(E), f € BY(E).
M(E)

Here, we work with the inner product on B (E) x M(E) defined by (f,u) = [, f(z)u(dz)
and (V;,t > 0) is a semigroup evolution that is characterised via the unique bounded positive
solution to the evolution equation

(6) Vel f1(x) = Pe[f](x) —/0 Ps (-, Vies[£1()) + o (-, Vees[f])] (2)ds.
Here v denotes the local branching mechanism
(7) Yz, N) = —b(z)\ + c(2)\? + /(o ) (e_Ay — 14 y) v(z,dy), A>0,

where b € B(E), ¢c € BT (E) and (z A 2*)v(x,dy) is a bounded kernel from E to (0, 00), and
¢ is the non-local branching mechanism

(8) oz, f) = Blx) (f (=) = ¢z, [)),

where § € BT(E) and ( has representation

(9) (s f) =, f) + / (1 - e ) D(a, dv),

M(E)°

such that v(z, f) is a bounded function on E x BT (F) and v(1)I'(z,dv) is a bounded kernel
from E to M(E)° := M(FE) \ {0} with

(10) Y(z, ) + /M(E)o (Lv)T'(z,dv) < 1.

Lemma 3.1 in [4] tells us that the functional ((z, f) has the following equivalent representa-
tion

(11) C(z, f) = /M - {v(x,w) (f,m) + /000 (1 — e_“<f’7r>) n(xz,m,du)| G(x,dr),



where My(E) denotes the set of probability measures on E, d > 0 is a bounded function on
E x My(FE), un(z,7,du) is a bounded kernel from E x My(F) to (0,00) and G(z,dr) is a
probability kernel from E to My(FE) with

(12) y(z,m) + /000 un(z,m,du) < 1.

The reader will note that we have deliberately used some of the same notation for both
branching Markov processes and superprocesses. In the sequel there should be no confusion
and the motivation for this choice of repeated notation is that our main result is indifferent
to which of the two processes we are talking about.

1.3 Main results: k-th moments

As alluded to above, in what follows, (X, P) is taken as either a branching Markov process or
a superprocess as defined in the previous section. Our main results concern understanding
the growth of the k-th moment functional in time

Tl)@) =B, [(£.X0)Y],  weBfeBYELEZ 1120,

For convenience, we will write T in preference of T throughout.

Before stating our main theorem, we first introduce some assumptions that will be crucial
in analysing the moments defined above. First, we have a Perron-Frobenius-type assumption.

(H1): There exists an eigenvalue A € R and a corresponding right eigenfunction ¢ € BT (E)
and finite left eigenmeasure ¢ such that, for f € BT(E),

(Tue], ) = (0, ) and (Ty[f], @) = €™ (f, @) ,

forall p € N(E) (resp. M(E)) if (X, P) is a branching Markov process (resp. a superprocess).
Further let us define

Av= swp (@) e T f] (@) = (g, )], t=0.

z€E,feB] (E)
We suppose that

(13) supA; < oo and lim A, = 0.
t>0 t—o0

The second assumption is a moment condition on the offspring distribution.
(H2): Suppose k£ > 1. If (X, P) is a branching Markov process,

(14) sup & ((1, 2)F) < o0

zel



and if (X, P) is a superprocess,

(15) sup (/Ooo ]y|k1/(a:,dy)+/A/[(E)o(1,v>kF(x,dy)) < oo.

zeFE

Let us spend a little time considering these two assumptions in more detail. For a lot
of literature surrounding spatial branching processes, there has been emphasis on results for
which an underlying assumption of exponential ergodic growth in the first moment is present
as in (H1); see e.g. [211, [10] [ 20} 16, 14]. Due to this, we may characterise the process as
supercritical if A > 0, critical if A = 0 and subcritical if A < 0.

One way to understand |(13)} is through the martingale that comes hand-in-hand with
the eigenpair (A, p), i.e.

(16) M¢ =eMp, X)), >0,

Normalising this martingale and using it as a change of measure results in the ubiquitous
spine decomposition; cf. |16 15, 21I]. Roughly speaking, under the change of measure,
the process is equal in law to a copy of the original process with a superimposed process
of immigration, which occurs both in space and time along the path of a single particle
trajectory in E, the spine. If the process is issued from e.g. € M(FE), then the semigroup
of the latter, is given by e (T[fp], u)/{@, u), t > 0. We see then that an assumption of
the type implies that the spine has a stationary limit with stationary measure @g.

The assumptions and of (H2) are natural to ensure that k-moments are well
defined for all t > 0. If not explicitly stated in the literature, their need to ensure that the
functional moments T\" [ f](x) are finite for all ¢ > 0, f € B¥(E) and z € E is certainly folk-
lore. The two conditions and are clearly natural analogues of one another. Indeed,
whereas for superprocesses, it is usual to separate out the non-diffusive local branching be-
haviour from non-local behaviour, i.e via the measures v(x,dy) and I'(x, dv), the analogous

behaviour is captured in the single point process Z for branching Markov processes.

In terms of the eigenvalue in (H1), the following suite of results give us the precise growth
rates for k-th moments in each of the critical (A = 0), supercritical (A > 0) and subcritical
(A < 0) settings. In all three results, (X, P) is either a (P, G)-branching particle system or a
(P, 4, ¢)-superprocess on F.

Theorem 1 (Critical, A = 0). Suppose that (H1) holds along with (H2) for some k > 2 and
A= 0. Define

AP = sup (@) TS (@) = 270 (f,0) (Vg @)
z€E, feB (E)

where
Vigl(z) = B(2)E: ({0, 2)° = (", 2)) ,
if (X,P) is a branching Markov process or

Vigl(z) = ¢ (z, 04)p(z)? + B(z) / (. v)?T ()

M(E)°
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if (X,P) is a superprocess. Then, for all ¢ < k

(17) sup Al < oo and tlim AP =0
— 00

>0

The novel contribution of Theorem [1]|is both the fact that no such result currently exists
in the literature as well as the general and precise polynomial growth of the k-th moment.
The only other comparable result is that of [13]|, which inspired this paper and deals with
the special case of a general critical branching particle processes and that the test function
f is specifically taken to be the eigenfunction . There are two facts that stand out in this
result. The first is the polynomial scaling, which is quite a delicate conclusion given that
there is no exponential growth to rely on. The second is that, for £ > 3, the scaled moment
limit is expressed not in terms of the k-th moments in and , but rather the second

order moments.

In some sense, however, both the polynomial growth and the nature of the limiting con-
stant are not entirely surprising given the folklore for the critical setting. More precisely,
in at least some settings (see e.g. [13]), one would expect to see a Yaglom-type result at
criticality. The latter would classically see convergence of t~!(f, X;) in law to an exponen-
tially distributed random variable as ¢ — oo, whose parameter is entirely determined by the
second moments of X.

The next results present a significantly different picture for the supercritical and sub-
critical cases. For those settings, the exponential behaviour of the first moment semigroup
becomes a dominant feature of the higher expected moments.

Theorem 2 (Supercritical, A > 0). Suppose that (H1) holds along with (H2) for some k > 2
and A > 0. Redefine

AP = swp o) e O () — 0(.8)" Ll

z€E,feB] (E)

where Ly = 1 and we define iteratively for k > 2
1 N
Ly=—— . DLk |, @
a5 T sen]e)
1
0

where [ky, . .., ky]? is the set of all non-negative N-tuples (ky, ..., ky) such that S0 k; = k
and at least two of the k; are strictly positivﬂ if (X,P) is a branching Markov process, or

k—1
1 ) .
Lk(x) = Z m(ﬂll + oo+ Mme_ — 1)!(,0(&3)m1+"'+mk71 1 H (—Lj(x)) J
{mi,emp_1}y Lo =L Jj=1
1

AT

Vi ¢l @)

'We interpret -, = 0 and [], = 1.



and iteratively with Vs [¢] () = V [p] (z) (defined in the previous theorem) and for k >3

« [w(m1+...+mk1)($70+)(_¢<I))m1+...+mk1 _,_5(93)/ (@, V)™M T D (1 dy)
M(B)°

if (X,P) is a superprocess. Here the sums run over the set {mq,...,my — 1}, of positive
integers such that my +2mo + ... 4+ (k — 1)mg_y = k. Then, for all ¢ <k

(18) sup Aﬁ” < 00 and lim AE” =0.
t>0 t—o0

As with the critical setting, we could not find any existing result of this kind in the
literature. While Jensen’s inequality easily shows that this is the minimal rate of growth, it
turns out that it is the exact rate of growth. If we again appeal to folkore then this is again
not necessarily surprising. In a number of settings, we would expect X to obey a strong law
of large numbers (cf. [14] 10} 1, 20]) in the sense that

tlim e_’\t<f, Xy) = (@, [YMZ,

where (M7t > 0) was defined in and the limit holds either almost surely or in the sense
of LP moments, for p > 1. It is also worth remarking on the fact that there is dependency on
x for the limit in the superprocess setting but not in the branching Markov process setting.
Thinking in terms of the skeletal decomposition (see e.g. [8,2]), in principle the superprocess
issued from a unit mass at x can be seen as the aggregation of a Poisson point process of
‘superprocess excursions’. In the supercritical setting, a finite Poisson number of these will
contribute to the overall growth of the process which are sampled at a rate proportional to
p(z)d,, where p(x) is rate of survival of an excursion issued from x € E. This may go part
way to explaining the dependency of L, on x in that setting.

Finally we turn to the growth of moments in the subcritical setting, which offers the
heuristically appealing result that the k-th moment decays slower than the k-th moment of
the linear semigroup.

Theorem 3 (Subcritical, A < 0). Suppose that (H1) holds along with (H2) for some k > 2
and A\ < 0. Redefine

Aﬁf) = sup ‘@(x)_le_AtTg) [f(z) =/, @E Ly
r€E,feB) (E)

I

where we define iteratively Ly = 1 and for k > 2,
- k N
(", o) { 1 .
Ly=——3—=+(BE| ) w7 @(xj) Ly, |, 8 )
(f, &) k! ; [Al(n — 1) I e,
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where [ky, ..., kP is the set of all non-negative N-tuples (ky, ..., ky) such that YN | k; =k
and exactly 2 < n < k of the k; are strictly positive if (X,P) is a branching Markov process,
or Ly = (Vi[p], @), where Vi[p](x) = ¢(x) and for k > 2,

k-1

Vilpl(z) = Z my!. 1mk AL —my — . = my) 1:[1

{m17"'7mk—l}k

X [¢<m1+~-+mk1><x,o+)<—¢(x))ml+~~+mk1 + B(x) / (g, )™ D (2, dv)
M(E)°

if (X,P) is a superprocess. Here the sums run over the set {my,...,my_1}, of positive
integers such that my +2mo + ... 4+ (k — 1)mg_y = k. Then, for all ¢ <k

(19) sup A < oo and hm A — .

t>0

As alluded to above, it is heuristically appealing that the the k-th moment does not grow
at the rate exp(—kAt). On the other hand the actual growth rate exp(—At) is slightly less
obvious but nonetheless the obvious candidate. The decay in mass to zero in the branching
system would suggest that the k-th moment similarly does so, but no slower that the first
moment.

The robustness of our methods in the following sections means that the principal ideas
used to prove the above theorems are essentially the same for both branching particle systems
and superprocesses regardless of the criticality. The main idea is to study the non-linear
semigroup, Es, [e™?/X0] 0.t > 0, f € B*(F), associated with (X, P). The relation

(20) T (@) = (=1) 55 Es, .

then means that we can use knowledge of the non-linear semigroup to study the moments of
(X,P). Indeed, the first step is to write an evolution equation for E;, [e~**?)] in terms of
the linear semigroup T. We will show that differentiating this equation and using|(20)| means
that we can write the k-th moment of the process in terms of the lower order moments. An
inductive argument will then yield the final results.

Despite this generic approach, the proof for each of the two processes requires slightly
different technicalities due to the fact that, on the one hand, superprocesses have Lévy-
Khintchine branching mechanisms but no particles, whereas on the other hand, branching
particle systems do have individual particles but less regular branching mechanisms. Due
to these discrepancies, we require a different toolbox to deal with the evolution equation of
the k-th moment. To compute the derivatives in for the branching particle systems,
we use the Leibniz rule, however, in the case of superprocesses, we use Faa di Bruno’s
rule. This yields different equations for the k-th moment evolutions, resulting in slightly
different combinatorial arguments when completing the proofs of the theorems. Moreover,
the different normalisation required in each of the three theorems, as well as the different
limits requires some care. For this reason, we will prove Theorem (1| in detail, since this case

9



requires the most delicate analysis, and in the remaining non-critical cases, we will give an
outline of the proofs, leaving the details to the reader.

It also transpires that our method is remarkably robust. Indeed, again taking an agnostic
position on whether X is a branching Markov process or a superprocess, as we will show,
careful consideration of the proofs of Theorems [I} [2] and [3] demonstrate that we can also
conclude results for the quantities

M [g] () == Es,

t k
(/ <g,Xs)ds) ], reE,geBY(E),k>1,t>0.
0

We can think of [ (g, X) ds as characterising the running occupation measure [ X,(-)ds of
the process X and hence we refer to M lg](z) as the k-th moment of the running occupation.
The following results also emerge from our calculations, mirroring Theorems [}, [2] and [3]

respectively.

Theorem 4 (Critical, A = 0). Suppose that (H1) holds along with (H2) for k > 2 and X\ = 0.
Define

J4 — (20— — 4 —(f— ~ \f—
AP = sup [ V()M g)(x) — 270 (g, @) (VIg], @) L]
z€E,feB] (E)

where Ly = 1 and Ly, is defined through the recursion Ly, = (32— L;iLy_;)/(2k — 1) if (X, P)
is a branching Markov process or Ly, = (3¢, jo1+ Lk Li,)/(2k — 1) where {ky, ko)™ s the

set of positive integers ki, ks such that ki + ko = k if (X, P) is a superprocess. Then, for all
<k

(21) sup A < 0o and tlim AP =0
—00

>0

Theorem 5 (Supercritical, A > 0). Suppose that (H1) holds along with (H2) for some k > 2
and A > 0. Redefine

Y4 -1 — YA ~
AP = sup ‘so(sv) e~ U g](x) — (g, )" Lu|,
t€EB,feBy (B)

where Ly was defined in Theorem[d, albeit that Ly = 1/\.
Then, for all £ < k

(22) sup Ag) < o0 and lim A,Ef) = 0.
t>0 t—o0

Theorem 6 (Subcritical, A < 0). Suppose that (H1) holds along with (H2) for some k > 2
and X\ < 0. Redefine
A= s o) g)(n) - 09,9 Ll

10



where Ly = 1/|\| and for k > 2, the constants Ly are defined recursively via

(9, P)
b= w< [Z ij ] > Mg, "

where

k k-1
Ri(r) = Y —<f1) (@) g g = D] L™,

{m1,..mp_1}, . J=1

and where we define recursively, Uy [¢] () = —p(z)/|A| and for k > 2,

Uk [¢] (z)

o L O SR | (IR

{m17"~7mk—l}k

« {¢(m1+‘..+mk1)(x70+)(_90(x))m1+.'.+mk1 —l—ﬁ(x)/
M(E)°

<907 V>m1+...+mk—1 F(I, dl/)})

if X is a superprocess. Then, for all { < k

(23) sup A < 0o and hm AY =

t>0

The results in Theorems [4] 5 and [6] are slightly less predictable. Let us discuss this point
a little further in the particle setting for convenience. For the supercritical case, the extra
“linear” term arising from the time integral does not affect the exponential growth of the
process, and hence the leading order behaviour is still dominated by e**. In the critical case,
we know from Theorem [I| that the first moment does not require normalisation, and hence
integrating up to time ¢ will induce a linear growth in time. As we will shortly see, one can
determine the k-th moment from a combination of the lower order moments and as such,
this linear growth will propagate through the recursion, which along with the time integral,
ylelds the t?~! scaling. Finally, in the subcritical case, we know that the total occupation
fo g, Xs)ds, where ¢ = inf{t > 0 : (1, X;) = 0}, is finite, behaving like an average spatial
dlstrlbutlon of mass, i.e. (g, ), multiplied by (, meaning that no normalisation is required
to control the “growth” of the running occupation moments in this case.

The rest of this paper can be summarised as follows. In the next section, we focus on
the case where (X, P) is a branching particle process. We first prove Theorem , followed by
an outline of the proofs of Theorems 2/ and . We then turn to the case where (X,P) is a
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superprocess in section 3. Following a similar format, we first prove the result for the critical
case, followed by a sketch of the proofs for the non-critical cases. As indicated above, both
approaches follow a similar pattern and thus both sections are laid out to reflect this. First
of all, we study the linear and non-linear evolution equations associated with (X,PP). The
relation then yields an evolution equation for the k-th moment in terms of the lower
order moments. Using this and an inductive argument, along with several crucial results
that we house in the appendix, yields the result of the three theorems.

2 Proofs for branching Markov processes

The proof is a mixture of analytical and combinatorial computations which are based around
the behaviour of the linear and non-linear semigroups of X.

2.1 Linear and non-linear semigroup equations

For f € BT(FE), it is well known that the mean semigroup evolution satisfies

(24) T[f1(2) = P[] + /Ot P.[FT,[f]l (x)ds  t>0,z€E,

where
Flfl(z) = B(x)&, [Z fla:) — f(x)] =: f(z)m[f](z) — f(z)), =z€E.

See for example the calculations in [16]. Associated with every linear semigroup of a branch-
ing process is a so-called many-to-one formula. Many-to-one formulae are not necessarily
unique and the one we will develop here is slightly different from the usual construction
because of non-locality.

Suppose that £ = (&, ¢ > 0), with probabilities P = (P,,z € E), is the Markov process
corresponding to the semigroup P. Let us introduce a new Markov process 5 = (ft,t > 0)
which evolves as the process £ but at rate 5(z)m[1](x) the process is sent to a new position in
E, such that for all Borel A C E, the new position is in A with probability m[14](x)/m[1](x).
We will refer to the latter as extra jumps. Note the law of the extra jumps is well defined
thanks to the assumption [(14)} which ensures that sup,cpm{1](z) = sup,cp E:((1, Z)) < 00
Accordingly we denote the probabilities of f by (Px, x € E). We can now state our many-
to-one formula.

Lemma 1. Write B(z) = f(z)(m[l|(z) — 1), x € E. For f € BY(E) and t > 0, we have

(25) i) = B e [ BEs) &)

The proof is classical and follows standard reasoning for semigroup integral equations e.g.
as in [16], [I4]: First conditioning the right-hand side of |(25)| on the time of the first extra
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jump, then using the principle of transferring between multiplicative and additive potentials
in the resulting integral equation (cf. Lemma 1.2, Chapter 4 in [6]) shows that holds.
Gronwall’s Lemma, the fact that 5 € BT (FE) and for k = 1 ensure that the relevant
integral equations have unique solutions.

We now define a variant of the non-linear evolution equation associated with X via
(26)  wlfidl(e) =By, [1 - UXIRXN] >0 v e B, f g€ BY(E).

For f € B (E), define

N

Mfl(@) = B(2)E, [H(l—f(xz —1+Zm], ek

=1
Our first preparatory result relates the two semigroups (u;, ¢ > 0) and (T;, ¢ > 0).

Lemma 2. For all f,g € BY(E), x € E and t > 0, the non-linear semigroup wf, g](x)
satisfies

(27) w(f, gl(x) = T[1 = e7f](x) — /O Ts [Afw—s[f, 9]] — 9(1 —ws[f, g])] (z)ds.

Proof. Again, the proof uses standard techniques for integral evolution equations so we only
sketch the proof. Instead of considering w;[f, g], we will first work instead with

(28) vilf,g) = Es, [ UXOROXIE] >0, 0 € B, f.9€ BY(E),

which will turn out to be more convenient for technical reasons.
By splitting the expectation in |(28)[ on the first branching event and appealing to the
Markov property, we get, for f,g € BY(F),t > 0and x € E,

vilf, g](x) = E, [e— Jo B&)ds o= F (€)= [5 9 ss)ds}

LE, [ / Be,)o i Herateiugly, (1 gll(E)ds|

where N
:gx [Hg(xz)] ) g€B+<E)7ZL’€E.
i=1

Using similar reasoning to Lemma 1.2, Chapter 4 in [6] we can move the multiplicative
potential with rate S + g to an additive potential in the above evolution equation to obtain

(20) wilf, gl(2) = Bule](x) + / . [Glvislf. 9]) — gvislf gl] ()ds.

Now define



and (V;,t > 0) via

Wlf,g)(x) = Tyfe ] (x) + /0 T, [D[Vi—slf. g]] — gWi—s[f, g]] (x)ds

_ B, [eng(és)dse—ﬂét)]

(30) # B [ o500, (€) - €l 0)€0) .

0

forx € E;t > 0 and f,g € BY(F). Note that for the moment we don’t claim a solution to

(30)| exists.

For convenience, we will define

lfoalle) = B | [0 (ofr 1] 6 — o(Gmioilfo)6) ]

so that v¢[f, g](x) = Ty[e”/](z) + K;[f, g](x). By conditioning the right-hand side of on
the first jump of § (bearing in mind the dynamics of 5 given just before Lemma (1) with the
help of the Markov property (recalling that B(z) — fm[1] = f3), we get

[f, gl(x

(@)
E, [e Jy BEd st L E, {/ B(&)m[1](E0)e f(f5(§s)dsm[T:ﬁt]%(_;])](€z)d4

E, {e Jo B&u)nl1] fu)du/o oo B(&uw)du (D [\7'tfs[f, gH (&) — g(E)[Ti—s[f, g]) ds}

+

+E,
0

/ B(&)m[1](&)e — Jy B(&u)m[1](&x)du
V4

( [ el 0 fef, g (€) ~ gl vl gl(€) ds

ot BeaulKe—el9]] ()
: Al (@) )dfl'

Gathering terms and exchanging the order of integration in the double integral, this simplifies

14



to

v, g()
— B, ot s@] 1 g, | [ plege 6 nfn 1, gl

E, { [ B(Ewnl1)(Eu)du /tefos (6u)du (D[\?ts[f,g]](fs)_g(fs)[{’ts[fﬂ])ds}

+E, / / (s<0 B(Em[1] (&)™ Jo Al (Eu)du [y B(En)d

O[nlf, 1] (6) — 9(E)FF. g)(E))) ¢ ds]
=E, [e* fotﬁ(és)dseff(&) + E, {/tﬁ(&)e f(fﬂ(is)dsm[{ltie[g] <x>](&)d4

+E, UO o o P&t (D[, [f, g]] (&) — 9(€)Te-s[ 1, 9)(&0))) ds]‘

Finally, appealing to the change of multiplicative potential to additive potential in the spirit
of e.g. Lemma 1.2, Chapter 4 of [6], we get

Vil f, g)(x) =Pife”](z) + /0 Py [G[Vi—s[f, 9] — gVi—s[f. g]] (2)ds

and hence (v;,¢ > 0) is a solution to[(29)] A standard argument using using 3 € B*(E), the
assumption for k = 1 and Gronwall’s Lemma tells us that all of the integral equations
thus far have unique solutions. In conclusion, (v;[g],t > 0) and (¥[g],t > 0) agree.

To complete the lemma, note that

1 —Tfe)(z) =T [1 — e 7](z) + 1 — T,[1](z)
moreover,
¢ . ¢
1-T[1)(z) = E, { / B(E,)elo B<€u>dUds] = / T,[B]ds.
0 0
Hence, working form |(30){ and the definitions of D and A, which are related via

D1 — /] = B(@)e, [Hu ~ fw) - i(l - f(:vz-))] _A[f)+B(s), w€ B, feBHE),
we get z -
w(f, gl(z) =1 —v[f, gl(x)
= 1= e ) — [ D0 e ] — o1 — sl ()
=Tyl —e'] - /0 t T, [Alws[f, g]] — 9(1 = w[f, g])] (x)ds,
as required. 0
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2.2 Evolution equations for the k-th moment of branching Markov
processes

Next we turn our attention to the evolution equation generated by the k-th moment func-
tional T,gk), t > 0. To this end, we start by observing that

k
(31) 1f](2) = (1)L w o) (a)

0% 9—0

The following result gives us an iterative approach to writing the k-th moment functional in
terms of lower order moment functionals.

Proposition 1. Fiz k > 2. Under the assumptions of Theorem with the additional
assumption that

(32) sup TO[f](z) < oo, (<k—1,fe€BYE),t>0,

zeF s<t

it holds that

(33) 1) = i) + [ T[] @ds ez
where
- | S (0 ) I
o,ky]2 N0 N

and [ky, ..., ky]2 is the set of all non-negative N-tuples (ky,... ky) such that Zfil ki =k
and at least two of the k; are strictly positive.

Proof. Recall from that

(34) wl0f,0](z) = Ty[1 — e~ (z) — /0 T, [Afu,_[0f,0]]] (z)ds,  t>0.

It is clear that differentiating the first term £ times and setting # = 0 on the right-hand side

of [(34)| yields

(35) 8—th[l — e "](x)

- = (-1 (a),

0=0

Thus it remains to differentiate the second term on the right-hand side of [(34)| & times. To

this end, without concern for passing derivatives through expectations, using the Leibniz

16



rule in Lemma of the Appendix, we have

k
Afw[0f, 0])(x)
- 0p* =0
Py N N
_ o _ o0UX1)] o0
= S B@)E: [1 EE ;E(gzl [1 — e~/
N
B 1)k+1
ki+-+kn=k J=1
3 N N
k; k
36 = s, [<—1>k+1 5 (k k ) 11 kZTg 1l ] |
ki4--+kn=k Ly Bim Jj=1 i=1
where the sum is taken over all non-negative integers ki, - -- , ky such that Zf\il ki = k.

Next let us look in more detail at the sum/product term on the righthand |(36)} Consider
the terms where only one of the k; in the sum is positive, in which case k; = k and

k
=1
(i)

There are N ways this can happen in the sum of the sum-product term and hence

> (.. )HT

kit tkn=k

DI (k b ) T

[kl ..... kN}k T J=1

where [ki, ..., kn]? is the set of all non-negative N-tuples (ki, ..., ky) such that SN k; =k
and at least two of the k; are strictly positive. Substituting thls back into - (36)| yields

~corswe | X (" )T

0=0 k1, kn ]2

k

9 —0
—WA[ut[ dl

Now let us return to the justification that we can pass the derivatives through the expecta-
tion in the above calculation, we first note that derivatives are limits and so an ‘epsilon-delta’
argument will ultimately require dominated convergence. This is where the assumption
and |(32)| come in. On the right-hand side of |(36)} each of the Tgkj)[f] (x;) in the sum term
are uniformly bounded by the assumption |(32) and the collection [y, ..., kx]2 means that
0 <kj <k-—1foreachj =1,---,N. Moreover, there can be at most £k items in the
sum/product. Noting that

(37) 2 _ (k;lkkm) =N




the assumption |(14)| allows us to use a domination argument with the k-th order moment.

Combining this with |(35)| and |(34), using an easy dominated convergence argument to
pull the k& derivatives through the mtegral in ¢, then dividing by (—1)**!, we get m as
required. O]

2.3 Completing the proof of Theorem [1} critical case
We will prove Theorem (1| by induction, starting with the case £ = 1. In this case, reads

sup Ay < oo and llm A, =0,
>0

which holds due to |(13)}

We now assume that the theorem holds true in the branching Markov process setting for
some k > 1 and proceed to show that |(21) holds for all ¢ < k + 1.

To this end, first note that the induction hypothesis implies that |(32) holds. Hence
Proposition [I] tells us that

()T [ f] ()
= p(2) T[] (2)

+so(x)‘1t"“/0th el ). ( bl )HT (z)ds

! E+1 \ 1
(38) +o(z) " 1)/0 Tu |& Z (lﬁ >HTt(1 “ulf (z)du,

[kl 77777 kN]k+1 J=1

where we have used the change of variables s = ut in the final equality.

We now make some observations that will simplify the expression on the right-hand side
of as t — oco. First note that due to , the first term on the righthand side of Will
vanish as t — oco. Next, note that, if more than two of the k; in the sum are strictly positive,
then the renormalising by t*~! will cause the associated summand to go to zero as well. For
example, suppose without loss of generality that k; and ko are both strictly positive, we can
write tF=1 = t(FH1=2 — ¢hi—lgka=lgks  ¢hv - Now the induction hypothesis tells us that the
correct normalisation of each of the terms in the product is t*~!, which means that the item

Tig)_u) for a third k; > 0 will be ‘over normalised to zero’ in the limit.

To make this heuristic rigorous, we can employ Theorem [A.T] from the Appendix. To this
end, let us set

1 kE+1 \ ok,
I = = WD I (RPN ) VI



where [ki, ..., kyli,, is the subset of [k, ..., kn]z,,, for which at least three of the k; are
strictly positive (which can be an empty set). We will show that conditions |[(A.1)[and |[(A.2)|
are satisfied via

(40)

sup o(x)F[f](z,u,t) < oo and lim sup o(x)F[f|(z,u,t) = 0.
2€E,feBY (E)ue0,1] 1= (0,1, feBY (B) aeE

First note that there are no more than k + 1 of the k; that are strictly greater than 1 in
the product in |(39)l This follows from the fact that it is not possible to partition the set
{1,...,k + 1} into more than k£ + 1 non-empty blocks. Next note that

N (kj)
1 lz_v[ _ (t(l . u))k+17#{J-kj>0} N gp(x) . 1 Tt(f_u) [f] (%) .
;——‘ 1 Tl = o () (1 =)y
Jiki>0

The product term on the right-hand side is uniformly bounded in z; and ¢(1 —w) on compact
intervals due to boundedness of ¢ and the fact that is assumed to hold for all ¢ < k
by induction. Moreover, if #{j : k; > 0} < 1, the set [ky,..., kn];,, is empty, otherwise,
the term (#(1 — u))*k+1=#ki>0} /th=1 ig finite for all ¢ > 1, say. From and |(14)} we also
observe that

zelR zeE

[kl 77777 kN]k+1

Taking these facts into account, it is now straightforward to see that the earlier given heuristic
can be made rigorous and |(40)| holds. In particular, we can use dominated convergence to
pass the limit in ¢ through the expectation in |(39)| to achieve the second statement in |(40)|

As F belongs to the class of functions C, defined just before Theorem[A.T]in the Appendix,
the aforesaid theorem tells us that

ﬁ / ToloFLf1( )] (2)du| = 0.

(41) lim  sup
1= veB feB; (B)

Returning to , since the sum there requires that at least two of the k; are positive,
this means that the only surviving terms in the limit are those that are combinations of
two strictly positive terms k; and k; such that ¢ # 5 and k; + k; = k + 1. This can be
thought of as choosing i,j € {1,... N} with i # j, choosing k; € {1,...,k} and then setting
kj = k+ 1 — k;. One should take care however to avoid double counting each pair (k;, k;).
Thus, we have

I k) . _ b ! Y
e = o [ lztk [Z

=1

Zk: k41
Nk k11— ke

kl—l

(42) x T o f] <mi>T§?f5ki>[f1<xj>]] (2)du,

19



where the factor of 1/2 appears to compensate for the aforementioned double counting.

In order to show that the right-hand side above delivers the required finiteness and limit
(21)l we again turn to Theorem Forz € E, t > 0 and 0 < u < 1, in anticipation of
using this theorem, we now re-define

F k41 . L
Flfl(w,u,1) = tk 1 x[ZZZ (k kfl_k)ﬁ?iu)[f](x»TE?J_z)’“’[f](xj) .
i=1 j=1 k=1 NV v

J#i

After some rearrangement, we have

Flf)(z,u,t)
B0 —w)f [ AL k+1
h 20(x) gxlzl;;(kk+1—k)
J#
(43) s el ) @) TR ()
wlr;)plr () (t(1 — w))ki=t p(a;) (H(1 — u))k—ki

Using similar arguments to those given previously in the proof of may, again, combine
the induction hypothesis, simple combinatorics and dominated convergence to pass the limit

as t — oo through the expectation and show that

Flfl(z,u) :== lim F[f](x,u,t)

t—o00

(44) = (ke D@ VIl g, e

for which one uses that

(k+ D@, BVI])/2)* @, /) kY p] (x)

kil (f, @)™ (V[ip], Y6t (ke + 1 — k)l (f, @) 778 (V]g], @)
2(ki—1) 2(k—k;)

Note that, thanks to the assumption (H2), the expression for F(s,z) clearly satisfies [(A.1)]

Subtracting the right-hand side of [(44 )| from the right-hand side of |(43)|, again appealing
to the induction hypotheses, specifically the second statement in |(21)} it is not difficult to
show that, for each € € (0, 1),

lim sup lp(z) F[f](z,u,t) — o(x) F[f](x,u)| = 0.

720 veBueloe), feBY (E)
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On the other hand, the first statement in the induction hypothesis [(21)| also implies that
three exists a constant C > 0 (which depends on k but not ¢) such that

lim sup lo(x)F(z,u,t) — o(x)F(z,u)| < Cp(l —e)* L.

7% veBuele,1],f€B] (B)

Since we may take ¢ arbitrarily close to 1, we conclude that holds.

In conclusion, since the conditions of Theorem[A.T|are now met, we get the two statements

of|(21)| as a consequence. O

2.4 Proof of Theorem [4]

Next we turn our attention to the evolution equation generated by the k-th moment func-
tional Tl(tk), t > 0. To this end, we start by defining observing that

® gl (z) = (= k“a—ku 09 (x
(45 M lgo) = (-1 e 000l(0)|

Taking account of |(27), we see that

(46) w0, 8g](z) = —/0 T [A[u—s[0,09g]] — 0g(1 — w;_[0,09])] (z)ds.

Given the proximity of to|(34)} it is easy to see that we can apply the same reasoning
that we used for T\ [£](x) to M®[g](x) and conclude that, for k > 2,

(47) WOlale) = [ 1 [0l Lol () - k.ol

where 7* plays the role of n* albeit replacing the moment operators T¢) by the moment
operators M),

We now proceed to prove Theorem [4] also by induction. First we consider the setting
k = 1. In that case,

P0lg)e) = 1B | [ t<g,xs>ds] -1 [rlowas = | Tl (@)

Referring now to Theorem in the Appendix, we can take F(z,s,t) = f(z)/p(zx), since
f € BT(FE), the conditions of the theorem are trivially met and hence

1

Lo g @) - (o, @] o

lim su
P t

120 1 eB ge B (B)

Note that this limit sets the scene for the polynomial growth in t**) of the higher moments
for some function n(k). If we are to argue by induction, whatever the choice of n(k), it must
satisfy n(1) = 1.
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Next suppose that Theorem [4 holds for all integer moments up to and including k — 1.
We have from |(47)| that

149 Ml = i [ 1 [ ] s - i [ Ko s

Let us first deal with the right most integral in |(48)| It can be written as

t%l_z /0 KT [0F (-, )] (2)du = /0 (1 — )2k, [gWMgé_lu))[g]} (z)du.

Arguing as in the spirit of the proof of Theorem [T our induction hypothesis ensures that

| o 1 M@
t1i>n;> Flgl(x,u,t) = tliglo g(1 —u) k(t(l T o) =0=:F(z,u)

satisfies[(A.1)]and [(A.2)] Theorem[A.1]thus tells us that, uniformly in # € E and g € By (E),

/ KT, [0 gl () = 0.

On the other hand, again following the style of the reasoning in the proof of Theorem [I]
we can pull out the leading order terms, uniformly for x € F and g € B} (E),

(49) lim

too 2k—1

i s [ 50Vl o)
= lim 0 Tur [@(1 —u)?2E, [;;kz (k kk_ ki)so(xi)so(ﬂfj)
i
(50)
M 9] My l)(2)
t(1—u) t(1—u) J 2du.
" ST — T o) 1 - u))” o

It is again worth noting here that the choice of the polynomial growth in the form ¢"*) also
constrains the possible linear choices of n(k) to n(k) = 2k — 1 if we are to respect n(1) =1
and the correct distribution of the index across .

Identifying

Flgl(z, u.t) = ij& u) e, [ZZ
=

k-1

() ploet)

Ml () M 4] ()
X
() (H(1 — )2k (x;) (t(1 — u))2k—2ki-1

=1 ki=1
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our induction hypothesis allows us to conclude that F[g|(z,u) := lim;_,o F[g](z,u,t) exists
and

oo Fll(a1) = (1= G g, 94 V1l 61 3 Lele

Thanks to our induction hypothesis, we can also easily verify |(A.1) and |(A.2)| Theorem |A.1
now gives us the required uniform (in z € £ and g € B (F)) limit

' - E(VIel, 2)* (g, 6)*
. ~(k ) )
61) i s [ [Vl as = SR SE 2y,
Putting |(51)| together with |(49)| we get the statement of Theorem O

2.5 Proofs for the non-critical cases

We now give an outline of the main steps in the proof of Theorem [I| for the sub and su-
percritical cases. As previously mentioned, the ideas used in this section will closely follow
those presented in the previous section for the proof of the critical case and so we leave the
details to the reader. We first note that the Perron Frobenius behaviour in (H1) ensures
the base case for the induction argument, regardless of the value of \. We thus turn to the
inductive step, assuming the result holds for & — 1.

Proof of Theorem[J (supercritical case). From the evolution equation [(33)] we have

e
tlggom’ft [f](z)

= lim —— t g 1 R 1) x)ds
o w2 (" TR | @

It then follows that

lim  sup[o(@) e M TPA@) — (@) L

1220 e, reBf (B)

= lim sup
7% 2ep, feB} (B)

(53)
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Noting that Zjvzl k; = k, we may again share the exponential term across the product in
the right-hand side above as follows,

e~ Akt /t Z k N (k)
. | ge ( ) ) f](z) | | (2)ds
¢<x) 0 [kl ..... kN]z kla o 7kN j=1
) vt N e—)\kjt(l—u)T(kj) [f](x»)
¢ e—)\(k—l)ute_Tu k‘ﬁg oz t(1-u) J 2)duw.
/0 plz) ™ [k},;]v]ijl}l (23) kjlo(a;) (=)

Combining this with to and changing variables in the final integral of the latter, we
have

m s o) e NTI)) — (£,9)" L
7% veE, feB{ ()

(54) < lim  sup ¢
b= veB feBf (B)

)

[ et (e 0] - (£ Ak - D)

where we have defined

B(z) Al e Mt=0i) £ ()

Flfl(z,u,t) := K!\—=E, Z Hgo(xj)

p()

It is easy to see that, pointwise in x € F and u € [0, 1], using the induction hypothesis
and (H2),

Fifl(z,u) := lim F[f](z,u,t)

t—o00

f(x) k 3
= kl—=¢&, z Ly | {f, )"
o(x) Z (k‘l,...,k‘N) ]1:[1 ooy L | (. 2)
! Jiki>0
where we have again used the fact that the k;s sum to k to extract the (f, $)* term. Similarly
to the critical setting we can also verify using the induction hypothesis and (H2) that [(A.1)|

and |(A.2)[ hold.
This is sufficient to note that, by using a triangle inequality similar spirit to the one
found in |(A.4)| and appealing to of the assumption (H1), we have that

e—)\ut

sup O [ 8)] — BF, B Ly | < o0,
z€E,ue0,1],feB;f (E),t>0 o(r)

This means that for ¢ sufficiently large, we can control the modulus in the integral on the
right-hand side of by a global constant. The remainder of integral, yields a bound of
g(1 — e ME=18) /\(k — 1), which tends to zero as t — oo. O
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Proof of Theorem[3 (subcritical case). We now outline the subcritical case. First note that
since we only compensate by e~ the term T;[f*](x) that appears in equation |(33)| m does not
vanish after the normalisation. Due to assumption (H1), we have

lim o~ (@)e T (@) = (4, 9).

Next we turn to the integral term in |(33)l Define [k1, ..., kn]|}, for 2 < n < k to be the set
of tuples (kq,...,ky) with exactly n positive terms and whose sum is equal to k. Similar
calculations to those given above yield

Xt

o /0th Y (kl, b kN)ﬂTg’ﬁs[f]@j) (2)ds

SO($) (k1 knN]2 o =t

k

1 o At(1—u) o ut (kj) T
(55) =tZ/O Aeut® T p [k; 55[ 3 ng k};(g( a)”(x)du

n=2 (p(,fl')) [kfl _____ kN]k j=1

Again, we leave the details to the reader but the idea is that the induction hypothesis
will take care of the product of the lower order moments and the second part of in
assumption (H1) will then take care of the asymptotic behaviour semigroup Ty;_.). The
second part of allows one to control the difference between this term and its limit. In
a similar manner to the final step in the proof of Theorem [2 I the difference of and its
limit can be reduced to the limit as ¢ — oo of ¢(1 — e~ M®=V%) /|X|(n — 1), which is bounded
above by . O]

Proof of Theorem[J. For the case k = 1, we have

oo [ nldns - L2

(56) <ot [ e @) Tufal(o) (0.6 du+ e

Thanks to (H1) and similar arguments to those used in the proof of Theorem |2, we may
choose t sufficiently large such that the modulus in the integral is bounded above by € > 0,
uniformly in ¢ € B (E) and z € E. Then, the right-hand side of is bounded above by
A1 — e ™M) + e (g, @) /. Since € can be taken arbitrarily small, this gives the desired
result and also pins down the initial value L; = 1/\.

Now assume the result holds for all / < k£ — 1. Reflecting on proof of Theorem [2] we note
that in this setting the starting point is almost identical except that the analogue of ,
which is derived from is now the need to evaluate

— Akt *) oAkt pt k N o)
lim M r)=lim — [ T, |BE M0 g (x; x)ds
fim o) = i S [ 2 (kk:N)H o)) || @)
(57) klim < R
— k lim s[gM;— ' [g]](x)ds.
t—oo () Jo !
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The first term on the right-hand side of can be handled in essentially the same way
as in the proof of Theorem . The second term on the right-hand side of can easily
be dealt with along the lines that we are now familiar with from earlier proofs, using the
induction hypothesis. In particular, its limit is zero. Hence combined with the first term on
the right-hand side of , we recover the same recursion equation for L. n

Proof of Theorem[6l The case k = 1 is relatively straightforward and, again in the interest
of keeping things brief, we point the reader to the fact that, as t — oo, we have

R CY 7) — " T,[g) () 5 — te)\se,AsTs[g](I) s~ - 1e)\ut uNM
58) St @ | olz) | o(@) to.9) [ ea A

Now suppose the result holds for all £ < k — 1. We again refer to |(47), which means we
are interested in handling a limit which is very similar to|(57), now taking the form

MM [g](2)
p(x)
1 EooNTr o Milyle))
— ﬁ/o Hutedutr | 3. Z <k:1 k’N> H (p(g;j)% (z)du
k1, kN2 R =1 J
t ' Aut  —Aut MIE?I_—IZ) [g ]
(59) - k‘m/o eMeT M, [gtpT (x)du.

Again skipping the details, we can quickly see from [(59)| the argument in |(58), and the

induction hypothesis gives us

(k) “\k N = “\k—1
M [g] () (9, 2) " (g, 2){g, )
~ k! )Ly, — k! Ly
[k1,e0knN]E I=1
b b k kj
which gives us the required recursion for Lj. O]

3 Proofs for superprocesses

For the proof of Theorems [I] 2] and [3] in the setting of superprocesses we follow a similar
approach. One difference is that we cannot work with the k-th moment as a product of an
almost surely finite sum. As such the use of the Leibniz formula as in the previous section is
no longer helpful. Instead, we use the Faa di Bruno formula (see Lemma to assist with
multiple derivatives of the non-linear evolution equation |(5)|

3.1 Linear and non-linear semigroup equations

The evolution equation for the expectation semigroup (T, ¢ > 0) is well known and satisfies

(61) T, [f] (2) = Pl f](2) +/0 P [B(@[Ti—s[f]] = 1) + 0] (x)ds,
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fort >0,z € E and f € BT (F), where, with a meaningful abuse of our branching Markov
process notation, we now define

xﬂfﬂx>=Q[;ﬂE)YWx,w>u:w>+1[; u (f,7) n(a . dw)| G, dr)
(62) =ijrgaw<ﬁ>< ).

See for example equation (3.24) of [4].

In the spirit of Lemma [l| we can give a second representation of T;[f] in terms of an
auxiliary process, the so called many-to-one formula. To this end, if, as before, we work with
the process (£, P) to represent the Markov process associated to the semigroup (P;,t > 0),
then, although we have redefined the quantity m[f](x), we can still meaningfully work with
the process (5 , 15) as defined just before Lemma

Lemma 3. Let ¥(z) = B(x)+b(x) = B(x)(m[1](x)—1)+b(z), then, fort > 0 and f € BT(E),

(63) TAﬂ(@::Ekaa<Ai%&xw)f@n]

As with Lemma [T} the proof is classical, requiring only that we take the right-hand side
of and condition on the first extra jump of (5 ,P) to show that it also solves L [t is a
straightforward application of Gronwall’s inequality to show that |(62) - )| has a unique solutlon
and hence holds. The reader will note that because we have separated out the local and
non-local branching mechanisms of the superprocess, the deliberate repeat definition of m[f]
for superprocesses is only the analogue of its counter part for branching Markov processes
in the sense of non-local activity. The mean local branching rate has otherwise been singled
out as the term b.

Similarly to the branching Markov process setting, let us re-write an extended version of
the non-linear semigroup evolution (V;,¢ > 0), defined in @, i.e. the natural analogue of
(27)} in terms of the linear semigroup (T;,¢ > 0). To this end, define

v, [f,q] (z) =E, [e_<f7Xt>—f$<9,Xs)ds} ’
Analogously to Theorem [2] we have the following result.

Lemma 4. For all f,g € BY(E), x € E and t > 0, the non-linear semigroup Vi[f, g](x)
satisfies

(64) Mﬁﬂ@=BUMWiALUMﬂMd%vWAﬁ%@M&
where, for h € BT(E) and x € E,
3 (@) = $(a, hx)) + éla, k) + B(@) @{)(x) — h(x)) + b(x)h(z)

The proof is essentially the same as the proof of Lemma [2| and hence we leave the details to
the reader.
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3.2 Evolution equations for the k-th moment of a superprocesses

Recall that we defined TV [f] (z) = Es,[(f, X)*], t > 0, f € B*(E), k > 1. As with
the setting of branching Markov processes, we want to establish an evolution equation for
(Tﬁk),t > 0), from which we can establish the desired asymptotics. To this end, let us
introduce the following notation.

For x € E, k > 2 and t > 0, define

k!
Rk(x,t) = Z —'(_1)m1+...+mk,1_1

m1! e M1

kol jr(d) ™
—1)T
(65) (my+ ... 4+my_q —1)! (=1 & /] (=) |
j=1 T
and
k! (mi+..+mp_q)
Kk(x>t) = Z mw etmp—1 (1,70_'_)
{ma,, mkfl}k 1w k—1-
k=1 1yit+ipld) CRie\"
(66) (( DT [f] (@) = Ry, >)
j=1 7!
and finally

K .
sutet) = | D D sosrrran L

o
{ma,..,mp_1},

k—1 <(_1)j+1T£j) [f] _ Rj(',t), V> ’

(67) H T [(x,dv),
vy J!
J

and the sums run over the set of non-negative integers {my, ..., mg_1} such that m; +2my+

Theorem 7. Fiz k > 2. Suppose that (H1) and (H2) hold, with the additional assumption
that

(68) $€s;1£><tTg)[f](a:) <oo, (<k-1feB"(E),t>0.
Then, _

(69) T[] () = (=1)* R, 1) + (=1)" /Ot T [Uk(,t — )] ds,
where

(70) Up(,t) = Ky(z,t) + B(2)Si(z,1).
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Proof. For the proof of this result, recall the definition and let

v () = %vt[ef, 0j(z)] , ¢t>0,feBYE)k>1
60=0
as well as
effl(x) =Es, [e VX9, t>0,fe€ BT(E).

In that case, V[0 f](z) = —loge[0f](x) and e[0](x) = 1, so that

ok _
el 10f)(2) == srzelbf)(x) = (~1Es, |(f. X)X
and
(71) & [01(@)lo=0 = (=)' [£] ().
Next we can us Faa di Bruno’s Lemma to get
v [f](x)
ak
= g5 log &[0 f](x) -
B Z k[ (_1)m1+...+mk71(m1 4+ 4+ my — 1 ﬁ m;
B mal .. .omy! e 0 f] (:r)m1+- .
{m1,..mp}, j=1 0=0
k! +.mp—1 - JT(J) [f] () "
— _ v ymattm . '
D R TRt ) [ ,
{ml ~~~~~ mk}k ]:1
where the sum runs over the set of non-negative integers {my,...,my}, such that
m1+2m2++kmk:k
Note that m; > 0 if and only if my = 1 and my = my = ... = my_; = 0, so the k-th

moment term T\" [f] appears only once and with a factor (—1)*!, that is,

(72) v [f)(@) = (=) [£] (2) — Ri(a,t),

where all the terms in Ry(z,t) are products of two or more lower order moments.

Now, we differentiate the evolution equation ((64) & times at # = 0, momentarily not
worrying about passing derivatives through integrals, to get that

1) = = [ .| 55 (0 Ve B0 0) + 00 v 85,00 + v 07, 0])

| @as.

0=0
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where
Flgl(z) = B(x)(m[g] — g) + b(x)g,  x€E,g€B(E).
For the kth derivative of ¢ (z,V, [0f,0] (z)) at 6 = 0 we again use Faa di Bruno, Lemma

[AT] to get

k
Vi 10f,0
aek/w(x t[ f ]( )) o
k m;
= Z k—!w(mﬁ- +mk) :E v, 9f 0 H aeavt 9f O]( )
mql...my!
{ma1,...,mp}, j=1 o
k () i
— Z k—!w(m1+...+mk)<x, 0+) H Vy [f](x)
{m1,...,mp}, j=1
= —b(@)v" [f)(x) + Ki(x.1),
where the last equality holds because m; = 1 if and only if m; = ... = mp_; = 0 and

¢'(z,0+) = —b(z). Similarly, for the the kth derivative of the remaining terms recalling [(8)]

(9] and (621

o (6 v. [07.0) + ¥V, [0, 0])
8k
— b(a) 2w, 1.0

oo k
~ 8 [ [T (= e I 3, [05,0), 7)) e, du) G ),
Mo(E) J0

and using Lemma we have

oF —u ™
(1= e 0 (v, [01,0], )
. J
{ml ..... mk_l}k ml! e mk‘ j=1 ]'

—u(V¢ m 6k
(e (Ve[0£,0,7) _ 1) u<80’“ [0f,0], >

where, in the final equality, we have singled out the case that my = 1 and m; = --- =
my—1 = 0 in the Faa di Bruno formula. and then, using the definition of m[f](z) in and
the same observation as above about the m;’s, we get

ak

a0+ = b(x)v{" [f)(z) + B(z)Sk(x,1).

6=0

(73)

(6(x. v [6,00) + Flv. [0.0]])
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Putting the pieces together, we get

(74) W) = - / T, [Ui(1 £ — 8)] (2)ds.

Combining this with equation we get that

(1110 [£] (2) = Ri(a 1) — / T, Vst - 5)] (2)ds,

which is the desired result.
There is one final matter we must attend to, which is the ability to move derivatives

through integrals. In this setting, this is easier to deal with thanks to the the assumption
(68), (H2) and the Lévy-Khintchine-type formulae for ¢ and ¢. O

3.3 Completing the proof of Theorem [I} critical case

We will prove Theorem [l for superprocesses using induction, similarly to the setting of
branching Markov processes. The case k = 1 follows from assumption (H1).

Now assume that the statement of Theorem [I] holds in the superprocess setting for all
¢ < k. Our aim is to prove that the result holds for k 4+ 1. Using Theorem 7] and a change
of variables, we have that

1 (k+1) ) = (=1)* " (=Dt . — N (2)ds
(75) QO(!I?)tth [f]( ) S0<x>thk+1< 7t)+ gO(LE)tk_l/O T [Uk+1( 7t(1 ))]( )d )

where R and U were defined in equations and |(70)| respectively. We will prove first
that, for each z € F,

lim . Tk+1) [f] (x)

A o)
: 1 ' 2) )
(76) = lim W/o Tot [me(vt(l —8)) +B()S (1 — S))] (z)ds,
where
2) . (k+D! (k1) (k2)
(1) K= 3 SR 0nm® (1 01 1] @)
{k1,ko}t R
and
@) _ (k+ D! ) (k2)
)  Shen=[ 2 S U e,

such that {k;, k2}+ is defined to be the set of positive integers ki, ko such that ki +ky = k+1.
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To this end, writing c¢(my, ..., my) for the constants preceding the product summands in

(65)], observe that

k ] (4) T mj
lim tlkRkH<x,t>:hmM S m. H( T [f]( >>

t—00 tk
{ml 77777 mk}k+1 j=1
k () ™
= (=1)F i clmy, - .., mi) 117 [fl(=@)
— ( 1) (k + ]-) tll>I£10 Z tm1+...+mk—1 H j' tj_l
{ml ----- mk}k+1 7j=1
=0,

where the final equality is due to the induction hypothesis and the fact that m,+...+m; > 1,
which follows from the fact that mq +2ms + ...+ ...+ kmy = k + 1. Note, moreover that
the induction hypothesis ensures that the limit is uniform in x € F and, in fact, that

1 1
(79) sup —— Ry(z,t) < oo and lim sup —— Ry(z,t) =0 (=1,--- k+1.
t>0zep 17 100 yepp 141

We now return to to deal with the term involving Uy, which we recall is a linear
combination of K, and Sk, which were defined in and respectively. Note that
if any of the summands in either K, ; or Si41 have more than two of the m; positive, the
limit of that summand, when renormalised by 1/t*~!, will be zero. In essence, the argument
here is analogous to those that led to in the branching Markov process setting. This
implies that the only terms in the sums of and that remain in the limit of
are those for which my, = my, = 1 and m; = 0 for all j # ki, ko, with k; < ks such that
ki + ke = k+ 1, and if k£ + 1 is even, the terms in which m;41y2 = 2 and m; = 0 for all
j# (k+1)/2

Let us now convert all of the above heuristics into rigorous computation. We write
1 3 (3
(0) Ul s0) = (K23 (.11 = 9) + B@)SET (.11 = 9)))

where K ,(C , and S,g 41 contain the terms in Ky1 and Si1, respectively, for which the sum

my + ...+ my is greater than or equal to 3. We will prove that lim; ., F'(x,s,t) = 0 and
that |(A1)| and |(A.2)[ hold.

Due to|(15)| and boundness of ¢, dominated convergence implies that

1
lim ———— K (2, (1 — s))

t=vo0 p(x)th-
_ (B+1)! T lmit+mi) (3 0+)

L1 H (=11 (] (@) = Ry, (1= 5)\ ™
t—00 tm1+...+mk72 L ]'tjil y
]:
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where the set {my, ... ,mk}2+1 is the Subset of {my,...,mp},, for which m; + ... +my >
3. Using the induction hypothesis and , we get that the right-hand side above is
zero. The same arguments also imply that the limit of S,i 1 is zero. Thus F[f](z,s) :=

lim;_,oo F'[f](z,s,t) = 0. The condition |(A.1)| trivially holds. For|(A.2)| the required unifor-
mity follows from the induction hypothesis and |(79)|

Using Theorem [A.T]in the Appendix, we conclude that

. 1 '
Lim sup W/o Tes [0 F[f](:, 5,8)] (x)ds| = 0.

Let us now define {k; < ky} to be the elements in K4 for which my, = my, = 1 with
ki1 < kg such that ky + ks = k + 1 and m; = 0 for all other indices and, in the case where
k+11is even, m11)2 = 2 and m; = 0 for all j # (k + 1)/2. Restricting the sum to this set
in K., we get the following expression

!
K@t = 3 (kal,) A, 04) ()T () ()18 (1] (@)
(bi<ks} 1
k 2 2
+ l(k-‘rl is even) ( ]{3721) ¢//($, 0+)<_1)k+1 <T§k/ ) [f] (Z’))
_1\k+1
DY UZLI,) (2, 00T (] (@)1 [£] (),
{k17k2}+ DN

where we recall {ki,ko}" is the set of positive integers ki, ko such that k + ky = &k + 1.
Similarly, we obtain the following expression for Sy :

K (. t) = / S Sy a1, )3 ], ) )

k1<k

k + 1 -1 k+1
+ 1(k+1 is even) / ( k/2 ) ( 2) <T§(k+1)/2) [f] ) V>2F<$’, dl/)
M(E)° /

- / Z llj:j'_]gi | “) [f], V>>T§k2) [f],v)(x, dv).

{kl kot

Combining this with |(75)l we obtain |(76), To conclude the proof define

B P = gy (K 1= )+ 8@ 11 = ).
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Due to|(15) and the induction hypothesis,

: 1 2)
Jim WKkJrl( t(1—s))

U s BT Ty f(@) T /(@)

2(,0(1‘) (ks ko) k’llk‘g' —00 (t(l — S))k1—1 (t(l — S))k‘Q—l
=(1-9)"p(@) D (k+1)27%"(2,00)(f,9)" " (V[], §)"
{k1,k2} "

=k(1 = s)* () (k + 1275 (2, 04) (. )" (V] , )",

where the last equality holds because the total number of ways of sphttmg one set_of size
k + 1 into two non empty sets is equal to k. To obtain the limit for Sk 1, we use [(15)} the
induction hypothesis, dominated convergence and linearity to obtain

2
b St~ 5))
too  2p(x)th

T(kl) (k2)

1—5 k-1 (k+1)! (Tl L] ) (T [£] 5 v)
— / {k;}+ Ky lheo! t_>oo (1 — 8))1 ({1 — 5))ke-1 ['(z,dv)
1 — s)k 1 . " 2
(x) / {k;}Jr (k+DHE) T (Viel,@) (pv) Tz, dv)
_ k-9 k1 k-1 VY Tz, dv
e R M O R e

Combining these two limits, we get that

— s)kt !
Flfl.s) o= Jim Lo, = S D)

(@) (V] @) V] (2).

In order to complete the proof, we will use Theorem to deal with [(76)] By now the
reader will be familiar with the arguments required to verify assumptions |(A.1)| and |(A.2))
and thus, we exclude the details. Hence, it follows that

k+1)! [ .
Jim 2100 (1)) = Eo R .0 Wil o [ K- 9 Vel g
k !
=B D et i o)t
where the limit is uniform in @ € E. Moreover, supyg ez T*™ [f] (z)/¢(2)tF < co.

3.4 Proofs for the non-critical cases

In this section we present the main ideas behind the proof of Theorems[2]and 3] The methods
follow a similar reasoning to the critical case and the details are left to the reader. The base
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case is given by the Perron Frobenius behaviour in (H1) for both sub and supercritical cases.
Thus, we assume the result for £ — 1 and proceed to give the outline of the inductive step of
the argument.

Proof of Theorem [ (supercritical case). The main difference now compared to the critical
case is that all the terms in Ry(x,t) will survive after the normalization e ** as the expo-
nential term shares across the product. From the evolution equation and the definition
of L; we have that

() e TN [£] (2) — kI (f, @) Li(a)]

< |p(@) e (=1)" Ry (a, 1)
— (e ) ml!+!mk'(ml o mgey = Dlp(a) e 1:[ (—Lj(x))™
(1, mi 1} - =1
¢ K
1 go(x)leAkt(—l)k/o T [U(-,t — )] (x)ds — % (Vi [¢] ,@}‘ :

The first terms in the right hand side goes to zero uniformly since

— Akt k!

SR ) = >

(_1)m1+---+mk—1

o(z) (m A ma!. . mp_q!
1yeey MmE—175
k=1 Njte(d) i
e T [f] () o
X<m1 N Me_q — 1)| t . S0(CC)777,14-...4-7711@71 ,
J.Hl p(z);!
and the induction hypothesis implies that
(82)
| e—Ak;t . k-HR & k!
. _ N — .
tLI& 30(1')( ) k($a ) <f7g0> Z ml‘ My 1|

X (M + . myoy — D)™t T (=L ()™
For the second term, define for k > 2

t
(1) == / T, [Uk(t = )] (2)ds = (=)' [f] (2) + Re(x, 1).
0
We will use induction to prove that for £ > 2

(83) lm  sup Lt(—l)kzku,w—%mm,@ —0,

b= veB feBy (B)




which will complete the proof of the theorem.
First notice that for any &£ > 2 due to a change of variable, we have that

oMkt 1 o Mut
) (=1)* (2, t) = t/o e_’\(k_l)“tmTut [(—1)ke_Akt(1_“)Uk(~,t(1 - u))} (x)du,

where

(—D)f e k(. t) = (1) e Ky (a, 1) + B(2)(—1) e Sy (x, 1).

Recalling the definitions of K} and S given in |(66)| and |(67)| respectively, and using the
fact that [;(z,t) = —((=1)7"™'T, [f] (x) — R;(x,¢)) for j = 2,...,k — 1, after sharing the
exponential term across the products, we obtain

(—l)ke_kkth(:E,t) _ Z k—!‘¢(m1+...+mk—1)(:p, 0+) (_e—AtTt [f] (I))ml

m1! e Mp—1
1 J,—Ajt "
— (e ()

(_1)ke—>\ktsk(x’t) _ /M( Z L‘(_l)mm..mkq <_e—)\tTt [f] 7,/>m1

o m1! e Mp—1
B) {mi,...mp_1},

k

|
—

W,
\}

H%<—(—1) e M (- V> [(x,dv).

From these expressions and the definition of V5, the case k& = 2 follows easily. Now we
assume holds for £ =1,...,k — 1, then similarly to the Markov branching process case
it follows that

e_Akt k k‘ <f7 @)k

lim  sup (=1 — 7~ (Vi o], @)
1200 v ep feBf (B) o(z) A(k—1)
1 —ut
(84) <lim sup ¢ / e M (e—Tut [PF (- ut)] = KL (f, @)* (Vi M,@) dul,
*° zeE,feBf (E) 0 o(r)

where we have defined

Fif](, u,t)
= (@) (=1 e MK (2, 11 = w) + B(a) (=1 e OISy (2, (1 — w)))

1 k!
N (p(Jf) Z mI!...mk,ll

_ —u m1 k—1 S —u mj
[t gymtmis (e MUy [f] (fv)> 11 ((—1)Je v )fj(x,t(l—U)))
e o(x))!

() (x
t(1—u) mi k-1 1V e—Nit(l—u) T (. _ mj
+5(x)/ <e/\1 Ty1 ) [f]w> 1'<( PO = w) F(my)]'
M(E)O SO j:2 j QO
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It is easy to see that, pointwise in x € E and for u € (0,1), using the induction hypothesis
for I, and the assumed Perron Frobenius behaviour (H1) for Tyq_y [f] (z) we have

Flifl(z,u) := lim F[f](x,u,t)

- R T T G RN
_SD(:E) {mlvgkl}k mal ! o j=2 ( A —1)

x |:¢(m1+...+mk_1)($’ O+)(_¢<x))m1+...+mk_1 + /6(:1:)/ (p, U>m1+...+mk71 [(z,dv)
M(E)°

=——(f,8)" Vi[ol ().

We again verify that the conditions |(A.1)[and |(A.2)[ hold using the induction hypothesis
and (H2). To complete the proof of |(83), we again proceed along the same lines as in
the branching Markov processes setting. Similar arguments to those given in the proof of

Theorem [A.]]

e—)\ut

Sup —Tut [@F[f] ($a u, t)] - k:' <f7 @)kvk [SO] < o0,
z€Eue0,1], o(x)
feBH(E),t>0

it follows that the remainder of the integral incan be bounded by £(1—e **=1%) /\(k—1),
which can be bounded by €. Combining this with we get the desired result. ]

Proof of Theorem@ (subcritical case). We now outline the proof for the subcritical case.
Again we use an inductive argument. The case k& = 1 follows from (H1) and the fact
that (¢, ®) = 1. Now assume the result to be true for £ = 1,...,k — 1. We first note first
that the term Ry (z,t) in vanishes in the limit after the normalisation e~*. To see this,

note from ((65)| that

—At k=11 xtm(5) i
e T [f] (x)
_Rk(xat)’ S c(mh"'amk‘—l) t—
' p(x) e _%:k_l}k ]1;[1 p(x)]!
% Sp(m)m1+.--+mk_1e>\(m1+-..+mk—1—1)t7
where ¢(my,...,mg_1) is a constant depending only on my,...,mg_y. Since each of the

terms in the product is bounded, A < 0, and m; + ... + my_; > 1 for any partition, the
limit of the right-hand side above is zero. Using this, along with the induction hypothesis,
assumption (H1) and the evolution equation we see that

lim sup ‘gp(x)_le_’\tTl(gk) Lf] (z) = kI (f, @k (Vi [¢] ,@‘

b= v eB feBf (B)
—At t A
8 —jmsw | [ e - 09" (]9,
*° 2eE,feBf (E) o) Jo
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where

Uil t) = >, ...k! ,!

{ml”wmkfl}k

w(m1+...+mk—1)(x7 0_|_) 1_[1 (_T,Ej) [f] (Q;)) J

J!

J=1

+B(z) /M (E)OE (j_1| <T§j> [f] ,y>)mj1“(:z:,dy)] .

Then, similar calculations to those above yield

— At

e ! k! 1
— | T Up(-,t—=s)](x)ds =t —/ e MU—w(=mi—.mmy 1))
(10(1,) /0 [ k( )] ( ) (my .;kl}k m1! .. .mk,ﬂ 0

ﬂ (mi4...+mp_1) /. 0 (N YmiFemg g . e_)\t(l_U)Tl(fgifu) [f] () "

— — m;
e At(1—u) J

+6(:) /M(E)O ﬁ <907ng) [f] 7V>

[(x, du)] (x)du.

To finish the proof, we use induction hypothesis to deal with the lower order moments,
dominated convergence and (H1) to deal with the limit of T;;_,). Similarly to the last part of
the proof of Theoremwe get that is bounded as t — oo by g(1—e MI=mi==mr)) /) (1
my — ... —my), which is bounded by ¢ since m; + ... 4+ my_; > 1. We once more leave the

details of the rest of the proof to the reader.

Proofs of Theorems[4), [ and[6 Given the proofs we have now seen for the branching particle
setting for these three theorems, as well as the proofs of Theorem [I], [ and [3] we mention

only that a similar calculation to the one presented in Theorem [7] tells us that

M [g] (2) = (D) R, t) + (=1)" / 1, Uil t = 9)] (2)ds
[ [l )+ () R = 9)]] @)

where

Un(z,t) = Ky(x,t) + B(x)Sk(x, 1)

and R, K and S are defined as R, K and S in|(65)] |(66)] |(67)| respectively, albeit replacing
TU) by MY, From here we can consider the claimed asymptotics using the the inductive

reasoning as in the proof of Theorems [I} 2 and [3] respectively.
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Appendix

We first state two fundamental combinatorial results for complex derivatives, the classical
Faa di Bruno and Leibniz rules. In both cases, for a sufficiently smooth function g on R, we
will denote by ¢®) by its k-th derivative.

Lemma A.1 (Faa di Bruno rule). Let f and g k-times continuously differentiable functions
on R. Then the k-th deriwative is given by the following formula

d K (99 (@)™
@f(g(l’)) :{ Z : mf(ml—&-...—&-mk)(g(g;))]i[ (g J'(x)) )

where the sum goes over the set {my, ..., my}, of non-negative integers such that

Lemma A.2 (Leibniz rule). Suppose g1, ..., gm are k-times continuously differentiable func-
tions on R, for k > 1. Then

dd_:’“ <ilrjgi(x)> = 2 (klkkm> ﬁgék”(x),

where the sum is taken over all non-negative integers ky,- -+, ky, such that " k; = k.

The third result of the appendix is a general ergodic limit theorem which is key to the
moment convergence. We will only state the result in the critical case, since we will only
apply it in the proof of Theorem [I} however, the result can easily be extended to the non-
critical case by including the normalisation e ** in the first integral.

In order to state it, let us introduce a class of functions C on B (E) x E x [0,1] x [0, 00)
such that F' belongs to class C if

Flgl(z.5) = lim Flg)(z.5.t), g€ Bf(E),z € E.s €[0.1],

exists,
(A1) sup [pF[g)(, s)| < oo,
€ E,5€[0,1],9€B; (E)
and
(A.2) lim sup p(2)|Flgl(z,s) = Flgl(z, s,t)] = 0.

=00 € B,s€[0,1],9€ By (E)

Theorem A.1. Assume (H1) holds, A =0 and that F' € C. Define

_ I ! N
== sw | [ rulerllCanni@d - [l eadd. e20
z€E,geB;f (E) p(z) Jo 0
Then
(A.3) sup =y < oo and lim =; = 0.
t>0 t—o00
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Proof. We will show that

ﬁutww-, w,D)(2) — (@, Flg)(- w)

lim sup
120 1 eB ge B} (B)

since then
(] 1
12 vep geBf (B) 10 o(z) ' 0

First note that,

Due to assumption |(A.2)} for ¢ sufficiently large, the first term on the right-hand side above
can be controlled by ¢~ !(z)T[¢](x). Combining this with the above inequality yields

@Tm[SOF[Q]('; u,B))(x) — (@p, Flg)(-, )

sup
r€E,geB (E)

< sup |07 (@) Tutle](z) — (&, )] +ellalls

(A4 b | TPl u)l(e) — (8 eFlgl( )|

:veE,geBI"(E) ()0( )

We note that |(A.1) and the first (resp. second) statement of in (H1), together with
dominated convergence, immediately imply that the first (resp. second) statement in |(A.3)]
holds. ]
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