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Fredholm transformation on Laplacian and rapid stabilization for
the heat equations

Ludovick Gagnon’ Amaury Hayat! Shengquan Xiang? Christophe Zhang®

August 13, 2021

Abstract

We revisit the rapid stabilization of the heat equation on the 1-dimensional torus using
the backstepping method with a Fredholm transformation. We prove that, under some
assumption on the control operator, two scalar controls are necessary and sufficient to get
controllability and rapid stabilization. This classical framework allows us to present the
backstepping method with the Fredholm transformation upon Laplace operators in a sharp
functional setting, which is the major objective of this work, from the Riesz basis properties
and the operator equality to the stabilizing spaces. Finally, we prove that the same Fred-
holm transformation also leads to the local rapid stability of the viscous Burgers equation.
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1 Introduction

We consider the following heat equation with two internal control

(1.1)

Ou — Au=v1(t)p1 +vi(t)de, (t,x) € (0,T) x T,
{ U‘t:O = UO("L’), T e T7

with T denoting the one-dimensional torus R/27Z, (v1,v2) € L?((0,T); R) are real-valued scalar

controls to be defined and (¢1, ¢2) € H?(T;R) with o € R are real-valued potentials. Our goal

is to design a suitable feedback law to stabilize the system exponentially quickly with a

decay rate arbitrary large. A first natural question could be to wonder why not considering the

simpler system with only one scalar control

{ O — Au=nv(t)p, (t,z)€ (0,T)xT, (1.2)

U= = uo(x), xz €T,

with v € L2((0,T); R) a real-valued control to be defined and ¢ € H?(T;R). As it turns out, as
simple as it is, this system is not controllable, due to the degeneracy of the eigenvalues of the



Laplacian operator defined on H*(T;R) (see Section . In this paper we show that at least two
internal controls are required and that, in fact, two controls are enough provided that ¢; and
¢o satisfy some good conditions. In order to obtain the rapid stabilization result we propose a
double backstepping method, detailed in Section

1.1 Main result
Our goal is to show the following result:

THEOREM 1.1. Let m € Ry and ¢1,¢2 € H™ /2= such that

b1 = Z al sin(nz), ¢ = Z a2 cos(nx) (1.3)
neN* neN
with,
a2 #0 and en™™ < |af| < Cn™™, for k € {1,2} and n € N*,
For any A > 0, there exist K1 and Ko bounded feedback functionals on H™Y/2% such that for
any yo € H™" with r € (—1/2,1/2), the equation

(1.4)

Oy — Ay = 01 K1 (y) + p2Ka(y), (t,xz) € (0,T) x T,
y(o) ) = Yo, UAS T,

has a unique solution y that is satisfied in LZQOC(O, +o0; H™7=1) sense, and

y € CO([0,+00); H™"(T)) N Li,e((0, +00); H™HH(T)) N Hige((0, +00); H™H(T)).  (L.5)

loc

Moreover, we have the following exponential stability estimate
Hy(t7 ')HH’”*’" < Ce_)\tHyO||H"L+"7Vt S [07 +OO)7 (16)
where C' = C,(A\,m) is a constant independent of yo.

REMARK 1.2. We can make an interesting remark: the preceding feedback law given by K
and Ky actually stabilizes the system in H™" space with r € (—1/2,1/2), while the feedback
law and the transformation does not depend on r € (—1/2,1/2).

REMARK 1.3. The assumption on a # 0 is necessary, as it is related to the eigenfunction 1
of 0 eigenvalue. Otherwise, one can easily check that the “mass”, fil‘ y(t, z)dx, is conserved. In
this case, instead of converging to the zero state, the solution of the cloed-loop system converge
exponentially to the final equilibrium state j(x) == [1yo(x)dz.

The same feedback also stabilizes several related nonlinear systems such as the viscous
Burgers equation and the nonlinear heat equations. More precisely, simply as an example, we
have the following theorem which corresponds to the case that m = 0 and r = 0.

THEOREM 1.4. Let ¢1, 2 € H Y2~ such that
1= Z ay sin(nz), ¢z = Z a2 cos(nx) (1.7)
neN* neN

with
a3 #0 and ecn™™ < |af| < Cn™™, for k € {1,2} and n € N*,



For any X > 0, there exists K1 and Ko bounded feedback functionals on HY** and 6 > 0 such
that, for any yo € L?, the equation

{&y — Ay +9:(y*/2) = o1 K1 (y) + ¢2Ka(y), (1.8)
y(0) = o,
has a unique solution y that is satisfied in L? (0, 4o00; H~*(T)) sense, and
y € C°([0, +00); L*(T)) N Line((0, +00); H'(T)) N Hjoe (0, +00); H(T)). (1.9)
Moreover, for any ||yol|r2 < d, we have the following exponential stability estimate
ly(t, )22 < Ce™Mlyoll L2, ¥t € [0, +00), (1.10)

where C = C(\)) is a constant independent of yq.

1.2 Related results

There exists various way to design feedback laws for infinite dimensional systems: Riccati
equations (see for instance [28], B5] and reference therein), Gramian approach [25] 36], through
Lyapunov functionals (see for instance [3, 19, 23, 24, 38]) or with pole-shifting techniques
[30, B1], and among others. The backstepping method is also among these methods, and one
traces back its origin for infinite dimensional systems to Russell [32] and to Balogh and Krstic [2]
(we refer to [9] 26], 33] for an introduction to the finite dimensional backstepping method). Seen
as a limit of a finite dimensional system, the backstepping method relied at first on a Volterra
transformation of the second kind mapping the solution to stabilize to the solution of a stable
target system. The Volterra transformation having the advantage of always being invertible,
only the existence is needed to be proven, which is equivalent to solving a PDE of the kernel
on a triangular domain. These PDEs usually do not enter in the classical Cauchy problem
framework, but different techniques are now known to solve the kernel equation: successive
approximations [27], explicit representations [27] or method of characteristics [17]. There exists
now a vast literature on the backstepping with the Volterra transformation, from which only
cite a few for the heat/parabolic equation [2] [7, [I§], hyperbolic systems [4] and the viscous
Burgers equation [I5]. We refer to [27] to a general overview of the backstepping method with
the Volterra transformation.

As of late, the Fredholm transformation was introduced for the backstepping method as
an alternative for certain limitations of the Volterra transformation. The idea to prove the
exponential stability remains the same, but the existence and invertibility of the transformation
is different and oftentimes more involved. We distinguish two main procedure to prove the
existence of the transformation, either by direct methods [16,[I7] or, more commonly, by proving
the existence of a Riesz basis. For the latter, we again distinguish two cases: either the Riesz
basis is deduced directly by an isomorphism applied on an eigenbasis [12} 41l [40] or the existence
of a Riesz basis follows by controllability assumptions and sufficient growth of the eigenvalues
of the spatial operator allowing in particular to prove that the family is quadratically close to
the eigenfunctions [11), 13} 14, 22] (see Section [2.2| and Section [5| for a definition).

1.3 Contribution of this paper

We believe that one of the major contribution of this paper is on the thorough study of the
Fredholm transformation on Laplace operator, that is for given operator (A, B) and controlled



systems
& = Az + Bu, (1.11)

to find suitable invertible operator T" and K such that

(1.12)

TA+ BK = AT — )T,
TB = B.

The preceding equality is called the operator equality. Actually, exponential stabilization is a
direct consequence of this equality. At least formally, suppose that

&1 = Az + Bug, (1.13)
by defining xo := Tz and u; := Kz, and by adapting T' on the preceding equation we get
Try =TAx1 +TBKx1 =TAz1 + BKx = (AT — )\T)i[}l (114)

Therefore
.i‘g = (A — )\).%2, (1.15)

which implies that xo decays exponentially with rate A and, since T is an invertible operator,
so does x1.

A central problem on the study of the operator equality, therefore on the rapid stabilization
via backstepping using Fredholm transformation, is on the existence of a unique solution (7, K):

Open Problem 1. Let given A € R™*" B € R™¥!. What is the necessary and sufficient
condition on (A, B) to guarantee the existence and the uniqueness of the solution (T, K) €
GLn(R) x R™*"™ to the operator equality ?

What about the infinite dimensional cases that are related to partial differential equations, say
A and B are (unbounded) operators?

This problem was proved in the finite dimensional case and when the degree of B is 1
(namely [ = 1) in [10], where the condition is given by (A, B) verifying Kalman condition for
the exact controllability. Then, somewhat it indicates that controllability is a sufficient condi-
tion, which has been further verified to several important PDE models, as transport equation
[41], KdV equation [13], the linearized Schrédinger equation [I1], the linearized Saint-Venant
equation [12], etc. We emphasize that one common credit of these results is that the dimen-
sion of the operator B is one, or more essentially the eigenvalues of the operator A are simple
and isolated. We also notice that in [§] concerning KdV-KdV equation the authors used back-
stepping of degree two as dealing with coupled systems, which somehow indicates dim B = 2
but the eigenvalues are still simple and isolated. For more broadly kinds of PDE models, for
example when eigenvalues with higher multiplicity appear, this problem is still widely open. In
this paper, for the first time, we treat the case that dim B = 2 while only one control is not
able to stabilize the system. This phenomenon appears quite often when we study on compact
Riemannian manifolds, for example Schrédinger equations on torus.

Another important contribution of our paper is to present a sharp functional setting, with
respect to the state space and control space, for the application of the backstepping method
with a Fredholm transform in the case of the Laplacian with periodic boundary conditions. In
particular, we deduce the sharp spaces H*(T) for which the Riesz basis exists, which is crucial
for the application of the backstepping method with a Fredholm transformation. We hope



this precise framework could extend our knowledge on backstepping method using Fredholm
type transformation, for example on the use of nonlinear systems, and on other important
models. For instance, Proposition Corollary and Lemma [5.1] can be similarly proved for
Schrodinger equations on T, which somehow extends the analysis of [I1]. It is interesting to
further investigate whether these new observation could be applied to the bi-linear Schrodinger
equations. This analysis could also be applied to evolution equations with fractional Laplacian
(—A)?, at least for « strictly larger than 3/4, where similar results (at least partially, depending
on the value of «) to Lemma can be proved.

Indeed, it seems that the critical growth of the eigenvalues for the existence of a quadratically
close Riesz basis is |A,| ~ n%/27¢ (i.e. a > 3/4 is the case of the fractional Laplacian), meaning
that for a growth of order |A\,| ~ n®,1 < s < 3/2 does not seem enough to prove that the
family is quadratically close to the eigenbasis. An interesting open problem is therefore to
apply the backstepping method with a Fredholm type transformation for spatial operator with
eigenvalues with growth |\, | ~ n® 1 < s < 3/2, the first-order equation being excluded due to
the positive answer [12], 41] and its link to other transformation such as the Hilbert transform.
However the case 1 < s < 3/2 remains and this analysis may give some inspiration on the study
of fractional Laplacian with the value of « lower than this threshold.

Moreover, we also highlight that the framework investigated here is closely related to the
one found for the linear Schrédinger equation in [I1]. A major distinction between [I1] and the
present article is that the well-posedness for the closed-loop system here relies on the dissipa-
tion properties of the heat equation. Hence, there is no need to satisfy the operator equality
T(A+ BK) = (A— M)T for functions in D(A 4+ BK) (see Remark [£.3).

Finally, as we can see from Theorem [1.1| (more precisely, from Section , it is totally a
new observation that the same feedback law stabilizes the system in H" sense with some cost
Cr(A\,m) depending on r € (—1/2,1/2) and A ¢ N. It is an important but challenging problem
to get any quantitative description of this constant C,.(A\,m), as it is linked with the cost of
the stabilization procedure from the application point of interest, moreover, it also may linked
with finite time stabilization problems, namely CeCN type estimates. So far such estimates has
been achieved via different methods, rely on direct energy estimates [18], on the use of Bessel
functions [20], with the help of induction on successive iteration [37], and benefiting spectral
inequality [38] [39]. However, so far such important property has not yet been discovered for
Fredholm type backstepping methods. Armed with the precise description introduced in this
paper, we believe that we are more close to an answer.

1.4 Organization of the paper

This paper is organized as follows: in Section we discuss some related results and previous
work, in Section [2[ we define the functional setting, in Section [3| we show that the system
with a single control is not controllable, in Section 4] we present the double backstepping ap-
proach, in Section [5] and [6] we prove the main propositions and lemma and finally in Section [7]
we prove Theorem [1.1



2 Functional setting

2.1 Function spaces

We start by recalling some results on the eigenvectors and eigenvalues of the Laplacian on
the torus. Observe that the classical Fourier series {¢"%},cz in T are eigenfunctions of the
Laplacian operator A associated to the eigenvalues ), := —n?, and form an orthonormal basis
of L?(T). Note that thanks to the fact that we are working on T without boundary, the Sobolev
space H*® coincide with the span of {n®e™*}. Note also that

and therefore the eigenvalues are degenerated. Except in Section[3]where using the Fourier series
{e"*} ez is convenient, we will use in the following basis of eigenfunctions of the Laplacian

f& = sinnz, fg := cosnx, associated to \, := —n?, Vn € N*, (2.1)
f3 := 1 associated to A\g := 0. ‘
We further define
L3 := span{sin nz},en-, describing the odd functions, (2.2)
L2 := span{cos na},en, describing the even functions, (2.3)
L? is a subspace of L? that is endowed with the same norm, (2.4)
LX(T) = L? @ L3. (2.5)

Similarly, concerning Sobolev space s in T, recall that one has

H™T)={f= Y apfa+ Y anfal D 0" ((an)? + (a7)?) < +oo}, (2.6)

neN* neN neN*

with the (inhomogeneous) Sobolev norm

1 lFm = (a§)* + D 0™ ((an)? + (a2)?) . (2.7)

neN*

In this paper we say that the function y belongs to H™~, and that the functional L :
H™* — R is bounded, when

ye H™™ ¢ forall e >0, (2.8)
L : H™ — R is bounded for all £ > 0.

We also define the sub-spaces H™, i € {1,2} as follows, for m € R

Hi":={a € H™(T)[a= Y anfr}, (2.10)
neN*

HY" :={ac H™(T) [a= Y anf}, (2.11)
neN

H™(T) = H & HI". (2.12)



Notice that
A H— H" 2 (2.13)
We remark here that for f € H {”H, geH {”_1, the inner product (-, -) g is well-defined and is
given by
(f, 9 =D (" fa) (0™ ga) = > (0™ ) (0 gn),
neN* neN*
which, inspired by the last term of the preceding formula, can be also denoted as (-, -) P T

In order to describe the precise definition domain of the operator T', we recall that for the
Schwartz type space S(T) satisfying fast decay at high frequency, one has

S(T)={f= Y a,fa+> a’fi¥m e N,Ve >0,3M such that (2.14)
neN* neN
n®*™ ((ap)? + (a2)?) < e,¥n > M}. (2.15)

We also define the decomposition of in odd and even function as follows
Sy :={a € S|{a, f3) =0, ¥n € N}, (2.16)
Sy :={a € S|{a, fl) =0, Vn € N*}. (2.17)
While, by denoting the space S’ as the dual of S, we also define
Sy :={a € S|(a, f*) =0, Vn € N}, (2.18)
Sh:={acS|(a,f}) =0, Vnec N} (2.19)

which strictly speaking is not the dual of Sk, but as the quotient space S8'/Sky1. We easy
observe that

SCH°CS, VseR, (2.20)
Sk C Hy C S, Vs e R, Vk € {1,2}. (2.21)

2.2 Riesz basis

Finally we recall here the definition of a Riesz basis, see for instance a monograph on the
moment theory [I] (or related papers [11]).

DEFINITION 2.1 (Vector family). Let X be a Hilbert space. A family of vectors {&, }ner,
where T = 7, N, or N* is said to be

(1) Minimal in X, if for every k € T, & ¢ span{&;;i € T — {k}}.
(2) Dense in X, if span{§;;i € I} = X.
(3) w-independent in X, if

> crr =0 in X with {cptner € 1(T) = ¢, =0, Vn € T. (2.22)
keT



(4) Quadratically close to a family of vector {ey}nez, if

Z 1€ — er]|% < +o0. (2.23)
kel

(5) Riesz basis of X, if it is the image of an isomorphism (on X ) of some orthonormal
basis.

(5)" Riesz basis of X (an equivalent definition of (5)), if it is dense in X and if there exist
C1,Co > 0 such that for any {an}ner € 12(T) we have

Cr Y lal < 1D arglk < C2 ) lawl*. (2.24)

ke kel kel

These definitions allow us to give the following criteria for a Riesz basis which will be used
later on in Section [5.21

LEMMA 2.2. Let {{n}nez be quadratically close to an orthonormal basis {en}nez. Suppose
that {&n tnez is either dense in X or w-independent in X, then {&, tner i a Riesz basis of X.

It is noteworthy that under the assumption that {&,},c7 is quadratically close to some
orthonormal basis {e, }ner, if for some coefficients {c, }nezr € R (or CT) the following series
converge in the Cauchy sense

Z ¢k converges in X, (2.25)
keT

which in particular contains the case that it converges to 0, then automatically we know that
the coefficients {c,, }ner belong to I2(Z). Indeed, we know from the fact that the series converges
in X that, for every N,

Z crpér converges in X, (2.26)
k>|N|,keZT

which means that the X norm of the preceding series is finite:

I Y adellx < 4o (2.27)
k>|N|,keZ

Since {&, }nez is quadratically close to {e;, }nez, for some N sufficiently large we have
1
& —enlk < T (2.28)

kE>|N|,kel

which, to be combined with the fact that {e,}nez is an orthonormal basis of X, yield

I Y aklx=1 >, aeat D, al—elx,

k>|N|,keZ k>|N|,keZ k>|N|,keZ
> > aalx =l Y. ol —enllx
k>|N|,keT k>|N|,keZ
1/2 1/2
1
> > () |3 > ()
k>|N|,keZ |k>N|,keT



1/2

N —

= > ()

k>|N|,keZ

Therefore, {c, ner € (Z).
We also have the following Lemma that will be useful in the Section [5.2

LEMMA 2.3. Let X, Y be Hilbert spaces. Let T : X — Y be an isomorphism. Suppose that
{&}nez is a Riesz basis of X, then with ¢, := T&,, the family {(,}nez is a Riesz basis of Y.

Proof. If X =Y we can directly use Definition (5) to show that it is a Riesz basis as the
image of an orthonormal basis by an isomorphism on X. Otherwise, a quite straightforward
proof is given according to Definition (5).

We first show the inequality . Thanks to the fact that T is an isomorphism and that
{&n}z is a Riesz basis of X, there exist constants C', C1 and Cj such that

1D arGelly = 1T)_aéills < CI Y aréallk < CC2 Y lal?,

keZ keZ keT keT
and
I " anGelly = 1T alelly = CHD arlk = €700 anl.
keZ keT keT keZ

Next, we show that {(,}7 is dense in Y. For any ¢ € Y, since T~!( =: ¢ € X, for any ¢ > 0
there exist a finite combination such that

1> anbe —Ellx <e. (2.29)
[k|<N
Thus
<= > arGlly = 176 =T > arblly
|k|<N |k|<N
<CIC- D anbllx
k| <N

< Ceg,

which concludes the proof of the lemma. O

LEMMA 2.4 (Proposition 19 of [6]). Let X be a Hilbert space. Suppose that {&,}ner is a
Riesz basis of X, then its bi-orthogonal sequance {, }nez is also a Riesz basis of X, where
bi-orthogonal means,

<£n7 gr:n>X = 5n,m7 Vn, m e L. (2.30)
For any f € X, there exists a unique sequence {ay}rez € I1*(Z) such that
f=Yars in X, (2.31)
kel

where the series converges in X under Cauchy sequence sense. Moreover,

ar = ([, &)x, (2:32)
CrY_lal <[k < C2 ) lanl. (2.33)

kel kel
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3 Non-Stabilizability and non-controllability with a single in-
ternal control

3.1 Non-controllable with one scalar control

In this section we show that the system is not controllable. Let 7" > 0. Recall that
{ei"*}, <z is a basis of eigenfunctions of A associated to the eigenvalue )\, = —n?. For ease of
the presentation and for symmetry considerations, in this section we choose to work with the
orthonormal basis {€®},,c7 instead of {sinnx,cosnz}. Therefore, either

(¢, e™®) £ 0, Vn € Z, (3.1)

or the system is non-controllable as there exists ng such that (¢, e0%) = 0 and therefore the
control has no effect on the associated one dimensional vector space: e+ i 5 golution
of with initial condition e™?, whatever the control is. Assume now that holds.
Motivated by the moment method (see for instance [21]) and the fact that A, = A_,, we have
for a solution u to with «(0) = 0,

<U(T, ')’ 6ina:> <U(T, '), e—inw)

. = 4 , 3.2
<¢’ emx> <¢7 efm:t> ( )
thus let us denote (. i)
¢’ eznaz
dp = ————, 3.3
(6.c7%) 33
one has ' '
(u(T,-), ") = dp(u(T,-), e ""). (3.4)
Hence the states u(T,-) that are reachable at time T satisfy the following
w(T,2) =do+ Y kn (dne™ +e77) (3.5)

n>1
which means that the projection of the reachable space on the two dimensional space Span{e™* e~"e}
is always of one dimension, hence the system is not controllable.

This non-controllability prevents any stabilization result. For instance, we can simply
consider the space Span{sinnz,cosnz}, as we are only allowed to change the direction of
(anem”‘“ + e*i”m), the projection of the solution on its co-direction (em‘” — ane*i"‘”) does not
change, thus the solution is not asymptotically stable whatever the feedback control.

This is different from the paper by [29] for controllability and [38] for finite time stabiliza-
tion (the special case for T, as these papers deal with general compact Riemannian manifolds),
where the controllability and the stabilizability is obtained under the assumption that the con-
trolled domain is w C T, for which the control has infinite dimension of degree and not a one
dimensional scalar control.

3.2 Controllable with two scalar controls

According to the preceding section, two controls are required for the controllability of the heat
equation on T: ¢1v1(t) + ¢2v2(t), which corresponds to the system In fact, two controls

11



are eventually sufficient. In the following we prove the controllability in L?(T) space, while the
other spaces can be treated similarly.

Due to the smoothing effect of the heat equation we only consider the so called null con-
trollability, i.e. for any ug € L?(T) there exist vy, vy € L2(0,T) (this space is the natural space
according to Lions’ Hilbert Uniqueness Method, though this is not the optimal candidate) such
that the final state becomes 0. In order to simplify the presentation, we always assume the pro-
jections of ¢1, ¢a, ug on the direction corresponding to the eigenfunction €% to be 0. Assuming
that

ug = Z blem® 4 p2e~n® ¢ LX(T),
neN*

Direct calculation yields,
T T
u(T) _/ AT (11 (1) + pova(t))ds —l—/ eAT=5)y0ds
0 0

= < / " = ({61, €™)v1(5) + (P2, € a(s)) ds) e

0

*2 (/ T T (61, un(5) + (e Y un(s) d5>

0

+ Z en?T € + en?T € :

neN*

The preceding formula indicates that the null controllability requires that

n(T—s n(T—s <¢1’einx> <¢1767imc> _ b}b bgl
(/e)\ (T )1)1(3)7/6)‘ (T )v2(8)> <<¢2’€mz> <¢2’6_m$>> = — <€n2T’en2T>’

Consequencely, for any n € N* provided that the following matrix is invertible, we can control
the two dimensional space Span{e"* e~""*} = Span{cos nz,sinnz},

<¢1,€inaz> <¢1767inx> .
<<¢276mm> <¢2,e—imﬁ>) , Vn e N

It is a quite general assumption to achieve, a simple example can be

$1(x) = > cne™, go(x) = che ™,

neN* neN

with clc2 # 0 for any n € N*. Note that, as mentioned earlier, we excluded the direction
1 = €% corresponding to the case n = 0 to simplify the presentation but it could be included
as well. Heuristically, this case already provides the exact controllability in projections on
finite dimensional subspaces, for example, span{e™® : —N < n < N}. Moreover, if further

1 .2

¢, c;, verify some suitable growth assumption, the system is even exact null controllable in

L2(T).
PROPOSITION 3.1. If there exist —oo < a < < 1/2 and ¢,C > 0 such that
en® < ekl || < CnP ¥n e N* (3.6)

then the system (1.1) is L?(T) exact null controllable.

12



REMARK 3.2. The assumption on 3 < 1/2 is here to guarantee that the functions ¢; € H .
Thus for any given v(t) € L?(0,T) the inhomogeneous term v(t)¢;(z) belongs to L*(0,T; H1),
which indicates that the open-loop system is well-posed in CO([0,T); L?) N L?(0,T; H'). On the
other hand, the assumption —oo < « is used for the null controllability property that will be
proved in the following. The lower bound on c!, proposed here is not the sharp condition. As
we can see from the following proof, to get the null controllability in L*(T) space, it suffices to
to find some 0 < Ty < T and C > 0 such that

Ce ™" < ||, |2, Vn € N*, (3.7)
which is of course weaker than the condition proposed in Proposition|3. 1.

Proof of Proposition[3.1 In order to solve the controllability problem, it suffices to treat the
following moment problem: show that for any {b}}n+, {b2}n+ € 1., there exist vi(t),v2(t) €
L?(0,T) such that

T 5 bl
/ e T=3)y) (s)ds = —r—, Vn €N, (3.8)
0 e Cn

T 20 b2
/ e (T=3)yy(s)ds = ﬁ, Vn € N*. (3.9)
0 n

Solving this problem is, in fact, a direct consequence of the following moment theory.

LEMMA 3.3 ([21], Section 3, Equation (3.25)). For anyT > 0. The sequence {e*”Q(T*SNSvaT) }rnen
is minimal in L*(0,T), thus admits a bi-orthogonal sequence {W,}nen+ satisfying

T
/ e_"Q(T_S)\IIm(s)dS = Op,m, Vn,m € N*. (3.10)
0
Moreover, there exists C' > 0 such that

[¥nllz20,r) < Cem. (3.11)

By adapting Lemma and assuming (3.6]), we know that the moment problem ({3.8]) can
be solved by setting

bn
'Ul(S) = ng* man, (312)
satisfying, from (3.6)),
2o < n_e_2_2 e_2<—|—oo, .
villzom) < ) Chyn e < C be T2 3.13
neN* neN*

where Cy > 0 is a constant independent of n. Then a similar procedure leads to va(t) as the
solution of the moment problem (3.9)). O
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4 Double backstepping: strategy and outline

Inspired by the fact that (sin(nz),cos(nz)) form an orthonormal basis of the two-dimensional
eigenspaces corresponding to the eigenvalue \,, we directly consider the special form of ¢g:

¢1 = Z al sinnz € L3, (4.1)
neN*

¢2 1= Z a? cosnx € L3. (4.2)
neN

We can similarly separate the function y(t) in
y(t) =: y1(t) + y2(t) with g, € L3. (4.3)

Therefore,
Ay, — Oy = Prug(t), Vk € {1,2}. (4.4)

The logic behind is to deal with the odd functions using the first control and with the even
functions using the other one. What we are going to show is that each of the systems (4.4)) can
be rapidly stabilized for k € {1,2}.

To do so, we would like to show that for any k£ € {1,2} and for any A > 0, under some
conditions on ¢y, there exists an isomorphism T;(\) : L2 — L? as well as a feedback uy(t) :=
K (N)yk(t, z) such that the solution of

Ovyr — 02y, = oKy,
yk(0) € L}

satisfies that, z := T (\)yx verifies the following equation
Ozt — aizk — Az =0,z € Li. (4.5)

With this property, the stabilization result would follow simply by a decomposition of y in
odd and even parts provided that the system is well-posed.

This existence of an isomorphism 73 and a feedback law Kj, is given by the following key
proposition.

PROPOSITION 4.1. Let the countable set
N = {i® —j%:i,j e N}, (4.6)
let m € R and k € {1,2}. Assume that the sequence {ak}, satisfies

en™™ < |af| < Cn™™, for k€ {1,2}, forn e N¥, (4.7)
ag #0.

Then for any X ¢ N, there exists a sequence {K¥},, satisfying

K§ #0, (4.9)
en™ < |KF < Cn™, for ke {1,2}, forne N, (4.10)
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{A+d* KRy, e 12, Yrel0,1/2),

Ky is a bounded functional on Hm+1/2+7

such that the linear operator Ty, defined as follows

T :S — 8;;,

apfy
Kk: pJp
Zp 24X -

3=k 0,

n

can be linearly extended on H™ 3/%t satisfying

Ty is an isomorphism on H**® for any s € (—3/2,3/2),

Ty = oy in Hy /77,
and moreover, for any r € (—1/2,1/2), for any ¢ € H]TJ”H we have that
(T A+ Tupu K1) = (AT), — XTy)p in H" P71
This proposition gives exactly what we want. Indeed, if we denote by
B = (¢1,¢2), K = (K1, K3)"

and the linear operator 17" by
Tf = Tlf + TQf,Vf S S,

then immediately we get the following.

(4.13)

(4.14)

(4.15)

(4.19)

COROLLARY 4.2. Under the assumption of Proposition the transformation T can be

linearly extended on H™ 3/%T  moreover we have that

T is an isomorphism on H™"* for any s € (—3/2,3/2),

and that for any r € (—1/2,1/2), for any o € H™ 1

TA+TBK)p = (AT — XT)¢ in H™ 1,
v ®
TB =B in H™"'/?~.

(4.20)
(4.21)

The proof of Proposition [I.1] will be shown in Section [5} What remains to be done is to

ensure that the system is well-posed. This is the object of the next subsection.

REMARK 4.3. The functional setting of is optimal without assuming additional com-
patibility conditions. Indeed, as shown in [11l], the operator equality is satisfied forr =1
if € H™TH satisfies additional compatibility conditions, for ¢ satisfying some regularity
requirement, namely D(A + BK). In [11), this can be seen from the fact that r > 1/2 is the
precise space for which the trace of ¢ make sense and for which the compatibility conditions can

be ensured.
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4.1 On the well-posedness of the closed-loop systems

In this section we show that the closed-loop systems provided in Theorem and Theorem
are actually well-posed.

We mainly focus on the well-posedness of the heat equation, while similar proof yields the
well-posedness of the viscous Burgers equation.

It suffices to consider the case of m = 0, while the other cases can be proved similarly. Fur-
thermore, for the ease of notations, here we only prove the following special case corresponding
to r = 0, while the other cases where r € (—1/2,1/2) can be proved similarly. Inspired by the
decomposition and the fact that H™ = H{" & HJ" it suffices to consider the well-posedness
in H{" and HJ" separately. The well-posedness of the even and odd part which is given by the
following lemma, whose proof is shown in Section [6]

LEMMA 4.4 (Well-posedness of the odd and even part: m = 0,7 = 0). Let k € {1,2}. Let
Yo € L%. Let ¢ € ijl. Let Ky, : H,i’/4 — R be bounded. The equation

Oy — Ay = o K
y(O) = Yo,
has a unique solution that is satisfied in L?(0,T; lel) sense, and
y(t) € C([0,+00); L) N Line(0, +003 Hy) N Hige (0, +00; Hy ). (4.23)

COROLLARY 4.5 (Case m =0, r € (—1/2,1/2)). Let k € {1,2}. Let r € (—1/2,1/2). Let
yo € Hy. Let ¢ € Hk_l/Q_. Let Ky, : H;/H — R be bounded. The equation (4.22) has a unique
solution in the L*(0,T; H,:_l) sense, and

y(t) € C°([0,+00); Hy) N L7 (0, +o00; Hy ) 0 HL (0, +00; H 7 Y). (4.24)

loc

REMARK 4.6 (Cases m # 0,7 € (—1/2,1/2)). Let k € {1,2}. For the other cases where
m # 0, we are dealing with yo € H*", ¢y € H,znfl/%,Kk : H,ZnH/ZJr — R. FEither we can
perform the same proof with respect to the pivot space H}" but, this time, or we can consider

the isomorphism D™ : H]" — Lz:
D™ :n Tk R (4.25)

with convention that Dm(fg) = fg, where we recall that f* is an eigenfunction of A given by
(2.1). Observe that D™ commute with Laplacian, thus the equation (4.22)) is equivalent to

(4.26)

Oyw — Aw = (D™ ¢y,) K D™ (w),
w(0) = D™Myo € HY,

with y = D™w, which goes basck to the case of Corollary[{.5

By combining Lemma Corollary Remark [4.6] and the fact that H™ = H" & HY",
we immediately get the well-posedness of the equation ([1.4]).
COROLLARY 4.7 (Well-posedness of the heat equation (1.4)). Let m € R. Let r €
(—1/2,1/2). Let yo € H™'". Let ¢y, € H,T_l/Q_ for every k € {1,2}. Let K, : H™Y/?+ 4 R
be bounded satisfying Ky, H;:l/% — 0 for every k € {1,2}. The equation (1.4) has a unique
solution in the L*(0,T; H™"~1) sense, and

y(t) € ([0, +o0); H™) N L2 (0, +o0; H™ ™y N HL (0, +00; H™ 1. (4.27)

loc
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Moreover, similar to Lemma we also get the following well-posedness of the closed-loop
viscous Burgers system ([1.8)).

LEMMA 4.8 (Well-posedness of the viscous Burgers equation (1.8). Let yo € L%. Let ¢1, ¢2 €
H™'. Let K1, K> : H3/* 5 R be bounded. The equation

Oy — Ay + 02(y*/2) = p1K1(y) + d2K2(y), (4.28)
y(O) = Yo,
has a unique solution that is satisfied in L?(0,T; H~1) sense, and
y(t) € C°([0, +00); L?) N L} (0, +00; HY) N H} (0, +00; HY). (4.29)
Moreover,
ly(t, 22 < e“llyoll L2, ¥ € [0,+00). (4.30)

5 Proof of Proposition 4.1

In this section we only work on the odd functions which correspond to the H" spaces. We
assume k = 1 in the following. Similar results hold for even functions which correspond to
the H3" spaces. To simplify the notations, in this section we ignore the index k£ and we also
denote T := T}, K := K and ¢ := ¢p. This Section will be divided in several parts: first we
reformulate the problem by projecting the equation on the eigenfunctions of A and we define a
candidate T to satifies the operator equality ; second we prove some Riesz basis properties;
then we construct a candidate K that satisfies the condition T'¢ = ¢ weakly; and finally we
show that this candidate allows T to be an isomorphism that satisfies the operator equality
(4.18]).

5.1 Setting up for the backstepping transformation
We want to map the solution of

Yt — Yze = ¢Ky,y € LT, (5.1)
via transformation 7', to the solution of

2 — Zge — A2 =0,z € L%. (5.2)

To achieve this aim we would like T" to satisfies formally the backstepping conditions

TA+ oK = AT — \T (5.3)
To=¢
for a suitable feedback law K:
K: fo— (fn,K)= K, €R. (5.5)
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Projected on the eigenvectors f,, := sinnz with eigenvalues \,, = —n?, the formal relation (5.3)
becomes

T(Afn) + (fn, K)o = A(Tfn) — MT fn), (5.6)
(T, frn) = (b, fn)-
Defining
hy =T fn, (5.8)
the first condition becomes
Al 4 (fny K)p = Ahy, — My, (5.9)

Projecting the preceding equation now on f,, defining

ap = <¢7 fp>

and using the fact that A is self-adjoint we get

An<hn,jb>-%<jﬁ,l(>ap ::(Ap‘_'A)<hn>fb>, (5.10)
Hence, for any n,p € N*,
—K,a
hp =P 11
Therefore b
On = —— = Z apifp,Vn e N*. (5.12)

K, o An = Ap + A
Inspired by the preceding formula, the number A should be selected in such a way that
An —Ap +A#0,Vp,n € N, (5.13)

which is rather easy to achieve, for example to choose from N* +1/2. More precisely, it suffices
to choose

AN¢ N = {i*—j?:4,j €N} (5.14)

5.2 Riesz basis properties

Recall that for any n € N*,

fn =sinnz, A\, = —n?, (5.15)
A=A ¢= anfn, (5.16)
neN*
hp :=Tfn, —Kngn:= hn, (5.17)
apfp
Gn=) —r (5.18)
fomre An — Ap+ A
Jp 3/2—
n = ——cH . 1
g ZAn—Aer)\E (5.19)
peN*
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This last claim on the regularity of the g, comes from the growth of the eigenvalues Ap, i.e.,
for any n € N* we have

2s

p
lgnll7rs = Z =210 < +00,Vs € (—00,3/2), (5.20)
peN*
2s
p
lgnllZs = Z (T S\ +00, for s =3/2. (5.21)
peN*

Notice that {a,}nen+ is uniquely determined by the value of the function ¢, while the se-
quences {gp tnen+ and {gn tnen+ are independent of the choice of { K, },en+. Hence any sequence
{K }nen+ determines the value of {hy, },en+, thus the operator T', and such operator T' (at least
formally) satisfies the equation .

The following lemma is devoted to the properties of {g, }nen+, to the properties of {g,}nen
provided some suitable assumption on {a, }nen+, and to the properties of the transformation T’
provided some assumption on both {ay tnen+ and {Kj, Fnen=.

LEMMA 5.1. Let m > 0. Let a, # 0 behaves like cn™™ < |ay| < Cn™™. Let A\ ¢ N.
Successively we are able to prove the following properties. Moreover, all the choices of s and r
in the following are sharp.

(1) {gn}nen+ is a Riesz basis of L3.
(2) Let s € (—3/2,3/2). {n"*gn}tnen- is a Riesz basis of Hj.
(3) Let s € (—3/2,3/2). {n"°qy}tnen+ is a Riesz basis of H{""*.

(4) Let m > 0. Let s € (—=3/2,3/2). If K, := (fn,K) is chosen in such a way that
|K,| < Cn™, then the transformation T is bounded from H{"*® to itself.

Moreover, if en™ < |K,| < Cn™, then the transformation T is an isomorphism from
H{"™ to itself.

(5) Let r € [0,1/2). There is the following smoothing effect,

> llan — an ) Mggper < +00. (5.22)
neN*

(6) Letr € [0,1/2). Similar smoothing effect also holds in the space H 1™,

neN*

(7) Let m =0. Let r € [0,1/2).

> (a0 - nny o pr. (5.24)
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Proof of Lemma[5.1]. For ease of notations, in this paper we fix
A=N=4M + 2,

which guarantees the fact that p? + A — n? # 0. However, all the results hold with similar
calculation for any A outside the special subset N.

(1) {gn}nen+ is a Riesz basis of L?. We proceed in two steps. We start by showing that
{gn}nen+ is quadratically close to a Riesz basis in L. Then we show that it is w-independent
or dense in L?, which, together with the quadratically close behavior, ensures that it is a Riesz
basis of L2.

{Z )\_J;\I)H\}HGN* is quadratically close to {%}nEN* in L2, (5.25)
peEN* n 4

It suffices to show that

22 <m>2 < +oo. (5.26)

neN* p#n

Thus it further suffices to prove
1 2
n>N p>n  p<n

as well as

2

n<N p>n p<n

We can express I in the following fashion,

1
I= Z —5» counting multiplicity of j, (5.29)

j=p24+A—n2, n<N J

for any possible j the multiplicity count at most as N, thus
1
I<N) 73 < oo (5.30)

For the first part of (5.27) as p > n, we have

1 2 1 2
- - < - -
Zz<p2+)\_n2> — — (kz2+2kn> )

n>N p>n n

For the second part as p < n, there exists j € {1,...,n — 1} such that p = (n — j) and we
know that for any such j

n?—(n—7)2%—=A> 02— (n—j)%)/2 (5.31)
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Indeed, using that A = N.

2 . . _ —(n—1 _
n _(n—g)Q—A—(nQ—(n—J)Q)/2—72/2 .2( iV/2 =N, (5.32)
>jn—j°/2—N,

and the right-hand side is a second order polynomial whose minimum is achieved either for
j=lorforj=n—1. Asn>N+1,

n’ —(n—j5)? = A= (n" —(n—j)*)/221/2

5.33
> 0. (5.33)

REMARK 5.2. For the general case that X\ ¢ N, there exists C(\) > 0 such that
Ip? + X —n?| > C(\)|p* —n?|, ¥p,n € N*. (5.34)

Indeed, as for p > n we always have |p*> + X\ — n?| > |p? — n?|, it suffices to consider the case

that p < mn — 1. Thus, it is equivalent to show that for p <n —1,

p* + A = n?|

e (5.35)

Forn>A+1and p <n—1, we know that

PP+A—n? nP-p*-X_nP-p*—n _1
SARCENS (et i Gt S LS (5.36)
ne—op ne —p ne —p 2

Forn < X and p < n—1 containing finitely many pairs, thanks to the definition of A\, it is clear
that such C'(\) exists.

Thus

1 2 B n—1 1 2
> (o) - =k

n>N p<n n>N k=1
n—1 2
1
n>N k=1
n—1 1 2
<4
<133 (sm-m)
n>N k=1
n—1 1 2
<4 <) < 400
n>N j=1 "
Let us denote
D S SR e 537
e T A pene VP
Then 1
T . _
(“A+X=n)gn= > fp= 5 cot 5 =t h, in H L (5.38)



The following proof to show that g, is either w-independent or dense in L? is inspired by
[13], though even the transformation type that is adapted here is slightly different from the one
given in [13].

Recalling that A := —A = —A and defining k,, := (n? — \)~!, from we notice that

A gn = kngn — kn A" h. (5.39)

If {gn}nen+ is w-independent then we conclude the proof. Suppose that {g,}nen+ is not
w-independent, thus by the definition there exists a nontrivial sequence {cy, }nen+ belongs to
I2(N*) such that

> engn =0, in L. (5.40)
neN*

The preceding formula is well-defined, in fact, thanks to (5.25|) that we just proved,

Z Cndn = Z Cn% + Z Cn(gn - L;) (541)

neN* neN* neN*

converges in L? sense.
Next, by applying A~! to this equality we conclude

Z Crnkngn = Z Cnkn A h, in L%, (5.42)
neN* neN*
where we have used the fact Zn cnky converges.

Then, by applying again A~ to this equality we get that in L? space,

D enkign =Y cakp AT h+ cukn A, (5.43)
neN* neN*

and applying it again we have still in L? space,

> enkdgn =Y cakB AT h+ k2 AR+ cukin A (5.44)
neN* neN*

By induction we easily arrive at, for any m € N*,

D enkgn = i (Z cnkff“iAih> = icmﬂ_ifrih, (5.45)
=1

neN* i=1 \neN*

where
C = Z cnkl < 400. (5.46)
neN*
Let us now proceed by cases:
- First case: (] # 0. Then we conclude from the proceding equation that for all m € N*
we have that A=™h € span{gn }nen+. Suppose that span{g, }nen+ is not dense in L?, then we
can find d = Y  dp f, € L? (thus {d,}nen+ € [>(N*)) such that d # 0 and

<97 d>L% = 07 Vg € Span{gn}nEN*a (547)

which in particular yields,
<A*mh,d>L§ =0,Ym € N*. (5.48)
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Recalling that h =Y f, € H; ', we get that

1 *
ZdnnTm = 0,Vm € N*. (5.49)
By defining the complex function
G(z) =Y dn 2" # ¥z eC. (5.50)
neN*

By checking that the series expansion of the right-hand side is absolutely convergent, we deduce
that this function is holomorphic. For example, for any z € C, the following series is absolutely
convergent,

Z dnn—2en’2z _ Z dnn_Q Z nj'2jzj — Z]ll Z (dnn_Q)(n_Qij)-

nEN* nEN* j>0 7 j>0 7" neN*

Similar calculation yields the absolute convergence of G(™)(z), for any m € N.
From ([5.49) we know that G (0) = 0,m € N. Thus G = 0, and further d,, = 0, which
leads to a contradiction. Therefore

span{ g, ynen- is dense in L3, (5.51)

- Second case: there exists m > 1 such that (), # 0, without loss of generality we
can assume that m is the first integer such that C), # 0. We can also conclude that A=™""h €
span{ gy }nen+. The same reasoning as above proves again (5.51)).

- Third case: for all [ € N* we have C; = 0. Then we set complex function

G(z) := Z Cnkn€ ., (5.52)
neN*
This function is holomorphic and satisfies that G'(m)(O) = 0 for any m € N, thus as previously
G = 0 and therefore ¢, = 0 for all n € N*, which is in contradiction with the choice of {¢, }nen+-
Consequently,
{gn} is either w independent in L? or dense in L3. (5.53)

Properties (5.25]) and (5.53)), together with Lemma (which is also [11, Theorem 3.2 and
Theorem 3.3]), lead to the proof of Lemma (1).

(2) {n " ®9gn}nen- is a Riesz basis of H;.
As in (1), we first show that {n™*g, }nen+ is quadratically close to {n_;f" tnen+ in HY, and

then prove that {n™°¢, }nen+ is w-independent in H{ or dense in Hj to conclude the proof.

* Quadratically close.
We notice that s = 0 is exactly the case of (1).
i) If s = —1 then

2

2
f
D3] ) DI
H-1

H n||p#n

nfn
A

2.

n

ngn —
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_ZZ 2+/\_n2)

n p#n

2 (EB) r

n p<n p>n

<C+ZZ p+)\ 22

n p<n

<C+ZZ —p _)\)2’

n>N p<n

<C+4ZZ

n>N p<n

<C+czzpn2n o

n>N p<n

coror v (bt p)Q,

n>N p<n

<t e Y (Gt )

—_ )2
n>Np<n n p)

where C' is a constant that can change between lines and where used (5.26)), (5.31]), the fact

that A = N, and
S S £ VR S 5 R I (U S (5.54)
(n—p?p? \nn-p p) ~n2\(n-p? p*)’ '

ii) From the preceding proof we easily conclude the case s € (—1,0) by using that (n/p)~° <
(n/p) for 0 < p < n.
iii) If s € (—3/2, —1), it suffices to show that

ZZ (n—p 2n2 —3%s < +oo.

n>N p<n

since the case p > n follows directly from (5.26]) and (n/p)~2° < 1. For p < n/2, we have

P P D DD DL

n>Np<n/2 n>N p<n/2

1 1
SCZWZW

n>N p<n/2

1 1
S ¢ Z ni+2s Z —2s

n>N peEN* p

2s




< +00.

For n/2 < p < n, we have

—2s

DD DERSELESLEE) 3

n
n>N n/2<p<n n>N n/2<p<n

ol =
£
|| =
=
[N}
A
_l’_
8

iif) If s = 3 — ¢ with £ € (0, 3), then

2
2

—s _n—sfn _ n_sfp
Zn:n In A\ HS_Zn: ;pz_'_)\_n? Hsv
—25 2s
_ZZ (p —i-/\—n2

n p#n

1
=2 |2t 2 X e

n p<n n<p<2n p>2n
2s

CiYY )2:;25,

n p>2n

<C+ZZ p_n2 n?s

n p>2n

<C+CZZ n2s

n p>2n

<C+Czn2s Z 4 2s”

p>2n

Because s € (0,3/2), we know that

1 1
Z 4—2s S Cn3,25

p=>2n p

1 1 :
and therefore (F sz% W)NEN* is absolutely convergent.

This concludes the proof of the quadratically close behavior.

* Let s € (—3/2,3/2). {n"®gn}tnen- is w-independent in H; or dense in H;.

(5.55)

Similar to the case that s = 0. Suppose that there exists {c, }nen+ € [2(N*) such that

c
Z —ngn =0, in H7,
nEN*

which is well defined as

Z can” gn = Z 7an + Z CnT s 9n — L;)

neN* neN* neN*

25
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converges in H? space thanks to the fact that s € (—3/2,3/2), and the quadratically close result
in Hy that we just proved. By the same reasoning as the case s = 1, we get

C C
L hen G = Lk, A, in H? 5.58
> Dhg = 3 kA b, in I, (55%)

neN* neN*

where we have used the fact ) 2k, converges for s > —3/2.

Then, we can further consider

c
Cri= > nik;? < Ho00. (5.59)
neN*
Exactly the same as in the case s = 0, it suffices to consider two cases, C1 # 0, or C,,, = 0 for
all m € N*.

In the first case, we find that A=™h € span{n~%g, }nen- in H;. Suppose that span{n=*g, } nen«
is not dense in H{, then we can find d =), Z—’;fn € H; (thus {d,}nen+ € [?(N*)) such that

(A"™h,d)gs =0, ¥m € N*, (5.60)

which is well-defined as h € H; Y2~ and A~lh € Hf’ 2= ¢ H7. Recalling the exact definition
of h=> fn€ Hfl/%, we get that

n® .

which further implies that d,, = 0 using the holomorphic function technique.
In the second case where C,,, = 0 for all m € N*, we can also prove that ¢, = 0, similarly
as in the case s = 0, which is in contradiction with the choice of {¢, }nen=.

(3) {n"*¢n}nen+ is a Riesz basis of H]"**.
Let s € (—3/2,3/2). We introduce 7 : H{ — H{"*® defined by,

T f = n Cay fn, (5.62)
which is an isomorphism thanks to the fact that cn™ < |a,| < Cn™™. We immediately notice
that f f

a
T:n gy, =n"" Z —r s n Z —PP = g, (5.63)
L = Ay A e = A A

Consequently, thanks to the fact that {n™*gy, }nen+ is a Riesz basis of H7, from Lemma we
know that {n~*qn }nen+ is a Riesz basis of H" .

(4) Boundedness of the transformation 7" and isomorphism
If K, # 0 is chosen in such a way that cn™ < |K,,| < n™, then from the definition of T we
know that
T: n_n — —Kn

nm nm

(n™%gn). (5.64)

. —_ . . —-s .
Since {n"° f, }nen+ is an orthonormal basis of H*, we know that {nn,,f n 1 aen+ is an orthonor-
mal basis of H{""®. Moreover, because {n~*gy, }nen+ is a Riesz basis of H{""* from Lemma

we know that { =52 (n"%g,)}nen- is also a Riesz basis of H}"™.
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Therefore, the transformation T is an isomorphism from H{"™® to H{""*. When m = 2, we
remark, however, here that 7" is not a isomorphism from L% to itself.

Moreover, if we only assume that |K,| < Cn™, then T is a bounded operator from H{”+s
to H{"**. However, in this case T might not be an isomorphism.

(5) Smoothing effect in H{"™", for r € [0,1/2)

2

2 llan = anfaNigpeer = 3 Zm ,

n p;ﬁn Hm+'r
<CY Y Ty
n p#ﬂ
1
_CZPQTZ VR
> = (p?2 + X —n?)
1
2
<CHOY Y
p=N n#p

where C is a constant that can change between lines. Moreover,

Zp2rzp+)\ 2_Zp2r QZ <—|—OO,

p>N n<p p>N n<p

and, using ,
1 4
szrz 2+ ) —n2) 7S ZPQTZ (n2—p2)2

p>N p<n p>N p<n
p>N p<n

From the above proof we find that the condition r < 1/2 is sharp.

(6) Smoothing effect in H; '™ for r € [0,1/2)

2

) B nap fp
D I = anfu N mse = 32132 ’

n pF#EN H—1+m+7‘
2r2 2
<Czn:]§1 (p?2 + X — n?2)?
2r—2
_C'Zp %p—l-)\
<C+C p27"2
PZJ:V %p%—)\
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Moreover,

Zp2r—22p+)\_n22_zp2r 2zp n 1o,

p>N n<p p>N n<p

and, still using (5.31)),
ZPQT 22p+)\ Zp2r 22 +00.

p>N p<n p>N p<n

(7) The quantity > _n.(qn — a"f") belongs to H! for r € [0, 1/2)

At first we point out that since {ngn}nen+ is a Riesz basis of H; *, and {nf,}nen+ is an
orthonormal basis of H; ", the candidate » - (gn — a"/\f ») belongs to H; '. We need to show
that it actually belongs to more regular spaces H{ for r € [0,1/2). Moreover, both »  _n« gn
and ) a")\f" belong to H~/2~ but not to H~1/2.

In the following, we mainly focus on the case r = 0. Since m = 0 we notice that the lemma
is equivalent to

2
D) DI L N (5.65)
n P#”p L2

Note that this cannot be directly deduced from the quadratically close inequality that we
proved in Lemma (3) (case m = s =0),

2

apfp
E E R — < +oo. (5.66)
21\ _n2
n p#np * " L2
Indeed, we need more delicate estimates. We know from the fact that > . (gn — a"Af")

belongs to Hfl that

I SRPW IS R B Ip s =
p

neN* n p#En

the last equality can be obtained from the “distribution sense”: we observe that the inner
product of both quantities with f are equivalent, which implies that those two quantities are
equivalent. Or, alternatively, since

2.2

n p#n

= szp\p 2 —n?|

n p#n

S5 5 DIRID DI ) ISt

n p<n n<p<2n p>2n

apfp
P2+ A=

-1
Hy

1 1 1 1
<C ) + — + —
; p;’b n_p n<§2nn2p_n p>z2np3
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)

1+ logn
<C — <
= Z n2 +00
then thanks to Fubini we have that

Y St D i
p

n p#n
Hence, it suffices to show the last quantity in equation (5.67) belongs to L?, which is
equivalent to
2 2
1 1
>ah ) | 2w | e < (5.68)
PP+ A—n P +A—n
p n#p L2 p n#p
which, to be combined with the growth condition a, ~ 1, is equivalent to
2
P \n#p P
It further suffices to prove that

2

S (5.70)
; nz#pp2+/\_n2 < 00, .
which further reduces to showing that
2
Do > > m =) (Sp+ 524837 <+o0.  (5.71)

p>N n<p p+1l<n<2p n>2p p>N

Next we estimate the S;; one by one.
i) Estimation of Sj:

1
1 _
Sp_ Z p2+)\_n2’

1—|—logp
p Y

<C

where C is a constant independent of p.
ii) Estimation of SZQ): by the choice of p > N and the fact that A = N, we know that

1
2 _
Sp* Z n2_p2_)\’

p<n<2p
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p<n<2p p
<y L
pp<n<2pn_p
1+1
gcﬂ.
p

iii) Estimation of 5’;’: the last part can be estimated by

2p<n
2
Yt
2p<n
4
S Z ﬁ?
2p<n
3
< —.
p
Consequently,
1, @2, @32 1+logp)”
DS+ S +8)<> ¢ () < 400 (5.72)
p=N =N P
Finally, for the case r € [0,1/2), by slightly modifying ((5.68)) it suffices to show that
wial Q2 | o3\2 o (1+1ogp\?
S pT(S S+ SP<C> p———=) < +oo, (5.73)
p=N p=N P
where 7 < 1/2 is sharp. This ends the proof of Lemma O

In the following, in order to simplify the calculation, we only consider the special
case m = 0, thus

c<|ay| < C,

the other cases can be treated exactly similarly.

5.3 On the choice of the backstepping candidate

According to Section we know that every sequence { K, },en+ determines a unique transfor-
mation 7', and at least formally, it satisfies

TA+ ¢K = AT — \T. (5.74)
Thanks to Section [5.2| we know that when { K, }n~ verifies
|K,| < C, ¥Yn € N¥, (5.75)

this unique transformation 7" is bounded on H® with s € (—3/2,3/2).
Moreover, if { K, }nen+ further satisfies

¢ < |Kn| < C, Vn € N*, (5.76)
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then 7' is an isomorphism on H*® with s € (—3/2,3/2).
However, until now we have not yet treated the second condition:

T = ¢. (5.77)

This condition is called in the literature the “I'B = B condition” (here the function ¢ repre-
sent what is usually formally denoted B), which is now becoming a standard requirement for
Fredholm type backstepping transformations, [111, 12} [13], 14, 22| [4T]. The aim of this section is
to determine a precise candidate of { Ky, }nen+ such that

i) The “TB=B condition” (5.77)) holds, in a suitable space to be found.
(i)

(ii) The boundedness condition (5.75) holds.

(iii) The operator equality (5.74) holds, in a suitable space to be found.

The proofs of (i) and (ii) are provided by Sections Then Section is devoted to
the proof of (iii).

We also remark here that, in this section, we only prove the condition instead of
the stronger (5.76), as it is sufficient to conclude about the conditions (5.77) and (5.74). The
proof of @ , needed for T" to be an isomorphism and not only a bounded operator, is left to

Sections F.4H5.51

5.3.1 T¢ = ¢ condition does not hold in L? space

For any given ¢ satisfying

o= Z an frn, with ¢ < |a,| < C, (5.78)
neN*
we want to find K such that
K=Y Knfn, with ¢ <|Ky| <C, (5.79)
neN*
T¢ = ¢, in a suitable sense. (5.80)

Since the solutions of the closed-loop system are expected to live in C°([0, 7]; L?) space, it is
natural to start by considering that T'¢ = ¢ holds in L? sense. For any given {a, }nen+ verifying
(5.78) we have that Lemma (2) holds. Meanwhile the strong T'¢ = ¢ condition for (5.80))

reads as
Zapfp =¢=T¢= Zanhn = Z —an Knqn, (5.81)
p n

n

which is equivalent to

¢ =— Z anKnGn. (582)

_1_
However, we can not use Lemma (3) with s = 0 directly: because ¢ € H, > instead of LZ.
Otherwise, formally the preceding equation admits a solution.
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5.3.2 On the uniqueness and existence of {K,},cn+ such that T¢ = ¢ in weaker
space: Hf1/27

In this subsection, we show that the condition (5.77) holds in H~/2~. We notice that

N anKntn =Y nfn ). (5.83)

n
n

As {ng,}nen+ is a Riesz basis of Hl_l, and as ¢ also belongs to Hl_l, Equation can be
solved in H ! sense. Indeed, since the span of {ngn }nen- is dense in Hy 1 and since ¢ also
belongs to Hl_l, we can decompose ¢ in the form given with a unique {a, K, /n}pen €
I2(N*).

As a consequence there exists K, satisfying

nKn *
{a } € [2(N%)
n neN*

such that (5.82)) holds in Hy LA priori, for a, ~ 1 and K,, ~ 1 the above conditions hold.

Next, it suffices to find the exact value of K, to guarantee the growth conditions.

Moreover, let £ > 0, because {n'/?*2¢,} is a Riesz basis of Hl_l/2_€, and that ¢ € H,

1/2—

1/2—¢

Y

we know that the equation can be also solved in the H © sense, and that the unique solution

{K,}n+ satisfies
anKn *
{n1/2+e} € I2(N*). (5.84)
neN*

Therefore, we have found {K, },en+ such that T¢ = ¢ is held in H~/2~ sense, thus (6.77).
We remark here that is not enough to conclude that { K, },en+ are uniformly bounded,
though, conversely, for any uniformly bounded sequence { K, },en+ the condition holds.
Indeed, let b, := logn, we can easily observe that

by, } 9
— € I*(N¥), Ve > 0. (5.85)
{ n1/2+6 neN*
In the next section, we will prove that the sequence {K,},cn+ that we have found in this
section is actually uniformly bounded.

REMARK 5.3. We also remark here that even if a sequence {b,}nen+ satisfies

bn
{} € I2(N*), Ve > 0, (5.86)
neN*

n

we are not able to conclude that the sequence {by}nen+ is uniformly bounded. For example, by
defining

M(n) =[e"] +1,Vn € N¥, (5.87)
by, :=n, if m = M(n), (5.88)
b =0, ifm ¢ {M(n):neN}, (5.89)

we know that for any € > 0,

3 <¢b:>2 - ¥ (f};")Q <Y (6%)2 < 4o0. (5.90)

meN* me{M(n):neN*} neN*

Clearly, such {by}nen+ verifying (5.86) is not uniformly bounded.
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5.3.3 On the uniform boundedness of the solution {K,},cn+: boundedness of the
transformation 7' on H} with s € (—-3/2,3/2)

In order to prove the condition (5.75)), namely the uniform boundedness of the candidate
{K}nen+, we come back to the T'¢ = ¢ equation

Z —anKnqn = Z an fn. (5.91)

Thanks to the preceding Section, we have found a unique { K, },en+ verifying (5.84)) such that
equation (5.91)) is held in H~'/2~ sense (in particular, in H~! sense).
Motivated by Lemma (7), we define ¢, as

—an Ky, =: XA+ cy. (5.92)

Then the T'¢ = ¢ condition in H{ ! sense is equivalent to

> (A ten)gn =) anfn in Hy ', (5.93)

n

As {ng,}nen+ is a Riesz basis of Hfl, we know that
1 _
DA =AY —(nan) € Hi (5.94)
n n

Thus, T'¢p = ¢ condition in H ! sense is equivalent to

chqn = Z(anfn — \gy) in H{t (5.95)
n n
Thanks to Lemma (7) in the case r = 0, we know that the right hand side of (5.95) lives
in L%, thus
chQn = Z(anfn —Aqn) € L%' (5.96)
n n
Considering the fact that {g,} is a Riesz basis of L? (Lemma (3) for the case m =0, s = 0),
there exist a unique sequence {c,}nen+ such that the preceding equation holds in L? space
(i.e. the left hand side series converges in L} to the right hand side under the Cauchy sense),
moreover,

{entnen € 2(NY). (5.97)

Conversely, for such {c,}nen+< belonging to [2(N*), recall that the precise value of K, is
given by
A
K, = -2t (5.98)
an
We also know from the definition of {c, }nen+ that equation ((5.96) holds in L2, thus it auto-
matically holds in H; '. Thanks to (5.92), we have

— Zanann = Zanfn in Hl_l. (5.99)

Furthermore, since {c, }nens € 1?(N*) C [°°(N*), we know that K, is uniformly bounded.
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Now, from Lemma (4) in the case m = 0, this allows us to deduce that T" is bounded on
H? for s € (—3/2,3/2). Thus

¢ = Z anfn in H1_1; (5100)
neN*
T¢="T (Z anfn> = T(anfn) =Y —anKngn in H'', (5.101)
neN* neN* neN*

which, together with (5.99)), imply
T¢=¢ in H . (5.102)

Moreover, even for any r € [0,1/2), thanks to Lemma (7), we know that

Z(Cnnr)(n_r%z) = ZCnQn = Z(anfn - )\qn) S H{ (5103)

n n n

By Lemma (3) in the case m = 0 and s = r, we know that {n""¢,} is a Riesz basis of HJ,
thus the same reasoning as the case » = 0 implies that

{ean Y pen+ € I(N¥), Vr €[0,1/2), (5.104)

and that
To=¢ in H L. (5.105)

Finally, by applying Lemma (4) in the case m = 0, combined with the fact that { K, }nen«
is uniformly bounded, we deduce that T is a bounded operator from L? to itself. Moreover, T
is also a bounded operator from H7 to itself with s € (—3/2,3/2).

REMARK 5.4. We notice that the equation (5.91)) is equivalent to

1 *
neN*

Hence the value of {—anKy}nens = {A + cnlnen+ is independent of the choice of {an}nen
satisfying
c<la,| <C.
5.3.4 On the operator equality
In the previous subsection we proved the following lemma
LEMMA 5.5. By the choice of {an}nen+ and {Ky,}nen+ from Section[5.3.5, we have

1/2—¢

T¢ =¢ in H{ /°7°, Ve > 0, (5.107)

in particular it holds in H1_1 sense. However, it does not hold in L? sense.

Now, we show the operator equality and the spaces in which this equality holds
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LEMMA 5.6. Let r € (—1/2,1/2). By the choice of {an}nen+ and {Kp}nen+ from Section

for any ¢ € H{H we have
(TA+T¢K)p = (AT — ATy in H] ' (5.108)

In particular we can consider r = 0 then the equality holds in H1_1 sense. Moreover, the range
r € (—1/2,1/2) is sharp.

Proof. Recalling that, thanks to Section [5.3.3] T is a bounded operator from H* to itself with

s € (=3/2,3/2). Though so far we do not know whether 7" is an isomorphim on H* —this will

be proved in the next section— this is now sufficient to conclude the required operator equality.
At first we consider each candidate of the operator equality separately.

i) TAp: we know that Ap € H{'. Notice that r — 1 € (—3/2,—1/2), which, combined
with Lemma (4) in the case m = 0 and s := 7 — 1, implies that TAp € H| '
Moreover, as A : H{*' — H{™'and T : H{~" — H]™! are bounded, the linear operator
TA:H™ — H7™' is bounded.

Concerning the sharpness of r € (—1/2,1/2), as we can see above, if r is chosen such that
r < —1/2 then the operator T is no longer bounded on Hj ~1. thus the linear operator
TA:H™ — H{™" is not bounded.

ii) TopKp: given that ¢ € H{H with » > —1/2, and that K : H{H — R is a bounded
operator, we know that |K¢| < 400 is well-defined. Then, thanks to Lemmal5.5, T¢K ¢ €

Hl_l/Q_ C H}™'. Moreover, as and T¢ : R — H!™! and K are bounded, the linear
operator ToK : H{H — H{fl is bounded.

iii) T: thanks to Lemma [5.1] (4) in the case m = 0 and s =r + 1 € (1/2,3/2), and the fact
that ¢ € H{ ™!, we know that Ty € H{ "'  H{ ™. Clearly, T : H{ ™' — H{ ! is bounded
(in fact T is even bounded from H{™! in itself).

iv) AT¢: because Ty € H| ™' we have that AT € H{™'. As T : H{™' — H/™ and
A: HIH — le_l are bounded, the linear operator AT : H{H — le_l is bounded.
Concerning the sharpness of r € (—1/2,1/2), as we can see above, if r is chosen such

that > 1/2 then the operator 7' is no longer bounded on H{ +1 thus the linear operator
AT : H{Jrl — H{fl is not bounded.

By adapting i)-iv) we know that
TA, ToK, AT, \T : H[ ™' — H[ ™!,

are bounded linear operators. We also know from the choice of K, that (T'A + T¢oK — AT +
AT) fn, = 0. Indeed, according to the definition of ¢, given in Section we have in the H"~!
space

(TA+T¢K — AT + XT) f, = (—A —n2 + \T'fn + 0K,
=Ky (¢ — (—A =1+ Nagn)
=0.

Since the finite linear combinations of {fy, }nen+ are dense in Hy *1 then for any ¢ € H 1 +1

we have that,
(TA+T¢K — AT +AT)p = 0 in H] .
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Indeed, for any £ we can find a finite linear combination of { f,, }nen+, f, such that
lo = Fllgrer <e. (5.109)

Then
(TA+ToK — AT+ T = (TA+ToK — AT + \T) (¢ — f) in H{"l,

thus by the boundedness of TA + TopK — AT + AT from H{H to H{_l we know that
I(TA+ToK — AT + )\T)g0||H1r_1 < Ce. (5.110)

O]

5.4 Invertibility of the transformation 7 on the space H; .

So far we know, thanks to Lemma that 7" is a bounded operator on Hy. But we do not
know yet that it is an isomorphism. To prove this we will first prove in this section that T is
invertible on H{ 1 and then, we will show in Section that it implies that it is invertible also
on H® for s € (—3/2,3/2).

We start by the following lemma.
LEMMA 5.7. Let r € [0,1/2). The operator
T:=T—1d:L?— HI,
(resp. T:=T —Id: H ' — H ™),

is a continuous operator. Hence T is a compact operator from L% to itself (resp. from H1_1 to
itself), and T is a Fredholm operator on L} (resp. on H{').

For that purpose we need the following lemma.

LEMMA 5.8. Let r € [0,1/2). There exists a constant C > 0 such that

Z bn(Qn _ an)\fn)

Proof of Lemma[5.8 In fact, we have from the definition of {g, }nen+, the Riesz basis property
of {fp}pen+ and the uniform boundedness of {ay},en+ by assumption.

2

<C> b (5.111)

Hi

2 2
nJn bn
an(qn—akf N =2 wh 2 sl
n Hf p n#p Hr
2
2r bn
gczp:p %]ﬂ“_nz :

. 1
SO M DL N D B B
p

n#p nF#p
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gc(iﬂjbi); %:p—l—)\—nQ) :
<Cy b,

where in the last step we have used Lemma (5) (the case m =0 and a,, = 1). O

Proof of Lemma[5.7. i) We first prove the results on L2. We notice that

A+ A Cn
Tfn—_ ndn — fn: Qn_fn: <GQn_fn> +G7Qn-

an

Therefore, for any f =", b, f, € L? satisfying {b, }nen+ € 12 we have that

neN*»
2
T bufn
n

Hy

2

b, bn,
Z ;(AQH - anfn) + —cCnQn

n

On the one hand, according to Lemma (5) the case that m = 0, we know that

<o (zbz) <Z\qu—fn!\fq{) <oy R

Hi

2

Z %(AQH - anfn)

n

On the other hand, according to Lemma (3) the case that m = 0 and s = r, we know that
{n""qn} is a Riesz basis of H]. Thus

> g
n

n

2 2

Z(bnafllcnn’")(n*rqn)

n

< C’Z(bnaglcnn’”)z,
< Cza)n)Q(Cnnr)zv
<C> b,

where we have used the fact that {c,n"}nen+ € I2(N*) C [°°(N*) which is proved in Section
equation . Hence, the operator T : L? — H7 is continuous, which further turned
out to be a compact Operator on L2

)

Hi

Hi

ii) Next we provide the proof on H; ! space. Therefore, for any

F= bufu= (ba/n)(nfa) € H ",

n

we know that {b,/n}nens € 12 thus

neN*»

2
T bufn

—147r
Hl

2
b, bn
Z ;(AQn - anfn) + —cCngn

n

n Hf 1+7r
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On the one hand, according to Lemma (6) the case that m = 0, we know that

H zn: %(n(kqn — anfn)

2
—14+
H

<c (Z (Z)) (Z (v~ anfnwzlm)

n

b 2
<2(3)
< ClIFIy -

On the other hand, according to Lemma (3) the case that m = 0 and s = —1 4 r, we know
that {n'~"q,} is a Riesz basis of H; '*". Thus

2
-1
E bnan CnQn
n

2

Z(bnaglcnn’"_l) (n*~"qn)

n

bn -1 r ?

SC’Z(nan cnn> ,
2
s (t)

S C”fH2 1—17

Y
—1+4r
Hl

—1+r
Hl

where, again, we have used the fact that {c,n" }nen+ € 12(N*) C 1%°(N*).
Therefore, T is a continuous operator from H; ' to H; '™ with r € (0,1/2). Since the
inclusion H; Hr 5 H 1 1is compact, we conclude the proof of Lemma
O

We now prove the following invertibility result on H; L

LEMMA 5.9. T is invertible from Hl_1 into itself.

Proof of Lemmal5.9. Since T : H1_1 — Hl_l is a Fredholm operator of index 0 (i.e. can be
written as the sum of the identity and a compact operator), thanks to Lemma it suffices to
show that Ker 7% = {0} to conclude the invertibility. By the definition of Fredholm operator,
we know that both Ker T and Coker T have finite dimension. Moreover, since the dual of
a Fredholm operator is still a Fredholm operator (coming from the fact that the dual of a
compact operator is still compact, namely Schauder’s theorem), Ker 7™ is of finite dimension.
More precisely, we have

dim Ker T'= dim Coker T'= dim Ker 7% = dim Coker T% < +4o0.

In the following we mimic the method of [IT] to show that for the operator T : H; ' — H '
we have that Ker 7% = {0}. The proof is divided by three steps

1) There exists p € C such that

A+ ¢1K +Nd+ pld : H — H;'is invertible,
A+ pld: Hf — H;'is invertible.
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2) For such a complex number p, Ker T* is stable under (A + pId)~!, thus there exists an
eigenfunction to (A + pld)~!, i.e. there exists (h, ) with p # 0 such that (A+pld)~‘h =
wh. Hence h = fj, for some k € N*.

3) By adapting the T'¢1 = ¢1 condition, we show that h = fi is not in Ker T*.

1) As the spectrum of A+ pld is clear and discrete, in the following we mainly focus on the
study of the spectrum of A + ¢K + A\ld + pld. By denoting z := A + p, we try to investigate
the invertibility of Id + A~1¢K + zA~! in the H{ space, with some z € C, which further gives
some p = z — A such that the investigated two operators are invertible. For such a purpose we

consider two cases.
i) If K(A71¢) # —1, then we know that the bounded operator Id + A71¢K is invertible.
In fact, for any f € Hi, we can check that

ATIG(K )

1

p:=f
solves
(Id+ A" '9K)p = f. (5.113)

Since Id+ A~'¢K is invertible, and since A~! is also a bounded operator (indeed even compact)
on H{, according to the openness of invertible operator, there exists a small ball B.(0) around
0, such that

(Id + A7'¢K) + 2A™! is invertible in H{, Vz € B.(0). (5.114)

ii) If K(A™1¢) = —1, then we can easily verify that 0 is en eigenvalue of Id + A~1¢K with
multiplicity 1 and the eigenspace is generated by A~1¢.

According to the perturbation theory, see for example [34], there exist small open neighbor-
hoods 2 and 2 of 0 € C satisfying

(Id + ALK + zA Yy (2) = M2)y(2),
y(2) : 2 € Qs y(z) € H is holomorphic,
Az) 1z € Qs A\(2) € Q C C is holomorphic,
A0) =0, yo:=y(0)=A""9,
in such a way that for any z € €, A(z) is the unique eigenvalue inside Q. Recall that A(0) = 0
and that the zero points of any non-trivial (not identically zero) holomorphic fucntion are
isolated.

If further there exists a small neighborhood w of 0 € C such that A(z) = 0 for any z € w,
then we are able to decompose y(z) € H{ is power series as

+oo
y(2) =vo+ Y Fye, i € HY. (5.115)
k=1

By matching the coefficients of the power series, we get
(Id +yoK)yp + A yp_1 =0, Vk > 1. (5.116)
By adapting A~! and K to the preceding equation we conclude that

K(A Yy) =0, Vk > 0. (5.117)
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Then by successively adapting A~! and K to the same equation we arrive at
K(A™"y) =0, Yk >0,Yn > 1, (5.118)

which in particular yields
K(A ™ "yy) =0,Yn > 1. (5.119)

The preceding equality implies

an Ky
> =0 > 2. (5.120)
n
Again using the holomorphic function technique, we conclude that a,K, = 0, which is a

contradiction.

Therefore, there exists a sequence of {2} converging to 0 such that A(zx) # 0. Indeed,
thanks to the fact that A is holomorphic with 0 being a zero point, in this case we even have that
A(z) # 0in wy \ {0} with wy being a small neighborhood of 0. Then, since A(z;) # 0 and A(zy) is
the unique eigenvalue inside €, for z;, sufficiently close to 0 we know that Id 4+ A~ ¢ K + 2z, A~!
is invertible. Thus Id + A~'¢K + AA™! + (2 — \)A~! is invertible. ~ As the spectrum of
A+ pld is discrete, we can find a p (more precisely, some z; — \), such that both A + pId and
A+ ¢K + Md + pld are invertible.

2) Because
T(A+ ¢K + \Id + pld) = AT + pT : H} — H; ', (5.121)

we have

(A+pId) 'T =T(A+ ¢K + \d+ pId) ™' : H' — HJ. (5.122)

Suppose that h € Ker T, then for any ¢ € H{ ! we deduce from the above operator equality
that

0= {((A+pld) ‘T — T(A+ ¢K + \Id + pId) "', h) g1,
= (. T"(A+ pId) " h) =1 = (A + 0K + Nd + pId) ™', T"h) 1,
= (0, T*(A+ pld) ™" h) 1.

Since ¢ € Hl_1 is chosen arbitrary, we know that (A + pId)~'h € Ker T*, thus
(A4 pId)~': Ker T* — Ker T*. (5.123)

Suppose that Ker 7™ is not reduced to {0}. Therefore, because the space Ker T™* is of finite
dimension and not reduced to {0} we can find an eigenfunction (h,u), h # 0 and p # 0, such
that

(A+ pId)~'h = ph and h € Ker T*. (5.124)

We immediately deduce that h is an eigenfunction of A = A'in H ! thus there exists k € N*
and C # 0 such that h = C'fy. Indeed, we know from the definition of h that h = u(A + pId)h,
hence Ah = (1 —p)/uph, and h is a eigenfunction of A. We notice that the subspaces of H that
are also eigenspaces of A have dimension 1 (the eigenvalues are not degenerate in H{). In partic-
ular the dimension of the eigenspace of (1 —p)/u is one, and therefore h = C' f, for some k € N*.
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3) By the definition of h = f € Ker T%, we know that
(T, fi)y1 =0, ¥y € H . (5.125)

Thanks to the fact that T'¢p = ¢ in H ! sense, we can take ¢ := ¢ to achieve

0=(T¢, fr) -1 = (s fr)r = % (5.126)

which is in contradiction with the fact that a, # 0. O

5.5 The non-zeroness of the solution { K, },cn+: invertibility of the transfor-
mation 7' on H; for any s € (—3/2,3/2)

In the previous part we have proved the invertibility of the transformation 7' on H~!'. We will
now show that this implies
K, #0, Vn € N,

which will in turn imply the isomorphism property in H{ for any s € (—3/2,3/2) thanks to
Lemma [5.11
Recall that
T :nfy,— —Ky(ng,), (5.127)

is a bounded operator form H, ! to itself. Suppose by contradiction that for some ng we have
that K,, = 0. As T is an isomorphism from H; ' in itself there exists h € H; ' such that
Th = ngqn,. Thus there exists {d, }nen+ € [?(N*) such that

h=Y dn(nf) € Hy ", (5.128)

Then
Th=> —dyKn(ngn) (5.129)

which converges absolutely as {ngy, }nen+ is a Riesz basis of H; 1. From assumption Th = N0Gne
hence d,,, K, = 1, which gives a contradiction. Consequently, for every n € N* we know that
K, # 0, thus —a, K,, # 0.

We also know that
— ap K, = A+ ¢, with {c, }nens € 2(N¥), (5.130)

which implies that at high frequency {|a, K| }n>ar is uniformly away from 0 and also uniformly
bounded. Therefore, {|a,Kp|}nen+ is uniformly away from 0 and also uniformly bounded.
Hence

c<|Ky| <C, VneN" (5.131)

By applying Lemma (4) in the case m = 0 and s € (—3/2,3/2), we get that T is an
isomorphism from HY to itself for any s € (—3/2,3/2). The special case s = 0 corresponds to
the invertibility on the space L2.
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5.6 Proof of Proposition 4.1

Proof. The proof of Proposition is a consequence of the above subsections: we choose K,
as in Section [5.3.3] We know from Section that K is a bounded functional on H 11 /2+ and
from Section [5.5] we know that there exists ¢ > 0 and C' > 0 such that

c<|K,|<C, V¥neN"

Consequently, from Lemma that 7' is an isomorphism on HY for any s € (—3/2,3/2).
Moreover from Lemma we know that for any r € (—1/2,1/2), and ¢ € H, ™' we have

(TA+TBK)p = (AT — XT)y in H ™!,
and from Lemma [5.5]
Téy = ¢y in H V> (5.132)

Finally from ([5.104]) and the definition of {cy, }nen+ given in (5.92), for any r € [0,1/2) we have
that

{A+ anKp)n" Jren- € (N¥).
Hence the operator K and T satisfies the properties announced in Proposition for m = 0.

Thanks to Lemma, the same can be done identically in the case m # 0. This ends the proof
of Proposition 4.1 0

6 Proof of Lemma 4.4, Lemma and Corollary

In this section we prove Lemma [£.4] Lemma and Corollary dealing with the well-
posedness of the closed-loop systems. We focus on the first one.

Proof of Lemmal[{.4} By denoting S(t) the free heat flow evolution: y := S(t)yo as the solution
of

—Ay=0inT
Oy y=0inT, (6.1)
y(0) = wo,
we know from integration by parts that
1S@ollenozyzz < lvoll 2. (6.2)
1S ()woll L2 (po,r1:21) < llwollp2- (6.3)

We also know from integration by parts that the solution g of the inhomogeneous heat equation,

0g—Ag=finT, (6.4)
9(0) =0,
verifies
lo®lleogorszz < 1oz (6.5)
lo®)llz2qomem) < 1201y (6.6)
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For any given 7" > 0. Let us define
Br :={y € C°((0,T}; LY) n L*([0, T]; H})},
with its norm given by
lyllsr == llyllcoqom;z2y + 1Yl L2 o,y a2y
For M > 0, we also define Br(M) as
Br(M) :={y € Br | [lyllz, < M}.
Suppose that Hy0||L§ = R. Then, we consider the map
L:ze€Br(3R)—y e Br
that is defined as

y(0) = o.

(6.11)

We immediately knows that y € Br. However, in order to show that L is a contraction on
Br(3R) we need more delicate estimates. Indeed, we benefit from the fact that K is a func-

tional on Hf/4 instead of on H}.

We know that the solution y = Lz verifies

lyllB, < 2R+ 2|‘¢(Kz)||L2(07T;H1—1)7
< 2R+ C| Kz r20,1),
<2R+C|z|
L2

3 )
(0,T;HE)

<2R+CTs|z2| , 5

< 2R+ CT5 ||z,
< 2R + 3CRTS,

where we have used the following technical lemma.

LEMMA 6.1.

1 3
1203 ey < Wm0y 121 iy < el

0,75H.1)

Proof. As we know from Sobolev interpolation that

1 3
1Al < 115

then further thanks Holder inequality,

1 3
Il < M2z M2l g oy

8 3
L3(0,T;HY)
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(6.13)

(6.14)



1 3
< ||HZHE%HLN(OaT)HHZ”;I%HL%(O )’

1 3
< Hzﬂiw(o,T;L%)HZHEQ(&T;H%)’

< |lzllss-
O]
Therefore, for T' > 0 sufficiently small we know that
L :Br(3R) — Br(3R). (6.15)

Next, we show that, by choosing T" even small if necessary, the map £ is actually a contrac-
tion map. For any zj, 2o € Br(3R), suppose that y; := Lz1,ys := Lz, thus

oy1 — Ay = oK in T
y1(0) = o,
and
Oiys — Ayp = 9K in T
Y2 Y2 = 0K (z2) in T, (6.17)
y2(0) = yo.
This implies that w := y; — yo = L(z1 — z2) verifies
Ow — Aw = ¢pK(z1 — 22) in T, (6.18)
w(0) =0,
which further yields
1
1£(z1 = 22)ll5r = [wllsr < 20K (21 = 22) || 20 711y < CT5 21 = 22/l (6.19)

Therefore, L is actually a contraction on Bp(3R) for T sufficiently small. Banach fixed point
theorem gives the existence and uniqueness of the solution in a small time interval.

Finally, it is standard to extend the solution to a large time domain. It actually suffices to
show the existence on [0, 1], thus it does not blow up in this domain. Concerning the solution
y(t) of the system , integration by parts, which together with Sobolev interpolation and
Young’s inequality, yield,

d
Zly®IIZ: < =2yl + Cly®)llm | Ky,

< —2Hy(t)||?{11 +ClyOla ly @Ol o,
7 1
< =2lly@iZ; + Clly®) iy ly(®) ] .
Te 1
< <20+ (GOl + g IOl )
<

~ly(®)l% + Clly(®) 2.

The preceding a priori estimate, to be combined with standard arguments, indicate the exis-
tence of solution on [0, 1] and further on [0, 4+00). O
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Proof of Corollary[{.5 Concerning Corollary again, we only prove the case that k£ = 1
as the other case that k& = 2 is similar. Observe that r — 1 < —1/2, meaning ¢; € H{_l.
Meanwhile, the choice of r also tells us that K is bounded on H{ +1

At first we investigate the related open-loop system, i.e. we replace Ki(y) by u(t) €

L2 (0,+00). The equation
Oy — Ay = t),
y(O) = yO S H17
has a unique solution in the space (4.24)), satisfying
||Z/(t)”200([o,T};H1r) < ||y0||%q + ||¢1u(t)HL2 0.3 HT1)’ (6.21)
Y172 0 ey < Mool + 16101720 g1y (6.22)
Indeed,
1d
= (y(t). 9(®)) g
o)l = (e 50

— @71 + w(t), u(t)ér) my

< )y + 0) g fxE) -

< I + %ny( Oles + g1 2
< Iy + SO [61]%

< 3 IOl 0 + Clu(t)P

where we have used the fact that for h, g € S; (thus extends to related Sobolev spaces)

= hpsinnz, g:= gn Sinnz,
> 2

neN* neN*

(hoghi; = > (0" ha) (07 ga) = 37 (07 ha) (0" gn) < [[Bl] el gL+

neN* neN*
as well as that

(hy Ahypp = = D (0" hy) (0" 2hy) = = Y (0" ) (0 ) = sl e

neN* neN*

Next, for the closed-loop system , by the choice of r there exists some sg, s1 satisfying
r < 1/2 < s9 < r+1suchthat H{ ™' C H° C HY, and that K is bounded on H;°. Consequently,
the same proof of Lemma 4 adapts here For instance, in Lemma [£.4] the Value of sg is chosen
as 3/4 (see Lemma[6.1] in Sectlon [6). Indeed,

LEMMA 6.2. Forp:=

1
ooy < NG ey 120 e (6.23)
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Proof. Since

Il < N2l = 2l (6.24)
we know that
121l oo,z 0y < 2115 0112 2l lero,m),
< M=% = zoe o,y 1= e lzr 0,7y,
L By B e

O]
For any given T' > 0. Let us define
B = {y € C°([0, T); H]) N L*([0, T]; H{ ™)}, (6.25)
with its norm given by
1Yllsg. = lYllcoqo,rymy) + 19l L2o.rym7 1) (6.26)
and
Br(M) :={y € By | lylls;. < M} (6.27)

Let |lyollz; = R. For any T' > 0, we further consider the map L" : z € B.(3R) — y € By
defined as

{aty — Ay=¢K(z)inT, (6.28)

y(0) = yo.
When T is sufficiently small, by adapting
1.1
||¢(KZ)HL2(0,T;H1T*1) < C’”K—ZHLQ(O,T) < CHZHB(O,T;H‘fO) <CT? p”ZHLp(QT;HfO)a

and the fixed point argument, there is a unique solution in the space (4.24)) in a small interval
of time [0, 7], more precisely as the unique fixed point of £" in B}.(3R).

Next, the a priori estimate further implies the existence of a unique solution in large interval
of time. O

REMARK 6.3. For the case that k = 2 instead of 1, similar approach leads to the same
well-posedness result. The only place that needs to be (slightly) modified is that the inequalites

(6.21)—(6.22)) should be replaced by,
IO go.zye5) < € (ol + 610220717051, )
9 0 gz, < & (ol + 1610125 0 p0p )
That is because
(y(t), Ay(t)) by, by = —Ily(t)\li,;ﬂ +((y, f3))? < —\Iy(t)llzgﬂ + lly ()l

which leads to

1d
5 IOy < =yl + (O3 + (), u(t)gn) s
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1 1
< Iy ()l — §|ly(t)\|fq;+1 + §HU(t)¢>1||Z;—1-

Thus

Iy + 19120 0g5) < 9O g + OS2 0051,

Proof of Lemma[{.8 Finally, we simply comment on the proof of Lemma whose proof is
essentially the same as the proof of Lemma [4.4

Indeed, concerning the existence of the solution in a small interval of time, it suffices to
treat the nonlinear term as a perturbation using Gagliardo—Nirenberg interpolation inequality,
which is standard.

\\8x(y2)\|%2(07T;H,1) < ”yyH%Q(O,T;LQ)’
T
< / ly(t, ) Pally(t, 3o,
T 2 2
<c /0 (e ) Zally(t, )2,

T
<c /0 Lyt iyt ) s,

1
<CT> ”3/”%0([0,T];L2)”ZJHL?(O,T;Hl)-

Next, classical energy estimates, benefiting from the fact that

(y,0:(y%)) = 0, (6.29)
lead to the existence of solution in large interval of time,
1d
gaHy(t)II%Q = (y(t), Ay(t) + o1 K1 (y(t)) + @2 Ko (y(1))) 1

IN

~lly@®lzn + ly@Ol 72 + Clly®)l (IK1y ()] + [ K2y(0)])

1
< =5 lyOlE + Clly@IIz:,

where, slightly different from the calculation on L? and H{, for H* norm (just as for Hi norm)
we have

(), Ay a1 = =llyOllzn + (. £ < =ly@lFn + ly@)][72-

7 Proof of Theorems [I.1H1.4]

7.1 The heat equation: on the well-posedness of the transformed system
and its stability

In order to show Theorem we need to show the well-posedness of the closed-loop system
and its exponential stability. Also, to simplify the notation we assume that m = 0 even though
the exact same can be done with m # 0. Let yo € L2. Under the assumption of Theorem |I.1
we can define

B = (¢1,¢2), K= (K1,K2)', T=T1 +T»
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given by Proposition [£.1] and Corollary [4.2]
Let 7 > 0. Con81der1ng the fact that for k € {1,2} ¢ € Hk_1 and that K : H,% — R, for any

o(t) € L*(0,7; H') we have that BK(t) € L?*(0,7; H~'). Then, concerning the closed-loop
System

from Corollary we get a unique solution of the closed-loop system
y(t) € CO([0, 7} LA(T)) N L2(0, 7 HY(T)) N HY(0, 7 HH(TY), (7.2)

which indicates that the equation (7.1]) (thus each item of it) is held in the L?(0,7; H~1(T!))
sense.

Since the operator T' is bounded in H'(T') space with [ = —1,0,1 (from Proposition
and Corollary , we know that

2(t) == Ty(t) € CO([0, 7J; LA(T)) N L2(0, 73 H'(T)) 0 H (0,73 H~(T)). (7.3)
Moreover, by applying T to ([7.1) we know that
Ty, — TAy = TBK(y) in L*(0,7; H 1(Th)). (7.4)

By applying Proposition and Corollary with s = 0, together with the fact that y(t) €
L2(0,7; H{(TY)), we arrive at

Ty = ATy — ATy, in L*(0,7; H~1(T)). (7.5)
Hence,
— Az + Xz =0in L*(0,7; HY(T)). (7.6)
Consequently,
2dt” 2O 2y = (20, 2OV i1 < =Az(O)172(n) (7.7)

holds in the L(0,7) sense, which further implies the required decay property of the solution
12(D)]l2 < e (|2(0)]| 2, V¢ € [0,7]. (7.8)

Finally, as T is an isomorphism on L? from Proposition and Corollary we conclude
that
ly(@)llz2 < CNe M|y°|| 2, ¥t € [0,7], (7.9)

Given that this is true for any 7 > 0 and that C'(\) does not depend on 7, it implies that
y € C°([0, +00); L*(T)) and

ly®)lz2 < CN)e ™ y°) 2, Yt € [0, +00). (7.10)

This nearly ends the proof of Theorem the only thing left is to check that we have also a
stabilization in H" for any r € (—1/2,1/2).

REMARK 7.1. Let r € (—1/2,1/2). The same feedback law K (y) also stabilizes the system
(7.1) in H"—space.
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Indeed, let r € (—1/2,1/2) and let yo € H". As ¢ € H, ' and Ky : H,™' — R, for
any ¢(t) € L?(0,7; H"!) we have that BK(t) € L?(0,7; H"™!). Then equation has a
solution

y(t) € C°([0,7]; H"(T)) N L*(0, 7; H™™Y(T)) n H*(0,7; H~}(T)), (7.11)

and is held in the L?(0,7; H"1(T)) sense.

Because T is bounded in H' with | =7 —1,r,r+1 (Lemma part (4) and Section ,
we know that z(¢) := Ty(t) lives in the same space of y(¢) in (7.11).

By adapting 7" to the equation we know that holds in the L2(0, 7; H"~1(T)) sense.
Then by adapting Lemma, to the case that s = r, we get

Ty = ATy — ATy, in L*(0,7; H1(T)). (7.12)
Hence,
2 — Az + Az =01in L*(0,7; H~Y(T)), (7.13)
which leads to the required exponential decay of z in H”,
]. d 2 . 2
5 7 IF Ol = (z(2), 2O) e < =All2(t)][ - (7.14)

Consequently, using again that 7" is an isomorphism in H",

ly(®llzr < Cr(Ne [y (0) |-, (7.15)

with C' and C,(\) depending on r € (—1/2,1/2) and X\ ¢ N. This ends the proof of Theorem
LIl

7.2 The viscous Burgers equation: on the well-posedness of the target sys-
tem and the stability of the closed-loop system ([1.8)

The proof of Theorem [T.4] dealing with the viscous Burgers equation is very similar to the proof
of Theorem dealing with the heat equation with m = 0,7 = 0. Let 7 > 0 and yo € L? such
that ||yol/z2 < 0, where 0 is a constant to be chosen. Lemma implies that the closed-loop
system ([1.8)) has a unique solution y(t), provided that § is sufficiently small (depending on 7),
and

y(t) € C°([0,7]; L*(T)) N L*(0,7; H'(T)) N H'(0,7; H~(T)), (7.16)

which is held in the L?(0,7; H~!(T)) sense. Next, again, thanks to the fact that the operator
T is bounded in H!(T) space with [ = —1,0,1,

2(t) == Ty(t) € C°([0,7]); L*(T)) N L2(0,7; H(T)) N H' (0, 7; H1(T)). (7.17)
Next, by applying T to (1.§) we know that in the L?(0,7; H~!(T)) sense,
Ty — T Ay + T0,(4%/2) = TBK(y), (7.18)

where we used the fact that T9,(y?/2) € L*(0,T; H~1).
By applying Lemmafor the case s = 0, combined with the fact that y(t) € L*(0,7; H*(T')),
we get that
Ty = ATy — ATy — T, (y?)/2, in L*(0,7; H'(T)). (7.19)

Hence,
2 — Az 4+ A2+ T0,(T12)%/2 =0 in L*(0, 7; H; *(T)). (7.20)
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Therefore, the system is locally stable in L?(T) space, provided that ||z|| 2 is small enough,
indeed

5 IOy = (20, 20 s

(z(t), Az — Az — T@x(T_lz)2/2>H1’H_1,

—[l2lFn + 12172 = Ml2l72 + Cllzll g 1T0:(T~2)] 5
—[l2lF = = Dlzl72 + Cllzll (T 2)?| 2

—21F = A = Dllzl1Z2 + Cllzllan 1T~ 2l 21T 2
~lz1F = (A = D)llz)1Z2 + Cllzllip 2] 2-

IN AN IA TN

Hence, provided that supjy ;(||2]|z2) is small enough (depending on A € (1,+0c)) one has
l2(®)llz2 < e 2(0)] 22, Wt € [0, 7], (7.21)
which also implies, using 7!, that
ly@)llz2 < CNe™ N ly(0)] g2, ¥t € [0, 7], (7.22)

provided that supjy -(|[2(|z2) small, or equivalently that supy 1(||y[[z2) small, from the isomor-
phism property of T'. Finally, from Lemma [4.8 and it suffices to have ||yo||z2 small. This
means that there exists d; (7, A) such that for any § € (0, d1(7, X)) the solution y satisfies ((7.16])
and the exponential stability estimate holds.

So far the constant § depends on 7 but, leveraging the exponential stability estimate (7.22)), it
can be made independent of 7 using a very classical argument: let 7, > 0 such that e~(A=171/2 <
(C(\))~!, and select 6 = 61(71,A), then y exists and (7.22)) holds on [0, 7], therefore

ly(ri, )2 < eI g o, (7.23)

As the system (1.8) is autonomous, studying it on [r1,27] is the same as studying it on [0, 71]
with initial condition y(71,-). And from (7.23)), ||y(71,)|z2< llvollzz < 01(71, A), hence the
solution exists on [r1,271] and

ly(@®)ll 2 < CA)e” A ly(m) | 2, ¥t € [, 2m1], (7.24)

which together with ([7.22)) gives

(-1

ly@)lze < CN)e™ =y (0)llz2, Vt € [0, 27], (7.25)

Hence, iterating this procedure, for any n € N* y exists on [0, n7]

A=1)

ly@)lz2 < C(N)e™ = ly(0)lz2, ¥t € [0, n71], (7.26)
hence y exists on [0, +00) and
_ (=1
ly@)lz2 < C(Ne™ = ly(0)l| 2, Vt € [0, +00). (7.27)

This ends the proof of Theorem
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8 Conclusion

8.1 Quantitative studies on C,(\,m)

Thanks to the precise analysis introduced in this paper. The next step could also be on the
quantitative study of the stabilization cost, namely on the value of the constant C,(\,m) in
Theorem For example, let m = 0. For any fixed A ¢ N, even if we do not have enough
information on the exact value of C()\), it can be conjectured that the optimal value of C,(\)
(at least obeying our feedback law) tends to +oo as |r| tends to 1/27.

The appearance of the critical set A/ also indicates that, for any r € (—1/2,1/2) fixed, as A
tends to N the value of C).(\) tends to +oo. Therefore, it seems that by adapting this feedback
we are not able to achieve eCV? type estimates, at least not uniformly on A € R™. However, we
believe that with the precise functional settings treated in this paper, we are much more closed

CVA

to such quantitative results. Indeed, it is still possible and reasonable to expect e estimate

on {A=4N +2; N € N*}.

8.2 General parabolic equations

It is natural to ask whether our framework also adapts general parabolic equations, namely

{3153/ — Ay + a1 (2)0zy + az(z)y = p1K:1(y) + p2Ka(y), (8.1)

y(0) = yo,
with a;(x) satisfying suitable regularity assumption.

By regarding the lower order operators a1 ()0, +az(z) as source, the same feedback law and
transformation yields the operator equality. However, on the next step, when applying 7" to the
evolution equation, the source a1 (2)0,y+as(x)y turned out to be T' (aq(2)0, (T 2) + az(z)(T~12))
which may become even stronger than the —Az damping produced by backstepping.

Therefore, it seems that we need to perform backstepping directly on the elliptic operator
—A+a1(z)0y+az(z). In the case that a;(x) = 0, the analysis is probably simpler as the operator
is remained to be self-adjoint. However, losing those explicit formulation of eigenvalues and
eigenfunctions make it more challenging to conclude Lemma While the other case that
ai(z) # 0 is of course more delicate, maybe the perturbation theory of resolvent estimates
should be applied, a good news is that due to the spectral gaps between different eigenvalues
are increasing, it is possible that no smallness of a1 (x)d, +az(z) should be assumed. Technically
speaking, due to the appearance of eigenvalues admitting double multiplicity the bifurcation
phenomenon when splitting those eigenvalues should appear, the resolvent analysis involved
would be more interesting and more delicate to some related works such as [5 12].

8.3 Stabilization with one scalar control

It is proved in this work that two scalar controls are necessary and sufficient for the rapid
stabilization of the heat equation provided some decay information, because of those double
eigenvalues. But if we work on more general parabolic equations, for which it is possible
that every eigenvalues are simple and isolated, then probably one scalar control, of course
always admitting suitable decay properties, is sufficient to conclude controllability and rapid
stabilization.

According to the “return philosophy” introduced by Coron [9], it is still possible to stabilize
nonlinear system even if the linearized system is not stabilizable. Therefore, it is also of interest
to consider the rapid stabilization of the viscous Burgers equation with one scalar control.
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