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Abstract

This paper considers the problem of joint change detection and identification assuming multiple composite post-
change hypotheses. We propose a multihypothesis changepoint detection-identification procedure that controls the
probabilities of false alarm and wrong identification. We show that the proposed procedure is asymptotically min-
imax and pointwise optimal, minimizing moments of the detection delay as probabilities of false alarm and wrong
identification approach zero. The asymptotic optimality properties hold for general stochastic models with dependent
observations. We illustrate general results for detection-identification of changes in multistream Markov ergodic pro-
cesses. We consider several examples, including an application to rapid detection-identification of COVID-19 in Italy.
Our proposed sequential algorithm allows much faster detection of COVID-19 than standard methods.

Keywords: Asymptotic optimality; changepoint detection; composite post-change hypotheses; detection and
localization of epidemics; quickest change detection-identification.
2010 MSC: Primary 62L10; 62L.15; Secondary 60G40; 60J05; 60J20.

1. Introduction

As discussed in [9} [15SH17]], in a variety of applications it is important not only to quickly detect abrupt changes
but also to diagnose them (e.g., to determine which change in a set of possible changes has occurred). This problem
of change detection and diagnosis applies, for example, to rapid detection and identification of intrusions in computer
networks, object detection with various sensors, integrity monitoring of navigation systems, and early detection and
localization of epidemics. Often called Change Detection and Isolation, the problem is a generalization of the quickest
change detection problem to the case of multiple post-change hypotheses and can be formulated as joint change de-
tection and identification. Nikiforov [9]] first considered the change detection-isolation problem in a minimax setting
for independent and identically distributed (i.i.d.) observations (in pre-change and post-change modes with different
distributions) and simple post-change hypotheses. Several versions of the multihypothesis CUSUM-type and SR-type
procedures, which have minimax optimality properties in the classes of rules with constraints imposed on the average
run length to a false alarm and conditional probabilities of false isolation, are proposed by Nikiforov [10} [11] and
Tartakovsky [[14]. Dayanik et al. [2]] proposed an asymptotically optimal Bayesian detection-isolation rule assuming
that the prior distribution of the change point is geometric also in the i.i.d. case. However, in many practical applica-
tions, the i.i.d. assumption is too restrictive — the observations may be either non-identically distributed or dependent
or both, i.e., non-i.i.d. Also, the post-change distribution is usually not completely known. Lai [[7]] provided a certain
generalization for the non-i.i.d. case and composite hypotheses for a specific loss function. Recently, Tartakovsky [16]
developed a general asymptotic multistream Bayesian theory of sequential change detection and identification for low
rates of false alarms and misidentification, assuming (1) there are multiple data streams, (2) the change occurs in some
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data stream(s) at an unknown random point in time, and (3) it is necessary to detect the change as soon as possible
and identify which data streams are affected. However, a non-Bayesian multistream change detection-identification
theory for non-i.i.d. data is still missing.

The primary goal of this paper is to provide a general non-Bayesian asymptotic multistream change detection-
identification theory (minimax and pointwise) for non-i.i.d. data and composite post-change hypotheses. This the-
ory generalizes changepoint detection theory (with no identification) developed by Pergamenchtchikov and Tar-
takovsky [13]]. In Section [2} we describe the general stochastic model and provide basic notation. In Section
we introduce main conditions. In Section ] we introduce the change detection-identification rule. In Section [5]
we derive the information lower bounds for moments of the detection delay in the class of changepoint detection-
identification rules with constraints imposed on the probabilities of false alarm and wrong identification. In Section [f]
we prove asymptotic optimality of the proposed detection-identification rule as the probabilities of false alarm and
misidentification go to zero. We show that the lower bounds are attained for this procedure under very general condi-
tions. In Section |/, we illustrate general results for detection-identification of changes in Markov ergodic processes.
In Section [8] we consider two examples — detection-identification of changes in (1) the parameters of multivariate
linear difference equations and (2) the correlation coefficients of multistream p-th order autoregressive models. In
Section[9] we propose a specific model for epidemics and show that the proposed change detection-identification rule
is asymptotically optimal. We also apply our rule for detection of COVID-19 in Italy and show that it allows for much
earlier detection of COVID-19 than standard methods.

2. Basic notation

We consider the N independent streams of observations (X )~ ..., (Xy,);>,. Forany 1 <i < N,v > 0and 6,
from an open set ®; € R™ we denote by P, , the distribution of the observations (X;,);», in R*. In the case when
v = oo, this distribution will be denoted by P*. We use the convention that X, is the last pre-change observation.
Write X? = (X;,...,X;,) for the concatenation of the first n observations in the ith data stream. Let now for any
I<i<N

(#0 v ’yj—l))j)1 and (£, 0,1 ’yj—l))j>, 2.1

be sequences of conditional densities of X; ; given le ! with respect to some non-degenerate o-finite measure. Note
that for 1 < i < N the density q; of X:“ in R" has the following form

ql*(yl»’yn) for V?l’l,
i, V1o 2 ¥0) = (2.2)
H}/:1 f,'fl(ylbjl’ s ’)’j—l) H?:VH fi,é)i,](yl|y]’ oY) for v<n,

where q?(yl’ tee ’yn) = H?:] f:](yllyl’ ce ’)’1_1)-

Denote by y a random variable with values in {1,..., N} and assume that the change can occur only in the data
stream (X, ;) with probability v; = P(y = i). Forv > 1 and 6 = (6,,...,60y) € ® = ©; X ... X O the joint density
of the observations X7, ..., X} is given by

N
ProOVitse- s Ynn) = Z UiPi ot Ynn) (2.3)
i=1
where
N
Pi,v,ei(th e YN) = qi,v,e,.(yi,l’ s Vin) l—l QGO Vi) (2.4)

i
In the sequel we denote by M the set of all Markov times with respect to the filtration (F,,),,~, where %, = {Q, &}

and 7, =0'{Xi,j» 1<i<N,1 <j<n}.
Note that when n > k and ¢ € ®, the Radon-Nykodim density (likelihood ratio)
* * dPi,k,ﬂ zk [©))
8 = B = | =€ (2.5)

n
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where

- (XX
ZE @)= log L’lH) (2.6)
’ I=k+1 fil(XllXi )

is the log-likelihood ratio, and for any (6,,6,) € ®; X ©®; with i # j the Radom-Nikodym density

i’ ]
dPisg, ‘ _ A07,6) 2.7)
de’k,e/

8 jkn = 8ijin(0i0)) =

A sequential change detection-identification procedure ¢ is a pair 6 = (7, d), where T is a stoping time from M,
ie,forany 1 <i < N,k > 0and ¢ € ©, the probability P,-)kﬁ(T < o0) = 1, and d is a decision rule, i.e., a random
variable with the values in {1, ..., N} which is measurable with respect to the o-field 7. We denote by S the class of
all sequential procedures. For r > 1 and 6; € ©,, define the risk for a sequential procedure 6 = (T, d) € S associated
with the conditional r-th moment of the detection delay

Rix6,(0) = Eppg [(T = 0 Ly IT > K] (2.8)

where E; , is the expectation with respect to the distribution P;, , in R®
Introduce the conditional probability of false alarm P*(T < k+m*, d = 1|T k) on the event {d = i} in the interval
[k, k+m™*), i.e., the probability of raising the alarm with the decision d = i that there is a change in the ith stream when
there is no change. Also, introduce the misidentification probabilities P, ,(d = jIT > k), i # j,i,j=1,...,N.
For any N x N matrix 8 = (B; })1<; j<y With0 <, ; < 1, m" > 1 and k" > m" we introduce the class of change
detection-identification rules
P*(T <k+m*,d=iT > k)

HPB,k*,m*) =5€S: sup max <1,
I<k<k —m* 1<i<N Bi

Pire (d = JIT > k)
max max sup max <13,
0<k<K® 1IN geg, 1 <j#<N Bi;

(2.9)

Our goal is to find a sequential procedure asymptotically optimal in two problems in the class of detection-
identification rules H (B, k*, m*): the pointwise minimization

inf R 0(0) foreveryl <i<N,k>0and6; €0, (2.10)
SeH@BK m*)
and the minimax optimization
inf sup leg (0) forevery ] <i< Nandb; €0,. 2.11)

SeH(B.K",m*) k=0

The parameters k™ and m* will be specified later.

3. Main conditions

For a fixed 6; € ©;, we assume the following conditions for the log-likelihood ratio (LLR) processes (Z} (0)) =41
introduced in (.6) for 1 < i < N and 6; € ©,.
(A)) Forany 1 < i, j < N there are ©; X ©; — R, positive continuous functions I, ; with

0< inf [;(60,0)< sup [ (6,0, <o 3.1
(6,,0,)€0,%0; (6,,6)€0,x0;
such that forany k > 0, e >0and 0 = (6,,...6y) €O, X ... X Oy
lim max Plkg ( 1k+n(9) Zkk+n(6j) > (1+ E)Iiyj(ei,ﬁj)n) =0 3.2)

n—oo 1<i#j<N
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and

lim max sze( ke

n—oo 1IN
where I(6;) = I, (6, 6;) for 6; € ©,.
In order to study asymptotic approximations to risks of the change detection-identification rule introduced below
in Section ] and for establishing its asymptotic optimality, we impose the following left-tail conditions:
(Ax(r)) Forany 1 < i, j < N there are ©; X ©; — R, positive continuous functions I, ; with the property @B:I) such
that for every 0 = (6,,...,0y) €O, X ... X0, = 0O and forany 0 < e < 1

) > (1 + )0, )n) = (3.3)

lim sup max n" sup P, k6, ( inf Z, ) < (1= S)Z(Gi)n) < 00 (3.4
(-0 0@ 1<iKN P k=0 |u— 6
and
lim sup max W sup P ( mf z w-2z <(1- s)Ti(Hi)n) < oo, (3.5)
=50 {JeGF)’ 1<itj<N Z ngE{n k.0, = i,k+n Jk+n

* —_—
where Z;, = maXogic, SUP.co, ]k+n(z)

Remark 1. This is always true for i.i.d. data models with Kullback—Leibler informations given by

fio — fio
1,,6.0) :f (f,a( )]f (x)du(x) and 1,6, = flog(f( )]f (x)du(x)

for (6,,0,) € ©, X ©,.

4. Sequential change detection-identification procedure

First introduce weight distributions (W;(1)), <;< 5, Which are probability measures on the sets ©,, i.e. W,(©,) =1
for any 1 < i < N. In what follows, we assume that W,(-) satisfy the following condition:
(Cy) For any € > 0 and any 9 € O, the measure Wiu € ®; : [u—19| < g} > 0.

Now, for some fixed 0 < o < 1 we set

m=m@=00-0", k=0,12,... 4.1)
and using this distribution we set
n—1 . n-1
= Z , f g, WP and L, = Z 7 sup gl (). 4.2)
k=0 1 k=0 969/
Using these statistics we define the following random N X N matrix U,, as
Li n . Li n
<U,> ;=== ifi#j and <U, > = —, 4.3)
’ Lj,n Zl}n ﬂl
where < U >, ; is the (i, j)th element of the matrix U. Finally, using this matrix we set
<U,>;
T, =inf{n>1: min ————=>1,, “4.4)
b 1<j<N Ai’ j

where A = (A, ), j<y 18 @ N X N matrix with positive elements which will be specified later. In the definitions of
stopping times we set inf{&} = +co. The sequential change detection-identification procedure ¢ = (T, d}) that will
be studied in this paper has the form

T = min Ty and d, =i if T;:AzT;. 4.5)

A KigN
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If there are several numbers i for which 77, = Ty we can take arbitrary. Note that, as we will see later in Proposmon@
the condition (A3 (r)) implies that T, is a sze -proper stopping time, that is, forany 1 <i < N,k > 1 and 6; € O,

Pirg(T) <o) =1. (4.6)

Now, for any sequential procedure 6 = (7,d) € S we set

PFA,(6) = >\ mP" (T <k, d =) 4.7
k=0
and
PMI, (6) = an sup P, (T >k, d=j). (4.8)
’ =0 6;€0,

For some N X N matrix & = (¢; ;) with 0 < e, ; < 1 and some fixed 0 < ¢ < 1, define the following Bayesian class:

i PMI; .(6
A, 0) = {6 €S: max( max PFA,(9) max i )))

9
ISiSN - @ I j<Ni#j @

< 1} . (4.9)

iJ
Next, for any arbitrary fixed matrix 8 = (B; ;);; j<y and 0 < ¢ < 1 introduce two matrices @; = (@; ;) ; <y and

_ (32
2= (a,',j)lgi,jgzv as

(L= )k* B jo(l - Q)k*
o Bl T Sy 99 (4.10)
n 1+trp J 1+trp J
and
o) = (B + (=™ )1y + (B, + (1= ) 1,y @.11)
The following proposition compares classes (2.9) and @.9).
Proposition 1. For any matrix 8 = (B; ), <; j<n 1 < m" <K* and 0 < o < 1 the following inclusions hold
A(ay,0) € HPB kK, m") C Alay,0). (4.12)
Proof. First note that if § = (T, d) € A(a,,0), thenforany 1 <i< Nandk > 1
o) > > mP (T =) >P (T <k, d=d) m=01-0'P (T <k, d=i),
1=0 I=k
ie., fork>1
N
P(T<k,d=i)<(1-0)* ) and P*(T <k < ZP*(T <k,d=j)<(U-0Ftra,. (4.13)
=1

Therefore, forany 1 <i< Nand 1 <k <Kk*—m*

Prk<T<k+m*, d=1i
1-P*(T <k)

_ (1)

P*(T<k+m",d=iT > k) =

P*(T <K',d=i) < (1-0)7*

1-P«(T<k) ~1-(1-o)¥ tral =B

X

Moreover, fori # jand any k > 1

() Zmsup Py (T>k,d=j)= o(1 — o)* sup Pivo (T >k, d=j),

0;€0, 0,€0;



i.e., in view of @.13), for | <k < k*and §; € ©;

Pive, T >k, d=j) P, (T >k, d=)
PugT>k) — 1-P(T>kh

Pire (d=JIT > k)=

g o1~  a)o' -
< - =pBi;-
1-P(T<k ~1-(1-9¥tra, J

X

This implies, that § € H(B, k*, m*), i.e., we get the first inclusion in @.12).
Letnow 6§ = (T,d) € H(B,k*,m"),ie,forany | <k < k' -m*and ] <i< N

PPk<T<k+m',d=i ,
B =P (T <k+m*,d=iT >k = ( LA DoPk<T<k+m', d=0
: P(T > k)

and, in particular,
B, zP (T<l+m’,d=1i).
Therefore,

DmP T <k, d=D<P (T<l+m’,d=d+ Y =

k20 k>mr+1
B+ = o™t = afi) )
Furthermore, for any i # j, 6; € ©; and 0 < k < k*
’Bi,j > Pi,k,g,- (d = ]lT > k) P> Pi,k,Q,- (k <T< 0, d= J)’

i.e.,

anpi,kﬂi (T>k,d=))<B;;+ Z me=p;;+ (1 —oft = @ ;.
k>0 ok

Thus, we obtain the last inclusion @.12). Hence Proposition[I}  [J
The first question we ask is how to select the thresholds in the procedure (.3)) to imbed it into class A(a, p). To
study this question we need the following probability measures on N x R* which for any 1 < i < N are defined as

Q,(JxA) = an f Piis(AW(d?), JCN and AeBRY), 4.14)
ke o,

where N = {0, 1,...} and B(R™) is the cylinder field in R*. In the sequel we denote by E% the expectation over the
probability measure Q;. One can check directly that

1
(v > = — 4.1
Qv = nlf) 1+ <U, >, (4.15)
where the matrix U, is defined in (4.3).
Lemma 1. Forall 1 <i < N the probabilities @.7) satisfy the inequalities
PFAI»((SZ) < (4.16)

1+A

ii

Proof. Note that

PFA.(8") = inkP* (T; <k,d=i)= inkf@ Piio (T, < k., d=i) Wdo)
k=0 k=0 i

6



iﬂ'kf ixo (T74 < k) Wdd) = Q, (v > T7,) = E& [Qi(V>T:A|TT:A)].

k=0

Therefore, using @.13) and @.4) we obtain that

PFA,(6}) <

1 1
< b
1+ < UT >; } 1+A..
which completes the proof. [

Lemma 2. Forany 1 <i,j <N, i# jthe PMI probabilities of the procedure [@.3)) satisfy the inequalities

. 1
PMI;(5) < o 4.17)

Ji
Proof. First note that for the rule (@.4)) we obtain that for any j # i and 6; € O,

Piro (Th >k, d = j) <P (k< T7, < o)

1
< 4 B,

i

-
“a,° [< Ur, > i 8w, (Hi)l{k<T;A<w}] '

St

<Uq» >..1
UTj.A Jt {k<T;A<oo}:|

Therefore, in view of the definition in .2), we get

T -1
l JA
Z”kpi,k,ei(T:x>k’d:j) AHE <UT > Z ﬂkgsz (9)1{T <co }]
k>0 H k=0
1 _, T
< A_]z E"|< UT]*,A > i Li,T;A I{T;Am}}

1 *
= 14— E |:Lj’T]’fA I{T;A<oo}:| .

St

Moreover, note that

E* [Lﬂ;ﬂ 1{TTA<W}}=Z@ f E* [g]” (9) ]W(d@)

>0

anf Pie (k< T7, < 00) W(d#)) <

k=0

which implies upper bound @I17) O
Now, if we take in (#4)
1 1
Ai,j = (a,— - 1)1{1211 + a,_1[1¢1} (418)

ii Jii

then using the property (#.6) and the upper bounds (.16) and @TI7) we obtain that under condition (A5(r)) the
sequential procedure (.3) belongs to class A(o,@) for any 0 < ¢ < 1 and @ = (@;));¢; <y With 0 < a;; < L.
Therefore, if we take
l+up I+trp
.

——*—1 i=‘+—*1i"

Bii(1 - o) ) I B =gk T

we obtain that for any 0 < o < 1 the sequential procedure {.3) belongs to class H (B, k*, m*)
7

(4.19)



5. Information lower bounds

5.1. Bayesian setting
For any matrix @ = (e, ;) ¢; j<y and any parameter value 6; € O, define
|[loga;

|
b 9 — Js
o(6) = max )

and ¢ (6) = [0 1,y + T (0D 1 1y (5.1)

where the function Z-(-) is defined in (33) and Tl (00 = infy.q 1, ;(6;,9) for 6; € ©,. In what follows we will always
suppose without special emphasis that

inf Ii]-(G,-,Hj) >0 forallf;e®; j#iandi=1,...,N
0,€0; ™

(see condition (3.1)).

Write @,,,, = max,; ;«y@;; and A, = A(a,00) (in case where ¢ = g, depends on ). The following theo-
rem establishes information lower bounds in the Bayesian problem. These bonds will be used to obtain asymptotic
lower bounds for R; () in class H (8, k*, m") (see Theorem and to prove asymptotic optimality of the proposed

detection-identification procedure in this class.

Theorem 1. Assume that the right-tail probability convergence condition (A,) holds and in (1) the parameter of the
geometric prior distribution o is a function of a, i.e., 0 = 0, such that

1
lim (ga M):0. (5.2)

—l | log a’maxl

Then, foranyr 21,k 2 0, 6; € ©;, and 1 < i < N the following asymptotic lower bounds hold:

) infscy Ejpg [(T - k)il{d:ij]
lim inf
a —0 |bi,a(0i)|r

max

> 1. (5.3)

Proof. To prove this theorem it suffices to show that for any j # i and (6,,0;) € ©, X ® (G=1,...,N)

i’ J

. , |loga I

inf Eye (T =02 = A+ 0,0, 0) T @.6)° (5.4)
and for any j =i and 6; € ©;

inf Ejpp [(T =07 1my] > (0 +,,,6,.0 ))| og il (5.5)

seh, i.k.,0; +{d=i} a,i,i\"i> Vi ( l) > .
where the term ¢, ; (6;,6,) is such that

hm |w(”j(6’l, J)| =0 forany (6, j) €0, x G) and 1 < j<N.
To prove (5.4) note that condition (3.2) implies that for any & > 0,k > 0 and (6,,6;) € ®, X ®; with j # i
Pito (2ot = Z5y 1y (8) = (1 + )1 M} —— 0, (5.6)

where [; ; = 1, (6;,6,). Define for (6,,6,) € ©; X O

[loga,|
D, (0) =Py, (k<T<k+M, d=i) and M,;=M,(0,0)=(-¢) :

i,j°

8



We now show that forany k > 0,0 <e<land1 < j#i <N

lim sup Di’j’k(é) =0. 5.7

a0 5ep,

Using definition (2.7) we can obtain that form = k + M,

D, ;1(®) = E iy |2 jkm Liecrcm, | < €1+ Pire, k<T <m,d=i)
(5.8)
+Pisg, (ijm(ai) - 78 (0) > (1 + o) M, j) .

Using the definition of PMI;(6) in (#8) along with the fact that PMI;(6) < a; for any § € A(e, 0,) we get

@ > Zn, sup Piio,(T > Ld = i) > mP (T > L,d=i) > mP gk < T <m,d =)
>0 €0,

= 0a(1 = 0a)'Pjkg,(k <T <m,d =i) forany6; €®;andanyk >0,

so that
Sup Pj)k’gj (k < T < m, d — l) < Q;l(l _ Q(I)_ka’j’i — e_| loga,-,,»l—logQﬁkm R
d€A,

where in view of (5.2) the term @, = —log(1 —g,) — O as «
inequality (5.8)) can be estimated as

— 0. So the first term on the right-hand side of the

max

exp {(1 + o)l ;M,; ; —logo, + kw, +log aj’i} < exp {—82| loga ;| —logo, + kwa} < exp {—82| loga,,, | —logo, + kwa}

jl

and by condition (3.2)) it goes to zero as @,,,, — 0. Therefore, (5.8) and (5.6) impliy (3.7) for any j # i.
Let now i = j. Using the definition (2:3) we can rewrite the inequality (3.8) as

* 1+e) ()M, p* .
D, (8) = E* g, m Lpcram acy]| < e OMiP (k< T <m, d =)

_ (5.9)
+Py (me(ai) >+ s)li(e,-)Miyi) ,
where 7,(6;) = I, (6;, 6;) and where by condition (3:3)
Jim P, (25,1, 0) > (1 + &)I(6)M;;) =0 forany 6; € ©,. (5.10)
Now, the definition of class A, = A(a, 0,) in @.9) implies that for any 6 € A,, any k > l andalli=1,...,N
k
@i = Y mP (T <Ld=i)>P(T <kd=0) ) 0u(l-0)" = (1 - 0a) P(T < kod = i),
>1 (=1
which yields
sup P*(T <k, d=1i) <a;;(1-0,)" = ellogmithon (5.11)

0€A,

Therefore, the first term on the right side of the inequality (3.9) may be estimated as

1+, ()M, —|log o, 1+ @ k+w M, < e—€2| log o |+@  k+w, M,

and it goes to zero for any fixed 0 < k < o as @,,,, — 0, which along with (5.10) implies (5.7) for i = j.
To obtain lower bounds (5.4) and (3.3)) note that for any 1 < j < N

Eiko [(T - k)il{d:i}] > Eiro [(T - k):l{T>k+M,.yj,d:i}] = M P (T >k+M;;,d= i)

9



=M (P (T >k, d=i)=D, ;,(5)) . (5.12)
Using the upper bound (5-T1)), we get
Pio (T>k,d=i)=P, (d=0)—-P,, T <k, d=i
=P, (d=0)-P (T <k.d=i
N
> 1= ) Py d=D-a;(1-0)™"
I=L1#i
Next, it follows from (#8) and (@.9) that for [ # i
a:
sup Py, (T >k, d = 1) < —=(1 = g,)7* = eoembosension
6,€0; o Qo

i.e., forany [/ # iand 6; € O,
Pirod=D=P (T <k,d=D+P,(T>k,d=1)

a;
—k il —k _ loga, +kw loga,,~logo, +kw
Syl -0+ —=(1 —g,)" = 8% Tu 4 08T 08T,

a

Thus, in view of (3.2) for any 6; € O,

Piio T>k,d=i)—>1 as a,, —0

max

and using (5.12) and (5.7), we finally obtain the asymptotic inequality

|log aj,i'

Eike, [(T - k)illd=il] > I, (6,,6))
Lj\o

(I-e)

] (I +o(1), amex—0

(where o(1) — 0), which holds for an arbitrary € € (0, 1), so letting € — 0 implies lower bounds (5.4) (for j # i) and
(33) (for j = i). The proof is complete. [

5.2. The local constraints setting

To find asymptotic lower bounds for the problems (2.10) and (2:11)) in addition to condition (A;) we impose the
following condition.
(H,) The parameters o, m* and k* in @.I1)) are functions of B, i.e. o = O0p M" =mg; and k* = k;, such that

B
2)
| log o4l [loga;~|
lim 0;=0, lim ——2— =0 and lim max |——0 —1=1, (5.13)
B0 Bra—0 |log '), Bu—0 1<i.j<N | |1logB; il
2
where ) = max, g, i<y a/l(.,j) and B, = max, ; i<y Bi i
For example, we can take
. 1
m;; = [|lo - , ki=km’ and = 5.14
B [l gﬁmml/gﬁ] 5 B Qﬁ 1 ¥ |10gﬂmax| ( )

where [x] is the integer part of the x, B, = min, ¢, ;v B; ; and k > 1 is some fixed number.
The following theorem establishes asymptotic lower bounds in class of detection-identification procedures H (8, k*, m*).

Theorem 2. Assume that conditions (A1) and (H,) hold. Then, foranyr > 1,k > 0,1 <i < Nand6; € 9,

infoo R (S)
liming 6€H(ﬁ,kr,m) i k0,
Brax—0 b,"ﬁ(gi)

>1, (5.15)

where the denominator b, 5(6;) is defined in (-1) by replacing the matrix a with 3.
10



Proof. First of all, note that the last condition in (3.13) implies that for any 1 < i < N and 6; € 0,

i b; . () |
1m - =
Braux—0 b, 5(60;)

max L

It is clear that the last inclusion in #.12)) implies that for all k > 0 and sufficiently small 8 > 0

inf R ., > inf R, ,G6)> inf E , ,|(T-k"1,_.|.
SeH(BK m") ke (0) = SeA(2.05) iko(0) 2 SeA(@2.05) ki [( )% {d"’]

Now, the lower bounds (5.13)) directly follow from the lower bounds (5.3) and condition (H;). [

6. Upper bounds and asymptotic optimality
We begin with studying the sequential procedure @.3) for large threshold values A;;. For any matrix A =
(A; Di<ijen With A; ;> 1 and any € O, define

B, (¥ log 6.1
(@) = max ) (6.1)

where the “information” functions ¢, ;(-) are defined in (3.I). We need the following condition:
(H,) The matrix A = (Ai,j)lgi,jgzv is such that

max, .y logA,
. 1<j<N i,
lim max |[——2S— — % _11=0.
A, =00 1SN logA;;

Proposition 2. If conditions (A,) and (H,) hold true, then for any 1 < i < N and any compact set K C O the
sequential procedure @.3), in which |log ol = o(logA,,;,) as A,,;,, = oo, admits the following upper bound

min n

li Rika O 6.2)
imsup max sup sup , .
A, o0 ISISN geK 1<k<k, B;,A(Oi) b

min

where 6 = (0,,...,0y), A,,;, = min, ¢, ;v A; ;and K, is such that k, = o(logA,,;,) as A,,;,, — co.

min
Proof. First, note that in view of (#.17) &’ belongs to class A(o, @) with

1 1
%= Tia, e Y T A Aj,ill#jl'

Therefore, using the upper bound (@13)), we obtain that uniformly over 1 < k <k,

N
* * * — 1
Piuo Ty >k =P (T >k >1-(1-0) kz —
Jj=1 + JiJ
SR
21_(1_Q)_k*ZI+A,,_> 1, Amin_>oo‘
j=1 JJ
Therefore, to obtain the inequality (6.2)) it suffices to show that
. Ei,k,el. [(TZ - k):]l{dzzi}
limsup max sup sup < 1. (6.3)

. r
A oo ISISN geK 1<k<K, Bi,A(Hi)

min

11



Note also that by condition (A,) for arbitrary 0 < & < 1 we can chose such 0 < ¢ < 1 for which {¢ : [ -6, < ¢} C
©®,; forall 1 <i<N,

Uj() = max supz n! supP; ( inf Z

ISISN geK k=0 lu=6,|<¢ ’k“'(u) <= S)Ii(ei)n) =
i€

n=1
and

U () = max su 7! max P inf Z5 ) -7, <(1-8)l(6)mn|< oo
Z(Z) oy eig][;; o<kesn i.k.0; (I “61<¢ k+n( ) Jjk+n ( )1( 1) )

Now, for an arbitrary ¢ € ©,, we set

1+e

max, ¢ jcy logAiyj
1-¢ 7 4B 4 (D) S

6.4
log A ©4)

n; —nA(ﬂ)—

+1 and i, =

Note that in view of the properties (3.1)) and the fact that k, = o(log4,,;,) we can conclude that for a sufficiently large

*
A, we have k, < {n’. Moreover,

min

Eig, [T =0 ey | < D 0Py (T > kam) ST+ iy + ) w7 Py (Th, > k+m). (6.5)

n>0 n>n;

Now, the definition (#.4)) implies that

P (T* >k+n)—P max min <Ul>i’j<1 <ZN:P (<U > <A>
ik,0; iA i.k.0; <<k 1< <N A,‘j X - i.k,0; k+n ~i,j ij) »
s =
ie.
N
Piro (Tia > k+n) < D7 Py (log < Uy, >, < logA, ) . (6.6)

=1
Using (#3) we obtain that for i # j

P, (log < Uy, > <logA; ) Pixa, (log Liiin log/I:j!kM < logAi,j) (6.7)
and fori = j
Pico, (10g < Uy, > < logA;;) =P, (logLy,,, - (k+n)log(l - o) < logA,;) . (6.8)
Note that
logL;,, > logm, f{l e g L Wi(dv) > ol 1nf sz+n(u) +1,(0),

where 1,(0) = —logo — k, log(l — o) —logW,(z € ©; : |z—6;] < ). Since |logg| = o(log A
we get

min) and k, = o(logA, . ),

. max;<;<ny 1;(0)
lm ———————— =
A . —oo IOgA

min min

Obviously, logL < Z%, . . Moreover, taking into account that forany 1 < j < N

Joktn X “jkin

T a-ale)
we can obtain that for any j # i, 6; € ®;, n > n’ > k,/{ and 0 < k < k, and for sufficiently large A,,;, for which
max,; .; <y l;(0) < elogA

min

Pirg (log < U,,, > <logA, ;) < P, ({Ulgf;“ 2l @) =7y, <10g A, + 1,.(g))

12



. ! g — (0
< s Pan (0, 2~ Z0, < 1 o)

and

Piko (10g < Uy, >< logAii) < Piro, (‘ in‘f Z{(kJ, (v) <logA;; + li(Q))
k., 0; B s R Ny s

. / s
< Orgné)zn Piso (|u1f9l,-|f<ng”+"(v) <(1- e)Ii(Gi)n) .
Therefore, from (6.3) we get
Eir [(T5 - k):l{dzzi]] <1+m) + U0 + U
1+&) . .
<1+ (:) B, 0) + U0 + U3,

and using the condition (H,), we get

limsup max sup sup
A

Eike, [(T; - k):-l{d:\:i}] o (1 + s)r

. r
oo ISISN geK 1<k<k, B ,(6) l-e

min

Since € can be arbitrarily small, taking the limit as € — 0, we obtain the bound @), which completes the proof of
Proposition]2} O

Remark 2. If both left-tail and right-tail conditions (A ;) and (A,) hold along with conditions (H,) and (H,), then
inverting the equality (4.19) and using Theorem (with S8 replaced with A~") and Proposition [2|simultaneously it can
be shown that the following asymptotic equalities for the moments of delay of the procedure d4 hold for any fixed &,
;€®;andalli=1,...,N:

logA, ; logA; logA,
Riko(04) = max 11+ 0(1) = max{ ~g L max —

ISUSN 4§ D) 1,(6) TI<jHSN I,'j(ez)

}(1 +0(1)) asA,, — oo.

To obtain the optimal detection rate we need to impose the following condition:
(H;) Parameters 0°P" and k* are functions of B, i.e. 0°7' = g;p K= k; and m* = my, such that

|log ag,lj? |
[logp; |

lo opt )
M =0 and lim max
Bra=0 1108 B0, B0 1<ij<N

ll =0, (6.9)

where
(1) k* k*
Q; ; =Bl - 0" l{i:j} +,35,j.90‘m(1 -0 1[i¢j>'

For example, for some k > 1 we can take

logf,,. y [log B,,..lo 1
m; = [M . ky=km, 7= £ i 05 = . (6.10)
Qﬁ |10gﬁmm|(l + |10g'9ﬁ|) 1 + |10gﬁmax|
Then under the conditions
log |1 ) max; ¢ i<y [10gg: ]
0g1108Buinl _ oy and fim max | <isv 8P| 6.11)
Bax—0 | logﬂmaxl Buax—0 1SISN | logﬂi,i|

we obtain that the conditions (H,) — (H;) hold.
13



Denote by &' = (T°"",d°"") the procedure (#3) with ¢ = ¢°”" and

1+tp I+up
_ p0pt _
A = A (ﬁ)_(/ul——gw’f)'(* ) ) = o (T — g @12
that is,
Tgp’ = lgignjv T;fg’ and dg'” =i if ng’ = T;;P’, (6.13)

where

T —infdn >1: min M;l . (6.14)

ip 1I<j<N - A (B)

2y

The following theorem deduces the pointwise and minimax optimality properties of the procedure 62p !

Theorem 3. Assume that conditions (A|)—(A,) and (H,)—(Hy) hold true. Then the procedure 6’;’” is optimal in the
pointwise sense, i.e., for any 0; € ©,, 1 < i < N, and for every fixed k > 0

infscp g1 m Rike(O) R 1o (607
CHER O T 1 and lim P, (6.15)
B Ry (G5 B B (6)

Also, for any Kk, = o(|logB,,..]) as B,,.. — 0 the procedure 6;’7 " is optimal in the minimax sense, i.e., for any 6; € ©,
and 1 <i <N,

. t
. mf&eﬂ(ﬂ,k*,m*) max; <k, Ri,k,ef (9) max; i<k, lee (5op )
lim — =1 and lim =1. (6.16)
‘Bmx—>0 maxlgkgk Ri,kﬂi(éﬁp) ﬁ,,,ux—>0 i,ﬁ(el)

Proof. By condition (H;)

[log A7 (B)]
|logB j,il

so that using the asymptotic upper bound (6.2) in Proposition 2] we obtain the asymptotic upper bound

lim max
B,..—0 1<i,j<N

‘max

E)

Riso, (G5
limsup max sup sup ———— <
B0 I1SISN geK 1<k<k, Bi,ﬁ(@)

max

(6.17)

Comparing this bound with the lower bound (5.3) in Theorem|[I]yields (6.13) and (6-16). O
The next theorem also shows that the procedure 60’7 ' = (T, d°P") is “robust” in the following sense

Ri 6,0
R*(é) = sup max ax KO
0c@ 1<I<N 1<k<k b’ ( 1)

(6.18)

Theorem 4. Suppose that conditions (A |)—(A,) and (H,)—(H;) hold and k, = o(|1ogB,,,.) as B,.. = 0. Then

max

infy g my RE0)
lim — ) 6.19)

The proof is similar to the proof of Theorem 2 in [[13]] for the single-stream detection problem and is omitted.
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7. Detection-identification of changes in homogeneous Markov models

Let the observations (X; ,),~; be time homogeneous Markov processes with values in a measurable space (X;, 8;)
defined by a family of the transition probabilities (Pf"(x, A))p.co for some fixed parameter set ®; € R”. In the sequel

we denote by Ef”‘x (+) the expectation with respect to this probability. Moreover, we assume that forany 1 < i < N
the observations (X;,),~; are Markov processes, such that (X;,);<,<, is a homogeneous process with the transition
(from x to y) density f(ylx) and in the case when v = +oo this process is ergodic with the ergodic distribution 4, ;.
We denote by P* the distribution of the observations (X;,);<;<y,> Of this process when v = co. The expectation
with respect to this distribution will be denoted by E*(-). In addition, we assume that for any 1 < i < N the process
(X;))>, 1s homogeneous positive ergodic with the transition density f; , (vx) and the ergodic (stationary) distribution

Ay, (0 € ©,). The densities f;"(ylx) and (f; 4,(¥|x))g_o are calculated with respect to a sigma-finite positive measure ;
on B;. In this case, we can represent the LLR process an(u) defined in (2.6) as

: LiuO1%)
7k () = E X LX), gi(u,y, x) = log = ) (7.1)
= AR

We also assume that densities f; ,(y[x) are continuously differentiable with respect to u in a compact set @,- c o,
Now we set
h(x,y) = max max max [0g;(u,y, x)/@uj| (7.2)
1IN 4ed, 1</<p

and

hy(0;,y) = f h(y, x) f;6.010) ;(dy),  6; €O;.
X;
For some q > 0 define
g:‘l(x) =sup max sup Ef”x lg; (6, Xi’n,Xi,,H)Fl

n>1 ISISN geo,

and
I (x) = sup max sup EV |A(X,,, X;, I (7.3)
a n>1 ISISN geo, " T
Also, define
S0, x) = f 8i(01,y, %) fi6, (1) p(dy) and  JI(6;,x) = f 801, , ) £ (%) py(dy) . (7.4)
X; X,
Obviously, J;(;, x) > 0 and J7(6;, x) < 0. Write
J.(6) = f J{6;, XA, (dx) and T (6) = f T (6;, 02, ;(dx) . (7.5)
X, X,

i i

Introduce the following conditions.
(C)) Forany 1 < i < N there exist sets C; € B; with 1;(C;) < oo such that

(CLY) f, =min, g,y infy o inf, o0 fig01x) > 0.
(C1.2) Forany 1 < i< N there exists X; — [1, c0) Lyapunov’s function V, such that

o V.(x) = J(6;,x) and V(x) = Ei(Qi, x) forany 6; € ®; and x € X; .
e max; ;cy Sup, . V;(x) <oo.

o There exist 0 < p < 1 and m* > O such that forall 1 <i < N, x € X;and 6; € O,

12

EX V(X)) < (1= p)Vi() +m* 1 (). (7.6)
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(C,(q)) There exists q > 2 such that forany 1 <i < N

sup E" [g, (X; )] <o, sup E*[ (X;)] <oo and sup E"[v (X;,)] <
k>1 k>1 k=1

where the functions g:;(x) and h:‘l(x) are given in (71.3) and

vi()=  sup  sup EJ, Vx| (71.7)
1<i<N, 120 6,€0, ’

(C5(q)) The function g;(u,y, x) can be represented as
gy x) =T W) = Y @ (g .) (78)
I=1

with aj‘](u) and 8, %) such that forany 1 <i< Nand1 <I<m

Zgl l( tj’Xi,j—l)

j=1

q

supla;,(u)l <o and supn —92E*
ueo; n>1

< 00,

Theorem 5. Assume that conditions (C,) — (C5(q)) hold true and the functions 7:'(91‘) and —7:?(9,-) defined in (T4) are
continuous and positive for 0; € ©,. Then conditions (A ) and (A,(r)) are satisfied for any 0 < r < q/2 with

1,0,,0)) = T(0) 1y + [T,(6) — T (011, (1.9)

{i#j}

Proof. Note first that conditions (3.3) and (3.4) follow from Theorem 8 in [13]] that uses the uniform geometric
ergodicity property and concentration inequalities methods developed in [3| [4]. To prove condition (3.5) we observe
that condition (C;) and the Chebyshev inequality imply that for any a > 0

sup n%? max max P* (sup IA" 6))] > an) < o0, (7.10)
n>1 1N 1<k<n \geo

where
n

A0 =2ZE =T 0=l = > (205X, X, 1) = T;(6))

Jj=k+1

Taking into account that 7; (6;) < 0, we obtain that forany e >0and 1 < j < N

1<k<sn

P* (Z’f > sn) < P*| max sup IA LDl >enf<n max P*| sup IA L)) > en
o ISksng;e0, 0;€0,

Therefore, (7.10) implies the condition (3.5) for r < q/2. O
Remark 3. The function 7i(-) is called the Kullback-Leibler divergence for the Markov processes (see, e.g., [3]).

Note that condition (C1.1) does not always hold for the process (Xm)@1 directly. For example, this condition
does not hold for the practically important autoregression process of the order more than one. For this reason, we
need to weaken this requirement Similarly to [12] we assume that there exists p > 2 for which the process (X} ), >

forv,=v/p—tand 0 < — 1 defined as X‘ =X satisfies the following conditions:

inp+i

(C)) There exist sets C; € B wzth 1 (C)) < o0 such that

(C'1.1) minlgigzv inf1glgp inff),-e@, infx’yec ﬁei(ylx) > 0, where ﬁei(ylx) is the transition density for the process (i;,n)@?'
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(C'1.2) Forany 1 < i< N there exists X; — [1, o0) Lyapunov’s function V; such that

0;
EV [Vix,)]
max max sup sup ————— < o and sup 4y (V,) < .
ISISN 1SJSP geo, xex,  VilY) 6,<8,

o V.(x) = J(6i,x)and V,(x) > 71,-(0,~, x) for 6; € ®; and x € X; and max; <,y SUP, o SUP V,(x) < co.

o Foranyl <i < N, there exist 0 < p < 1 and m* > 0 such that forall x € X;, 6, € O, and 0 <t < p—1

xeC;

Ef VX D] < = p)Vi(0) + m* 1 (). (7.11)
Similarly to Theorem 5| we can prove, using Theorem 9 in [13]], the following result.

Theorem 6. Assume that conditions (C}) and (Cy(q)) hold, the processes (3(,;,”)@7 satisfy the condition (C4(q)), and
the functions 71'(91') and —.7?(6’,-) defined in are continuous and positive for 0; € ©,. Then conditions (A|) and
(A,(r)) hold for any 0 < r < q/2 with the functions I, ; defined in (7.9).

To check the condition C;(q)) we need to obtain concentration inequality for the homogenous Markov process
(X ,)n>1 With the transition density f;"(ylx). The following condition is sufficient for this purpose:
(C;(q)) Forany 1 < i < N there exist sets C; € B; with u,(C;) < oo such that

1. min1<i<N infx,yeci fl.*(ylx) > 0.
2. Forany 1 < i < N there exists X; — [1, 00) Lyapunov’s function V; such that

® max; iy SUP V(x) < oo

o There exist 0 < p < 1 and m* > 0 such that forall 1 <i < N, x€ X;and 6; € ©,,
Ei[Vi(Xi,l)] <A -pV,(x)+m" lci(x). (7.12)
o There exists q > 0 such that for any x; € X,

max sup E7 [V(X; )] < c. (7.13)
ISISN . j>1 i ’

3. The functions g;,(y, x) in (1.8) are such that for any 1 < i < N and x € X;

max

< Vix) and sup E}|g; (X,
1<I<m :

z,j’Xi,j—l)lq <00,
jz1

f 80 0 f Ol (dy)
X;

Proposition 1 from [[12] provides the following result.

Proposition 3. The condition (C*;(q)) implies the condition (C5(q)).

8. Examples

8.1. Example 1: Change in the parameters of multivariate linear difference equations

Consider the multivariate models in R” given by
X, = (T Mny + T Moy ) Xy + Wi 8.1

where I’} and I';, are p X p random matrixes and (w;,),~, is an i.i.d. sequence of Gaussian random vectors N(0, O7)
in R” with the positive definite p X p matrix Q;. Assume also that

' =6 +B, and T, =6+B,, (8.2)
17



and (B, ,),>; are i.i.d. Gaussian random matrices N(0, Q,), where the p* x p* matrix Q; = E[B; | ® B; ] is positive
definited. Assume, in addition, that all eigenvalues of the matrix

E[l":.t1 ® 1";1] = 0;‘ ®9;‘ +Q;
are less than one in module. Define

G);” ={6; € R” : max e0:;®0;+ Q) < 1}}\ {6}, (8.3)

1<j<p}

where e(I') is the jth eigenvalue of matrix I', and assume further that in (8-2) the matrices 6, € ®". In this case, the
processes (X; ,),>; (for v = o) and (X; ), (for v < o0) are ergodic with the ergodic distributions given by the vectors

n>v
[Lel]
-1 -1
S = Z l—l r;]’ wy and g4 = Z 1—[ L Wi
=1 j=1 =1 j=1

i.e., the corresponding invariant measures 4, ; and 4,,; on R” are defined as
A,(dx) =P(s; €dx) and 1,,(dx) = P(5;4 € dx)

Note that in this case the Markov processes (Xi,n)ngv and (X; ), have the following transition densities in R”, 6; € O,

n>v

' = ) 8.4
N = ceres B T VEN et e ®H

o) =

where 77(y, x) = G; 2 (x)(y — 6:x), 1, ;(v, X) = G, *(X)(y - 6,x), 6; € ©, and
G,(x)=E [Bi’lxx'Bl’.,l] + Q7 = Q; Vect(xx') + O .

Therefore, in this case,

fi,01) X0 G (x) 0 x — X6 G (x) 6; x
[ 91', ) = l — = ,G-_l 0, - 0* + L L d ! ! .
8i(6i,y, x) = log ) Y G (x( )x >
Now we set
n—1
L[,n — Qo[?t a- Qopt)k f 82?:k+1A’;(Qi,X[./,X['j_l)Wi(dei) (8.5)
k=0 o,
and
n—1
Ein =07 % (1 -0 sup et 810Ky Xij) (8.6)
! k=0 00,

where 07" is defined in (6.10). The random N x N matrix (&.3) has the following form

L, .
<U,>==" ifi#jand <U,>;=—>"—, (8.7)
L, ! =

and the corresponding change detection-identification procedure 63" = (74", ;") is defined by (6.13)-(6.14) with

the threshold matrix A = A" given by (6.12).
As shown in [13]], conditions (C,) and (C,(r)) hold for any r > 0. Moreover, one can calculate directly that

1 ’ 1\ / el ok
Ti0) = 5 E |67, = 07 G (530)(0: = 651 |
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and 1
T16) = ~5 E (66~ 6, G (60 = )57 |
To check the condition (C;) denote 5,» = 67 — u. It can be easily shown thatfor 1 <i< N

P P
gi(u,y, x) = J, (u) = Z <>, Z Dﬁ’;’l&)?k(x) <y, x) >,
158,=1

k=1

1 < _ _ ,

i (i,2)
5 E <O > (<0;> DL,

S1585553585, =1
(i,1) — -1/2 2
where DS’]’SZ’k(x) =<G; ""(x) > k<X > D(v‘1 32 o (x) S Sty (x) — E*[bsl Spss’s_@(gf)] and
— -1
by s, () =< X > <X > <G(x) >

Note that for any z € R” and 7] = 1
7 G(x)z = [x*(Vect(XZ))' Q; Vect(xZ) + 2/ 0z,

where X = x/|x|. Taking into account that the matrices Q; are positive definite, we obtain that for some ¢, > 0

c
max |G7l(x)| < —— . (8.8)
I<i<N ! 1+ |x]?
Therefore, the functions D( b (x) and bs 38, (x) are bounded. Moreover, as shown in [13] (Example 1), the Lya-
I 2

punov function for the process (8.1) (w1th V= +00) has the form
V) = v (1 + (@ Tx)’)

for some constant v* > 1, a fixed matrix 7 and any 6 > 0. Since in this case max; ;< Sup ;- E*[XI.ZJ.] < 0o, we
obtain that condition (C3(q)) holds true for any q > 0. Now, taking into account that under F{* the random vectors
(r]j‘(Xl-,j,Xl-’j,l))lgl-@,’j>1 are i.i.d. (0, Ip) Gaussian (Ip is the unity matrix in R”), we obtain the condition (C;(q))
for any g > 0 using Proposition |3} Therefore, Theorems |3[ and E imply that the sequential procedure 6;” " defined in
(6.13)-(6.14) is asymptotically optimal and robust in the pointwise and minimax senses for any compact sets ®; C @'
and for any r > 0.

8.2. Example 2: Change in the correlation coefficients of autoregressive models
Consider the problem of detecting the change of the correlation coefficient in the pth order AR process which in

the ith stream satisfies the recursion

— o (n)
Xin=a X+ va, X, +w;

in’

forn > 1, (8.9)

where a(';) = 6*]1,,<V + 9,,]ln>v and (w;, )n>1 are i.i.d. Gaussian random variables with E[w, ;] = 0, E [w? ] =1.
In the sequel we use the notation 67 = (0* A )’ and 6, = (0;4,...,06; p) Hereafter s denotes the transposmon

operation. The corresponding conditional densmes X W Xin-ts+- s X, forv <nandv>n,6 €0, are

5 2 . 2
7 (v, X)) (11,07, X)) } , 5.10)

1 1 .
[0 = —-—7 ST Xp{—T} and  f;Olx) = a0 XP{— >

where 777 (y, x) = y = (6;) x and 15, ;(y, x) = y — (6;)'x. Therefore, for any 6; € R?, y € Rand x = (x,...,x,) € R”

O () x) — (@x)
2,6,y %) = log J;(yyl) W6 — 0 x % .11
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The process (8.9) is not Markov, but the p-dimensional processes
D, =Xy Xippst) ER?, i=1,..,N (8.12)
are Markov. Now, for any ¢ = (¢,,..., ﬂp) € R? we difine

9, 9 ... O
10 ... 0

A@) =
0 0 ...1 0
Using this matrix it is easy to show that the processes (P, ), <, and (®;,)
equations:

nsv+p Satisfy the following stochastic linear

®,,=A, 0, +w, forn<v and @, =AD, +w, forn>v, (8.13)
where A, ; = A6), A; = A@6) and w;,, = (w;,,0,...,0) € RP. Obviously,
I ... 0
E[aniz]sz . ‘. .
0 ... 0
Assume that all eigenvalues of the matrices A, ; = A;(6}) in modules are less than 1 and that 6; belongs to the set
O = {9 e R : max [e (A, < 1}\ {6}, (8.14)
Ijsp

where e;(A) is the ith eigenvalue of the matrix A. In this case, the processes (8.13) have the ergodic distributions
defined by the random vectors

5 = Z (AW, and gy = Z(Ai)]_lwi,l

I>1 >1

which are (0, F) and (0, F;(#)) Gaussian vectors in R?, where

F' = > (A B(A)" and F9) =) A'BA)".

n=0 n=0

Now we set |

Li,n — Q()pt Z a- Qopt)k f e2$=k+, g[(ﬁ’X;,/*q)f./—l)vVi(dﬁ) (8.15)

k=0 6
and 1
Ei’n — Q()Pl Z (1 _ Qopl)k sup eZ;:kH g,.(ﬂ,X,.'j,@‘._jfl) , (816)
=0 0€0;

where 0°” is defined in (6.10). The random N X N matrix (.3) has the following form

U Lin 4 d <U Liy (8.17)

<U,> === ifi#j an <U,>=—7—"=. .
L, ! =em

and the corresponding change detection-identification procedure 6;p t= (T, d;p ") is defined in (6.13)-(6.14) with the
threshold matrix A = A" given by (6.12).

As shown in [13]], conditions (C’l) and (C,(r)) hold for any r > 0 and any compact sets ©; C G)f’ for the function
1; ; defined in with

J(9) = % @ - 6YF@)(®-6) and J,) = —% @ -6YF@O-6). (8.18)
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It should be noted that in the scalar case, i.e., when p, = ... = p, =1,

@ - 6)? - @ - 6)?

i Tt

Write éi = 07 — u. To check the condition (C,) direct calculations show that for 1 <i < N

= * o 1 ’ * * \/1\ 0
8i(1.. %) = T3 ) = ~Gm,(y.) = 0, (' = Elg],(57,)) ;.

Therefore, taking into account that in this case max; ;< sup; i1 E*|X; ;|1 < co for any q > 0 we obtain that condition
(C3(@) holds for any q > 0. Now, taking into account that under the probablllty measure P* the random variables
(7 ( i D, - 1))1<,< ~. > areiid. N(0, 1) we obtain the condition (C5(g)) for any g > 0 using Proposmonl There-
fore, Theorems I and E imply that the sequential procedure 6 P! is asymptotically optimal and robust in the pointwise
and minimax senses for any compact sets ®; C ®;" and for any r>0.

9. Application to epidemics detection and localization

9.1. Near optimality

We begin with considering the epidemiological statistical models proposed in [1l]. Assume that forany 1 <i < N
the observations (X; ), <,<, and (X;,,),.., are homogenous Markov processes with the values in the finite space (X, p),
X; =1{0,...,D}and {0} = ... = p{D} = 1. In this model, the conditional X; |X;, , densities for n < v and for n > v
are defined respectively as

ff(yIX)=(;C)(P}’)X_y(l—pf)y and  fi, (yIX)—() A-6), .1

where 0 < pi < 1and 6; € ©; C [0, 1]. The probabilities p; are non-epidemic (normal) infection rates and the O,
are the sets of epidemic values of the infection parameters ;. In this case, the functions g; defined in (7.I)) for any
0 < 6; <1, x,y € X have the following forms

JioO%) 0; 1 -6
= =(x-ylog— +ylog——, i=1....N.. ©-2)
7o) VIR TR,

8i(6i,y,x) = log

So the functions (7.4)) are

= 6; 1-6 . ,
Ji(0;, x) = Z ((x -y log o +ylog — p*)(;)éi -6y

1
y=0

and
X

s 91' 1_91' X S\ X— E\Y
Ji(gi9-x) = Z ((X—y)log? +y10g 1 _p*)(y)(pl) y(l _pi)) .

y=0

Obviously, if

n>v*

One can check directly that the set C = {0} is an accesible atom for the Markov chains (X; )
X; -1 = 0 then X; , = 0 almost surely. Define the Markov time

t=infln>1:X _ =0}.

If X;p = Othen7 =1, ie, Ef”x _o[7] = 1. Therefore, for any 0 < 6; < 1 the chain is ergodic with the ergodic
distribution A%(T) = 1{0€r} for any I' € X (point measure). See, e.g., Theorems 10.2.1 and 10.2.2 in [8]. In this case,
for any compact sets @; C ©

min inf inf f,(x)=1.
1<i<N 6,€0; x,yeC
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Let us select
V(x) =V, e, 9.3)

wherey > 0and V, > 1. For any x > 1 we have

EVIVAXD]T 5 V) () e
S = 2V e

x—1 V . ’
= (1-6) + Z; % (;C)e;‘ Y(1-6,)
=

x—1
SU-6)+e7 ) (x)ej‘ya —6) = (-1 =6) +e”
y
y=0

<A-eM1-6)+e”.

So, if we take y = log 2 in (9.3), we obtain that for 1 <i < N and 6; € O,

SACAY <270 o with p= min inf O
V) 2 © p P= II<N 60, 2

By Theorem Al in [13], the Markov chain (X;,)
«* and R*

>y 18 uniformly geometric ergodic and for some positive constants

. 1
sup €“" max sup sup sup —IE?X [gX;,)] —gO) < R".
n>0 ISISN xeX, 6,60, 0<g<V V() * ’

Therefore, Theorem S| implies conditions (A,) and (A,(r)) with 7,(6,) = J,(6;,0) = 0 and 7 (6;) = J;(6;,0) = 0 for all
r > 0. This means that we cannot use the procedures (@.4) for this problem directly. However, in practice the values
of the observations X; , are sufficiently large, i.e., D — oo, and usually the number of the infected populations is not
too large, i.e., X;, > €D for some 0 < € < 1. So it is more natural to modify the initial model and study the limiting
model when D is sufficiently large. Note that in this case observations in the binomial models (9.1)) can be represented

as
X

in—-1

X = (=X, + Y (= 1+8),
j=1
where (17, ;) >, is i.i.d. sequence of Bernoulli random variables with P(77, ; = 1) = 1 — ¢ and independent from X; ,_,
and where ¥ = 6; and p; in the post-change and pre-change modes, respectively. Using the Gaussian approximation

for the last sum
X

in—1

1
3 = 149) ~ NO.03). o =91 - D),

V Xi,n—l Jj=1

we obtain the following model

X;, = (1 - ﬂ)Xi,n—l + Ty |Xi,n—1|§i,n s

in

where (¢; ,),,>; s the sequence of i.i.d. normal N(0, 1) random variables.
Thus, in place of the original Bernoulli model we will use the following model: the observations X; ; before change

are defined as
Xin = =pDXipy + 0 \IXiol &y 07 = P (L= pY), 9-4)
Xin =0 =00, 1 + 04 \[Xipil &> 9.5)
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where 6; € ©; c [0,1] and (§;,),>; are i.i.d. N(0,1) random variables. In this case, the spaces (X;, B;,y;) are:
X =R, =R\ {0}, B, = B(R,) is the Borel field and y; = u is the Lebesgue measure on B(RR,). Obviously,

1 _[y—(l—p*)x]z} _ - (1= 6P
o= mexp{ e nd fy 00 = s exp{ e S

Using definitions (7.2) and (7.4) we obtain that for x € R,

o . 1 (v, %)) (g, x))°

i 91‘, > =1 —_ ’ 9.7
8i(0iy, x) = log = > > .7
where a “ (1-6)
* y-—u-=p)x y-Uu-=o)x
7],»()’,)6)2*— and Tli,-(y,x)=—~
o Vil " oy, VI
In this case,
n—1
Li,n — Qopt Z a- Qopt)k f eZ?‘:kH g;(eivxf,j’xi.j—l)Wi(dgi) 9.8)
k=0 6
and |
L, =0 Z (1 — @Y sup ik 80X X500 9.9)
’ pr €0,
where 7" is defined in (6.10). The elements of the random N x N matrix (4.3 have the following form
U Vin i d <U L 9.10
< >, = — 1 1 < >..= > s .
n i T 1fi1#j an n 7= (1 gorty’ ( )

jn
and the corresponding change detection-identification procedure 67" = (T¢", ;") is defined in (6-13)-(6.14) with the

threshold matrix A = A} " given by (6.12).
Let us check conditions (C,) — (C;). To this end, first note that

1 pi(l=p) 6(1-6) (G-p) ]
Jl-(9,~,x)=—(10 R R ~ o — |y 9.11)
2% e - pi=p) " pil=-p)
and 2
1 p;(1=p?) p;(l-=p) (6;—p))
*(6: =—|log~4+—t 41—~ Lo ! . 12
%1 0 ) 2(" oi—6) T a(-6) a0-6)" ©12

Taking into account that the function z —logz — 1 > O for all z > 0 and z # 1 we obtain that inf  J;(6;, x) > 0 and
sup, Ji(6;, x) < 0 for all 6; # pl’f. Recall that p} and 6; are the infection rates, where p* is normal non-epidemic value
and 6; is epidemic value. So, if p, is the epidemic threshold for the ith stream, then ®; C (p;, 1) and for all p? < p;

min inf inf J,(6;, x) > 0. 9.13)
ISi<KN 6,€0  x

Now we need to check the conditions of Theorem[3} First, note that the definition (9.6) yields that for any B > 0

min inf inf inf f, (ylx) > 0.
1<i<N 6;€0; HI<B [xI<B ™

From (9.T7) it is easy to deduce that for any compact sets ®, C (p;, 1)

g’ = max max sup — <00, (9.14)

23



Moreover, note that
gD, y,x)  20-1 (y-(1-MHx)x N -1 -Px)?
09 ) 91 — 9)|x] 292(1 — 9)?|«|

and, therefore, using the definition (7.2)) we obtain

v

2
h(x,y) = max max |0g;(u,y,x)/0ul < h[1+ [x|+ |yl + r s 9.15)
1IN ued, |x]

where /i = max; ;< y MaXyeq. 972(1 — 9)~2. Therefore, taking into account, that in this case Jis01x) = f3(ylx) for all
1 <i< N, we getforany ¥ € 0,

_ _ . 1
7i(9.y) = h(D.y) = f h(y,x)fﬂ<y|x>dy<h(1+|x|+ f DA 0bdy + o f yzfﬂ(ymdy)
R R R

|x

Sh(1+ I+ (1= Dl + oy Vixl + (1= 9)|x] + o5 1xl) < 4h(1 + |x]).
To check the conditions (C1.2) we set

Vix)=V'(1+|x]) and V' =g+ 4h .

For the model (9:5) we have
EV IV )] < V(1 + (1= 0)lx] + oy IXEIE) )
i.e.,
. B VX)) .
limsup sup max sup —————— < 1 — min inf 6;.
Boco  if>B ISISN geo, V(x) 1<i<N 6,€0,

Therefore, there exists B > 0 such that for all |x| > B

1
max sup El.e"x [VX; DI< (1 -p)V(x) and p=- min inf 6;.
ISiSN geo, ' 2 1<i<N 6,€0,

Obviously, this inequality implies condition (C,) with C = {x € R : |x| < B}. Using Theorem 15.01 in [8] and
Proposition [A-T]in the Appendix, it is easy to deduce that the processes (9.4) and (9.3) are stationary with the ergodic
distributions defined by the random variables ¢ and ¢, ; such that for any q > 0

Els’" <o and Elg, |9 < oo. (9.16)
Hence, from (9.11) and (9.12)) we get

_ *(1 - pr (1=6; 6; — p*)?
J,.(e,-)zl(logp’( p,)_1+ 9;(1 0,3 . (* p,)*
2 6;(1 - 6) pi(l=p;)  p:(-ppH)

Elggi,il) 9.17)

and 5
pid=p) | pl-pr) 6i-p)
6i(1 - 6;) 6i(1-6)  6:(1-6)

As far as the condition (C,) is concerned it follows from (9.7) and (9.13) that there exists a constant ¢, > 0 such
that for all x,y € R,

- 1
Ti6) = 5 (log E|g;<|) : (9.18)

2
y
max sup (|g;(6;,y, X)| + h(x,y)) < c, (1 + x| + |yl + —) .
ISISN geo, |x]

Note that for any m > 1 there exists a constant C,, > 0 for which forany 1 <i < N and 6; € ©,
Evo, [ Xim X | < CaX0y + X3,
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Hence, for any m > 1 there exists a constant C,, > 0 such that

EV [82"(0 X, Xy )] < G,y (1+ EF X2+ EL (X,

n in—1

M) < (1 +E 1)

B

and
E 02" (X, X, D] < C,, (14 EJIX2T )
To check the condition (C5) we can obtain directly from (9.18) that for 1 <i< N

w-p;)

ALY
2u(1l — u)

— 1
80,3, = T, () = 5( i )((njf(y,x>>2—1>—

[pid=p)) -
- u(l——u)(u_p")xn"(y’x)'

By Proposition (see the appendix) max; ;< y Sup -, E*IX; ;|1 < oo for any q > 0. Also, under P* the random
variables (177(X; . X; ;_1)1<i<n, j>1 are iid. N(0, 1), so that condition (C;(q)) holds for any q > 0, which implies
condition (C;(g)) for any q > 0 (see Proposition EI) Thus, it follows from Theorems E] and [Z_f] that the sequential
detection-identification procedure 6" = (Tg" ' dg’ ") defined in (6.13)-(6.14)) is asymptotically optimal (as S — 0)

and robust in the pointwise and minimax senses for any r > 0.

(Ixl - Ells;11)

9.2. Monte Carlo

To get operating characteristics of the proposed detection-identification algorithm not only in the asymptotic case
but also for reasonable probabilities of false alarm and misidentification, we perform Monte Carlo (MC) simulations
for the modified Bernoulli model ©.4), (0.3) with X;, = Y;,/V,. The values of Y;, correspond to the number of
susceptible at the n-th point in time for the ith population (n > 0,i = 1,...,N) and the values of V; to the number
of susceptible at the initial moment, i.e. ¥;, = V;. In simulations, we set the initial value ¥;, = V; = 0.5(i + 1) - 10*
for I < i < N. Without loss of generality we assume that the change occurs in the Nth stream. Then (9.4) for
1 <i < N -1reducesto

; ; ) fP’f(l -p))
Xip=U0=-p)X;,_, +0; \/|Xi,n—1|§i,nv o, = % Xio=1,
1

M1 -9
Xy =0 =DX;, +0y \”XN,n—l|§N,n’ Oy = v Xyo =1,
\J N

where ¢ = 9, = p;‘v +(p - p;‘v)l{nw,.
In each MC run m, using formulas (9.7)—(0.10) and (6.12), we get a pair §," = (T,;",d,™) — the stopping time

and (93) to

and the number of the stream where the change is detected (m = 1, ..., M, M is the total number of MC runs).
The theoretic estimate of the expected detection delay for i = N is given by the second asymptotic formula in
(6.15) with r = 1, i.e.,
llog 8 xl
Rnvoy ® max =N for Ov="D.

1SN Ly ;(ON)

Since calculation of ¢ ;(fy) analytically is difficult we evaluate it using MC simulations. To this end, we first estimate
the conditional informations

J(8.%) = f 88,30 f,0l0dy and  J(0.x) = f 883, %) £y
R R

and then we calculate the Kullback-Leibler divergences by MC as

v+K K

- - 1

In®) = D1 Iy, Xy,) and @)= EZ J@,X,,) for 1<i<N-1. (9.19)
n=v+1 n=1
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By the law of large numbers for Markov chains the MC estimates 7,-(19) and 7; () converge to the true values 7,»(19) and
7;(19) defined in (7.5). Then (5.1)) and (7.9) reduce to

Ly j(O8) = Ty(On)1 oy, + Ty (Oy) — max 7;(19))1[ %N} - (9.20)
7

The MC estimate of the expected detection delay (in the Nth stream) is calculated from the formula:

M *,1M
7o L=t T =V imsy Ligim_yy
- . _
T

In particular, for v = 0, which is used in simulations, it reduces to

M

Z T3 gy

m=1

The MC estimate of the false alarm probability (v = +o0) is:
M
—~ St Ye<rimcermey Laow)

Py = max
N )
1<E<K -’ PO Lrnsy)

and the MC estimates of the miss identification probabilities are:

. St Yirmsa i)
P.y = max = 27 for 1<j<N-1.
N <L J
v<t<v+k Z {T;,m >0)

In simulations, we assume that the number of streams N = 5; the parameters of the observed process are pl’.‘ =
1/(100 + i), 1/(50 + i); g = I_J/pj\, = 1.1, 1.15, 1.2; for calculation of thresholds A, ; we use (6.10) and (6.12) with
Bij=7 +1 £=0.3,0.1,0.01 and k = 2, 1.55, 1.23. We also assume that the change occurs from the very begmmng,
i.e., at the time v = 0, in which case ¥ = p.

The results are shown in Table [T] and Table [2] It is seen that the detection-identification algorithm has good
performance. Even for small false alarm and miss identification probabilities the average detection delay is small.
Therefore, we recommend using this algorithm in practice for the detection and localization of epidemics. Also,
the asymptotic approximations for the average detection delay are quite accurate and, therefore, can be used for the
evaluation of the performance of the detection-identification procedure in practice.

Table 1: Operating characteristics of the detection-identification procedure for p} = (MC simulations with 10° runs).

100+1

€ k q ﬁJl N |5zzv |53 N IE’4,N Py R Rn,0.0n
0.3 2 1.1 0.0024 | 0.0027 | 0.0011 0.0007 | 0.00088 || 6.46 | 5.17
0.3 2 1.15 || 0.0018 0.0041 0.0020 | 0.0007 | 0.00154 || 3.32 | 2.95
0.3 2 1.2 0.0036 | 0.0091 0.0044 | 0.0021 | 0.00459 || 2.02 | 2.03

0.1 | 1.55| 1.1 0.0009 | 0.0014 | 0.0008 | 0.0003 | 0.00028 || 7.52 | 6.95
0.1 | 1.55 | 1.15 || 0.0004 | 0.0023 | 0.0013 0.001 0.0007 || 3.75 | 3.96
01 | 155 1.2 0.0014 | 0.0056 | 0.0023 | 0.0013 | 0.0023 | 2.26 | 2.72
0.01 [ 1.23 [ 1.1 [ 0.00016 [ 0.00062 | 0.00014 [ 0.00011 [ <107 ][ 9.96 [ 10.50
0.01 | 1.23 | 1.15 || 0.0001 | 0.0006 | 0.0004 | 0.0002 | 0.00014 || 4.78 | 5.99
001|123 ] 1.2 0.0002 | 0.0019 | 0.0006 | 0.0005 | 0.0008 | 2.77 | 4.12
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Table 2: Operating characteristics of the detection-identification procedure for p; = ﬁ (MC simulations with 10° runs).

2 k q }51 N |52 N l53 N l54 N Py R R0,
0.3 2 1.1 || 0.00076 | 0.00062 | 0.00033 | 0.00016 | 0.0004 | 3.92 | 3.89
0.3 2 1.15 || 0.00078 | 0.00162 | 0.0004 | 0.0003 | 0.0007 || 2.03 | 2.29
0.3 2 1.2 0.0073 | 0.0078 | 0.0019 | 0.0009 | 0.0045 1.24 | 1.65

0.1 | 1.55] 1.1 || 0.0002 | 0.00022 | 0.00004 | 0.00006 | 0.00014 || 4.50 | 5.23
0.1 | 1.55 | 1.15 || 0.00018 | 0.00082 | 0.00026 | 0.00016 | 0.00044 || 2.26 | 3.08
0.1 | 1.55 | 1.2 | 0.00342 | 0.00447 | 0.00142 | 0.00049 | 0.0017 | 1.33 | 2.21
001 | 1.23 | 1.1 | 0.00004 | 0.00004 | 0.00002 | 0.00002 | 0.00002 || 5.74 | 7.91
0.01 | 1.23 | 1.15 || 0.00002 | 0.00022 | 0.00008 | 0.00001 | 0.00008 || 2.78 | 4.65
0.01 | 1.23 | 1.2 | 0.00084 | 0.00145 | 0.00056 | 0.00019 | 0.0003 || 1.57 | 3.35

9.3. Detection of COVID-19 in Italy

In Subsection 0.1 we applied the proposed sequential detection-identification algorithm to epidemic models and
showed it to be asymptotically optimal when the probabilities of wrong identification and false alarm are small. In
this subsection, we demonstrate that the proposed detection-identification procedure can be effectively applied for the
localization of COVID-19, i.e., for the detection of the epidemic anomalies and identification of the affected region.
Consider the case of Italy.

Let H;, be the number of hospitalized people at the n-th moment for the ith region. (Since the shortage of hospital
beds presented a major challenge in Italy during the first wave of COVID-19, we focus on hospitalizations. However,
this model also applies to other kinds of observations, e.g., number of infected people, number of visits to the doctor
[1].) Then, Y;, = V; — H;,, where V; is the total number of hospital beds, i.e., ¥; , is potentially free beds for new
hospitalizations at the n-th moment for the ith region. Then the observation, as in (9.2), will be X;, = Y, ,/V;.

We use the data provided by Sito del Dipartimento della Protezione Civile - Emergenza Coronavirus: la risposta
nazionale (the Italian Department of Civil Protection). This data includes information on hospitalizations by region
each day. We consider five Italian regions: Sicily, Lazio, Tuscany, Venice, and Lombardy. We use the proposed
detection-identification algorithm to detect the presence of COVID-19 in a given region. Fig. |l| shows raw observa-
tions for five different regions, detection and identification of a region with a COVID outbreak in Italy by the proposed
algorithm (blue vertical line), and the official introduction of a regional quarantine (red vertical line) in Lombardy.

It is known that Lombardy became the epicenter of the spread of COVID not only in Italy but throughout Europe.
According to Fig. |1} the proposed algorithm detected COVID in Italy 9 days prior to the imposition of quarantine
protocols in Lombardy (February 28, 2020 vs. March 8, 2020). The proposed detection-identification algorithm could
therefore be a useful tool for researchers and public health aurhorities in detecting and localizing epidemics.

10. Conclusion

1. In this paper, we ignore the possible indifference zone ®;,4 of parameter values where the probabilities of false
alarms and misidentification are too close to be reasonably distinguishable. In the indifference zone, the constraints on
the erroneous decisions are not imposed, but still, the expected detection delays (or more generally moments of delay)
have to be minimized for all possible parameter values, including those in the indifference zone. The modification of
the proposed procedure to take into account an indifference zone, if needed, is straightforward. For the sake of brevity,
the details are omitted.

2. As in the recent paper by Tartakovsky [16], we focus on the multistream changepoint model 2.I)-2.2). It
is worth noting that the same results hold in the single-stream detection-isolation problem when the observations
{X,},>1 represent either a scalar process or a vector process but all components of this process change at time v.
Specifically, in change detection and isolation, the post-change hypothesis H,;¢,, 8 € ®; corresponding to the ith type
of change usually involves unknown parameters 6; and, therefore, is composite. Under the hypothesis H,;4,,0 € O;

27



100 4

095

090

Observation

0.85

Lombardy
Sicily
Lazio
— Tuscany

— \eneto

= DI by algorithm

=« Quarantine in Ll::-mhardy: |
{ I ] o i i [-— ;

080 +

0.0 25 5.0 75 10.0 125 150 17.5 200
Day

Fig. 1: Detection and identification of the region with an outbreak of the COVID-19 epidemic in Italy: the proposed algorithm vs. the imposition
of quarantine protocols in Lombardy. The time of detection and identification by our algorithm is shown by blue vertical line and the time of the
official imposition of quarantine protocols by red vertical line.

the post-change conditional density function is ﬁ,giyn(X,,IX'l"l), n > v, while the pre-change density is f,f(X,,lX”‘l),
n < v, where X’ = (Xj,...,X,). Hence, introducing parametric families of densities {f; 4,(X,/X""!),6; € ©;} and for
i=1,...,N and O; C O considering the modeﬂ

q(X") for v > n;
QX)L fi,é)l.,l(Xllxl_l) for v<n

where p(X"|H,,;g,) stands for the joint density of the first n observations X" conditioned on the hypothesis H,,g,
and *(X*) = Hf:l f[*(XZIXH) for s > 1, we arrive at the single-stream model that has all features of the previous
multistream model ZI)-(2:2). In fact, setting X, = (X1, - - . , Xn.n), Where the components of this vector are mutually
independent and assuming that the change may occur only in a single component, we obtain

p(X"|H,;q,) = (10.1)

MY, qi (X1 for v>n:
QX)) Tyt fiad Xl XD Thiggwian [y £ XGIXED  for v<n

where X! = (Xy4,...,Xin), X" = (X],...,X}), and q;(X*) = [],_, ffl(XﬂXf_l)- Obviously, this joint density is
the same as the one in (2:4), so that in the case of mutually independent streams the multistream model defined in
2I)—(2-2) is a particular case of the model (T0.1).

3. All previous results can be generalized for the case when the change points are different for different streams,
i.e., whenv = v;.

4. For independent observations as well as for a variety of Markov and certain hidden Markov models (see, e.g.,
Subsections @ and (8:2) and Section EP’ the decision statistics < U, >, ; defined in (#.3) can be computed relatively

pX"|H,y;g,) =

1Often, 6; = 6 does not depend on i in practice.
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easily, in which case implementation of the proposed change detection-identification procedure is not an issue. In
general, however, the computational complexity of rule 4 may be high. To avoid computational difficulties rule 54
can be modified into a window-limited version where the summation in the decision statistics over potential change
points v is restricted to the sliding window of specific fixed size £ = £, which is a function of the error probabilities
constraints 8. Following guidelines of [16] (Ch 3, Sec 3.10) where asymptotic optimality of mixture window-limited
rules was established in the single-stream case, it can be shown that the window-limited version of the multihypothesis
detection-identification procedure also has asymptotic optimality properties as long as the size of the window £z goes
to infinity as §,,,x — 0 at such a rate that {g/|1og Bax| — 0.
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Appendix A. Moment properties of the epidemic models

Proposition A.1. For any integer m > 1 and for any compact set ®; C © the process X;, defined in (9.4) and
has the following moment properties

El. (in)zm Efx (Xi,n)z’"
supsup max —-———— < o0 and SUpsUp mMax sup ————— < . (A.1)
xeR 30 1SSV 1+ x xeR 120 1SISN ye@, I+x

Proof. We prove only the second inequality in (A.I) since the proof of the first one is essentially similar. To this end,
we first show that for any x € R

sup max sup E? (X2 1< 2+1. (A2)
020 1SISN geg, "

It is easily seen that for the model (9.3) we have

Efx [an] <(- ﬂ)zEfx X2 1+0oE X,

in g ix

For the sake of brevity write y, = E? [X? ]. Taking into account that x < 1 + x?, we obtain

Y S A =07y, + 0y LA =07 + 0gly,y + 0 = (1= 0y, +07.

Let now v, =y, — (1 - %)%y,_,. Clearly v, < 03 and
2 C j 2, 2 2 %5
v, =22 (1 —19)”+Zﬁ" Ty, < x +0'19Z(1 —9Y = =,
J=1 j=0
This implies inequality (A.Z)) and, therefore, the second inequality in (A.T) for m = 1.
For an arbitrary m > 1 this inequality can be proved by induction as follows. Assume that the second inequality

in (AZJ) is true for m — 1 and m > 2, i.e., there exists a constant C,, > 1 such that foranyx e R,k > 1,1 <i < N

and ¢ € O,
EV (X" V1 < C, (1 + 2270). (A3)

To show that it holds for m, using the initial condition X; ; = x, we represent the process as

k
Xy = (1= x+oy Y (1= Xl

J=1

29



By the Holder inequality,

O.Zm k )
9 2m 2m—11 ,2m 9 k—j9 m g2m
EL X< 20 L2 4 i D (= ) B XM
j=1

2m—1| ,2m 9 m
<2 X+ o sup E7 1X; |
k=0

Now, using the induction assumption (A23)) and that |x + y|* < [x]* + [y|* for 0 < @ < 1, we obtain

m/(2m-2)

_1y\n/(2m=2) _ _
E? IX,," < (Efx|xi’k|2<m ‘>) < cmiem=2) (1 + xAm ‘>) <cC, (1 + x””) .

This implies the second inequality in(A-T), completing the proof. [
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