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INVARIANT GENERALIZED IDEAL CLASSES
STRUCTURE THEOREMS FOR p-CLASS GROUPS
IN p-EXTENSIONS

A SURVEY

GEORGES GRAS

ABSTRACT. We give, in Sections 2 and 3, an english translation of: Classes
généralisées invariantes, J. Math. Soc. Japan, 46, 3 (1994), with some im-
provements and with notations and definitions in accordance with our book:
Class Field Theory: from theory to practice, SMM, Springer-Verlag, 229 cor-
rected printing 2005. We recall, in Section 4, some structure theorems for finite
Zp|G]-modules (G ~ Z/pZ) obtained in: Sur les ¢-classes d’idéauz dans les
extensions cycliques relatives de degré premierf, Annales de I'Institut Fourier,
23, 3 (1973). Then we recall the algorithm of local normic computations which
allows to obtain the order and (potentially) the structure of a p-class group in
a cyclic extension of degree p.

In Section 5, we apply this to the study of the structure of relative p-class
groups of Abelian extensions of prime to p degree, using the Thaine-Ribet—
Mazur—Wiles—Kolyvagin “principal theorem”, and the notion of “admissible
sets of prime numbers” in a cyclic extension of degree p, from: Sur la structure
des groupes de classes relatives, Annales de I'Institut Fourier, 43, 1 (1993).
In conclusion, we suggest the study, in the same spirit, of some deep invariants
attached to the p-ramification theory (as dual form of non-ramification theory)
and which have become standard in a p-adic framework.

Since some of these techniques have often been rediscovered, we give a sub-
stantial (but certainly incomplete) bibliography which may be used to have a
broad view on the subject.

1. INTRODUCTION — GENERALITIES

Let K/k be a cyclic extension of algebraic number fields, with Galois group G, and
let L be a finite Abelian extension of K; we suppose that L/k is Galois, so that G
operates by conjugation on Gal(L/K).

We shall see the field L given, via Class Field Theory, by some Artin group of
K (e.g., the Hilbert class field H}E of K associated with the group of principal
ideals, in the narrow sense, any ray class field H;;m associated with a ray group
modulo a modulus m of k, in the narrow sense, or more generally any subfield L
of these canonical fields, defining Gal(H;am /L) by means of a sub-G-module H of
the generalized class group C@Qm o~ Gal(H;gym /K)).

We intend to give, from the arithmetic of k and elementary local normic computa-
tions in K/k, an explicit formula for

#Gal(L/K) = #(Cf . /H)C.

This order is the degree, over K, of the maximal subfield of L (denoted L") which
is Abelian over k.
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2 GEORGES GRAS

Indeed, since G is cyclic, it is not difficult to see that the commutator subgroup
[[,T] of T := Gal(L/k) is equal to Gal(L/K)'™7 ~ (/) ../H)' "7, where o is a
generator of G (or an extension in I'). So we have the exact sequences

1 — Gal(L/K)'77 ——=T —— TI'** =T/[I,T] = Gal(L*®/k) — 1,

1 — Gal(L/K)® —— Gal(L/K) ==+ Gal(L/K)'~7 — 1.

#Tab [L2P : K]
#T [L: K][K : k]

study of the structure of Gal(L/K) as G-module (or at least the computation of
its order) is based under the study of the following filtration:

Hence #Gal(L/K)¢ = [L : K] - =|[L: K] = [L*" : K]. The

Definition 1.1. Let M := Gal(L/K) and let (M;);>0 be the increasing sequence
of sub-G-modules defined (with My := 1) by

Mi-i—l/Mi = (M/Ml)G, for 0 S ) S n,
where n is the least integer ¢ such that M; = M.

For i =0, we get M; = MG We have equivalently M;,; = {h € M, h'=7 € M;}.
Thus M; = {h € M, h'=?)" =1} and (1 — )" is the anihilator of M.

If L; is the subfield of L fixed by M;, this yields the following tower of fields, Galois

over k, from the exact sequences 1 — M; —— M MM(P")%. — 1 such that

[L; : Liy1] = (M;41 : M;) which can be computed from local arithmetical tools in
K /k as described in the Sections B and [t

M:CK}_’m/H

In a dual manner, we have the following tower of fields where L; is the subfield of
L fixed by M(=9)" whence [L} : K] = #M;:

M :C@}_’m/?{
g ALy 5 S— L L=r,
W e
S Mz 1-0o
Gefo) M M

Our method to compute #(M;11/M;) differs from classical ones by “translating”
the well-known Chevalley’s formula giving the number of ambiguous classes, see
28), Remark BI0), by means of the exact sequence of Theorem applied to a
suitable H = H,.

The main application is the case where G is cyclic of order a prime p and when L/K
is an Abelian finite p-extension defined via class field theory (e.g., various p-Hilbert
class fields in most classical practices). So, when the M; are computed, it is possible
to give, under some assumptions (like Mo+ -+""" = 1 and/or #MC = p), the
structure of Gal(L/K) as Zp[G]-module or at least as Abelian p-group.
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In the above example, this will give for instance the structure of the p-class group
in the restricted sense from the knowledge of the p-class group of k and some local
normic computations in K/k.

Remarks 1.2. (i) In some french papers, we find the terminology sens restreint vs
sens ordinaire which was introduced by J. Herbrand in [H, VII, §4], and we have
used in [Grl] the upperscripts ™ and °™ to specify the sense; to be consistent with
many of today’s publications, we shall use here the words narrow sense instead of
restricted sense and use the upperscript *. However, we utilize S-objects, where S
is a suitable set of places (S-units, S-class groups, S-class fields, etc.), so that S = ()
corresponds to the restricted sense and totally positive elements ; the ordinary (or
wide) sense corresponds to the choice of the set S of real infinite places of the field,
thus, for the ordinary sense, we must keep the upperscript ™4 (see §§2.11 2.2).

We shall consider generalized S-class groups modulo m since any situation is avail-
able by choosing suitable m and S (including the case p = 2 with ordinary and
narrow senses).

(ii) It is clear that the study of p-class groups in p-extensions K/k is rather easy
compared to the “semi-simple” case (i.e., when p t Gal(K/k)); see, e.g., an overview
in [Stl], and an extensive algebraic study in [L1] via representation theory, then in
[Kul, [Schil, [Sch2], [Sch3], [SW], and in [Wa] for cyclotomic fields.

Indeed, the semi-simple case is of a more Diophantine framework and is part of an
analytic setting leading to difficult well-known questions in Iwasawa theory [Iw],
then in p-adic L-functions that we had conjectured in [Grld, (1977)], and which
were initiated with the Thaine—Ribet—-Mazur—Wiles—Kolyvagin “principal theorem”
IMW. (1984)] with significant developments by C. Greither and R. Kuéera (e.g.,
IGK1], [GK2], [GK3], [GK4]), which have in general no connection with the present
text, part of the so called “genera theory” (except for the method of Section [l in
which we obtain informations on the semi-simple case).

2. CLASS FIELD THEORY — GENERALIZED IDEAL CLASS GROUPS

We use, for some technical aspects, the principles defined in [Gr2]; one can also
use the works of Jaulent as [Jal], [Ja2], of the same kind. For instance, for a real
infinite place which becomes complex in an extension, we speak of complexification
instead of ramification, and the corresponding inertia subgroup of order 2 is called
the decomposition group of the place; in other words this place has a residue degree 2
instead of a ramification index 2. If the real place remains real by extension, we
say as usual that this place splits (of course into two real places above) and that its
residue degree is 1. The great advantage is that the moduli m of class field theory
are ordinary integer ideals, any situation being obtained from the choice of S.

A consequence of this viewpoint is that the pivotal notion is the narrow sense.

2.1. Numbers — Ideals — Ideal classes. Let F' be any number field (this will
apply to K and k). We denote by:

(i) Plp = PlpoU Plp s, the set of finite and infinite places of F. The places (finite
or infinite) are given as symbols p; the finite places are the prime ideals; the infinite
places may be real or complex and are associated with the r; + ro embeddings of
F into R and C as usual (with r1 +2ry = [F : Q));

(ii)) T & S, two disjoint sets of places of F. We suppose that T has only finite
places and that S =: SoUSw, So C Plr,, Soc C Plr oo, where S, does not contain
any complex place;

(iii) m, a modulus of F' with support T (i.e., a nonzero integral ideal of F' divisible
by each of the prime ideals p € T and not by any p ¢ T');
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(iv) vp : F* — Z is the normalized p-adic valuation when p is a prime ideal; if
p is a real infinite place, then v, : F'* — Z/27 is defined by vp(z) = 0 (resp.
vp(x) = 1) if op(z) > 0 (resp. op(x) < 0) where oy, is the corresponding embedding
F — R associated with p; if p is complex (thus corresponding to a pair of conjugated
embeddings F' — C), then v, = 0.
(v) F*t={xeF*, vy(x)=0, Vp € Plp}, group of totally positive elements;
Upr ={z € F*, vy(z) =0, Vp € T}; Uf . = Upp N F*T;
UF,m = {LL‘ S UF,T7 r=1 (mod m)}, U;—:m = UF,m N FX+;

(vi) E2 ={x € F*, vy(x) =0, Vp ¢ S}, group of S-units of F;
Efn={reEf, =1 (modm)};

E}I:)l;f =: E}’;’fﬂl, group of units (in the ordinary sense) e =1 (mod m);

(ol

Egm =: E;m, group of totally positive units ¢ =1 (mod m);
(vii) Ip, group of fractional ideals of F;
Pp, group of principal ideals (z), 2 € F* (ordinary sense);
P}, group of principal ideals (z), z € F** (narrow sense);
Irr ={aeclp, vy(a)=0, VpeT}; Prr=PrNIpr; P;f)T =P N Irr;
Prm ={(z), © € Upn}, ray group modulo m in the ordinary sense;

P;fm = {(x), = € Uf_}, ray group modulo m in the narrow sense;
(viii) (%S = Ip1/Ppm, generalized ray class group modulo m (ordinary sense);

C@Qm =Ipr/ P;,f) - generalized ray class group modulo m (narrow sense);

F o = C€;)m/<c€(S)>Z, S-class group modulo m where (£(5))z is the sub-
group of CGC  generated by the classes of p € Sp and, for real p € S, by the classes

of the principal ideals (z}') where the ' € [ satisfy to the following congruences
and signatures:

zpt =1 (mod m), op(zy) <0 & oq(zy') >0Vq € Plroo \ {p};
we have Pp = <($p)>p6Plp,oo P;’r & PF,m = <(xgl)>pePlp,m 'PFJ‘r,m'
Taking S = (), then S = Pl , we find again

Plr 0o or
Ol = oo then (0™ = 0L /A (0F) ) peprpe) = O

(ix) dp : Ipp — C@F m» canonical map which must be read as c€Fm for suitable m
and S, according to the case of class group considered, when there is no ambiguity.

2.2. Class fields and corresponding class groups. We define the generalized

Hilbert class fields as follows:

(i) Hj is the Hilbert class field in the narrow sense (maximal Abelian extension of
F unramified for prime ideals and possibly complexified at co, which means that
the field H;C may be non-real even if F' is totally real); we have

Gal(H} /F) ~ U} = Ir /Pt
(i) HE' = H@d C HY is the Hilbert class field in the ordinary sense (maximal
Abelian extension of F', unramified for prime ideals, and splitted at co); we have
Gal(HZY/F) ~ %4 = I/ Pr;

(iii) Hjy C H}. is the S-split Hilbert class field (maximal Abelian extension of F
unrarmﬁed for prime ideals and splitted at S); we have

Gal(HZ/F) ~ 3 = AL/ (cdp(S))z;



INVARIANT GENERALIZED IDEAL CLASSES 5

recall that the decomposition group of p € Sy (resp. Soo) is given, in CGC, by the
cyclic group generated by the class of p (tesp. (p)); hence Gal(Hj /H7), generated
by these decomposition groups, is isomorphic to (g (S))z.

(iv) H;{m is the m-ray class field in the narrow sense,
H %rgl is the m-ray class field in the ordinary sense,
H3 , is the S-split m-ray class field of F' (denoted F(m)S in [Gr2]); we have
Gal(Hf. /F) = 0, = ClF [ (chr (S))z

(see (viii) and (ix) for the suitable definitions of ¢/ depending on the class group
considered). In other words, H }%m is the maximal subextension of H},  in which
the (finite and infinite) places of S are totally split.

For instance, for a prime p, the p-Sylow subgroups of %<4 and C@?T’, for the set
S = Pl, :={p, p|p}, have a significant meaning in some duality theorems.

G
3. COMPUTATION FOR THE ORDER OF (C/}; ../H)

Let K/k be any cyclic extension of number fields, of degree d, of Galois group G,
and let o be a fixed generator of G. We fix a modulus m of k£ with support T’
which implies that H};m /k is Galois (by abuse we keep the same notation for the
extensions of m and 7" in K). Then let

HC U
be an arbitrary sub-G-module of C@Qym.

Remarks 3.1. (i) The group G acts on C@Qym, hence on Gal(H}ﬁm/K) by conju-

+
gation via the Artin isomorphism A — (HK‘QT/K) € Gal(H;g’m/K), forallA € Ix 7

(modulo P;(')m), for which

+ +
(Hkﬁr:/K) — (HK&"/K) -1 forall T € G.

(ii) The sub-G-module H fixes a field L C H}?m which is Galois over k and in the
same way, Gal(L/K) ~ C@r()m/?-[ is a G-module.

(iii) Taking H = (L (S))z, S C Pl (see (viii)) leads to Uy /H =U% ,, & L=
Hf’am (assuming that /i (S) is a sub-G-module).

(iv) If we take, more generally, a modulus 9t of K “above m”, it must be invariant
by G; so necessarily, 9 = (m) extended to K, except if some P | M is ramified
since (p) = H’WP PBe. But in class field theory, it is always possible to work with a

multiple 9 of M (because Hltzm - H};Em,), so that the case 9t = (m) is universal
for our purpose and is, in practice, any multiple of the conductor fz,x of L/K.

We intend to compute #(Cﬂ}m/H)G = #Gal(L/K)%, which is equivalent, from
exact sequences (), to obtain the degree [L®P : K], where L2" is the maximal
subextension of L, Abelian over k.

Our method is straightforward and is based on the well-known “ambiguous class
number formula” given by Chevalley [ChIl (1933)], and used in any work on class
field theory (e.g., [Ch2], [AT], [L], [Jall Chap. 3], [L3]), often in a hidden manner,
since it is absolutely necessary for the interpretation, in the cyclic case, of the
famous idelic index (Ji : k*Ng 4 (Jx)) = [K* : k], valid for any finite extension
K /k and which gives the product formula between normic symbols in view of the
Hasse norm theorem (in the cyclic case).

This formula has also some importance for Greenberg’s conjectures [Gre2] on Iwa-
sawa’s A, p invariants for the Zy-extensions of a totally real number field [Gr15].
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Chevalley’s formula in the cyclic case is based on (and roughly speaking equivalent
(Ex:Ng/k(Ex)) 2 of

(NEx:EL )  [KH
the group of units Fx, where NFk is the subgroup of units of norm 1 in K/k
and where rc is the number of real places of k, complexified in K. Chevalley’s
formula was established first by Takagi for cyclic extensions of prime degree p; the
generalization to arbitrary cyclic case by Chevalley was possible due to the so called
“Herbrand theorem on units” [HJ.

to) the nontrivial computation of the Herbrand quotient

Many fixed point formulas where given in the same framwork for other notions
of classes (e.g., logarithmic class groups, [Ja3], [So], p-ramification torsion groups,
[Gr2, Theorem IV.3.3], [MoNg]).

3.1. The main exact sequence and the computation of #(CK};)m/H)G.

3.1.1. Global computations. Recall that H is a sub-G-module of Cﬁkm = IK,T/P;(_)m-
Put

(2) H={helf,, h 7 et}
it is obvious that
G ~
(3) (/M) =H/H.
We have the exact sequences
1—a;S — H0(H) 7 — 1

(4) N
1l — NH —— H——=Ngu(H) — 1,

with NH = Ker(Ng/i), where N/, denotes the arithmetical normfl as opposed to
the algebraic norm defined in Z[G] by v, = 1+ 0+ --- + 0?1, and for which
we have the relation vy, = jg/r © Ny, where jg i is the map of extension
of ideals from k to K (it corresponds, via the Artin map, to the transfer map
for Galois groups); for a prime ideal B of K, jx/p o Ng,p(B) = jK/k(Pf") =
(ITspr)p B")7> (where ey is the ramification index), which is indeed 3V%/* since G
operates transitively on the 9’| p with a decomposition group of order %

By definition, for an ideal A of K, we have Ng i (clx (™)) = (N r(A)), and
for any ideal a of k, we have jx/,(clx(a)) = dx (jx/i(a)), which makes sense since
Ng /i (P;;m) C P,:fm and jK/k(P]:m) C P;f ., seeing the modulus m of k extended
in K in some writings.

ym?

To simplify the formulas, we write N for Ng .

Recall that for ¢ prime, such that £ 1 d = [K : k], the ¢-Sylow subgroup C@;;m ® Zy
is isomorphic to (Cﬁ}m ® Zy¢)® since the map jg y : C@;;m ® Ly — C@};)m ® Ly is
injective, and the map Ng y, C@r(m ® Ly — Cﬁzm ® Zy is surjective.

Let Z be any subgroup of Ik 1 such that k() = H, i.e.,
(5) TPt/ Pin =M
the group Z - P;(')m is unique and we then have
(6) N(H) =N(Z) - P,:fm /P,:fm ~ N(I)/N(I) N P,:fm.
1 For K /k Galois, the arithmetical norm N, is defined multiplicatively on the group of ideals

of K by NK/k(‘B) = pfr for prime ideals 9 of K, where p is the prime ideal of k under 8 and fo
its residue degree in K /k. If 2 = () is principal in K, then N/, (2) = (Ng /() in k.



INVARIANT GENERALIZED IDEAL CLASSES 7

Remark 3.2. The generalized class groups being finite and since any ideal class can
be represented by a finite or infinite place, we can find a finite set Sx = Sk,0USK, o0
of non-complex places such that the classes B - P;(')m (for P € Sk.0) and (x33) -Pj;m

(for P € Sk.o0) generate H, so that we can take Z= @ (P)z- D ((z))z
PESK,0 PESK, 0

as canonical subgroup of Ix r defining H. Thus C@Em JH = C@f{fm in the meaning
of §2.7] (viii). But, to ease the forthcoming computations, we keep the writing with
the subgroup Z.

Note that we do not assume that Z or Sk are invariant under G contrary to H and
Z- Pj;m; so, if for instance P € Sk o, for any 7 € G we have, x(P7) = Lk (P')
for some P’ € Sk, whence P™ =P’ (z), z € U};m.

From the exact sequence, where ¥ (u) = (u) for all u € U;"_,

(7) 1—>E,Im—>U,ImL>P,:m—>1,
we then put
(®) A= (N@ N P,) = (o € Uy, () €N

we have the obvious inclusions E,jm CAC U,:r m

We can state (fundamental exact sequence):

Theorem 3.3. Let K/k be any cyclic extension, of Galois group G =: (o). Let
H=1T- P;am /P;;m be a sub-G-module of C€}<7m, where 7 is a subgroup of Ix 1,
and let B

H={helf,, h 7 cH}

We have (H)'=7 C nH and the exact sequence (see @) and ) to @)):
(9) 1 — (B NUE L)) NA —— A—EyH/(H) 77 — 1,
where, for all z € A, p(x) = i (A)-(H)'=°, for any A € T such that N(A) = (z).

Proof. If x € A, we have (z) € P,;fm and by definition (z) is of the form N(2),
A € 7, and thus i (A) € NH; if (z) = N(B), B € Z, there exists € € [ such that
B AL = ¢179. It is known that Ix 7 is a Z[G]-module (and a free Z-module)
such that HY(G, Ik 1) = 0; since B - AL e Ik 7 is of norm 1, it is of the required
form with € € Ix 7. Then

(lr (€)' 77 = i (C77) = (B - AT") € Ak (T) = H,
and by definition /x (€) € H, which implies (L (€))'~7 € (H)'~7. Hence the fact
that the map ¢ is well defined.
If 2 € 7 is such that g (A) € nH, then N(A) = (z), x € U,Im,
is a preimage; hence the surjectivity of .
We now compute Ker(p): if z € A, (z) = N(2), 2 € Z, and if g () € (H)' 7,
there exists B € I r such that dx(B) € H and dx(A) = dx(B)'~7; so there
exists u € U;m such that 2 = B177 - (u), giving () = N(A) = (N(u)), hence

thus € A and it

r=c¢c-N(u), € EIY

we get e € Ef and x € B N(UZ ).

Jr
k,m

() =N(u) =N@®), A7,
which leads to the relation 2 = (u) - B~ where, as we know, we can choose
B € Ixr since A(u)~! € Ixp. Since (u) € P};m, dr(B)177 = drg(A) € H,
hence d (B) € H, and we obtain o (A) € (H)'~°. O

. . +
since z and N(u) are in U;",

Reciprocally, if € A is of the form ¢ - N(u), e € E;” and u € U;g’m, this yields
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We deduce from (),

T G N L S
(10) 1= "N o~ 2N - (s =)

thus from (3)), @) and (I0),

#(rf /M) =

# g
#N(H) - (A s (B N(Ug ) N A)
#AES
We first apply this formula to
HO = PIJg,T/PIJg,m = (UIJg,T/UIJg,m)/(EIJE/EIJg,m)
which is the sub-module of Cﬁ}ym corresponding to the Hilbert class field H;g since,
using the idélic Chinese remainder theorem (cf. [Gr2l Remark 1.5.1.2]), or the

well-known fact that any class contains a representative prime to T, we get the
surjection I 7/ Py — I /Pi giving an isomorphisme, whence

(11)

(12) (@ /H0) = (I Pt 1) == (I P)E = @fC.
Take Zj := P;,T; then

(13) N(Zo) = N(Pg ) & N(Ho) = N(Pg 1) Pl /P
and

(14) Ao={z €U, (2) eN(PE 1)} = (B N(Ug 7)) NU -

It follows, from () applied to Hy, from (I2)), and N(U};m) C Ay (see (1)),
(1) #ULG = #ALT - #NHo) - (B NUE ) N+ Bl NU w))-
Now, N(Ho) in (I3 can be interpreted by means of the exact sequence

1 — EfUS /UL, —— ESNWUE UL U

—— N(Hp) = N(PI—{i_,T) ~P,:m/P,:m — 1,

giving
(16) #N(Ho) = (B N(UIJQ,T) (B N(U;T)) N Ul:fm)'
(E,': : E,‘;m) ’
thus from (3] and (1G],
(17) 46 — g6 BN Ukr) : Bl NUK )
Km — K .

(E,:r : E,:r)m)
The inclusions N(U};m) - E,:m N(U};m) CEf N(U};T) lead from () to
(B N(U 1) : N(UE )

HCL G = #UA ,
h 5B Bl (Bl NUkm) i NUE )

in other words
(E}f N(Ui 1) : N(Ug 7)) - N(Ug 1) : N(Ug 1))
(B Bl w) - (B o N(Ug ) : N(UE )
Chevalley’s formula in the narrow sense ([Gr2, Lemma I1.6.1.2], [Jall p. 177]) is
#CQ : Hpesz,o €p
(K :k]-(Ef : Eff nN(K>))’

where e, is the ramification index in K/k of the finite place p.

(18)  #a S = #akC -

(19) #OS =
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Lemma 3.4. For any finite set T, we have the relation
(20) Ui NN(K™) = N(UE ).

Proof. Let x € U,:T of the form N(z), z € K*; put (z) = HpePlk,o ¢, where
¢, = Pg, for a fixed Po | p and w € Z[G] depending on p. Since the N(€,) = N(Bf)
must be prime to T, we have w € (1 —0) - ', W' € Z[G], for all p € T. Hence
(z)=¢€- A= with ¢ € I and 2 € Ix. We can choose in the class modulo P;
(narrow sense) of 2 an ideal B prime to T', hence B = A - ('), vy’ € K**, giving

/ /11—0o

Z = zy prime to T'; then we can multiply 3’ by 3", prime to T, to obtain

y :=y'y" such that the signature of ¥y~ be suitable, which is possible because of

the relation N(z) > 0 (i.e., the signature of z is in the kernel of the norm, see [Gr3|
Proposition 1.1]); then 2" := zy! =7 yields N(z") = x with 2 € U;;T. O

So (Eff : Ef nN(UE 1) = (B : B NN(K*)). More generally, if = € U/,
must be in N(UIJ;T) this is equivalent to say that z must be in N(K*) (i.e., a
global norm without any supplementary condition) which is more convenient to use
normic criteria (with Hasse’s symbols (#) for instance; see Remark 7). Recall
that for T'= 0, Uz, = K** and the lemma says that k** N N(K*) = N(K*T).
The lemma is valid with a modulus m if its support 7" has no ramified places.
From ([I8) , (I9) and (20), we have obtained

#CQ ) Hpesz,o €p - (N(UIJQ,T) : N(Ult,m))
[K : K] - (E,:r : E,j)m) . (E,:fm N(U;ym) : N(Ul-(i_,m))7

#ALS =

hence using ([T

#ng : Hpesz,o €p - (N(U;(_,T) : N(U;,m))
[K k] - #N(H) - (B : B ) - (AN(Ug ) N(Ug )

(21)  #(@h . /H) =

3.1.2. Local study of (NK/k(U};T) : NK/k(U};m)). For a finite place P of K, let
Kqy be the B-completion of K at . Then let Ux 53 be the group of local units of
Ky and Uk == HSBET Uk gy C HmeT K%; we denote by Uk m the closure of U;m
in U 7 (T and m seen in K). We have analogous notations for the field k.

The arithmetical norm N /5, =: N can be extended by continuity on HmeT K;E and
the groups N(Uk r) and N(Uk wm) are open compact subgroups of Uy 7. It follows
that the map N(Uj; ) —+ N(Ux7)/NUx ) is sutjective.

Consider its kernel. Let N(u), u € U;T, be such that N(u) = N(am), om € Uk m-
Since H(G, [Iper Kys) = 0 (Shapiro’s Lemma and Hilbert Theorem 90), there
exists B € [[per K;E such that u = amB' 7.

We can approximate (over T) 8 by v € K*T and ay by um € U;m; then u =
Um 0177 - €, with € near from 1 in [per K;E and totally positive; then let v/ =
uv~(179); this leads to ' = uy € € U};m and N(u') = N(u) € N(U;m). The kernel
of the map 6 is N(U};m). Thus
(NWE 1) N ) = (N(U) s Nt ) = S )
(uk,T : uk,m) : (Z/{k,m : N(“K,m))
(Z/{k,T : N(Z/{K,T))

By local class field theory we know that (Ue,r : N(Uk,r)) = [[,cp €p- where ¢y is
the ramification index of p in K/k.

(22)
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Remark 3.5. The index (Uym : N(Uxk m)) may be computed from higher ramifica-
tion groups in K/k (cf. [Sell, Chapitre V]) by introduction of the usual filtration of
the groups U, p and U sp. IEm =TT cpp™, Ap > 1, then Uy m = [T, er(1+p* Op)
and Uxm = [Tper [l (1 + P Op), where Oy and Oy are the local rings of
integers. This local index only depends on the given extension K/k.

To go back to & _, we have the following formula (cf. [Gr2, Corollary 1.4.5.6 (i)])

k,mo
Ur: U ) (U, : Upym)
(23) #Cg"‘ — #Cg"‘ Lo kL TRmMA #C€+ i kil LA
o "B EL) "B B

where the integer (Uy, 1 : U m) is given by the generalized Euler function of m.
Then using 1), (22), 23], we obtain the main result:

Theorem 3.6. Let K/k be a cyclic extension of Galois group G; let m be a nonzero
integer ideal of k and let T' be the support of m. Let e, be the ramification index
in K/k of any finite place p of k. Then for any sub-G-module H of Cﬁkm and any
subgroup I of Ik such that L - PIJg,m/P;,m =H, we have

G #ngm 11 ¢T Cp " (Us,m = N(Uk,m))
(24) #(&}7m/ﬂ) N [K K] #131(7-[) “(A:AN N(U;am))'

where N = N, is the arithmetical norm and A := {x € U,:fm, (x) € N(Z)}.

Using, where appropriate, Lemma [3.4] we get the following corollaries:
Corollary 3.7. [Gr3, Théoreme 4.3, p. 41]|. Taking T = 0, we obtain:
(25) #(C /M) = # Tlpepn, ©

K [K :k]-#N(H) - (A: ANN(K*))’
where A :={z € k*T, (x) € N(Z)}.

Corollary 3.8. [HLL (1990)]. If T does not contain any prime ideal ramified in
K/k, we obtain, since in the unramified case Uy,m : N(Uk,m)) = 1 regardless m:

Km [K i k]-#N(H) - (A: ANN(KX))’

Corollary 3.9. If T =0 and if H = dx(Sk), where Sk is any finite set of places
of K, we obtain AJANN(K*) =~ ER°< JENS NN(K*) (see Remark[32), and:

#Cg; : Hpesz,o €p
[K < K] el (NSk)) - (B 2 B AN(K X))
where the group E}jsk of ‘NSk-units” is defined by:
ENSK = {x € E*, vp(x) = 0 (mod f,) Vp € Sk & vp(x) =0 Vp € Py \ S0}
Sk being the set of places of k under Sk and f, the residue degree of p.

Proof. We have A = {z € k**, (z) € N(Z)}, where T = (B)pesi, - (yp))pesx o -
If 2 € A, then (z) = N(2A) - N(A4), A € (P)pesxo: 4 € ((yp))pesx..; hence,
up to NK* x is represented by a NSg-unit e. One verifies that the map which
associates « with the image of € in E}C\ISK/E}:SK NN(K ™) is well-defined and leads
to the isomorphism. Note that E,j C E}C\ISK. O

Remark 3.10. We have in [Jall, p. 177 (1986)] another writing of this formula:
s
@SxG — #AR" - 1lpgs, e - Tlpes, do
K (K : k] - (EJ* - E2F AN(K X))

where dy, = e, f, is the local degree of K /k at p with e, = 1 for infinite places: use
the relation E,fk NN(K*) = E}C\ISK NN(K*) and the exact sequence

(27) #OC =
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1 — B*EY®S —— (Sk)z/ (NSk)z —— di((Sk)z)/d((NSk)z) — 1
for the comparison. Taking Sk = Pli, o in the two formulas, we get

d
#C - Hpeplk,o €p - Hpepzk,,,o Je

ord G _
(28) #ET = (K k] (BEgd: EFION(K>))

which is the true original Chevalley’s formula (in the ordinary sense), where f, =2
(resp. 1) if p € Plj o is complexified (resp. is not).

3.2. Genera theory and heuristic aspects. The usual case (S = T = (), in
the cyclic extension K/k, can be interpreted by means of the following diagram of
finite extensions:
25
//\
K —  KHf — — Hf

KOHf —— Hy

Here K N H; /k is the maximal subextension of K/k, unramified at finite places,
and the norm map N : CK} — Cﬁz is surjective if and only if K N H,:r = k.
So formula ([25) can be interpreted as follows (which will be very important for
numerical computations); using the relations

[K:kl|=[K:KNH]-[KNH: k] & #F =#N(Uy) [KNH k],
we shall get a product of two integers

a #N(CeJr) HPGPlk,o €p
(29) #(x/H)" = #N(HK) K KNHF]- (AT AQN(KX)

Thus in the computations using a filtration M; (see Section Hl), the G-modules
H = dk(Z) are denoted M; = dk(Z;); the M; and N(M;) will be increasing
subgroups of 66;2 and Cé;, respectively, so that M,, = CK} for some n.

Then we know that A; = {z; € k**, (z;) € N(Z;)}, which means that z;, being the
norm of an ideal and totally positive, is a local norm at each unramified finite place
and at each infinite place (from Remark 7 («), (/)); so it remains to consider the
local norms at ramified prime ideals since by the Hasse norm theorem, x € N(K*)
if and only if = is a local norm everywhere (apart from one place). This can be
done by means of norm residue symbols computations of Remark 7 (), in the
context of “genera theory” (see the abundant literature on the subject, for instance
from the bibliographies of [Fr], [Fu], [Gr2], [L4]), so that the integers:

Hpepl,c,o €p i>0
[KKﬂH,j](AlAZﬂN(KX))’ -7

are decreasing because of the injective maps
EFYJEFNN(K™) < oo Ay /A NAN(EK™) < Ajr /Aipr NN(EX) < -
giving increasing indices (A; : A; N N(K*)).

Let I,(K/k) be the inertia groups (of orders e,) of the prime ideals p and put

(30) aE/m) = {(mhe @ KM, I n=1}

pEPly
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we have the genera exact sequence of class field theory (interpreting the product
formula of Hasse symbols, [Gr2 Proposition IV.4.5])

1 — Ef/JEF nN(K*) —— ED;Z (K /k) —"— Gal(H}. , /H) — 1,
pePlo

where H;g/k

H;g, Abelian over k, where w associates with z € E,j the family of Hasse symbols

((z—lp(/k)) in €@ I,(K/k) (hence in Q(K/k)), and where 7 associates with
pEPly  pePl

(Tp)p € E';l I, (K/k) the product [, 7, of the lifts 7y of the 7, in the inertia groups
peFlo

= H;g b ig the genera field defined as the maximal subextension of

of H;;/k/H,j' (these inertia groups generate the group Gal(H;;/k/H,j') which is the
image of 7); from the product formula, if (73 ), is in the image of w, then this product
[I, 7 fixes both H and K, hence KH,;". Thus n(Q(K/k)) = Gal(H;g/k/KH,j)
with mow(E;") = 1, giving the isomorphisms

(K /k) Jw(E) ~ Gal(H:, JKHF) & w(By) ~ Ef /Ef AN(KX).

K/k
[oep,, n : +yl-o
We have #Q(K/k) = m and Hp. , being fixed by ()7, we get
: k
e
[H;g/k : K] _ [HI:F : KQH;F] ) HPGPlk,o p — #@}G

[K:KNH (B Ef NN(KX))
as expected.
Since A; contains E;, we have 7o w(A;/E) C Gal(H;g/k/KH,j). Therefore we
have at the final step i = n, using 29) for H = M,, = &},

HPGPlk,o €p
[K:KNH]
whence wy,(A,) = Q(K/k) and 7, o w,(An/Ej) = Gal(H;g/k/KH,j), which ex-

plains that an obvious heuristic is that #C@Q has no theoretical limitation about
the integer n (but its structure may have some constraints, see Section H).

(Ap : Ay NN(K™)) = = #QK/k),

An interesting case leading to significant simplifications is when there is a single
ramified place po in K/k; indeed, the product formula (from Q(K/k) = 1) implies

(A : ANN(K*)) =1 and [K:;(W = 1, so that formula ([29) reduces to
+
#(C@}/H)G = %, where #N(C/%;) = [H : KN H;| is known. If pg is
#O

totally ramified, then # (C/f; /H)< = EN(H)

From the above formulas (e.g., Formula (27])), we get some practical applications:

Theorem 3.11. Let K/k be a cyclic p-extension of Galois group G. Let Sk be a
finite set of non-complex places of K such that i ((Sk)) is a sub-G-module.
Consider the p-class group Cﬁff , for which we have the formula

S G = #N(y) Hyer, '
K #dx((NSk)) [K : KN H}|- (ENS% . ENSK A N(K X))
Then we have (L (Sk))z = C%; (i.e., Sk generates the p-class group of K ) if and
only if the two following conditions are satisfied:

(i) N(&) = i ({NSk)),

(ii) (EY¥ : Y9 AN(K)) =

Hpesz,o €p
[KTHH:] = #Q(K/k) (see (30)).

If KN H,j' =k and if all places P € Sk are unramified of residue degree 1 in K/k,
the two conditions become:
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(i) CF = ol ((Sk)), where Sy is the set of places p under R € Sk,

(i) (ESx - E9* AN(K X)) = %

= #Q(K/k).

So, if the p-class group C@Z‘ is numerically known, to characterize a set Sk of
generators for 6’6} needs only local normic computations with the group E,f k of
Sk-units of k which are known. Moreover, we can restrict ourselves to the case of
p-class groups in a cyclic extension of degree p.

Example 3.12. Consider K = Q(v/82), k = Q and p = 2 (the fundamental unit is
of norm —1, hence ordinary and narrow senses coincide). We shall use the primes
3 and 23 which split in K, and prime ideals B3 and Po3 above. It is clear that the
2-rank of the class group of K is 1 (usual Chevalley’s formula (28])). The conditions

of the theorem are equivalent to (Eg@ : Eg(‘ NN(K*)) = 2 since the product of
ramification indices is equal to 4; for instance, Eg@ = (3) for Sk = {Ps}.

We have to compute, for some z € Q" (norm of an ideal, thus local norm at each
r, K/Q

41
is local norm at 41 (which is equivalent to be global norm in K/Q because of the

w,K/@) (:E,K/Q
41 2
But from the method recalled in Remark[4.7 we have to find an “associate number”
2’ such that 2’ = 1 (mod 8) & 2/ = = (mod 41), then to compute the Kronecker
82
symbol (—/) (we have used the fact that the conductor of K is 8- 41).
x
We compute that 2 = 3 is not norm of an element of K>, whence B3 generates the
2-class group of K (for x = 3, x’ = 249, and (%) = —1). We can verify that 5 is
of order 4 since the equation u? — 82 - v? = 3¢ (with ged(u,v) = 1) has no solution
with e = 1 or e = 2, but N(73 4+ 8/82) = 3%; however, the knowledge of #x is

not required to generate the class group.
Now we consider x = 23 for which 2’ = 105 and (%) = 1. We compute that

indeed w is of norm 23; this is given by the PARI instruction (cf. [P]):
bnfisnorm(bnfinit(z? — 82),23)).

unramified place), the Hasse symbol ( ) which is equal to 1 if and only if z

product formula ( ) = 1 and the Hasse norm theorem).

Then we can verify that 23 is not the norm of an integer; so we deduce that the
class of P23 does not generate the 2-class group of K and is of order 2 (indeed,
N(761 + 84 1/82) = 232 giving P2, = (761 + 84 /82)).

Remark 3.13. Another important fact is the relation vk, = jk/i © Ng/p when
some classes of k capitulate in K (i.e., jg/ non-injective). It is obvious that the
classes of order prime to the degree d of K/k never capitulate; this explains that
we shall restrict ourselves to p-class groups in p-extensions.

The generalizations of Chevalley’s formula do not take into account this phenomena
since they consider only groups of the form Ny /., (H) without mystery (when at
is well known), contrary to HYk/k.

This property of Ny, is valid if K/k is any Galois extension; if K/k has no
unramified Abelian subextension L/K (what is immediately noticeable !) then
N/, is surjective, but possibly not v ;. We have given in [Gr3], [Gr5’], numerical
setting of this to disprove some statements concerning the propagation of p-ranks
of p-class groups in p-ramified p-extensions K/k.

These local normic calculations deduced from Theorem have been extensively
studied in concrete cases from the pioneer work of Inaba [I, (1940)], in quadratic,
cubic extensions, etc. and applied to non-cyclic extensions (dihedral ones, etc):
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see, e.g., [F1], [Re], [Gr3], [Grd/], [Gr4], [HL], [LI] (in the semi-simple case of G-
modules), [Boll, [L.2], [L3], [L4], [Kol|, [KMS], [Gel], [Ge2], [Ge3], [KI], [Gr5], [Y1],

[Y2], and the corresponding references of all these papers !

These techniques may give information on some class field towers problems, capitu-
lation problems, often with the use of quadratic fields ( : , [Gal, [GWT],

[GW?2], [GW3], [Sul, [SW], [Tex], [Mail, [Mal], [Ma2], [Miy1], [Miy2], [MoMol, some
examples in [Gr5] and numerical computations in [Gr5’], [Gr13], for capitu-
lation in Abelian extensions, then many results of N. Boston, F. Hajir and Ch.
Maire, and many others as these matters are too broad to be exposed here).

4. STRUCTURE OF p-CLASS GROUPS IN p-EXTENSIONS
4.1. Recalls about the filtration of a Z,[G]-module M, with G ~Z/pZ. Let
K/k be a cyclic extension of prime degree p, of Galois group G = (o).

Let C€};, CQ' be the class groups in the narrow sense (same theory with the ordinary
sense for any data). We shall look at the p-class groups C€}2 ® ZLip, C€;r ® Zp, still
denoted (Z};, C/} thereafter, by abuse of notation.

We consider the Z,[G]-module M := C/{; for which we define the filtration evocated
in Section [Tk

Mi+1/Mi = (M/Ml)c, MO = 1;
we denote by n the least integer ¢ such that M; = M. For all i > 0 we have

M C M, My ={heM, K=" =1}, and #M =[]y #(Mis1/M)).

For all ¢ > 1, the maps M;11/M; Ao, M;/M;_; are injective, giving a decreasing
sequence for the orders #(M;1/M;) as i grows, whence #(M;11/M;) < #M;.

If for instance #M; = p, then #(M;y1/M;) =pfor 0 <i<n—1.

Remark that ¢Z; has no obvious G-module definition from M (it is not isomorphic
to My = MS, nor to M¥x/x for Vi =1+o+--+ oP~1); this is explained by
the difference of nature between v/, and the arithmetical norm N /. of class field
theory.

4.2. Case MV = 1. When M” =1 for v := vg), = l4o4---+0cPt, Misa
Z,[G]/(v)-module and we have

Zp[G/(v) = Zp[X]/ (L + X + -+ + XP71) = Zy[(],
where ( is a primitive pth root of unity; then we know that
M= @21, L Em <na < S m 0,
j:
whose p-rank can be arbitrary. The exact sequence
1— My =M% —— M=% M7 — 1
becomes in the Zj[¢]-structure:
1= @1 -0v g/ -0 —
j=1
(31) m m
ny 1-¢ .
M= B 2,[0/1- ¢ 5 B -0,/ -m — 1,
where the submodules M; are given by M; = EB<_ZP[C]/(1 — ()" (for 0 < i <n,
3 m; <i
where n = n,,).
Each factor N; := Z,[¢]/(1 — ()™ (such that M = EBl Nj;, not to be confused with
j:

the M; = EB< “N;) has a structure of group given by the following result:
3y <i
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Theorem 4.1. Under the assumption MV5/x = 1 in the cyclic extension K/k of
degree p, put nj =a; (p—1) +b;, a; >0 and 0 < b; < p — 2, in the decomposition
of M in elementary components as above. Then

N; :=Z,[¢]/(1 = )" ~ (Z/p*1Z)% D(Z/p¥Z)P~ 7%, Vj=1,...,m.

(32) M ~ E:él (Z/p®T1Z)s @(Z/p“jZ)p_l—bj]

Proof. We have N; = Z,[¢]/(1 — ()™ =~ Z,[¢]/p% (1 — ()%. So, to have the
structure of group, it is sufficient to compute the p*-ranks for all k& > 1 (i.e., the
dimensions over F, of N]Pkil/ka), which is immediate since this pF-rank is p — 1
for k < aj, bj for k=a; +1, and 0 for k > a; + 1. d
This implies that the p-rank of N; is p —1if a; > 1 and b; if a; = 0 (i.e., b; =
n; < p—2). So the parameters a; and b; will be important in a theoretical and
numerical point of view. Put M®*) .= {h e M, hP* = 1}, k>0.

Lemma 4.2. If MY =1, then M®*) = My.(p—1),Vk > 0, and the p*-rank Ry, of M

is the Fp-dimension of M =1 /M ®) - Then pfr = Hffz;i)lg(;_l) H#(M; 1 /M;).

Proof. Immediate from the Z,[(]-structure and properties of Abelian p-groups. O

4.3. Case M" # 1. We have, in the same framwork, the following result in the
case MY # 1, but #(M;+1/M;) = p [Gr2] Proposition 4.3, pp. 31-32]:

Theorem 4.3. Let K/k be a cyclic extension of prime degree p, of Galois group
G = (o) and let M be a finite Z,[G)-module such that M"5/x # 1. Let n be the
least integer i such that M; = M. We assume that #M; = p.

Putn=a-(p—1)+b, witha >0 and 0 < b < p—2. Then we have necessarily
n > 2 and the following possibilities:
(i) Case n < p. Then M ~ (Z/p*Z) ® (Z/pZ)n_2.
(i) Case n =p. Then M ~ (Z/pZ)p or (Z/p*Z) ® (Z/pZ)pig
(i11) Case n > p. Then M ~ (Z/p“+1Z)b SV (Z/p“Z)p_l_b.
Proof. The proof needs two lemmas (in which we keep the notation M, for M).
Lemma 4.4. For all k > 1 we have the exact sequence
(33) 1 — My M /My A M2 ——s Mt 2 P 1.
Proof. Under the assumption #M; = p, we know fron §F.T] that #(M;1/M;) = p,
0 < i < n —1; we have the exacte sequence 1 — M; — M, 1_—>°—Mi1+_1" — 1,
which shows that #(MiH/Mil;‘T) = p, hence Mil_fl" = M; since Mi1+710 C M;.
Let x € M,Iz’ﬁl such that z'=7 = ypk, y € M,,—1. There exists z € M,, such that
y =277 and 217 = 27" (1=9); thus (227" )17 = 1 5o that z-277" € MyNME" ',
giving

Ker(1 — o) € My M2 /My ME",
the opposite inclusion being obvious as well as the surjectivity. O
Lemma 4.5. If n # p then the p-rank of M, is equal to the p-rank of M,_1.
Proof. From the relation (1 —¢)P~ = p- A(¢), where A(¢) = —1 (mod (1—()), we
have v = (1 — 0)?P~t —p- A(0), A(c) = —1 (mod (1 — o)) (i.e., A(c) invertible in
Zp|G)).
(a) Case n > p. Let x € M,,—1 \ M,,—o (this makes sense since n > p+ 1 > 3) and

let y = :1:(1"’)”72; then y € My, y # 1 because of the choice of . There exists
B(o) € Z,[G] such that (1 — o) 2 = B(0) - (1 — 0)P~! and with z = z5(®) one
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obtains y = 2(1=9""" Since M,_; = M}~ one gets M”_| = 1, so that 2z = 1 and
2(1=0)""" — ;p-A(9) which shows that y € MP ; the assumption #M; = p implies
the inclusion M; C MP (in fact y € MP? 1) The exaet sequence (B3) applied with
k =1 leads to the isomorphism Mn/Mp ~ My_1/M?_,.

(b) Case n < p. So My,—1 ~ (Z/pZ)"~* (Theoremlﬂl applied to Mn 1= M),

but the relation v = (1 — 0)?~! —p- A(0) leads to MY = M,(zlfg)p —PAl) - = MP
p—1

because Mr(Ll_U) = 1; since M} = M, we get M? = M; and necessarily

M, ~ (2/p*2) ® (z/pz)"*

These computations lead to the cases (i) and to a part of (ii) of the theorem since,
in the case n = p, the exact sequence B3) for k¥ = 1is 1 — M;/M; N MPE —
M, /M? — M,_1/MP_| — 1, and the structure depends on the order (1 or p) of
the kernel contrary to the previous case. O

We have to prove the point (iii) of the theorem using (a) of the lemma. We then
suppose n > p. We note that, with obvious notation, (M;); = M, for j < i; so we
can apply TheoremEIto M,,_,. Lemma4shows that the pF-rank of M,, is larger
than (or equal to) that of M,,_; as the p*-rank of a group is a decreasing function
of k, Lemma and the above remark show that for k£ < [z 1] the p -ranks of
M, and M,,_; are equal to p — 1.

: n—1
Putn—1=d (p—1)+b,0<¥ <p—2 (in fact a’ = [ple
The exact sequence of Lemma 4] shows a priori three possibilities:
(o) Case b’ = 0. Necessarily, Ry 1(M,) =1 and Ry 41(M,_1) = 0.
(ﬁ) Case b’ > 0 and Ra/+1(Mn) =Ry 11 (Mn—l) + 1.
(v) Case b’ > 0 and Ry 41(M,) = Ryr41(Mp—1) and Ry 42(M,,) = 1.

So it remains to prove that the case () is not possible. Let ©x € M,,, = ¢ M,,_1;
we have z¥ € M; & 2¥ = g(1-9" . P A put & = 2= and 2" =
$7P'A(U); we have 2’ € M, (p 1) = M(a/—l)(p D41 C M "(p—1)3 but M, /(p 1) =
(My-1)a(p—1) = (Mn_l) . Asxz ¢ M,_1, we have x” ;é 1, hence 2’7" # 1.
Thus we have obtained z’ € (M,,_1)(") and 2" ¢ (M,_1)(); since 2¥ € M; and
a/ # 0 (we have n > p+1), one has 2 € (M,_1)@"), in other words 2/ = z¥-z'~! €
(M,_1)@") (absurd). O
This finishes a particular case of structure when M"%/% is not specified. Of course,

we have MV«x/k C M7 and when #M; = p, we have #MV%x/k =1 or p. It would be
interesting to have more general structure theorems.

4.4. Numerical computations for p-class groups. Now we apply these results
to the p-class group M = 06} in K/k cyclic of degree p. Many cases are possible:

If the transfer map jg x is injective then (C/7;)"5/* ~ Ny /1. (C/L).
The map Ny, is surjective except if K/ is unramified (i.e., K C H,j, the p-Hilbert
class field of k); if K/k is ramified we get Ny, (C/f) = C€+

The transfer map may be non-injective while N, is surjective, which causes more
intricate theoretical calculations. But as we know, if N/, is not surjective (un-
ramified case), then jg ), is never injective (Hilbert’s Theorem 94, [GW1], [GW2],
[GW3], [Sul, [Ter]).

To simplify, we suppose K /k cyclic of degree p and not unramified (otherwise, we

+
get #M, = T #Cgk

- #N(M;)
carried out in the same way).

and more generally #(M;11/M;) = , which can be
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We suppose that K/k is ramified at some prime ideals py,...,p; of k (¢t > 1). We
make no assumptions about #M; and M¥%/k. With the previous notations and
definitions, we then have the simplified formulas (28) for which the submodule H
is an element M; =: di(Z;) of the filtration of M:
#Cg; : Hpepzk,o €p

where A; = {x; € k*F, (x;) € N(Z;)}. If p > 2 one can use the ordinary sense and
remove the mention T in all the forthcoming expressions.

(i) Computation of M; = ME from My = 1, which means that Zop = 1, hence
N(Mp) = 1 and Ag = {z0 € k*F, (v0) € N(1)} = E;, giving the following
expression where we have put (E} : E}f N N(K*)) =: p’:

_ o_ _ #Up!
#(M1/Mo) = #Cli " = (Ao : Ag NN(KX))

= #Cﬁ: -pt_l_éo.
First we remark that we have the isomorphism:
Oy [ (I5) ~ EF NN(K™)/N(EL),

#(@}/Mz‘)G = #(Miy1/M;) =

(34)

which shows how to obtain M; = (/% from dl(I$) (called the group of strongly
ambiguous classes) and global normic computations with units of k. But the group
N(E}) is not effective and we must proceed otherwise. In other words, the group
of strongly ambiguous classes ¢/ K(Ilg) is not a “local” invariant, contrary to @}G.
So in the first step (which is a bit particular since Zyp = 1 and Ag = E;), we shall
look at the zg € Ag which are norms of some y; € K*T.
So (z0) = N(y1) = (1), y1 € K**, which yields (y1) - 2777 = 1, where ; is
defined up to an invariant ideal, so that Z; contains at least such non-invariants
ideals 2},..., 2", and invariant ideals (in which are ideals a',..., a®, generating
), extended to K, and ramified prime ideals B!, ..., P).
Reciprocally, if o i (A;) € M, there exists y; € K*T such that (y1) - 241177 = (1),
giving N(y1) = xg € Ao.
Thus, it is not difficult to see that the classes of these ideals generate M7, whence
Ty = {A],. .., A7 5 (ab),... (%) 5 BB

This gives N(M;) by means of the computation, in Z;, of N(Z1) (M; does not need
to be computed as a subgroup of (), then, with Ay = {z1 € k**, (21) € N(Z;)}:

#C€+ _ptfl
#(My /M) = AN(M,) - (Ali : Ay NN(KX))
(35) iy
_ O e
#N(M)) '

Remark 4.6. The p-class group 6’6} is equal to the group of ambiguous classes
if and only if ¢/x(NZ;) = 6’6: &o=t—-1. If 6’6: = 1, the group A; is easily
obtained from NZ; C P]:r , whence the computation of d;; since Z; only depends on
Ef NNK* and the ramification in K/k, we can hope to characterize the fields K
fulfilling these conditions.

(ii) For the computation of Z», we process from the elements of A; which are
norms of some yo € K*T and the analogous fact that if 1 € A; is norm, then
(z1) = N(y2) = N(8B1), B1 € Iy, y2 € K*T, hence there exists 2y € Ik such that
By = (y2) - A7

Reciprocally, let hy = i (2A5) € My for some Al € Ik; since h%_" € M, there
exists yo € K*T such that (yo) - A5~ = A} € Ty, hence N(2}) = N(y2) =: (1),
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1 € A1 (since for all i, Elj C A; and invariant ideals are in Z;, the choices of x5
and 20, do not matter).

Then these ideals of the form 23, ..., 25* must be added to Z; to create Z:
To={A},..., 240 5 A3, A2 5 (ab), ..., (a%) 5 B ... B,
whence N(M3) and
A2 = {,TQ S kXJr, (LL'Q) S N(Ig)},
and so on. Hence, the algorithm is very systematic and the use of normic symbols
to find the subgroups A; N N(K*) is effective: indeed, for the most general case
of computation of Hasse symbols, see the Remark .7 below; otherwise use Hilbert

symbols (z;,a), by adjunction to k of a primitive pth roots of unity ¢, to obtain
the Kummer extension

K= K(G) = K (Va), aek’™,

over k' := k((,), and use the obvious Galois structure in K'/k’/k for the radical
« and the decomposition of ramified prime ideals, i.e., the duality of characters
given by the reflection principle [Gr2, §§11.1.6.8, 11.5.4.2, 11.5.4.3, I1.7.1.5, I1.7.5];
this leads to generalizations of Rédei’s matrices over F,; the rank of the matrices,
denoted ¢;, may be introduced in the general formula to give:

ot
#N(M;) 7

with increasing §; up to the value i = n giving §; =t — 1 and #N(M;) = #0; .
This was done in [Gr3'l (1973)] essentially for p = 2,3, and in [KMS| Theorem 5.16
(2015)], for p = 5, when the base field contains ¢, and for particular a (essentially
k= Q(¢5) and K = k({/q) where ¢ € N is for instance a prime satisfying some
conditions, so that the 5-rank can be bounded explicitly by a precise computation
of the filtration); this approach by [KMS] applies to the arithmetic of elliptic curves
in the Zs-extension of k.

(36) #(Mit1/M;)

Remark 4.7. For convenience, recall (from [Gr2] 11.4.4.3]) the hand computation
z,K/k

of normic Hasse symbols ( ), by global means, in any Abelian extension K/k.

Let m be a multiple of the conductor f of K/k (it does not matter if the support T
of m strictly contains the set of (finite) places ramified in K/k, which will be the

case if the conductor is not precisely known). Set m =: [I p™ with mp > 0.
peT

Let 2 € k* and let p be a place of k (x is not assumed to be prime to p); let
us consider several cases, where (KT/k) denotes the Frobenius automorphism of p
in K/k (for an unramified p; for an infinite complexified place, the Frobenius is a
complex conjugation), and let v, be the p-adic valuation:

() p € Ply (real infinite place). We have (#) = (KT/]C)UF (=
(resp. 1) if o (x) > 0 (resp. op(z) < 0).
(B) p € Ply\ T. Similarly, since p is unramified, we have (”CT{WC) = (KT/]C)U”(I).
(v) p € T. Let 2/ € k* (called a p-associate of x) be such that (using the
multiplicative Chinese remainder theorem):

(i) 2’27 =1 (mod p™),

(ii) 2’ =1 (mod p’™*")), for each place p’ € T, p’ # p,

(ili) op(2') > 0 for each infinite place p’ € Pl, complexified in K/k.
Then, by the pI‘OdlllCt formula, we have (#) = Ipepipsp (I/’p—{(/k)fl, and
since (= K/k) = (= ’K/k) by (i) and the definition of the local p-conductor of K/k,

P P
we have (ET{%) =1lpecrpsp (z’p—l/(/k)fl; let us compute the symbols occurring

in the right hand side:

), where vp(x) =0
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o ifp’ €T\ {p}, 2’ =1 (mod p'"™") (by (ii)) and we have (z/ ’pl,(/k) =1,

o if p/ € Pl, (m/ ’pI,{/k) = 1 since either (I;/,k) = 1 if p’ is complex or non-
complexified real, or v,'(2") = 0 for p’ complexified real (by (iii)),

o if p’ € Plp\ T, p’ is unramified and we know that (#) = (Kp—/,k)v"/(m/);

z, K/k K/k\—vp (")
p/ ) = Hp/ePlo\T (p—/’) !
vp(2’') = vp(z) by (i), we can write:

finally, we have obtained ( . It follows that since

(2') =: p¥» @q = por g, (a is prime to T by (ii)),

K/k K/k\-1
and we have obtained (for p € T'), (x, " / ) = ( : ) , where the Artin symbol

K/k
(T/) is by definition built multiplicatively from the Frobenius automorphisms
K/ k)vp (z)
) .

When we find that x is a global norm in K/k, bnfisnorm(bnfinit (P),z) of PARI
[P] (for £ = Q and K given via the polynomial P), gives a solution y; if x = N(y)
and (z) = N(2) for an ideal 2 of K, then it is immediate to get numerically B such
that (y) - B177 = 2. This was used for the Example

K/k
of the prime divisors of a. Recall that if p ¢ T', we have (x, . / ) = (

One can find numerical computations, densities results, notions of “governing fields”
and heuristic principles in many papers like [Gr3/], [Mol], [Mo2], [St2], [Wi], [Y2],
[Ged], etc. We think that the local framwork given by the algorithm may confirm
these heuristic results since normic symbols are independant (up to the product
formula) and take uniformly all values with standard probabilities.

4.5. p-triviality criterion for p-class groups in a p-extension. When K/k is
cyclic of p-power degree, the triviality of Cé}, equivalent to Cﬁ(c = 1, is easily
characterized from the Chevalley’s formula ([28) and gives:

#al - [Licr, , er _ aN(@t)- _

(K : k] (B : Ef nN(K*)) KUK KnHF (B BEfnN(K>)
which leads to the two conditions H;” C K & (E;f : Ef "N(K*)) = #Q /i, which
is coherent with the fact that the genera field H;g/k is K (see ([29) and (30), §B2).

Any generalization (S-class groups with modulus, quotients by a sub-module #) is
left to the reader.

Hpepzk,o €p

The following result gives, when the p-group G is not cyclic, a charcterisation of
the condition (/3. = 1 despite the fact that the usual Chevalley’s formula does not
exist in the non-cyclic case; so this involves more deep invariants as the knot group
K and the p-central class field Cy- /k (i-e., the largest subextension of Hy /K, Galois

over k, such that Gal(CIS(/k/K) is contained in the center of Gal(C’IS{/k/k)).

Theorem 4.8. Let K/k be a p-extension with Galois group G (not necessarily
Abelian), let S be a finite set of non-complex places of k and let CL3- be the p-Sylow
subgroup of the S-class group of K. Then C/3. = 1 if and only if the following three
conditions are satisfied, where Ji is the idéle group of K :
(i) Hy € K,

eab X eab ab
(it) (Ef : B N\Ng/p(Jk)) = Hyes p[Kab H};E? PP where eab (resp. fib) is
the ramification index (resp. the residue degree) of the place p of k in the mazimal
subextension K2 of K, Abelian over k,

(iti) #K = (B N Ng(Ji) : B N Ng/p(KX)), where the knot group K is by
definition k* N Ny /i (Jx ) /N jp(K*).
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The knot group, which may be nontrivial in the non-cyclic case, measures the
“defect” of the Hasse principle, i.e., of local norms compared to global norms. The
proof is based on the fact that C/3 = 1 if and only if (/3 = I - O3, where I¢ is
the augmentation ideal of G, because when G is a p-group there exists a power of
I which is contained in p Z[G]. Since by duality, Ho(G, /%) and HO(G, /%*) have
same order, we obtain the relation (/3 : I - (5) = #(C/%*)¢, which means that
[C’IS{/,C : K| = #(0%*)Y; thus we recover the condition by using the classical fixed

point theorem for finite p-groups. From the formula giving [C% i K ] (cf. [Gr2l
Theorem IV.4.7]), we deduce the three conditions of the theorem.

For a detailed proof, see [Gr2, §1V.4.7.4] giving a historic of the genera and central
classes theories from works of Scholz, Frohlich, Furuta, Gold, Garbanati, Jehne,
Miyake, Razar, Shirai, and many others; see [L4] for an history of genus theory and
related results.

Remark 4.9. Condition (iii) is empty when G is cyclic (Hasse principle), or when
Kk = 1. The condition K = 1 can be checked in the Abelian case via Razar’s
criterion, see [Ral; on the contrary it becomes nontrivial in the other cases so that,
in practice, there does not exist any easy numerical criterion for the triviality of
the p-class group in a non-cyclic p-extension.

In the particular case k = Q, S = ), condition (i) is empty, condition (ii), equivalent

to Il egb = [K*" : Q], is easy to check, and condition (iii) is equivalent to K = 1;
pEPl
this implies that for k¥ = Q with the narrow sense, the above problem is essentially

reduced to that of the Hasse principle.

5. RELATIVE p-CLASS GROUP OF AN ABELIAN FIELD OF PRIME TO p DEGREE

We fix a prime number p. To simplfy, we suppose p > 2.

We shall apply the above results of Sections 3 and 4 to study the Galois structure
of the relative p-class group of an imaginary Abelian extension k/Q, of prime to p
degree, using both the genera theory with characters in a suitable extension K/k,
cyclic of degree p, and the “principal theorem” of Thaine-Ribet—-Mazur—Wiles—
Kolyvagin in & [MW].

This section, based on [Grlll (1993)], emphasizes an interesting phenomena which
is, roughly speaking, that when one grows up in suitable p-extensions K/k, the
p-class group of K becomes “more regular” and gives informations on the p-class
group of the base field k; the most spectacular case being Iwasawa theory in Z,-
extensions [[w] giving for instance (under the nullity of the p-invariant) Kida’s
formula for the A\~-invariants in finite p-extensions K/k of CM-fields, which is
nothing else than a “genera theory” comparison of p-ranks of relative class groups
“at infinity”, i.e., in Koo /koo where koo and Ko, are the cyclotomic Z,-extensions
of k and K, respectively (see various approaches in [Iw], [Ki], [Sin]). For instance,
when K /k is cyclic of degree p one gets for the whole A-invariants, assuming K N
koo = k (JIwl, Theorem 6 (1981)]):

AME)=1=p-(A(k) =)+ (-1 (X(G Er.)+1) +%: (ew(Eoo/koc) = 1),

where w ranges over all non-p-places of Koo, where pX(G-Fxo) is the Herbrand

2
quotient % of the group Ex_ of units of K (similar situation as for
Chevalley’s formula which needs the knowledge of the Herbrand quotient of Fx)

and where e, (K /koo) is the ramification index of w in Ko /koo.

This aspect, in p-extensions different from Z,-extensions, is probably not sufficiently
thorough.
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5.1. Abelian extensions of Q and characters. Now we fix a prime number
p > 2. Let Q®P, seen in C, (the completion of an algebraic closure of Q,), be the
maximal Abelian extension of Q (as we know, it is the compositum of all cyclotomic
extensions of Q), and let G** := Gal(Q*"/Q).
Let ¥ be the group of C,-irreducible characters 1 : G2 — C, of finite order, and
let X be the set of Qp-irreducible characters x (such a character x is the sum of
the Qp-conjugates 1; of a character 1 € ¥; then we say that these conjugates 1;
divide x, denoted ¥; | x).
We denote by k, (cyclic over Q) the subfield of Q" fixed by the kernel Ker(x) of
1 and by R, the ring of values of ¢ over Z, (k,, Ker(x), R, do not depend on
the choice of the conjugate of ¢, whence the notation); furthermore, these objects
only depend on the Q-irreducible character p above ¥ or x (p is the sum of all
Q-conjugates of 1 then a sum of some x). The degree of k,/Q is equal to the order
of ¥ | x.
The ring R, is a cyclotomic local ring whose maximal ideal is denoted 91, ; more
precisely, if ¢ | x is of order dp™, ptd, n > 0, then R, = Zp[8apr] = Zp[&a][&pn],
where £; and £~ are primitive dth and p™th roots of unity, respectively; the prime p
is unramified in Q,(£4)/Q, and totally ramified in Q,(&yn)/Q, of degree (p—1) p"~1,
so that we get

gmgcp*l)p" —p. R,.
Let

Xo:={x € X, 9 |xisof order prime to p}
and
X, :={x €X, ¢]|xis of p-power order}.

We verify that X = Xp - X}, since for any x € X and 1 | x, we have the unique
factorization ¢ = 1) -9, where 1) is of order prime to p and 1, is of p-power order,
then x = Xq - Xxp, Where ¥g | X and ¥, | xp, since Q,(£4)/Qp and Q,(&pn)/Q, are
linearly disjoint over Q,. Note that x, is also the Q-irreducible character deduced
from 1), since Q-conjugates and Q,-conjugates of 1, coincide. The local degree
Ixo = [Qp(&a) : Qp] is the residue degree of p in Q(£4)/Q.

We say that x is even (resp. odd) if ¢(s_1) =1 (resp. ¢(s_1) = —1), where s_; is
the complex conjugation. We denote by X'+, Xoi and Xpi the corresponding sets
of even or odd characters (note that since p # 2, &, = AF).

For any subfield K of Q" we denote by Xk (then Xk o, Xk p) the set of characters
of K (i.e., such that Gal(Q*/K) C Ker(x) or k, C K).

5.2. The universal y-class groups (x € X, p > 2). Let (/r denotes the p-class
group of any field F C Q" (since p > 2, we have implicitely the ordinary sense).
Let x € .

: _ _ 1

(1) It X = Xo < XO’ let O [kXO:Q] sEGal(kxo/Q)
Zy[Gal(ky, /Q)] associated with x = x¢; so we have Z,[Gal(k,, /Q)] - ey, =~ R, .
Then we define the x,-class group as the corresponding semi-simple component of

Uk, defined by

xo(s™1) s be the idempotent of

Ay = CKZ’;‘;
(ii) If x = xo - xp With xo € X and xp, € X, xp # 1, let k' be the unique subfield
of ky such that [k, : k'] = p (we have k' = k,_ only if x, is of order p); thus
the arithmetical norm Ny /s induces the following exact sequence of R, -modules

defining /. :
1— R R
X
the surjectivity being obvious because k, is the direct compositum over Q of &y
and k,, which is a cyclic p-extension of Q, thus totally ramified at least for a prime
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number, whence k, /&’ ramified. Since (/y is anihilated by e, and by Ny /. which
corresponds to 1+ o + -+ + 0P~ 1 in the group algebra of Gal(k, /k') =: (o), C, is
canonically a R,-module (and not only a R, -module).

This defines, by an obvious induction in k, /k,_, the universal family of components

&, for all x € X for which we have the following formulas for any cyclic extension
K/Q of degree d - p™, ptd, n > 0:

#lx = 11 way,
XoEXK,0

(37) n
#a = 11, xo € Xico,

where, for each x, € Xx.0, Xi = Xo * Xp,i» Where X, ; is above @bgnﬂ for vy, | x,-
We denote by w, of order p — 1, the Teichmiiller character for p > 2; we have k, =
Q(¢p) where ¢, is a primitive pth root of unity and by definition w(¢, — () = a
(mod p) fora=1,...,p— 1.

With these definitions, we can give the statement of the “principal theorem” of
Thaine-Ribet—-Mazur—Wiles—Kolyvagin [MW] in the particular context of imagi-
nary fields K for the relative class groups (!}, hence with odd characters.

Theorem 5.1. Let p # 2 and let x = xo - Xp € X~. We assume that x, # w
when ky is the cyclotomic field Q(Cpn) (otherwise Cly, = 1). For ) | x, let by be
the ideal B1(¢y™1) - Ry, where Bi(y™') is the generalized Bernoulli number of the
character 1. Then we have #Cl, = #(Ry/by).

But as it is well known, this result does not give the structure of (/,, as R,-module;
indeed, if b, = SJI;, we may have the general structure:

€ €
&X:G%Rx/zm;i, 1<t; < <te, e>0, 2 t;=t
i

For instance, (/, is Ry-monogenic if and only if e = 1.

5.3. Definition of admissible sets of prime numbers. Still for p # 2 and
Xo € Xo » Xo # w, consider the cyclic field k := k, for which &, = C€ZX°, where

1 71 . . .
o = Ted > Xo(s77)s. We intend to apply the previous sections of

s€Gal(ky, /Q)
this paper on genera theory to obtain informations on the structure of (/, .

Definitions 5.2. (i) For any ¢ > 1, let S; be the familly of sets {¢1,...,¢;} of ¢
prime numbers fulfilling the following conditions (for given x, € X5 and ¥ | X;):

;=1 (mod p), fori=1,...,t (i.e., p| [Q(¢r) : Q);

Yo(li) =1, fori=1,...,t (i.e., £; totally splits in k = k).
(ii) For S € &, let @ C &), be the set of characters ¢, of order p, with conductor
0y --- 4, (that is to say, k, C Q(Cel ..... zt) is of conductor ¢; - - - ¢;, whence if k; is
the unique subfield of Q((s,) of degree p, then k, is a subfield of degree p of the
compositum k; - - - k; and k, is not in a compositum of less than ¢ fields k;).
(iii) The character ¢ € @ is said to be x,-admissible if by ., = Sﬁiow (see Theorem
BTl for the definition of b, .,). By extension we say that S € S; is xp-admissible if
there exists at least a x,-admissible character ¢ € ®g.
(iv) Let ry, be the R, /p Ry -dimension of /y /C/% .

So the number ¢ is known from the computation of a Bernoulli number depending
on ¢ and it is not difficult to find y,-admissible characters ¢. Then we have proved
in [Gr1I] the following effective result:
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Theorem 5.3. Let p # 2 and let xq € Xy, Xo # w, and let k =k, .

Let S = {l1,..., 4} € S be a xy-admissible set; then for i = 1,...,t, let I; be a
prime ideal of k above ¢; and let h; := dli(1;)0 be the image of cli(l;) in C€ZX°.
Then (y, is the Ry -module generated by the h;, i =1,...,t, and we have ry, <t.
Taking the minimal value of t yields ry, .

The principle of the proof is an application of the computations of invariant classes
of the Section@in K/k where K = ki, -k = k., and where ¢ is the x,-admissible
character of order p.

ko ——— K =ky;p
G ~17/pZ
Q d, ptd b=

We consider the G-module M = CK;?" as a component of the relative class group
(X} in other words, a semi-simple component of the p-class group of K, since from

Uy = ©® @2(6 we have selected xo € A, and the associated filtration with
XOEX,

characters of M = Cﬁj?" for which M; = MY = (&%), G := Gal(K/k) ~ Z/pZ

(see [Grl2, (1978)]).

We denote by £; the ideal of K above [; (indeed, I; is totally ramified in K/k) and
by H; := dk(£;)*0. Then the proof consists in proving the following lemmas (see
[Gr11l Lemmes (1.2), (1.3), Corollaire (2.4)]:

Lemma 5.4. The extension jg y, : C€ZX° — C@?“ 1s injective.

This comes easily from the fact that x, is odd (the y,-components of units are
trivial for x, # w, thus there is no capitulation of relative classes).

Lemma 5.5. We have M; = jK/k(CKZXO) (Hy,...,Hy)r, and Ml/jK/k(CKZX“) ~
(RX()/pRX()>t'

This expression giving #M; = #C@ZXO : pt'f o, where fy is the residue degree of
p in Q(&4)/Q, is nothing else than the x,-Chevalley’s formula in K/k for an odd
character x, (cf. [Grl2]).

Lemma 5.6. The character ¢ € ®g is xy-admissible if and only if M = My (in
other words, if and only if there are no exceptional x,-classes).

Thus, since C€2X“ = C€eX0, we get #M = Cﬁiéo = #Udy, - #UAy, ., from formula (37)
with n = 1. From Theorem [5.1} we have M = M, if and only if by ., = sm;w
(xo-admissibility). From the lemmas we get Ng /(M) = N (M1), hence &, =
Cgio . <h1, ceey ht>Rx0’ whence ngo = <h1, ey ht>Rx0'

So, for practical use, we are reduced to the known algorithm which must stop at
the first step. The ideals b, ., generated by Bernoulli numbers are easily obtained
from the Stickelberger element of the field K:

s = $,(519)7 (& 1) <o)

where m is the conductor of K and (KT/Q) the Artin symbol (for ged (a,m) = 1).

For more details see [Grll] where it is also proved that admissible sets have a
nontrivial Chebotarev density leading to the effectivness of the detemination of the
structure and where relations with some results of Schoof [Schl] are discussed (cf.
[Gr11l 884, 5]).
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One can then find many numerical examples in the Appendix [GrlIl (A)] by
Berthier, showing some cases of non-monogenic C@?” as R, -modules. For instance,

let k = @(\/—541 (37+6 \/ﬁ)) (quartic cyclic over Q) and p = 5; there exist two
5-adic characters y, and xj for which C/;*° ~ Ry, /(2 —i)Ry, @RXO/(Z — )Ry,

€’
and ,° = 1 (a rare example of non-monogenic /,°). See [Ber] for numerical
tables where the case of even characters x is also illustrated.

6. CONCLUSION AND PERSPECTIVES

To conclude, we can say that the p-class group is perhaps not the only object for the
class field theory setting of a number field k. Indeed, we prefer the very similar finite
p-group, denoted 7Ty, and defined as the p-torsion subgroup of the Galois group
of the maximal p-ramified (i.e., unramified outside p), non-complexified, Abelian
pro-p-extension of k denoted Hy " in the following schema:

Th.p
~ _ _—— .
ord pra
kK — kH,“pi Hk,p
7. ‘ ord ‘ ord
kﬂHkﬁpi Hk,p
‘ ord
Cgk,p

k

where k is the compositum of the Z,-extensions of k, H,‘C’fg the p-Hilbert class field,
and C@gfg is the p-class group of k (ordinary sense).

This finite group 7Tk p, connected with the Leopoldt conjecture at p and the residue
of the p-adic zeta function, has been studied by many authors by means of algebraic
and analytic viewpoints (e.g., K. Iwasawa [Iw], J. Coates [Col Appendix], H. Koch
[Ko], J-P. Serre [Se2], etc.), and we have done extensive practical studies in [Gr2]
from earlier publications |Gr7], [Gr8], [Gr9], and recently in a historical overview
of the Bertrandias-Payan module (a quotient of 7y ) by means of three different
approaches by J-F. Jaulent, T. Nguyen Quang Do and us (see the details in [Gr(]
and its bibliography).

The functorial properties of these modules 7, are more canonical (especially in
any p-extensions K /k of Galois group ) with an explicit formula for #’7}?: , under
the sole Leopoldt conjecture, so that a “Chevalley’s formula” does exist for any
p-extension K/k, see [Gr2, Theorem IV.3.3] and [MoNg]; 7x, contains any deep
information on class groups and units (using, for instance, reflection theorems to
connect Ty, and Cé,i’j when k contains the pth roots of unity, [Gr2l Proposition
I11.4.2.2]); furthermore, it is a fundamental invariant concerning the structure of
the Galois group of the maximal p-ramified pro-p-extension of k, saying that this
pro-p-group is free if and only if 7x, = 1 (fundamental notion called p-rationality
of k; see [Gr2, Theorem I11.4.2.5]).

Moreover the properties of the 7 ;, in a p-extension are in relation with the notion of
p-primitive ramification introduced in [Gr9, (1986)] and largely developed in many
papers on the subject (e.g., [Ja2], [MoNg]). In a similar context, in connection with
Gross’s conjecture [FG|, mention the logarithmic class group introduced by J-F.
Jaulent ([Ja3], [So]) governing the p-Hilbert kernel and the p-regular kernel.

The main property concerning these groups 7y, is that, under the Leopoldt conjec-
ture for p in K'/k (even if K/k is not Galois), the transfer map jx /i : Tr,p — Tk p
(corresponding as usual to extension of ideals in a broad sense) is injective [Gr2l
Theorem IV.2.1] contrary to the case of p-class groups. Furthermore, the property
of p-rationality we have mentionned above, has important consequences as is shown
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by Galois representations theory (e.g., [Grell (2016)]) or conjectural and heuristic
aspects (e.g., [Grl0, (2016)]).

So we intend to make much advertise for these 7 ,, since the corresponding filtration
(M;)i>o in a finite cyclic p-extension K/k has not been studied to our knowledge.
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