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We present a theory of optimal topological textures in nonlinear sigma-models with degrees of freedom living

in the Grassmannian Gr(M,N) manifold. These textures describe skyrmion lattices of N-component fermions

in a quantising magnetic field, relevant to the physics of graphene, bilayer and other multicomponent quantum

Hall systems near integer filling factors ν > 1. We derive analytically the optimality condition, minimizing

topological charge density fluctuations, for a general Grassmannian sigma model Gr(M,N) on a sphere and a

torus, together with counting arguments which show that for any filling factor and number of components there

is a critical value of topological charge dc above which there are no optimal textures. Below dc a solution of

the optimality condition on a torus is unique, while in the case of a sphere one has, in general, a continuum of

solutions corresponding to new non-Goldstone zero modes, whose degeneracy is not lifted (via a order from

disorder mechanism) by any fermion interactions depending only on the distance on a sphere. We supplement

our general theoretical considerations with the exact analytical results for the case of Gr(2, 4), appropriate for

recent experiments in graphene.

Introduction. The theory of non-linear sigma-models [1]

is a venerable subject with applications ranging from high-

energy physics and black holes to soft-matter and solid state

physics. In the latter setting they provide effective descrip-

tions of quantum Hall ferromagnets and their topological ex-

citations, such as skyrmions [2, 7]. On the other hand, these

models with remarkable mathematical structures offer impor-

tant insights into non-linear phenomena and geometry, and

have been a topic of extensive mathematical research. This

paper builds on the latter, leveraging the uncovered beauti-

ful mathematical structures to address the problem of finding

optimal topological textures in Grassmannian sigma-models.

The questions related to geometry of Grassmannian manifolds

have recently attracted a lot of attention in such diverse fields

as string theory [3], statistical mechanics [4, 5], and machine

learning [6]. The results presented in this Letter may be also

relevant to the mathematical questions of stability of vector

bundles, and finding conditions for flat metrics. In our setting

the optimal textures exhibit an almost flat (up to exponentially

small terms) topological (and hence electric) charge density

on a torus, thereby minimising the Coulomb interaction. The

charge density also also plays the role of an emergent effec-

tive magnetic field, and as such is central to the problem of

quantisation of these models.

Grassmannian sigma-models provide long-wavelength de-

scription of quantum Hall ferromagnets [7, 8] hosting multi-

component fermions at filling factors ν > 1. These systems

are expected to be realised, for-example, in multi-layer quan-

tum Hall systems (with an approximate spin-layer degener-

acy), and in spin-valley degenerate systems with a notable ex-

ample of graphene. Here, the spin and valley rotate under

approximate SU(4) transformation, see [9, 10], where recent

experiments found evidence for skyrmion crystals away from

integer filling factors [11]. These systems have also been re-

cently studied using exact diagonalisation [12]. However, be-

cause of the large number of degrees of freedom, these studies

are limited to small number of electrons.

Here, we present a general method of finding ground state

configurations of multicomponent fermions in the lowest Lan-

dau level at integer ν > 1 in the nonlinear sigma-model de-

scription and in presence of Coulomb interactions whose role

is to minimise topological charge density fluctuations. While

we do not take into account possible anisotropies relevant to

real experimental systems, our work can be used as the start-

ing point for more quantitative calculations [13].

Outline. We consider Grassmannian sigma-models with the

degrees of freedom defined on the manifold Gr(M,N) with M

being the filling factor, and N internal states arising from de-

grees of freedom such as spin, valley, layer, etc. We wish to

find the textures with smallest topological charge density fluc-

tuations. Mathematically, the topological textures minimizing

the energy of a pure sigma-model, without taking into account

the interactions, correspond to holomorphic maps w(z) from a

base manifoldM, corresponding to physical space (a sphere

or a torus in our case), to a Grassmannian manifold Gr(M,N)

according to the Bogomol’nyi–Prasad–Sommerfield bound

[1]. For our purposes it is useful to reformulate the problem

as an equivalent one in terms of the classification of holomor-

phic vector bundles over the base manifoldM, which allows

one to apply the machinery of algebraic geometry.

In this representation the maps are defined by a choice of a

rank M vector bundle V over the manifoldM together with

the choice of N global holomorphic sections of V, modulo

automorphisms of V. The latter correspond to gauge trans-

formations, and play an important role in counting degrees

of freedom, as we will show below. The sections generate

the fiber of V over each point ofM. After choosing a basis

σ1, ..., σD of global sections of V, a texture is encoded by an

N × D matrix A. An automorphism of V acts on A by right

multiplication A→ AΛ, where Λ is a D × D matrix. Physical

global SU(N) transformations g, which commute with auto-

morphisms, act by left multiplication A→ gA.

http://arxiv.org/abs/2107.10700v1
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Let us recall the definition of topological charge associated

to a Gr(M,N) texture, where we wish to emphasize its ge-

ometric nature, also see Supp. Mat. On CPÑ−1, we have a

natural Kähler metric (Fubini-Study metric), whose associ-

ated 2-form can be interpreted as the curvature form, or Berry

curvature, of a line bundle O(1) over CPÑ−1. This bundle is

the dual of the tautological line bundle over CPÑ−1, which at-

taches its representative vector at every point. The topologi-

cal charge density, associated to the texture described by the

N × M matrix w(z), is obtained as the the pullback of the nat-

ural curvature form on CPÑ−1 under the composed map iPw.

The latter is the Plücker embedding from Gr(M,N) to CPÑ−1,

with Ñ = N!/M!(N−M)! This can be used to associate to any

Gr(M,N) texture a CPÑ−1 texture. In doing so, the associated

bundle over M is the determinant bundle of V, which is a

rank 1 bundle (line bundle). If the Gr(M,N) texture is defined

by sections s(1), ..., s(N) of V, the associated CPÑ−1 texture is

defined by sections s(i1)∧ ...∧ s(iM ), with 1 ≤ i1 < ... < iM ≤ N.

If a texture is given by an A matrix, the associated texture iP f

is encoded in a new matrix, denoted by Ã = M(A)B. Here,

M(A) is an Ñ by D̃ matrix obtained by taking rank M minor

determinants of A, D̃ = D!/M!(D − M)!, and B is an D̃ by d̃

matrix, expressing the wedge productsσi1 ∧ ...∧σiM
in a basis

τ1, ..., τd̃ of global sections of the determinant bundle ofV.

We wish to minimise the Coulomb energy of these holo-

morphic textures, physically we want to find the textures

which correspond to a system of interacting electrons in the

lowest Landau level, and we find that the optimality condition

is described by a set of nonlinear equations Ã†Ã = I, where I

is the identity matrix. This is motivated by the following con-

siderations. On the sphereM = S 2
= CP(1), this condition

is exactly equivalent to having a constant topological charge

density. This is also consistent with our previous results on a

torus [13]. There, we have shown that residual spatial modula-

tions of the topological charge density decrease exponentially

in the large N = d limit (d being the total topological charge).

Mathematically, this corresponds to the classical limit for ge-

ometric quantization on the torus and this behaviour is just

a special case of the theory of the Bergman kernel asymp-

totics developed in the 90’s by Tian, Yau, Zelditch, Catlin, Lu

[25, 26], and applied to quantum Hall physics in particular by

S. Klevtsov [24]. In practice, the Ã†Ã = I condition can be

formulated as B†M(A)B = I, where M(A) = M(A)†M(A)

is a D̃ by D̃ square matrix, whose entries are given by M-

dimensional determinants whose elements are also elements

of A†A, so they are invariant under global SU(N) transforma-

tions. We find that in general, the optimality condition has

solutions on a sphere and a torus for a maximal value dc given

by N − 1 and N, respectively.

Grassmannian holomorphic textures on a sphere. In order

to construct optimal topological textures over a sphere we will

use the key mathematical result given by Grothendieck’s theo-

rem [16] (apparently this result has been derived several times

in the previous century, see e.g. [17]), which states that any

rank M vector bundle on the sphere splits as a direct sum of

line bundles. We need an explicit description of line bundles

Figure 1. (Color online). Topological charge density corresponding

to Skyrmion textures minimizing charge fluctuations. Top panel: unit

cell of a square lattice, obtained by numerical minimization in the

basis of theta-functions (note that the square lattice does not satisfy

the optimality conditions). Bottom panel: unit cell of a triangular

lattice corresponding to optimal texture discussed in the text. Note

the difference in scale of the topological charge fluctuations.

on S 2
= CP(1), which have global sections. They are the

O(d) bundles, where d is a positive integer equal to the topo-

logical charge. The space of global holomorphic sections of

O(d) on S 2 is realized by polynomials in z with maximal de-

gree equal to d, so its dimension is equal to d + 1. Physically,

this space is a realization of the Hilbert space of a quantum

spin S = d/2. Any rank M vector bundle on S 2 is of the form

V = O(d1) ⊕ O(d2)... ⊕ O(dM), with d1 + d2 + ... + dM = d the

total topological charge.

Let us look at specific example of the Grassmannian sigma-

model Gr(M,N) on a sphere, where we consider the case of

M = 2. While perhaps not the most physical example, this

highlights the structure of the problem. To this end we also

show a different way of finding optimal textures in this case.

A general holomorphic solution of the non-linear sigma model

can be written as an N × M matrix w(z) which in case of a

topological charge d = 2, d1 = 1, d2 = 1 and M = 2 can be

written as w(z) = (a1 + a2z, b1 + b2z), where ai and bi are N-

dimensional column vectors. The topological charge density
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is invariant with respect to an arbitrary global SU(N) transfor-

mation acting on the left of w(z) and a local gauge transfor-

mation given by a M × M matrix whose matrix elements are

given by analytic functions, acting on the right.

The matrix w†w is invariant under global SU(N) transfor-

mations, and we can use the coefficients in the expansion of

this matrix in powers of z as gauge-independent parameters

defining a given topological texture. For M = 2 and d = 2

we have w†(z)w(z) = A + B|z|2 + Cz + C†z∗, where A, B are

Hermitian 2 × 2 matrices formed from the overlaps of vectors

such as 〈ai|a j〉. Using Gramm-Schmidt orthogonalization we

find an invertible matrix R such that R†BR = I, and write A

in diagonal form Λ = U†(R†AR)U using an unitary transfor-

mation U. This yields in total six real equations on the matrix

elements of A and B, and together with the optimality condi-

tions for the topological charge density det(w†w) = (1 + |z|2)d

with d = 2 allows one to find the optimal texture:

w†(z)w(z) =

(

〈a1|a1〉 + |z|2 〈a2|b1〉z∗
〈b1|a2〉z 〈a1|a1〉−1

+ |z|2
)

. (1)

The additional constraint |〈a2|b1〉|2 = 〈a1|a1〉−1(〈a1|a1〉 − 1)2

fixes the amplitude of the coefficient 〈a2|b1〉, whose phase

can be further removed by a rotation in the complex z-plane.

That leaves a single real parameter 〈a1|a1〉 characterising the

texture — a non-Goldstone zero-mode! The possibility of

these new zero-modes on a sphere is supported by our general

counting arguments. It is worth noting that standard counting

arguments have to be modified by taking into account auto-

morphisms, as explained in the Supp. Mat, also see [19].

Grassmannian textures on the torus. In contrast to the

sphere, it is known that indecomposable vector bundles exist

on a torus [20]. For us these are more interesting than de-

composable ones because their number of automorphisms is

typically lower for a given topological charge. This suggests

a larger phase space to construct optimal textures. We need to

describe these explicitly, in particular to find the basis of their

spaces of holomorphic sections and automorphisms.

First, let us address the question of constructing the basis

of holomorphic sections over a torus. While this question has

been studied in the mathematical literature [21, 23] it is worth

presenting an explicit construction here. Consider a torus T =

C/Zγ1 ⊕ Zγ2 defined by two complex translation vectors γ =

n1γ1 + n2γ2 with n1,2 ∈ Z. The theta-functions of a given

type (aγ, bγ) are defined by the following condition θ(z + γ) =

eaγz+bγθ(z), where z is the complex coordinate on the torus. We

can use these to construct an infinite-rank vector bundle over

the torus in the following way. Let sections of this bundle

be represented by infinite row-vectors s(z) = (s0(z), s1(z), . . .).

After introducing orthonormal basis vectors in this space l̂m =

(0, . . . , 1m, . . .) a section can be written as

s(n)(z) =

∞
∑

q=0

1

q!

dqθ(z)

dzq
l̂n+q, (2)

for n ≥ 0. These sections have the following “periodicity”

s(z + γ) = eaγz+bγ s(z)eaγJ , (3)

where J is a square matrix with Jnn+1 = 1 for all n ≥ 0

and zero otherwise. This construction also holds in a finite-

dimensional setting, where we set l̂n = 0 for n ≥ M in which

case J is an M×M matrix. If the degree of the theta-functions

is d′, the space of sections of a degree d = Md′ vector bundle

is generated by s(n)(z) with 0 ≤ n ≤ M − 1 and its dimension

equals d. The sections satisfying this property are holomor-

phic sections of a rank M indecomposable vector bundle over

the torus [20, 21]. Note that this construction addresses the

case when d is a multiple of M. The general construction

of indecomposable vector bundles is further explained in the

Suppl. Mat.

The automorphisms acting on these sections on the right are

M×M invertible matricesΦ(z) with coefficients analytic func-

tions of z. The equation (3) should be satisfied also for these

bundles which constrains the matrices Φ(z) by the condition

eaγJ
Φ(z + γ) = Φ(z)eaγJ . Using this condition, we find that

when d is a multiple of M, the matrix of automorphisms Φ is

given by the constant matrix with main diagonal and all upper

diagonals filled with constants λ0, . . . , λM−1 correspondingly.

This gives us in total M − 1 non-trivial automorphisms. Note

that there are no non-trivial automorphisms in the opposite

case when d and M are relatively prime numbers.

Let us apply the construction given above in the sim-

plest non-trivial case of M = 2. The basis of de-

gree d′ theta-functions with the given type characterised

by two complex parameters (aγ, bγ) will be denoted by

{θ0(z), θ1(z), . . . θd′−1(z)}, see the definitions of the theta-

functions below. The corresponding basis of sections of rank

2 vector bundle {σ0(z), . . . σd−1(z)} is σ j(z) = (θ j(z), θ′
j
(z)) and

σ j+d′(z) = (0, θ j(z)) for j = 0, . . .d′ − 1. With this basis,

any holomorphic texture can be constructed by choosing N

sections s(1)(z), . . . sN (z), which can be written in terms of the

expansion in the σ-basis, namely si(z) =
∑d

1 Ai jσ j(z), with A

an N × d matrix of complex coefficients. Application of the

Plücker map results in a correspondingCPÑ−1 texture over the

torus. For any pair of sections (s(1), s(2)) ofVwe can construct

a section s(1)∧s(2) of a determinantal bundleDet V , which sat-

isfies

s(1)(z + γ) ∧ s(2)(z + γ) = e2(aγz+bγ)s(1)(z) ∧ s(2)(z), (4)

which defines theta-functions θ̃(z) with charge d = 2d′ and

type (ãγ, b̃γ) = 2(aγ, bγ). Taking a d-dimensional orthonor-

mal basis θ̃ j(z) of these theta-functions, the Plücker map is

encoded in the coefficients B j1 j2, j of the expansion

σ j1 (z) ∧ σ j2 (z) =

d−1
∑

j=0

B j1 j2, jθ̃ j(z), (5)

with 0 ≤ j1 < j2 ≤ d − 1. These coefficients are obtained

by expanding the products of theta-functions θ j(z) and their

derivatives in the basis of θ̃ j(z), see below.

Theta functions and expansion coefficients. Here we focus

on the case of even d. We need to define theta-functions of

degree d over the (γ1, γ2) torus. Let us choose γ1 = π and
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γ2 = πτ with Imτ > 0. It is convenient to introduce q = eiπτ

and we fix the type of the theta-functions by choosing aγ1
= 0,

aγ2
= −2id, and bγ1,2

= 0. The theta-functions, which provide

an orthonormal basis, are

θp(z) =
∑

n∈Z
qd(n−p/d)(n−p/d−1)e2i(nd−p)z, (6)

for p = 0, . . . , d − 1. Similarly one can define the functions

θp(z) by changing d to d′ in the expression above. In order to

calculate the coefficients of the matrix B we need the expan-

sion coefficients of the products of θ(z) and their derivatives

on the basis of θ̃(z):

θm(z)θn(z) = cn−mθ̃n+m(z) + cn−m+d′ θ̃n+m−d′ (z), (7)

θm(z)θ′n(z) − θ′m(z)θn(z) = −2id[rn−mθ̃n+m(z) + rn−m+d′ θ̃n+m−d′ (z)],

where ck =
∑

m∈Z qd(m+k/d)2

and rk =
∑

m∈Z(m + k/d)qd(m+k/d)2

.

Given the N × d matrix A defining the Gr(2,N) texture, the

corresponding texture in CPÑ−1 under the Plücker map is de-

fined by the Ñ × d matrix Ã:

Ãi1i2, j =

∑

0≤ j1< j2≤d−1

∣

∣

∣

∣

∣

∣

Ai1 j1 Ai1 j2

Ai2 j1 Ai2 j2

∣

∣

∣

∣

∣

∣

B j1 j2, j. (8)

This allows one to expand the sections ofDet V on the basis

of θ̃ j(z) with the coefficients given by the matrix Ã, or explic-

itly s(i1)(z) ∧ s(i2)(z) =
∑d−1

j=0 Ãi1i2, jθ̃ j(z). From this, one can

read-off the optimality condition for a Grassmannian holo-

morphic texture on a torus, that is given by Ã†Ã = I, provided

that the θ̃ j(z) are orthonormal. This condition can be rewritten

in an explicitly SU(N) invariant form in terms of the coeffi-

cient of matrix A†A as B†M(A)B = I, where

M(A) j1 j2, j
′
1

j′
2
=

∣

∣

∣

∣

∣

∣

(A†A) j1 j′
1

(A†A) j1 j′
2

(A†A) j2 j′
1

(A†A) j2 j′
2

∣

∣

∣

∣

∣

∣

. (9)

As in the case of a sphere the SU(N) invariant matrix elements

of A†A may be regarded as the basic degrees of freedom. We

note that these degrees of freedom are fixed only up to auto-

morphisms.

The optimality condition presented above is one of the cen-

tral results of this paper. Solving the equation B†M(A)B = I

in terms of the matrix elements A†A allows one to find an op-

timal texture in terms of its expansion in theta-functions with

the coefficients of this expansion given by the matrix A. The

latter can be obtained from the matrix A†A, given that d ≤ N,

via LU-decomposition, and we present an example below.

Counting degrees of freedom on a torus. We are now in

a position to provide counting arguments for the numbers of

degrees of freedom on a torus. By the Riemann-Roch theo-

rem [15], D = d, where d is the total topological charge. The

number of independent real parameters in Ã†Ã is d2, and the

number of parameters in A†A is generically equal to d2 when

d ≤ N, and to 2Nd − N2 < d2 when d > N. In the absence

of non-trivial automorphisms, which is the case when M and

d are relatively prime (e.g. odd d for M = 2), the number

of constraints and the number of parameters are equal, pro-

vided d ≤ N. This suggests that optimal textures correspond

to a finite set of SU(N) orbits, and we find a solution to the

optimality constraint for any odd d and M = 2. In fact, for

d = N this solution is unique and is given by the identity ma-

trix A = I. This is clear from the fact that in the odd d case

one can show that B†B = I.

For even d (and M = 2), there is a 1-parameter group of

non-trivial automorphisms, which act on A†A, but not on Ã†Ã
and there are in general a priori more constraints than physical

parameters, so the optimality condition Ã†A may not have a

solution. Indeed, we find that this is the case for Gr(2,N) and

d = 4, where solutions exist for the skyrmion lattices with

opening angles α ≤ π/3, and it is impossible to satisfy these

constraints for angles greater than π/3, even if d ≤ N.

Grassmannian Gr(2,N) textures on a torus. Here we

present an explicit solution of the optimality condition in the

case of M = 2 and d = 4. We note that the main step is to find

a solution for the matrix A†A, whose size is independent of N.

Because the matrix A can then be found by LU decomposi-

tion when N ≥ d, we focus on the case N = 4. Let us define

the matrix B in terms of its coefficients. We have the follow-

ing coefficient structure with (in general) complex parameters

which depend only on the opening angle of the lattice α

B =



















































0 B1 0 −B1

B2 0 B3 0

0 B4 0 B4

0 B4 0 B4

B3 0 B2 0

0 0 0 0



















































. (10)

The parameters Bi can be expressed in terms of theta func-

tions, but as it turns out we only need certain combinations of

these parameters. Let us introduce another parameter λ, given

by the equation λ = [−2Re(B∗
2
B3)/(|B2|2 + |B3|2)]1/2, where

λ(α) is a monotonic function of the opening angle of the lat-

tice on the interval α ∈ [0, π/3], with λ(0) = 1 and λ(π/3) = 0.

The parameters Bi are not all independent, and one can notice

that |B2 − B3|2/|2B4|2 = 1. Using this relation, the general so-

lution of the equation B†M(A)B = I is given by the following

matrix

A =





































1 iλ X iλX

0
√

1 − λ2 0 X
√

1 − λ2

0 0 1√
2

|B1|
|B4| −iλ 1√

2

|B1|
|B4|

0 0 0 1√
2

|B1|
|B4|
√

1 − λ2





































, (11)

where X is an arbitrary complex constant. One can see directly

via the Plücker embedding that X parametrises an automor-

phism. In other words the matrix A maps to the same vector

in the projective space independent of X. This explicitly con-

firms the one-parameter automorphism in the case of M = 2,

which general form for arbitrary M was presented above.

To summarise, we found a general optimality condition

for the topological textures in non-linear Grassmannian sigma
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models Gr(M,N) for any M and N and arbitrary topological

charge. In case of the torus, this condition can be resolved

when M and d are relatively prime numbers, while in the op-

posite case, we find that there is a possibility of obstruction,

which imposes limits on skyrmion lattice geometry. Remark-

ably, we find new non-Goldstone zero modes in the case of a

sphere. It will be interesting to understand the physical impli-

cations of these modes, and the possible existence of other

low-energy excitations. More broadly, we have uncovered

a mathematically rich aspect of topological condensed mat-

ter physics, which arises when topologically non-trivial states

and their excitations are faced with ‘local’ constraints arising

from minimisation of Coulomb energies, a situation we chris-

ten topological electrostatics.
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Supplemental Material

Some remarks on Grassmannian sigma-models

Reminder on CP(N − 1) sigma-models

We will consider Grassmannian sigma-models as general-

isations of the CP(N − 1) models. For the latter we have a

map r → |Ψ(r)〉, where |Ψ(r)〉 is an N-component spinor. The

action of the CP(N − 1) model reads:

S =

∫

d2r

( 〈∂µΨ|∂µΨ〉
〈Ψ|Ψ〉 −

〈∂µΨ|Ψ〉〈Ψ|∂µΨ〉
〈Ψ|Ψ〉2

)

. (12)

We can also define Berry-connectionAµ = Im
( 〈Ψ|∂µΨ〉
〈Ψ|Ψ〉

)

, and

topological charge density Q(r) = 1
2π

(∂xAy − ∂yAx), or ex-

plicitly

Q(r) =
1

2πi

( 〈∂xΨ|∂yΨ〉
〈Ψ|Ψ〉 −

〈∂xΨ|Ψ〉〈Ψ|∂yΨ〉
〈Ψ|Ψ〉2

)

−(x↔ y). (13)

Importantly, there it is possible to express these quantities in

a way which allows one to generalise these constructions to

the case of Grassmannian models. Let us introduce the nor-

malised column vector U(r) = 〈Ψ|Ψ〉− 1
2 |Ψ〉. The normalisa-

tion ensures that U†U = I. Further, we can define the orthog-

onal projector P = UU† on the line generated by |Ψ〉.
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Using these definitions we can rewrite the CP(N−1) sigma-

model in terms of U and P

S =

∫

d2r[∂µU
†∂µU − (∂µU

†)UU†(∂µU))], (14)

which is equivalent to

S =
1

2

∫

d2rTr(∂µP∂µP). (15)

The topological charge density can be expressed in terms of

U or P as well. We note that in terms of U the Berry phase has

the form Aµ = −iU†∂µU. The topological charge density is

given by Q(r) = 1
2πi

[(∂xU
†)(∂yU) − (∂yU

†)(∂xU)], or in terms

of P,

Q(r) =
1

2πi
Tr(P[∂xP, ∂yP]). (16)

Generalisation to Grassmannians

Let us consider the manifold Gr(M,N) of M-dimensional

subspaces of the N-dimensional complex vector space CN .

One way to parametrise such a subspace is to pick M or-

thonormal vectors which generate it. Arranging these vectors

as columns of a N × M matrix we form a matrix U. The

orthonormality of the columns is equivalent to the constraint

U†U = IM . As in the CP(N − 1) case, the projector on the M-

dimensional subspace spanned by the columns of U is given

by the matrix P = UU†, indeed we have P2
= P.

For a given subspace there is a continuous manifold of or-

thonormal basis which generates it. This manifold is in fact

U(M,C). There is therefore a redundancy in the U description

which can be seen as follows. A change of the orthonormal

basis can be implemented by multiplying the matrix U on the

right by a square matrix g ∈ U(M,C). Such a multiplication

U → Ug preserves the norm provided g†g = IM and leaves

the projector unchanged provided that gg† = IM .

The action and the topological charge density can then be

easily generalised (here U is an N × M matrix):

S =

∫

d2r Tr[(∂µU
†)(∂µU) − (∂µU

†)UU†(∂µU))], (17)

Q(r) =
1

2πi
Tr[(∂xU

†)(∂yU) − (∂yU
†)(∂xU)], (18)

or in terms of the projector

S =
1

2

∫

d2r Tr(∂µP∂µP), (19)

Q(r) =
1

2πi
Tr(P[∂xP, ∂yP]). (20)

We can check directly that the action and the topological

charge density are invariant under local gauge transformations

g(r) which act as multiplication U → Ug(r).

BPS bound

In order to find the BPS bound which minimizes the energy

of the sigma-model it is convenient to write the energy density

as the square of the covariant derivative. Indeed, we have

Tr[(∂µU
†)(∂µU) − (∂µU

†)UU†(∂µU))]

= Tr[(∂µU
†
+ U†(∂µU)U†)(∂µU + U(∂µU

†)U)]

= Tr[(∂µU
†
+ (U†∂µU)U†)(∂µU − U(U†∂µU)]. (21)

We introduce the M×M matrixAµ = −iU†(∂µU). Because

U†U = IM , we haveAµ = A†µ. Note thatAµ transforms like a

non-Abelian gauge potential under a local gauge transforma-

tion: if U goes into Ug (with g†g = gg† = IM) then Aµ goes

into g†Aµg − ig†∂µg. Using this gauge potential we can write

the action in the following form

S =

∫

d2r Tr[(∂µU
†
+ iAµU†)(∂µU − iUAµ)]. (22)

The gauge invariance of the action becomes explicit in this

formulation because under U → Ug with g†g = gg† = IM we

have

∂µU − iUAµ → (∂µU − iUAµ)g, (23)

∂µU
†
+ iAµU† → g†(∂µU

†
+ iAµU†). (24)

TheAµ field then can be used to define covariant derivatives:

DµU ≡ ∂µU − iUAµ and (DµU)† ≡ ∂µU† − iAµU†, then

S =

∫

d2r Tr[(DµU)†(DµU)]. (25)

Similarly for the topological charge density we can obtain an

expression in terms of covariant derivatives

Q(r) =
1

2πi
Tr[(DxU)†(DyU) − (DyU)†(DxU)], (26)

and also Q(r) = 1
2πi

Tr(∂xAy − ∂yAx), which generalises the

M = 1 case.

We can now use this to generalise the BPS bound to the

Grassmannian case as follows:

Tr[(DµU)†(DµU)] =
1

2
Tr[((DxU)†+i(DyU)†)(DxU−iDyU)

+ ((DxU)† − i(DyU)†)(DxU + iDyU)], (27)

which gives the inequality

Tr[(DµU)†(DµU)] ≥ |1
2

Tr[((DxU)†+i(DyU)†)(DxU−iDyU)

− ((DxU)† − i(DyU)†)(DxU + iDyU)]|. (28)

Here the last line can be written as follows

Tr[(DµU)†(DµU)] ≥ 2π|Q(r)|, (29)

and integrating over the whole space and introducing the in-

teger constant Ntop for the topological charge we obtain the

BPS inequality

S ≥ 2π|Ntop|. (30)
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Formulation in a general gauge

We would like to obtain the expressions for the action and

the topological charge density of the Grassmannian sigma

model without the normalisation constraint. This formula-

tion is convenient because we can use it to study holomorphic

mappings into Grassmannian manifold.

Let us take V to be a rank M, N ×M matrix which depends

smoothly on spatial coordinates x and y. Since the action and

the topological charge density can be expressed in terms of the

gauge-invariant projector P, we first give an expression for P

in terms of unnormalised matrix V . We have

P = V(V†V)−1V†. (31)

It is clear that P = P† and P2
= P, so P is a projector. Then

PV = P, so the columns of V are eigenvectors of P with the

eigenvalue 1. If w is a vector in CN chosen to be orthogonal to

the columns of V then V†w = 0 and Pw = 0, and P is indeed a

projector onto the subspace spanned by the columns of V . We

can now substitute the projector written in terms of V into the

expression for the action and after some algebra we obtain

S =

∫

d2r Tr[∂µP∂µP] =

∫

d2r Tr[(V†V)−1(∂µV
†)(∂µV)

− (V†V)−1(∂µV
†)V(V†V)−1V†(∂µV)]. (32)

Similarly, we obtain for the topological charge density

Q(r) =
1

2πi
Tr[(V†V)−1(∂xV

†)(∂yV)

− (V†V)−1(∂xV
†)V(V†V)−1V†(∂yV)] − [x↔ y], (33)

which simplifies in the case of holomorphic V(z) where we

obtain

Q(r) =
1

π

∂

∂z

∂

∂z̄
log Det(V†V). (34)

Gr(2,N) textures on the torus associated to indecomposable

rank 2 bundles. Case I.

Taking derivatives of theta-functions

We fix a type (aγ, bγ) where (γ = n1γ1 + n2γ2, and n1, n2

are integers) for the theta-functions on the torus T = C/Zγ1 ⊕
Zγ2. In other words, we have the following quasi-periodicity

property

θ(z + γ) = exp(aγz + bγ)θ(z). (35)

We construct an infinite rank vector bundle over the torus

using the following prescription. Let sections of this bun-

dle be represented by the infinite row-vectors: s(z) ≡
(s0(z), s1(z), . . .). We introduce an infinite basis in this space

of row-vectors

l0 = (1, 0, 0, . . .) (36)

l1 = (0, 1, 0, . . .) (37)

. . . (38)

together with the matrix J defined by Jnn′ = 1 if n′ = n + 1

and Jnn′ = 0 otherwise (n, n′ ≥ 0), we have ln J = ln+1.

Let us pick a θ-function with the (aγ, bγ) type and consider

the section

s(z) ≡
∞
∑

q=0

1

q!

dqθ(z)

dzq
ln+q (39)

for a given n ≥ 0. The key remark is that these sections trans-

form in a very simple way under transformations by γ

s(z + γ) =

∞
∑

q=0

1

q!

dq

dzq
(eaγz+bγθ(z))ln+q

=

∞
∑

q=0

q
∑

p=0

eaγz+bγ
1

q!

q!

p!(q − p)!

dqθ(z)

dzq
a

q−p
γ ln+q

= eaγz+bγ

∞
∑

p=0

1

p!

dpθ(z)

dzp
ln+p

∞
∑

r=0

ar
γ

r!
Jr, (40)

so we se that these sections transform in a way similar to the

transformations of the θ-functions

s(z + γ) = eaγz+bγ s(z) exp(aγJ), (41)

and it is clear how to construct rank M vector bundles with

this idea. To do that we set ln = 0 for m ≥ M, so that s(z)

is an M-component row-vector, then J becomes an M × M

matrix with 1s on the first diagonal above the main diagonal,

and zeros otherwise. These sections satisfying (41) are holo-

morphic sections of a rank M indecomposable vector bundle

on the torus. If we start with degree d′ theta functions, we

get a vector bundle of degree d = Md′. The space of sec-

tions of this bundle is generated by the above sections (with

0 ≤ n ≤ M − 1). Its dimension is equal to d = Md′.
Let us consider for simplicity the case of M = 2. We pick

a basis of the θ-functions with the type (aγ, bγ) and degree

d′, and denote them as θ0, θ1, . . . θd′−1. Denoting by V the

corresponding rank 2 bundle, we have a basis of sections of

V denoted by σ0, σ1, . . . σd−1 where d = 2d′, given by:

σ j(z) = (θ j(z), θ′j(z)), (42)

σd′+ j(z) = (0, θ j(z)), (43)

with 0 ≤ j ≤ d′ − 1, where θ′(z) = dθ(z)/dz.

The texture is constructed by choosing N sections

s(1)(z), s(2)(z), . . . s(N)(z). Because each one can be expanded

in the above basis we have an N × d matrix A, such that

s(i)(z) =

d
∑

j=1

Ai jσ j(z). (44)
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We remark that there is a constraint here, namely that N

row vectors s(i)(z) with (1 ≤ i ≤ N) should generate the

2-dimensional row-space at each point z. It is satisfied for

“generic” A matrices. Applying a Plücker map to this tex-

ture we get an CP(Ñ − 1) texture over the torus with Ñ =

N(N − 1)/2.

For any pair of sections (s(1), s(2)) ofV we denote s(1) ∧ s(2)

the section of DetV obtained by taking at each z the 2 × 2

determinant
∣

∣

∣

∣

∣

∣

s11(z) s12(z)

s21(z) s22(z).

∣

∣

∣

∣

∣

∣

(45)

Since s(1)(z) and s(2)(z) both satisfy the equation (41) we get

s(1)(z+γ)∧s(2)(z+γ) = e2(aγz+bγ)Det(eaγJ)s(1)(z)∧s(2)(z), (46)

and noticing that Det(eaγJ) = 1 we obtain

s(1)(z + γ) ∧ s(2)(z + γ) = e2(aγz+bγ)s(1)(z) ∧ s(2)(z), (47)

From this transformation properties under γ one can see that

the sections of DetV are θ functions of charge d = 2d′ whose

type is given by (ãγ, b̃γ) = 2(aγ, bγ).

Let us introduce an orthonormal basis (for the standard her-

mitean scalar product, think of a lowest Landau level with

2d′ = d flux quanta): θ̃0(z), θ̃1(z), . . . θ̃d−1(z) for the sections

of DetV. The Plücker map from Gr(2,N) to CP(Ñ − 1) is

encoded by the coefficients B j1 j2; j defined by

σ j1 (z) ∧σ j2 (z) =

d−1
∑

j=0

B j1 j2; jθ̃ j(z), 0 ≤ j1 < j2 ≤ d − 1. (48)

Given the N × d matrix A defining the Grassmannian Gr(2,N)

texture, its image under Plücker embedding is defined by the

Ñ × d matrix Ã:

Ãi1i2 ; j =

∑

0≤ j1< j2≤d−1

∣

∣

∣

∣

∣

∣

Ai1 j1 Ai1 j2

Ai2 j1 Ai2 j2

∣

∣

∣

∣

∣

∣

B j1 j2; j. (49)

We recall that Ã has the usual meaning for a projective texture

s(i1)(z) ∧ s(i2)(z) =

d−1
∑

j=0

Ãi1i2; jθ̃ j(z), 1 ≤ i < i2 ≤ N. (50)

Now, from the optimality condition for the CP(N − 1) mod-

els, if the basis {θ̃ j(z)}0≤ j1≤d−1 is orthonormal the optimality

condition in terms of the matrix Ã is given by the equation

Ã†Ã = 1, (51)

which is one of the central results of this paper. In terms of

matrix A this optimality equation can be written as

Ã†Ã = B†M(A)B = 1, (52)

where the matrix M(A) is defined as

M(A) j1 j2; j′
1

j′
2
=

∣

∣

∣

∣

∣

∣

(A†A) j1 j′
1

(A†A) j1 j′
2

(A†A) j2 j′
1

(A†A) j2 j′
2

∣

∣

∣

∣

∣

∣

. (53)

So the optimality condition involves only hermitian scalar

products of the N-dimensional columns of A. These scalar

products are clearly gauge-invariant, and we can regard these

scalar products as our basic degrees of freedom.

Figure 2. An M-sheeted covering of a torus with periods (γ1, γ2)

Taking an M-sheeted covering of the (γ1, γ2) torus. Case II.

The idea is to start from a line bundle L(M) of degree d over

the torus T (M)
= C/Zγ1 ⊕ MZγ2 This torus T (M) is an M-

sheeted covering of the basic torus T = C/Zγ1 ⊕ Zγ2. We

denote by πM the projejction from T (M) to T . For z ∈ T (i.e.

z belongs to fundamental parallelogram), the inverse image

π−1
M

(z) = {z, z + γ2, . . . , z + (M − 1)γ2}. Given L(M) over T (M),

we consider the push-forward bundle πM∗L
(M)over T denoted

by V. It is a rank M, degree d vector bundle over T , and

Atiyah has shown that it is indecomposable (but only when M

and d are mutually prime numbers). Its space of holomorphic

sections H0(V, T ) is the same as H0(L(M), T (M)). The latter

is the space of θ-functions of degree d over the T (M) torus.

For any such θ-function its push-forward πM∗θ can be seen as

length M row-vector

πM∗θ(z) = (θ(z), θ(z + γ2), . . . , θ(z + (M − 1)γ2)). (54)

Here, the type of these θ-functions is chosen such that aγ1
= 0.

Then we have the following relations

θ(z + γ1) = ebγ1 θ(z), (55)

θ(z + Mγ2) = eaMγ2
z+bMγ2 θ(z). (56)

From the equations (54) and (55) we get transition functions

("factor of automorphy") of theV bundle over T"

πM∗θ(z + γ1) = ebγ1 θ(z) πM∗θ(z + γ2) = πM∗θ(z)A(z), (57)

with matrix A(z) defined as

A(z) =









































0 . . . 0 eaMγ2z+bMγ2

1
. . . 0

0 1 . . .
...

0 0 . . . 0









































. (58)

Let us chose the standard basis θ
(M)

j
(z), (0 6 j 6 d − 1) of

sections of L(M) over T (M). We get a basisσ j(z), (0 6 j 6 d−1)

of H0(V, T ) simply by taking σ j ≡ πM∗θ
(M)

j
.
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The Plücker map involves taking antisymmetrized product

of the form σ j1 (z)∧σ j2 (z)∧ . . .∧σ jM
(z), (0 6 j1 < . . . < jM 6

d − 1). This may be expressed as M × M determinant:

σ j1∧. . .∧σ jM
=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

θ
(M)

j1
(z) θ

(M)

j1
(z + γ2) . . . θ

(M)

j1
(z + (M − 1)γ2)

θ
(M)

j2
(z) θ

(M)

j2
(z + γ2) . . . θ

(M)

j2
(z + (M − 1)γ2)

...
...

...
...

θ
(M)

jM
(z) θ

(M)

jM
(z + γ2) . . . θ

(M)

jM
(z + (M − 1)γ2)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

It is clear that these behave as degree d theta functions over

the T torus:

σ j1 ∧ . . . ∧ σ jM
(z + γ1) = eMbγ1σ j1 ∧ . . . ∧ σ jM

(z) (59)

σ j1 ∧ . . . ∧ σ jM
(z + γ2) = (−1)M−1eaMγ2

z+bMγ2σ j1 ∧ . . . ∧ σ jM
(z).

Introducing an orthonormal basis of θ functions of the cor-

responding type over the T torus denoted by θ̃ j(z), (0 6 j 6

d − 1), the Plücker map is expressed through the decomposi-

tion:

σ j1 (z) ∧ σ j2 (z) ∧ . . . ∧ σ jM
(z) =

d−1
∑

j=0

B j1... jM ; j θ̃ j(z). (60)

The rest of the discussion the same as in the case above.

Remarks on general indecomposable vector bundles

In the general case (see e.g. Th. 5.21 in the paper of O. Iena,

arXiv:1009.3230) one can write gcd(M, d) = h, and we can

define M = hM′ and d = hd′ with gcd(M′, d′) = 1. The

Case I above corresponds to h = M, so that M′ = 1 and

d = Md′, and specifically for M = 2 it corresponds to even

topological charge d. The Case II is applicable when h = 1

so that M′ = M and d′ = d. For M = 2 this corresponds to

odd charge d. So for M = 2 we have to treat the cases of even

and odd charge separately according to discussion presented

for Case I, and Case II respectively.

For M a prime number, the same dichotomy holds. When

M is not prime, and h , 1 and h , M one has to use a 2-step

construction. We start with a line bundle L(M′) of degree d′

over the T (M′) torus. Using Case I we construct a vector bundle

V(M′) of rank h and degree d over this torus. In the second

step we apply the push-forward construction (generalization

of Case II) where the line bundle L(M′) is replaced by the rank

h bundleV(M′)) to get a vector bundleV = πM′∗V(M′) of rank

M′h = M and degree d over T .

Explicit values of B coefficients for M = 2

Case of even d = 2d′

We are in the setting of Case I with M=2. We need to define

θ functions of degree d′ over the (γ1, γ2) torus. Without loss of

generality we can choose γ1 = π and γ2 = πτ with Im τ > 0.

As usual, it is convenient to introduce q = exp(iπτ), so |q| < 1.

We choose the following type of the θ functions defined by

aγ1
= 0, aγ2

= −2id′ and bγ1
= 0, bγ2

= 0. This gives the

basis of θ functions:

θp(z) =
∑

n∈Z
qd′(n−p/d′)(n−p/d′−1)e2i(nd′−p)z. (61)

Recall that the elementary translations preserving this type are

given by:

Tγ1/d′θ(z) = θ(z − γ1/d
′) (62)

Tγ2/d′θ(z) = q1+1/d′e−2iz θ(z − γ2/d
′), (63)

then

Tγ1/d′θp = ei2πp/d′θp (64)

Tγ2/d′θp = θp+1. (65)

We construct the rank 2 bundle V as explained in Case I

by taking these θ-functions and their first derivatives. The line

bundle DetV defines θ-functions of degree d = 2d′ over the

(γ1, γ2) torus. Their type is defined by ãγ1
= 0, ãγ2

= −2id

and b̃γ1
= 0, b̃γ2

= 0. Note that θp+d′ = θp, so (Tγ2/d′)
d′
= I

(span of θ functions). These θ-functions have the following

basis

θ̃p(z) =
∑

n∈Z
qd(n−p/d)(n−p/d−1)e2i(nd−p)z, (66)

note that θ̃p+d = θ̃p.

We wish to compute the expansion coefficients B j1 j2; j. For

this we need to decompose products of θ j1θ j2 and the Wron-

skians of θ j1 and θ j2 on the θ̃ j basis. We get

θ j1 (z)θ j2 (z) = A( j2 − j1)θ̃ j1+ j2 (z)

+ A( j2 − j1 + d′)θ̃ j1+ j2−d′(z) (67)

with

A( j) =
∑

m∈Z
qd(m+ j/d)2

, (68)

and we note that A(− j) = A( j).

We note that in the large d limit the amplitude A( j) is d-

periodic and peaks at j ∈ d Z. The width of these peaks is

of the order of
√

d which is much smaller than the period d

at large d. So, the collection of B j1 j2; j coefficients becomes

rather sparse in this limit.

We also need expressions for the Wronskian of the theta-

functions, which is given by

θ j1

dθ j2

dz
−

dθ j1

dz
θ j2 = −2id[B( j2 − j1)θ̃ j1+ j2(z)

+ B( j2 − j1 + d′)θ̃ j1+ j2−d′(z)], (69)
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with

B( j) =
∑

m∈Z
(m + j/d)qd(m+ j/d)2

. (70)

In the large d limit B( j) has a “dipolar” profile (as for the

derivative of the Gaussian), with the distance of the order of√
d between the local minimum and the local maximum of

B( j), located symmetrically with respect to j = 0. Note that

B(− j) = −B( j).

Explicit expressions for the coefficients of the expansion for

M = 2 in the case of odd d

We use the 2-sheeted covering T (2)
= C/Zγ1 + 2Zγ2 of

the (γ1, γ2) torus. On the torus T (M) with (M = 2) we in-

troduce θ functions of degree d, where type is defined by

aγ1
= 0, aMγ2

= −2id and bγ1
= 0, bγ2

= 0. A basis for

these functions is given by

θ
(M)

j
(z) =

∑

n∈Z
qMd(n− j/d)(n− j/d−1)e2i(nd− j)z. (71)

On the (γ1, γ2) torus we use almost the same θ̃ j(z) basis of

degree d theta functions as before, but with a slightly modified

type, so b̃γ2
= iπ, and we get

θ̃ j(z) =
∑

n∈Z
(−1)nqd(n− j/d)(n− j/d−1)e2i(nd− j)z. (72)

We have seen that

θ j1 (z) ∧ θ j2 (z) =

∣

∣

∣

∣

∣

∣

∣

θ
(2)

j1
(z) θ

(2)

j1
(z + γ2)

θ
(2)

j2
(z) θ

(2)

j2
(z + γ2),

∣

∣

∣

∣

∣

∣

∣

(73)

and we get

θ j1 (z) ∧ θ j2 (z) = C( j2 − j1)θ̃ j1+ j2(z), (74)

where

C( j) =
∑

m∈Z
(−1)mqd(m+ j/d)(m+ j/d−1). (75)

Automorphisms of the indecomposable bundles on the torus

Construction using derivatives of the θ-functions

We start from the automorphy factors given by the equation

s(z + γ) = eaγz+bγ exp(aγJ), (76)

with J being the following matrix

J =













































0 1 . . . 0

0 0 1 . . .
...
...
...
...

0 . . . 0 1

0 . . . . . . 0













































. (77)

An automorphism of such bundle is defined by an invertible

M × M matrix Φ(z), holomorphic in z. Applying Φ(z) to the

right of the row vector s(z) gives t(z) = s(z)Φ(z), which should

also satisfy (76). Therefore, we wish to impose the condition:

exp(aγJ)Φ(z + γ) = Φ(z) exp(aγJ). (78)

Since aγ1
= 0, we have Φ(z + γ1) = Φ(z). Chosing γ1 = π,

we set u = e2iz. Any translation z → z + nγ1, n ∈ Z leaves

u invariant. Therefore, we may look for Φ as a holomorphic

function of u. Note that u ∈ C\{0}, so we may write Φ as:

Φ(u) =
∑

k∈Z
uk
Φk, (79)

where Φk is an M × M matrix. We will be using previous

notations aγ2
= −2id′, and γ2 = πτ, and q = exp iπτ, note

that O. Iena arXiv:1009.3230 uses a different definition for

qIena = exp(2iπτ), then we see that if z→ z+γ2 then u→ q2u.

Then for γ = γ2 the equation (78) gives

Φ(q2u) = e2id′J
Φ(u)e−2id′J, (80)

which translates into equation

q2k
Φk = e2id′J

Φke−2id′J . (81)

Note that since JM
= 0 we have

e2id′J
= I +

M−1
∑

p=1

(2id′)p

p!
Jp ≡ I + N̂, (82)

where the M × M matrix automorphism N̂ also satisfies the

condition N̂M
= 0.

Lemma: consider the matrix equation for Φ: cΦ(1 + N̂) =

(1 + N̂)Φ, c ∈ Z. If c , 1 the only solution is Φ = 0. If c = 1,

then Φ is a linear combination of I, J, J2, . . . , JM−1.

Let us check this statement. We set α ≡ 2id′ and consider

N̂p
= (αJ +

α2

2
J2
+ . . . +

αM−1

(M − 1)!
JM−1)p, (83)

so that

N̂p
= αpJp

+ (. . .)Jp+1
+ . . . + (. . .)JM−1, p ≤ M − 1. (84)

This shows that N̂M−1
, 0 but N̂M

= 0. So there exists a basis

e1, . . . , eM of CM in which N̂ has the canonical Jordan form,

i.e.

N̂e1 = 0, N̂e2 = e1, . . . , N̂eM = eM−1. (85)

Let us first consider the case c , 1, and we set Φ(e1) =

x1e1 + . . . + xMeM , then cΦ(e1) = (I + N̂)Φ(e1), so

cx1 = x1 + x2,

cx2 = x2 + x3,

...

cxM−1 = xM−1 + xM ,

cxM = xM .
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If c , 1 the last equation gives xM = 0, but then xM−1 =

0, . . . x2 = 0, and x1 = 0 so Φ(e1) = 0. Since N̂e2 = e1 and

usingΦ(e1) = 0 we get cΦ(e2) = (1+ N̂)Φ(e2) so also Φ(e2) =

0. Then the same reasoning shows that Φ(e3), . . . ,Φ(eM) = 0.

Therefore, c , 1 implies that Φ = 0 is the only solution.

Now consider the case of c = 1. We wish to determine the

matrices which commute with N̂. We shall show that such

matrices also commute with J. For this we may express J as

a polynomial in the powers of N̂ of degree M. For all α ∈ R
we have

M−1
∑

p=1

(−1)p−1

p
(eαJ − I)p

= αJ. (86)

We take the derivative of the L.H.S. with respect to α. This

gives:

J

M−2
∑

p=0

eαJ(−1)p(eαJ − I)p
= JeαJ

M−1
∑

p=0

(−1)p(eαJ − 1)p, (87)

which is due to (eαJ − 1)M
= 0, so taking derivative with

respect to α gives JeαJ(eαJ − 1)M−1
= 0. Then

M−1
∑

p=0

(−1)p(eαJ − 1)p
=

M−1
∑

p=0

(−1)pN̂p, (88)

So we see that (1 + N̂)
∑M−1

p=0 (−1)pN̂p
= I + (−1)M−1N̂M

= I,

and because eαJ
= 1 + N̂, both sides of equation (86) have the

same α-derivative. Because they also coincide for α = 0, this

proves (86).

We note that (86) is of course the series expansion of

log[I + (eαJ − 1)]. It is often proved only for diagonalis-

able matrices, but since eαJ
= 1 + N̂, with N̂ nilpotent, eαJ

is not diagonalisable. This is why we showed a direct check

of this equation in our case. Now, from (86) we see that

if [Φ, N̂] = 0, then [Φ, N̂p] = 0 for all p ∈ N, and then

[Φ, J] = 0. Let us denote by (b1, b2, . . . , bm) the canonical

basis of CM . Then Jbp = bp−1 for p ≥ 2 and Jb1 = 0. It

is easy to show, by increasing recursion on p, that there are

c-numbers λ0, λ1, . . . , λM−1 such that:

Φbp = λ0bp + λ1bp−1 + λ2bp−2 + . . . + λp−1b1. (89)

Then

Φ = λ0I + λ1J + λ2 J2
+ . . . + λM−1 JM−1. (90)

Let us now return to equation (81), since Imτ > 0 we have

|q| < 1 so q2k
, 1 if k , 0. The Lemma shows that Φk = 0 for

k , 0. For k = 0 it shows that Φ0 is a linear combination of

the form (90). We have therefore shown that:

The only automorphisms of the vector bundle constructed

by the procedure of Case I (involving derivatives of the theta

functions) are obtained by multiplying s(z) on the right by a

constant M × M matrix Φ0 as in (90), explicitely

























































λ0 λ1 λ2 . . . λM−1

0 λ0 λ1 . . .
...

0 0 λ0 . . .
...

...
...
...
...

...

0 0 0 0 λ0

























































, (91)

with λ0, . . . , λM−1 complex constants.

Pushing forward line bundles on an M-sheeted covering of the

torus

Let us keep notation of section Case II, and choose bγ1
= 0

to simplify the discussion. Sections of πM∗L
(M) are then in-

variant under γ1 translations. As above, automorphisms are

represented by Φ(z), holomorphic and invertible M × M ma-

trix, such that Φ(z + γ1) = Φ(z). So we may write Φ as a

Laurent series in u = exp(2iz). We have now to express com-

patibility ofΦ(z) with γ2 translations. Using the M×M matrix

A(z) introduced in equation (58), compatibility of Φ requires

A(z)Φ(z + γ2) = Φ(z)A(z). (92)

where

A(z) =









































0 . . . 0 eaMγ2
z+bMγ2

1
. . . 0

0 1 . . .
...

0 0 . . . 0









































. (93)

This is a cyclic matrix, so taking M-fold product of such ma-

trices gives a diagonal matrix. In particlular

D(z) ≡ A(z)A(z + γ2) . . . A(z + (M − 1)γ2) =








































λ(z) 0 . . . 0

0 λ(z + γ2) . . .
...

...
...

...
...

0 . . . . . . λ(z + (M − 1)γ2)









































. (94)

Repeated application of equation (92) gives

Φ(z)D(z) = Φ(z)A(z)A(z + γ2) . . .A(z + (M − 1)γ2)

= A(z)Φ(z + γ2)A(z + γ2) . . .A(z + (M − 1)γ2)

...

Φ(z)D(z) = D(z)Φ(z + Mγ2),

so

Φ jk(z) λ(z + (k − 1)γ2) = λ(z + ( j − 1)γ2)Φ jk(z + Mγ2), (95)

and we have

Φ jk(z + Mγ2) = exp(aMγ2
γ2(k − j))Φ jk(z). (96)
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We recall that aMγ2
= −2id and γ2 = πτ. With u = e2iz and

q = eiπτ equation (96) reads:

Φ jk(q2Mu) = q2d( j−k)
Φ jk(u). (97)

Writing Φ jk in a Laurent series Φ jk =
∑

n∈ZΦ
(n)

jk
un, we have

(q2Mn − q2d( j−k))Φ
(n)

jk
= 0. (98)

So Φ jk(u) , 0 only if d( j − k) ∈ M Z. When d and M are

relatively prime, as for example when M = 2 and d is odd,

this happens only for j = k, i.e. for diagonal elements of Φ(u).

When j = k, only n = 0 makes the L.H.S. of (98) vanish, since

0 < |q| < 1. So when M and d are mutually prime, the only

automorphisms of πM∗L
(M) are trivial, i.e. Φ(z) = const × I.

B†B ∝ I for an M-sheeted covering of the (γ1, γ2) torus

Translations of line bundles L(M) over (γ1,Mγ2) and L̃ over

(γ1, γ2)

Suppose that sections satisfy s(z + γ) = eaγz+bγ s(z). Here

γ = Mγ2 or γ = γ2. Type preserving translations have the

form

[Tγ/d s](z) = λeµzs(z − γ/d), (99)

with the constraint exp(µγ−aγγ/d) = 1, and we take µ = aγ/d.

In order to find λ we impose that (Tγ/d)d
= I, so

[Tγ/d s](z+γ) = λd exp(
aγ

d
(z+γ+z+

d − 1

d
γ+. . .+z+

γ

d
))s(z)

= λd exp[
aγ

d
(dz +

d + 1

2
γ)]s(z).

Because [Tγ/d]d s = s the L.H.S. is equal to eaγz+bγ s(z) so we

have

λ = exp(
bγ

d
− aγγ

(d + 1)

2d2
). (100)

For the line bundle L(M) over the (γ1,Mγ2) torus, γ = Mγ2

and bγ = 0 then

λ = exp(− (d + 1)M

2d2
aMγ2
γ2). (101)

For the line bundle L̃ = Det(π∗L
(M)) over the (γ1, γ2) torus,

γ = γ2. Equation (59) shows that the multiplicative factor

aγ = aMγ2
and exp(bγ2

) = (−1)M−1, then

λ̃ = (−1)(M−1)/d exp(−d + 1

2d2
aMγ2
γ2). (102)

On L(M) we have a basis of theta functions θ
(M)

j
(z) with j ∈

{0, 1, . . . , d − 1} with the properties T (M)

Mγ2/d
θ

(M)

j
= θ

(M)

j+1
and

θ
(M)

j+d
= θ

(M)

j
. These theta functions are characterised by the

effect of translations by γ1/d in the following way

T (M)

γ1/d
θ

(M)

j
(z) = θ

(M)

j
(z − γ1/d) = ei 2π

d
jθ

(M)

j
(z). (103)

One can show that

(T̃γ1/dσ j1 ∧ . . . ∧ σ jM
)(z) = σ j1 ∧ . . . ∧ σ jM

(z − γ1/d)

= ei 2π
d

( j1+ j2+...+ jM)σ j1 ∧ . . . ∧ σ jM
(z). (104)

Since T̃γ1/d θ̃ j = ei 2π
d

jθ̃ j, we have

σ j1 ∧ . . . ∧ σ jM
= c( j1, . . . , jM)θ̃ j1+ j2+...+ jM

, (105)

where c( j1, . . . , jM) ∈ C. This is, of course a generalisation of

the equation (74) obtained previously for M = 2. The transla-

tional invariance observed in (74) is also valid in the general

case:

|c( j1 + 1, j2 + 1, . . . , jM + 1)| = |c( j1, j2, . . . , jM)|. (106)

Let us establish this result. Using θ
(M)

j+1
(z) =

λ exp(aMγ2
z/d)θ

(M)

j
(z − Mγ2

d
), and the explicit determinantal

expression before (74),

σ j1+1 ∧ . . .∧σ jM+1(z) = λM exp(
aMγ2

d
(Mz+

M(M − 1)

2
γ2))

× σ j1 ∧ . . . ∧ σ jM
(z − Mγ2/d). (107)

We wish to compute the R.H.S. of equation (107) with

([T̃γ2/d]Mσ j1 ∧ . . . ∧ σ jM
)(z). Pick any section θ̃ of L̃ over

the (γ1, γ2) torus. Then:

([T̃γ2/d]M θ̃)(z) = λ̃M exp[
aMγ2

d
(z + (z − γ2

d
) + . . .

+ (z − (M − 1)γ2

d
))]θ̃(z − Mγ2/d), (108)

or

([T̃γ2/d]M θ̃)(z) = λ̃M exp[
aMγ2

d

(

Mz − M(M − 1)

2d
γ2

)

]

× θ̃(z − Mγ2/d). (109)

If we define α by eiα(−1)
M(M−1)

d = 1, it is easy to check that

λM exp(aMγ2
γ2

M(M − 1)

2d
) = eiαλ̃M exp(−aMγ2

γ2

M(M − 1)

2d2
).

(110)

From (105), this implies

c( j1 + 1, . . . , jM + 1) = eiαc( j1, . . . , jM). (111)

Application to B†B

Equation (105) shows that B†B is diagonal if we use the θ̃ j

basis forDet(πM∗L
(M)). More precisely we have:

(B†B) j j′ = δ j j′

∑

j1<... jM

δ
(d)

j; j1+...+ jM
|c( j1, . . . , jM)|2, (112)

(where δ(d) is the Kronecker symbol for integers modulo d).

This has the form (B†B) j j′ = δ j j′D j and (106) implies that

D j+M = D j. Since we assume M and d relatively prime (so

πM∗L
(M) is an indecomposable rank M vector bunddle), this

equation shows that D j is independent of j, therefore B†B =
D × Id.
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Number of independent S U(N)-invariant deformation modes on

the sphere

Line bundles on the sphere

These bundles, for which a standard notation is O(d), are

completely determined by their topological charge d, assumed

to be a positive integer. A key elementary result is that the

space of global holomorphic sections of O(d) on S 2 is real-

ized by polynomials in z with maximal degree equal to d, so

its dimension is equal to d + 1. Physically, this space is a

realization of the Hilbert space of a quantum spin S = d/2.

The first occurence of this realization in physics has probably

been given by Dirac in his analytical diagonalization of the

Hamiltonian of a charged quantum particule in the field of a

magnetic monopole [1]. An explicit reformulation of the cor-

responding monopole harmonics in terms of sections of line

bundles on the sphere can be found in [2]. Later, starting from

Haldane’s pioneering paper [3], explicit descriptions of the

lowest Landau level wave-functions on the sphere have played

a crucial role in constructing many-particle wave-functions for

fractional quantum Hall states on the sphere. For the reader’s

convenience, let us recall how these O(d) bundles and their

space of sections can be constructed.

We start by viewing the sphere as the complex projec-

tive line CP(1). Denoting the line through (x0, x1) in C2 by

(x0 : x1), CP(1) is obtained as the union of two open subsets

U0 and U1, which are both in one to one correspondence with

the set C of complex numbers. Specifically, U j = {(x0 : x1) ∈
CP(1), x j , 0}, for j = 0, 1. On U0, a local coordinate may

be chosen as z = x1/x0. Note that CP(1) = U0

⋃{(0 : 1)},
where (0 : 1) is usually called the point at infinity since it

corresponds to z = ∞. On U1, the natural local coordinate is

w = x0/x1. On the intersection U0

⋂

U1, we have the relation

zw = 1, so the correspondence between z and w is holomor-

phic.

The O(1) bundle is defined as the dual of the tautological

bundle over CP(1). A global section of O(1) is therefore a

smooth collection of linear forms on complex lines (x0 : x1),

parametrized by (x0 : x1) ∈ CP(1). An obvious choice is to

restrict a given linear form φ on C2 to each line (x0 : x1). This

line is generated by (1, z) or equivalently by (w, 1) whenever

z or w are finite. If φ(x0, x1) = a0x0 + a1x1, we set s(0)(z) =

φ(1, z) = a0 + a1z on U0. Likewise, we set s(1)(w) = φ(w, 1) =

a0w+ a1 on U1. On U0

⋂

U1, s(0)(z) and s(1)(w) are related by

x0s(0)(z) = x1s(1)(w), so that:

s(0)(z) = t(1, z)s(1)(w), (113)

where t(1, z) = z is the transition function of the O(1) bun-

dle on U0

⋂

U1. It is easy to check that pairs of holomorphic

functions s(0)(z) and s(1)(w) related by Eq. (113) arise from

a linear form φ on C2 as described above. So global sections

of O(1) on the sphere are in one to one correspondence with

homogeneous polynomials of degree 1 in x0 and x1, or equiv-

alently, of degree 1 polynomials in a single variable z or w.

For positive integer d, the O(d) bundle is defined as the ten-

sor product of d identical copies of the O(1) bundle. The cor-

responding transition functions are t(d, z) = t(1, z)d
= zd. It

is easy to check that global sections of O(d) on the sphere are

in one to one correspondence with homogeneous polynomials

P(x0, x1) of degree d in x0 and x1, or equivalently, of degree d

polynomials in a single variable z or w. These later polynomi-

als are obtained as s(0)(z) = P(1, z) = P(x0, x1)/xd
0

on U0 and

s(1)(w) = P(w, 1) = P(x0, x1)/xd
1

on Ud.

Automorphisms of vector bundles on the sphere

Any rank M vector bundle V on S 2 is of the form V =
O(d1) ⊕ O(d2)... ⊕ O(dM), with d1 + d2 + ... + dM = d is the

total topological charge. It is useful to describe explicitely au-

tomorphisms ofV. Such description may be found in [4]. Let

us give here an elementary presentation. The transition func-

tion defining V is given by a rank M diagonal square matrix

t(z)i j = δi j t(di, z). An automorphism of V is defined by two

rank M square matrices A(0)(z) and A(1)(w), which are holo-

morphic functions of z and w, and which are invertible for all

z and all w. These two matrices are subjected by the compati-

bility condition on U0

⋂

U1:

A(0)(z) t(z) = t(z) A(1)(w) (114)

Using the fact that the matrix t(z) is diagonal, this translates

into:

A(0)(z)i j z(d j−di) = A(1)(w)i j (115)

The right-hand side of (115) is regular at w = 0, which implies

that A(0)(z)i j = 0, unless di ≥ d j. Because the holomorphic

function A(0)(z)i j is bounded by a constant times |z|(di−d j) as |z|
becomes large, it is easy to deduce from the Cauchy formula

that A(0)(z)i j is a polynomial in z, whose degree is at most

equal to di−d j. From (115), we also see that the same property

holds for A(1)(w)i j. At this stage, it is convenient to assume

that d1 ≤ d2 ≤ · · · dM. Since some of these degrees can be

equal, we introduce the following notation:

d1 = d2 = · · · = di1 = d̃1

di1+1 = di1+2 = · · · = di1+i2 = d̃2

.

di1+i2+···+ip−1+1 = · · · = di1+i2+···+ip
= d̃p

with d̃1 < d̃2 < · · · < d̃p, i1 + i2 + · · · + ip = M and i1d̃1 +

· · ·+ ipd̃p = d1 + · · ·+ dM = d, where d is the total topological

charge of the map. It is then convenient to view A(0)(z) as a

p × p block matrix, denoted by Ã(0)(z), for which the element

Ã
(0)

lm
(z) is an il × im matrix. The previous discussion shows

that Ã
(0)

lm
(z) = 0 if l < m and Ã

(0)

lm
(z) has polynomial entries of

degree at most equal to d̃l− d̃m if l ≥ m. In particular, diagonal

blocks Ã
(0)

ll
(z) are constant invertible rank il square matrices,

and Ã(0)(z) is lower triangular. It is easy to check that if Ã(0)(z)

satisfies the above conditions, its inverse B̃(0)(z) also satisfies
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them, so the pair (A(0)(z), A(1)(w)) defines an automorphism of

the vector bundleV.

S U(N)-invariant deformation modes on the sphere

Assuming that entries of Ã†Ã are independent functions of

the entries of A†A, and that independent automorphisms of

V give rise to independent small deformations of A†A, we

get the simple estimate of the numberN0 of S U(N)-invariant

deformation modes for optimal textures on the sphere:

N0 = NA†A − NÃ†Ã − Naut (116)

where NA†A (resp. NÃ†Ã) denotes the number of independent

real parameters involved in A†A (resp. Ã†Ã) and Naut denotes

the number of independent real parameters to describe non-

trivial automorphisms ofV. The two underlying assumptions

behind this simple estimate are hard to prove (or to disprove)

by general arguments, and their validity depends in general on

the actual value of A†A. For example, if A†A is equal to the

unit matrix, it remains invariant under the action of any auto-

morphism! Probably these are reasonable assumptions if A†A
describing optimal textures may be considered as generic, the

later notion being only loosely defined. For this reason, it is

important to be able to produce explicit solutions, at least for

small values of M, N, and d, in order to test these assumptions.

To evaluate the number of independent parameters in A†A,

we first recall that A is an N×D matrix, where D is the number

of independent global sections ofV. Because the sections of

the O(d) line bundle are polynomials of degree d, they depend

on d+1 complex parameters. Therefore, sinceV decomposes

as a direct sum of such line bundles, D = (d1 + 1) + (d2 +

1) + · · · + (dM + 1) = d + M. Since entries of A†A can be

interpreted as hermitian scalar products in CN between the D

columns of A, we have to distinguish according to whether

D ≤ N or D > N. In the first case, the columns of A are

generically linearly independent. It is easy to see that any

positive hermitian square matrix of size D and rank D can be

realized as an A†A, and that A†A determines A modulo global

S U(N) transformations. Therefore, taking into account the

fact that A†A is hermitian, it involves NA†A = D2
= (d +

M)2 real parameters. In the second case D > N implies that

A†A cannot be of maximal rank D, but is rank is limited by

N, which is smaller than D. In the generic case, the rank of

A†A is equal to N. Assuming that the first N columns of A

are linearly independent, they are determined, up to a global

S U(N) transformation, by the submatrix (A†A)i j for 1 ≤ i, j ≤
N, which provides N2 independent real parameters. Once its

first N columns are known, the remaining n = D−N columns

of A are determined by their overlaps with the first N columns,

which brings 2N(D − N) new independent real parameters.

Therefore, we see that A†A involves only N2
+ 2N(D − N) =

D2 − (D − N)2
= D2 − n2 independent real parameters. As

in the first case, A†A still determines A modulo global S U(N)

transformations.

Regarding Ã†Ã, it is an hermitian square matrix of linear

size d̃, where d̃ denotes the number of independent param-

eters involved in global sections of DetV ≃ O(d). Then

d̃ = d + 1. Ã†Ã involves d̃2 independent real parameters, so

NÃ†Ã = d̃2
= (d + 1)2. At this stage, not taking into account

the reduction in the number of physical degrees of freedom

due to automorphisms, we have the simple formula, in case

d + M ≤ N:

NA†A − NÃ†Ã = (M − 1)(2d + M + 1) (117)

When d + M > N, and n = D − N, this number has to be

subtracted by n2.

From the explicit description of automorphisms given

above, it is easy to see that they depend on
∑

m≤l(d̃l− d̃l+1)ilim
complex parameters. Removing the trivial automorphism

(proportional to the identity matrix), and multiplying by 2 to

count real parameters, we get:

Naut = 2

















∑

m≤l

(d̃l − d̃l + 1)ilim − 1

















(118)

These general expressions simplify greatly when M = 2. We

have two cases, either d1 < d2 or d1 = d2. In the former

case, Naut = 2(d2 − d1 + 2), whereas Naut = 6 when d1 = d2.

Combining these informations with Eq. (117), we get, in case

d + 2 ≤ N:

N0 = 4d1 − 1 (d1 < d2) (119)

N0 = 4d1 − 3 (d1 = d2) (120)

When d + 2 > N, and n = d + 2 − N, this value for N0

has to be subtracted by n2. These expressions show that, for

given N and d, the maximal number of S U(N)-invariant de-

formation modes is obtained by maximizing d1, with the con-

straint 2d1 ≤ d. This gives d1 = d2 = d/2 for even d, and

d1 = (d − 1)/2, d2 = (d + 1)/2 for odd d. A table of values of

N0 given by this counting argument, for M = 2, 3 ≤ N ≤ 10

and 1 ≤ d ≤ 10 reads:

N \d 1 2 3 4 5 6 7 8 9 10

3 ∅ 0 ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
4 ∅ 1 2 1 ∅ ∅ ∅ ∅ ∅ ∅
5 ∅ 1 3 4 3 0 ∅ ∅ ∅ ∅
6 ∅ 1 3 5 6 5 2 ∅ ∅ ∅
7 ∅ 1 3 5 7 8 7 4 ∅ ∅
8 ∅ 1 3 5 7 9 10 9 6 1

9 ∅ 1 3 5 7 9 11 12 11 8

10 ∅ 1 3 5 7 9 11 13 14 13

In this table, the ∅ sign is used to denote negative values of

N0, which correspond to an absence of Gr(2,N) textures with

a uniform topological density. N0 = 0 suggests the existence

of uniform textures forming a discrete set of S U(N) orbits.

We see two clear trends in this table. First, increasing N at

fixed d increases N0 until it saturates for N ≥ d + 2. At fixed

N, which is probably more relevant to real physical systems,
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N0 first increases as d increases, then reaches a maximum and

decreases again. It becomes negative when d becomes suf-

ficiently large. This is reminiscent of the M = 1 case (pro-

jective textures), for which we have seen that N0 is negative

as soon as d ≥ N. The new feature for M ≥ is the predic-

tion of new S U(N)-invariant deformation modes for uniform

textures, which have no counterpart for the M = 1 case.

We should emphasize again that results shown in the above

table are conjectural since we have relied on two unproven as-

sumptions. It appears that some entries in the table are not

correct. For example, let us consider N = 3 and M = 2. Send-

ing M-dimensional subspaces of CN in to N − M dimensional

ones by duality shows that Gr(2, 3) is the same manifold as

Gr(1, 3) ≃ CP(2). For CP(2) textures, N0 = 0 for d = 1

and d = 2, and there are no uniform solutions for d ≥ 3. We

get the same pattern as for the N = 3 row in the above ta-

ble, excepted for d = 1. This shows that it is important to

test these simple but non rigorous counting arguments with

explicit constructions of uniform solutions for some tractable

cases at sufficiently small d.
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