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Abstract

Pearl’s d-separation is a foundational notion to study conditional independence
between random variables. We define the topological conditional separation and we
show that it is equivalent to the d-separation, extended beyond acyclic graphs, be they
finite or infinite.

1 Introduction

As the world shifts toward more and more data-driven decision-making, causal inference is
taking more space in applied sciences, statistics and machine learning. This is because it
allows for better, more robust decision-making, and provides a way to interpret the data that
goes beyond correlation |7]. In his seminal work [6], Pearl builds on graphical models [3] to
propose the so-called do-calculus, and he notably introduces the notion of d-separation on a
Directed Acyclic Graph (DAG).

This paper has two companion papers [2, 5|, Altogether, the three of them aim at pro-
viding another perspective on conditional independence and do-calculus. In this paper, we
consider directed graphs (DGs), not necessarily acyclic, and we introduce a suitable topology
on the set of vertices. Then, we define the new notion of topological conditional separation
on DGs, and we prove its equivalence with an extension of Pearl’s d-separation on DGs. The
topological separation is practical because it just requires to check that two sets are disjoint.
By contrast, the d-separation requires to check that all the paths that connect two variables
are blocked. Moreover, as its name suggests, the topological separation has a theoretical
interpretation which motivates a detour by the theory of Alexandrov topologies.

The paper is organized as follows. In Sect. 2, we provide background on binary relations
and graphs, and then we present Alexandrov topologies induced by binary relations. In
Sect. 3, we recall the definition of d-separation, then introduce a suitable topology on the
set of vertices, and define a new notion of conditional topological separation (t-separation).
Then, we show that d-separation and t-separation are equivalent, and we put forward a
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practical characterization of t-separation between subsets of vertices. We provide additional
material on Alexandrov topologies in Appendix A, and we relegate technical lemmas in
Appendix B.

2 Alexandrov topology on a graph

In §2.1, we provide background on binary relations and graphs. In §2.2, we present Alexan-
drov topologies induced by binary relations.

2.1 Background on binary relations, graphs and topologies

We use the notation [r, s] = {r,r+1,...,s — 1, s} for any two integers r, s such that r < s.

2.1.1 Binary relations

Let V be a nonempty set (finite or not). We recall that a (binary) relation R on V is a subset
R C V x V and that y R X means (y,A) € R. For any subset I' C V, the (sub)diagonal
relation is Ar = {(7, A)EV XV ‘ y=A€ F} and the diagonal relation is A = Ay,. A foreset
of a relation R is any set of the form R\ = {7 ey } YR )\}, where A\ € V, or, by extension,
of the form RA = {7 eV ‘ dJNeA, 773)\}, where A C V. An afterset of a relation R
is any set of the form v R = {)\ eV } 77?,)\}, where v € V, or, by extension, of the form
'R = {)\ ey ‘ Jyel, vRA}, where I' C V. The opposite or complementary R° of a
binary relation R is the relation R =V x V \ R, that is, defined by YR A <= —(yR ).
The converse R=! of a binary relation R is defined by yR™! A <= AR~. A relation R is
symmetric if R = R, and is anti-symmetric if R"'!NR C A.

The composition RR’ of two binary relations R, R’ on V is defined by v(RR' )\ <
36 € V, yR6 and 6 R’ \; then, by induction we define R = RR" for n € N*. The
transitive closure of a binary relation R is R* = U2 | R¥ (and R is transitive if R™ = R) and
the reflexive and transitive closure is R* = Rt U A = U2 ;R" with the convention R? = A.
A partial equivalence relation is a symmetric and transitive binary relation (generally denoted
by ~ or =). An equivalence relation is a reflexive, symmetric and transitive binary relation.

2.1.2 Preorders

A preorder (or “quasi-ordering”) on V is a reflexive and transitive binary relation (generally
denoted by <), whereas an order is an anti-symmetric preorder (generally denoted by <).
For a preorder, the foreset (resp. afterset) of a subset I' C V is called the downset (resp.
upset) of I' and is denoted by |T" (resp. by 11'):

¢F:{a€V‘E|7€F, ajv}, TF:{QEV}EWeF, vja}.

Then, a subset I' C V is called an upper set (resp. a lower set) — or also an upward closed set
(resp. downward closed set) — with respect to the preorder <X if [V C V (resp. 1V C V)
or, equivalently, if [V =V (resp. 1V =V).



2.1.3 Graphs

Let V be a nonempty set (finite or not), whose elements are called vertices. Let £ CV x V
be a relation on V, whose elements are ordered pairs (that is, couples) of vertices called
edges. The first element of an edge is the tail of the edge, whereas the second one is the head
of the edge. Both tail and head are called endpoints of the edge, and we say that the edge
connects its endpoints. We define a loop as an element of A N &, that is, a loop is an edge
that connects a vertex to itself.

A graph, as we use it throughout this paper, is a couple (V, ) where £ C V x V. This
definition is very basic and we now stress proximities and differences with classic notions in
graph theory. As we define a graph, it may hold a finite or infinite number of vertices; there
is at most one edge that has a couple of ordered vertices as single endpoints, hence a graph
(in our sense) is not a multigraph (in graph theory); loops are not excluded (since we do not
impose A N E = ()). Hence, what we call a graph would be called a directed simple graph
permitting loops in graph theory.

2.1.4 Topologies

We refer the reader to |4, Chapter 4] for notions in topology. Let V be a nonempty set. The
set T C 2Y is said to be a topology on V if T contains both (), V and is stable under the
union and finite intersection operations. The space (V,7T) is called topological space. Any
element O € T is called an open set (more precisely a T-open set), and any element in

T ={Ccv|CeT} (1)

is called a closed set (more precisely a T-closed set). For any subset V' C V), the intersection
of all the closed sets that contain V' is a closed set called topological closure and denoted
by V (or, when needed, V).

A clopen set (more precisely a T-clopen set) is a subset of V which is both closed and
open, that is, an element of 7 N 7’. A topological space (V,T) is said to be disconnected
if it is the union of two disjoint nonempty open sets; otherwise, it is said to be connected.
A subset V. C V of V is said to be connected (more precisely T-connected) if it is connected
under its subspace topology T NV = {ONV € T} O €T} (also called trace topology or
relative topology). A connected component of the topological space (V,T) (also called a T-
connected component) is a maximal (for the inclusion order) connected subset. A connected
component is necessarily closed and the connected components of (V,7T) form a partition
of V [4, Exercise 4.11.13]. Any clopen set is a union of (possibly infinitely many) connected
components.

Let (V;,T;), i = 1,2 be two topological spaces. The product topology T; @75 is the smallest
subset 7 C 2Y1*Y2 which is a topology on the product set V; x V, and which contains all the
finite rectangles {01 X Oy ‘ 0, €T;,i=1, 2}.

Specialization preorder. With any topology 7 on V. one associates the so-called spe-
cialization (or canonical) preorder as the binary relation <7 on V defined by [4, § 4.2.1,
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Lemma 4.2.7]
va)\(:)WEXT (‘v’v,)\EV). (2)

The relation <7 is reflexive and transitive, hence is a preorder (hence the notation). Follow-
ing the notation in §2.1.1 — with the notation |7 for a downset and 17 for an upset — we
have that

A=), YaeV, (3)

it is readily shown (and well-known [4, Lemmas 4.2.6 and 4.2.7]) that every open set is an
upper set and every closed set is a lower set.

Preorder topology. It can be shown that, for any preorder < on V), the set
T.={0cV|1t0coO} (4)

is a topology and that it is the finest topology 7 that has < as specialization order (that
is, such that <7==) [4, Proposition 4.2.11]. The topology 7= is an Alexandrov topology as
follows.

Alexandrov topology. The set 7 C 2V is said to be an Alezandrov topology on V if T
contains both (,V and is stable under the union and (not necessarily finite) intersection
operations. If 7 is an Alexandrov topology, then 77 in (1) also is an Alexandrov topology,
that we call the dual (Alexandrov) topology [1].

It is established that a topology 7 is an Alexandrov topology if and only if 7 = 7_,
where <7 is the specialization preorder of 7, that is, if and only if the open sets (in 7T) are
exactly the upper sets (with respect to <7) — or, equivalently, the closed sets (in 77) are
exactly the lower sets (with respect to <) [4, Proposition 4.2.11, Exercise 4.2.13|. Thus, if
T is an Alexandrov topology, we have that

(OeT <:>¢70co) and (CETuEmmcc). (5)

In an Alexandrov topology, it can be shown that, for any family {I',}, ¢ of subsets I'; C V,
the topological closure satisfies

Ur.=T:, Wl cv, ses. (6)

SES seS

Indeed, as T’y C U, s Ty, we get that J,.gT's C U,cgTs € Uses Is. As the set [, g T is
closed, by definition of Alexandrov topology, we conclude. By (6), it is readily deduced that

T=/,T,V[CV. (7)



2.2 Alexandrov topology induced by a binary relation

As recalled, a topology is an Alexandrov topology if and only if it is the topology of a
preorder [4, Exercise 4.2.13|. In fact, one can associate a topology with any binary relation
(see (8) below) and prove that a topology is an Alexandrov topology if and only if it is the
topology of a binary relation [1, Théoréme 1.2|. In Proposition 1, we analyze the Alexandrov
topology induced by a binary relation; we recover known results |1, Théoréme 1.2] and we
add some new results. Additional results are provided in Appendix A.

Proposition 1 Let (V,E€) be a graph, that is, V is a set and E CV x V.
The following set
T.={0cV|0¢E c O} (8)

is an Alezandrov topology on V with the property that open subsets are characterized by
O€ceT: < 0£CO < 0" CO < 0" CO < 0 =0. 9)

In the Alexandrov topology Tz, the topological closure! r of a subset I' C'V is given by
“=&T, VI cV, (10)

that 1s, 1s the E*-foreset; the closed subsets are characterized by
CeT! < ECCC < E'CCC < £'CCC < &£&C=C < c*=C.

The Alexandrov topology Te satisfies .
To=Tor = Tor (12a)

and the dual Alexandrov topology T. satisfies

To=Temr = Te-1yr = Tey - (12b)

Regarding the specialization preorder =<7, it is well-known that, for any preorder = on V, we
have that X7 == [{, Proposition 4.2.11]. More generally, it holds that

==&, VEC V. (13)

Proof. We prove that the set 7; in (8) contains both ),V and is stable under the union
and intersection operations, be they finite or infinite, which is what is required for an Alexandrov
topology. Indeed, both 0,V € T as 0€ = () and VE C V. Let {O,} g be a family in Te, that is,
Os€ C Oy for all s € S. We deduce that (UsesOs)E = UsesOsE C UgesOs, hence stability by union,
and also that (NsesOs)E C NgesOsE C NsesOs, hence stability by intersection.

ITo alleviate the notation, we have denoted the topological closure by T° instead of T €.



We establish the useful equivalences:

O =0 <= 0& CO (because O C O&* since A C E* =ETUA)
“— 0T CO (because £* = ET U A)
— 0 CO (because £ = U £F and then by induction)

— £0°C O°

indeed, suppose by contradiction that O C O but that there exists a € £0° such that a & O€,
that is, a € O; as a consequence, there exists v € O¢ such that o€, hence that v € a&; now, as
a € O, we get that v € o€ C OE C O by assumption; but this contradicts that v € O€; the reverse
implication is proved in the same way ; the rest of the equivalences below are proved as above

— ETO°C O°
= £*0° c O°
= £*'0°=0°.

We deduce that (9) holds true, hence also that 7, = T.+ = T+ by (8), and that (11) holds true,
hence also that 7] = Tg-1 = T(e-1)+ = Tg-1)» by (8) and by (1).

Finally, we consider a subset I' C V and we characterize its topological closure fg, the smallest
closed subset that contains I'. On the one hand, we have that I' C £*T since £* = €T UA. On
the other hand, the set £*T is closed since £*(£*T) = (£*)?T = £*T, because the relation £* is
transitive. By definition of the topological closure fg, we deduce that T° C E*T. Now, let A CV be
a closed subset such that I' C A. We necessarily have that £*I" C £*A = A, where the last equality
is by (11) as A is closed.

As a consequence, the topological closure T will always contain the closed set £*A, from which
we get that E*A C T°. We conclude that T® = £*T.

This ends the proof. O

3 Equivalence between d-separation and t-separation

In §3.1, we recall the (extended) definition of d-separation, then introduce a suitable topol-
ogy on the set of vertices, and define a new notion of conditional topological separation
(t-separation). Then, we show that d-separation and t-separation between vertices (and be-
tween subsets of vertices) are equivalent. In §3.2, we put forward a practical characterization
of t-separation between subsets of vertices.

3.1 d- and t-separation between vertices

We first recall the (extended) definition of d-separation, second define a new notion of con-
ditional topological separation (t-separation) and third prove their equivalence.



3.1.1 d-separation between vertices

In the companion paper [2| we generalize Pearl’s d-separation beyond acyclic graphs as
follows.

Definition 2 (/2, Definition 3]) Let (V,&) be a graph, that is, V is a set and E CV x V,
and let W C 'V be a subset of vertices. We define the conditional parental relation £ as

EY = Ay& that is, vEV N < v € W and vEN Vv, A eV), (15a)
the conditional ascendent relation BY as
BY = E(AwE) = EEY" where £V = (EV)” (15b)

which relates a descendent with an ascendent by means of elements in W<. We define their
converses £V and B~ as

EW = (EW) = £ Ay . (15¢)
BV — (BW)—l _ (g_lAWC)*g_l _ g—W*g—l where €V = (€7W)* ) (15d)

With these elementary binary relations, we define the conditional common cause relation "
as the symmetric relation

KY =B VApBY =& VHETT (15¢€)
the conditional cousinhood relation C" as the partial equivalence relation

C" = (AwK"Aw) " U Ay, (15f)
and the conditional active relation A" as the symmetric relation

AV =AUBYUBUKY U (BYUKY)CY (BT UKY) . (15g)

With the conditional active relation A", we can now define the notion of d-separation
between vertices (which can readily be extended to d-separation between subsets of vertices).

Definition 3 (d-separation between vertices, [2, Definition 2[) Let (V,E) be a graph, that
15, V is a set and E CV xV, and let W C V be a subset of vertices. Let v, A € V be two

vertices. We denote
YALAW = SO AT (16)

and we say that the vertices v and X\ are d-separated (w.r.t. W ).



3.1.2 t-separation between vertices

We introduce a suitable topology on the set of vertices, and we define a new notion of
conditional topological separation.

Let (V,E) be a graph, W C V be a subset of vertices, and £" in (15a) be the correspond-
ing conditional parental relation. To alleviate the notation, in the Alexandrov topology T.w
in (8), we use the following. For any subset I' C V, the topological closure is denoted? by fw,
and the downset is denoted® by |y . By (7) and (10), we get that

I =&"T=yl. (17)

Notice that the subset W is T.w-open, that is, W € T.w. Indeed, the complementary set W
is closed as it satisfies EV*We = (EV)TWeUWe C W<, as EYV C W€ because £V = Ay€
by (15a) and by definition of the subdiagonal relation Ayye.

With the conditional ascendent relation B", the conditional common cause relation K"
the conditional cousinhood relation C" and the T,w-topological closure, we can now define
the notion of t-separation between vertices (which can readily be extended to t-separation
between subsets of vertices).

Definition 4 (Conditional topological separation between vertices, t-separation)
Let (V, &) be a graph, and W C V be a subset of vertices. We set

S =AucCY(BYUKY) . (18)

Let v, A € V be two vertices. We denote

V%LA\W@GWV%GWAW:@, (19)

and we say that the vertices v and \ are conditionally topologically separated (w.r.t. W)
or, shortly, t-separated.

With the above definitions, we now show that the notions of d- and t-separation are
equivalent on the complementary set W€.

Theorem 5 Let (V,&) be a graph, that is, V is a set and E CV XV, and let W C V be a
subset of vertices. We have the equivalence

V%LA|W<:>7idL>\|W (Vy, A € We) . (20)

Proof. To prove (20), it is equivalent, by Definition 3, to prove the equivalence

W_Q_ AW = —=(yAYN) (Vy, A e We) . (21)

2 —eW =T_w
Instead of I or even of I' " .
3Tnstead of ¢T€W .



For this purpose, we set

S =AU (BYUK")C" = (6")=t. (22)
Let v, A € V be two vertices such that v, A\ € W¢. We have
Sy NGN £ = (EWG"y) N (EVSVA) £
because the topological closure of a subset I' C V is given by I'" = EW*T by (17)
= (Y& E) TN (EVSVA) £
(by definition of the converse relation)
= AGTVETTEVSYA
by definition of relation composition and by (£W*)~! = &~

= YA S VEVEV SV Ay (because v, A € W€ by assumption)

> YA AV Ay (by (36) in Appendix B)
— yAY . (because v, A € W€ by assumption)
Thus, by taking the negation, we have obtained (21), hence (20) by Definition 3. O

3.2 Characterization of t-separation between subsets

We put forward a practical characterization of t-separation between subsets of vertices. For
this purpose, we introduce the notion of splitting, which slightly generalizes the notion of
partition.

For any subset I' C V and for any family {PS}SES of subsets I'y C V, we write Uysl'y =T
when we have, on the one hand, (s #+s = I',NTy = (D) and, on the other hand, (J,.sI's =
I'. We will also say that {I';},_q is a splitting of I' (we do not use the vocable of partition
because it is not required that the subsets I'y be nonempty).

Proposition 6 (Topological separation between subsets) Let (V,E) be a graph, and
W CV be a subset of vertices. Let I') A C'V be two subsets of vertices such that

F'NA=0, TNnW=0, AnW=20. (23)

The following statements are equivalent:

1. For any v € I';, A € A, we have that vy || X | W, as in Definition 4,
t

2. There exists a splitting Wr, Wy of W such that

WrldWy=W and TUWr NAUW, =0. (24)



Proof.
o (Item 1 = Item 2). We consider two subsets I', A C V such that (23) holds true, and we prove
the existence of a a splitting W, Wy of W satistying (23) in two steps.

First, we set W, = CV (B~ UK")I' € W by definition (15f) of C" and W} = C" (B-" UK")A C
W, and we prove that

TUWL nAUW," =0 (25)
We have that

w w w W
FUWL NAUW, =TUCY(B-"UK")I NAU(B-WUKY)A
=6"T" Nn&"vA" (by definition (18) of &%)
= (&) n(J&")

~yel AEA

by property (6) of the topological closure in an Alexandrov topology

= vy neva”
U (
yelLAEA —0

by (19) as v |l A | W by assumption, with v € ' C W€ and A € A C W€ by (23).
¢
Thus, we have proven (25).

Second, we are now going to prove that we can enlarge the subsets W], and W} to obtain a
splitting of W satisfying Equation (24).

For this purpose, we set W = WA\(W}.UW}) C W. The cousinhood relation C" in (15f) is a
partial equivalence relation on V, and it is easily seen to be an equivalence relation on W. This is
why we consider the partition W= Uie IW of W, where, for each i € I, the elements of the subset
W; belong to the same equivalence class of the equivalence relation C" C W?2 (understood as the
restriction of the cousinhood relation C" to W). We are now going to prove that

—_w =

Viel, either W; NTUW[ =0 or W, NAUW, =0. (26)

W —
The proof is by contradiction. Let ¢ € I be fixed and suppose that both W; N IT'U wa #+
W

—ali4 - =W [ e
) and W; N AUWI’\W # (. First, as W; N FUWILW # (), there would exist A € W; N
[ —~ W —
ry WILW, hence there would exist wgl) € Wi such that AEW=w!V (as W; = &YW, by (10)), and

2

there would exist 7 € I' such that A" (AUCY (B~ UKY))y (as T'U wa = EV(TUW) =
EV(AUCY (B UKY))T by (10) and by definition of W}.). Thus, we would have that

W [
wgl)E*W*SW* (AUCY (B~ UKY))y. Second, as W; NAU W/’XW # () and proceeding in the same
way, there would exist w§2) € W; and A € A such that w§2)5*W*€W*(A UCY(B=" UK"Y))A. Now,

(1) ) would be both in W they would be in the same equivalence class for the equivalence

w2

asw,; ~ and w;

relation C", giving thus w . Finally, we would obtain that

AW (AU (BY UKY)CW)EEVCVETEY (A UCY (B UK )) A . (27)

10



Combining (27), Equation (35) and the definition (15g) of A", we would obtain that v.A™ A. Thus,
we would arrive at a contradiction as we have, by assumption, v || A | W, hence —(7.A" \) by (21).
¢

Thus, we have proven that the disjunction (26) holds true, from which we obtain a splitting
I = Ir U1, and a splitting W = Wr U W, defined by
W — W
Ir={iel|W; NAUW, =0} and In=I\Ip,
—_~ W —~ W
WF:UW,- and WAZUWi ,
ielp i€lp
which, by construction, satisfies

W

— 7,‘/‘/ W 7/‘/‘/
Wr NAUWL =0 and W), NTUW/. =0. (28)

Now, we define Wr = W[ U Wp and Wy = W, U WA, and we are going to prove that (24) holds
true.
To check the second part of (24), we calculate

w w =W =W
TUWr NAUW," =TUWLUWr NAUW,UW,

_ 7,W W ﬁw W
CUWL  UWp )N (AUWL UW, ) (by (6))
— FUW A AW ) U U AT )
r A r A
=0 by (25) =0 by (28)
W W W
U(Wr NAUWL ) Uu(Wr NWy )
=0 by (28)
W =4
=(Uwi )n(Uw;)
i€lp JEIp

by (6) and by definition of Wr and Wi

UUW mW):(ZJ

i€l jEI

W W
as It N In = (), using the postponed Lemma 8 which gives W; NW; =0, for any ¢,j € I with
i # j. From the just proven equality I" U W NAUW, = (), we readily get that Wpr N Wy = 0.
Therefore, to check the first part of (24), it remains to calculate

WrUW, = (WhUWR) U UW UUW (WEUWR) U (W\(WEUWR)) =W .

ielr 1€lp

=W=W\(WLUW})

11



e (Item 2 = Item 1). The proof is by contradiction. For this purpose, we suppose we suppose
that there exists a splitting W = W U Wy such that I'U pr NAU WAW = () (Item 2) and that
there exists v € I' and A € A such that v A" A (= Item 1). We show that we arrive at a contradiction.

Using the fact that v.A™ A and that mw N {)\}W cTUWr " NAUW," =0, we would obtain,
by the postponed Lemma 7, that there would exist a nonempty subset W, 5 C W such that all the
elements of W, \ would be in the same class for the C* partial equivalence relation, and such that

mwﬁmw#@ and WWHWW;&@. (29)

Now, using the fact that WFW N WAW clu pr NAU WAW = (), we would obtain that WFW N
Wy = 0, which, would imply that W, y would necessarily be included either in Wt or in Wy, by
using the second part of Lemma 8. Therefore, Assuming that W, x C Wr, we obtain a contradiction
using Equation (29), as we would have that

@#WWQW%)\W CWWQWFW CAUWAWQFUWFW :@
Proceeding in a similar way in the case W, x C Wy leads to a similar contradiction. O

We end with Lemma 7 and Lemma 8 which are instrumental in the proof of Proposition 6.

Lemma 7 Suppose that the assumptions of Proposition 6 are satisfied. Let vy € I and A € A

be given such that yA" X and mw N {)\}W = (. Then, there exists w.,, wy € W such that
w., and wy are in the same equivalence class of the partial equivalence relation CV (that is,

w,C"wy ) and such that mw N {wﬁ,}w # 0 and mw N {w)\}w £ ().

Proof. As a preliminary result, we prove that 7(A uBYuUB U ICW)/\ contradicts the as-
sumptions of Lemma 7. First, YA\ contradicts the assumption I' N A = @ in (23). Second, vB" A
contradicts the assumption mw N WW = (). Indeed, using the definition (15b) of the conditional
ascendent relation BY, and using the fact that v € I' C W€, we have that yBY A = vEEV*\ =
YA EEV* N = 4vEW*AX. Thus, yBY X implies that v € EV*\ = WW and thus a contradiction as
0= mw N WW DN WW. Third, following the same lines, vB~" A implies that A\ € mw
and contradicts mw N WW = (). Fourth, yKY\ = 4&"WTEWHTX and thus v\ implies that
EVry N EYTN £ (), hence that EY*y N EW* X # (), that is, mw QWW # () by (17). This again
leads to a contradiction.

Therefore, we get that ﬂ(’y(A uBvYuB U ICW))\) and v A"\ imply that ’y(BW U ICW)CW (B*W U ICW))\,
using the definition (15g) of the conditional active relation A". Thus, there exist w., wy € W such
that

Y(BY UK )wy and wy (B~ UK )X and w,C"wy, .

Now, we prove that v(B"Y UK")w, implies that we have mw N {wfy}w # 0. Indeed, as
’y(BW UICW)wV, we have two possibilities. First, suppose that y8"%w,. Then, as v € W€, this
implies that yAw<B"Yw, = v£"*w, which implies that v € £V w, = {wﬁf}w by (17). Therefore,
we get that mw N {wﬁf}w # (. Second, if yK"w,, then, as already seen at the beginning of the

. W W
proof, we obtain that {y} N {w,} #0.
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Then, following similar arguments, we prove that wy (B’W U ICW))\ implies that we have WW N
— W
{wr} #0. o I

Finally, we have obtained that {7y} N {wy} # 0 and {A\} N{w\} # 0. Moreover w, and
w) are in the same equivalence class of the partial equivalence relation C" as w,C" wy. Thus, we
have found two elements w,, wy € W satisfying the conclusion of Lemma 7. This concludes the
proof. O

Lemma 8 Let W' and W be two subsets of W which are included in two distinct equivalence
classes of the partial equivalence relation C'. Then, we have that W AW = 9.

Conversely, assume given a splitting W = W' UW" such that W' N W"" = 0. Then,
there does not exists w' € W' and w” € W" such that w' and w” are in the same equivalence
classes of C

Proof. For the first assertion, we make a proof by contradiction. For this purpose, we con-
sider W’ and W”, two subsets of W which are included in two distinct equivalence classes of the
partial equivalence relation C%, and we suppose that w awr # (). Then, by (10), there exists
w € W and w” € W” and v € V such that v € EY*w' and v € £"*w”. Therefore we have
that w'E-"*EW*w", from which we deduce that w' (AU ApwBY UB~Y Ay UK )w”, using Equa-
tion (34a). Moreover, as by assumption, W’ and W” are two subsets of W which are included in
two distinct equivalence classes of C'', we have that w’ € W, w” € W and w’ # w”. Hence, among
the four possible cases corresponding to the union of four terms, only the last one is possible: we
must necessarily have that w' Ay K" Ay w”, which implies that w/C"w” by definition (15f) of C*.
Thus, w’ and w” belong to the same equivalence class of C', but this contradicts that w’ € W and
w” € W where W’ and W are included in two distinct equivalence classes of C".

Now, we prove the converse assertion again by contradiction. For this purpose, consider a
splitting W = W’ LU W" such that W’" N W”" = ), and suppose that there exists w’ € W' and
w” € W” such that w' and w” are in the same equivalence classes of C" or otherwise said, such
that w/'C"w"”. Using Equation (15f) and the fact that w' # w”, as W/ N W"” = (), we deduce that
w'(AWICWAW)+w”. Hence, there exists k£ € N, k > 1, and a sequence {wi}ie[[l,k]] in W such that,
foralli € [1,k—1], we have w; K" w; 1 and w' K" wy and wp Y w”. Setting wy = w’ and wgy1 = w”
and using the property that YLV —- mw N WW # () (shown at the beginning of the proof
of Lemma 7), we get that {wi}w N {wi+1}w # 0 for i € [0,k]. Now, the sequence {w;};cpg 417 18
in W, with the first element, w’, in W’ and the last one, w”, in W”. As W = W/ UW", we can
find two consecutive elements in the sequence such that one is in W’ and the other one is in W”
and which are such that the intersection of their topological closure is not empty. Thus, we have
obtained that W/" N W”"" # (), which gives a contradiction.

This ends the proof. O

4 Conclusion

Together with its two companion papers [2, 5|, this paper is a contribution to providing
another perspective on conditional independence and do-calculus. In this paper, we consider
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directed graphs (DGs), not necessarily acyclic, and we introduce a suitable topology on the
set of vertices and the new notion of topological conditional separation on DGs. Then, we
prove its equivalence with an extension of Pearl’s d-separation on DGs. What is more, we
put forward a practical characterization of t-separation between subsets of vertices. The
proofs partially rely on results proven in [2].

Checking topological separation is a two steps process. The first one, which is combinato-
rial, consists in exploring the possible splitting of the conditioning set W and the second one
consists in checking that the two closures induced by the splitting do not intersect. It should
be noted that, once given the splitting, the second step is computationaly easy and thus
the splitting appears as a “certificate” of conditional independence. By contrast, checking
d-separation is a one step combinatorial process as it requires to check that all the paths
that connect two variables are blocked.

A Additional material on Alexandrov topology

We use the material introduced in §2.2, and we provide additional results on Alexandrov
topologies.

Proposition 9 Let £,&; be two binary relations on the set V. We have that

ECE = T, CTe (30)
Teove, =Te, NT, . (31)

The product topology Tz, ® T, on the product set V* coincides with the topology Tz, e, in (8),
where £ x E5 C V? x V? is the product binary relation on the product set V?:

Te, @ Te, = Teyxe, - (32)

The topological closure of a subset R C V* w.r.t. the topology Te, @ Te, = Tz, e, 1S given by

_51 ><€2

RO = & RES™ . (33)
Proof. The proof of (32) relies on the following identity between open rectangles:

P1XF2€7-51®7-52 <~ P1€7-51 andFQE’ng
(by definition of the product topology T¢, ® T¢,)

<« &Iy I’y and &Iy C Iy (by (9))
<~ (51 ><82)(F1 XFQ)CFl x Iy .

Regarding (33), by property (6) of an Alexandrov topology, we have that

R VIR oy

(v N)ER

51 ><€2
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so that, for any v, A € V, we have
(1) ERT® = 3¢ N)eR, (A e (V)T
= AN ER, () e Y x VY
by property of the topological closure of rectangles in the product topology

= I, N)eR, ye&y, Ae &N (by (10))
= YETRESA

This ends the proof. O

Proposition 10 Let (V,E) be a graph, and V' CV a subset. The following statements are
equivalent:

1. The subset V is a connected component of the topological space (V,Tz),

2. The subset V is a connected component of the topological space (V,T]) = (V, Te-1),

3. The subset V' is a connected component of the topological space (V, Te ,e-1) = (V, Te N Te=1) =

V. TenT,),

4. The subset V is an equivalence class of the equivalence relation (€ U E1)*.

Proof. For any v € V, we denote by © C V the T;-connected component of the topological
space (V,T¢) that contains v, that is, the union of all Tg-connected subsets of V that contain v,
and we prove that & = (£ U& 1)*v. For this purpose, we notice that, by (10), we have that
(EUE Y v =7°Y¢" | which is also the smallest 7z-clopen set containing v by (31). On the one
hand, it is known, and can readily be shown, that & C T€“¢ . Indeed, if F' is any T¢-clopen set
containing v, then v N F and 0N F*© are two disjoint Tz-open sets whose union equal 0. As this latter
set is Tg-connected, and as v € © N F', we deduce that v N F' = 0, hence that © C F. On the other
hand, it is well-known that the 7;-connected component ¢ is closed. In an Alexandrov topology,
¥ is also Te-open since the connected components form a partition of V, so that ¢ is a union of
Te-closed sets, hence is closed. Therefore, ¥ is a Tg-clopen set, and we deduce that 7€“¢ " C 9.
Therefore, we have obtained that & = 7Y€ " = (£ UE)*v.

Then, we easily deduce the equivalence between the four assertions. This ends the proof. O
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B Technical lemmas

Here below, the relations 6" and &% have been introduced in (18) and (22). The following
lemma is proved in [2].

Lemma 11 (|2]) We have that

EWEV = AUAwBY UB "V Ay UK, (34a)
CVE VgV =C" (A UB " Apye U ICW) , (34b)
CVEWEEVCY =", (34c¢)
CVE W EV* Aye = CW(B’W U ICW)AWc , (34d)
A& "EVCY = Aye (BW U ICW)CW ) (34e)
Lemma 12 We have that
Aypye (A u (B U ICW)CW)E’W*SW*CWE’W*SW* (A ucv(B"u ICW))AWc (35)

= Awe(BY UKY)CY (B UKY) Ay
Proof. We have that

Awe(AUBY UK CY)ETMEVCVETEV(AUCY (BT UKY)) Ay
= A& EVCVETEYT Ayye (by developing)
UApyeE eV CVETEY(CY (BT UKY)) Aye
UApe((BY UKY)CY)EEVCVEEY Ayye
UAwe((BY UKW )CY)EW=EWCVEWEV(CV (BT UKY)) Aype
= A& EVCVETEYT Ayye

UApE " EYCY (B~ UKY)Ape (as CWEW=EWCY = CV by (34c))
UApe(BY UKM)CVEEW* Aye (also by (34c))
UApwe(BY UK")CY (B UKY)Aypye (also by (34c) applied twice)
= Awe(BYUKY)CY (B UKY) Ay (by (34d) and (34e))
UApe(BY UKY) (B~ UKY)Awe (by (34e))
UApe(BY UKY)CY (B UKY) Aype (by (34d))

UAwe(BY UK")C (B UK")Ape
- AWC(BW U ICW)CW(87W U ICW)AWC .

This ends the proof. O
Lemma 13 We have that

cheiwgiw*gw*ewAWc — AWC.AWAWC . (36)
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Proof. First, we write
6—W€—W*5W*6W
= (Au BT uKT)er)erer (Auch (B UKY))

S—W by (22) SW by (22)
= (e U (BT UKT)erET e ) U (£ e e (B UKY))
u((BYuKY)gre g et (B UKY)) (by developing)
—CW by (34c)
= (e U ((BY UK )CTE e U (£ (B UKY))
u((BYukT)er (B UKY)) .
Second, we obtain that

A& WEWEVGY Ayye
= (Awe(E ") Awe ) U (Awe(BYUK"Y)  CVETE Ae )
=CW (B-WUKW)Ac by (34d)
( Aweemer (B UKY)Awe)
=Apwc(BYUKW)CW by (34e)
(

Awe((BY UKY)CY (B UK™) ) Awe)

U

U
= (Awe(E7EY) Ape) U <ch (B UK (B U ICW)>AWC>
because the three last terms in the union are all equal

— (AWC(A U AWCBW U BiWAWC U ’CW)AWC)

u <AWC ((BW UKW (B U /CW))AWC> (by (34a))
= Ay <A uBYuUB YUK U ((BW uEv)e (B U ICW)>>AWC
= A A" Apye . (by definition of A" in (15g))
This ends the proof. O

In Lemma 13, it was proved that the two relations G"E"*EW*G" and A" coincide
when restricted to the subset W€¢. More generally, we give in this last lemma the relationship
between these two relations.

Lemma 14 We have that
(G’WE’W*SW*GW) USB YAy UAyBYSY =AY UG UGY. (37)
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Proof. We use the notation O = BV UK" and " = B~V UK" = (6")~! to simplify the
reading of the proof, so that

67W57W*5W*6W
= (AU (B"UKY)CM)EVE(AUCY (BT UKY))
(by definition of the relations 6" and &~" in (18) and (22))
= (AUeYCM)ETETH(AUCYOTY)
(using the just defined @ = BY UKY and @ =BV UKY)
= (£ EM ) U (OVCVETWEV U (OVCY O U (ETEVCYOY)
(by developing and by (34c) giving CVEWV*EVCY = CWV)
= (W EYHIUOYCY (AUB VAR UK)U(O"C"O ) U (AUAwBY UKLY)CVO Y

as by (34b) @VCWETWEW = OVCY(AUBWAw< UKY) and by symmetry for the last term.
Thus, using the last equality and performing a union with @ CYB~" Ay UAwBYC" O~ on both
sides of the equality, we obtain

(& e EVSV)UBYCY B Aw UAwBYCY O

ey uerCT(AuB MUK u(©"Cc"e M) u (AuBY UKY)CTe
(E ey ueTcT (Aue M u @ e e v u (Aue™)cve
(EWEVHyUeYCY U (e YO V) )ucre "
(
(

AUAwyBY UB WAy UKY)UOYCY U @BV CYO M) )ucve v (by (34a))
= (AUAwBY" UB VA< UKY)U(AuB"cM)u@d"c"eo Myu(Aucve ")
N————

—_———
—6-W =W

=AUAwpBYUB VAp-UKY U @OYCYO MYUS M UBY.

Finaly, using the last equality and performing a union with Ay B" UB~" Ay on both sides of the
equality, we obtain

(G’WE’W*E’W*GW) uevCVB WAy UAwBYCYO TV UAWBY UB Y Aw
=AuUBYUBYUKYU OO M YUsTMUBY
=AUBYUBYUKYU@OYCYO M YU UBY
=AYue"Mue". (by definition of A" in (15g))

This ends the proof. O
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