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Conditional Separation as a Binary Relation

Jean-Philippe Chancelier!, Michel De Lara’ Benjamin Heymann'
August 6, 2021

Abstract
Pearl’s d-separation is a foundational notion to study conditional independence
between random variables on directed acyclic graphs. Pearl defined the d-separation
of two subsets conditionally on a third one. We show how the d-separation can be
extended beyond acyclic graphs and can be expressed and characterized as a binary
relation between vertices.

1 Introduction

As the world shifts toward more and more data-driven decision-making, causal inference is
taking more space in applied sciences, statistics and machine learning. This is because it
allows for better, more robust decision-making, and provides a way to interpret the data that
goes beyond correlation [8]. In his seminal work [7]|, Pearl builds on graphical models [1]
to introduce the so-called do-calculus and the notion of d-separation on a directed acyclic
graph (DAG).

This paper was written in parallel to two other papers [2, 4], all of which aim at providing
another perspective on conditional independence and do-calculus. Here we show how the
d-separation can be extended beyond DAGs and can be expressed and characterized as a
binary relation between vertices. We think this work will allow for new proof strategies in
the developpement of the theory of causal inference. In particular, the main result is an
intermediate step that we reuse in the two other above mentionned papers. Last, we think
the developpement of a theory based on binary relations makes it amenable to computer
aided proof [9].

In Sect. 2, we present our extended definition of d-separation and then characterize it as
the complementary of the conditional active binary relation between vertices in Sect. 3, we
state and sketch the proof of our main result, the characterization of the d-separation relation
as the complementary of the conditional active relation. Part of the proof is relegated in
Appendices A and B, as well as a treatment of the moral relation [5] with binary relations
in Appendices C.

*CERMICS, Ecole des Ponts, Marne-la-Vallée, France
fCriteo AI Lab, Paris, France



2 A formal Pearl’s d-separation definition

In §2.1, we deal with graphs but using the concepts of binary relations; we formally define
what we call extended-oriented paths in a graph. Thus equipped, in §2.2 we formally adapt
Pearl’s definition of active (and blocked) extended-oriented paths in a graph, from which we
deduce the (conditional) d-separation binary relation. Then, we also introduce elementary
binary relations that are the bricks to define a new binary relation that we call conditional
active relation.

2.1 Extended-oriented paths in a graph

We employ the vocabulary and concepts both of binary relations and of graph theory. We
take inspiration from Pearl in [6] to define the notion of blocked paths on a graph, not
necessarily finite nor acyclic. We use the notation [r,s] = {r,r+1,...,s — 1, s} for two
integers r < s.

2.1.1 Background on binary relations

Let V be a nonempty set (finite or not). We recall that a (binary) relation R on V is a subset
R C V x V and that yR A means (y,\) € R. For any subset I' C V, the (sub)diagonal
relation is Ap = {(7,A) € V x V ‘ v = X € I'} and the diagonal relation is A = Ay. A foreset
of a relation R is any set of the form R\ = {7 ey ‘ YR )\}, where A € V, or, by extension,
of the form RA = {7 eV ‘ e A, yRA}, where A C V. An afterset of a relation R
is any set of the form v R = {)\ eV } YR A}, where v € V), or, by extension, of the form
'R = {)\ eV } Jyel, 773)\}, where I' C V. The opposite or complementary R° of a
binary relation R is the relation R® =V x V \ R, that is, defined by y R\ <= —(yR\).
The converse R~ of a binary relation R is defined by yR™*A\ <= AR~y (and R is
symmetric if R™1 = R). The composition RR’ of two binary relations R, R’ on V is defined
by v(RR)N < 35 €V, yRJ and § R’ \; then, by induction we define! R"*! = RR" for
n € N*. The transitive closure of a binary relation R is RT = U, R* (and R is transitive
if R* = R) and the reflezive and transitive closure is R* = RT U A = U R* with the
convention RY = A. A partial equivalence relation is a symmetric and transitive binary
relation (generally denoted by ~ or =). An equivalence relation is a reflexive, symmetric
and transitive binary relation.

2.1.2 Extended-oriented paths in a (directed simple) graph (permitting loops)

Let V be a nonempty set (finite or not), whose elements are called vertices. Let £ CV x V
be a relation on V, whose elements are ordered pairs (that is, couples) of vertices called
edges. The first element of an edge is the tail of the edge, whereas the second one is the head

'In what follows, when we consider a binary relation as a subset R C V x V, we will use the notation
[T-, R C I, V xV, where n is a positive integer, to denote a product subset of the product set V2n . thus
making the distinction with the binary relation R™ C V x V obtained by n compositions.



of the edge. Both tail and head are called endpoints of the edge, and we say that the edge
connects its endpoints. We define a loop as an element of A N &, that is, a loop is an edge
that connects a vertex to itself.

A graph, as we use it throughout this paper, is a couple (V, ). This definition is very
basic and we now stress proximities and differences with classic notions in graph theory. As
we define a graph, it may hold a finite or infinite number of vertices; there is at most one edge
that has a couple of ordered vertices as single endpoints, hence a graph (in our sense) is not
a multigraph (in graph theory); loops are not excluded (since we do not impose ANE = ().
Hence, what we call a graph would be called a directed simple graph permitting loops in
graph theory.

To define blocked and active extended-oriented paths relative to the graph (V, &), we
need to fix additional vocabulary and notation. In the graph (V, £), the undirected edges are
the elements of ENE~! — that is, edges with both (A, ) € € and (v, \) € £ (hence, including
loops). Then, the graph (V,€) is said to be undirected if all edges are undirected edges, or,
equivalently, if £ = ENEL or if E71 = £. The undirected extension of a graph (V, €) is the
graph (V,EUE™).

In the graph (V, &), the directed edges are the elements of £ N (E71)¢ — that is, edges
with (A, ) € € such that (v,\) € € (recall that we do not assume that £NE~! = ). Then,
the graph (V, &) is said to be directed if all edges are directed edges, or, equivalently, if
ENE~L =0, that is, when no two edges have the same endpoints.

In graph theory, one finds the notions of path, chain and walk. To avoid ambiguities, we
formally define an (edge) path in (V,€) (in our sense) as the classical notion of path in a
graph [3

We also define an extended-oriented path in (V,€) (in our sense) as what corresponds to
chain path in [5].

e An (edge) path of length n (n > 1) relative to the graph (V,&) is a sequence p =
{(v; U#)}ie[[l o € [T, € of n edges such that v} = o’ i € [1,n—1] or, equivalently,

17 71

is a sequence ¢ = {(vi,vi+1)}i€[[1 a € [T_, €. The first element v} of an (edge) path
0 = {(vb v@)}ie[[l l is the tail of the (edge) path, whereas the last one v? is the head of

17 71

the (edge) path. Both tail and head are called endpoints of the (edge) path. We denote by

P*"(V,€) = {{(Ug’vg)}ie[[l,n]] < HS
i=1

v =l forie [[1,n—1]]} CHS (la)
i=1
the set of (edge) paths of length n (n > 1) relative to the graph (V, ), and by

py.&)=JPw.ecrviul ﬁs (1b)

n>0 n>11i=1

the set of finite (edge) paths relative to the graph (V, ), where P°(V, £), made of what we
call paths of length 0, is defined by

PV, &) ={(v,v)|veVand (v,v) gE} =ANE C V. (1c)
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Thus, by definition, we have that
PV, EYUP(V,E) D (ANE)U(ANE) =A, (1d)

so that (edge) paths of length 0 or 1 contain the diagonal A. We denote by |g| the length of
a path o € P(V,E). An (edge) subpath of the (edge) path p is an (edge) path obtained by a
subsequence of consecutive indices.

e An extended-oriented path of length n (n > 1) relative to the graph (V, &) is a couple
p=(0,0) € [[[L(EUE™) x {=1,+1}", where o = {(vlj,vf)}ieﬂmﬂ and 0 = {0}, €
{—1,41}" are such that, for all i € [1,n—1], we have v’ = v2,; and either (02,0 € € if
0; = +1 or (v, %) € £V if o; = —1. We denote

17 7

EHD =g gl =gt (2a)

and we introduce (for n > 1)

n

Un(v,) = {(0.0) € [J(eue™) x {-1,41}"|

i=1

o=Aoiticpg € P"V,E UEY) and g; € £ for i € [[1,n]]} (2b)

c[Jeve™) x {-1,+1}"

i=1
the set of extended-oriented paths of length n (n > 1) relative to the graph (V, &), and by
W& =Jurmw.&) c (v x {+1)ul (H(S UE x {—1,+1}“) (2¢)
n>0 n>1 =1

the set of finite extended-oriented paths? relative to the graph (V, &), where U™(V, ) for
n > 1 is defined by (2b) and U°(V,E), the set of extended-oriented paths of length 0, is
defined by

UV, €) = {((v,v), +1) € (VxV) x {+1} ‘ (v,v) & 5} = (ANE) x {+1}.  (2d)
Thus, by definition, we have that

UV, E) VUV, E) D (ANES) x {+1} U (ANE) x {+1} = A x {+1}, (2¢)

%It is to be noted that an extended-oriented path is not a path in the graph (V, ), neither in the undirected
graph (V,£UE~1). However, considering a couple (p,0) € U™(V, &), we obtain that o € P*(V,EUE™ ),
that is, ¢ is an (edge) path in the unoriented graph (V,£U&!). We thus obtain a natural surjection
(0,0) + o from U(V,€) to P(V,£UE~1). This canonical surjection is not necessary injective because a
path in P(V,£UE~Y) that has an edge in £ N E~! is the image of two distinct extended-oriented paths.
The surjection (p,0) — o is a bijection in the special case when the graph (V, &) is directed, that is, when
ENE~' =0, that is, when no two edges have the same endpoints.
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so that extended-oriented paths of length 0 or 1 contain A x {+1}. An exztended-oriented
subpath of the extended-oriented path p € U(V, E) is an extended-oriented path obtained by
a subsequence of consecutive indices.

e We denote by @w" : P"(V,E) — V x V the projection on the tail and head endpoints of
an (edge) path of length n. Tt is defined, for o € P*(V, &), by @"(0) = @™((v}, v})icpn) =
(v}, v%). We denote by @ : P(V,£) — V x V the projection mapping on the tail and head

endpoints defined by
Yoe PWV,E), w(o)=wo) eV xV. (3a)

We also distinguish the tail and the head endpoints projection mappings by
w = (@', @) where @’ : P(V,€) -V and @' : P(V,€) = V. (3b)

We use the notation wy : U(V,E) — V x V to denote the projection mappings on the tail
and head endpoints of an extended-oriented path. It is defined, for (o,0) € U(V,E), by

@i ((0,0)) = w(o), ¥(0,0) € UWV,E) . (3c)

e We denote by " : P*(V,E) = V the set-valued mapping giving the intermediate vertices
of an (edge) path of length n (n > 0). It is defined, for o0 = {v;, v;41} ] € Pr(V,€)
in (1b), by

i€[l,n

Ln(g) = Ln({via Ui-i-l}ie[[lm}]) = {U2a s >'Un} (43“)
(which reduces to the empty set for n =0 or 1). Notice that

{01, 09, .., Un, Vg1 } = {01} U {0, .., 0} Uvpa} = @’(0) U (0) U (o) .

We denote by ¢ : P(V,E) = V the set-valued mapping giving the intermediate vertices of an
(edge) path by
Voe PV,E), o) = 1"(o). (4b)
We use the notation vy : U(V,E) = V to denote the set-valued mapping giving the inter-
mediate vertices of an extended-oriented path. It is defined, for (o,0) € U(V,€) in (2c¢),
by
V(0,0) €UW,E), w((e,0) = o) - (4¢)

e To define blocked extended-oriented paths, the following notions prove useful. With any
binary relation R C V x V, we associate the subset Dy[R | V,E] of U(V, ) in (2¢), that we
call the deployment in extended-oriented paths, defined by

VRCVxV, Dy[R|V,&] =w;'(R)CcUV,E), (5)



where the projection wy has been defined in (3c). The deployment Dy [R | V, £] is made of
the extended-oriented paths whose endpoints satisfy the binary relation R. We also associate
with R the subset Dp[R | V,&] of U(V, E), that we call the deployment in paths, defined by

VRCVxV, Dp[R|V,E]=w YR)cC PV,E), (6)

where the projection w has been defined in (3a). The deployment in paths Dp[R | V, &] is
made of the (edge) paths whose endpoints satisfy the binary relation R.

2.2 Definitions of active extended-oriented paths, of conditional di-
rectional separation and of conditional active binary relation

We define active extended-oriented paths relative to the graph (V,£) in Definition 1. Then,
we obtain the definition of blocked extended-oriented paths relative to the graph (V, ), as
defined by Pearl in [6], by switching to the complementary set.

Definition 1 Let (V,€) be a graph, and W C V be a subset of vertices. We say that an
extended-oriented path p = (0,0) € UV, &) in (2c) relative to the graph (V,E) is an active
extended-oriented path (w.r.t.3 the subset W ) if either its length is 0 or 1, or (when its length
is at least 2) p = (0,0) = (((v}, UE))Z-G[[L‘Q‘H, (Oi)ie[[l’m”]) is such that, for alli € [1,|o| —1], the
consecutive extended-oriented subpaths ((vf,vf),oi) and ((UE+1,U§+1),OZ'+1) satisfy one of the
four following cases

1. 0, =+1, 0,41 = +1 and U? = UIZ-7+1 e Wwe,
2. 0, =—1, 0;41 = —1 and vf =), € W€,
3. 0, =-1, 0,41 =+1 and v? = UIZ-’H e We,
4. 0, =41, 0.1 = —1 and v? = U'Z-’H e wr,
where £ = ET U A is the reflexive and transitive closure of the relation £, and where
W*=&W. (7)

We denote by UV (V,E) C U(V,E) the subset of all active extended-oriented paths (w.r.t.
the subset W ). We say that an extended-oriented path is blocked if it is not active and we
denote by UV (V,€) = (U (V,€))° the subset of all blocked extended-oriented paths (w.r.t.
the subset W ).

Notice that any extended-oriented path of length 0 or 1 is active by definition.

We introduce in Definition 2 a new binary relation between vertices: we say that two
vertices are (conditionally) directionally separated if and only if all the extended-oriented
paths, having them as endpoints, are blocked. This definition mimics Pearl’s d-separation,
but with two differences: the graph is not supposed to be acyclic, and the separation is
between vertices and not between disjoint subsets.

3With respect to



Definition 2 Let (V,€) be a graph, and W C 'V be a subset of vertices. We denote

vidLMW < Dyl{(,\\)} |V, &] cUY(V,€) Vv, A eV), (8)

and we say that the vertices v and A are (conditionally) directionally separated (w.r.t. the
subset W ).

3 Characterization of d-separation by means of binary
relations

Our main result is the characterization of the conditional directional separation relation (ex-
tension of the d-separation) as the complementary of the conditional active relation defined
below in Equation (9g).

For the purpose of characterizing the conditional directional separation relation chl_, we

introduce the following binary relations on V.

Definition 3 Let (V,€) be a graph, and W C V be a subset of vertices. We define the
conditional parental relation £ as

EV = Aw€ that is, vEV XN <= v € W< and vEN Vv, AeV), (%)
the conditional ascendent relation BY as
BY = E(ApE) = EEM” (9b)

which relates a descendent with an ascendent by means of elements in Wu. We define their
converses £V and B~ as

EW = (V) = E Ay, (9¢)
B = (BY) = (£ Aw ) e =T (9d)

With these elementary binary relations, we define the conditional common cause relation X"
as the symmetric relation

K"V =B WVAyBY =& WHEYT (9e)
the conditional cousinhood relation C" as the partial equivalence relation

C" = (AWK Aw)" U Ay, (9f)
and the conditional active relation A" as the symmetric relation

AV =AUBYUBUKY U (BYUKY)CY (BT UKY) . (9g)
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Theorem 4 Let (V,&) be a graph, and W C V be a subset of vertices. The conditional di-
rectional separation relation _I(Ji_ (Definition 2) is the complementary (AW)C of the conditional

active relation A" (Equation (9g) in Definition 3):
(LL[w) = (A")° that is, ¥ LA |W <= =(yA"X) (V.2 €V).  (10)
In other words, we have that
{(,N) eVx V[ Dy[{(v. N} I V.E] C Y (V,€)} = (A)" (11)

Proof. Let v, A € V be two vertices. In Proposition 12, we show that YAV A = =(y LA | W)

d
or, equivalently (see (8) in Definition 2), that YA X = Dy[{(7,\)} | V,E]N UV (V,€) # 0. We
simply give a sketch of proof here, as details are to be found in the Appendix B. As the binary
relation A" is given by the union of five relations in (9g), the proof examines five cases and exhibits

an active path (one in U (V, ), see Definition 1) that joins the vertices v and \ in the five cases
when vy A% \.

Now, we show that — (v _Cl_ll_ A W) = ~4AYX or, equivalently (see (8) in Definition 2), that

Dy[{(v, )} | V,E]NUY(V,E) #0 = AV For this purpose, we assume that there exists an
extended-oriented path p € U™(V, €) joining the two vertices v and A and such that p is active. We
are going to prove that v A" \.

If the path length of p is smaller or equal to one, then, by definition (2b) of U (V, &), we
necessarily have that either yEX, or y€71\, or yAX. Now, as £ C BV C A" by (9b) and (9g), as
ELCcBW c A" by (9d) and (9g), and as A C AW by (9b) and (9g), we conclude that v A" \.

If the path length of p is > 2, we use Lemma 13 (proof by induction on the path length) and
we obtain that v AY, X or vAY X. We therefore conclude that v A"\ since A" = AU AY, U AY
by (27a).

This ends the proof. O

4 Conclusion

Together with its two companion papers [2, 4], this paper is a contribution to providing
another perspective on conditional independence and do-calculus. In this paper, we have
considered directed graphs (DGs) not necessarily acyclic, and we have shown how the d-
separation can be extended beyond acyclic graphs and can be expressed and characterized as
a binary relation between vertices. The results in this paper are instrumental in proving those
in [2| on topological conditional separation (t-separation), hence in the use of t-separation
to establish conditional independence in [4].

Moreover, there are other perspectives. First, such developpement of a theory based
on binary relations is interesting in itself as it makes it amenable to computer aided proof.
Second, there are other notions of separation (between subsets) in graph theory that can
also be expressed by means of binary relations (between vertices). We illustrate how. Let



(V,E) be a graph, and W C V be a subset of vertices, and v, A € V be two vertices. Then,
the three following statements are equivalent: any path from v to A passes through W; there
does not exist a path from ~ to A which passes through W¢; =(y(EAwE)TN).

A Additional material

A.1 Material on extended-oriented paths in a graph

In §A.1.1, we introduce additional definitions related to extended-oriented paths in a graph.
In §A.1.2, we show Lemmas that will be instrumental in the proof of Theorem 4.

A.1.1 Definitions

We refer the reader to §2.1 for the basic definitions.

Concatenation of extended-oriented paths in a graph. We recall that P(V, £) in (1b)
is the set of finite (edge) paths in the graph (V,€), and that U(V, &) in (2c) is the set of
finite extended-oriented paths relative to the graph (W, E).

e The (edge) paths ¢ € P(V,&) and ¢” € P(V, &) can be concatenated when w(¢') = @’ (o")
(see Equation (3b)) to give the new (edge) path

o=0x0"=(d,0")e PVE), (12a)

called concatenation of ¢ and o”. It is easily seen that the operation x is associative.
The extended-oriented paths p' = (¢/,0") € U(V,E) and p" = (0",0") € U(V,E) can be
concatenated when w?(p') = @’ (p”) to give the new extended-oriented path

p= p/ X p// — ((Q/, Q//>7 (O/, 0//)) — (Q/ X Q//7 (0/7 0//)) c U(V,g) ’ (12b)

called concatenation of p' and p”. It is easily seen that the operation x is associative. For
any subsets S’ C UV, &) and S” C U(V, €) of extended-oriented paths, we define

S'xS"={pxp"'|pfeSs, pes}tcuWwe), (12¢)

with $' x S” = () when w®(S") N @’(S”) = 0. It is easily obtained that the intermediate
vertices (4b) of a concatenation are given by

wip) = w(p' % p") = wp) U{=" (P} Uw (") = w(p) u{=" (")} Uw(”) . (13)

More on deployment in paths.
e For any binary relation R C ¥V xV, the subset Dy[R | V,E] C U(V, £) is made of extended-
oriented paths (relative to the graph (V, £)) whose ordered endpoints (head and tail) satisfy



the relation R. The mapping R — Dy[R | V, £] is nondecreasing w.r.t. the inclusion order,
as it satisfies

VR C VXV, ¥S C VXV, Dy[RUS |V, =Dy[R|V.EJUDS | V.E].  (14)

e By the very definition (5) of the deployment in extended-oriented paths, and by defini-
tion (12¢) of the concatenation between subsets, we have the inclusion

YR C VXV, VS C VxV, Dy[R|V,&] x Dy[S|V,E] C Dy[RS | V,€].  (15)

We use the following notations

n times
Dy[R |V, E" =Dy[R | V,&] x -+ x Dy[R |V, €], (16a)
Dy[R|V.E" = Du[R | V.€]". (16b)

n>1

Endpoint relation in extended-oriented paths.
e With any subset S C U(V, £) of extended-oriented paths, we associate the following binary
relation Xy [S | V,E] on V, that we call endpoint relation, defined by

VS CUWV,E), XulS|V,El=w(S)={=(p)|peScVxV, (17)

where the projection @ has been defined in (3c).

The subset Xy [S | V,E] C V x V is the subset of couples of vertices which are ordered
endpoints (head and tail) of an extended-oriented path contained in S. By construction, the
mapping S — Xy[S | V, £] is nondecreasing w.r.t. the inclusion order, and takes values that
are binary relations included in the binary relation (€ UE&~1)*, that is,

VS cUW,E), Xp[S|V,E]c(Eue™)t. (18)

e Joint properties between boundary relation Xy[- | V,&] and deployment in extended-
oriented paths Dy | V, &] are as follows:

%U[DU[R| V,E] | V,S} CR, VRC VXV (19a)
DU[%U[S |V, €] | V,S} DS, vScUuWw,é). (19b)
A.1.2 Lemmas

We develop useful links between active extended-oriented paths (see Definition 1) and binary
relations between ordered endpoints (head and tail) of the path. In the next lemma, we give
a first insight in that direction for extended-oriented paths of length 2.
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Lemma 5 Let (V,€) be a graph, and W C V be a subset of vertices. Let p = (p,0) €
UY(V,€) be a given active extended-oriented path of length 2 (see Definition 1) with «y as
head endpoint and \ as tail endpoint, that is, there exists a vertex d € V such that

p = (((7:0). (8, 1)); (01,02) ) with (01,02) € {~1,+1}* (20)
Then, one of the following two possibilities holds true:

1. the extended-oriented path p ends with o, = +1 orientation, and then either € Ay<EX
or YET Ay EN,

2. the extended-oriented path p ends with o, = —1 orientation, and then either v& Ay~E 71\
or YET Ay ETLN.

Proof. As p = (p,0) in (20) belongs to UV (V, £) — hence to U(V, &), the set of finite extended-
oriented paths in (2¢) — we have that (v,0) € £ if o1 = +1, (7,6) € ELif o = —1, (5,\) € €
if oo = +1, and (6,\) € €71 if o = —1. Now, we consider the four conditions enumerated in
Definition 1 which must be satisfied for the extended-oriented path p to be active and which impose
constraints on the vertex d according to the possible orientations.

1. First, we consider the case when the extended-oriented path p ends with +1 orientation, that
is, when 09 = +1.

e [tem 1 in Definition 1 corresponds to o1 = +1, 0o = +1 and § € W€, which gives that
YEED Apred and §A-EGD . Hence, by composition of binary relations, we get that
~YEAwEN, using the property ApcApye = Appe.

e Item 3 in Definition 1 corresponds to o1 = —1, 09 = +1 and § € W€, which gives that
YEED Apred and 6Aw<EFVA. Hence, we get that v 1 Ap<EN.

2. Second, we consider the case when the extended-oriented path p ends with —1 orientation,
that is, when 0y = —1:

e Item 2 in Definition 1 corresponds to o1 = —1, 0o = —1 and § € W€, which gives that
FEED Ayed and §AWEYA. Hence, we get that v T ApE1),

e Item 4 in Definition 1 corresponds to 0 = +1, 09 = —1 and § € W*, which gives that
FEED A6 and SAw-ECYN. Hence, we get that vEAw+E 1A, using the property
Ay Apws = Apy=.

This ends the proof. O

Now, we develop the machinery to analyze active extended-oriented paths by considering
decomposition into subpaths and junctions when reconcatenating. For this purpose, we need
notation.
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We denote by @ : UV, E) — UV, &) (vesp. QF : UV, E) — ULV, E) the projection on
the tail (resp. head) endpoint of an extended-oriented path, defined, for (g,0) € U™(V,E)
and n > 1, by

Qb((@ O)) Qb ({U5>U§}ieﬂ1,nﬂa {Oi}ie[[lm}]) - ((UI1>U§)’01) ) (213“)
Qﬁ((gv O)) Qﬁ ({Ugvvg}ieﬂl,nﬂ7 {Oi}ie[[l,n}]) = ((Uﬁmvi%On) . (21b>
The following Lemma is a straightforward consequence of the definitions of active extended-

oriented paths in UV (V, €) (see Definition 1), of concatenation x in (12b) and of the pro-
jection mappings €° and QF in (21). The proof is left to the reader.

Lemma 6 Let (V,€) be a graph, and W CV be a subset of vertices. Let p € U(V,E) be an
extended-oriented path of length n > 2. We have that

peUY(V,E) < I, p UV W.E), p=pxp", Q)xQ(p)elU)l(V,E). (22)

A.2 Material on binary relations

In §A.2.1, we prove Lemmas on the binary relations of Definition 3. In §A.2.2, we define
new binary relations and we establish properties.

A.2.1 Lemmas on the binary relations of Definition 3

We refer the reader to Definition 3 for the definitions of basic binary relations.

Lemma 7 We have that

EWEYT = AU AwBY UB ™ Awe UKY | (23a)
CrEMEYT = Y (AUBY Ay UKY) (23D)
creETETCY =C" (23¢)
CVEEY Aye = CY (B UKY) Ay | (23d)
AeE W EYCY = Aye (BY UKY)CY (23¢)
Proof.
e We prove Equation (23a) as follows:
EWE = (AuEVT)(AUEYT)

as EV* = AUEYT by definition of the reflexive and transitive closure of a binary relation
=AUETtUETUETTTETT (by developing)
=AUETUETUKY (by definition of " in (9e))

=AU (Aw<E(Aw<E)*) U ((E ' Awe) € Ape) UKW

12



as Rt = RR* = R*R for any binary relation R, used here with R = A€ and with R = £ Apye
=AUAwBY UB WAy UKY . (by definition of B" in 9c)
e We prove Equation (23b) as follows:
CVEMWEN = CV AW ETEW

as C" ends with Ay in (9f), hence CV = C"V Ay

= YA (AU AwB"Y UB Y Aye UKY) (by (23a))
=C"(AwAUAwAwB" UAwB Y Ay UAwK") (by developing)
=CVAw (AUB WA UKY) (as A Ape =0)
— CY(AUB VAW UKY) . (as CV Ay = CV)

e We prove Equation (23c) as follows:

CWEWEWCY = CY (AUB W Awe UKY)CY (by (23b))
= CVAw (AUB™Awc UKY) Ay C”

as C" begins and ends with Ay in (9f), hence CV = CW Ay = Ay C"
= CWAW (A U ICW)AWCW (as ApwAyw = @)
=C"v (AW U AWICWAW)CW (by developing)

= (Aw U (AwKY Aw) ") (Aw U AWK Aw) (Aw U (Aw K Ap) ™)
(by definition (9f) of C")

= (Aw U (Aw K" Aw) ") (Aw U (Aw K" Ap) ™)

as (AW UR+)(AW UR) = Aw UR+AW U Am/RU’Rf"R = Aw URTURTR = Aw URT whenever
RAw = AwR =R, which is the case for R = Ay KV Ay

= Ay U (AWICWAW)+ (by developing)
=C". (by definition (9f) of C*)
e We prove Equation (23d) as follows:

CW(S‘*W*(S‘W*AWC =Cc" (A U BiWAWc U ICW)AWC (by (23b))
=C"Aw (AUB " A UKY) Ay

as C" ends with Ay in (9f), hence CV = CV Ay

= CY A (B UK™) Ay (as Aw Ay = 0)
=C"(B"UK")Awe . (as CV =CV Ayw)

e Equation (23e) is obtained from Equation (23d) by switching to converse relation.

This ends the proof. O
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A.2.2 Definitions and properties of new binary relations

We refer the reader to Definition 3 for the definitions of basic binary relations. We add two
new ones, where we recall that W* = £*IW by (7):

CY = (Aw-K" Aw) " U Ay (24)
AY =AUBYUB " UKY U(BYUKY)CY(BTMUKY) . (25)

Notice that the star conditional cousinhood relation C}” in (24) is the relation C* in (9f) with
W replaced by W*, and the star conditional active relation A} in (25) is the relation A"
in (9g) with C" replaced by C}".

Lemma 8 The two following relations
AY, = BY UK U ((BY UKY)CrK") (26a)
AV =B U ((BYUKT)CYB™) (26b)

satisfy the following properties

A =AUAY UAY (27a)
ALY DAY Awe€ | (27b)
AV D AV Ay E7T (27c)
Proof.

e We prove (27a) as follows:

AV =AUBYUB M UKY U (BYUKY)CY (BT UKY) (by definition (25) of AY)
=AUBYUKY U (BYUKY)CYKYUB YU (BYUKY)CY BT .
=AW by (26a) =AW by (26b)

e We prove (27b) as follows:
AY Apye€ = (BW U <(BW uK")er BW>>AWC£ (by definition (26b) of AW )
- (A U ((BW U ICW)C:V>>BWAWCS (by factorizing B~")
(A U ( (BY UK™) CW>>BWAWCBW (as € C BY by (9b))
( U < (BY UKY) CW>>ICW (by definition (9e) of K"
=K" U (BYUK")Ccr K" (by developing)
CAY . (by definition (26a) of AY,)
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e We prove (27¢) as follows:
AV Ay-E71 = (BW UuK"v u ((BW U ICW)CE/ICW)>AW*€_1 (by definition (26a) of A}Y,)
= ((BM U K" Aw<E~ Y U <(BW U ICW)C:VICWAW*S_1> . (by developing)

We treat each of the two terms in the union separately. We are going to show that each term is
included in AY .

For the first term, we have that
(BY UK")Aw-E~F C (BY UKy B
as Ay« C CY by (24), and as €71 € B~" by (9d)
c AV . (as AY. =B~V U ((BY UKY)CYB~") by definition (26b))
For the second term, we have that
(BYUK")CY Y A&
= (BY UK™) <(AW*ICWAW*)+ U AW*>ICWAW*£‘1 (by definition (24) of C)

= (BW U ICW) ((AW»«ICWAW*)Jr U AW*) (AW*ICWAW*)S_l (by inserting Ayy+)
C (BW U ]CW) ((AW*ICWAw*)+ U AW*)g_l

as (RTUAw+)R C R for any relation R such that RAy+ = Ap+R = R, which is the case for
R = AW* K:WAW*

= (BYuKv)cret (by definition (24) of C}¥)
c (B"uK™)cyB" (as £~ C B~" by (9d))
c AV . (as AY. = B~V U ((BY UKY)CYB~") by definition (26b))

We conclude that AY, Ay+E71 C AV
This ends the proof. O

Lemma 9 We have that
AV = A" (28)

Proof. The proofs is in three steps.
e We prove that
VRCVxV, VI'cV, RT=(Ar<R)T. (29)

For this purpose, we prove the following induction assumption H,: for any n > 1, we have that
(UP_oRM)L = (Ur_o(Ar<R)*)T, where we recall the convention RY = A.
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As a preliminary result, for any I'; A C V, from the sequence of equalities (AT') U (RA) =
LU ((RA\D) =T U (ApeRA) = (AT') U (AreRA), we deduce that
(AT) U (RA) = (AT) U (Ar<RA) . (30)
Thus, with A = T, we obtain that (U}_,RF)T' = (Ul_,(AreR)*)T, that is, assumption #; holds
true.

Now, we suppose that, for a given n > 1, the induction assumption H,, holds true. Then, we
have that

(UHSRM)T = (AT) U (R((UZZORk))F> (using the convention R? = A)
— (AT) U (AFCR((UZZORk))F>
using the preliminary result (30) but with the binary relation R((Up_,R¥))
= (AI')U <ArcR(UZ:0(ApcR)k)F> (using the induction assumption #,,)

= (AN U (U AR
= (U (ArR)F)T . (as (AreR)? = A)
Thus, we have proven the induction assumption H,41.

Now, let us suppose that v € R*I". Then, there exists an integer n > 1 such that v € ( ZZORk)F;
using the just proven property H,, we get that v € (Up_,(ArcR)*)T and, therefore, v € (AreR)*T.
Thus, we have shown that R*T" C (Ar<R)*T". The converse inclusion is easier to prove as ApcR C R.
Finally, we have shown the equality R*I"' = (ApcR)*T", which is (29).

e The following inclusion is easy to prove:

VRCVxV, V[ CV, Agrr C RArR™'. (31)
e We prove that

EV AW E = EV A€ (32)
Using Equation (29) with R=E€ and I'=W gives E*W = (AwE)*W = EW*W. Combined with the
Inclusion (31), we get Ag«yy = Agwayy C EV Ay E*. Thus, we obtain that
gW*A(S*W)57W* C gW* (EW*AW&’fW*)giW* — gW*AWg—W* .

Thus, we have obtained the inclusion EW*AwE~"* O EW Aoy €. The reverse inclusion

follows from the fact that W C W* = E*W by (7), which gives EW* Ay &~V C EW* A vy €7

e Finally, we prove that A" = AY. For that purpose, it suffices to show that replacing the
subexpressions Ay by Ag«yy) in the expression (9g) of A" does not change the relation. Using
the definition of A" in Equation (9g), we obtain that Ay, appears only in subexpressions of the
form BY Ay B~ or KYAw B~ or BYAw KLY or KV Ayw K", Now, using the fact that the two
relations B" and K" always end with £"* and the two relation 5~ and K" always start with
E~"* we obtain that Ay, appears only in subexpressions of the form EW*Aw E-"*. We conclude,
using Equation (32), that Ay can be replaced by Ag-yy in A" without changing the relation.

This ends the proof. O

16



B Proof of Theorem 4

The proof of Theorem 4 relies on the following Proposition 12 (itself based on Lemmas 10
and 11) and on Lemma 13, that we are going to prove.

The following Lemma 10 displays elementary relational patterns (composition of rela-
tions) whose deployment in paths contain active extended-oriented paths. The binary re-
lations below have been introduced in Definition 3, except for the two additional ones de-
fined in (24) and in (25). For any integer n > 1, we denote by 1, = (+1,...,+1) (resp.
-1, = (—1,...,—1)) the vector of length n made of +1 (resp. of —1). We recall that the
deployment Dy [R | V, £] in extended-oriented paths of a binary relation R has been defined
in (5), and the intermediate vertices ¢y of an extended-oriented path in (4c) .

Lemma 10 Let (V,€) be a graph, and W C 'V be a subset of vertices. For any two vertices
v, A €V, we have

YBY\ = there exists p € U(V,E) such that
(0:119) € Dul(v, M) | V,EINUY (V,€)
and vy (p) C EVFN, (33a)
VBN = there exists p € UV, E) such that
(0. —1jyy) € Dul(v. A) [ V. E]INUY (V,€)
and vy (p) C EMFy (33b)
YK\ = there exists p = (0,0) € UV, E), with |p| > 2
and 0= (—1,...,+1) € {=1} x {1, +1}°1=2 5 {41}, such that
p=(0.0) = (0.(~1.....+1)) € Dyl(7. 1) | V.E N TY (v,€)
and 1y (p) C EVH{y, A}, (33c)
VCIN = vy e W, Xe W* and
there exists p = (p,0) € U(V,E), with |p| > 2
and 0= (—1,...,+1) € {=1} x {1, +1}PI=2 5 {41}, such that
p=(0.0) = (0.(~1.....+1)) € Dyl(7. 1) | V.E N TY (0,€)
and vy (p) C EVW . (33d)

Moreover, in Implication (33d), if a vertice 6 € vy(p) belongs to W, it necessarily appears
in a subpath of p of the form (((Ub,é), (6,0%)), (++1, —1)).

Proof.
e We prove the implication (33a). Let v, A € V be such that yB%\. By (9b), we have that
BY X = E(Aw<E)*, hence that YE(Aw<E)*A. As (AwE)* = AUUL (Aw<E)" by definition, if
YE(AwE)* A, then either vE or there exists n > 1 such that vE(Ap<€)"\. Thus, we consider two
cases.

If €N, the extended-oriented path ((7v,A),+1) is both in Dy[(y,A) | V,&], by definition (5),
and belongs to UV (V, £), as it is of length 1 hence is active (see Definition 1).
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If yE(Aw<E)" A, with n > 1, then there exists a sequence {vi};cfg 41 in V such that vg = 7,
Upt1 = A, and v;—1Ev;, v; € W€, v;Evi11, for i € [1,n]. The following p = ({(vi,v,-+1)}i€[[07nﬂ ,1n+1)
is an extended-oriented path that belongs to Dyr[(7, A) | V, €], as w(p) = (v, A), and also to UV (V, €).
Indeed, all the extended-oriented subpaths
<((Ui_1,vi), (vi,vi+1)), (—I—l,—l—l)) for i € [1,n], satisfy Item 1 in Definition 1 because v; € W€. It
remains to show that ¢7(p) C EW*TA. This inclusion easily follows from the fact that, by defini-
tion (4b) of the intermediate vertices, we have that (7 (p) = {ve, ..., vp—1} where v,_1 € WNEN =
AweEX=EVNCEVTN, oo, vy € (EWFAN CEVHN, ..., vg € (EM) 2N C EWHA.

e We prove the implication (33b) in the same way (here, all the extended-oriented subpaths satisfy
Item 2 in Definition 1).

e We prove the implication (33c). Let v, A € V be such that v A. By definition (9e) of £,
we obtain that YB~" Aw<B" A. As a consequence of the definition of the composition of relations,
there exists 6 € W€ such that yB-"4 and dB"\. Thus, by (33b), there exists p' = (g’, —1‘9/|) €
Dy[(v,6) | V,EINUY (V,€) and by (33a), there exists p” = (0", 1,,7) € Dy[(6, ) | V,EINUY (V,E).
We consider the extended-oriented path p = p’ x p” € Dy[(v,\) | V, ] obtained by concatenation
as in (12b), and which is such that |p| > 2. We claim that p € UV (V,€). Indeed, p' € UV (V,E)
and p” € UV (V,€) by assumption, so that, by Equation (22) in Lemma 6, it only remains to show
that
((<v’,6>, (6,2")), (—1,+1>) = () x (") e U (V, ),

where (v/,d) is the first edge of the extended-oriented path p/ = (Q,,—]_‘Ql‘) and (d,v") is the
last edge of the extended-oriented path p” = (g” , 1 g//|). Now, the above subpath satisfies Item 3
in Definition 1 because v; € W€ We deduce that p = p/ x p’ = ((g’,g”),(—1‘9/‘,1‘9”)) €

Dyl(v,A) | V,E]NUY (V, E). Tt remains to show that ti7(p) € £+ {v, A} but this comes from (13)
which gives

CEWHANEW+ 2
~~
wip) = wp)u o} Uty (p”) CEV Ty U (EVTyNEYTNUEYTN = EVT{y, A} .
S~—— S~——
CEWHy CEW+A

e We prove the implication (33d). We suppose that 7C¥X. As C}' = Ay« U (AW*ICWAW*)+
by (24), we consider three cases: either YAy «A, or YAy «K" Ay« or there exists n > 1 such that
’V(AW*ICWAW*)TH_l)\

Suppose that yAp+A. Then v = A, and thus the extended-oriented path p = ((’y, A), +1) €
UV, &) is active as any extended-oriented path of length 0 or 1 is active by Definition 1 and
by (2e).

Suppose that YA« Ay+«A. Then, v € W* XA € W* and yK" . Therefore, by (33c)
there exists p € U(V,€), with |p| > 2, and 0 € {—1} x {—1,+1}#I=2 x {41} such that (g,0) €
Dyl(7,A) | V,E]NUY (V,€) and that 1y(p) € EVH{vy,A\}. As {y,A} € W*, we get that 1y (p) C
EWVIWH = EWHEWIV = EWHTW , since W* = E*W by (7) and EVFTEV* = EWT.

Suppose that V(AW*ICWAW*)HH)\. Then, there exists a sequence {5i}z‘e[[0,n+1]] in W* such
that 09 = 7, dntr1 = A and ;K" ;41 for ¢ € [0,n]. Therefore, by (33c), there exists a sequence
{pi}icpo.n) in UV, E) of extended-oriented paths such that [p;| > 2 for i € [0,n], and that p; =
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(0i,0i) € Dyl(6;,6i1) | V,E]NUN (v, &) for i € [0,n], where o; is of the form (—1,...,+1) and
such that ¢(p;) C EWTW for i € [0,n]. We define the extended-oriented path p = py X --- X p, €
Dyl(y,A) | V, ], by iterated (associative) concatenation as in (12b), which is such that |p| > 2 and
that

p= (00X X 0n,(00,...,0,)) where o; € {1} x {—1,4+1Me=2 5 {41} | Vie[o,n].

We claim that p € UV (V,€). Indeed, p; € UV (V,€) for i € [0,n], so that, by Equation (22) in
Lemma 6, it only remains to show that, for ¢ € [0,n — 1],

(((,Ulz?’éi-i-l)’ (5i+171}§+1))7 (+1’ _1)> = Qﬁ(pi) X Qb(pi+1) € UZV(V,(S’) ) (34)

where (vE,éH_l) is the last edge of the extended-oriented path p; = (g;,0;) and (52-4_1,1)5“) is the
first edge of the extended-oriented path p;+1 = (0it1,0i+1). As 041 € W*, for i € [0,n — 1],
and because of the orientation (—1,41), all the above subpaths satisfy Item 4 in Definition 1. We
conclude that p = pg X --- X pp, € Dy[(7,\) | V,E]NUN (V, ). Finally, from (13), we get that

cEVtwW cEWW
— ——
wip) = (U oo (p7) ) U [0 i0nd  CEVHWUEW'W C £V W (35)
=0
CEW+W=EW+WUW
CEWHWCWe

since ty(p;) C EWVTW and 6; € EW*W for i € [0, n].

e Moreover, in the implication (33d), if a vertice § € ty7(p) belongs to W, it necessarily appears in a
subpath of p of the form (((vb, 9), (0, vﬁ)), (+1, —1)). Indeed, using Equation (35), we obtain that
a vertice ¢ € 1y (p) possibly belong to W only when 6 € {d1,...,d,} which gives the result.

This ends the proof. O

Lemma 11 Let (V, &) be a graph, and W C V be a subset of vertices. Let v,A € V be
two vertices and assume that y AV where AV is the conditional active relation (9g). Then,
there exists an active extended-oriented path p, joining the two vertices v and X\, whose
intermediate vertices belong to EV{~, A\} UEY*W | that is,

VAN = 3p e Dy[{(v, MV} |V, EINUY(V,€)
and 1y (p) € EH{y, NFUEY W | (36)

Moreover, an intermediate vertice v 1s in W only if it appears in a 2-length subpath of p of
the form (((vi1,v), (v, 011)), (+1,~1) )

Proof. As the relation A} defined in (25) equals the relation A" in (9g) (as proved in Lemma 9),
we suppose that we are given two vertices v, A € V such that v.AY X\ and we prove the existence of
p € Dul{(v,\)} | V,E]NUY(V,€) that joins v and Aand such that t(p) C EVH{y, A} UEVW .
By (25), giving A}, we have that

7<AUBW UB UK U (BT UKT)CE (B UICW)>>>\ .
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We consider the five cases, one by one. More precisely, for each case, we are going to show that
there exists p € Dy[{(7,\)} | V,E]NUWY(V, &) such that 17(p) € EVH{y, A} UEV*W.

The first case is YA, that is, v = A. As any extended-oriented path of length 0 or 1 is
active by definition (see the comment following Definition 1), we conclude that ((7,)\),4—1) €
Dyl{(v, M)} [ V,E]NUY (V,€)and, as v (((7,A), +1)) = 0, the second assertion is satisfied .

The second case is 7B A\. We conclude that there exists p € Dy[(vy,A) | V,E]NUY (V, €) such
that vy (p) C £V Athanks to (33a) in Lemma 10.

The third case is yB~"A. We conclude that there exists p € Dy[(v,\) | V,E]NUY (V, E) such
that (p(p) C £ty thanks to (33b) in Lemma 10.

The fourth case is YK A. We conclude that there exists p € Dy[(7, ) | V,E]|NUY (V, E) such
that v (p) € EWH{~v, A} thanks to (33¢) in Lemma 10.

It remains to tackle the fifth case. Suppose that 7((8‘” U ICW)CE’ (B*W U ICW)>/\. Therefore,
there exist 7 and d9 in V such that

7(8‘” U ICW)51 and 6;C) do and dy (B’W U ICW)/\ )
We are going to display an extended-oriented path p € Dy[(6,7) | V,E]N UV (W, €).

e Considering the left hand side W(BW UICW)51 and using Lemma 10, we obtain — either
by (33a) applied to vB"dy, or by (33c) applied to v d; — that there exists

p1 = (91701) = (Ql)("'v"i'l)) € DU[(/%él) | va] QUXV(VW‘:) s
and we have vy (p1) C EWH{y, 01}

e In the same way, considering the right hand side s (B*W U ICW))\ and using Lemma 10, we
obtain — either by (33b) applied to 628~ A, or by (33c) applied to d2C" X — that there
exists

p2 = (Q2702) = (927 (_17 .- )) € DU[(5277) | V)‘ﬂ N UXV(va) )
and we have vi7(p2) C EWH{d2, A}.

e Considering the middle expression 6;C}"d; and using Lemma 10, we obtain by (33d) that
01 € W*, 69 € W*, and that there exists

pi2 = (012,012) = (012, (—1,...,+1)) € Dy[(61,62) | V,E]NUY (V,€),
and we have 7 (p12) C EVW.

We consider the extended-oriented path p = p1 X p; 2 X pa obtained by concatenation as in (12b).
By construction, we have that p € Dy[(y,)\) | V,€]. We claim that p € UV(V,€). Indeed,
p1,p12,p2 € UV (V,E) by assumption, so that, by Equation (22) in Lemma 6, it only remains
to show that

((F00), (61,05 2)) (+1,-1)) = Qo(p) x Q(p1.2) € UF (0,€) (37)

where (v?, 01) is the last edge of the extended-oriented path p; and (41, v%) is the first edge of the
extended-oriented path pq 2, and that

(0 2:82), (92,08)), (+1,-1)) = Q¥ (pr2) x P(p2) € UV (0,8) , (38)
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where (vlig, d2) is the last edge of the extended-oriented path p; 2 and (2, vg) is the first edge of the
extended-oriented path py. Asdp,d2 € W* and because of the orientation (—1,41), the two subpaths
hereabove satisfy Item 4 in Definition 1. We conclude that p € Dy[(y,\) | V,E] N UV (V, €).Now,
we have that

wip) = wp1) UL} Ui (pra) U{d2} U(pe)
C 5W+{’7, nPu{sntu EVW U {52} U 5W+{52, A}

as ty(p1) CEVT{y, 01}, wipre) CEV*W and vy(p2) C EWH{d2, A}

=EVTyUEYTH U UEY W U {6} UEY o UEWTA

=EVTFUET S UEY W UE 6 UEVTA

CEVTYUEV" W UEYTA (as 01 € W™, 69 € W)

=EVTH{, AJUET W .
The last assertion of the Proposition — namely, that an intermediate vertice v is in W only if it
appears in a 2-length subpath of p of the form (((vi_l, v), (v, vi+1)), (+1, —1)> — follows from the
last assertion of Lemma 10 and from Equations (37) and (38).

This ends the proof.

The following Proposition 12 is half of the proof of Theorem 4.

Proposition 12 Let (V,E) be a graph, and W C V be a subset of vertices. Let y,\ € V be
two vertices. We have the implication

YAV = ﬂ(v_lcjl_ A W) (39)

where A" is the conditional active relation (9g) and _gl_ is the conditional directional separa-

tion relation (8).

Proof. The proof is an easy consequence of Lemma 11. Let v, A € V be two vertices. We have

that
YAV N = Jpe Dy[{(v, )} | V.EINnUY (v, €) (by Lemma 11)
— ﬂ<DU {(v, N} |V, €] c U (v,s)) (by definition of U}V (V, £))
= (v JdL A W). (by (8) in Definition 2)
This ends the proof. O

The following Lemma 13 is instrumental in the second half of the proof of Theorem 4.
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Lemma 13 Let (V,€) be a graph, and W C V be a subset of vertices. For any n > 2 and
v, AN €V, the following statement holds true. For any extended-oriented path p = (p,0) €
UMV, E) of length n joining two vertices v and X (that is, Xul{p} | V.&] = {(7, N} as
in (17)), and such that p is active (that is, p € UY (V,E) as in Definition 1), one of the two
following properties is fullfiled:

1. Either yAY X and the last orientation of p is 0, = +1,

2. Or vAY X and the last orientation of p is 0, = —1.

Proof. We call H,, the statement in Lemma 13 and we prove by induction that it is satisfied
for all n > 2.

We prove Hs. For this purpose, we consider an extended-oriented path p of length 2, joining two
vertices v and A in the graph (V, ), and which is active, that is, by definition (17) of the endpoint
relation X7 [S | V,E] on V,

p e U*(V,€) and Xy[{p} | V,€] = {(7,A)} and p € U;" (V,€) .

Using Lemma 5, there are two cases to consider. In the first case, the extended-oriented path ends
with orientation +1 and is such that either YEA<EN or Y€ ' Ay<EN. Using the properties that
EAwE C BY C AV, (by (9b) and (26a)) and that E7'AyE C KV C AV, (by (9e) and (26a)), we
obtain that the case 2 of Hs is satisfied. In the second case, the extended-oriented path path ends
with orientation —1 and is such that either yEA+~E7IA or € ' Aw<E~'A. Using the properties
that EAp+E~1 € BYAw-B" C AV (by (9b) and (26b)) and that E 1Ayt € B-W ¢ AV
(by (9d) and (26b)), we obtain that the case 2 of H, is satisfied.

We suppose that the induction assumption H,,_1 holds true, where n —1 > 2, and we are going
to show that #,, holds true. For this purpose, we consider an extended-oriented path p of length n
(n > 2), joining two vertices v and A in the graph (V, ), and which is active, that is,

p e UV, E) and Xp[{p} | V€] = {(,A)} and p € U,V (V,€) .
We decompose the extended-oriented path p as
p=(0,0) = (2o icpng Oicping) = Prot X7

where p,—1 = (((v7, v?))ie[l’n_lﬂ, (Oi)z‘e[[l,n—l]]) € U 1(V, €) is an extended-oriented path of length n—1,
p = ((U,bl,vg),on) € U'(V,€) is an extended-oriented path of length 1. We have
that v'i = 7 and vh = A It is clear that the extended-oriented path p,_1 is active, that is,
pn_1 € UV (V,€). Indeed, otherwise, the extended-oriented path p,_; would be in one of the four
cases listed in Definition 2, hence so would be the extended-oriented path p. But this would con-
tradict the assumption that p € UV (V, ). As the extended-oriented path p,_ is active and of

length n—1, it satisfies the induction assumption H,_i. We deduce that either 7.,43;21& and the

i n—1
w
*—Un_1

and where

last orientation of p,_1 is 0,1 = +1, or 7 A and the last orientation of p,_1 is 0,1 = —1.

We analyze the two cases separately.

e Assume that we have vAY, +’U£L_1 and that the last orientation of p,_1 is 0,—1 = +1, that is,
pn—1 ends with ((v'ﬁl_l, Ui_l), +1). There are two possibilities for the extended-oriented path p =

((UEL, vﬁ), on).
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e Suppose that p = ((vn,vg) +1) = ((v2, A),+1), that is, (v, A) € € by (2b). As the path p
is active by assumption, the pattern (((vb v ), —|—1), ((UEL,U%), —l—l)) must satisfy Item 1

n—1"“n—1

in Definition 1. We deduce that vn 1= UEL € We. Now, we wrap up the results obtained
so far. On the one hand, from vA*Jrvn 1) vti =), € WCand (v),\) € &, we get that
YAV Aw<EA, hence that vAY, A because the relation A}, in (26a) ends with the relation
BY and as BY Apy€ = S(AWCS) (Awe€) C BY by (9b). On the other hand, the extended-
oriented path p ends with +1, as it is the case for p. We conclude that the extended-oriented
path p of length n satisfies the case 1 of H,, since it ends with +1 and its endpoints are such
that vAY A. Therefore, we have proven the case 1 of the induction assumption H,, for the
extended-oriented paths of length n.

e Suppose that p = ((v), vp, 5y, — 1) = ((v),\), 1), that is, (v3,\) € E71 by (2b). As the path p
is active, the pattern ( (v>_, v ), +1), ((UEL,UEL), —1)> must satisfy Item 4 in Definition 1.

» Yn—1
We deduce that vn 1= ’UI;L e W*. Now, we wrap up the results obtained so far. On the
one hand, from ’yA*+vn LU ﬁ L=, € W and (v),\) € E7L, we get that Y AY, Ap+«E7LN,
hence that v.A" X\ by (27¢). On the other hand, the extended—orlented path p ends with —1,
as it is the case for p. We conclude that the extended-oriented path p of length n satisﬁes
the case 2 of H,, since it ends with —1 and its endpoints are such that v.A{" \. Therefore,
we have proven the case 2 of the induction assumption H,, for the extended-oriented paths of

length n.

e Assume that we have A*_ v, _, and that the last orientation of p,_1 is 0,—1 = —1, that is,

(v2,\) € £E71. There are two possibilities for the extended-oriented path 7 = ((UI;L, UEL), on).

e Suppose that p = ((v%,vi),—i—l) = ((vb A),+1), that is, (v2,\) € € by (2b). As the path p
is active, the pattern (((’L)I;L_l, Ui_l) ~1), ((vn, vﬁ) —|—1)> must satisfy Item 3 in Definition 1.

We deduce that v 4= UI;L € We€. Now, we wrap up the results obtained so far. On the one
hand, from ~v.A4}" ﬁ_l =, € Weand (v, )\) € &, we get that v AY Ape€ 1\, hence

*— 77, 17
that v A, A by (27c). On the other hand, the extended-oriented path p ends with +1, as
it is the case for p. We conclude that the extended-oriented path p of length n satisfies the
case 1 of Hy, since it ends with +1 and its endpoints are such that A}, \. Therefore, we

have proven the case 1 of the induction assumption H, for the extended-oriented paths of

length n.
e Suppose that p = ( vy, Un, ), 1) = ( —1), that is, (v2,)\) € £~ by (2b). As the path p
is active, the pattern ( (v’ 4, vﬁ 1) —1) (( ,ﬁ@), —1)) must satisfy Item 2 in Definition 1.

We deduce that vn 1= UEL c We. NOW, we wrap up the results obtained so far. On the
one hand, from v AY o Uy _1, U ti =) € Weand (v),\) € £, we get that v AW ApeE71A,
hence that VAW A because the relation A} ends with the relatlon B~ and We have that
B VAwE ™t = (E Aw)*E A€~ € B which implies that AY A€~ Cc AY . On
the other hand, the extended-oriented path p ends with —1, as it is the case for p. We conclude
that the extended-oriented path p of length n satisfies the case 2 of H,,, since it ends with —1
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and its endpoints are such that v A% \. Therefore, we have proven the case 2 of the induction
assumption H,, for the extended-oriented paths of length n.

This ends the proof. O

C Moral relation
Let (V,€) be a graph. The moral relation M on (V,£) is defined by |[5]
M= (Eugeu(Eluege ) cexe. (40)

In Proposition 14, which is a consequence of Lemma 11, we prove that, when two vertices
v and A are in relation by the conditional active relation (9g), then there exists an (edge)

path in the graph (V, M) joining the two vertices v and A with intermediate vertices in
EVr({r, Ay uw).

Proposition 14 Let (V,€) be a graph, and W C V be a subset of vertices. Let A" be the
conditional active relation (9g) and M be the relation (40). Then, for all v, A € V, we have
that

YAYX = Jo € Dp[{(7,\)} | V. M] and 1(0) C EV ({1, A} UW) . (41)

Proof. Let v, A € V. Using Lemma 11, there exists an active extended-oriented path p joining
the two vertices v and A and such that wy(p) C " {y, A} UEW"W. We denote by {vi},_, |,
the sequence of intermediate vertices of p. For i = 0,...,|p| — 1, we have that v;Muv;y; as, by
definition (2¢) of an extended-oriented path, we have that v;Ev;11 or v;€ _1vi+1. In the same way,
we have that yMuvg and v), MA. Thus, we build an (edge) path o' = {(vi, vit1) }ieq | pj—1y Which
belongs to Dp[{(y,\)} | V, M] as defined in Equation (6). However, the (edge) path ¢’ does not
satisfy the assumption (o) C EW* ({7, \} UW) as some intermediate vertex of ¢’ may belong to
W. But using the last statement of Lemma 11, we have that, given an intermediate vertex of o,
v; € W is only possible when v; is a “d” vertex, that is, v; appears in a subpath of p of the form
(((Ui_l,v,-), (v,-,qul)), (+1, —1)) which implies that v;_1£v; and v;E€ 'v;41 hence that v;_; Muv; 41
by definition of the moral relation in (40). We define the (edge) path ¢’ as obtained from the
(edge) path ¢’ by removing all the “§” vertices. We readily get that o’ belongs, as does ¢, to
Dpl{(y,A\)} | V, M] and has the same internal vertices in W€ as does ¢’. We conclude that

L(0") Culd)NWEC (EH{y, NJUEWV W) NWECEVH{Y, ALUEYTW =&Y ({7, A} UW) .
This ends the proof. O

Let W, ', A C V be three subsets of vertices, that are pairwise disjoints. We define the
subset S = E*(TUAUW) C V of vertices, and the binary relation £ =€ N (S x S) on S.
The subgraph (5, Es) is composed of the set of vertices S and of the set £ of edges, given
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by the restriction of the relation &£ to the subset S. The moral relation Mg on the subgraph
(S, Es) is the subset of S x S defined by

Mg = (EsUEsESM) U (EsUEES) S S. (42)

Now, under the assumptions of Proposition 14 and the additional assumption that v € T’
and A € A, we obtain a stronger result.

Corollary 15 Let W, ', A C V be three subsets of vertices, that are pairwise disjoints. Let
v el and A € A be given. Then, we have that

YAYN = Jo € Dp[{(7,\)} | S, Ms] and 1(0) C W*°. (43)

Proof. The proof is a simple consequence of Proposition 14 as the path obtained in Equa-
tion (41) is a path in the subgraph (5, £g) and its intermediate vertices satisfy ¢(0) C €+ ({7,\} UW) C
we. O

Proposition 16 Let (V,&) be a graph, and let W, ', A C V be three subsets of vertices,
that are pairwise disjoints. We have the implication:

Jdo € Dp[I" x A | (S,MS)] such that (o) C W€
— Jpe Dyl x A |V, EINUY(V,E) . (44)

Proof. Let o € Dp[I' x A | (S, Mg)] such that t(0) C W€ Then, there exists a sequence
{vitien, o417 of vertices in S such that o = { (v, vi+1)}ieq o With vi € T, v)g41 € A and such that
viMgvi1 and v; € W€ for alli = 2,...,|g|. Using the definition of Mg, there are two cases: either
for all i = 2,...,|o| there exists 0; € {—1, 41} such that v;€(®)v; ;1 and, in that case, we build the
extended-oriented path p; = (('Ui,'l]i_i_l), oi); or there exists §; € S such that vié’(l)éié'(_l)vi_i_l and,
in that case, we build the extended-oriented path p; = (((vi,éi), ((5,~,v,~+1)), {1, —1}) of length 2.
By concatenation, we obtain the extended-oriented path p = p1 X ... X p|,.

It remains to show that the extended-oriented path p is active. As, by assumption, the ver-
tices {Ui}z'e[[u ol+1] are in W€, then Definition 1 implies that p can only be blocked at the vertices

appearing in 2-length extended-oriented subpath of the form <((v, 8),(6,")),11, —1}> with 6 € S.
If § € £W, then the subpath is active. If § € S and § € E*W, then it easily follows that
b e &gVt (F UA) = EWTT' U EYTA and the subpath is blocked. We denote by n the number of
blocked subpaths of length 2 of p for which 6 € EW*FT'UEWFA and we prove that, when n > 0, we
can build a new p which has a strictly smaller number of blocked subpaths. We consider only the
case where the vertice at the center of the blocked subpath of length 2 is such that § € EW T as
the case § € £ A can be treated in a similar way. Denote by p’ the subpath of p starting at § and
ending in A. The subpath p contains a number of blocked subpaths which is stricly smaller than
n. As § € EW*T, there exists an active extended-oriented subpath p” starting in I and ending at .
Then, by concatenation, we obtain that p” x p’ € Dy[I’ x A | V, €] for which the number of blocked
subpaths is strictly smaller that n, since it is the case for p’, and since p” does not contain blocked
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subpaths and the connection at node § is active in the concatenated path p” x p’. We can iterate
the process a finite number of times (at most n) to obtain at the end an active extended-oriented
subpath. This ends the proof. O

We relate in Proposition 17 the conditional active relation A" to the moral relation Mg
defined on the subset S in Equation (42).

Proposition 17 Let (V,&) be a graph, and let W, ', A C V be three subsets of vertices,
that are pairwise disjoints. We have the equivalence:

ArAY Ay #0 == ArMg(AweMg) Ay £ 0 . (45)

Proof.

(=) Let y € T"and A € A be two given vertices such that A" \. Then, using Equation (41),
there exists 0 € Dp[{(7,A)} | V, M] such that (o) C EWH({y,A}UW). Asy eT and A € A, we
get that ¢(0) € S N W€ and, thus, that p is a path in the subgraph (S, Mg) with intermediate
vertices in W€. Hence, we obtain that o € Dp[{(7,A)} | S, Mg] and () C W*€. Then, we easily
get that YMg(ApweMg)*A.

(<= ) Let v € A and A € A be two vertices such that yYMg(Awe<Mg)*A. Then, there exists o €
Dp[{(v,\)} | S, Mg] with ¢(9) C W€. Thus we get, by Proposition 16, that p € Dy[l' x A | V,&]N
UWV(V,&) and, as proved in Theorem 4, it gives that y.A"™ \. O

Definition 18 Let (V,€) be a graph, and let W, I', A C V be three subsets of vertices,
that are pairwise disjoints. The two subsets I';, A C'V of vertices are said to be conditionally
morally active (w.r.t the subset W) if there exists an (edge) path in the moral graph (S, My)
with endpoints in ' and A and such that all the intermediate vertices are in W€.

The two subsets ', A C V of vertices are said to be conditionally morally blocked (w.r.t
the subset W), denoted by T' || A | W when they are not conditionally morally active (w.r.t

the subset W), that is,

FJTJEAH/V{:){QGDP[FXA|S,M5HL(9)CWC}:(Z). (46)

Theorem 19 Let (V,E) be a graph, and let W, ', A CV be three subsets of vertices, that
are pairwise disjoints. We have the equivalence:

FiLA\W<:>FidLA|W (V[LACV). (47)
Proof. We have
(T ILA|[W) < Foe Dp[l' x A| (S, Mg)] such that 1(0) C W© (by (46))
— Jpe Dyl xA|V,EINUNV,E) (by (44))
— (T _|[Ji_ AW). (by Theorem 4)

26



and

ﬂ(Fidl_A | W) <= ApAY Ay #0

= Jo € Dpl{(7,\)} | S, Mg] such that ¢(p) C W*¢ (by (43))
= ﬁ(F_IAn_A | W) . (by (46))
This ends the proof. O
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