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Boundary layer formation in the quasigeostrophic model near
nonperiodic rough coasts

Gabriela Lépez Ruiz

Abstract

We study the so-called homogeneous model of wind-driven ocean circulation or the single-layer
quasigeostrophic model. Our attention focuses on performing a complete asymptotic analysis that
highlights boundary layer formation along the coastal line. We assume rough coasts without any
particular structure, resulting in the study of a nonlinear PDE system for the western boundary layer
in an infinite domain. As a consequence, we look for the solution in nonlocalized Sobolev spaces.
Under this hypothesis, the eastern boundary layer exhibits a singular behavior at low frequencies far
from the rough boundary, leading to issues with convergence. The problem is tackled by imposing
ergodicity properties. We establish the well-posedness of the governing boundary layer equations and
the approximate solution. Our results generalize the ones of the paper by Bresch and Gérard-Varet
(Commun. Math. Phys. (1) 253: (2005), 81-119) in the context of periodic irregularities.

Keywords: Boundary layers, nonperiodic roughness, single layer quasi-geostrophic model,
approximate solution.

MSC: 35B25, 35B40, 35C20, 35Q35.

1 Introduction

This paper addresses roughness-induced effects on geophysical fluid motion in a context where small
irregularities have very little structure. In geophysics, this phenomenon is usual when looking at the
indentations on the bottom of the ocean and shores. The analysis will be conducted on the homogeneous
model of wind-driven ocean circulation, also known as the 2D quasigeostrophic model. In this case, the
input is the planetary wind-stress field over the ocean, while the output is the transport that takes place
into the mid-depth layer and is forced by the Ekman pumping, due to wind stress, above this layer.
Steady circulation is then maintained by bottom friction and lateral diffusion of relative vorticity.

The mathematical description of the model is as follows: let ¥ = ¥(¢,x) € R be the stream function
associated to the two-dimensional velocity field u = (u1(t,x),u2(¢,x))". In a simply connected domain
Qf C R? to be described later on, the system reads

Beurl T + Re ' A2D,

ov

o 0, (1.1)
\Ilinia

(0 + VAU - V) (AT + By — Fr U + 1) + rA¥

U|s0
Uli—o

where
e V1.V is the transport operator by the two-dimensional flow;
e AV is the vorticity, and rAW¥ | r > 0, is the Ekman pumping term due to bottom friction;
e Fr is the Froude number due to the free surface ;

e 3 > 0 is a parameter characterizing the beta-plane approximation which results from linearizing
the Coriolis factor around a given latitude;

e np describes the variations of the bottom topography;

e [curl7 is the Ekman pumping term due to wind stress at the surface, where 7 is a given stress
tensor; and,

e Re denotes the Reynolds number.
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Here, U,;,,; is chosen such that data is “well-prepared”, i.e., we need ¥;,; to converge at least in H 1(QE)
to a function to be specified later on. For a formal derivation of the model (1.1) from the Navier—Stokes
equations, we refer the reader to [4] and [22]. If the basin is closed and if we assume that there is no
water outflow, then the flux corresponding to the horizontal velocity has to vanish at the boundary, from
which we have the homogeneous boundary condition ¥|s = 0. Moreover, the presence of the diffusion

term Re ' A2W requires the no-slip boundary condition g—g =0.

Under certain hypotheses (fast rotation, thin layer domain, small vertical viscosity) and proper scaling,
B. Desjardins and E. Grenier proved this model describes asymptotically a 2D fluid [9]. The authors
performed a complete boundary layer analysis of the model in the domain

Q={(z,9) €R*: xu(¥) <2< Xe(V), Ymin <Y < Ymaa } »

where x,, and x. are smooth functions defined for y € [Ymin, Ymaz]. The forcing term 7 was assumed
to be identically zero when y is in a neighborhood of ¥y, and ymq.. This assumption is crucial to
avoid the strong singularities near the northern (max) and southern (min) ends of the domain, known
as geostrophic degeneracy [8].

In the context of ocean currents, the Rossby parameter S and Reynolds number are very high. A first
approximation of the solution confirms (1.1) is a singular perturbation problem and there is boundary
layer formation. These problems are often tackled by a multi-scale approach. Therefore, it is natural to
look for an approximate solution of (1.1) of the form

Ve ~ \Ilint(t7 Zz, y) + \Ilbl(tv Y, X(E)’ Y(E))7

where X (g),Y (¢) are the boundary layer or fast variables.

Following this reasoning, Desjardins and Grenier derived the so-called Munk layers, responsible for the
western intensification of boundary currents. D. Bresch and D. Gérard-Varet [3] later generalized these
results for the case of rough shores with periodic roughness. In this case, the ocean basin was described
by a domain

O ={(2,9) €R*: xu(®) —evw(e'y) <z < xe®) + %€y, Ymin <Y < Ymas ) » (1.2)

where ¢ is a small positive parameter and =, 7. are regular and periodic functions describing the
roughness of the West and East coasts, respectively. Taking into account rough coastlines leads naturally
to additional mathematical difficulties. For example, the usual Munk system of ordinary differential
equations is replaced by elliptic quasilinear partial differential equations. Nevertheless, the periodicity
assumption on the structural properties of 7., v, simplifies the analysis of the existence and uniqueness
of the solutions.

A natural extension of this work would be dropping the periodicity assumption, since the geometry of the
boundary is not meant to follow a particular spatial pattern. Our goal is to study the asymptotic behavior
of problem (1.1) when functions 7., 7, are arbitrary, therefore generalizing the results of [3].

We are able to show three main results:

1. The western boundary profiles are well-defined and decay exponentially far from the boundary (cf.
Theorem 1).

2. In the eastern boundary layer profiles, three components with different asymptotic behavior far
from the boundary can be identified: one decaying exponentially, another converging to zero at a
polynomial rate, and a third one whose convergence is guaranteed adding ergodic properties. Their
well-posedness is completed by adding some constraints to the interior profile to ensure the validity
of the far-field condition (see Theorem 2.

3. Finally, we have W* — W7 is o(¢) in a norm that will be specified later (cf. Theorem 3)

When the periodic roughness is no longer considered, the analysis, although possible, is much more
involved, as shown in [2, 6, 7, 12] in other contexts. We seek the solution of the boundary layer problem
in a space of infinite energy. In particular, we will be considering Kato spaces H3 . (a definition is
provided in (2.11)). The use of such function spaces to mathematically describe fluid systems traces
back to [17, 18], in which existence is proven for weak solutions of the Navier-Stokes equations in R?

with initial data in L%, .. For other relevant works, see [7] and the references therein.

New difficulties arise in this context. First, due to the unboundedness of the boundary layer domains,
we deal here with only locally integrable functions, leading to a completely different treatment of the



energy estimates and mathematical tools, such as Poincaré inequality are needed but are no longer
valid. Second, being typical for fourth-order problems, the equation lacks a maximum principle. Third,
as the roughness is nonperiodic, the boundary layer system is more complex. Indeed, the absence of
compactness both in the tangential and transverse variables and the presence of singularities at low
frequencies for the eastern boundary layer functions make proving convergence in a deterministic setting
extremely difficult. We, therefore, use the ergodic theorem to specify the behavior of the solution of the
eastern boundary layer far from the boundary and, later, to find the energy estimates in the analysis of
the quality of the approximation.

The rest of the paper is structured as follows. The following section contains a precise description of the
domain, some simplifying assumptions and the statements of the main mathematical results. Section 3
contains the assumptions made for constructing the profiles of the approximate solution and the detailed
derivation of the functions in the main order. In Section 4, we outline the general methodology to solve
linear and nonlinear/linearized problems characterizing the boundary layer functions. The existence,
uniqueness and asymptotic behavior of the first profile of the western boundary layer are discussed in
Section 5 for the linear case and Section 6, for the nonlinear and linearized systems. Section 8 focuses
on the boundary layer analysis in the east of region. Finally, Section 9 contains the construction of the
approximate solution and the study of its convergence to the solution of the original problem.

2 Preliminaries and main results

Before stating the main results, let us first state some hypotheses on the dimensionless problem (1.1).
We will assume there is no stratification, therefore, Fr = 0. Our study is solely focused on the effect of
rough shores on flow behavior, so the bottom topography parameter 1p is considered to be nil. Since for
a basin of 1000 x 1000 km at a central latitude 6y = 45°N [10], we have that np + u ~ 1.0 — 100, S~
103, and Re ~ 1.6 — 160, it is possible to consider 7 = 1 and Re = 1 to simplify the computations. Up
to minor changes, equivalent results can be obtained for arbitrary values of the Reynolds number and
r.

Let € be the natural size of the boundary layers arising in this study, we consider 3 = ¢~2. This choice of
scaling preserves the problem’s physical accuracy. Moreover, the size of the irregularities is also assumed
to be equal to €. The last hypothesis is mainly of mathematical significance, since it allows for a richer
analysis due to the interaction of the linear and non-linear terms of the equation at the main order for
the boundary layer problem. Then, system (1.1) becomes

(8t + ViU V) (A\II + 6_3y) + AU = e Bcurlt+ A%U, in Q°
Ulog: = ZE|sa: =0, (2.1)
Ulimo = Wips.

Here, we adopt the notation and terminology in [3]. The domain of problem (2.1) is defined as fol-
lows
Q=05 UX, UQuU3, UQE.
e The “interior domain” is given by

Q= {xw®) <2< XxeW), ¥ € [Ymin, Ymaz|}

where x,, and y. are smooth functions defined for ¥ € [Ymin, Ymaz)-

o Xu = {(xw®):9), ¥ € Ymin,Ymaz)} and Xe = {(Xe(¥),Y), ¥ € (Ymin,Ymaz)} are interfaces sepa-
rating the interior domain from the “rough shores”.

e O° and QFf are the rough domains. The positive smooth functions 7y, = 7, (Y) and v, = 7.(Y)
describe the irregularities. We set

Q= {@),0> 2 - xuly) > —erlcy)} (2.2)
Q% = {(=y), 0<z—xe(y) <erelc'y)}

The lateral boundaries are

s, = {(xw® —eEY), ¥) ¥ € Umin, Ymaz)s }
e = {(xe®) +2%(e'Y), ¥) s ¥ € (Ymin, Ymaa)}-



Figure 1: Domain ¢

Let us introduce the notation n,, and n. for the exterior unit normal vectors to the roughness
curves v, and e.

Let T > 0, we assume that 7(¢,z,y) € L>®((0;T); H®), for s large enough. We are actually studying
well-prepared data, as seen in [9]. In order to avoid steep singularities due to advection of vorticity when
approaching the northern and southern extremal points, we assume additionally the irrotational part
of the wind vanishes in their vicinity, see [8]. More precisely, we suppose that there exists A > 0 such
that

curlt =0 for y e [ymam - )‘; yma.’r] U [yminy Ymin + )\] . (24)

As pointed out in [9], problem (2.1) has a unique smooth solution ¥¢ for all € > 0.

The approximate solution is sought in form of series in powers of the small parameter € with coefficients
depending on the global variables ¢, x, y, and the microscopic variables Y = Y (y,¢), X = X(x,y,¢)

o0

U (o y) ~ Y R (UE (o y) + UE (6 y, Xo, Y) + U (£ y, X, ), (2.5)
k=0
where WX (¢, 2, y) correspond to the interior terms, while ¥* and W¥ refer to the corrector terms in the

western and eastern boundary layer, respectively. Such a series is substituted in the original problem
and a system of equations is obtained for each one of the profiles by equating to zero all coefficients
associated to powers of €. Here, X and Y are the fast or microscopic variables which depend on the
small parameter. They are defined as follows:

Y:E_ly, X :5_1(37_Xw(y))’ Xe 26_1(Xe(y) _:L‘)’

where w,, and w, are respectively the western and eastern boundary layer domains. The former is of the
form w,, = w;, Uo, Uw,, where

wf = {X, >0, YeR}, ow={Xy =0, Y eER}

w

wy = {—7(Y)<Xy<0, YeR}. (2.6)

w

The domain w, can be defined in a similar manner.

In a first approximation of the solution, we are confronted with coastal asymmetry: it is impossible to
obtain a solution in the eastern boundary layer domain satisfying all boundary conditions and decaying at
infinity due to the lack of enough roots with positive real part. A usual choice under these circumstances
is to consider that W,,; is tangent to the boundary ., which results in

0 oy —— [ eurlr(t ol ) 2.7
mt( ’x’y) cur T( ,x,y) Z ( . )



and WY = 0. Then, the key element in the construction of the approximate solution will be to determine
W% which formally solves the problem

Qu(P2 ¥0) +0x, 00 —A%20% = 0, in w, Uwl
[wall,, = ¢ (2.8)
(0508 ] oo = 0,k=1,2.3,
oW

0 w _
lII’LU’AX:_’YM)(Y) M|X:_7w(y) - 0

Here, [~]|X_X, denotes the jump operator of the function f at X = X’ and is defined as [f]|x=x' :=

F(X'* ) — f(X'7,). The jump of the function at the western boundary of the interior domain is given
by

Xe(y)
o(t,y) :/ . curl 7(t, ', y)da'. (2.9)
Xwl Y

Moreover, for a,, = x%,(y), the differential operators are given by

Vi = (0x,,0y — awix,)", V)= (aw0x, — 0y,0x,)",

w

consequently, A, and @, are defined as follows
A, = 3§(w + (Ozaxw — ay)Q,
Qu(v,¥) = Vi ((Vav: V) VET).

Note A, and A2 are elliptic operators with respect to the variables Y et X,,. At the level of the
boundary layer, ¢ and y behave as parameters.

Our first result is the existence and uniqueness of the solution for the boundary layer system (2.8). As
usual in the steady Navier—Stokes equations theory, the well-posedness is obtained under a smallness
hypothesis. The problem is defined in an unbounded set; therefore, we seek the solution in spaces of
uniformly locally integrable functions, also know in the literature as Kato spaces [14]. They include
a richer spectrum of functions, allowing for some singular behavior or non-decaying functions. Let us
briefly recall the definition:

Let 0 € C5°(R?) be such that Suppd C [~1,1]¢, § =1 on [~1/4,1/4]¢, and

Z m0(z) =1, for all x € RY, (2.10)
kezd

where 75 denotes the translation operator defined by 7pf(z) = f(x — k). Then, for s > 0, p €
[1,400),

Lﬁloc(Rd) = {u € Llpoc(Rd) : Su%”(Tka)u”LP(Rd)} ;
hes (2.11)

2 oo(RY = {u € Hi RY) :  sup |<me>u|Hs(Rd>}
keza

We show the following:

Theorem 1. Let 7, be a positive W*>(R) function and w, be defined as before. There exists a
constant 6o > 0 such that if ||@|lec < S0, problem (2.8) has a unique solution in H?2  (w,) denoted by
V.. Moreover, for a certain constant 6 > 0, it satisfies the estimate

1% Tl 2, (o) < Cllglloo- (2.12)

uloc

This theorem generalizes the result of [3] for to the case of nonperiodic roughness. A remarkable feature
of this result is that exponential decay to zero persists, despite the arbitrary roughness, and without any
additional assumption on the function describing the irregular boundary.

Following the ideas in Masmoudi and Gérard-Varet [12], we look for the solution of (2.8) by introducing
a transparent boundary which divides the domain in two: a half-space and a bounded rough channel.



Then, the problem is solved in each of the subdomains, and a pseudo-differential operator of Poincaré-
Steklov is used to relate the behavior of the solutions at both sides of the interface. When (2.8) is
considered linear, this last step can be done directly; otherwise, applying the implicit function theorem
is needed to join the solutions at the artificial boundary.

Once we have shown the above result on the western boundary layer, we construct the approximate
solution and analyze its closeness to the original problem. The error is computed by calculating the
following profiles in a systemic scheme (see Sections 3 and 9) and is pretty straightforward.

At order €™ the interior profile satisfies U7, = C™(t,y) — f;‘e@) F,, dz, where F, depends on \I/{nt,

j < n—1. The value of C™(t,y) will be specified later. Then, the n-th eastern boundary layer profile
meets the conditions

2qn _ : - Uwt
—0x U, — AU, =0, in w, Uw]

)], = —C"(t.y),
(0%, 92] |, =k k=1,...,3, (2.13)
. _our Y
elXe==7(Y)  Jp, Xe==7(Y) ’
where g € L°°, the domain is given by
whi = {X.>0, YeR}, oe={X.=0, Y eR}
w, = {—Y)<X.<0, YeR}, (2.14)
and the differential operators are defined as follows for a. = x.(y):
Ve = (0x,,—adx, —0y), V&= (0y+adx.,0x.), (2.15)
A, = &% +(adx, +0v)*, Q.(¥,¥)=VL. ((vj\y ) vj@) .

Note that the main equation in (2.13) is elliptic with respect to X, and Y; ¢ and y are considered
parameters. Although the analysis of the well-posedness of (2.13) is similar to one described for the
western boundary layer, additional issues arise concerning the convergence of ¥ when ¢ — 0. Indeed,
the analysis of the problem (2.13) in the half-space reveals the lack of spectral gap, which prevents the
decay far from the boundary, see Section 8.1. To guarantee the convergence of the eastern boundary
layer profile when X, — oo some probabilistic assumptions are needed (ergodic properties).

Let ¢ > 0 and (P,II, u) be a probability space. For instance, P could be considered as the set of K-
Lipschitz functions, with K > 0; II the borelian o-algebra of P, seen as a subset of Cj(R?;R) and y a the
probability measure preserved by the translation group (7y) acting on P. Then, the eastern boundary
layer domain can be described as follows for m € P:

we(m) = {(X,Y) €R*: X, > —7.(m,Y)},

where w,(m) = w(m)Uo. Uw; (m) and wF(m) = w.(m) N {£X > 0}. Here v, are homogeneous and
measure-preserving random process.

In this context, we are able to distinguish three components of ¥} with different asymptotic behavior
far from the boundary for which we have obtained the following result:

Theorem 2. Let w. a domain defined as before and . an ergodic stationary random process, K -Lipschitz
almost surely, for some K > 0. Let g, € L (R X [Ymin, Ymax) X R), k = 1,2, 3, then there exist a unique
measurable map C"(t,y) such that problem (2.13) has a unique solution Wg = Wy + W + Wl where

exp alg
1. ||wy

ergHLq(w;r) ———— 0, locally uniformly in'Y, almost surely and in L1(P) for all finite q,

Xe—+o00

2. there exist constants 0,C > 0 such that

3
"X WLl oo iy < C (Z Gkl + IIC"||00> ; (2.16)
k=1
3. there exists a constant C > 0 such that
3
10+ X)W e iy < C (Z gl + ||0"||oo> . (2.17)
k=1



Moreover, W, satisfies

e 2

2 () < 00, almost surely. (2.18)
The proof of the above result also relies on the use of wall laws and follows the same ideas of Theorem
1 for the western boundary layer. First, we apply Fourier analysis to problem (2.13) in the half-space,
which hints directly to the singular behavior at low frequencies far from the boundary. We show that
the properties involving Wg, and W, in Theorem 2 remain true in a deterministic setting by following
the same ideas used for the western boundary layer. Only the convergence of V¢, is shown using
the ergodic theorem. Then, we define the associated Poincaré-Steklov operator for boundary data in
Hi’l/fc (R) x HLlll/Ozc(]R). Finally, we look for the solution of a problem equivalent to (2.13) defined in a
domain in which a transparent boundary condition is prescribed. For the equivalent system, we derive

energy estimates in H 3100 which are then used to prove existence and uniqueness of the solution.

The eastern boundary layer not converging to zero or not doing it fast enough at infinity poses an issue
when solving the problem at U7,. In particular, the terms W}, and ¥g,, influence the western boundary
layer mainly through the nonlinear term. Adding ad hoc correctors allows us to show the following

results for W€ — W7 .

Theorem 3. Let V¢ be the solution of problem (2.1) and V¢ defined as in (2.5). Moreover, let W5

app ini
be such that U5, ;lo: = 0n¥5,; = 0 and ||95,; — V5 li=olla1(os) — 0. There exists Coo, such that if

lcurl 7]|oo < Coo, then

W — W ollLz 012 ) + (V€ — W5l 0. (@s) = 0 ase — 0, almost surely. (2.19)

In the periodic setting, for which the boundary layer profiles decay exponentially when € goes to zero,
the bound becomes O(g'/?) for the H' estimate (see [3]). In this general setting, the convergence rate
is limited by the behavior of eastern boundary layer profiles. Indeed, the lack of spectral gap requires
the use of average information to guarantee the convergence of this profile far for the eastern boundary.
Consequently, the convergence of V¢, and, therefore, of W., can be arbitrarily slow and influence the
asymptotics of W .

The convergence result in Theorem 9 is obtained by computing energy estimates on ¥¢—W¢ . The accu-
racy of the estimates depends greatly on each element in the approximate solution, their interactions and
contributions. Each component needs to be smooth enough, with proper controls on the corresponding

derivatives.

Plan of the paper. The article is organized as follows. The following section is devoted to the formal
construction of the approximate solution. In particular, we present modeling assumptions and discuss
in detail the computation of the first profiles. Then, in Section 4, we briefly sketch the methodology of
proof of existence and uniqueness of linear, nonlinear, and quasi-linear problems describing the behavior
of the boundary layer in a rough domain. The main focus of Section 5 is establishing the well-posedness
of the linear problem describing the behavior of the western boundary layer. These results are essential
to the subsequent proof of Theorem 1. In Section 6, the existence and uniqueness of the solution of
the boundary layer system (2.8) are shown for the case when ¢ is a given boundary data, with no
decay tangentially to the boundary (Theorem 1). To complete the analysis at the western boundary
layer domain, we examine the problem driving the subsequent profiles of the western boundary layer
in Section 7. Then, Section 8 focuses on the analysis of the singular behavior of the eastern boundary
layer (2.13) which is summarized in Theorem 2. The final section aims to assess the quality of our
approximation by estimating the different contributions to the error term of each one of the elements in
the approximate solution. The latter is then used to prove the convergence result in Theorem 3.

3 Formal asymptotic expansion and first profiles

In this section, we construct the approximate solution Vg for the singularly perturbed problem (2.1)

employing a matched asymptotic expansion. Inner and outer expansions (boundary layers) are deter-
mined in the interior and the rough shores domain. Then, matching conditions at the interface are
imposed to obtain an approximate global solution.



Let X and Y define the local variables obtained after scaling: Y = y/e while X, = %“’(y), X, =

%. We seek for an approximate solution of (2.1) of the form

d<PP

e (tx,y) Ze Litmy) + UL (8 y, X, Y) + UL (y, X, Y)) + 0N, (3.1)

where Wi  (t,z,y) correspond to the interior terms, while ¥! and W¢ denote the western and eastern

boundary layer profiles. Without loss of generality, we assume that the interior terms are zero outside
Q.

Since the boundary layer terms are expected not to have an effect far from the boundaries, we as-
sume , '
v, — 0, ¥, — 0. (3.2)

Xe—00 X —00

The approximate solution must additionally satisfy the boundary condition Wz, =0 at 9Q2°. Thus, we
have
i

’ =0 ol
Xw==7w(Y)

? e
Xe:_'YE(Y)

=0 (3.3)

From the homogeneous Neumann condition, we obtain the following conditions on the boundary layer
profile: 4
ovt,
Ony,

_ 0V,

— —0. 3.4
X=—vu(Y) One (3:4)

X=7.(Y)

There is no loss of generality in assuming U! o = 0 and ¥¢|ge = 0. This condition directly gives (3.3)
and (3.4).

Additional conditions are needed at the interfaces separating the interior domain and the boundary layer
domains to guarantee the existence of the derivatives in the weak sense over the whole domain. Since
the interior terms are zero outside €2, they create discontinuities at the interfaces ¥, and X.. Then,
boundary layer terms are added to cancel such discontinuities; see for instance [11, 13]. To guarantee
the approximation is regular enough, we impose the condition:

[8)( app]

We have the following jump conditions on the boundary layer terms:

0,01 |, = VOl — O] L, O], = O~ W01, (36)

sous, =0, k=0,....3 (3.5)

and

Tw

[O% WL O] |, = £k, (%L, = i, (3.7)
where the &% k = 1,2,3, depends on the \Ilgnt and U5, j <. Here, f4F is chosen to be independent of
W’’, while still relying on the behavior of the interior profiles.

Plugging (3.1) into (2.1), and equating all terms of the same order in powers of € provide a family of
mathematical systems establishing the behavior of each one of the profiles in the ansatz.

To facilitate the comprehension, we compute some terms of the approximation V¢
interested in the ones corresponding to i € {0,1}.

»- We are particularly

When i = 0, we obtain in the interior of the domain the so-called Sverdrup relation:
axq/?nt = curl T, (38)

for which only one boundary condition can be prescribed, either on X, or on the X,,.

Remark 3.1. In the non-rough case, the boundary layer problems are described by linear ODEs. Mainly,
we have
—Ox ¥, — (1 +a?)?0%¥, =0, (3.9)

and
OxVy — (1+ 0‘11;)28X w = 0.

Notice that there is an asymmetry between the coasts (see [9, 22]). Indeed, only one boundary condition
can be lifted on the east boundary since there is only one root with non-negative real part, whereas



the space of admissible (localized) boundary corrections is of dimension two on the western boundary.
Consequently, V. must vanish at first order on the Fast coast, leaving the solution on the boundary layer
at T'e to correct the trace of 0,V.. This phenomenon is still present in the rough case.

Since the eastern cannot bear a large boundary layer, see Remark 3.1, it is frequent in the literature to
choose ¥¥ . tangent to the boundary 3., see for example [3, 9]. Hence, we take

XE(y) / ’ .
W (t = B fz CllI'lT(t, x, y)d-T/ mn Q, 310
t( 7x7y) { 0 in Qs \ Q ( )

and consequently, at order e~%, the eastern boundary layer profile is W9 = 0. At the West, we have the
following system

Qu(W0,W0) +0x, V0 —AZW0 = 0, in wUw, (3.11a)
[\Ij?u] Cw = - [\Il(z)nt] |Ew’ (31].b)
%, V0], =0, k=1,...,3, (3.11c)
owo
0 = ) _
\I’w’X“,:—'yw(Y) =0, anw ’XUJ:_'Yw(Y) =0, (3.11d)
w0 when X, — +o0, (3.11e)

Henceforth, the jump condition(3.11) is described by a function ¢ defined as follows
Xe ()
¢ = curl 7(¢, 2, y)da', (3.12)
Xw (Y)

which is a direct result of (3.10).

It remains to prove the well-posedness of the nonlinear problem (3.11). Since it is quite technical, we
address the matter later in Section 6. This step concludes the computations in the main order.

Now, let us compute the next step in the asymptotic expansion. Similarly to the first interior profile,
Wl . follows the equation

0,9}, =0, (3.13)
hence, W} ,(t,x,y) = C'(t,y). The lack of source term is related to the factor e~3 multiplying 9, ¥ in
(2.1). Accordingly, the equation driving the behavior of the interior profile becomes nonhomogeneous
when ¢ > 3.

At order £72, the eastern boundary layer function is described by the equations

—Ox V! -~ A2Ul =0, in wluw,

(el l,, = = [¥in] |5,
[8;6(6\112] ’Je :O7 k:17...,37 (314)
ol
Vel o) =0 376|X6:—%<Y) =0

U! — 0 when X, — +oo.

The space of admissible boundary corrections at the rough eastern domain remains insufficient to satisfy
simultaneously the boundary conditions and the one at infinity. Beyond imposing conditions on ¥} ..
ergodicity assumptions will be needed to guarantee the existence of a solution W} of (3.14). This question

is the main focus of Section 8.

In the western boundary layer domain, W1 satisfies the following system

Qu(Wy, Uyy) + Qu(Ty, ¥y) +0x, Wy, — AT, = F1,in - wf Uwy,

(W, == Wi o, = [¥e] |,
[0x. W] l,, = = [0:Wind] |5,
(0%, wh]| =0, k=23, (3.15)
1 B ovl B
\IJw|Xw:_’Yw(Y) o 0’ 67’),“) ‘Xw:_'Yw(Y) B 07

Ul —0 when X, — +oo,



where F1 = —(VW¥? -V, )AUY . The existence of a solution of problem (3.15) can be shown by following

int’
the same reasoning used for W0 (see Section 7).
In the next section, we provide a formal method of proof of well-posedness for the problems previously
mentioned with its core ideas and some general computations.

4  Existence and uniqueness of the solution of an elliptical problem in a rough
domain: methodology

In hopes of facilitating the comprehension of this work, we describe a general method to prove the
existence and uniqueness of the solution of a general problem encompassing all the possible behaviors
within the boundary layer; in particular, the nonlinear and linearized western boundary layer systems
and the linear eastern boundary layer equations. For a € R, we start with elliptic differential systems of
the form

Lo(P) + Qo (¥, V) = F, (4.1)

where F' is a regular enough source term with sufficient decay at infinity, £, is a fourth order elliptic
linear differential operator and Q,, is the nonlinear/quasilinear part of the equation. Let us consider for
afixed a e R

Lo(T) = +0xV—A2¥

Qu(T, ) = = ((Vol VoAU + (VaT - V,)ALT)

7
2
for j € {0,1,2}, and

Vo = (+0x,0y Fadx), Vi =(-0y+adx,+0x)

[e%

Ao = Va-Va=0%+ 0y Tadx)?, A2=A2A, = (0% + (0y Tadx)?)”.

In the definition of L, the factor multiplying Ox is linked to the definition of the local variables provided
in Section 3: positive for the western boundary layer and negative in the eastern boundary layer domain.
Moreover, o corresponds to the derivative of the function describing the interface between the interior
and rough domain (namely x/(y)), and, therefore, different on each side.

Let us suppose that equation (4.1) holds in a domain w = w®™ Uo Uw™, where

wt = {X>0, YeR}, c={X=0, YecR}
wo = {—()<X<0, YeR},

and v is a positive Lipschitz function such that inf~ > 0. Problem (4.1) is supplemented with the
following jump and boundary conditions:

[O%V] | =gk k=0,...,3,
o (4.2)

Ul ov) = By lxmmry =0

Here, n denotes the unit outward normal vector of v and g are smooth functions.

Let us point out some difficulties related to the proof of existence and uniqueness of the solution of
problem (4.1)-(4.2). First, we consider a domain w that is not bounded in the tangential direction.
Moreover, functions g do not decay as Y goes to infinity, so that standard energy estimates are inefficient.
As a consequence, only locally integrable functions are considered, which leads to a completely different
treatment of the energy estimates.

If the problem was set in w™, with Dirichlet boundary conditions at {X = 0}, one could build a solution
U adapting ideas of Ladyzenskaya and Solonnikov for the case of Navier-Stokes flows in tubes [16].
The existence of the solution in [16] is proven using an a priori differential inequality on local energies.
Unfortunately, this method relies heavily on the bounded direction hypotheses to make possible the
application of the Poincaré inequality. Hence, this reasoning is not applicable in our setting.

Moreover, contrary to what happens for the Laplace equation, one cannot rely on maximum principles
to get an L° bound since we are dealing with a fourth-degree operator.

10



This problem has been overcome in the literature for the Stokes boundary layer flow in [12] and, recently,
for highly rotating fluids in [6]. The main idea is to impose a so-called transparent boundary condition
when the variable in the normal direction is equal to a certain value M > 0, see Figure 2.

AY

X\
N g

Figure 2: Boundary layer domain w with an artificial boundary at X = M.

This transparent condition separates the original domain in two: a half-plane {X > M} and a bumped
region bounded in the tangential direction. The Dirichlet problem on the half-space {X > M} is solved
by means of Fourier analysis and pseudo-differential tools in Kato spaces. The problem on the bumped
sub-domain is not suitable for a similar treatment due to the nature of boundary and the fact that Kato
spaces are defined through truncations in space'. Nevertheless, it is now suitable for the application of
the LadyZzenskaya and Solonnikov method [16]. The remaining step consists of connecting both solutions
on the artificial boundary.

4.1 Linear case.

If 5 = 0, the main steps of the proof are as follows:

(L1) Prove existence and uniqueness of a solution of the linear system in a half-space with boundary
data in H3/2(R) x HY?(R).

{ Lo(¥) = F, inX>M, (4.3)

\Ij’aM = o, aX\IIL,M =11, ’

where oM = {X = M, Y € R}. The solution is constructed by means of an integral representa-
tion using Fourier analysis. Indeed, we take the Fourier transform with respect to the tangential
variable Y and do a thorough analysis of the characteristic equation of the resulting problem. If
F # 0, we compute the fundamental solution using the Green function.

(L2) Extend this well-posedness result to boundary data in (1, 11) € by (R) x HY? (R) using ideas

uloc uloc
in [6]. A priori estimates on a solution of (4.3) are established in this scenario.

(L3) Define the Poincaré-Steklov type operator for functions in H jl/ozc (R)xH il/ozc (R) using the information
recovered from the problem in the half-space {X > M} and extend the result to the case when the
boundary data belongs to a space of uniformly locally integrable functions. The Poincaré-Steklov
operator associated to £, (V) is a positive non-local boundary differential operator of the form

PS. HYZ(R)x HY2(R) — HY*R)x H,Y*R) (4.4)

uloc uloc uloc uloc
(5) - e A (4 w0
(G} — [(14a?)0x F2a0y| Au¥ £ 5‘ Ny Ag (Yo, ¥, F)

where the form of the differential operators A, i = 2,3, depend greatly on the solution determined
in (L1) and is, therefore, particular to each case.

(L4) Define an equivalent problem in a domain with transparent boundary condition w™ = wU{X = M}

1Similar difficulties arise in [1] when studying water waves equations in locally uniform spaces.
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and then, solve the problem
Lo(TT)=F, inw’\oM,
0%V | =gk, k=0,...,3,
(L +0") AU |y = A5 (U] 0, Ox V™[ 0, F),

_ (4.5)
v
—[(1+a?)0x F2a0y] AU~ £ = | = A5 (U7 ay Ox 0| urs F),
_ _oUT _
v |X=—7(Y)  on ’X:ﬂ(y) =0,

where w® refers to the rough “tubular” domain given by w®” = w™\ ({X > M} xR) and A%, i = 2,3
are the ones in (4.4). Note that for M =0, w® = w™.
Proposition 4.1. Let v € W2*°(R) and gy € L=(R), for k = 1,...,3. Assume that there exists
0o > 0 such that ||gklleo < o, for all k=0, ...,3.
— Let U be a solution of (4.1)-(4.2) in w such that ¥V € H2  (w). Then V| v is a solution of
(4.5), and for X > M, ¥ solves (4.3), with ¢ := VU|x_py € HEI/OZ(R) and 1 1= OxW|x—n €
Hifoe(R).

— Conversely, let U~ € Hﬁ
of (4.3). Setting

1oc (@) be a solution of (4.5). Consider the solution U € HZ  (R%)
(X)) for —y() <X <M,
WX ) = { Ut(X,.) for X > M,

the function W € HE (w) is a solution of the problem (4.1)-(4.2).

(L5) Consequently, we focus our attention on the existence and uniqueness of solutions of the equiv-

alent problem (4.5). To simplify the presentation, we replace in this paragraph the functions

AS (O 0, —0x V™| o, F) by pi € Hil/fc_l(R), i = 2,3. In fact, the Poincaré-Steklov operator is
not local which hinders the application of the ideas in LadyZzenskaya and Solonnikov [16], as seen
in [12] and [7]. We will address in this difficulty in Section 5.3. Showing the operators A$ are well-
defined depends on the Fourier representation of the solutions in the half-space, and consequently,
on the definition of V, and the domain. We leave the detailed discussion of each case for later.

System (4.5) becomes
+0xU~ —A20" =F, in wb\ oM,

0%V~ | =g, k=0,....3,

2 - -
(L+aDAW7| = p2, (4.6)
-
—[(1+0?)x F200y] Aa¥™ F —-| | =ps,

ov— ‘ B
on Ix=—~vw)

L P

To facilitate the computations, we lift the conditions at the interface {X = 0} by introducing the

function
3

THX,Y) = x(X) D gr(Y)
k=0

ch

o (4.7)

where x € C§°(R) such that y = 1 near o, and Suppy C [0, %] Thus, ¥* =0 in w™ and in wt
close to X = M. Additionally, it satisfies the jump conditions

[0 Wt )a =gk, k=0,....3

12



For ¥ = U~ — UL we have

+0x ¥ — A20 = FE in W\ oM,

1+ a2)Aa\iJ‘0M = p2,
, 7 (4.8)
~[(1+0®)ox F200v] AT F 5| = s,

= =0
=) on ‘Xzf'y(Y) ’

where the source term F' depends also on gz, k= 0,...,3.
Since a priori estimates are needed, it is useful to write the weak formulation of (4.8).

Definition 4.1. Let V be the space of functions ¢ € H?(wb) such that \i”r = an\i/]F =0 and

Suppy is bounded. A function ¥ € H, (wP) is a solution of (4.8) if it satisfies the homogeneous

conditions at the rough boundary, and if, for all ¢ € V,

+ aX\iISO - Aa\i/Aa@ (49>
wb wb

v
= bFL‘P_/ <p312> @l x_us dY—/pzawa:M dy.
w R R

Throughout this step, we will frequently be using the following technical lemma:

Lemma 4.1. Let U be a regular open set bounded at least in one direction. Then, for f € H?(U)
there exists a constant C' > 0 such that

I fllzz@wy < C (1flle2@) + 1AafllLzw)) - (4.10)
If the function satisfies additionally that f = Oy f = 0 on some part of the boundary OU, the first
term on the right-hand side of (4.10) is not longer needed for the inequality to hold.

We refer to Appendix E for a proof. Note that a direct result from Lemma 4.1 is that controlling
the L2-norm of A, f immediately provides f € H?(U). This property is easily generalized to Kato
spaces.

— FEnergy estimates for (4.8). We introduce, for alln € N, k € N
wp = N{(X,Y)eR?*: |Y]<n}, wpiih=wkt1\ Wk,
o) i ={X=M,and [Y|<n, Y ER}, opfy, =0ty \or, (4.11)

We consider the system (4.8) in wy,

+0x ¥, — A2¥, = FL
(1+a®)AT,| = po
- U,
- [(1 + OZ2)8X + 28Y] Aa\:[ln + 7 = pP3
oM
Ul = ¥, =0.

In order to prove the existence of the solution of (4.5), we derive HZ_ . estimates on ¥,

uniform with respect to n. Then, passing to the limit when n — 400, we achieve our goal.
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Indeed, taking ¥, as a test function in (4.9), we obtain

HAa\iJHHQB(wn) = 7/ FL\ijnJr/M pS\iJnJF/M PQaX‘ijn

IN

3
Civn (IIFIL;OCM) + kz_o ngleoR)) Il (412)
+Cavn (||P3||L2

uloc

@1, aell L2 nn)) (4.13)

+|lp2 ||L2(wn) aX\iJn’UM ||L2(([7n,n])) )

using the Cauchy-Schwarz and Poincaré inequalities over w,. Thus,

18aTnlFe, < (F+1FI22, o)) (1¥nlxmrlirs (o + 19032 )

3 (4.14)
2 2 2
+ Csn Z 9k [I7.50 (m) + ||p2||L|2ﬂoc(]R) + HP3|‘L310C(R)
k=0

Notice that the first term on the r.h.s of the previous inequality can be absorbed by the one
on the Lh.s for § and F' small enough. Then, using Poincaré inequality over the whole channel
yields

En = /b |Aa\ijn|2 S / |Aa\ijn|2 S CO(g()v' .. 793a02a/33)n- (415)

n

where constant Cp depends on « and the size of the jumps and the values of the differential
operators at the artificial boundary, as seen in (4.14). The existence of ¥,, in H?(w,,) follows.

Therefore, we resort to performing energy estimates on the system (4.8), following the strategy
of Gérard-Varet and Masmoudi [12]. The idea is to use the quantity

E} ::/ |Aa\i/n|2,
Wi

to derive an induction inequality on (E})ken, for all n € N. Hence, we consider ¢ = x4,
where xi € C5°(R) is a cut-off function in the tangential variable such that Suppxy C [—k —
1,k + 1] and x, = 1 on [—k, k] for k € N. Since the problem is defined in a two-dimensional
domain, the support of Vi, 7 =1,...,4, is included in the reunion of two intervals of size
1.

Let us explain the overall strategy. We shall first derive the following inequality for all £ €
{1,...,n}
3
n n n 2 2 2
Ek < Cl <(Ek+1 - Ek) + (ICZO ||gk||L°°(R) + ||p2||H:;;1/2(R) + ||p3H:1Loc3/2(R)> (k + 1)) .
(4.16)
Here, C1 is a constant depending only on the characteristics of the domain.

Then, by backward induction on k, we deduce that
E]? SC]@ Vk € {k(),...,n},

where kg € N is a large, but fixed integer (independent of n) and Ey., is bounded uniformly
in n for a constant C' depending on w®, g, k = 0,...,3 and F. This provides the uniform
boundness for a maximal energy of size kq. Since the derivation of energy estimates is invariant
by translation on the tangential variable, we claim that

sup / ALY, 2 < C. (4.17)
{(—1,M)xa}n wb

a€ly,

The set Zy, contains all the intervals of length 2kg in [—n,n| with extremities in Z. Con-

sequently, the uniform Hﬁloc bound on U™ is proved and an exact solution can be found by
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compactness. Indeed, by a diagonal argument, we can extract a subsequence (¥, (,))nen such
that

Vomy — ¥ weakly in  H?(wy),
- U weakly in  H3/2(ac]),

weakly in  HY?(aM),

\I/r(n) oM -

ax\ilr(n)‘ o — 8X\I’

g

for all k € N. Of course, ¥ is a solution of (4.8), and, consequently, ¥~ € H2__(w?) is solution
of system (4.5).

To lighten notations in the subsequent proof, we shall denote Fj, instead of Ej.

Deriving the inequality. This part contains the proof of (4.16). Taking xV as test function
in (4.9) provides the following expression for the Lh.s.

1

$/ ax\ika\i/ — Aa\ian(Xk\i/> = i§ / Xk\I]Q’X:M — Ek
wb wb R

o [ ALIVaxs - Vol - / TALTOR N, (418)
b

wb w

_/ Xk|Aoc\iJ|2'
Wr4+1\Wk

For the third term, we simply use the Cauchy—Schwarz and Poincaré inequalities:

1/2 1/2
ATV s - va@‘ <C / |AL T2 / |V |2 < C(EBpy1 — Ey).
wb Wkt k Wht1,k

) (4.19)
Xk|Aq¥|? are also bounded

In the same fashion, we find that | , UA, P02 x;, and fwk
by C(Ek+1 - Ek).

Gathering all boundary terms stemming from the biharmonic operator and the first term in
the r.h.s. of (4.18) yields

+1\wk

—/RXk (P3‘IJ‘XZM +P23X‘I"X=M) -
The term above is bounded by

C (lpalZz, +lloslZz, ) (i + (k+1))

where C depends only on M, « and on ||y||y2.~. The computation of this bound relies on
the trace theorem and Young’s inequality.

We are left with

/ XkFL\i/‘
wb

IA

3
1/2 1/2
c <§ : gkmm) EAVETT+ Pl B
k=0

IN

3
& (Z ||gk||2L°°(R)> (k+1)+ (v +FIIZz, (o)) Brsr-
k=0

Lastly, combining all the estimates and taking v and || F’ ||2L2 () small enough give
uloc

By, < C1((Bgy1— Ex) + Co(k+1)),

where C1 is a constant independent of k and

3
C = C2(g0; - - -, g3, p2: p3) = (Z gk Z 00 m) + ||P2||?qw;,—1/2 + ||P3|iﬂ;—s/2> : (4.20)
k:() uloc uloc
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— Induction. Our goal is to show from (4.16) that there exists kg € N\ {0}, C' > 0 such that,
foralln € N
/ 1ALT,|? < C. (4.21)
Wk

From (4.16), we claim that induction on n — k indicates there exists a positive constant Cj
depending only on Cy, C; and Cy appearing respectively in (4.15) and (4.21), such that, for

all k£ > ko,
B, < C3Cy(k +1). (4.22)

Let us insist on the fact that C5 is independent of n, k and will be adjusted in the course of
the induction argument.

First, notice that thanks to (4.15), (4.22) is true for £ = n once C3 > CoC5 ', recalling that
WU, = 0 on w’\ w,. We then assume that (4.22) holds for n,n — 1,...,k + 1, where k is a
positive integer.

We prove (4.22) at rank k by contradiction. Assume that (4.22) does not hold at the rank k.
Then, the induction implies
Ek+1 — B < C30,.

Since Cy, Cy > 0 are fixed and depend on « and ||y|lyw2. (see (4.15) for the definition of Cy),
substituting the above inequality in (4.16) yields

0302(]{7 + 1) < Ep <CiCyCs5+ ClCQ(k + 1) (423)

Taking C3 > 2C; and plugging it in (4.23) results in a contradiction for k > kg, where
ko = 2C1 +1. Therefore, (4.22) is true at the rank k > kq. Moreover, since E}, is an increasing
functional with respect to the value of k, we obtain that E} is also bounded for k < kq. It
follows from (4.22), choosing k = 2, that there exists a constant C' > 0, depending only on
Co, Cy,Cy, C3, and therefore only on a, ||7][z~(®) and on the norms on gy, k = 0,...,3 and
pi, © = 2,3, such that,

Ei, < Exy41 < C(ko +1). (4.24)

Let us now consider the set Z, of all segments contained in {(M,Y): |Y| < n} of length
2ko. As Iy, is finite, there exists an interval a in 7, which maximizes

{192 a€Ti},

where w, = {z € w’: Y €a}. We then shift ¥,, in such a manner that a is centered at 0.
We call ¥,, the shifted function. It is still compactly supported, but in ws,, instead of wy,:

[ s

Analogously to Ej,, we define Ej,. The arguments leading to the derivation of energy estimates
are invariant by horizontal translation, and all constants depend only on the parameter o and
the norms on gy, p;, i = 2,3, F and +, so (4.24) still holds when E}, is replaced by Ej. On the
other hand, Ej, maximizes ”\I'"”%{?(wa) on the set of intervals of length 2ky. This estimate
being uniform, we can take kg large enough and obtain

AT, > and / \Aa@n|2:/ AT, |2

n ko a

sup ||®7L||H2(((0,71)><a)ﬂwb) < o0,
H.EIkO
which means that ¥,, is uniformly bounded in H?(w?).

— Uniqueness. To establish uniqueness, we consider ¥ = Wy — Wy, where ¥;, ¢ = 1,2, are
solutions of the original problem. The goal is to show that the solution ¥ of the following
problem is identically zero.

+Ox ¥ — A2V

Ve = 0¥y = O

I
o
=X
&

(4.25)
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We proceed similarly as in the “existence part” by multiplying the equation in (4.25) by
U, = xx V¥ and integrating over w®. The resulting induction relation is

Ej, < C(Eji1 — Ey).

Since Ej1 — Ej is uniformly bounded in k, we obtain Ej < C' uniformly in &k, meaning that
the difference between two solutions belongs to H?. Hence, we can multiply the equation on
¥ by U itself and integrate by parts, disregarding xx. This leads to

(1— 050)/ |ALT2 <0,
wb

which provides the uniqueness result when dy < C 1.

The values of ps and p3 are later replaced by the corresponding non-local operators.

4.2 Nonlinear/ linearized problem.

If j € {1,2}, we proceed as follows:
(NL1) The well-posedness of the system on the half-space

{ Lo(V)+Qu(P,¥) = F, inX>M, (4.26)

\IJ|O.AI:1/}0, aX\Il|UM = 1,

for small enough but non-decaying boundary data o and 7 and source term F' is shown by
combining estimates of the linear problem for a certain source function F (steps (L1) and (L2))
with a fixed point argument. The problem is clearly nonlinear when ¥ = ¥. This corresponds to
the case when j = 1 and the solution is obtained under a smallness assumption by applying a fixed
point theorem in a space of exponentially decaying functions.

The linearized problem (j = 2), the solution V¥ is sought in a similar manner, with the particularity
of only assuming ¥ is small enough.

(NL2) For any (po, p3) € H,M? (R) x H3/? (R) small enough, we introduce the function ¥~ satisfying

uloc uloc

the following problem in the rough domain w® = w\ ({X > M} x R)

Lo(PT)+Q,(F—,¥7) = F, in wb\oM
XY~ ]| = gr k=0,...,3,
o~ (4.27)

lI/_‘X:—'Y(Y) %’X:—w(y) =0,

A7 (U7 s OxY | ) = pi i=2,3.

Here, A and Ajs are the second and third-degree components of the Poincaré-Steklov operator,
defined at the transparent boundary in the rough channel. The nonlinear /quasilinear nature of Ag
depends on the choice of the function ¥ since it contains the boundary terms stemming from Q..

The proof of existence and uniqueness of the solution of (4.27) follows the same ideas of (L5). The
goal is to obtain uniform estimates on the quantity E¥ by means of backward induction and then
apply it to a translated channel to get a uniform local bound. The first obvious difference resides
naturally in the induction relation. Here, the inequality is

Ep <Cy(Bp, — E})? 4 C\(E}, — ER) +Cs(k+1), Vke{l,...,n}, (4.28)

where C; and C; are constants depending only on the domain, while C5 is determined by the norms
of g, K =0,...,3 and p;, i = 2,3. Relation (4.28) is obtained using a truncation over wy and
energy estimates. The smallness assumption on the boundary data (resp. on W) is essential in the
nonlinear (resp. linearized) case since it guarantees for the terms derived from Q,, to be absorbed
by the truncated energy on the r.h.s. In particular, for the linearized case, we have that C; = 0 in
(4.28).

(NL3) Then, we will introduce the solution ¥* of (4.26) with 1y = ¥~ |X:M and

P = 0x VU~ ’ s and connect the solutions ¥~ and U™ at the transparent boundary. The strategy
is to apply the implicit function theorem to a certain map

F = ‘F(g()a s ag3ap27p3)a
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to find a solution of F = 0 in a neighborhood of zero. To do so, we first prove that F is a
C' mapping in a neighborhood of the transparent boundary, which means, in turn, that higher
regularity of the solution is needed.

(NL4) Once the regularity estimates have been computed, we define the mapping F = (Fi, Fa), where

F1(gos- - 93, p2,p3) = Ao (W |, 0x V| F) — po,

(4.29)
]:2<907 e ag3ap27p3) = A3 (\II+’X:]M’8X\I]+7 X:]\/[aF) — pP3-

The point will be to establish that for small enough gi, £ =0, ..., 3 the system

{ ]:1(903 e 7937p27p3) = 03

]:2(907 e a93aP2>P3) = 07

has a unique solution , provided that F;(0,...,0) = 0, for ¢ = 1,2. This result will be obtained via
the implicit function theorem. When verifying that dF (0, ...,0) is an isomorphism of H™~1/2(R) x
H™3/2(R), we need that the only solution of the linear problem (4.1)-(4.2), when g; = 0 for all
k is ¥ = 0. This shows once again how intrinsically connected the linear and nonlinear/linearized
problems are.

Therefore, the field ¥ defined by ¥+ on each side of the transparent condition will be a solution of
(4.1)-(4.2). The definitions of ¥ and tensors A¥ (-, -, ) and A5 (-, -, -) provide that [0k ]
0, for k=0,...,3.

’X:M =

This section is a blueprint for the proofs in the remainder of the paper, and we will refer to it profusely.
Especially in the derivation of energy estimates, where only the terms different from the ones discussed
above will be presented.

5 Western boundary layer: the linear case

This section is devoted to showing the well-posedness of the western boundary layer problems in a
general regime. The western boundary layer plays a fundamental role in basin-scale wind-driven ocean
circulation, and it has been long studied in several theoretical works, e.g., [20, 24]. In idealized ocean
models with a flat bottom, this layer is required not only to balance the interior Sverdrup transport to
close the gyre circulation, but also to dissipate the vorticity imposed by the wind-stress curl [25].

Note that while the boundary layer functions depend on (¢,y), these variables behave as parameters at
a microscopic scale. On that account, they will be omitted from the boundary layer functions to lighten
the notation when no confusion can arise.

We start by studying the linear problem

Ox, Wy — A2V, = 0, in wfUw"
ok v, -0 = , k=0,...,3,
0%, Wu] [x.=0 9., (5.1)

207 207

‘I’w‘xzﬂ(y) Oy ’Xw:fvw(‘/)

where g, € L*(R), for all k =0,...,3.

Theorem 4. Let v, be a positive W2 (R) function and w, be defined as before. Let g € L>®(R),
for all k =0,...,3. Then, problem (5.1) has a unique solution W, in H?  (w, \ 0n) and there exists
positive constants C,§ > 0 such that

loc

3
(o) S CZ gkl Lo (®)- (5.2)
k=0

e, 42

uloc

The proof of well-posedness of Theorem 4 relies on the formulation of an equivalent system in a domain
where transparent boundary conditions have been added at X,, = M, M > 0. We will be following the
steps listed in Section 4.1 for the linear case.

First, we show some preliminary results on a problem in the half-space. Then, we define the pseudo-
differential operators of the Poincaré-Steklov type relating the solution in the half-space with the one
in the rough domain at the “transparent” interface. Finally, we restrict ourselves to the domain w® =
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wy N{X < M} and solve an equivalent problem following the Ladyzenskaya and Solonnikov method
[16].

Throughout this section, we write X instead of X, since the analysis is only focused on the western
boundary layer; hence no confusion can arise.

5.1 The linear problem on the half-space

The main focus of this section is the analysis of the system
OxV, — A2V, =F, inR%

(5.3)
\ij|X:0:d)07 8)('\I/w|)(:0:r¢l~

Here, F' is a function decaying exponentially as X, goes to infinity, and we have considered M = 0 to
facilitate the computations. The problem with a source term F' is necessary for the subsequent study of
the nonlinear problem describing the western boundary layer.

Note that if ¥,, is a solution of (5.3), ¥,,(X —M,Y) is solution of the problem defined on {X > M} with
M > 0 as a consequence of the equation being invariant with respect to translations on X. Functional
spaces of ¢y and 1, are provided in the following theorem, which summarizes the main result of the
section.

Theorem 5. Let m € N such that m > 1. Let 1)y € Hm+3/2(R) and 1 € Hm+1/2(R). Let F' be such

uloc uloc

that "X F € Hmfz(Ri), foré € R* . Then, there exists a unique solution V., of system (5.3) satisfying

uloc
He(;X\IleH:I’;2(R3_)) <C (“wOHHl’.?f”(R)) [l g gy + ||€5XFHH;7;"‘(R1))) ; (5.4)

for a constant C' depending on o, § < 6.

Note that uniqueness consists of showing that if F' = 0, 1o = 0 and %7 = 0, the only solution ¥,, of (5.3)
is ¥, = 0. The proof of the result is rather easy and will be sketched in paragraph 5.1.1. Consequently,
the primary result will be the existence of a solution satisfying estimate (5.4). Similarly to [6], the
existence results can be obtained by compactness arguments.

As the main equation is linear, we use a superposition principle to prove the desired result, meaning a
solution of (5.3) is sought of the form
U, =9, + Py,

where V¥, is the solution of a homogeneous linear problem

{ ox¥,—A2¥, = 0, in R% (5.5)
olyg =5 OxT,le_, =1, '
while, the function W solves the equation

OxVE —AZWl =F, in R3. (5.6)

Note that the boundary terms 1§ and ] are different from vy and %);. Indeed, it is convenient to
construct the solution of (5.6) which does not satisfy homogeneous boundary conditions, and then lift
the non-zero traces of V£ and dx UL thanks to .

First, we apply Fourier analysis when looking for the solution of homogeneous problem (5.5) with bound-
ary conditions ¢§ = 1o — ‘I’E‘X:O and ¥ = ¢ —OxUE ’X:O' Then, we tackle the sub-problem regarding
function WE. In this case, we disregard temporarily about boundary conditions and focus on the equation
(5.6). Our goal in this step is to construct a solution by means of an integral representation involving
the Green function.

5.1.1 Homogeneous linear problem

In order to prove the existence and uniqueness of the solution of problem (5.5) in H2 (R%), we first
analyze the problem when the boundary data belongs to usual Sobolev spaces, see Proposition 5.1, and

then, extend the result to Kato spaces.
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Proposition 5.1. Let g € H™3/2(R) and 7 € H™TV/2(R). Then, the system

U — A2J = n  R2
{an 2w, 0, in R3 (5.7)

gw|X:0:va anw|X=0:wT,
admits a unique solution ¥, € H™T2(R?).

Proof. Euistence. Let us illustrate the proof for m = 0. Given 1§ € H*?(R%) and ¢; € HY/3(R2), we
proceed with the construction of the fundamental solution by means of the Fourier transform. Applying
the Fourier transform with respect to Y results in the following ODE problem

IxW,, — (0% + (—adx +1i£)*)?W,, =0, in R2

~ ~ N ~ (5.8)
gw!x:o = Yo, ang’x:o =91,

where ¢ € R is the Fourier variable and QZ: is the Fourier transform of ¢}, i = 0,1. The corresponding
characteristic polynomial is
PA\) = =X\ — (A* + (aX +i€)?)°. (5.9)

We are now interested in identifying possible degenerate cases using the relations between the coefficients
and the roots of its characteristic equation.

Lemma 5.1. Let P()\) be the characteristic polynomial associated to the problem (5.5). Then, P(\) has
four distinct complex roots A\, i = 1,2. Moreover, when &€ # 0, R(\) > 0 and R(\;") < 0.

7 7

We refer the reader to Appendix A for a detailed proof of Lemma 5.1.

The solutions of the problem resulting of applying the Fourier transform are linear combinations of
exp(—A{ X) (with coefficients depending on &), where (A} )x=12 are the complex-valued solutions of the
characteristic polynomial satisfying ®(\;) > 0. There exist 4; : R — C such that

W, (X,€) =Y Af(§)exp(-Af(X), in RI. (5.10)
k=1

Combining (5.10) with boundary conditions in (5.5), we have that coefficients A}, A7 satisfy

A( ggg ) - ( —%i‘ ) where A = < A11+ A12+ > (5.11)

Note that the coefficients A] and Aj are well-defined since A is invertible as a direct consequence of all
the roots )\;, k=1,2 of (5.9) being simple.

It remains to check that the corresponding solution is sufficiently integrable, namely, | ¥, || Hm2(R2) <
4o00. This assertion is equivalent to showing that for 0 < k < 2

/ % T, PdedX + ¢4 T, [2dEdX < +oo. (5.12)
R+ xR

To that end, we need to investigate the behavior of )\;, Az for ¢ close to zero and when || — co. We

gather the results in the following lemma, whose proof is postponed to Appendix B:
Lemma 5.2. — As& —0,
AT = AjO(gD), R() >0, j=12,
AF©) = a0yl +an05 + O (1B5lEl + D111€1)

where /\;', aop,; and a1,; depend continuously on o.
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As |€| = 400, we have the following asymptotic behavior for j = 1,2 when

Prlé]+ (=1)polé| 2 + O(IE1?)
(~1)7malel*/2 + (=1 male]* + O (5] + 195Dl |

I A
~—
1

~

_ 1 ,. _ 1/)* -
where py = (*lgso + Cleco, po = 3 (iCles0 + Cleg<o), M1 = ﬁ (Cle<o — iCleso) and

Mo = IZS (i(]l§>0 — @15<0). Here, C refers to the complex quantity 4/ i;ﬁ satisfying R(¢) > 0.

Lemma 5.2 is used to show (5.12) is in fact true for even larger values of k if 19 and 1y are regular
enough. The detailed proof can be found on Appendix C.

Uniqueness. To show the uniqueness the solution, it is enough to solve (5.5) when ¢ = ¥ = 0 and
verify W,, = 0. Applying the Fourier transform results in the following system

+(46)-(0)

where A is the invertible matrix previously defined. We conclude that A; = A = 0, and thus @(X ,€)=0.
Since ¥, is an absolutely integrable function whose Fourier transform is identically equal to zero, then
v, =0. O

—w

5.1.2 Non homogeneous problem

We begin the proof of the existence and uniqueness of the solution WX of (5.6) with the analysis of the
equation
OxUL — AUl =F in RZ.

Our approach consists of constructing a particular solution of this equation, satisfying for some large
enough m an estimate where the norm of F' controls the norm of the solution in LW(H;?;:Z). We look
for a integral solution of the form

“+o00
vh(x,) = ; G(X - X',D)F(X',)dX’, (5.13)

where G is the Green function verifying the equation
OxG —A2G = &. (5.14)

Here, do(-) = 6(- — X’) denotes the Dirac delta function. In other words, G is the fundamental solution
over R? of the Fourier multiplier L(X, &) for any £ € R and satisfies

L(X,§)G(X,§) = 6o(X).

Away from X = 0, G(X,§) satisfies the homogeneous equation (5.5), see Section 5.1.1.

For X # 0, G(X,¢) is a linear combination of e_’\iiX7 where )\ii (£), i = 1,2 are continuous functions of
¢ and roots of the polynomial (5.9). We define G as follows

B Z?Zl Bie N X in X<0 + _
G_{ ZZ?_lB.+e—A?X n x>0 D R7GE=LZ (5.15)

Note that if G is considered discontinuous at X = 0, with the discontinuity modeled by a step function,
then, dxG o Jp(X) and consequently, %G o cs(()k)(X)7 k = 2,3,4. However, (5.14) does not involve
generalized functions beyond dp(X), and contains no derivatives of é-functions. Thus, we conclude that
G(X, X') must be continuous throughout the domain and in particular at X = 0. G(X,-) is a C? function
and 093G /0X? has a finite jump discontinuity of magnitude —1/(1 + a?)? at X = X’. More precisely, G

satisfies
1

[0%G)|x=0 =0, k=0,1,2, and [03G]|x=0 = Orae
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Substituting (5.15) in the above interface conditions provides a linear system on the coefficients Bii.

Bf +Bf —(By +B;) = 0
A1+Bl++A;B+ (A By +)\ B;) = 0
OPPB + (B = (A)*Br + (2 )°By) = 0 (5-16)
(A)BY + (M)?By — ((AD)? By +( 335) At
The determinant of the Vandermonde matrix associated to (5.16) is of the form

D =T = M) = 2A0)(AF = A0 AT = A2)(AF = A0) (AT — A7)

Since all the A\¥ are distinct (see Lemma 5.1), D is non-zero and system (5.16) has a unique set of
solutions

e
B= (a2+1)2(AT—A2+)tA§—A1)(Az—A2)7 o
T @ —Al)t?—xl)(h—m’
BT @ ) 0F ) s )

This establishes the function G. Its asymptotic behavior as |{| — 0 and || — oo is summarized in the
following lemma.

Lemma 5.3. We have
o ZJ  Bie X X <o
> Bfe X X >0

where the coefficients Bj are given by (5.17) and )\+ are the ones in Lemma 5.2. Here, as |§] — 0

1
AT ==+ 0(|€P), A, =——=+0(€).
DO N == om0
If [§] = oo,
A€ = palél+ (=1 polél 72 +O(E[ ),
where p;, 1 = 0,1, are defined as in Lemma 5.2 and (' = ;12111’1

Asymptotic behavior:
o As|¢| — 0, we have that B]j-[ — B; € R independent of a.
e For |¢] > 1, we have B;E = O(|¢|=3/?).
We refer to Appendix D for a proof.
We proceed to rigorously prove that the field
+00

+oo
VE(X,) = / GX = X' D)F(X')aX' = | FZy (GOX = X' ) Frrse PX', ) dX' - (5.19)

is well-defined and satisfies (5.6). This is made more precise in the following lemma:

Lemma 5.4. Let F be smooth and compactly supported. The formula (5.13) defines a solution WE of
(5.6) in LS (Ry, H™2(R)) for any m > 0.

Proof. From the hypotheses, we can assert that F' = F(X’,£) is in the Schwartz class with respect to
¢ # 0, smooth and compactly supported in X’. We have additionally that G(X — X', ¢) is smooth in
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€ # 0, and continuous in X, X'. As a result, the function Jx x/ : £ — G(X — X',f)ﬁ(X’,f) belongs to
L2((1+ [€2)™/2H2de) x L2((1 + |€]?)™/?F1d€) for any X, X’ > 0 and is smooth in ¢ and continuous in
X, X’. At high frequencies, the functional satisfies

[ Tx.x/(§)] < CI¢IN|F,
where N = —3/2. This value comes from computing the B; using Lemma 5.3. We can conclude that it
belongs to L? since F and its X'-derivatives are rapidly decreasing in ¢ by definition of Schwartz class.

Furthermore, when |£| < 1, using once again the bounds derived in Lemma 5.3,
G(X - X', OF(X',€) = O(1).

Thus, ¥ defines a continuous function of X with values in H™"?(R?) for all m > 0. Moreover, the
smoothness of F' implies \Ilg is smooth in X with values in the same space. It will be a solution of the
problem due to classical results in the construction of Green functions.

Finally, as its Fourier transform is a linear combination of e (&)X B;(¢), it also satisfies the linear
problem treated in section 5.1.1. O

5.1.3 Bounds in Kato spaces

In this section we establish that ¥, is controlled by the norms of ¥y, ¥ and F in L (Hﬁocz) for a large
enough m. The proof follows [6].

Now we need to derive a representation formula for ¥, when vy € H>/ >(R) and 1 € H L/2 (R) by

uloc uloc
using its Fourier transform. The critical point is to understand the action of the operators on L2

functions.

uloc

Due to the form of the solution, the end goal will be to establish that for any X > 0, the kernel type
= ]-'giY (Bii(f)e_kfr(f)x) , i = 1,2, defines an element of L!'(R). The advantage of proving the

latter is that UF = K (-, 2) « , will then be (at least) an L}, . function.
Lemma 5.5. Let ¢ be L., (R). We define UF(X,Y) by
UE(X, ) == X(D)P(D)e ™ P2 for i=1,2, (5.19)

where x = x(§) € C(R) and P = P(§) € C*(R) is a is a homogeneous polynomial of degree k > 0 in
the same vicinity. Then, there exists C' and 6 > 0 independent of 1 such that

VZ 20, [0 omz) + €270 || Lomz) < CllYlls,
VZ <0, |14z w; ||L°°(]R )+ lle Sl O ||L°°(]R < Cl[Y

uloc
This lemma follows the same idea as [6, Lemma 7]. For the reader’s convenience, we repeat the main
ideas of the proof, thus making our exposition self-contained.

Proof. We introduce a partition of unity (¢q)qez with ¢4 € C§°(R), where Supp ¢, C B(g,2) for ¢ € Z
and sup,, [|¢gllwr~ < 4oo for all k. We also introduce functions ¢, € C§°(R) such that ¢, = 1 on
Supp ¢4, and, say Supp ¢, C B(q, 3). Then, for i = 1,2

VEZY) = Y x(D)P(D)(pg)e NP7 (5.20)
qEZ
_ /Ki (Z,Y — Y')(Y)pg(Y')dY" (5.21)
qEZ
_ /Ki (Z,Y, Yo (Y'Y (Y)dY",
qEZ

where
K*(Z,Y) = / eV E(OPE©e N O, KE(ZY.Y) = KE(ZY — Y')3y(Y).

We show that the following estimate holds:
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Lemma 5.6. There exists 6 > 0 and for all n € N a constant C,, > 0 such that for allY e R, Z >0
and 1 =1,2

—0Z
|Ki+(Z,Y)|gan, for i=1,2. (5.22)
When Z < 0, we have for allY € R, for alln € N
Koz <o AT e vy <o, 0 5.23
. <Ch ) 3 ) <Ch . .
R e E D 629

We finish the proof of the current lemma and then show the result in Lemma 5.6.
Combining (5.20) and (5.22) when i = 1,2 and Z > 0 yields
1

eyl < et S [0y (521)
q€L, |q-Y|>4 V' =al*=3

+ Y /|30q Y')|dY”

q€Z, |q—Y|<4
< Ce Y|

uloc

The latter also applies to ¥ . Furthermore, for |Z| > 1, we have

1—k
_ Z| 4
vz < ol X [l —2 (5.25)
4€Z, |q-Y|>4 |Z]2 +|Y —q|>-3
e L
+ Y g (Y9 (Y)] [z
q€Z, |q—Y|<4
< c(121M 1) 127l <02+ 1) R, -
When |Z] < 1, a similar reasoning yields |¥7(Z,Y)] < O”@‘Lﬁloc
Estimate in Lemma 5.5 follows. O

Proof of Lemma 5.6. With the notation introduce in Lemma 5.5, we follow the ideas in [6] to obtain the
estimates. Let us consider Z > 0. Since /\j7 1 = 1,2 are continuous and have non-vanishing real part on
the support of y, there exists a constant § > 0 such that R(\;) > ¢ for all £ € Supp x and for i = 1,2.
When [Y| < 1, we obtain

K7 (Z2,Y)] < e *Z|IxPl|s.
However, this estimate is not enough for greater values of Y. Let us define x;(Z, &) = x(£) exp(=\/ Z)
which is an L (R, S(R)) function. It follows that for all ny,nes € N

e—éZ

|[“)”2XZ(Z f)| n17n2m

Integrating by parts with respect to the frequency variable yields

YnKi*(Z, Y)= /Reiy.ng [Xi(f)P(g)e*W@Z} de

< 52 | v n n—m., om-—2 X (©2Zyqe.
<7 [ e ST ("o ep p e O

Note that for any k € {0, ...,n}, 8§P(§) remains an homogeneous polynomial. Thus, expression (5.26)
is bounded by a linear combination of integrals of the form

/eiY{e*é"zl{lagc}d&
R

(5.26)
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and (5.22) follows. The estimate of K5 stems from the same ideas.

We proceed to compute a useful estimate on K; . When |Z| < 1, we have
KT (Z,Y)| < [lexp(=0l¢[*)x (&) P() ] rr < +o5,

for all Y € R and k > —1. Let us now consider |Z| > 1. By introducing the change of variables
¢ =|Z|V*% and Y' = |Z|~V*Y, K can be rewritten as

B 1 e ¢ —AT 571’/4 1Z|
Ky (Z7Y’)=|Z|<1+k>/4/R€’ x(|Z|1/4 P()e <‘Z' ) dg’.

Since A] /|¢€|* ~ 1 and does not vanish on the support of ¥, there exists a positive constant § such that
—A7 (€) < —6]¢]* on Suppy. Therefore, for |Y'| < 1, it is easy to see that

K1 (2,Y)] < |27 00 fexp(=ol¢'[*) P(E) |-

Now, for |Y’| > 1, we perform integration by parts and obtain for any n € N,

m g-— 1 iY'¢ myn ' / — ! /

The main issues arise when the derivative acts on the exponential. Note that A[ (¢) = [£]*A] (£), where
Ay € C*°(R) and A1(0) = 1 therefore, for all ¢’ € R, Z < 0,

e (o (i) 1) = o0 (6 (i) )

We infer that for £ € Suppy,

PN (x ()™ (W)m)

where P3, denotes a polynomial on & of degree 3n. Hence, we have for all n € N

< Py (e

Y™K (2,Y)] < Cp|2|~ R,
which provides in turn the following result for all n € N
|Z|7(1+k)/4 |Z|(n717k:)/4

K (Z2,Y) < = . 2

Taking n = 2 in the previous inequality guarantees the convergence of integral controlling ¥, completing
the second estimate in the lemma. O

Exponential decay is obtained at high frequencies by using the following result:

Lemma 5.7. Let x € C*(R), with x =1 in a ball B, := B(0,r), for r > 0, and P = P(§) € Cyp(BS).
For ¢ € L2 (R) , we define U' = U/(X,Y) by

uloc

VE(X,Y) = (1 - x(D)e N P2 P(D)y.

Then, for Z € R and § > 0 small enough,

1970 | e ) + 1697 ) < Clllliym). (5.28)

uloc

The proof of the previous lemma follows almost exactly the one of Lemma 9 in [6], and consequently, it
is not repeated here. The authors in [6] showed that for n large enough, and any |Z| # 0,

Kn(2.Y) 1= F7H (14 637" (1 = X(©)P©T %) € L'(®).

Consequently, U" = K,  ((1 — 93)™1) is at least an element of L2 = when ¢ € HY (R), for N > 2n.

The choice of N is linked to the degree of polynomial P(D), and thus, to the asymptotic behavior of the
eigenvalues.
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Proposition 5.2. Letl >0 and F' a compactly supported function ofHﬁoc(Ri), for N > PIle] Then,
the solution WE of (5.6) satisfies for 0 < 6 < 6 and ,

1 D y Willze < Cle® Fll oo ay ), (5.29)

uloc

where Dx y s the differential operator with respect to the variables X and Y.

Proof. We distinguish between high and low frequencies. We introduce some x = x(§) € C°(R) equal
to 1 near £ = 0.

Let \I/Z} denote the integral expression when £ is in a vicinity of zero
+oo
144 :/ I(X, X', )dX', I(X,X',:)=x(D)G(X - X', D)F(X',"). (5.30)
0

Here,
X “+o0
\IJEU = x(D)G(X —X’,D)F(X’,~)dX’+/ x(D)G(X — X', D)F(X’,)dX".
0 X

Let us first show (5.29). Using Lemmas 5.3 and 5.5, there exists a § > 0

—6(X—-X") ’. : _ !/
. , ¢ X @y, i X — X' >0
HG(X X 7D)F(X7 )||L°°(R) { ||F(XI,)||L1 (®)> ! if X—-X'<0°

uloc

Then, assuming F' decays exponentially at rate § < §

< C sup [ F(Z,)| s

X
/ x(D)G(X — X', D)F(X',-)dX'
0 ZE]R+ uloc

X _
® / e 0 (X=X") =X g x/
0

Lo (R)

< Ce X sup |7 F(Z, )|, m)-
S

Moreover,

< C sup [[€?F(Z,)]

H/: v(D)G(X — X', D)F(X',-)dX’

b [ e ax

Lo (R) ZeRy X
< Ce X sup |7 F(Z, Mo w)-
ZeRy
Consequently, B
X W0, | e (g2 ) < Clle™ Fllpoe (i, @2 ) (5.31)
For high frequencies, we define
“+o0
ol = / J( X, XdX', J(X,X',)=(1-x(D)G(X - X',D)F(X',). (5.32)
0

On account of Lemma 5.7, we have that for m > 1

(X, X", ) || poe ) < Ce X=X N SX B(X! )| g

uloc

®: =01,

and, consequently,

uloc uloc

+oo
# —§|X-X' —6X || 60X’
W Lo r2) < C/o e’ ‘dX/HFHLoo(L? ®)) < Ce e F(X', )| oo (12 ®2)),  (5.33)

which combined with (5.31) provides (5.29) for { = 0.

It remains to show the result for the derivatives of U£. At low frequencies, the coefficients associated to
e~ X i =1,2 and e*2 X satisfy the same properties of exponential decay. The terms containing e X
converge to a constant or decay to zero with polynomial weight. In particular, D;l(’fg}lllffu decays at a rate
O(X'=V/%), for I =1,---,3. Hence, following the same reasoning as for [ = 0 we have

HeéxDlX,Y\PZ;”L“’(]Ri) < C”eéXFHLOO(L&\IOC(Ri))‘ (5.34)
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At high frequencies, applying the differential operator D to ¥, adds at most a || factor. Con-
sequently, the I-th derivative at high frequencies behaves like [£]'3/2exp(—|¢[|Z]). We have that

20 -1
P(D) = |¢]F=3/272" € C(R\ B(0,7)), r > 0if | —3/2 —2n < —1. Lemma 5.7 gives for N > 2 {4—‘

uloc

+o0 e,
D%y Ui lle@2) < © / e XXX F | oo iy < Ce X [P F(X, )l (a1, sy (5-35)
Finally, (5.29) results from gathering (5.34) and (5.35). O

5.1.4 Proof of Theorem 5

In previous sections, we have constructed the solutions ¥,, and WE for the subproblems (5.5) and (5.6),
respectively. This paragraph deals with the connection to the solution of (5.3).

The remarks following Theorem 5 justify the existence of such a solution for smooth and compactly sup-

ported data, and it belongs to Hfl'f;f, for m > 1. We will now focus on retrieving estimate (5.4).

Let us consider ¥,, = ¥,, — ¥E. From Section 5.1, we know the solution of the problem (5.5) will be
well-defined for ¢§ = 1 — \I/f;‘XZO and ¥} = Y1 — Ox \I!£|X=0 regular enough. Formal solutions of the
homogeneous linear with zero source term and inhomogeneous Dirichlet data are given by the equation
(5.10). Using Lemma 5.2 and Lemma 5.3, we study the behavior of ¥, at low and high frequencies
following the ideas of the previous section.

Lemma 5.8. Let mg > 1. Then, there exists 6 > 0 and C > 0 such that the solution ¥, of (5.5)
satisfies the estimate

5 5
18 o] oy < € (IWboll novors gy + 861l o gy + 1€ Fll o2 ) -

Proof. Here, we make use once again of the function y € C°(R) equal to one in a vicinity of £ = 0 and
zero elsewhere. At low frequencies, the asymptotic behavior in Lemmas 5.2 and 5.3 paired with Lemma
5.5 yield

IX(D)R, [l < Cem (o] 2

uloc

® + He‘SXF”Lﬁloc(Ri)) : (5.36)
Computation of estimates of ¥, at high frequencies relies on Lemma 5.6. From the asymptotic behavior
listed in Lemma 5.2 and 5.3, the coefficient multiplying ¢ behaves as |¢|*/2~%e~lIIZl ¢ = 0,1. If
mo >k > 1 and ¢; € Hi’l/OQCﬂ(R), considering P(£) = |¢[*27F~% and ¢ = (1 — A)¥/2¢); in Lemma 5.5
gives

®) * 1l L2

uloc

—5X 5X
11 = XNy ley < Ce™ (ol ymyroragay + 0l moriragey + 16 Fllgmo-2ea) ) - (5:37)
Combining (5.36) and (5.37), and in view of the estimate (5.29) satisfied by ¥Z we have
H€6X‘IwaLOQ < C (||1/}0HH'"1L(1+3/2 + ||1/11HH'"1L(1+1/2 + ||€6XF||H:11£:2) .
O

We are left with the task of determining the higher regularity bound (5.4). Taking the derivatives directly
on (5.10) and (5.18), it is clear that by considering larger values of mg

He‘sxﬂwnwz,m <C <||1/10||lexo+3/2 + ||7/}1||H"110+1/2 + ||65XF||H$30—2) ) (5.38)
Hence, ¥, = ¥, + UL verifies
12X W[ o < C (||¢0||H'~1Lo+3/2 + ||¢1||H"1L0+1/2 + ||€5XF||H$;’;2) : (5.39)

From this, it may be concluded that ¥,, € H2__(w™).

Notice that for all k € Z2? and all m > 0, there exists a constant C,,, > 0 such that

1V ll g2 (B, 1wty < € (||7/)0||H$$3/2 + H¢1||H:11:rcl/2 + 1Fl grm—2(r,2)nw) T H\I’wHHz‘(B(k,z)mw;:)) :
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This is a classical local elliptic regularity result, see [21]. Using the previous inequality and (2.11)
provides

60X _ 0X
1™ Rl o2y = :252”6 Vol rmo+2(Bkt1)nwt)
= Cmo s (oll 72 + Wl

+66kHFHHMU_Q(B(]{),2)OUJ$) + eék”\IIwHH?(B(kﬂ)ﬁw;t)) :

g ) . . .
From ksélzge kHFHHmsz(B(k’Q)QWM < Clle kFHHZfSJQ(w:C) and (5.39), we obtain (5.4) in Theorem 5 for
§>6.

5.2 Differential operators at the transparent boundary

This paragraph is devoted to the well-posedness of the Poincaré-Steklov type operators defined at the
boundary X = M.

Providing explicit representations for the Poincaré-Steklov operator in terms of boundary data and the
source term F' # 0 is quite technical and exceeds the scope of this work. From now on, we are only
interested in the case where F' = 0. Once again, without loss of generality, we assume M = 0.

Using Proposition 5.1 and the variational formulation of problem (5.7), we have the following re-
sult:

Definition 5.1. Let ¥, € H?(R3) be the unique weak solution of the Dirichlet problem (5.7) for
(Y5, vF) € H3?(R) x HY2(R). Then, the biharmonic matriz-valued Poincaré-Steklov operator is defined
by

PS, : H3?(R) x H'/?(R) - H~Y?(R) x H™%/%(R)

PS,, (%k) _ (1+ aQ)Awg’Xﬂ Ky s (q/,g) | (5.40)

/(/)T — ((1 + a2)6x — 2a8y) Awg’XIO + 5 wik

(2

‘X—O
where K,, s the distributional kernel.

Let us derive the expression of the operator in the Fourier space. We know that the unique solution ¥,
of (5.3) in H?(R2) of the linear problem (5.5) for boundary data ¢§ € H*?(R) and ¢} € H/3(R) can

be written as
2

T, (X,6) =Y Af (&) exp(-\](€)X),

i=1
where A;r(f) and A\, i = 1,2 are the ones in Lemma 5.2. Going forward and for simplicity of notation,
we drop the + sign from both the coefficients and the eigenvalues in this subsection.

Then, taking the Fourier transform of PS,, with respect to Y provides the following has the Fourier
representation at the “transparent” boundary

(& (14 a?) 7 Ai(§) (Ai(©)? + (ahi(€) +i€)?)
PSw ( O) _

¥ Zle Ai(&) {((1 + a?)\i + 2aif) (A2 + (a\; +i€)?) + %

5.41
L o4

Plugging in the above equation the coefficients A;(£) computed in (5.11) yields
PS, (‘”2) — o, (Y0,
(G Y7

We investigate the behavior of the matrix M, = (m; ;)2<i<3.0<j<1 € M2(C) for £ close to zero and for
|€] — oo. The results are gathered in the following lemma:

Lemma 5.9. e Behavior at low frequencies: when |£] < 1
2/3 4/3
M, — [ @) 100~ (1) 10 () '
—3 +0(l€) —8ai (a” +1) [€]' + O ([¢?)
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e Behavior at high frequencies: when || > 1

= ( T 0lé> +0 (1€]71%) maalé] +0 (1€]~1?) )
"N\ ol + 0 (67 maalel +0 () )

where my; ; 1s a complex quantity depending on o, for i =2,3,j = 0,1. Notice that the value of this
constant at & — +oo differs from the one at &€ — —oo (see Lemma 5.2 and Appendiz B).

The proof of this lemma is elementary and will be given in Appendix F.
We have an additional result for the matrix M,,:

Lemma 5.10. At all frequencies,
08 M, (€) = O((1 + [€])>~),

for Ne N, 0< N <5,
Then, VN[(1 — x(&)) M (£)] € L*(R) that for N = 5, there exists a constant C' > 0 such that

C

FH(1 = x(©) M) < V"

The Poincaré-Steklov operator PS,, associated to Ri has been defined as a continuous operator from
H3/2(R) x HY?(R) to H~'/2(R) x H~3/2(R). Our aim here is to prove that it has a unique extension
to the space H-/> (R) x HY? (R).

uloc uloc

Let us first show this general result:
Lemma 5.11. Let s,s' € R. If for U € H*(R), the differential operator A : H*(R) — H* (R) is

continuous, then, there exists a unique continuous extension A : H) (R) — HleC(R)
Proof. First, we recall the definition of H .(R), that is:
b€ Hyoe®) i [[¥llag,, @ = bupllnq‘l’llys(R < oo, (5.42)

where (14)4ez is a partition of unity satisfying n, € C§°(R) and Suppn, C B(q,1) for ¢ € Z and
sup, [[1nqllwr.~ < +oo for all k. Definition (5.42) is independent of the choice of the function 7, (see
Lemma 7.1 in [1]). Let ¢* be function of H .(R), we introduce the notation 17 to denote 1,*. Then,

we have
vr=D vy
qEZ

We are interested in verifying that Avy* belongs to H, s

uloc

H* (R), Vq' € Z. We have the following decomposition

AT = "L Alg”)

qEL

= Z n;A(Uqw*)Jr Z ?7;«4(77q1/1*)-

lg—q’'|<4 lg—q'|>4

(R), that is the same, as showing that 7} Ay* €

(5.43)

The first term in r.h.s can be easily bounded as follows: if 7,1* € H*(R), we have A(n,*) € H* (R)
and furthermore, n; A(n,1*) € H* (R). Then,

Yo Amd)| < ClAllge ey Y g e < CIALgee e

lg—q’|<4 lg—q’'|<4

% | s

uloc

(rR) < +00.
HS

For the remaining term in (5.43), we consider the kernel representation of the operators. We have for
d(Suppny , Suppn,) > 1 and all Y’ € Supp 7,

1 * ! 1
AwDE] < /Y/ o W‘

o 1V

w;‘(y)IdY 972

lo =g |m (5.44)

uloc aloc(R)
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for m > 5. Thus,
* 1 *
2 AW D g e < oo
lg—q’|>4 lg—q’|>4

Consequently, A(*) € H, (R) if ¢* € H?, (R), which ends the proof. O

uloc

Now, it is possible to link the solution of the (5.5) with (%, %7) € H>/2 (R)x H/2 (R) and PS,, (v, 7).

uloc uloc
Proposition 5.3. Let (¢V§,¢7) € HEI/OQC(R) X H&{OZC(R), and let W, be the unique solution of (5.3) with
F =0 and boundary data ¥,,|x—o = ¢§ and Ox ¥, |x=0 = ;. Then, for all p € C§°(R2)
* * QZ}* * *
axgw(p_ AwgwAwgoz A3W}Oaw1] - 70"'0|X=0 + <A2[w0’w1]7ax(p|)(=0>‘ (545)
R% R3 2

Namely, for (g, 97) € H32(R) x HY2(R), the Poincaré-Steklov operator satisfies the condition

The proof of (5.45) relies once again on defining a smooth function y, with ¥ = 1 in an open set
containing Suppy and using the kernel representation formulae of the boundary differential operators.
Estimate (5.46) results from considering ¥, as test function in (5.45). The detailed verification is left
to the reader.

This section ends with other useful estimates on the Poincaré-Steklov operator:

Proposition 5.4. Let ¢ € C§°(R) such that Suppy C B(Yy, R), R > 1, and (¥§,¢]) € HEI/OZC(R) X
HY? (R). Then, there exists a constant C > 0 such that the following property holds.

uloc

(sl 51, )+ (Aeltss 31, O] < OVER (el + 10 @lare) (95 asgz ey + 1 e oy
(5.47)
In particular, if ¢; € H3/?271(R), j =0,1,

[(As[v5, 1], o) + [{A[v5, 1], Ox o) < C (llellasrz) + 10x 0l mrery) (1951 a2y + ||1/)T||H1/’Z(R>))
5.48

Proof. This construction is adapted from [7]. We consider a truncation function x € C$°(R) such that
x =1 on B(Yy, R+ 1) and Suppyx C B(Yy, R + 2), and such that ||0} x|/cc < Cr, with C, independent
of R, for all » € N. For the terms

[ Kass(@=0ue, [ Koy (1= 00050,
R R
where |K, ;(Y)| < ClY|™®,i=2,3,j=0,1, for all Y € R, we use the following relation

1 . —i
C/ AEll = XY =Y (Y = Y)[|o% "e(Y)| dYdY”
RxR |Y|

1

. ey -y o\ | F (549)
gc/a?’z Y)|dY / - 4y’ / ——dYy’
R| el < lY7|<1 Y5 i<t 1Y

< Clo; Nz, @05 ‘el < CVRIG; |2, @105 ‘¢llee.

uloc uloc

It remains to analyze the terms of the type
<.7:71(m1'7jx1/);), 8?{1'@)1{7(21;3)/27,{(2%3)/2.

Since m; ;(€), i = 2,3,5 = 0,1 is a kernel satisfying Op(m; ;) : H3/27(R) — H~"+3/2(R), these terms
are bounded by .

C||X¢;||H3/2—i(R)||a§<_z<ﬁ\\Hi—3/2(R)
We proceed to prove the estimate

x5l ar2-s @y < CVRIV |l ysyas g, (5:50)

but first let us recall the norm definition in fractional Sobolev spaces.
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Definition 5.2. Let s € (0,1) be a fractional exponent and w be a general, possibly non-smooth, open
set in R™ . For any p € [1,400), the fractional Sobolev space WP (w) is defined as follows

u(Y) = u(¥")|

WP (w) = {u € LP(w): oy

€ LP(w x w)} ; (5.51)

i.e. an intermediary Banach space between LP(w) and W1P(w), endowed with the natural norm

1/p
Hu”Wsp(w) = (/ |u‘p dy + [U]I;VSYP(W)> . (552)

Here, the term [u]ys.»(y) is the so-called Gagliardo (semi)norm of u defined as

[MWW@O:(A’W%gE;ﬁgQF)U{ (5.53)

If s=m+n, wherem € Z and n € (0,1). The space W*P(w) consists of
WP (w) == {u € W™P(w) : DSy € WP(w) for any ¢ such that |¢| = m}; (5.54)
which is a Banach space with respect to the norm

1/p

el ey = / lalBy ey Y+ S 1Dl | (5.55)
[¢l=m

Before proving the estimates, we introduce a cut-off function # satisfying (2.10), which will allow us to
use (2.11). Following the same ideas in [7, Lemma 2.26], we have that for a certain ug

IxuollZay < D I8 xuoliem < IxlZe D I(mb)uolizg < CR HX”goilelIZ)H(Tke)u(J”zL?(R)' (5.56)

kEZ kEZ
k<CR

To deal with the Gagliardo norm, notice that the denominator in (5.55) for p = 2 can be written as

Ixuo(Y) = xuo(Y')[?

2
= (Z kOCY )x(Y)uo(Y) — TkH(Y’)X(Y')uO(Y’)>

kEZ

= Y @IV )uo(Y) = mb(Y")x (Y )uo(Y')) (10 )x (Y )uo(Y) — (Y )x (Y )uo(Y"))
\fjﬁés
+ ) @OV )uo(Y) = (Y )x(Y Yuo (Y) (1O )x (Y )uo(Y) = mf(Y' )x (Y )uo(Y")).

k,l€Z
|[k—1]>3

As a result of the assumptions on 6, for |k — 1| > 3, we obtain that 7,0(Y)7,0(Y) = 0 for all Y € R.
Moreover, if 74, (Y)7,(Y") # 0, then, |x y| > |k —1| —2. Also, the first sum above contains O(R) nonzero
terms. Hence, using the Cauchy—Schwarz inequality gives

[Xu]%/VSP(w)
u up(Y")|? ,
//|X 0 L icflloS( W ivay
[(TeOxu(Y)) = (fxu(Y”))? '
T e e
+ Z |k,l| E (0¥ )x(Y)uo(Y) = 0 (Y )x (Y )uo(Y")) (nf(Y)x (Y)uo(Y) = nf (Y )x (Y )uo(Y"))
\kkll(T_Z3
=1 + L.
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We have

11| < CR[Ix[ly1.< lluoll, 2 and |I| < ClluolZz, -
uloc uloc

®)’
Then, for ug = ¢} and R > 1, it follows that

Ui sy = I age) + D0iT3e < ORI 120 )+ CI s,

The remaining term is dealt with in a similar manner

Il = I + XDV e + XD e
< ORI gy + CIDG s,
< CRIYGI502 -

From (5.49) and (5.50) we obtain (5.47). The proof of inequality (5.48) is classical and follows from the
Fourier representation of the differential operators. O

5.3 The problem in the rough channel

The section is devoted to proving the existence and uniqueness of weak solutions for the linear problem
(5.1) by studying an equivalent problem defined in a channel w? presenting a transparent boundary at
the interface {X = M}, M > 0. Here, only an accurate representation of the solution of the problem
linear problem at {X = M7} is needed in order to obtain a good approximation of the solution of the
original problem while solving a similar set of equations in the rough channel (step (L5) in Section 4.1).
The linear problem (5.1) acts on the new system through the coupling conditions described employing
the Poincaré-Steklov operator in (5.40). As before, we are going to consider the linear problem without
a source term, i.e., =10 in (5.1).

We define the following problem equivalent to (5.1) in the bounded channel w? = w, N {X < M},
M >0,

Ox ¥y, —AIQU\P = 0 in wfv\om
[%Vu] |, = g k=0,...,3, (5.57)
(14 ) Au W] | Ao [V x=n1, Ox Voo | x=n1]

12"
—((1+0®)0x — 200y ) Ay Ty, + ] Az [y |x=01, 0x V| x=n1] ,,

2

M
Tw

W ) =0T

—w (Y w ’X:—%,(Y)

The equivalence between the solution of (5.57) and the one of the original problem is given in the
following lemma:

Lemma 5.12. Let v € W2°°(R) and g, € L*(R), for k=0,...,3.

o Let Wy, be a solution of (5.1) in wy, such that V., € HY (). Then, W, is a solution of (5.57),
and for X > M, U solves the homogeneous equivalent of problem (5.1) defined on the half-space

M x R, with g = Uy|x_n € HY2(R) and ¢1 == 0xVy|x_nr € H/2(R).

uloc uloc
e Furthermore, let U, € H%  (wh) and U € H2 (R2) be solutions of (5.57) and (5.1), respec-
tively. Taking

w

[ UL(X,) for —m() < X < M,
W (X,) '_{ UH(X,.) for X > M,

the function U € HE (w) is a solution of the problem (5.1).
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Note that W7 solves (5.57) in the trace sense, and for all ¢ € C2°(wb) satisfies

. anqUSD - / AwgwAw(P - - <A3 [\ij|X:M78X\I]w‘X:JW] - ,l/;oaso‘X:]w>

(5.58)

b
w

— (A2 [Wolx=n1, 0x Wl x=n1],Ox 0| 5, ) -

The above result easily follows from Theorem 5 and Proposition 5.3. Consequently, we focus our attention
on showing a well-posedness of problem (5.57) in the remainder of the section.

Proposition 5.5. Let v, € W2 (R) and wb, = w, N {X < M}, M > 0. Assume the Poincaré-Steklov
operators Aj; : Hi’l/ozc(R) X Hllﬂ/OQC (R) — Hi’l/ozcﬂ(R), 1 = 2,3 satisfy the properties in Proposition 5.3 and

gr € L¥(R), for k=0,...,3. Then, there exists a unique solution W, € H2_ (w’ \ 0y,) satisfying

3
@y S C D llgnllie ), (5.59)
k=0

1ol 2

uloc

where C > 0 is a universal constant.

Proof. From now on, we lose the w index to simplify the notation when no confusion can arise.

Before stating the main ideas of the proof, we first lift the nonhomogeneous jump conditions at o, by
introducing the function ¥* as in (4.7). Then, for ¥ = ¥ — U we have

OxVU — A0 = FL in b\ oM,
[(1 + a2)Aw\il] v = Ao [Vl x=nr, Ox oy | x=p1] (5.60)
— ((1 +a?)0x — 20483/) ALV + % = A3 [Vulx=nr, 0xVul|x=n],
oM
‘i’|Xz—ww(Y> :an‘i’}xbwwm =0
where FL is a function depending on gz, k = 0,...,3. The truncation technique introduced by

Ladyzenskaya and Solonnikov [16] is used to prove the existence and uniqueness of the solution of system
(5.60) by means of a local uniform bound on A, ¥,,, where ¥,, is the solution of the problem

U,=F inw,

= Ao [Wo|x=nm,0x Vu|x=m],

(5.61)
= A3 [\I/w|X:M78X\IJ’w|X:M] )

ov

nle, = oo

1

:O’

r'n

where w,,,ocM and T, are the ones in (4.11). The problem on ¥, has the following weak formulation:

Let ¢ € C§°(w?) such that
=0 on W’ \w,, ¢lr, =0 and dxe|r, = 0. (5.62)

Then, the solution ¥,, € H?(w,) of (5.61) satisfies

= = \Ijn
8X\I’n()a_ Aw\I/nAw(P: _<-/43 [\ijlX:Manq/uAX:M} - 5

wh wb 2

X=M’<‘O|XM>

— (A2 [Wo|x=n1, Ox V| x=m] , Ox 0| _,,) — /b Fro.

(5.63)
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Taking U, as test function gives

/b 8 = ((As [l xmnr, Ox Wulmn] Fal )+ (Ao [Wulxmnr, Ox Wulxon] Ox ], ))

<0
- | FLy,
wb
3 ~
< CVRY gkl Lo @1 Wnll 2w
k=0
(5.64)
where the constant C' only depends on ||y |[y2.0c. Then, applying Poincaré inequality we have
| 18wt < con (5.65)
Wi
where Cy = Co(go,-..,93). The existence of U, in H 2(wP) follows from Lemma 4.1. Uniqueness is

obtained by following similar arguments as the ones presented in (L5), see Section 4.1. We work with
the energy

Ep = / Ay T2, (5.66)
Wi

for which we prove an inequality of the type

J J 27

1
E} <Cy (k +14+m sup (E}, —E})+——- sup (B}, — EJ”)> forall ke{m,...,n},
k<j<k+m m j>k+m

(5.67)
for any m > 1 and n €]0, 2[. The constant C; > 0 is uniform constant in n depending only on |||y 2.
and ||g;|lw2-sc, j = 0,...,3. The bound in H2_ (w’) is then obtained via a nontrivial induction
argument.

The remaining of the overall strategy is the same as the one detailed in step (L5) in Section 4.1. Conse-
quently, as we advance, we only discuss in detail the computations of the estimates involving the nonlocal
differential operators and their incidence on the induction argument.

e Induction. To shorten the notation in the following paragraphs, we write Ej, and ¥ instead of Ep
and ¥,,. Let us show by induction on n — k that for m large enough, (5.67) amounts to

1
E, <C (k Flbmd g sup (Ejy1 — EJ—)> for all Vk < n, (5.68)
1= m

where the positive constant Co depends only on Cy and Cy, appearing respectively in (5.65) and
(5.67). The inequality is clearly true when k = n, as soon as C2 > Cy. Let us now assume that

1
Ep < Cy (k—f— 14+m?+ ——5- sup (Eji1 — Ej)> forall ke{<k+1,....,n}, (5.69)
M= > prim
holds and show it remains true for index k. If it were false, we have
A= o

1
Ep > Cs <k +1+m?+ —— sup (Ejq— EJ)> . (5.70)

Combining inequalities (5.69) and (5.70) implies for all k +m > j > k,
Ejp1 — E; < Ejpq — By < Co(m+1). (5.71)

Then, (5.67) yields

Ep <Gy <k—|—1+sz(m+1)+
m j>k+m

——5; Sup (Ejq1 — E])> forall ke{m,...,n}. (5.72)
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Note that if Cy > C; and C;Com(m+1) < Cym? in (5.72) we have a contradiction. This is verified
when Cy > C} and m is large enough. Hence, inequality (5.70) is valid for all £ < n. Since equation
(5.67) is invariant by a horizontal translations (see (L5) in Section 4.1), we obtain

Er1— E, <C (2 +m? 4+ T%S:ug(EjH — E])> for all ke {m,...,n},

m j€
for all k, so that for m large enough, we conclude that

2 +m3
mn _m _ari ) =
22§(Ek+1 Ep) <G (1 — m4+2n> C < 400,
which is a H?__ bound on U,,. Hence, we can extract a subsequence of U,, that converges weakly
to some ¥, satisfying (5.60). Existence follows from the ideas presented at the beginning of the
current section.

Establishing the Saint-Venant estimate. This paragraph contains the proof of (5.67). The main
difficulty in computing estimates independent of the size of the support of ¥,, resides on the nonlocal
nature of the Poincaré-Steklov operators.

Thanks to the representation formula of the Poincaré-Steklov operators, the above formulation

makes sense for ¢ € H?(wl) satisfying (5.62). To establish the estimates of Ej, we first introduce

the cut-off function xx(Y) supported in 0’%_1 and identically equal to 1 on Uﬂ/[ . Considering

P = Xk’L/NJ, k < n, as a test function in (5.45) yields for elements in L.h.s an expression equivalent to
(4.18). Namely,

Er = (<A3 {@|X:M78X®|X:M} ,Xk\i’|X:M> + <A2 [@‘X:M,aX\MX:M} 7Xk8X\i/|X:M>)

— / Ft X}c\i’ + commutator terms stemming from the bilaplacian.
wb
(5.73)

All commutator terms are bounded by C'(FExy1 — F). The proof involves applying Poincaré and
Young inequalities similarly to (4.19). Moreover,

3
b FLXk\Il’ <C (Z ||gk||Lw> VE+ 1B/ < Clgo,. .., ga)VE + 1E7. (5.74)
w k=0

It remains to handle the non-local terms, i.e., the Poincaré-Steklov operator. Drawing inspiration
from [7] and [19], we introduce the auxiliary parameter m € N, appearing in (5.67) and the
following decomposition for 1;

;= (X + Xbgm — X&) + (1 = Xtotm)) ¥j, §=0,1. (5.75)

Then, for ¢ = 2,3, the transparent operators can be written as
(A [@|X=M78X®|X=M} 7Xka§(_i\i1|X=M>
= (A; {Xk‘i’\X:M,XkaX‘i’\X:M} XEOY W] x )
+ (AT x=nr, 1 — XkOx ¥ x =], Xk 0% W] x—r)
+ A1 = X0 x =21, XOx V| x=p1], X1 0% W] x—nr (5.76)
+ A (1= x5) P xmars (1= xa)Ox V| x=nr], xa0% | x s

< A0k = X0 ¥l xmar, (tkm = 005 -], k0% )|
+ ’<Ai[(1 — Xem) ¥l x =, (1 = Xk+m)5x‘i’|XzMLXkag{i‘i’h:m)
=11+ 1.

The inequality in (5.76) results from considering the negativity condition satisfied by the transpar-
ent operators. For the term I; ; we use to Proposition 5.4 and the estimate

= = = 1/2
Xk 2oty + 1| x =t | 072 oty + X8O B x| 172ty < CERS
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Then,

[ I2.1| + [I3,1] <[ A2[(Xktm — X&)V0, (Xktm — X&)¥V1 | 7-1/2 XkaXXk\i’lszH

H1/2

+ | A3 [(Xkam — X&)0s (Xktm — Xk) 1| r-3/2

Xka‘I’|X:MHH3/2

<C (|\5XXk‘i’|X:M||H1/2(R) + ||Xk‘i/|XzM||H3/2(R))
x (||(Xk+m - Xk)3X‘i’|X:M||H1/2(R) + | (Xt — Xk)‘i’\X:MHHB/Z(JR))
<C(Emtrt1 — Ek)1/2E1¥-21

We are left with the task of finding bounds for I; 5. Note that for m > 2, Suppxx+1 N Supp(l —
Xktm) =0, so, for i = 2,3

(A; @|X:M78X®|X:M} 0% D) :/ Kio* (1= Xttrm) V| x=ar)0% X1 ¥
R

(5.77)
+ /R Ki# (1= Xbam)Ox ¥ x=1)0% "xiV.
The convolution terms in (5.77) decay like |[Y'|~®. We have the following estimate:
Lemma 5.13. For allk > m andn € ]0,2]
1/2
|1 K= (1— Xk+m)ijL2(a{C‘§1) < Cpym=#n <j§}jfm(Ej+m - EJ)> : (5.78)

Proof. We use an idea of Gérard-Varet and Masmoudi [2010], that was later used in [7], to treat
the large scales: we decompose the set o™ \U%_m as

M M _
g \Uk+m - U U]+1
j>k+m

On every set 0%1 \ 05‘47 we bound the L? norm of (1 — Xpym)®i, i = 0,1, by Exyme1 — Ekim.
Thus we work with the quantity
sup (Ejy1 — Ej),
j>k+m
which we expect to be bounded uniformly in n, k. Now, applying the Cauchy—Schwarz inequality
yields,

1 L
dy —— 0%V dy’
/JIM oM\ oM |Y’ — Y|5 | X ‘X:M|
k+1 k+m
1 1 12
<C dy — 4y’ S — 1 2ay’
- (/O.JW oM\oM ‘Y’ - Yv|5+277 /;AI\O.M |Y’ - Y|57277 | X |X:M| >
k+1 k+m k+m
1/2
1
m~ 2t / ———————dY'dY x sup (Ej;1 — Ej) .
( oply JoM\aph Y|5+277 jZzk+m ’ !
(5.79)
The previous result is obtained using the following computations: for Y € a,ﬁl
|0 U |2dy’ = / |05 W], |2dY’
/UM\UQJ+ | |5 27 ’X M j>;m oM \oM j— ‘5 2n |X7M
1
<C Z B — 7| Y2
j>k+m
1
<C sup (Ejy1—E;) S (5.80)
izkim ’ jZ%—&;m =Y
1
<C sup (Ej11—E)j) ‘
A, B 2L
< Cym™ 21 sup (Ej41 — Ej).
j>k+m
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The series above correspond to the Hurwitz zeta function which is absolutely convergent for n €
10,2[. On the other hand,

1 , dX
/U]u /g]\/]\o- |5+2 dY dY S C / X4+2n S CT] < +OO (581)
R\[0,1]
Estimate (5.78) is easily obtained from (5.79), (5.80) and (5.81). O

Applying several times Lemma 5.13 combined with (5.74) gives

1/2
By < Cpy | VE+ 1B + B2 (Brpmis — E)Y? +m~ 2B < sup (Ej1— Ej)> ,

j>k+m

(5.82)
for k > m > 1. Since E} is a monotonically increasing function with respect to k, we have

Eyy1 < Ex + (Bgymy1 — i) -

Furthermore,

Biimii—EBe= Y (Bjji—E)<m suwp (Ej;1—Ej)).
k<j<k+m k<j<k+m

Taking C' = max C), and using Young’s inequality gives that for all v > 0 there exists C),, such

n€]0,2]
that
By <vEpy+Coy|k+1+m sup (Eju1—Ej)+ ——- sup (B —Ej) |- (5.83)
k<j<k+m M= > ppm
Inequality (5.67) follows from choosing v sufficiently small.
O

6 Nonlinear boundary layer formation near the western coast

This section is devoted to showing the well-posedness of the western boundary layer when the model
presents an advection term. We study the problem

Ox, Uy +Qu(Vy, W) — A2V, = 0, in wfUw™
[ w} |Xw:0 = ¢7
(0% Wy]lx,—0 = 0, k=1,...,3, (6.1)
ov,,
\IIW‘X*fv(Y) =0, Oy | Xw==7u(Y) =0.

where ¢ € W2°(R) and the nonlinear term is given by
Qu(Wy, ) = ViU, - Vo (Aply,) = VE [(vﬂw V) vi@w} :

As before, in this section we will write X instead of X,,.

The proof of Theorem 1 for the nonlinear problem under a smallness assumption follows the general
scheme presented in Section 4.2. There are three main parts in our analysis: showing the well-posedness
of the nonlinear problem in the half-space; proving the existence, uniqueness and regularity of the solution
in the rough channel; and, finally, connecting both solutions at the “transparent” interface.

Later, in Section 7 special attention will be paid to linearized problems in the western boundary layer
domain. In its general form, this kind of problem is crucial in constructing the approximate solution
since it describes the behavior of higher-order western profiles and additional correctors.

37



6.1 Nonlinear problem in the half-space

In this section, the well-posedness of the system (4.26) in the half-space is established under a smallness
assumption. Namely, we study the problem

{Qw(\Pw,\Ifw)jLaXfow—A?U\Ifw = 0, mX>M 62)

\Ilw|o.&4 :111)07 8X\I/w|a,{y :'l/}L

We shall solve (6.2) by means of a fixed point theorem using the a priori estimated provided in Theorem
5. Basically, we use a contraction mapping argument in a suitable Banach space which will be norm
invariant under the transformations that preserve the set of solutions, mainly the translations with
respect to the X variable. We introduce the functional spaces:

W= {f € Hioo®D) ™ fl|yp <400}, mz0, (63)

uloc

with the norm || f|lzm = Cp|le®* f||gm . Here, § > 0 is the one in Theorem 5 and the constant C,, is
chosen so that if g, f € H™T!

I(Visf - V) Visgllam—1 < I fllpms[lgllpme.

We show the following:

Proposition 6.1. Let m € N, m > 1. There is dg > 0 such that for all vy € HSL;CS/Q(R) and
'lbl c Hm+1/2(R),

uloc

WOHH:&B”(R) + ”leH:lecl/Q(R) < do, (6.4)
the system
Qu(Wu, W) + 0x oy — ALY, = 0, in R2 (6.5)
‘I'w|X:0=¢07 8X\I’w|X:0:1l11. :

has a unique solution in H™ 2.

Proof. For any functions g € H;T:C?’/Z(R) and Y1 € Hﬂ;l/z(R), let the operator Ty, ,) be defined

as follows: given a function W € H"™F2, set Ty, ) (V) = ¥, where ¥ is the solution of (5.3) when
F = -V (Vs - V,)Ves¥]. According to Theorem 5, there exists a constant Cy such that for all
U e Hmt2,

[T po,0) (B |32 < Co (||¢o||H:1L;3/2(R) + 191l g2y + ||‘I’||3¢m+2) .

The previous inequality results from taking into account that when ¢ = 26

||€6XF||H$;2(R2) < CS”e(sX(Vi‘I’ ’ Vw)vqt‘l’HHfg;l(RZ)” < ||‘I’||'2Hm+2

Let us verify that T{y, ) is a strict contraction under the smallness assumption (6.4). This implies
the function has a fixed point in a closed ball of R%. Let dp < 1/(4C¢), and suppose that (6.4) holds.
Thanks to the assumption on §g, there exists Ry > 0 such that

Co ((50 + R%) < Rp. (6.6)

Hence, Ry belongs to [R_, R1], where

1 2
Ri= 5o (11,/1—4500()).

Therefore 0 < R_ < (2C; !, and it is always possible to choose 2RyCy < 1. (6.4) and (6.6) imply

[W]lggm+2 < Ro == [[Tpg,u00) (W)l s < Ro-

Now, let W; € H™*2 be a function satisfying Ty, 4,)(¥;) = W;, where ¥, is the solution of (5.6) when
F'o= (VUi Vo)Vl i = 1,20 If |01 gmiz < Ro, [|[Wflymez < Ro and U = Tiyy,)(P1) —
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Tipo,1)(¥2), we have that W is a solution of (5.6) with \TJ‘X:O = BX\II|X:O = 0 and source term
F'— F?2 =V, [(VaVU1-Vu)VEW ] — Vi [(Vi ¥ - Vi)V Ws|. Thus, using once again Theorem 5,

1T p0.200) (O1) = Tapo apn) (P2) 3tz < Col| FH = F2[|ggm—1 < 2Co Ro [ W1 — Walpgm2.
Since 2Co Ry < 1, T(y, ;) is a contraction over the ball of radius Ry in H™t2, We can then assert that

Topo,41) has a fixed point in H™*2 as a result of Banach’s fixed point theorem which concludes the proof
of Proposition 6.1. O

Remark 6.1. We can retrieve the solution for X > M when M > 0 thanks to the problem being invariant
with respect to translations along the X -axis. Let Wq be the solution of (6.5). Then, the solution Uy of
(6.2) in the half-space X > M, M > 0, satisfies Uy = Uo(X — M).

6.2 The problem in the rough channel

The goal in this section is to prove, by the truncation technique employed in [12], the existence of a
solution of problem

Qu(Vo U)+0xV, —A2V- = 0, in w’\oy,
[\Ij;] |gw =9, [8§(\I/;] |<7w =0,k=1,....3,
_ oYy, _ (6.7)
\I}w’XZ—’yw(Y) - %|X:_'yw(y) B 07
AQ[@;LQ;I»@X\IJ;‘U%] = p2, AS[\I/;L.uAy/naX\II;;!UgI} = pP3,

where w® = w,, \ ({X > M} x R) denotes the rough channel. We recall that

A2[\II|0_MaaX\I/|UM] - (1 + Ozz)Aw\Il’
2 Vo ¥
As[®] Ly, Ox 0| ] = = (14 a®)0x — 200y ) Ay + Oy e
+ (Vi‘l/ V) ((1 +a*)0x — Oéay) v+ g

This part corresponds to step (NL2) in Section 4.2. Although the idea is the same as for the linear case,
an important difference resides in working indirectly with the values of the Poincaré-Steklov operators.
Indeed, here we “join” the solutions obtained at both sides of the artificial boundary using the implicit

function theorem. To do so, higher regularity estimates of the solution near o are essential.
As for the tensors at X = M, since we will need to construct solutions in H™*? and due to the form

uloc

of the differential operators, we look for py and p3 in the H;?;Cl/ 2(]R) and H:;;C?’/ 2 (R), respectively. We
then claim that the following result holds:

Proposition 6.2. Let m > 1 be arbitrary. There exists § > 0 such that for all ¢ € W?>(R), py €
H:lrlLO_Cl/z(R) and p3 € H:l‘o—c3/2(R) with ||p|lw2. @) <9, ||p2||H771171/2(R)—l—HngHnlzfsp(R) < 4, system (6.7)

has a unique solution ¥y, € H2 (Wb \ oy).
Moreover, ¥, € H"P2(M', M) x R), for all M’ €]0, M| and

uloc
192 s aarntyiy < Care (I6llwoe + o2l ymose + sl s )
uloc uloc uloc

Proof. First, we will briefly discuss the existence and uniqueness of a solution in H?, as well as the
validity of the estimate. Then, the regularity result will be presented. Throughout the proof, we will
drop the w from the notation when there is no confusion.

Step 1. Existence and uniqueness of the solution. We look for the solution ¥ = ¥~ — UL of the
problem

Qu(T, ¥ + UL) + Qu(WE, ¥) + 9x ¥ — A2F = FL' inu,
AQ[@’U£I’6X®|U{ZI] = P2, A3[®|U¥’8X\i/|a‘{y] = ps3,
7 v
qj‘X:—’Y(Y) =0, Oy |X:—'y(Y) =0. (6.8)
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Here, W% is defined as in (4.7) for go = ¢ and g, = 0 for k = 1,2,3. In (6.8), FL denotes A2 (¥!) —
Ox (UF) — Q. (VE, WE). Notice that thanks to the regularity and smallness assumptions on ¢, we have,

IF 522, w0y < C (10lwae + 18]520) < Clldllwzo.

L2

uloc

In the nequality above, the constant C' depends on « and ||y, |lw2. Before computing the a priori
estimates, we write the weak formulation of (6.8).

Definition 6.1. Let V be the space of functions ¢ € C§°(wb) such that Suppp N IQ = O and D3(w®)
its completion for the norm ||¥|| = |Aw¥| 2. Define for (¥, ¥, ) € D3 x D3 x V, the trilinear form
bV, T, ) = — Jo(Vaw - V)V - Vi, A function U € H? (W) is a solution of (6.8) if it satisfies
the homogeneous conditions \i/|rw = a"w\il|1“w = 0 at the rough boundary, and if, for all p € V, we get

/ aXiISD+b(\~IIa\I~1790) - / Awquw@
wh,

- _/ <p3 -3 )waM ay (6.9)
R X=M

Vi | :
+ 9 Oy dY — | pa|c_p0x0|_py Y.
R X=M X=M R

We consider the system (6.8) in w,,

Qu(V0, Uy + UL + Qu(TE, T,) + 0x T, — A2, = FF inw,,
U, = 0, inw’ \ wn,
\il”‘X=—vn(Y) - 8"®"|X=—'yn(Y) = 0 (6.10)
A2[ T, J%,ax‘i’nL,%] = p2
Ag[\i/n o_y,ax\i/nhy] = p3.

The domain w,, and its components are the same as in (4.11).

By taking ¥,, as a test function in (6.10), we get a first energy estimate on T,

M oM w

(o=, n n

180T Ze )

IN

Crll Al o IV Tl ) + O (113l g2y || g 221

+||p2||Hm*1/2(wn)”vw\iln|X:MHL2(([—n,n]))+HFLHL2 [nllz2(,),  (6.11)

uloc

using the Cauchy-Schwartz and Poincaré inequalities over w,,. Moreover, we have

180 ¥0lEage,) < € (I9llwae + losllos + leall o) 1nll2con:

Notice that as a consequence of the smallness assumption on [|¢|| g2 (b, the first term on the r.h.s of
inequality (6.11) can be absorbed by the one on the Lh.s for § small enough. Then, using Poincaré
inequality over the whole channel yields

E, ::/ |Aw\i/n|2g/ ALY, |2 < Con, (6.12)
wb Wn

where constant Cy depends on «, [|¢|lw2.o, [|ps] ;;m-3/2, [|[p2l ym-1/2 and ||y|lwz.c. The existence of 0,
uloc ul
in H?(w,,) follows.

Following the same reasoning as in the linear case ((L5) in Section 4.1 and Section 5.3), we establish an
induction inequality on (E})gen for all n € N. Recall that

oc

EI? ::/ Xk|Aw@n|2v
wh
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where xi € C3°(R) is a cut-off function in the tangential variable such that Suppxr C [k — 1,k + 1]
and x, = 1 on [—k, k] for k£ € N. The induction relation allows one to obtain a uniform bound on the
E}, from which we deduce a HZ_. bound on W, uniformly in n. From this, an exact solution follows by
compactness, see (L5) in Section 4.1.

Here, we show the inequality for all k € {1,...,n}
B < Oy (Bt = BDY? + (B = B + (Ipallymss + 19lve + lpsllZym—sz ) (K +1)) . (6.13)

where C7 is a constant depending only on the characteristics of the domain. Then, by backwards
induction on k, we deduce that
E} <Ck, Vke€{ko,...,n},

where kg € N is a large, but fixed integer (independent of n) and E}. is bounded uniformly in n for a
constant C' depending on w®, ¢ and p;, i = 2,3. Then, we use the fact that the derivation of energy
estimates is invariant by translation on the tangential variable to prove that the uniform boundness holds
not only for a maximal energy of size kg, but for all k, similarly to (L5) in Section 4.1.

To lighten notations in the subsequent proof, we shall denote FEj, instead of £} .

e FEnergy estimates. This part is devoted to the proof of (6.13). We carry out the energy estimate on
the system (6.8), focusing on having constants uniform in n as explained before. Since the linear
part of the equation has already been analyzed on Section 5, we discuss in detail only the nonlinear
terms. In fact, the main issue consists in handling the quadratic terms @, (\Il U+ ol )s Qu (vl \i')
which justifies the presence of the [V W|? in one of the tensors at oM. Plugging ¢ = x; ¥ into the
nonlinear terms of (6.9) gives

WO+ Toal) = - [ (VA ) VL) VAT Vi
(Vi (8 +95) - V) Vi & (Vi) ¥, (6.14)

b(W, UF, xi V) (Vi ¥ - Vi) Vi, U8 V0

Il
|
a\a\s\

X
( VAV VEUE - (Vi) (6.15)

To bound each one of the terms we will frequently use the Sobolev inequality for all w’ C w?,

Vue HYW), ulp =0, [lullzan < CyllVullza, a1, +o0). (6.16)

r

The constant C,; does not depend on w’. Let us now illustrate the procedure for the first term in
the Lh.s. of (6.15). By using Cauchy-Schwarz inequality and the properties of x, we find that

< Clllwzoe @ IV T3

<C |[9llwzo Egy1,

/ (VAT V) VAT VLT

(Wk+1)

where C is a strictly positive constant depending on a, M and ||yy]||w2.. On the other hand,

T = ~ ~ L@Q
_/X’“(Vi(‘I’H’L)‘Vw)Vi‘I"Vi‘I’ = /kaL(\IJ+\IfL)~vw<|vw2 | )

L2
/vka Vo (U +0h) ('V“’Q\I" )

Viw2 .
B / “ (ilaq,>
R 2

Proceeding as before, it can be easily checked that the first term on the right-hand side is bounded
by C(Ej+1 — Ep)*? + Cl|¢|lw2o (Brs1 — Eg).

dy.
X=M
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Applying integration by parts on the second integral gives

Viw? Viy?
—/Xk<|25y> dYZ/XkaY<|w2>
R R e
VJ_@2
+/3YXk ('g')
R

The first term can be grouped with other boundary terms stemming from the bilaplacian, while
the second is bounded by C(Ey+1 — Ek)?’/2 as a consequence of the trace theorem.

There remains to consider the r.h.s of (6.14) and (6.15), i.e, the terms fw(Vi(\il +01) .V, )VET-
(Viixi)W¥ and I, (VL\I' V) VLWL (VL)W which are bounded by C(Ey 11— Ej)*?+C||¢|| w0 (Eri1—
Ey) and C||¢||lwz. (Fr+1 — Ex), respectively.

The linear terms defined on w® satisfy (4.18) and are bounded by C(Ej,1 — E) as seen in (4.19).
Lastly, we deduce

X=M

U dY.
X=M

.1 1
/ aX\I/Xk\I’Zi/ xk0x (|9 2/><,€|x11|2}X:M. (6.18)
wb wb R

From collecting the boundary terms coming from the bilaplacian with (6.17) and (6.18), we get

*/RXk (i’ﬁ's Jrax‘i’Pz)

X=M

The term above is bounded for any § > 0 by

(||Pz||L2

uloc

) B +C (lip2llzz

uloc

)(k+1),

where C,C’ depend only on M, o and on [|y||y2.«. The computation of this bound relies on the
trace theorem and Young’s inequality. We are left with

/ XkFL\i/
wb

w

+llpsllz2

uloc

+ llpsllz2

uloc

< Ollllwee EY2VE+ 1.

The last bound is not optimal but it suffices for our purposes. Applying once again Young’s

inequality yields
/ xiFE0
w

w

< Cll@llw2 Erg1r + C'l|pl| w2 (k + 1).

For ||¢[lwz2.c, || p2| ;ym-1/2 and [|p3|| ;;m—s/2, gathering all the terms provides the following inequality
uloc uloc

By < C(Biir—E) "+ Cal@llw2 o (Ber1=Br)+Cs ([l6llwa + lozll 2 + poll s ) (k+1).
(6.19)

Induction. We aim to deduce from (6.13) that there exists kg € N\ {0}, C' > 0 such that, for all

neN

/ AL T,? < C. (6.20)

wko
Let Ca(¢) and Cs(¢, p2, p3) denote the coefficients associated to second and third k-dependent
terms in inequality (6.19). From (6.13), we prove by downward induction on k, that there exists a

positive constant Cy depending only on Cy, C, Ca(¢) and Cs(¢, pa, p3), appearing respectively in
(6.12) and (6.19), such that, for all k& > ko,

Ey < C4C3(9, p2, p3)(k +1). (6.21)

Here, C} is independent of n, k.

Note that (6.21) is holds for k = n if Cy > Co(C3(¢, p2,p3))~" , remembering that ¥,, = 0 on
w® \ wy,. We then assume that (6.21) holds for n,n — 1,...,k + 1, where k is a positive integer.
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To obtain the contradiction that allows us to claim (6.21) holds at the rank k, we assume that
(6.21) is no longer true for k. Then, the induction yields

Eri1 — B < CsCs(9, p2, p3)-

Substituting the above inequality in (6.19) gives

CyC3(¢, p2,p3) < Ep < 0102/203(¢7 p2,p3)3/% 4 Co($)CaCs(9, pa, p3) + C3(d, p2, p3) (k + 1)
(6.22)

Even when the values of Cy, Cy,Co(), C3(¢, p2, p3) > 0 are fixed, C4 can be conveniently cho-
sen. Taking Cy > 2 and plugging it in (6.22) results in a contradiction for k& > kg, where

ko = {0102/203(@[)2,;)3)1/2 +C’2(q§)C’4J. Consequently, (6.21) is true at the rank & > ko and
it also holds when k < kg, since E}, is increasingly monotonic with respect to k.

Remark 6.2. The reader can find a detailed description of the method for the Stokes problem in
[12] and for the Stokes-Coriolis system, in [7]. The backward induction in our case is less involved

than the works mentioned above since we are not dealing directly with a mon-local, non-linear
Dirichlet-to-Neumann operator.

By taking into account the translation invariance of the energy estimates and considering ko suf-
ficiently large, we conclude that W¥,, is uniformly bounded in H?(w®). This implies in turn that ¥
and consequently, ¥ belong to HZ.(w?).

Uniqueness. Let U = W, — Wy, where U;, i = 1,2, are solutions of satisfying the smallness condition

U, |lgm < 5. We show that the solution ¥ of the problem
193] P
Qw(\I',\Ill)+Qw(W2,\Tl)+8X\TI—AfU\I' = 0 il’l wb,
(1+ az)Aw\I/ = 0,
o
- LOVL(T, + T
(- ((1+a%)dx — 2ady) Ay + By (Vw Vw; Lt 2)) (6.23)
+(V$\Tl . Vw) ((1 + OZ2)8X — a(‘?y) \Ifl (624)
-0
+(VILU\I/2 . Vw) ((1 + 042)8)( — Oéay) U+ 2) = 0,
ov
\IJ|X:77(Y) = Oy |X:77(Y) = 0, (6.25)
(6.26)

is ¥ = 0. The smallness assumption on ¥;, i = 1,2 leads the to following inequality on the
truncated energies
By < (I[W1]] g2

uloc

+ W2l g2, )C1(Erkt1 — E),
where the constant C; depends only on the characteristics of the domain. Since sup(E41 — Ex) <
k

|@||2. , it is possible to show that Ej is uniformly bounded in k. Therefore, the difference
uloc

between two solutions belongs to H?(R) and we can repeat the method but without xz. The
smallness assumption on [[W;]|g2 i = 1,2, ensures for a constant C' >0

(1-0C9%) [ |AY]? <0,

wb

which provides the uniqueness result when § < C~1.

Step 2. Regularity. Higher regularity estimates for the solution are necessary for the subsequent
application of the implicit function theorem. The analysis of the interior regularity and the regularity
up to the boundary starts with the case of m = 1. This case is later used to obtain higher regularity
estimates through induction.
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First order interior regularity

b
w

Theorem 6. For any, ¥ € H?

2 o(wy,) which is a solution of

(w
OxV + (ViU -V, )A U - A20 =0 in o’ (6.27)
then U € Hﬁ)c(wfjj), s €N, s > 2. More precisely, for any bounded open set w'satisfying w' CC w?,

V] s () < C|¥|

H2 (wb)> (628)
where C' is a constant depending on w'.

Proof. Let ¥ be a solution of (6.27) belonging to H?.(w?’) and w’ CC w?. Note that (VLU -V,,)A, ¥ =
V- (VL)AL T) and VE¥ € H(w'). Therefore, by Sobolev embedding

ViW e LP(W) for any p € [1,400).
As A,V € L?(w'), we have that (A, V)VEW € L9(w') for any ¢ € [1,2) and, on that account
Vo (VEU)A,T) € WH4(W') for any ¢ € [1,2).

Taking into account dxV¥ € Hl(w') C W~14(w') and using (6.27) provide A, (A, ¥) € W~14(w') for
any g € [1,2). Therefore, by means of classical elliptic regularity arguments, we obtain A, ¥ € W14(w')
for any ¢ € [1,2). This implies in turn that ¥ € W34(w’) for any ¢ € [1,2) and

190w sty < CI0 oy < CIW s o),
where w’ C w” C w? and C is a constant depending only w’. Consequently, V+¥ € W24(w’) for any
q € [1,2) leading to V¥ € WHP(w') for any p € [1,+o0). Similarly, A, ¥ € W4(w') for any q € [1,2)
which gives that A, V¥ € Wh4(w') for any g € [1,2) and ¥ € W*4(w') for any q € [1,2). Repeating
the procedure results in ¥ € W#4(w’) for any s € N*. Therefore, ¥ € H*(w') for any s € R by Sobolev
embedding. In particular, there exists C' depending only on w’ such that

W5 ) < Cl¥Nmz, (wn)-

uloc

O

Regularity up to the boundary Since we are only interested in the regularity near the artificial boundary,
we can consider without loss of generality that the behavior at the interface at X = 0 and the rough
boundary does not influence our analysis. We tackle our regularity analysis for X > M’ where M’ €
(0, M). To prove Hﬁloc— regularity up to the boundary, we need to compute a priori estimates for dy ¥
in Hﬁloc. First, we are going to localize the equation near a fixed k € Z. Let ¢y, € C§°(R) be equal to 1
in a neighborhood of k € Z, and such that the size of Supp¢y is bounded uniformly in k. Moreover, we
set p = P3.

The idea is to apply a finite difference operator with a step h > 0 in the direction parallel to the
boundary, that is to say parallel to the Y-axis, and then, pass to the limit when h goes to zero. This
shows that dy (¢, V¥,) € H?(wh). Then, using the equations, it implies that dx (¢, V) € H?(w?) and
thus ¥, € H?(wh). From the arbitrariness of & € Z and ¢y, and from the interior regularity provided
for the case when m = 1, this in turn implies that ¥, € H3__(wb). Going forward, to alleviate the
notation, we omit the k-dependence of ¢ and we denote V¥ instead of ¥,. We define the finite difference

operator 0y as follows:
TRU — U

h )
Then, for w’ CC w?, there exists a constant C' > 0 such that |h| < dist(dw,w’), and f € W*P(w),

CHf”W’“»P(w)?
0.

dpu = Thu(X,Y) =u(X,Y + h).

IN

16 w1 (wr)
Tim 164 (f) = Oy fllwr—1.0
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Considering ¥, = 6, (pr¥) in (6.7) yields

Oxthn — Ay = f, inw’ N Supppr,
(1+0¢2)Aw¢h = pga
U
—[(1+a®)dx — 200y ] Awpn + | = b,
Yp =0xt¢p = 0, on (M’ M) x dSuppyy.

Taking into account that ¢y is independent of X, we have that

fn = =0n [467 By — a0x) W + B[ A,V + 46} (9y — adx) AW + o0
~Va - (300, 6) A0 + 3¢V, 0 + (0,6 )0) | = b1 (V¥ - Vi) Au (01 0)]
Py = Onorpa] — (14 a®)dn 2], (Oy — adx) ¥ + ¢} ¥],
p5 = dnlowps] +6n [((1+a®)0x — 20dy) (20y i (Oy — adx) ¥ + 03 i ¥)
—ViU - (—aVy, (Poyer) + (1 +a®)dx — ady) (0, 0y )or) — (ay (w) s%”
+6, [(Vis ¥ - Vi) (14 0?)0x — ady)(or®))] — 6n[2aA, Ty @]

Let us now state some technical lemmas which are necessary to the proof.

Lemma 6.1. Let oM = {(M,Y): Y € R}. Define o, = oM NSuppy where ¢ € CS°(R) and it is equal to
1 in a neighborhood of o} . Consider the functions ¥ € H?_ (wP), p2 € H&l/fc(O'M) and p3 € H;1¥2(UM)~
Then, for any h € R, we have the estimates

1ol 1-572(y <O+ Iipllwrnce ) Uosll =172 ey + W02l 172 ey

g, (0 Wl + 192, ),
105 1117200,y <C (o2l 22 oy + 11z, ) Il
bty SCUN Lz, (1419 mz,+ lnlmz, + 122z, DO+ Iellws <o),

where C' is a constant depending only on the domain W&, .

Lemma 6.2. Consider the linear problem

Oxz — Ai}z =f1 nwg,

(1+a?®)Ayz = fo, (6.29)
—[(1+a?)0x — 220y ] Apz + % = fs,

z2=0xz=0, ondwy \ o,

where wy, = wWPNSUPpyY, o = OwpNOWE and v stands for the unit outer normal vector at the boundary. If
fi € H2(wy), fo € HY%(0y,), f3 € H-3/?(0y). Then, problem (6.29) has a unique solution z € H?(wy)
and satisfies the estimate

20 2wy < C (Ifillz-2(wn) + 1 f2ll =172y + 13l H-3/2(0y)) - (6.30)

The regularity up to the boundary and the fact that ¢¥ € H3(w?) is a consequence of Lemmas 6.1 and
6.2 for z = t,. Combining these two Lemmas with the smallness assumption on [|¥[|gz2 (), we have

that ¢y, € H?(w?) and, for any h € R*

lonliracety < € (13, ) + 102l 272 oy + o3l go72 0 )

for some constant C' depending on the bound on [[¥| 2 (. ) but independent of h. This implies that
Yy € H?(wh) and therefore, 0y (V) € H?(w?). From the arbitrariness of ¢ and as ¥ € H?(w?), this

w
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means that Oy ¥ € H2_ (w b). Hence, that Oy Ox ¥ € H, 1/o2c<‘7k) In particular Ox ¥ € Hjl/ozc(ak). The
first boundary condition of (6.7) yields

OV =(1+a) " (-0§¥ 4220y 0xV + (1+ ) 'ps),

which implies that 0% ¥ € H, 1/2 (o). This result combined with the second boundary condition in (6.7)

uloc\T

glves OxV,¥ € Huloé (ok) and, consequently, A, (Ox¥) € Huli£2(o-k) Using now the main equation

n (6.7), we deduce that A2 € Huloc(ww) and 92 A, U € H:! (wh). Hence, 02 AW € H*?(04) and
Ag[axxp] € H,2 (o). Let x € C2(w?,), setting

uloc

fi = A%, (xdx ¥) — (x0x V),

f2=(1+a*)Au(x0x V),

oxV

f = [+ a?)0x — 200v]Au (xOx ) + X5 —,
yields that xdx ¥ is solution to a linear problem of the from (6.29) where f; € H=2(o}), f2 € H’1/2(crk)
fs € H=%(0}). From Lemma 6.2, xOx ¥ € H2( b ) and paired with the arbitrariness of x Ox ¥ € H?(w?).
Finally, combining this with By\I/ € H?(wl) gives ¥ € H3(wb). It remains to prove the results in Lem-
mas 6.1 and 6.2. Lemma 6.2 is a standard elliptic regularity result. The main difficulty resides in the
proof of the estimates in Lemma 6.1 when handling the nonlinear terms.

Proof of Lemma 6.2. Before computing the elliptic regularity estimates, let us first briefly comment on
the existence of an appropriate weak solution z of the boundary-value problem (6.29). Note that the
weak formulation associated with (6.29) is

Ox20 — szAwG’:/ f19*/ F38 x s

—/ f28X9|X:M+/ N V9€H2(wk),
Ok Uk%z|X=M0|X=M

Wi

(6.31)

which can be written as follows:

A(z,0) +alz,0) = (f1,0) /fge\XM /f2aX9\XM / ~2 sl ar (6.32)

where A(z,0) = fwk Ox 20 — fwk AyzA,0 and a(z,0) contains the integral boundary terms. Here, (-,-)
refers to the usual product in L?. The differential operator A is a bilinear and continuous form in
H?(wy) x H?(wg), as well as, HZ(wy)-elliptic. The existence and uniqueness of a solution z € H?(wy) is
guaranteed by applying [21, Theorem 3.1, Section 1.3.2]. Taking 6 = z in (6.31) yields the expression

/|sz|2 / 1Z+/ 32+/ J20xz, (6.33)

which leads naturally to the estimate by using Cauchy-Schwarz inequality, the definition of the norm in
dual spaces and the trace theorem

/ 1Az < C(Ifl-2(0) + 12l m-12000) + 1 fsllm-372(0)) 2] E2 (000
Wi
Finally, we obtain the desired result

Izl 2 < C (1f 2000 + 1 2ll-1200) + 1 fsll-3/20)) -

O

Proof of Lemma 6.1. This proof is divided in three parts corresponding to each one of the estimates of
P, ph and f".
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Estimate of p%. We have
Py = Snlorps] + 6n [((1+ a®)0x — 2a0y) (20y ¢r (Oy — adx) ¥ + 95 @i V)
—Vj;\I/ . (—an (Voy i) + ((1 +a?)0x — aay) \II(O,ay)gak) — (8y (M) gok)}
+6n [(VaT - Vo) (1 + a®)0x — ady)(prV))] — Sn[2aA, Ty pi).
The first term on the r.h.s satisfies

[0n]erp3]ll-3/2(01) < CHP3HH—1/2 (6.34)

(oar)’

Let us give a closer look at the second term. Enclosed in brackets are terms involving at most one order
derivative of ¥ multiplied by a derivative of ¢y, which has compact support on ox. Let us now recall

that ¥ belongs to H/? and dx V¥ belongs to HY/? at X = M.

uloc uloc

Moreover, using the conditions at o/, we get

103 W y-272 ey < CIP ]2

uloc

(w?) + ||p2||H§1ig/-2("ﬁfl))' (6.35)
Hence,
[ [((1 + 0*)dx — 208y ) (20y i (By — adx) ¥ + 050x )] | 52,

(6.36)
< C (Iallzsriop + 1z oy + 105 ¥z o) I lwas

Now, observe that for f € H'/? (ok,R?), g € H, L2 (0k,R?), 0 € C=(0k,R;) and as a result of the

uloc uloc

Sobolev embedding H'/2(R) C LP(R), for any p € [1,400), we have
1790051720y < 1£800L2o ey < 171 e 1912 e 10 (6.37)
Consequently, using Trace theorem
165 [~V - (—aVy (Fdyer) + (1 +a®)dx — ady ) ¥(0,0v)en)] | a2
< C (1132 (o) + 1905 W2 o)) Norllwae ot (6.38)
< CH‘IIHH&OC(%)||<Pk||w2v°c(wfu)~
Finally, note that

(03 W)y, = 05 (Vi) — 2(0y Yoy i) — (VO ¢1),
(0% V)i = 0% (Fer),
(05 x V)or = 05 x (Weor) — (Ox Uy 1)

i [- (o (5577) )]
o [ (o (5527 )] - =527

The second term is a quadratic in W, linear in ¢ and involves at most one derivative of ¥ and one
derivative of @y. Therefore,

8w [ (@ 1)

Therefore,

(6.39)

Vi ‘I’I

S5 lr-a/2(00) < CHOv o) T 11726

) (6.40)
< Cllorllwe o) (10X Pl 12 0y + 190 2 0 )

The first term of (6.39) can be treated as follows

5h(|V$\I’|2<pk) =0y ([(1 + OZQ)(aX\I/)2 —200xV0y U + (ay‘IJ)Q] (pk)
=2(1 4 o) (Ox ) (Ox V) — 200x 0y U — 200x WOy by, + 2(0y W) (Oy1hy)  (6.41)
+ F1 (Y, 0k, or) + Fo(¥, 00 ¥, 1),
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where F; (U, 8,1 ) is a sum of terms quadratic in U, linear in dx¢x and involving at most one derivative
of ¥ and . Fa(W, 0,7, @r), on the other hand, is a sum of terms linear in ¥, linear in §, ¥ and linear
in ¢y, involving at most one derivative in W, no derivative in §, ¥ and one derivative in ¢j. As a result
of (6.37), we have

2
1 F1 (Y, 0n0m) | r-1/2(0) < C (19l /2 pary + 10x ¥l g1rz oary ) lnlles, (6.42)
wloc (@) wloc (@)
and

IE(W, 1%, 00 lir-17200,) < CUl g oy 105 72 i MIORT o7z ey okl =

9 (6.43)
< COl 572 oy + 105 Pl 272 P el
The reminder of (6.41) is now easy to handle using (6.37)
H2(1 + a2)(8xwh)(6x\lf) — 2a0x R0y ¥ — 200x Yoy oy, + 2(8y\1’)(8y¢h)”H711/2(0k)
- (6.44)

< C (105l 172 oy + 1% 72 ) (1001272 0 + Il g2 ) -

Using (6.40), (6.41), (6.42), (6.43), and (6.44) one has

[ () ) o
< Jo o (=5700)

<ol 5

2
iz T CIPRlW (e (H‘aX‘I]”Hi(me + ”\Ij||H§’{i<0k))

2
HH—uz(ak) + Cllerllwr o <”8X\I/HH3,{C?C(%) + ”\P”Hifi(m)

2
=¢ (”SO’CHWI'W(”” (10 %1727, + 1912

(105l 172 0y + 10372 o)) (1050l g2 o+ 100l g2 ) ) -

Combining the above result with the Trace theorem gives

Jon [ (ov (52) ) < O (Inllaon 1

H=3/2(oy)

(wb) T w32

uloc

2 ) lonlle.

uloc

It remains to tackle the two last terms of (6.34), starting with
n (V¥ - Vi) ((1+a*)0x — ady) (pr¥)] .

Since too many derivatives are involved in the above expression, this term cannot be controlled roughly
by controlling 6, [V V] by |V(VEW)|. To address this issue, we make &, (¢ ¥) = 1), appear, similarly
as we did for (6.39). We claim

6n (V] Vi) (14 02)0x — ady) (orP))
= ([Vp U] V) (1 +a?)0x — ady) (6n(px¥)) + (61[V V] - Vo) (1 + a?)0x — ady) (¢rT) (6.45)
= ([V U] V) (14 a)0x — ady) (¥n) + (6n[Ve U] - Vi) (1 +a?)0x — ady) (orD).
For the first term
(T [V ¥] - Vi) (14 a®)0x — ady) (¥n)l g-5/2(0)
< Ol|(m[Vy¥] - Vi) (1 + a®)dx — ady) (¥n)]L1(04)
< (Wm0, + 10x8n i r2() (191302 oy + 10 @l a2 1 ) -
This inequality results from the Sobolev embedding L'(oy) € H~3/%(0}). Tt can also be seen coming

back to the definition of H3/%(o;) as done below at (6.47)-(6.49). For the second term of (6.45), we
have
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(5h[V$\I'] . Vw) ((1 + 012)8)( — Oéay) ((pk\I/)
= [(5h[v1{'}\1/] . Vw) ((1 + a2)8X — Olay) \If} ©Yr + (§h[V$\II] . Vw) ([((1 -+ 042)8)( — Oéay) cpk} \I/)

+ [6r[Vs V] - Vw)er] [((1+a®)0x — ady) ¥].
(6.46)

Note that the second and third terms above are easier to deal with as they have fewer derivatives of
U. Indeed, it consists of the product of two terms: the first one involves §,[V¥] while the second
one contains at most a first order derivative of ¥ and is multiplied by a term with compact support.
Accordingly, the latter belongs to H'/?(o}). Using that for f € H'/?(0}) and g € Hg/z(ok), we have
g € W2 and fg € H'/?(0},). Thus,

1 9llmrzon) < Clf e @olglasz (o (6.47)
For f; € ul/oc( My fo € Hll/ozc( My o € C(oy), and g € HO/ (ok), using (6.37) gives
R(5hf1)f2<Pkg = ‘/R(%fw;c)fztpkg
<0 (fr2i) | -172 ) 1 f20R 91 172 () (6.48)

< bkl ell 12 o losl1= @ gl 157200
< Cllfullgaga oy 1ol a2 oy Il o 5720
where @ belongs to C5°(R) and satifies Supp(py) C Supp(@x). This implies that

10nf1) f20rllm-3r200) < CllFll g2 () 12l 12 o IRl (m)- (6.49)

(ok)
Hence,
1O [V2 W] - Vo) ([((1 + 0*)0x — ady) oi] ©)

+ [0V ] - Va)er] [((1+a®)dx — ady) O] [ g-s/2(s,) (6.50)
< CUN g2 ey + 19Xl 275 ) e

Now, the first term in the r.h.s of (6.46) satisfies

[(61[V¥] - Vo) ((1+0®)0x — Otay) U]
= [or([Vip0n¥] - Vi) (1 + a?)dx — ady) U]
= [([Vadn(px®)] - Vi) (1 4 a®)0x — ady) ¥] = [([(Vier)dn (V)] - Va) ((1 4+ a®)0x — ady) V]

— [(IVu[0n(r)m )] - Vi) (1 + @®)0x — ady) ¥],
(6.51)

where 7y, is the translation of amplitude h on the Y axis. Once again, the second and third terms above
are easier to deal with as they include fewer derivatives and can be bounded similarly to (6.50). Now,
we are left with analyzing the first term. We have

[([Vitsh((pk\l/)] : Vw) ((1 + 052)(9)( - Ozay) \I/} = [([Vi’(ﬂh : Vw) ((1 + 042)8)( - Oéay) \I/] .
Similarly to the case of (6.50), using that vy, € H3/?(oy) and dxy, € H'/?(0y,) yields
H(IVi0n(0x®)] - Vo) (1 +0?)0x — ady) O] [|i-s/2(s,)

= [([Vuton - V) (1 +0*)dx = ady) ¥] | g-3/2(s,) (6.52)
< Cl¥nll a2 (o) + 10xUnll 200 11 v ary + 10x Wl a2 ar) + ||P;2L||Hufl¥2(g%))~

Finally, taking f € H /> (0%), 1 € C(0y), and g € H?/?(0},) we have

uloc

J R P v e

<l g172 o 19 7872y 2 -
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Then, we infer
17200y < 1172y M2 o
From (6.35) follows that
180 ¥y @i lr-5200) < CIAWE 172, kw2

6.53)
<C (1952 |

uloc

i) T 102ll =120 ) Ikl 00

Therefore, from (6.34), (6.38), (6.42), (6.51), (6.50), (6.52), (6.53) and applying the Trace theorem

T+ 1enllmz,, + 19062,

uloc

1o lr-572m) < CCL+ lkllws) (o2l 2720, + 1112

uloc 1loc

which is the desired estimate.

Estimate of f. Let us recall the expression of fj,

fn = = |46 Oy — adx) U + 661 A +4¢] (By — adx) Ay ¥ + (¥ 650
6.54
_Ox U (3<pkA U+ oD ) ~3pIA, \1/] 5n [(VED - V) Ay (01 0)]

Let us analyze the first (large) term of (6.54). Note that all the terms enclosed in brackets that are not
quadratic in ¥ involve at most a third order derivative of ¥ and are all proportional to a derivative of
¢k (hence compactly supported). This implies that

H(Sh {4%@ (y — adx) ¥ + 65 ALY +4p} (dy — adx) A + ;" ”)H 2(wh,)

<cC H4<p By — adx) U + 607 ApW + 4gl. (By — adx) Ap¥ + <,0(4)\IIHH71( b (6.55)
SONl gz, Merllwas )

The quadratic terms between the brackets in the second term of (6.54) can be treated in an analogous
manner

Hah[ Ox U (3<pkA T+ oD )—3(p A \IJ}H

Z(Wb)

<C Hfaqu (3¢§€Aw\11 n gp,(;’)\Il) ~ 31 Ay, po (6.56)

H=1(wh)
< Ol lekllws )
On the last term on the r.h.s of (6.54), we use the property
o [(Va¥) - Vi) Auw(0r®)] = 0h (Vi - (Au(px¥) VW),

by virtue of V,, - V& (6,¥) = 0. Therefore,

[[0n [((Vfu‘l’) 'Vw>Aw(<Pk‘1’)] HH*?(wg}) < Cl|dn (Aw(ﬁﬂk‘l’)vfu‘l’) HH*l(wﬁj)a
and it suffices to estimate 8, (Ay(pr¥) (V5 ¥)) is the H~(w?) norm. We get

Sn (D (9 ®) (Vs ¥)) = Au(r®)dn (Vi ®) + 54 A (05 )7 (Vi 1)

= A (i ®)0n (Vo O) + Ay (W) (Vo T) . (6.57)

The second term satisfies

18w @n)n (Vi ®) -1ty < Cllvnll 2w 18]l a2, () (6.58)

The above estimate is obtained from applying the following result: let f € H} (wb), g € L*(wh) with
compact support, and | € H*(w?),

' / fgz] < llgllz»
R

< C”Q”L%w&)

@) < Cllglleze) 11z oy llllzas,), (6.59)

uloc

|f||H1 (w?) ||l||H1(wb)7

uloc w
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hence,
1fgllzr-1(wr) < Cllglpz@we) e, wby- (6.60)

uloc

The first term in (6.57) satisfies
Au(ep0)6n (Vs ¥) = 0p Ay (0)0, (Vo) + F(0,T, T, o), (6.61)

where F (6,0, U, ) is a linear combination of functions depending linearly of ¥, 95 ¥ and ¢y, compactly

supported and involving at most a first order derivative of d; ¥, a first order derivative of ¥ and a second

order derivative in (. Therefore, proceeding similarly as in (6.48) but in H*(w?) norm, we have
1F(0n Y, ¥, o)l -1t < Clon¥ a9 2

uloc

uloc H(pk;”WZ,oo
) (6.62)
SOz, llerllwae.

The first term of (6.61) can be estimated noting that 65(fg) = (6nf)g + Ong7nf where 75, denotes the
translation operator of size h along the Y-axis. This gives

PEDw(0)0n (Vi ¥) = Ay (W)dn (Vi (Weor))
— Ay (T)op (\I!Vitpk) — Ay (P) (5h§0k7'h(viqj))
= Ay (V) (viwh) — Ay (V)6 (\Pvi}%@k) — Ay (7) (5h90k7h(v$\1/)) .

The last two terms are now easier to bound. Using again (6.59)-(6.60) for a function f € H'(w?) with
compact support and g € L2, _(w?) leads to

uloc

ok A (D)0 (Vi) =1 oy < ClAWT N L2, () IVitnllir sy + lenllwe.oo ) 1212 ) 6.63)
6.63
LTSN (AR P N LT )
Therefore, from equations (6.55), (6.56), (6.58), (6.62), and (6.63), we have
Ifallr-2@r) < CUNN a2, A+ 1z + [Ynllgz, ) A+ llerlnssews,))-
Estimate of p&. We have
pg =plprpa) + (1 + 042)5]1 [28ygak (Oy —adx) VU + 8}2/SOk\I’]
=0n[prpa] + (14 0?) [20y o1, (Oy — adx) ¥n, + 05 @rtn]
+ (1 + a2) [28y5hg0k (ay — Ozax) U+ 8,2/6h<pk\11] .
Since [[6n fll e (o) < Cllf | 5p+1 (o) for b sufficiently small, where C' is independent of h, we have
19511120001 <C (o2l 12 s okl e + e [l
Hlewllwae |l a-172(0,) + l@rlwze €] 1r20,))
<C (loall 172 sy lorllwne + loallws.os 19l 3720, ) -
Therefore, using the Trace theorem
o8l sr-1/200) < € (Mol g2 sy + 19013, ) Ipillws.e,
which is the desired estimate. O

Higher interior regularity. We intend to iterate the argument used in the case m = 1, thereby deducing
our solution in various higher Sobolev spaces. As before, we start with the interior regularity analysis.

2 (@b be a solution of the PDE
OxT + (VLU -V,)A,T -~ A20 =0 inw

-
Then, ¥ € HH2(wh) and for each w' CC w

uloc

Proposition 6.3. Let m be a nonnegative integer and ¥ € H?2

1|24 wry < (@) ¥ 2

uloc(wibﬂ)

This proposition is a direct consequence of Theorem 6.
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Regularity up to the boundary for m > 1. We now complete the proof of Theorem 6.2 for m > 2 using an
induction argument. Taking m = 1 as the base case, we assume that the theorem holds up to m € N*
and, then, prove that it is true as well for m + 1. Again we localize the solution near a fixed k € Z using
Pr and apply a finite difference operator §;, to show that

10010112t < Ol (all gvsnss + el rmosre) (6.64)

Therefore, ¢,V belongs to H™3(wl) if po € Hﬁ;lm(wz,) and p3 € Hﬁ;clm(wzj) which are exactly
the hypotheses of Theorem 6.2 when adding one degree of regularity to m. From the interior regularity
result given earlier, we have that ¥ € H m+3(wb ). Hence, Theorem 6.2 indeed holds for m + 1, which

uloc w
concludes the induction.

The proof of estimate (6.64) follows the same ideas as the ones presented for the case m = 1. First, we
have the following result

Lemma 6.3. Consider the linear problem

Oxz — Afvz = f1 inwg,

(1+a*)Apz = fa, (6.65)
[(1 + 042)8)( — 20&8}/] Apz — g = f3,
Ok

z=0xz=0, ondwg \ ok,

where wy, = wWPNSUpppy, o = Owy, ﬁ&‘wﬁj and n stands for the unit outer normal vector at the boundary. If
fi € H™" 2(wy), fo € H™V/2(0y), f3 € H™3/2(ay,). This problem has a unique solution z € H™ 2 (wy)
and it satisfies the estimate

2l zrm+2 ) < C (Lfrllzrm=-2(p) + 1ol m-172(04) + 1 f3llm-3/2(04)) - (6.66)
This lemma is a direct consequence of Lemma 6.2. As before, we need the following result

Lemma 6.4. Let o, = o N Supppy where i, € C°(R) and is equal to 1 in a neighborhood of .

Consider the functions ¥ € H"I 2(w), py € H:ILO_CUQ(R) and p3 € H:IL()_C3/2(R), Then, for any h € R we
have the estimates

1655720y < O+ il )08l s gy + 18 gss (L4 B lgss + W),
||p]2-L||Hm*1/2(0k) <C <||p2||H;’llo+cl/2(ng\U/I) + ||\IJHHlllloc> ||<Pk||wl+3,oc7
il sty < CUgoen (U 1+ [l + 192 s (L lonless o)

b

w*

where C' is a constant depending only on the domain w

Assume that Lemma 6.3 and 6.4 holds. Then, for I € N* and [ > 2, (6.64) follows directly by induction
on {2,...,1}. We now show a way to adapt the proof of 6.4 to prove Lemma 6.4.

Proof of Lemma 6./. Let assume that ¥ € H! for [ > 3 (the case [ = 2 was shown in Lemma 6.2).
The estimate of the linear terms are exactly the same as in the proof of 6.1. Therefore we are left with
showing the regularity of the quadratic terms in fj, and p%.

Estimate of p!'. We have
P4 = Snlprps] + 6 [((1+ a?)0x — 2ady ) (20y o1, (Oy — adx) U + 950 T)
—Vu U (—aVy, (Woy i) + (14 a®)0x — ady ) ¥(0,0y )or) — (33/ (WLT\P‘Z) Wk)}
+ (0n[V 9] - Vi) (1 +0*)dx — ady) (1 ).

All the terms can be estimated as before. In fact most of them are easier to compute as H*(oy) is an
algebra for s > 1/2. For f € H'=3/2(0},) with compact support and g € g3

wloe (o%), we have

1 £ 9l i-3/2(0) < Cllf lir-3/2(0) 19 =372 (04
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which replaces (6.37). Let us illustrate the case of dj [ay (@) gok]. As before, this term can be
decomposed as in (6.39) and the difficulty consists of estimating

oo (%)

From the algebra property, it follows that

V4|2
Jon [o (5250 )]| < IV ¥kl r-2r500
Hl77/2(0-k)

< CHVL\D”?I&;&”(UH ||<p]€||H173/2(0k).
< C (105Ul yi-ssa ) + 1€ gi-1sn ) ) 002720,

Note that such a direct estimate does not work for [ = 2, which explains why this term was treated
previously in a lengthier way, also involving the norm of 1y,.

Estimate of p. Concerning the estimate of f;, the same can be done by assuming that [ > 3 and noticing
that H?(wb) € L>°(w?). Therefore, for f € H'=1(wh), g € H'72(wb) and 0 € C°(wt)), we obtain

1£901 -3ty < N FllE=1 o) 19l -2 @by 10l wtoe b -

Noticing then that H?

oc(@h) is an algebra as soon as s > 1, we have

[ [(=0y + a0x)¥Yn0x + OxVn(Oy — a0x))] Aw¥|[ -2 ) < C\|¢h||H2(wg)||‘I’||?{§lcc-

all other terms of fj, can be dealt with exactly as in the proof of Lemma 6.1 and this ends the proof of
Lemma 6.4. O

This concludes the proof of Theorem 6.2. O

6.3 Connecting the solutions at the artificial boundary

In previous sections, we showed the existence and uniqueness of the solution on both the half-space
and the bumped domain. It remains to connect both results at the artificial boundary X = M. This
local analysis is based on the implicit function theorem and will allow us to establish the solution of the
problem on the whole boundary layer domain.

On account of Theorem 6.2, we know the solution W~ of (6.7) is well-defined and satisfies the esti-
mate

H\IJ_‘X:MHH";”/Z + HaX\I]_’X:MHH"ILJrl/Q =C (H¢||W2’°° + HPQHH;T;C”"‘ + Hp3HH":’fc;3/2) )
for some positive constant C' depending on «, M and ||yy|wz. The existence and uniqueness of
the solution W of (6.2) with ¥F| _ ~=0~| _ and OxV*| _ = dx¥~|, _, is guaranteed by

Proposition 6.1 when C (||¢||Wz,oo + [lp2ll ym-1/2 + Hp3||Hm_3/2> smaller than a certain quantity d >
uloc uloc
0.

Furthermore, AQ[\IJ+’X:M7 8X\11+|X=M] and Ag[\I/+|X=M, Ox Ut
respectively. Thus, the mapping

~1/2 —3/2
‘X:M] belong to H:foc /2 and Hf{oc / ,

F W2 (w,) x HMV2R) x HT32(R) - H™ Y2(R) x H™ ¥*(R)

uloc uloc uloc uloc

given by
‘7:(¢7p2ap3) = (AQ[\I/+|X:Ma8X\IJ+|X:M] - p2aA3[\I’+‘X:M78X\II+’X:M] - p3)

is well-defined. Note that, when ¢, p2 and ps are simultaneously equal to zero, F(0,0,0) = 0 as a direct
consequence of Theorem 6.2. The main idea consists in applying the implicit function theorem F to
find a solution of F (¢, p2, p3) = 0 for ¢ in a vicinity of zero. Thus, we need to first check the following
hypotheses:
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e F is continuously Fréchet differentiable;

e (v1,v2) + dF(0,0,0)(0,v1,v2) is a Banach space isomorphism on Hﬂo_cl/Q(R) X H‘ZTO_C3/2(]R), where

d is the differential with respect to py and ps.
F is a C! mapping in a neighborhood of zero: Let (¢°, p9, p3) and (¢, p2, p3) be in a vicinity of zero in
the sense of the functional norm of Hﬂ;‘gm(R) X Hﬂ;cl/z(R) X Hﬂ;wz (R). Let W and ¥ be solutions
of (6.2), (6.7) associated to (¢°, 09, p%) and (¢ + ¢¥, pa + p39, p3 + pY) respectively. We introduce the
functions ¢+ = ¥+ — \Iloi. Then, easy computations show that ¥~ satisfies

Oxy™ = ALY+ Qu(v YT + V) + Qu(¥y,97) = 0, in w,\ow

7)) =e [0%v7]| = 0 k=123
(]. + az)Aw'l)/)7 v = pa2,
—((1+a2)dx — 200y) Ayth™ + dy (VW—V%W + ‘I’o)> (667
+H(Vt™ - V) (1 +0?)0x — ady) (47 + ¥5)
(VUG - V) ((1+a2)dx — ady) 6~ + 1/’2_] .
ZV |X:—’y(Y) = nwi ‘XZ—"/(Y) 0.

Similar arguments to the ones of Theorem 6.2 apply to (6.67). This leads to the estimate

||w_”Hﬁloc(ww)+|‘w_’X:MHH:"IL:ZSM_FHaxlb_|X:MHH\’J’1L$1/2 <C (||¢)”W2>°° + Hp2||H$;1/2 + Hp3HH:ﬂ;3/2) )
for ||¢’O||H21 o+ ||,08||Hm—1/2 + ||PgHHm—3/2 and ||¢||wz.c + || p2l ym-1/2 + 3]l ;ym—5/2 small enough. Hence,
uloc uloc uloc uloc uloc

the solution 1~ belongs to H?

2 (W) and to HMF2((M, M) x R), for M’ > sup (—v,,). Moreover, we
can assume

uloc

U7 =07 + Ol lyace + 192l m1ss + o6y s12),

where 1, is the solution of

Oxty — AL¥y + Qu(¥y, ¥5) + Qu(¥y,¢y) = 0, in wh
will,_ =¢ [Bker]| = 0 k=123
L+a)Auy| =
[~ (1 +a*)0x — 200y) Auihy (6.68)
+H(Vady - V) ((1+a®)dx — ady) ¥y
+(v$\1}0_ : vw) ((1 + 062)(9)( — Oz(?y) d)[ + wz:| = p3,
X=M
Ve e =000 ey = 0

Note that (6.68) is similar to system (6.67) but lacks the quadratic terms. Solution of problem (6.68) can
be sought using once again Ladyzhenskaya and Solonnikov’s truncated energy method, which provides
a dependence on the ¢ and p;, i = 2,3, at the main order. An analogous conclusion can be drawn
from applying Theorem 5 to the problem defined on the half space. In this case, we have ¢+ = w; +
Oz + ||P2||i1m—1/2 + HPS||2Hm—3/2)- Here, 1 satisfies

uloc uloc

Qu( fa‘l/ar)JrQw(‘I’ar,%//?)JradeZ*Aiﬂﬁ = 0, mX>M
8sz_’X:M = aXW_’X:M-

From Theorem 5, we infer that

||¢;||H§;f <C <||¢Z|X:MHH:;;C3/2 + Haxwz_|X:MHH$jCI/2> <C (W”W?*“ + ”F’QHH:;O—CW + Hp3HH$§c3/2) .
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More details on the resolution of problems similar to (6.68) and (6.69) can be found in Section 7.
Furthermore,

f1(¢+ ¢Oap2 + Pg,P3 + pg) - f1(¢07pgapg) = —p2 + (1 + O‘2)Aww;
+ 0 (11618 + llp2ll2nsr2 + llpslm—sre )

er
Fold+ 8% p2 + p9. ps + p8) — Fa(0°, 09, p3) = —ps + ((1 4+ 0®)0x — 2ady ) Autp, — 7@ (6.70)

+(Vithf - Vu)dx (1+0?)0x — ady) U
+ (Vo Ud - Vi) (14 a®)ox — ady) v

+ 0 (116 + llp2ll2ms72 + ol Zosz )
We see that the Fréchet differential of F at (¢°, p3, p3) is defined by L = (L1, L2) where

Ly =—p2+ (1 4+ a®)Auty/,

+
L2 = —pP3 — ((1 + a2)8x — 2(18)/) Awwz_ + 1/172 + (Viwzr . Vw)ax ((1 + 042)8)( — Otay) \IIS_

+ (Va3 V) (L +a?)0x — ady) ¥/

It is important to emphasize that (6.69) is a linear problem with respect to the perturbation function
1/)2'. Therefore, it is possible to obtain the exact form of its solution by applying the same reasoning as
the one in Section 5.1. The use of Fourier analysis to (6.69) provides a solution w; showing continuous
dependence on \Ilar, as well as, on the boundary condition. Note that ¢;‘X:M and wazr’X:M depend
in turn on ¥, . Hence, ¢* depend continuously on ¥F, and conversely on ¢°, p3, pJ. Therefore, F is a

C! function in a neighborhood of zero.

dF(0,0,0) is invertible: Since dF(0,0,0) = L°(-,-), we consider the systems satisfied by ;" with WF =0
and ¢ = 0.

Oxvy — A2y, = 0, in X<M
14+ o)A, =
( +Oé) wwg XM P2,
_ ((1 + a2)8X — 20[3}/) 8}(Aw1/1€_ + % = p3, ’
B - X=M
Yy ‘X:—’y(Y) = Onty |X=—’y(Y) = 0
and
oxyf — A2y, = 0, mX>M
’(/}%:: X=M = w[‘&:Ma
Ixvy |X=M = Oxy, |X=M'

If L%(p2, p3) = (0,0), then 1, := Ix<mt, + ]lx>M1p; is a solution of the linear system in the whole
western boundary layer domain

Oxthe—A2¢, = 0, in wy
= 0.

6.71
W|x:—wm - 3"W|X:—v<y> (6.7)

The existence and uniqueness of the solution ¢, = 0 of the linear elliptic problem (6.71) is guaranteed by
Theorem 4, and therefore po = 0 and p3 = 0. Consequently, ker dF(0,0,0) = {(0,0)}, and ker dF (0,0, 0)
is one-to-one. Solving the equation

L(p2, p3) = (P2, p3),
for a given (py, p3) € H™V/2(R) x H™3/2(R) is equivalent to finding the solution of the problem

Oxvy —A2¢,; =0, in X<M

= _(ﬁ27ﬁ3)+PSW(¢;|X:M78X’(/}Z|X:M)7

X=M

((1 +a?) Ay, — (1+ o?)0x — 200y ) Aty + %}_)

wé_}X:—w(Y) = anq/’[’xz—w(y) =0,
(6.72)
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where PS,, denotes the Poincaré-Steklov operator

PSy(Yo,v1) : HM 3 R)x € H™HV2(R) — H™ Y2(R)x € H™ */*(R).

uloc uloc uloc uloc

The existence of a unique solution ¢, € H2 () of problem (6.72) follows from the ideas of the proof

uloc
of Proposition 5.5 in Section 5.

The only point remaining concerns proving that ¢, is a HS};Z function in [M', M] xR for all sup(—~,,) <

M' < M. Therefore, we notice that in the domain (M’, M) x R, the derivatives up to order k of v,
satisfy a linear system similar to the one above. It follows that 94+, € H2 .([M',M] x R for all

[ < k. In particular, ) |, € HYZ([M', M] x R) and 9x 04 | _,, € HY2([M’, M] x R), hence,

P, € Hm+3/2(R) and 0,9, € Hm+1/2(R). Consequently,

uloc uloc
(p2,p3) = ((1 + a®)Apty, — (14 a?)dx — 200y ) Ayty + wT;) .

We can finally assert that dF(0,0,0) is an isomorphism of H™~/2(R) x H™~3/2(R). Using the implicit
function theorem, we deduce that for all ¢ € W2 in a neighborhood of zero, there exists (pz, p3) €
HTV2(R) x HI3?(R) such that F(¢, pa, ps) = 0. Let Wy, := Tx<p Wy + Ly Uy, where Uy, U

are the solutions of (6.7) and (6.2) associated to (¢, p2, p3). By definition, the jump of ¥,, across the
transparent boundary {X = M} is zero, and since F (¢, p2, p3) = (0,0),

A; [ ox ¥, = A (U Ox

Since X UF| _, =0k¥ k =0,1 we deduce that

i=2,3.

qll_U’X:M’ ’X:IL[] = pi X:M] )

wlxear

((1 +a?) AU, — (14 a?)0x — 200y ) Ay ¥~ + \Ij> ’
2/ Ix=m

g+
((1+a2)Aw\IJ+,— (1+a?)0x —2ady) A, U + )‘ :
2 /) Ix=m

Accordingly, these operators are continuous across {X = M} x R, and therefore ¥,, is a solution of the
western boundary layer system in the whole domain w,,. This concludes the proof of Theorem 1.

7 Linearized problem

This section focuses on the well-posedness analysis of the linearized problems driving the higher-order
western profiles of the approximate solution and the correctors needed to deal with the influence of the
east boundary layer on the western side of 2°.

We are interested in the system
Ox W + Qu (P, U9) + Qu(V, V,,) — A2V, = F, in w) Uw,
(05 V]| vy =95 k=0,...,3
ov,,

‘I’w’X:—yu,(y) =0, Oy ’X:—’Yw(Y)

(7.1)
=0,

where gy € L®(R). Assume U9 € H2 (wi Uwy) and F € Hy> (w,) are exponentially decaying

uloc
functions. The existence and uniqueness of a solution of (7.1) depend additionally on a smallness

hypothesis made on the first profile of the western boundary layer w9 .
The main result concerning problem (7.1) is summarized in the following theorem:

Theorem 7. Let w,, defined as in (2.6) and v, be a bounded Lipschitz function. Suppose g € L°(R),
k=0,...,3, and 6 > 0 and Vo € H2_ (w} Uwy) a function satisfying

uloc

||‘36X‘I’Ow||H2

uloc

(wiwz) < o-
Additionally, suppose that e°F & Hm72(ww). Then, for &g small enough, (7.1) has a unique solution ¥

uloc
in H  (wl Uwy). Moreover, the following estimate holds

[

uloc

3
iz < C (Z il e + ||e5XF||H:;0-g(ww)> 7 (7.2)
=0
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for a universal constant C. Here, 6 is the one in Theorem 5.

Note that the smallness condition on ¥ is ensured by choosing ¢ small enough in (6.1). Theorem 7
results from following the same ideas of the nonlinear case. As a result, we are going to discuss the
relevant steps of the construction listed in Section 4.2 but only emphasize the differences concerning the
previous section. The details are left to the reader.

7.1 The problem on the half space
We study the following problem on the half-space

Ox Wy + Qu (W, Wy) + Qu (W5, ¥y) — AL W, = F, in R}

(7.3)
Wl o=t0, OnWu|y_o =11,

where 9y € H:I;g’ﬂ (R) and ¢, € H:f;clﬂ(R). The result in this section equivalent to Proposition 6.1 is
as follows:

Proposition 7.1. Let m € N, m > 1 and H™ the functional space defined in (6.3). There is small

constant dg > 0 such that for all ¢; € Hg()_cj+3/2(R), j=0,1and 90 € H:ILCIQ such that for § > 0,
|‘66X\II?U||HW;,+2 < g and

HwOHH\T‘T:CW?(R) + ||1/}1HH:11‘;1/2(R) + ||€6XF||H:$)—C2 < do. (7~4)
Then, the problem
Ox Wy + Qu(W2,U,) + Qu(¥,¥0) —A2W,, = F, m Ri
(7.5)
\Il’w|X:0:/(/)07 8)(\:[l’w|)(:0:/(/)1'

has a unique solution in H™ 2.
The strategy of proof is the same as to the one of Proposition 6.1. Indeed, the mapping Ty, ) : Hﬂ;z —

H™*2 such that Tipo,0) (V) = U is the solution of (5.3) when F = F — Qu (%9, W,,) — Qu (¥, ¥2)

uloc
satisfies the estimate for 6 = 26

5
1Tt (Ba)lemsa < Ca (1ol s gy + 11 oy + 16 F s

HI Ty

Syt ||xi/||Hm+2) :

for C1 > 0. When considering the functions W?, i = 1,2, such that T(y, 4,)(¥%,) = Vi, are solutions
of (7.1) for F' = F — Qu (W%, 00) — Q, (V% Wi ) we can show that Tipo ) (B) = Tiyg ) (P2) is a

strict contraction in a ball of radius Ry > 0. Indeed, it is always possible to choose Ry €]d(n), ﬁ[

when 0 < &g < d§(n) = 2071777%01, n > 1. The existence result is a consequence of applying the fixed

point theorem in H™*2. Since the ideas of proof are the same of Proposition 6.1, they are not repeated
here.

7.2 The linearized problem on the rough domain

This section is devoted to the well-posedness of the problem in the rough channel w® = w,, \{X < M}

OxVy +Qu(Ty, ¥0) + Qu(¥0 W) —A2W, =F, in w,, in w’\oy,
(05 0,] =g k=0,....3,
Ao[V o |gr, Ox Vo, [om] = pa,
A3 |oar, Ox Uiyl gar] = ps,
oV,
Oy | X=—r0 (V)

Vol x=—r,(v) =0,

)
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m—1/2

where g, € W H2=k°(R) and p, and p3 belong to Ho */*(R) and H. */“(R), respectively. The source

term F is a function of H%> ?(w%). The transparent operators are defined by

m—3/2

.AQ[\I/, 8)(\1/] = (1 + OzZ)Aw‘I’,
A3[W,0x 0] = —((1 + a?)dx — 20y ) A, ¥ (7.7)

+(VET - V) (14 a?)dx — ady)P8 + (VET0 - V,)((1 4 a?)dx — ady)V + %

We claim the following result:
Proposition 7.2. Let m > 1 be arbitrary and g, € WmH2=F(R), k = 0,...,3. There exists § > 0
such that for § >0, F € H - 2(wh), ps € Hmfl/z(R) and ps € Hm73/2(R) satisfy

uloc uloc uloc
HFHHG’I';CZ(R) + ”\IJ&HH;’I"‘IQ(R) + ”pQHH‘:']ZO—Clﬂ(R) + ||'03||H$(;3/2(R) < dp.- (7'8)

Then, system (7.6) has a unique solution V., € H2 ().
Moreover, V,, € HWF2(M', M) x R), for all M’ €] sup(—vy), M| and
3
||\ij||H$?$2((M”M)XR) < Cwr (Z 1gkllwm+z-r.c + ”pQHH;’;O—Cl/?(R) + ||F||H;7;2((M/,M)xR + ||P3||H$;3/2(R)>
k=0
(7.9)
Proof. Note that Proposition 7.2 is the equivalent for the linearized case of Proposition 6.2. Consequently,
to look up the solution of problem (7.6), similar arguments to the nonlinear case apply, see Section 6.2.

First, we discuss the existence and uniqueness of the solution in Hﬁloc(wb) and later, its regularity near
the artificial boundary.

We work with the truncated energies

B} = / IXkALT P, (7.10)
where the truncation function xj € C§°(R) is such that xx =1 € [—k, k], Suppxx C [~k — 1,k + 1], and
the derivatives X;(j ), j =1,...,4 are bounded uniformly in k. Moreover, ¥ = ¥ — WL is the solution of
the system

Qu(T,U0) + Qu(V2,0) +0x¥ — A2Z¥ = Ff inu,
Az [P par, Ox | par] = pa, Ao par, Ox ¥ pne] = p3,

- ov -

\II‘X:*’Y(Y) =0, Oy \II‘X:—'y(Y) =0. (7.11)

Function WX depends on the g; and is defined as in (4.7) and for F&' = F — Q. (¥, ¥0) — Q, (¥, L),
we have the estimate

3
1S [ 772y < € <||F|H:1’w2(wb) +y ”gk'W2’°°(]R)||\Ilg;”H:;’jcz(R)> : (7.12)
k=0

We compute the following inequality for the sequence (E}!)i<nner
B < Oy (B = B + (Ilo2lmovse + pslmosz ) Gk + 1)) (7.13)

This a priori estimate allows one to obtain a uniform bound on E¥ which is used in turn to deduce a H2_

bound on ¥ using backward induction on n — k and later a compactness argument. This corresponds to
step (NL2) in Section 4.2. For more details we refer the reader to Section 6.2.

From now on, we drop the n’s to lighten the notation and only address the particularities of the features
unique to the linearized case.

First, we write the weak formulation of (7.11).

58



Definition 7.1. Let V and D3 be spaces of functions in Definition 6.1 and b(¥, ¥, p) = — [o(VEU -
V) ViU -Vie for (0,0, p) € D xDEx V. The solution ¥ € H?, (wP) of (7.11) satisfies for all o € V

w

Ox Ve +b(W, B0, ) + (L, 0, p0) — [ A,TAp

b b
wg, wy,

T
_ L
*/w Fy ‘P*/R <p32’X_M> lxon- dY*/RPQaXW}X:M— dy.

e FEnergy estimates. The proof of (7.13) is as follows. Plugging ¢ = qul into the trilinear terms in
(7.14), and proceeding similarly as before it is possible to show that

b
w

b(W, W, Xk W) + b(VY,, ‘ith‘i/)’ < Ol llnz, Exer + CilWolluz, (Erir — Ex), (7.14)
where C' and Cj depend on the domain. To obtain estimate 7.14, we first write the terms as
in (6.14) and (6.15). Then, combining the Sobolev inequality (6.16) with the definition of norm
in Kato spaces leads to the desired result. The terms associated to the biharmonic operator are
bounded by C(Ej4+1 — Ek) as seen in (4.19). We are left with

/ XkFOL\i/

b
w

3 1/2
<C (HF”H:lL;?(wb) + 2 k=0 ||gk||W2~°°(JR)||\I’?1;||Hm*2(]R)) Ek-/&-l' (7.15)

uloc

At the artificial boundary, we get

- /RXk (pS@‘X:M* +p28X\iJ|X:M*)

<C (||P2||L2 ) By +C (||P2HL2

uloc uloc

(7.16)

+ lpsllzz, ) (k+1),

uloc

+ llp3ll 2

uloc

where C' depends only on M, « and on ||7y||y2.. The computation of this bound relies on the
trace theorem and Young’s inequality.

From (7.14), (7.15), (7.16) and the bound on the linear term, we obtain

3 2
B, < Ci(Br — Ex) +C <||F||H§;N2(wb) + Z ||gk||W2’°°(R)|\I/%H""’ILOCZ(R)> By
k=0

+C4 (o2l ysro + sl o3 ) Buss + Ci (llpell sve + lpsl s ) G +1).
Choosing 6y small enough, the previous expressions becomes for C; > 0
Ey < C1 (Brg1 — Ex 4 Ca(p2, p3)(k+ 1)), (7.17)

where Cy(pa, p3) refers to the term ||p2|l ;ym—1/2 + [|p3]| ym—a/2.
uloc uloc

e Induction. Performing backwards induction on (7.17) is easier than the nonlinear case. Indeed,
considering that there exists a constant C3 independent of n and k, such that

Eyx > C3Cs(p2, p3)(k + 1),
implies that Ej11 — B < C3C3(p2, p3). Furthermore, substitution on (7.17) gives
C3Cs(p2,p3)(k+1) < E < C1C2(p2, p3)Cs + C1C2(p2, p3)(k +1).s (7.18)

Taking C3 > 2C and plugging it in (7.18) provides a contradiction for k > kg, where kg = |C3].
Therefore, (7.17) is true at the rank k > ko and also for k¥ < ko, since Ej is an increasing
functional with respect to the value of k. The derivation of the energy estimates is invariant by
horizontal translation, and all constants depend only on norms of p;, ¢« = 2,3 and ~,,. Following
the same reasoning in Step (L5) of Section 4.1, it is possible to show that U is uniformly bounded
in H&loc (WSJ)
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e Uniqueness. Let V;, i = 1,2, are solutions of (7.6). To establish uniqueness, we need to show that
the solution ¥ = ¥; — ¥, of the system

Qu(T,09) + Qu(V9,¥) + 0x ¥ — A2

Lol
o o
=

€

\II|X:—7(Y) - 8"\II|X:—7(Y) (7.19)

is identically zero under a smallness assumption on W0 .

Repeating the same reasoning of “existence part” provides the induction relation on the truncated
energies [ xix|Ay ¥
Eyp < Cso (Epg1 + (Erg1 — Ei)) -

Here, the constant depends not only on the domain, but also on [[W9||gm . The term Eji; — Ej
is uniformly bounded in k, hence, £}, < C uniformly in k. As a consequence, repeating the method
but this time without the truncation function leads to ¥ = 0.

The last step in the proof of Proposition 7.2 corresponds to the higher regularity estimates near X = M.
Interior and boundary regularity results analogous to that of Lemma 6.2 can be easily obtained by
following the same ideas. The major difficulties we encountered when performing the regularity analysis
near the boundary for the first western profile came from the nonlinear terms, which are not present in
the linearized case. Moreover, information on the behavior and H™*2-regularity of ¥9 in the vicinity of
the transparent boundary is available. These factors greatly simplify the computations, and, therefore,
the detailed verification is left to the reader.

O

7.3 Joining w,, and w;

In this section we are concerned with finding a solution on the whole domain w,,. Let ¥, be the unique
solution of (7.6) satisfying the regularity estimate (7.9). As a consequence of standard trace proper-

oy € HPP(R) and 0x 0|, € HIFV?(R). Taking v = 0|,
P =0V~ ] o (7.5) guarantees the existence a unique solution W+ for the problem in the half-space
decaying exponentially far from the boundary having imposed smallness conditions on ¥ and p;, i = 2, 3.
Additionally, we have that Ag[\IJ+|X=]L1+, Ox ¥t ‘X=M+] € Hm_1/2, Ag[\ll—i_ ‘X:A/[Jr s 8X\I]+|X=]V[+] S
H™=3/2. We define the mapping F : H 2 (w,,)x (W2 (R))4x H V2 (R)x H 32 (R) — H V2 (R) %

uloc

ties, we have that ¥ and

F(PY, 90,---.93, p2.p3) = (Az[\l’+\X=M+75X‘I’+|X=M+] — P2y AU | xpre, Ox U o ppe ] — P3) -

Once again, if ¥ is a C3 function at X = 0 and X = M, and F = 0, we have that F = 0. Showing
that F is a C' mapping starts by considering two points in the vicinity of zero using the functional
norm defined in the domain of F. Suppose these points have an analogous form as the ones in Section
6.3. Let W and UF be the solutions associated to the points (¥9, g3, ..., 4¢3, p3, p3) and (¥ 4 WY, g +
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99,93+ 35, p2 + p3, p3 + p3), respectively. Function 1~ = ¥~ — U satisfies

Ox™ = ALY + Qu(Wy, + W5, 07) + Qu(¥™, ¥y, + ¥5) (7.20)
+Qw(\1/%7 \IJO_) + Qw(‘l’57 \Il?u) = 0, in WZ; \ {UW}
[0%] = g, k=0,...,3
(L+e?)Ay™| = pa,
(— ((1 + Oé2)ax - 20&6}/) Ay~ + % (7.21)
+(V T8 + 00 - Vo) (14 a?)0x — ady) ¢~ (7.22)
+H(V 0, - Vo) (14 a®)dx — ady) ¥y (7.23)
H(Vut™ - Vo) (1 +a®)dx — ady) (Vg + ¥()
+(Vg ¥ - Vi) (14 a?)0x — ady) wg)‘ = ps,
X=M
Ul =08 ey = O
and for small enough norms ||65X\If?v||leﬂoc, ||\1]8||H3100’ and ||\IJaHH:;O+Cz, we deduce
197 a2, ) + 197 [x=prll grmeare + ’|3X1/)_|X:M’|H:1zo+cl/2

3
§C (Z ||gk||W7n+2—k,oo + ||p2||H711L*1/2 p3||H’"1L3/2> .
k=0

Proceeding similarly on the half-space, suppose ¢; = §(1/J+|011y, i = 0,1 and a smallness condition on
UY . Then, the unique solution 9+ of

Oxpt — A2t (7.24)
+Qu(T0 + 5 ) + Qu (T2, U + Qu(y™, ¥ + T)) + Q,, (T, ¥0) 0, in {X>M}
¢+‘ = w()v aX{lp+|o.qll\)l = /(/)17

M
Tw

fulfills the estimate

3
||66X¢+”H:TD+C2 <C (Z ||gk||Wm+2*""°° + ”p?HH;’lL;l/z(]R) + ||p3||H:lLOC3/2(R)> )
k=0

provided that [|e?X ¥y || ;;m+2 is small. It is easily seen the Fréchet differential depends continuously on
uloc
1T, and consequently, on ps, p3 and gi, k =0,...,3.

dF(0,...,0) is invertible: We consider the systems satisfied by ¢* with ¥% = 0 where the solutions are
considered to be C3. Here, 9% are the unique solutions of (5.3) and (5.57). If F(0,...,0,p2, p3) = 0,
:=1x<m®™ + Lx>p®™T is a solution of the linear system in w,, boundary layer domain (5.1). From
Section 5, we know (5.1) without jumps at X = O has a unique solution 1 = 0 and therefore p; = 0 and
p3 = 0. Consequently, ker dF(0,...,0) = {(0,0)}.

By Lemma 7.2, ¢~ is a Hth function in [M’, M] x R for all 0 < M' < M. Thus,

ulo
(,027[73) = ((1 + QQ)Aww_7 - ((1 + 042)8)( - 20&8}/) Aww_ + wT_) :

We see that dF(0,...,0) is an isomorphism of Hmol2 (R) x Hm 32 (R). The implicit function theorem

uloc uloc

guarantees the existence of (po, p3) € g2 (R) x H 32 (R) such that F(¥°  go, ..., g3, pa2, p3) = 0 for

uloc uloc
all g € Wm+2=k0(R) and W) € H*(wh) near zero. Finally, we can assert that W, := 1x<a V¥, +

uloc
T1x>mV,, where ¥, Ut are the solutions of (5.3) and (5.57) associated to (V9 go, ..., g3, p2,p3) is a

solution of the western boundary layer system in the whole domain w,,. Namely, it satisfies
Ag [\I’;’X:M’axg’;’X:M} = A [\II$’X:M’8X\II:;‘X:M] )
As [\I’i_vysz’aX\I’:vysz} = As [\Ij$|X=M’8X\I}$‘X=M] J

which implies in turn the continuity of the differential operators across {X = M}, and therefore ¥,, at
the transparent boundary. This completes the proof of Theorem 7.
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8 Eastern boundary layer
This section is devoted to the proof of Theorem 2 concerning the well-posedness of problem
—Ox. U, — A%V, =0, in w/Uw]

[8,’;:(@\1]6} =gk, k=0,...,3,

Xo=0 (8.1)
oV,
\IJE|X€,:_'Y€(Y) = ane ’Xe:_'Ye(Y)

207

where g € L, for k = 0,...,3. Problem (8.1) describes the behavior of the eastern boundary layer
profiles. Note that the system driving WY is obtained by choosing gi = 0, Vk.

Similar to the previous case of the western boundary layer, we rely on wall laws to show the existence
and uniqueness of solutions to system (8.1) following the steps listed in Section 4.1. In Section 8.1, the
analysis of the problem in the half-space exhibits an additional difficulty: the presence of degeneracy at
low frequencies. The singular behavior is going to impact the convergence of ¥, when X, goes infinity.
As a result, a probabilistic setting and ergodicity properties are prescribed to prove the convergence of
the solution.

In this context, we will distinguish three different behaviors of W, far from the boundary: Wy, which
decays exponentially to zero, W, whose convergence to a specific constant is driven by the ergodic
theorem and W,,, a function converging to zero at a polynomial rate when ¢ — 0. The analysis of
each one of these functions is going to be conducted separately in subsection 8.1.1, and final results
are summarized in Theorem 2. The probabilistic scenario is only necessary for the analysis of We.q
since the convergence of the remaining components is obtained using deterministic methods. We pay
special attention to the link between the value of the limit of W, far for the boundary and the choice
of go. Later, on Section 9.1, we will see that this translates in a strong connection between the problems
driving the n-th eastern profile and W7 ,. Finally, we will briefly discuss the equivalence of solutions of
the problems in the half-space and the rough channel at the “transparent” boundary, and, hence provide
a solution for problem (8.3) in the whole domain we.

To simplify the notation, we will write X instead of X, throughout this section.

8.1 The problem in the half-space

In this section, we will consider without loss of generality that M’ = 0, to facilitate the computations. We
can easily recuperate the solution when M’ # 0 since the differential operators involved in the problem
are translation-invariant. We are confronted with solving the following linear problem

—0x0, — AU, =0, in R,

Vel =0, Ox¥e P 1. (8.2)

Taking the Fourier transform with respect to Y on the main equation results in the following fourth
order characteristic polynomial with complex coefficients

Po(p,€) = —p+ (4 + (—ap +i€)*)*. (8.3)

Note that by considering i = —A in (8.3), we obtain the characteristic polynomial corresponding to the
linear boundary layer problem defined at the western domain. Some properties of the polynomial are
stated in the following lemma:

Lemma 8.1. Let P.(u,§) be the characteristic polynomial of (8.2), then:

1. P.(p,&) has four distinct roots uii, i =1,2, where R(p;) >0, i=1,2 and R(u; ) < 0. Moreover,
ut = =T, where AT are the roots of (5.9).

2. (Low frequencies) As || — 0, we have

1
pi =¢*+0(&), M§r=m+0(5),
1 , V3
= _ —1747 O 5 :172
v ) 21+a)P e



3. (High frequencies) When & — oo, we have

1+ iasgn & (-1 /1 +zasgn§ .
+ — -1/2 —3/2 _
_ —l+iasgn{ (1) [—-1+ iasgnf 12 39
e I B e €T 07,

The proof of the previous results follows the same ideas of the ones of Lemmas 5.1 and 5.2. For more
details, we refer the reader to Appendix A.

When € # 0, polynomial (8.3) has two roots with strictly positive real part noted by p1 and ug, whose
asymptotic behavior is summarized in Lemma 8.1. The solutions of

—0x VU, + (0% + (adx +i€)?)?¥, = 0, in RZ
Vel y_o = o, OxVe| o =11,
are linear combinations of exp(—uk(§)X) with coefficients also depending on &, where (uy)1<k<2 are

the roots of (8.3) satisfying ftu > 0. More precisely, they are of the form Zle A (&) exp(—ur(£)X),

where Ag : R — C, k = 1,2. Substituting the expression of \f/\e on the boundary conditions provides the
following linear system of equations

A+ 4, = 1//’\07
AL+ pu2ds = 1.

It is then clear that the matrix associated to this system is invertible when £ # 0 since all the roots of
the characteristic polynomial are simple. Thus, we obtain the coefficients

- 1 —~
Ay =AY 1/J0+A Py = 12 Yo + P,

K2 — H1 H2 — H1 (8.4)
P I —~ )
A2*A¢O+A7/)1 Yo — Y1
/~L2 — M2 — f1
Lemma 8.2 (Asymptotic behavior of the coefficients). e (Low frequencies). When || — 0, we have

A1(€) = Yo + (1 + )31 + O(|oll€]* + [¥nll€]),
A5(€) = —(14 )31 + O(|ghol|€* + |Pnll€])-

e (High frequencies) As |€| goes to infinity, we have

VT e €10 + (67 4 3 ) T
O([ollg[ ™/ + [unlg™*/2),
— VT~ g €620 (e~ 5 )

O([9oll€] =32 + ¢ 1€]~%/2).

8.1.1 Behavior far from the boundary

In the previous section, we proved that \T/e(X,f) was a linear combination of Ai(f)e’“j(g)x, where
(1i)1<i<a are the roots of the characteristic polynomial (8.3) such that R(x;) > 0 and the form of
coefficients is given in (8.4). The next step would be to derive a representation formula for ¥., based
on the Fourier transform results, in such a way that the formula still makes sense when 1y € Hi’l/ozc(R)
and Y € H 11/020(]1%). The behavior of ¥, as X — 400 is crucial to understanding the approximation of
the solution. Contrary to the periodic setting (see [3]), the exponential decay does not hold in this case.

Although the terms associated to Ag(f)(f“’:‘r ()X decay exponentially to zero (see paragraph 8.4), when

63



looking closely at expressions on (8.4) and the asymptotic behavior in (8.1), it is clear that A (&)e=#1(&X
does not converge to zero at low frequencies when X — +oo since 1 (€) = O(|¢[*).

This section is devoted to proving the results in Theorem 2. We have divided the proof into a sequence
of lemmas, one for each component of the solution We: Weyp, Wale and Were. Weoyp is a function decaying
exponentially at infinity, while W, refers to the part of ¥, converging at polynomial rate. Finally, W,
is a function whose convergence at X — +o00 is guaranteed by using ergodic properties in a probabilistic
setting.

Behavior at high frequencies. Let U denote the eastern boundary layer at high frequencies. Following
the ideas in [6, Lemma 9] coupled with the behavior of uj (€) at infinity yields an equivalent result to
the one in Lemma 5.7:

Lemma 8.3. Let 1,11 € Luoc(R). Then, the behavior of the V. at high frequencies denoted by ¥
satisfies the estimate
uloc(R)) ’

e W], < € (Wollea,,. ) + lnlln

uloc

for some constants C,§ > 0

Low frequencies. This paragraph is devoted to the analysis of the behavior of the eastern boundary
layer at low frequencies. Each component is enclosed in the corresponding lemma, starting with the
deterministic ones (exponential and algebraic) followed by the probabilistic limit.

Our analysis starts with the component of ¥, decaying exponentially at infinity. Explicitly, we deal with
the term whose Fourier transform satisfies

Terp(X,€) = Zx ) Ak (&)ers OX gy (8.5)

where A% (€) is the coefficient of A, (€) associated to ¥p in (8.4) and x is defined as in Lemma 8.3.
Following closely the arguments in Lemma 5.5 and [6, Lemma 7], we obtain the result:

Lemma 8.4. Let Uy, defined as in (8.5) and o, Y1 € Lyoc(R). Then, there exist constants §,C > 0
independent of 1¥;, i = 0,1 such that

1e° Pesp | oo oty < Cllollna,, ) + 1¥1lls,, )- (8.6)

There remains to study the terms of A;. From (8.4), it is clear that A} — A}, for k = 0,1 as £ — 0 where
Ak € R. Therefore, it is possible to rewrite each one of the terms as A¥(¢) = A} + A¥(¢) with

M

Ak(g): M2_,u1,
! ! —(14+a?)?3, for k=1

1, for k=0 for k=0

A]f(f)z{ (1+a)2/3 for k=1"

M2 — M1

The terms fl’f (§)f, k = 0,1 decay to zero far from the boundary at polynomial rate as a result of
Lemma 5.5. Notice that, at low frequencies, A} behaves as a constant, while A? does it similarly to a
homogeneous polynomial of degree 1, which is a straightforward consequence of Lemma 8.1.

We introduce the notation W, for the part of ¥, decaying to zero algebraically when X — 400, i.e., the
one associated to the coefficients Ag, k = 0, 1. Its behavior is summarized in the following lemma:

Lemma 8.5. Let ¢y € L} (R), k = 0,1. Then, there exists a constant C independent of 1;, i = 0,1
such that
(®))- (8.7)

It is easy to check that the convergence of the terms A% f is not guaranteed for any choice of function f,
k =0, 1. Therefore, we require additional hypotheses, in this case, of ergodicity.

X Warg |l Lo 2y < Clloll s, @) + 11l

loc loc

We recall for the reader’s convenience the probability setting: for € > 0, let (P, II, 1) be a probability
space where P is the set of K-Lipschitz functions, with K > 0; II the borelian o-algebra of P, seen as a
subset of C,(R?;R) and p a probability measure. Let (y)yer, the measure-preserving transformation
group acting on P. We recall that there exists a function F' € L*°(P) such that

Ye(m,Y)=F(rym), Y €eR, meP
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We define the stochastic derivative of F' by
OmF(m) :=+.(m,0) VYm € P,

so that v.(m,Y) = 8, F(rym) for (m,Y) € P x R. Then, the eastern boundary layer domain can be
described as follows for all m € P,

we(m) = {(X,Y)eR?: X > —.(m,Y)},

where w.(m) = wl(m)Uoc. Uw; (m) and wE(m) = we(m)N{EX > 0}. We assume . is a homogeneous
and measure-preserving random process.

Lemma 8.6. Let x € C°(R) and u defined as in Lemma 8.1. Suppose that f is a stationary random
function belonging to L>° Then,

x(D)ef“T(D)Xf = E(f), as X — +oo,

locally uniformly in'Y, almost surely and in LP(P) for all finite p.

The hypothesis on f can be relaxed since we need f to be at least to L1, .

Proof. Birkhoff Ergodic Theorem (see, e.g., Theorem 4.1.2 of [15]) guarantees the existence of the fol-
lowing limit

lim — / f(m,=Y")dY' =E(f), almost surely. (8.8)

Furthermore, following the ideas in [2, Lemma 4.6] we have

hm—/ f(m, Y =Y"dY' = E(f),

R—oo R

uniformly locally in Y, and (8.8) also satisfies almost surely

hm—/ f(m,Y")aYy' =E(f).

R—oo R

From Lemma 5.5, we know that for [X| > 1, Y’ — K(X,Y —Y’) is L'(R). Let m(X) = [, K(X,Y)dY,
we have

/ K(X,Y)dY = K(X,0) = x(0)e % =1,
R

and, consequently, mo(X) = 1, when X > 0. Note that m(X) = 1, for all X > 0. Then, proceeding
exactly as in [2, Lemma 4.6]

x(D)e ™ (PIX ZE(f) + / K(X,Y' ~Y)(f(Y —Y') ~E(f))dY". (8.9)

Integrating by parts leads to

Y
X(D)e i PIX ZE(f) /R Oy K(X,Y') ( /0

’

(f(Y -Y) - f) dY1> dy’.
Therefore,

y
(D) DX £ _ g ) /Y@Y/K(X Y') (;/ (fo(Y Y1) F) dY1> ay
=E(f)+ J

Now, we focus our attention on controlling the term J. From Lemma 5.5, we have the key estimates

Xy
Y0, K(X,Y")| < CW’ VIX|>1, VY’ €R,
/Y’@QK(X, Y') = —1. (8.10)
R
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We conduct the analysis by distinguishing the behavior of J in |Y’| < R from the one on |Y’| > R for
R > 1, denoted by J; and Js respectively. For all 6 > 0 and all L > 0 there exists R > 0 such that for
all [Y| < Land |Y'| >R

<4

9

.
‘Y, | s =viavi—z0)

and |J1| < C4. For |Y’| < R, we have that

, N LN
|J2|:‘ / Y KXY g / (J(Y = Y1) — E(f)) dvidY

X1/4Y
< C||flI sy
< Hf||Luloc /Yng X3/44Y3
S CR||f||Liloc|X|71/4 X—} 0

—00

Thus,
lim J(X,Y) =0,
X —o0

which allows us to conclude that

lim x(D)e " PIX f = E(f).

X —0o0

Combining the results in Lemmas 8.2 and 8.6, we can provide a definition for the limit of V..

Definition 8.1. Let 1o, 11 be stationary random functions belonging to L*(we). Then, the limit of Uerg
as X — 400 is the measurable function ¢ : P — R of the form

¢ =E[po] + (1 + o®)**Efy]. (8.11)

Almost sure convergence of We.,. We show almost sure estimates in the stationary ergodic setting as in
[5].
Proposition 8.1. Let W,z be the part of the solution ¥. of the system (2.13) whose convergence is
guaranteed by ergodicity hypotheses. Then the following estimates hold:

|Werg(-/€) — (;—SHLQ(QE) =o0(1) almost surely as e — 0.

Proof. This proof follows the ideas in [5] inspired from the works by Souganidis (see [23]). Let 6 > 0 be
arbitrary. Then, according to Egorov’s Theorem, there exist a measurable set My C P and a number
X5 > 0 such that

5, Vm e Ms, VX > X;,
5

Without loss of generality, we assume that X5 < e (xe(y) — Xw(v)). From Birkhoff’s ergodic theorem,
we have that for almost every m there exists ks > 0 (depending on m) such that if k& > ks

As = As(m) :={Y € R, 7ym € My satisfies: |As N (—k, k)| < 4kd}.
Indeed, when k goes to infinity,
1 k
% i Loy menmg — p(M5) < 6.
Therefore, for almost all m € P, there exists some ks such that for all k > ks

k
|As O (=k, k)| = '/ Loy menre| < 4k6.

—k
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For all € > 0, we have

Ymazx w
H\I/erg (-/e) = ¢HL2(QE / / ‘\Iﬂnerg ) o> dzdy

min

yvnam/e (Xe(EY) Xw EY))/ _
= 2/ |Werg(m, X,Y) — ¢|2dXdY
Ymin /€ e(Y)

ym,az/f (XE(EY) XW(EY))/E _
_ 2 / / Wery (rym, X,0) — 2dXdY
Y e(Y)

mzn/E

ymaz/s Xs
_ / / Werg (rym, X,0) — 2dXAY
y"m-ln/E Ye (

+

ymaJ_/E e(EY Xw(elf))/6 _
2 / / Loy ments|Werg(Tym, X,0) — ¢[2dXdY
Y Xs

min /€

Ymaz/€  f(Xe(eY)—Xxw(eY))/e _
T / Lry ments | Werg (rym, X, 0) — G2 dXdY
yrn'in/a X5
3
=21
j=1
Then,
h<e e (2.9) 4] < Cse ([ Werglloo + 1)) (8.12)
1 erg PRI L2({w<2s}00%) = erg|loco 3 .

where the constant Cs depends on the random parameter m and x5 = € X5. Taking into account that if
Tym € Ms, Werg(m, X,Y) = Ugre(tym, X,0) and X > X,

12 S 82 (ymax ; ymin) (Xw(y) — Xe(y) B 56‘5) 52 S 052 (813)

3

As for the third integral, we know that ¥, € L>((—00,a)xR). Assuming a = X¢ := MaXye (y,..n.yman) Xe(¥)
and € < 1/ks, we have

I3 < 5||Xe - Xw”oo”\perg - QZ_)H%OO((—OO»&)XR)A (sil(ymina ymam) N Aé) 5

where X\ denotes the Lebesgue measure. Then,

I3 < C6 (|<5|2 + H\I/ergH%N((—oo,Xe)xR)> : (8.14)

The first estimate of the lemma is obtained by combining (8.12), (8.13) and (8.14). O

Connection between the choice of gy and the limit of W,,. In the formal construction of the approximate
solution, it was important to reflect that boundary layers are not supposed to have any impact far from
the boundary (3.2). In Section 8.1.1, we showed that at low frequencies and far for the boundary the
eastern boundary layer can be decomposed as

\Ile = \I/exp + \Ilalg + \Ijergy

where Wey, and U, converge to zero when X — +oo at different rates (exponential and with a polyno-
mial weight, respectively), while ¥, converges almost surely to a quantity ¢ once ergodicity assumptions
have been added. It is obvious that the far field condition does not hold for ¢ # 0. In this paragraph,
we explore how choosing go wisely can make

U, — 0 almost surely,
X —+o0

which is the last result in Theorem 2.

We are interested in the specific case when all g are given but go in (8.1). Moreover, go is supposed
to be constant with respect to the boundary layer variables. Note that if ¥, is a solution of (8.1), by
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linearity of the problem, U, =T, + go also satisfies the boundary layer problem. Passing to the limit as
X — +oo gives ~
li U, = ¢+ go.
X~1>I£oo € ¢ + go
Then, for gy = —q@, the limit of We,z as X, goes to infinity equals zero and, in turn, ‘i/e satisfies both
(8.1) and condition at +oc.

Let us now illustrate the procedure for the profile Wl. This function satisfies the system of equa-
tions

—Ox V! —A2U! =0, in wfUuw;

[aéc(e \I/i] = - [\I’llnt} ( )a
Oe z=xc(y
1 _ 0

[8Xeqje] . = [aa:qunt] fﬂ:xe(y)7 (8.15)
[0k wl]| =0, k=23,

1 _ov! _

\De‘Xe:—%(Y) T O, 1 Xe=—re(Y) T 0.
0

The jump of its derivative at o. depends of ¥ and it is, therefore, known from the previous step.

Here, W!(t,y) is the solution of the equation

int’

8, %' =0 in Q

Consequently, Ul(t,y) = C1(t,y).

Let us consider a solution W} of (8.15) and define the function

- Ul — ¢ in wh
1 _ e ’ e
v, = { vl in we (8.16)
where ¢ is the value of the limit W} when X — +oc. Note that (8.16) satisfies all the conditions in (8.15)
but [¥l]|,, = —¢. Moreover, ¥! — 0 almost surely far from the eastern boundary. Since the jump at
the interface o, is linked to the interior profile, we have
Q_ﬁ = [\I/zlnt] = Cl
z=Xe(y)

Therefore, considering C*(t,y) = ¢(t,y) provides a solution for the boundary layer (8.15) satisfying the
far field condition. This interdependence between the eastern boundary layer and the interior profile
determines the construction of the approximate solution. First, we solve the problem at the East with
a general function gy to obtain the value of the limit far from the boundary. Then, this information
is considered when computing the solution of the corresponding interior profile. Finally, the western
boundary layer problem is addressed.

8.2 Transparent operators

This section deals with the well-posedness of the differential operators associated with the eastern bound-
ary layer problem at the transparent boundary. We stick in our analysis to the same ideas developed
in Section 5.2 and, as a consequence, we summarize the main steps and go into detail only when the
differences with the western boundary layer are notable.

Once again, without loss of generality, suppose that the artificial boundary lays at X = 0 and is defined
as follows

Definition 8.2. Let ¥, € H?(R2) be the unique weak solution of the Dirichlet problem (8.1) for
(Yo,v1) € H3?(R) x H'2(R). Then, the biharmonic matriz-valued Poincaré-Steklov operator is given
by

PS.: H/*(R) x H'*(R) — H™'/*(R) x H*/*(R)

PS (w0> o 7(1 + a2)Ae\I/e X—o B (1/}0> (817)
o = i} =K, % ,
(& [((1 +a?)dx + 2ady) AT, + 1 ‘ (&
X=0

2

68



where K. 1s the distributional kernel.

Substituting the Fourier representation of the solution ¥, on PS, similarly to (5.41) results in an explicit
formula for the Poincaré-Steklov operator. Indeed, we have PS. = (B[, 1], Bs[tbo, 11]) for

By : H3?x HY/? — H=3/2tk
Bi[tho, 1] := F (noto + nkatn), k=2,3,

where n; ; denotes the components of the matrix M, = FUK,).

(8.18)

The asymptotic behavior of M, at low and high frequencies is summarized in the following lemma:
Lemma 8.7. o When || < 1

M, = ( (@ + 1)l +0 (%) (> +1)" +0 (g )
110l — (@2 +1)** +0(g)).

o When || — +o0, there exist complex constants T, ;, i = 2,3, j = 0,1 depending on the parameter

« such that
M, = ( n2,0l¢? 4+ O (I€17Y%)  maal¢l+ O (I¢]713) )
T Tl o) el + 0 ().

For a proof of Lemma 8.7, we refer the reader to Appendix F. Applying the same ideas of Section 5.2,
it is easily seen that at high and low frequencies our operator is well-defined and continuous in usual
Sobolev spaces. Moreover, Lemma 5.10 also holds for M,.

Of course, we are interested in extending the definition of PS, to the case of functions that are not
square-integrable in R?, but rather locally uniformly integrable. Generalizing the results above can be
easily achieved by following the same reasoning of Section 5.2. The differences in the definition of the
operators at the western and eastern boundary layers do not impact the estimates. Consequently, for
the convenience of the reader, we list the relevant results without proof.

The unique extension of B;, i = 2,3 to Kato spaces is guaranteed by Lemma 5.11. Moreover, we have
the integral representation:

Proposition 8.2. Let (1g,v1) € "2 (R) x HY? (R), and let ¥, be the unique solution of (5.3) with

uloc uloc

F =0 and boundary data U |x—0 = Yo and OxV.|x—o = 1. Then, for all p € Cgc(Ri)

- aX\IJeQO - Ae\IjeAww = <BS[7/10;1/11] - %7 SD|X_0> + <82[w0a¢1]78XS0’X:0> . (819)

R2 R2
In particular, for (vo,v1) € H3?(R) x HY?(R) the Poincaré-Steklov operator satisfies
<B3[¢071/)1L1/’0> + <Bz[¢07¢1]a¢1> < 0. (820)

It is possible to relate the solution of the (5.5) to (wo,v1) € HEI/OQC(R) X Hllﬂ/OQC(R) and PS,, (¢, 1)
by introducing a smooth function y, with ¥y = 1 in an open set containing Suppy and the kernel
representation formula of the boundary operators. Estimate (8.20) follows from taking ¥, € H*(R?) as

test function in (8.19) and using a density argument.
Similarly to the linear problem driving the behavior of the western boundary layer, we have that

Proposition 8.3. Let ¢ € C§°(R) such that Suppp C B(Yo,R), R > 1, and (vo,91) € HSI/OQC(R) X
o2 (R). Then, there exists a constant C' > 0 such that the following property holds.

uloc

|(Bs[tbo, 1], )|+ 1(Ba[too, ¥1], 0x )| < CVR (ol grarzmy + 10x @l rr1/2my) (H%”Hﬁfi(ﬂ%) + ||¢1HHL1\1/020(R)) :
(8.21)
Moreover, if 1; € H3/?=I(R), j = 0,1,

[(Bs[tho, 1], ©)] + [(Ba[to, ¥1], Ox )| < C (llell arsrzw) + 10x el mrzwy) (1ol gsremy + ”'L/)l”Hl/?(éR)) . )
8.22

The proof of the proposition relies mainly on bounds on M, which are used to compute estimates in
fractional Sobolev spaces. Since the proof is very similar to the one in Lemma 5.10, we refer the reader
to Section 5.2 for details.
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8.3 Equivalent problem and estimates on the rough channel

In this section, we are concerned with proving the existence of weak solutions to the linear system driving
the behavior of U, in w,.. There difficulties we confronted before remain: the irregularities of . prevents
us from using the Fourier transform in the tangential direction and the domain w? is unbounded and,
it is therefore impossible to rely on Poincaré type inequalities. Here, we follow the ideas presented in
Step (L5) of Section 4.1. We start by defining a problem equivalent to (8.1) yet posed in the bounded
channel w? = {—7,(Y) < X < M} x R, where a transparent boundary condition has been imposed at

the interface X = M, M > 0. We have the system

—OxVU, — A0S = FeL, in wle’\ae
o], = & (8.23)
%Y1, = gr k=1,....3 (8.24)
(I+a)AW [ = B2 [W |y 0xe |yl
U
2 - - e - -
—<1 + « )aXAe\IJe + QaayAe\Ile + 9 o = BB [\Ile ’X:I\/[76X\Ile ’X:I\/[:I )
. - ou;
\Pe |X:_76(Y) o ane |X:_”/6(Y) o 0,
where §r € L®(R), k = 1,...,3 and ¢ is constant function with respect to the boundary layer variables

chosen as in Definition 8.1. This guarantees the solution of (8.23) satisfies the far field condition (see
Section 8.1.1). Here, B denotes the components of the Poincaré-Steklov operator. The following lemma
states the equivalence between the solutions of the problems (8.23) and (8.1).

Lemma 8.8. Let v, € W2°°(R) be an ergodic stationary random process, K-Lipschitz almost surely,
for some K > 0 in a probability space (P,IL, ). Assume ¢ is a constant function with respect to the
macroscopic variables and g, € L (R).

o IfV, is a solution of (5.1) inwe such that U, € HY (we), then, W, is a solution of (8.23), and for
X > M, ¥ solves problem (5.1), with g := We|x=p € bi (R) andtpy := OxVWe|x=n € a2 (R).

uloc uloc

(wh) and ¥F € HZ  (R%) are solutions of (8.23) and (8.2), respectively;

€

e Conversely, if U, € H2 .
then, the function

U (X)) for —ve(r) < X < M,
U (X,-) = { UH(X,.) for X > M,

belongs to HE . (w) and is a solution of the problem (5.1).

The proof of Lemma 8.8 follows from combining the results in Section 8.1 and Proposition 8.3 and is,
therefore, left to the reader.

Proposition 8.4. Let v, € W2*(R) and w? = w.N{X < M}, M > 0. Let B; : HSI/OZ(R) X Hil/ozc(]R) —
HE{OQJZ(R), i = 2,3 be Poincaré-Steklov operators verifying Proposition 8.3. Moreover, ¢ is a constant
function with respect to the boundary layer variables and g € L®(R), for k = 1,...,3. Then, there

exists a unique solution W, € H2  (w\ o¢) satisfying for some constant C > 0 the estimate

3
19z o) < C <||¢|oo = ||§k||Loo<R>> . (8.25)

k=1
It is worth noting that the above result does not need the ergodicity hypothesis.

Proof. To facilitate the computations, we lift the jump conditions at X = 0 in order to work with a C®
function at the interface between the interior and rough domains. Namely, we analyze the existence and
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uniqueness of a solution ¥, = ¥, — WL of the system

—0x¥, — AW, = FL in &
(1+a)Ad| ., = B [®6|X:M,8X@6\X:M}
—(1+ a®)0x AT, + 200y AT, +% T Bs [\MX:M,aX\ife\X:M]
‘i’e’X?wem - gi ) =0

where UL is defined as in (4.7) and FF = A2UL 4+ 95 UL,

Adapting Definition 4.1 provides the weak formulation: A function ¥ € HZ_(w?) is a solution of (8.26)
if it satisfies the homogeneous conditions \Ife’F = anllfe’F = 0 at the rough boundary, and if, for all

pE f/, we have

anleQO""/ Ae\i/eAe‘p = _/ FeLQD (826)
w? wb wb
- <B3 [\Ije|X:]VI’8X\Ile|X:M] T XM7(‘0|X—M>
- Hyol® Hol
- <82 [\DQIX:M’aX\I]JX:M} ’aX@’X:M>H—1/2 /2 (8.27)
uloc ’““uloc

where V is the space of functions ¢ € cge (072) such that Suppy N O = 0 and D3(wP) its completion for
the norm |¥|| = ||[Ac¥||L2 Note that (8.26) is quite similar to (8.19).

To prove the existence and uniqueness of a HZ__ solution of problem (8.26), we use the method by

Ladyzenskaja and Solonnikov on the truncated energies
B [ AN,
Wk

where W, is equal to U, on w, and zero elsewhere. Here, w,, is defined as in (4.11). Then, one applies
the same reasoning on the translated channel to get a uniform local bound. The latter allows us to show
that the maximal energy is uniformly bounded, and we can extract a convergent subsequence and obtain
the desired result using a compactness argument.

The weak formulation (8.26) and the estimates of the Poincaré-Steklov operator for the eastern boundary
layer are very similar to the ones in Section 5.2. Then, it is not surprising to obtain the inequality

1
Er<Cr k41 E', —E") 4 — Br B forall ke fm.... .n)
RS S ( +1+ mk§f§z§+m( j+1 )+ m4—2nj§}€l£’m( j+1 J )) or a {m n}

(8.28)
where C is a constant depending on the characteristics of the domain and the jump functions when
following the reasoning in Section 5.3. It is clear that being (8.28) a key element in the reminder of the
analysis, the results obtained in Section 5.3 also apply to (8.23). The proof is left to the reader. Finally,
consider W € H2 (w?) to be the unique solution of (8.1). Then, take thy := ¥ |, _, € H*2(R) and

uloc
Py = 0x V7 ‘X:M € Hil/OQC( R), then, there exists a unique solution ¥} € H2_ ({X > M} xR). We have
that

By [\I/+|X M’aX\II+|X M} = By [\IIQ|X:M’8X\IF|X M] (8.29)
and OF| _ =W7| L 0xUF| = 0xV7|_,, Thus, U5 = U lixonyxr + U0 Lar<x<—v(v)
is a H?2,. solution of original problem defined in w, (8.1). O

9 Convergence result
We are now ready to prove the convergence result stated in Theorem 3. The general scheme of the proof

is classical: we build an approximate solution of the fluid system and then show that the approximation
is close to an exact solution through energy estimates.
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9.1 Construction of the approximate solution

In this section, we justify the well-posedness of each one of the functions within the approximate solution
of the 2d quasigeostrophic problem (1.1).

Let us recall that an approximate solution of problem (2.1) is defined as follows

Definition 9.1. A function ¥, € H?(QF) is an approzimate solution to (2.1) if it satisfies the approx-
1mate equation

(O + VEap, - V) (AWGp, 4+ 273Y) + AWy, — A2y, = %;3 curl T + 75, in QF
Wapplao: = —522[aq- =0, (9.1)
Wapp|t:0 = \Ijini-

for some r¢ € L°([0,T), H2(Q°)) such that r¢ = r§ + r§ + 5, where 15 = o(1) in L°([0,T], H %),
k=0,1,2.

e At main order in the interior of the domain, we get the Sverdrup relation

0,99, = curl 7.
In Section 3, it was discussed that W9 , does not vanish on the whole boundary. Therefore, we intro-
duce boundary layer corrections resulting from the balance between e 29,9, and Qu (¥, UY,) —
AQ\Ilgl. Since it is possible to prescribe only one boundary condition, either on the eastern coast
or on the western coast, the boundary condition for the Sverdrup equation is chosen such that
\IJbl|Ee = 0 n (310)
0

e The assumption on ¥9 . determines that U9 = 0. The system driving the behavior of U9 is given
by (3.11). A smallness condition on curl 7 guarantees existence and uniqueness of a solution W9
of (3.11) with exponential decay when € — 0 (Theorem 1), see Section 6.1.

e Let us now present the general form of the remaining profiles in the approximation.
The n-th interior profile ¥ yr

int — wnt

(t,z,y) satisfies

0,V = F,. (9.2)

int =

where F,, depends on the U]',, m <n — 1. Note that F} = F» = 0 as a result of the perturbation
being of order e~ and the interior part not having singularities. The terms A\Pﬁ]f, A\Ilirg?’ and
(VL\IIEM . V) A\I/gm form the source term F™ in (9.2), when i + j + 3 = n, as well as, . Note
that ¥? , does not meet the boundary conditions, and therefore boundary layer correctors must

be defined. Following the direction of propagation of the equation in the main order, we choose
we o (tx,y) = Cu(t,y) — f;‘e(y) Fo(t,2',y) da'.
Function Cy,(t,y) is determined by the eastern profile U7 satisfying the system

—A2U" — 95 U = G,, inw; Uwl,
[\IJZ] Te = _C’ﬂv
n - 9.3
P w0l |, = DML B =0,08, (9:3)
aun
\P;L|Xa:7%(Y) =0 N |Xe:7%(Y) =0,

where G, is conditioned by the behavior of ¥, for all m < mn — 1. Singularities at low frequencies
for (9.3) are a consequence of the nature of the main equation as stated in Remark 3.1 and later
discussed in Section 8.1.1. This impacts the asymptotic behavior of the solution far from the
boundary, i.e., in the West at macroscopic level. Cy(¢,y) is chosen such that the limit stemming
from the Ergodic Theorem converges to zero when X, — 4o00. Theorem 2 guarantees the well-
posedness of system 9.3 in w, since G,, is usually small, it can be considered as a perturbation
parameter of 8.1.

Similar equations are obtained for the western profiles but with additional interaction terms.
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Namely,

axw\llg—|—Qw(\IJ$,\I’?U)—|—Qw(\I/2},\I/g) —Afu\l’g = H,, inw, Uw],
(0%, %0] |, = — R oy — [0%22] 1,
n A B
\ij‘Xw:_’Yw(Y) - 07 %‘Xur:_'}’w(y) B 07
(9.4)

where H,, depends on UI), U7 and ¥, for all m < n — 1. Problem (9.4) has two features
that clearly distinguish it from (9.3): two linearized terms containing ¥ and the influence of the
eastern boundary layer function on the jump at the interface separating the interior domain from
the western rough domain. As a consequence, the well-posedness of the solution of (9.4) depends
not only on the behavior of interior profiles, but on the first profile of the western boundary layer
as well as the solutions of the eastern boundary layer system. The complete analysis of (9.4) is

presented on Section 7.

To summarize, for the eastern profile ¥ to be well-posed, it fixes the value of the constant in W7, ,. Its
role is to correct at X, 8;“(‘11?,;’“, for k =1,2,3. On the other hand, ¥7 plays same role for the interior

profiles and the jump of U7 and its derivatives at X,,.

9.2 Computing the reminder

Once we have constructed the approximate solution, a natural question arises: how “far” is ¥g  from

Ve i.e., what is the error (in a suitable norm) when replacing ¥¢ by Vep ¢ How far should we take the

expansion?; i.e., what is the minimum value of n to satisfy a suitable energy estimate?

9.2.1 Building the correctors

The interior term. The £~3 factor in the main equation of (2.1) dictates the asymptotic development
must be taken at least till order n = 3 to deal with the remaining stemming from the substitution of
WY . on the original equation. We are referring in particular to

and A%0Y

int*

OATY ., (VETY - V) AT

int int»

All subsequent error terms containing only interior profiles are O(g).

Western boundary layer profiles We start by stressing that far from the western boundary, all terms
containing at least one W’ decay exponentially as a result of Theorem 1. Let us, therefore, focus our
analysis on the western region. The error terms resulting from evaluating in 0;AW,,, + AW, can be
considered as part of r¢. To illustrate this, take AWY. We have

JATS | -20e) < Ol lza(ae) < OVE. (9.5)

Let us now analyze the corresponding elements in the advection term. Namely,

(V+ol, - V) A/, (9.6a)
(Vi , - V) AV, (9.6b)
(Vi - V) A, (9.6¢)
(VAU - V) AV] (9.6d)
(VUL V) AW (9.6¢)

Note that there is a part of (9.6a)—(9.6¢) that is used to compute ¥ as a component of G™, i+ j < n.
We need to elucidate if the remaining components can be included in r¢ or if an additional corrector is
needed. For (9.6a), we have far from the western boundary that
1,0 0 L (g0 0 0 H2,0
(VA0 - V) AW, )< C [V (95, VAR |1 o) + (95,029

nt intHLz(Qe))
< Cye.

i 0
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Hence, there is no need for an additional corrector for (9.6a). The same cannot be said for (9.6b)
since

(V495 V) AT, 1(Q2) < Cel2 (9.7)

The “problematic” part in the previous term can be considered as part of the source term in the problem
driving the behavior of Ul . Although the action of the ergodic part is corrected by the choice of the
corresponding interior profile far from the boundary, the advection terms including the parts of U2 must
be taken into account in the West. For example, let us consider the term of the type (9.6d)

le (VR0 - V) AT s ory < Ce[[(VET0 - V) V|2

< Ce (||(v*-8, - V) V| 20 foum<ved)

T2 9) VO e resvepy) -

As a consequence of the decreasing behavior of W0 far from the boundary, the second term in the last
inequality is exponentially small. For the first element, we have

10 1
H(V v, V)V lgHLQ(QEﬁ{I Xuw(¥)>VE}) = ||V v HLz(QE”{f Xw(y)>f})||D \IlalgHLQ(QEﬁ{fC Xuw(¥)>VE})
< Ce™ /4,
(9.8)
Moreover, from Lemma 8.6, we know that W. = o(1) and it easy to verify that Xk/4Vk\IJérg = o(1).

Proceeding similarly as before yields

e (V2 - V) AV, || ) = 0(e)-

Consequently, the first term needs to be corrected; this is possible when including it as part of the source
term in the system dictating W2 .

For the term (9.6d) when ¢ = 1 and j = 0, we decompose the domain as before when analyzing the
interaction terms

HE (VL\I]dlg v V\IIO HL2(QE|’T{3: Xw(y)<\f}) O(l)’ (99)
and
HE (Vlmérg V) V\IIO HL2(Qem{$ Xw(y)<\f} (5_1/4)~ (9.10)

Therefore, to deal with these advection terms, we add the functions £%/4We8 and £3/4W212 to the approx-
imate solution: one for the term decaying algebraically, and the other, for \Ilérg These functions fulfill
the equations

8Xw \Ijew n Qw(\p?u, \I/ew) _ A?U\I’ew = G&t,y(Xw, Y), in W s
| - o, B (9.11)
IX==7(Y) T Ong | X=—vu (V) 7

where,

Viwl, (eWoe® ¥ ) .v,) V0 (X,,Y), for V., = U,
GO (X, Y) =

Viwl, (W@ ¥ v) . V,) V00 (X,,Y), for U, =028

Note that U, is C3 at the interface o,,. From Section 7, (9.11) has a unique solution decaying expo-
nentially when € goes to zero. The remaining terms are small enough and can be considered a part of
r¢. Indeed, repeating the same reasoning as before, we have

e (V5 - V) AT || 7-1(0:) = O(e'/?),
€2 (VEWL - V) AT -2 < E2[VEUL- VUL |20
=< ||VXE,Y\I/1 . va,y\I/wHLz(Qz) = 0(61/2),

2 (VF0L - V) AL [ g-205) < | (Vv e - Vo) U ll2oe) = o(™?).
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The eastern boundary layer profiles The same analysis must be applied to U7, 4 > 1. The linear terms

involving W! are o(g). Indeed, as a consequence of Proposition 8.1 we have

e

€0 AV || r-2(e) < €l|Oy VL || 12 = ofe). (9.12)

The estimate for the Laplacian can be computed in the same manner. From the previous paragraph, we
know that advection terms containing U9 are exponentially small on the eastern domain. It remains to
check the terms

(Vi , - V) AW, (9.13a)
(VUi . V) AW, (9.13b)
(VAU - V) AWL (9.13¢)
(9.13a) satisfies
e (THL-9) AWl ey < 2 [VHREAT || g
< [ CeATE |2 gey + LAV 1o

< C 0|y = o)

Furthermore, applying the same idea to (9.13b) yields He (VL\IIO

0 V)AL, 2(gey = 0(1). Lastly,
(9.13c) follows

62 (VH0e - V) AT s ey < O [VERLR VI,
< Ce?| VL2, < Cy/e.

@)

We conclude there is no need for correctors in the eastern domain.

Traces at ¥, and X, The traces of V¢, , at ¥, and of U7 at 3. are exponentially small. Indeed, they
satisfy

n 4]
(W25 IOV sy = © (50 (<2) ) 350

Moreover, the traces of V¢, and W}, are included in the jump conditions in (9.4) and therefore, they

are lifted by the western profiles.

Note that thanks to hypotheses we made near ¥, and ymqz, the traces are zero for ¥ € [Ymaz —
A Ymaz) U [Ymin, Ymin + A]. We add a corrector to ¢ to lift the jump conditions of the form

k:
$i(t,w,y) = Z o (50— xw(®) + 5100 — xuw(®))) (9.14)

where ¢/ and 6" denote the values of the traces of the western and eastern profiles, respectively.
Moreover, 6 is a function belonging to C2°([—4, d]) for 6 > 0 small enough.

For the traces of ¥¥? . k = 0,...,3 at ¥, U, to be well-defined, we need correctors Wi Wi

int?
n < i <n+ 3 satisfying (9.4) and (9.3), respectively.
9.3 Energy estimates

Let us consider the difference ¢° = W —W¢ . with W€ satisfying (2.1) and ¥¢,, defined as in Section 9.1.
Moreover, let ¢ be the error resulting from the difference between the original solution. We have

DAY + VU V(AYF) + Vg - V(AWE )+ e730,0° + Ay — A2)F = r<in QF

app

oY®
Voo = -l =0
V=0 = (Wini — ¥50) |,
(9.15)
where [|(Win; — V5, ‘t ollze, (1 (ae)) = O(g), which results from hypotheses made on W;,;. Moreover,

[|re ||Lm(H 2(q¢)) = 0(1). The details on the computation of the remainder have been discussed in detail
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in Section 9.1 . It is clear that ¢° belongs to H?(Q¢). Multiplying the main equation on (9.15) and
integrating over §2° provides the following

1d
HAY® Y= =— [ O, VyY© - Vy© = BEYT [Vy©|?

VJ_\IIE . V(Ad}e)wa — 7/ ((VJ_\IJE . v)vas) 'VLT/JE — 7% /QE VJ_\I/E . V|VJ'1/1€|2 =0

€

Qe

|t mavg, = = [ (9wt viv = [ (vhe v,
| 2w =0
Awawa _ anu)a,we _/ |vw£|2 _ _/ |V’l/15|2
Qe Qe Qs Qs
_ A21/)6'Q/JE _ _/ |A7/)E|2
Qe Qe
We claim that

1
SOV + IV (eI + |07 < | [ v+

/ E(v%pf V) D2t

(9.16)
We proceed to analyze each one of the terms on the r.h.s. For the first term we have
/ rUE (e, .)‘ < DR e I (9.17)
1 2
< 5 (19205t ) ey + I 1%i2)

We are left with bounding the term fﬂg(VLwE . V\Ilipp)D21/J€. The difficulty here comes from Wg  at
the boundary layer since

VU = VU, 4+ VI + VO

app

In particular, from VeW,, = O(e™1) in L™ since [VVE| = eVUL +O(e), where VU, similarly to eV¥;,,,
is small and bounded in L°°. Hence, we focus our attention on

/ (Ve - VU0 D2y

From Hardy’s inequality, we have the following

H VieE(, )

2,€ . 5.
Toetey ||, < NPl

L2

Here, d(x,T%)) denotes the distance from x = (z,y) € R? to the western rough boundary. Thus,

< Clld(x, T5,) V8 | oo [| D9 (2, ) [ (9.18)

JRAER AT

Note that d(x,T,) V¥, ~ Zexp(—2), where z denotes the distance to the boundary, and, therefore, it
satisfies
ld(x, T5,) V0 || < Co,

where the small constant Cy does not depend on €. Hence, (9.18) can be absorbed by the diffusion term
on the Lh.s. Plugging (9.17) and (9.18) in (9.16) and then applying the Gronwall’s inequality complete
the proof of Theorem 3.
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Appendix

A Study of the roots of equation of the linear western boundary layer
This appendix is concerned with proving Lemma 5.1, i.e., that equation (5.9)
P(A) = =X — (X + (A +ig)?)? =0,

does not have purely imaginary nor multiple roots when £ # 0.

The first part can be easily checked by considering A = iR, R € R on (5.9). This yields the following

relation
iR = (14 a)*R? 4 20, &R + £2)2.

Taking the imaginary part of the previous equality results in R = 0.

The second part of the analysis, although strenuous because (5.9) is a fourth-degree polynomial with
complex coefficients, leads us to discard the cases of purely imaginary roots and multiple eigenvalues.
We proceed as follows:

e First, we prove that for a,, and & equal to zero, all the roots of the characteristic equation are
simple.

e Then, for £ # 0, we show that there are no purely imaginary simple nor double roots.

e The remaining cases are analyzed through equations resulting from the relation between repeated
roots of a polynomial and its derivatives.

The main ingredient in the analysis of the multiplicity of the solutions will be the classical lemma:

Lemma A.1l. Let K be a commutative ring and P(z) € Kz], a nonconstant polynomial of the form
P(x)=>3", arz®. Let a € K be a multiple root of P. Denote by P', the derivative of the polynomial P.
Then, P'(a) = 0.

In this case, P’(x) is a third-degree polynomial, and its algebraic solution can be explicitly derived by
using, for example, Cardano’s method. We will prove that the form of the original equation excludes the
possibility of P’(z) having real roots. Moreover, a system of equations describing the behavior of the
real and imaginary parts of the complex roots will be solved to find the relation «,, and £ satisfy in the
presence of a double root.

e We start by proving the result for the cases when a,, = 0 or £ = 0.
— Let us first consider £ = 0. Then, equation (5.9) becomes
A (14+a2)?2 =0. (A1)
The roots of the above equation are

1
(1t az)B°

It is evident that these roots are simple for all a,, € R, and that $8(Ag) < 0, R(A1) = R(A2) < 0.

Ap = 25 fork=0,1,2, A3 =0.

— When a,, = 0, a double root must satisfy the following system of equations

O S R
{1+4)\(A2—§2) - 0 (A.2)
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Combining both equations in (A.2) gives the cubic polynomial

1
3 —_—
A° + 6 0, (A.3)

The values satisfying the above equation are of the form

Ap = — ez‘Tﬂik, fork=0,1,2.

1
272
Since ¢ is a real-valued quantity, we have that $(A) = 0 as a result of combining (A.2.b) and

(A.3). The latter does not hold for A\; and As. Moreover, a quick substitution of A\ in (A.2.b)
results in a contradiction since A\g&2 < 0 for £ € R.

Hence, equation (5.9) does not have repeated roots when a,, = 0.

e We now analyze the case when a,,,{ € R*. Let us start by rewriting equation (5.9) as follows

2
A avi€ \* &
—_— A — =0. A4
(1+ag)2+<< +1+a%0) (T+a2) (A4
We then introduce the variable p = A + {525 J:; “wit  Due to the affine relation between wand A\, we can

assert that a repeated root of the problem will satisfy the following system

2 2
P ol <M2 B §> —0
1 22 1 2)3 1 22 e
( +aw) ( —il_aw) , ( +a2w) <A5)
ey e ar)
3
Lemma A.2. Let o, & € R* and p € C\ R be a solution of (A.5). Then, |£] < %( 1+ a2)t/s.

& - 1
1+a3)?" " 4(1+0a3)?

i/ b+ ¥ a®
otV T
s/ b b2 a’

2 VIt

V3i

Furthermore, setting a = — and

A

B

the solution p belongs to {p—, us}, for

pe = —5(A+B)+ (4 B)
po = (A+B)—%(A B).

Proof. Note that (A.5) is written in canonical form. The sign of the term % + ‘21—; determines the

number of real roots of the cubic polynomial, going from three in the cases when it is non-positive
2 3

to one, when % + 9 is greater than zero. Let us prove that if a repeated root u exists, it must

forcibly have a non zero imaginary part.
Assuming p € R and then taking the imaginary part of (A.5a) lead to
S
_ ___—0 A6
(14+a2)3 ’ (4.6)

which contradicts the assumption that a,, and £ are not equal zero. We have thus proved that u

must be a complex quantity with nonzero imaginary part for the characteristic equation to have a
2 3

repeated root. Therefore, b— + 5= has to be positive which in turn, implies that A and B must be

real quantities and the Fourler variable should satisfy |£| < f(l + a2 )13, O
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Lemma A.3. Let u € C\ R be a solution of (A.5). Then, u is also a root of the quadratic

polynomaal
3 2 Qi€ £2
- =0. AT
T T Ty (A1)
52
This equation is easily obtained by first, multiplying (A.5a) by p and (A.5b) by (;ﬂ — (1—|—a2)2>

and then, Subtractlng the resulting equations .

Substituting pg = — 5 (A +B)+ %(A B) in (A.7) yields the following system for the real and

imaginary parts of the solution

9 V3 ayw§ £
mm+3)_ﬁmf3)i31+ F(A=B)+ s = 0 .
%fM+BXA7m+Ai@i%A+B): 0.

2(1+a2)

The root A cannot be purely imaginary, hence, A + B # 0 and the condition A — B # 0 is derived
from the fact that g must be complex. Dividing equation (A.8b) by A + B gives

4

A-B=+ -
3v31+ a2

13 (A.9)

We check at once that A+B is also proportional to £. From the relation (A+B)? = (A—B)?+4AB
and the fact that AB = —¢, we obtain

4 4o
m+Bﬁ_3u+ﬁy(9 +Q§ (A.10)

The term A + B must additionally satisfy equation (A.8a). Taking into account that £ # 0, the
combination of (A.8a) and (A.10) provides the following condition for a,

8a2 +9
LQ =0. (A.11)
18 (a2 +1)

The roots of the above equality are complex; hence, there is no real-valued o, for which (5.9)
has multiple roots. The same conclusion can be drawn from solving system (A.8) directly since
complex or null A + B terms contradict our previous assumptions.

Finally, we conclude (5.9) has four simple roots (A)i—1 o V&, ., € R in C \ I, satisfying R(\;) > 0 and

R(A7) > 0 if € # 0. '

B Expansion of the eigenvalues at high frequencies

This section is devoted to high-frequency expansions of the main functions we work with, namely, Ag
and Ag.

In high frequencies, that is, for [¢] > 1, by considering A = £p, where p € C, we obtain
E3p+ ((1+a )%+ 2icv,p — 1) =0. (B.1)

The above polynomial provides the following approximation of the solutions

1 +iay -
OE[2), ™ = =% + O(I¢[2), (B.2)

1 — iy,
2+1

+:

p

The definition of A exhibits a clear relation between the sign of its real part and the sign of p£. In
particular, A has positive real part if and only if sgn(f(p)) = sgn(&).
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Since we have already proved that all roots of (5.9) are simple, we will provide a second term on the
expansion of the solutions to make this assertion evident to the reader. Let p be a root of the polynomial

(1 +a2)p* + 2ia,p — 1)2 and p=p+ 75+ O(£73), where 1 < 3, we have
€30+ (21 + al)ppE " + 2ia,pET" + O(72 ))2 +0(£73 ) =0. (B.3)
This is the same as
E7+472E7 (1 + ad)p+ iy + O(E7)” + 0677 = 0,
from which we conclude that n = 3/2 and

ot ==+ ivp . (B.4)

Consequently, for j =1, 2,

1 —ia £ (1 —ia
+ Ty i — 0y -3
= 1)

T g T L@+1)+O@>’
_ 1+ dov, GETE 1+ oy, _3
- = —1)7 o) .

Pi w21 TV T ey O

We now turn towards the expressions of the Ay’s which satisfy the linear system
1 1 Ay wo
Al )\2 A2 '(/)1

Aoy by Mg Uy
_ Ay = — . B.5
P W v L Ve VL Ve (B5)

Thus,

A =

High frequency expansions. At infinity, the sign of real part of the A will depend on the sign of £, hence,
for £ = 400

AHE) = Lgfi”éﬂ—l)jig; T oE),

Q) = (-1Pieh |+ (1P TR T + O -+ €7,
and, when & — —oo

g = Ly aplR L o)

AFE) = (1Pl s+ (1T =T 0 + O+ €1

C Computations of the regularity estimates

We now focus our attention on the term [, €28 |W,|2dE, k = 0,1,2. First, we decompose the integral
into two pieces, one on {|{| > &} and {|§| < &}

> On the set [£] < &,
2|0, [2ded X C 2’“‘ )| C.
/|§|§§0/ €25 )T, [2de < Z/<fo H N (C.1)

Using (5.11) and Lemma 5.2

o0
/ / €)% |0, [PdedX < C (|¢5‘|2 + |¢;|2) < +o0.
l€]<€0 /0 1€1<&o
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> We now analyze the case when [¢] > £;. We are only illustrating the case when £ > 0 since the
negative case can be obtained in the same manner. For k =0, 1,2, we have

1

—_ 2
AR (©2)

€[ / B, X = 2 [ S af At
0

1<l,m<2

From Lemma 5.2, we have that A" + A\ = a|¢] + by €] 72+ 0(1€]72), a = R(¢?) and by, € RUR,

I,m € {1,2}. Hence,

1 1 b1m|£|3/2) -3

—=—(1- + 0 ;o ki l=1,2
A+ N alg] ( a ()

As a consequence,

2k <4 2 _ |§|2k_1 + A+2 f 3/2 +A+ 2k—1
14 ; P, [FdX = =——| [A] +45] ZblmA + O ((1%5]+ Wi Dle]
Im
Here, [AT + AT |? = [5]* and 32, ,, bim A A, = O(EP 14512 + [€]]147]%)-

Asymptotic expansions in Lemma 5.2 lead to

M4+ XE = 2R(C)E+ (DI (O + 0, for I=m,
T 2R(C)E+ (D) LETPR(O) + O(E72), for 1 #m,

for ( = a2Z$T7 and
A { (5 +iS(Q)E2 + [CPE) g2 — i + S m? — (iS(Q)€Y* — 2R(C)E) Wi, L=m
l m . e . Tk Tk
(i +4i3(0)€%2 + ‘CPES) [g1? — L|¢1|2 |4|2 ( R(C)EV? — 23@2)52) [Yot], 1 # m.
These expressions could mistakenly lead to a need for more robust results on regularity at the
boundary. We will show that nontrivial cancellations occur for the usual elliptic regularity result

to hold in this case. All sums of the eigenvalues are of the type a& + byné~ /2 +0(£72), a = R(¢?)
and by, € RUIL I, m € {1,2}. Thus,

1 1 L I —9/2
—=—(1- m 0 / kl=1,2
o e (1 e ) ro (6 ki=t2

where
, [ CUs©Q,  i=m,
L (DR, T #£m.

Substituting the above expression in (C.2) leads to

2k > \i/ QdX _ ‘§|2k_1 A A 2 |£|_3/2 2 b A A 5_3 E b2 A A 10) 2k—9/2
‘§| |—w| - a ‘ 1+ 2| a ImAm + a2 Im < Am + f .
0 l,m

Lm
(C.3)
Moreover,
A1+ Ao = Jygl
> bimAiAy = AyArS(C) + A1 Ay (=S(C)) — iAa Ay R(C) +iA1 AR(C)
= 2/ (26723(0) - )%wl, (C.4)
D b Ay = SO (JALP + [ A2)?) = R(Q)? (A1 Az + Ay Ay)
= Wz( e+ (4i§3/29(<)+4€3|<|2+1)|¢6‘|2> (©5)
2\l
2R —4£3/2 j
(RO (HALPSQO +) e

¢)?
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Combining the equations (C.4) and (C.3) we obtain,

€** /0 @, [2dX = O (|1 g l” + 162 i) -

To complete the proof of (5.12), it remains to check the behavior of the derivatives of U, with respect
to X up to the second order. Each derivation adds a factor (—1) (A + A}). It is clear the expression
is bounded when || < &. Moreover, simple computations show |\, 4+ A, |[¥ = O(J¢[*) for 1 < I,m < 2
and k = 0,1,2 when |£| > &. Note that the term f{|§|>£o}xR+ |0% W, |[dX d¢ will behave asymptotically

as |, (€]>€0} xR+ |€ |2k|§w|dX d¢, and therefore, its boundeness depends on the regularity of the functions
Yg and ¥7.
D Asymptotic behavior of the Green function coefficients

This section is devoted to the proof of Lemma 5.3 dealing with low and high-frequency expansions of
the coefficients of the Green function (5.15). The form of the coefficients

1
Bf = - ,
: @+ 17\ = A) (A = A0) (OF = )
B = 1
T @D O M) (A (M)
1
BY = ,
' (@2 +1)7 (AF = A7) (A = A7) (AT = A7)
By = - L

@ +1)2 (A =2) (A =) (A = Ar)

combined with the asymptotic behavior of the eigenvalues stemming from the characteristic equation
provide the desired results. Let us now illustrate this for each case.

Low frequencies: When [¢] < 1, we have

_ _ 1 14 (-1)%iV3 o
AL ==t o (lEP), Az——W‘FO(KDv AJ—W‘FO(KD» Jj=12.

Consequently,

B 1 . -
Bf =By =5 +0(g), j=12 B =1+0().

High frequencies: As |£| — 400, the eigenvalues behave for j = 1,2 as

- _ Zlg‘ ] |£|_1/2 —3/2 _ @f ; E _3/2
N = e F O = o) X =T s o (7).

E Proof of Lemma 4.1

Note that we have the following Poincaré inequality for HZ(U):

1 flzz0) < CID?fl120r)-

The previous result is obtained by chaining the Poincaré inequality for f with the Poincaré inequality for
Df. We considered the norm || f||? = |[D*f||72 ;) on H§(U) which is equivalent to the standard H§(U)
norm.

We claim that
1Af 2wy = 1D? Fllzwy = 1 £l
for any f € HZ(U).
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Indeed, let us consider f € C3°(U). Then integration by parts and commutativity of partial derivatives
for smooth functions implies

/lezlfz]x]dx: _/ fa:lijszldx: _/ fzifmjxla:]dx:/ fIiI]‘fIindx7
U U U U

for all 1 < 4,5 <n. Summing over all ¢ and j yields
1Afllz2wy = 1D fllz2 oy,
for all f € C5°(U). Since C§°(U) is dense in HZ(U), passing to limits we find that
IAfll2@y = ID?fllr2@y for all  f € HF(U).
This gives the desired equality of norms. Hence, in HZ(U) we have

£l 2wy < CllAflIL2)-

Let us now show that
[Afllz2@) < ClAS 2wy, (E.1)
where C' > 0 is a constant depending on o € R.

As a result of Plancherel theorem, we have that

||A04f||%2(U) = ||Aaf||%2(u)a and \|Af||%2(u) = \|Af||%2(u)~

Let (£1,&2) be the Fourier variables associated to X and Y, respectively. We have
BTl = [ 168+ (62 £ 0t I
> [ 16+ € - el (E2)
U

> (1= ®PIASfIZ 20

Here, we have used that (a + b)? > a? — b?, for a,b € R. Therefore, if A,f € L?(U), we have that
Af e L*(U).

For non-homogeneous Dirichlet boundary data, a similar result can be obtained by applying the Poincaré—
Wirtinger inequality. The additional term in the estimate is introduced to control the boundary terms.
The proof is left to the reader.

Remark E.1. In [3], the authors work with a norm equivalent to || - || 2.

Indeed, let U be a bounded subset of R2. Then, the scalar product
(u,v)q = / (D2u, D2v) ,
U

defines a norm on HZ(U) for
D2 (14 a%)0% +ad%y
o +ad%y 9%
and the Frobenius inner product®.
The equivalence is easily obtained since a function u of H3(U) satisfies

Tl < el < max(l+ o, 202) Jull2.

2The Frobenius norm on M, (K) is derived from the scalar or standard Hermitian product on this space, namely

(A, B) € My n(K)? — (A, B) = tr(A*B) = tr(BA*),

where A* denotes the conjugate transpose of A.
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F  Proof of Lemmas 5.9 and 8.7

Proof of Lemma 5.9. The Fourier multiplier M,, = (m; ;)2<i<3,0<j<1 € M2(C) has the components

mao = — (a5, +1) ((af, + 1) A +€7)
ma1 = —(af, +1) ((a2 + 1) A+ (af, +1) Aa + 2iawf) (F-1)

msq = (5afu + 1) §2
+ (a2 +1) (=M1 (02, + 1) Ao + dic€) — A2 ((ad, + 1) Ao + dia,€) — (a2 + 1) AT).

M3 = —% (2 (02, + 1) Ada (a2, + 1) AL+ (02, + 1) A + dion,€) + dia, & — 1),

Recall that A\; are the roots of the characteristic equation
P(A) ==X = (M + (ar+i£)*)* =0,

satisfying $(A;) > 0.

Expressions in (F.1) together with the asymptotic expansions in Lemma 5.2 are the core ingredients of
the proof.

e At low frequencies, the eigenvalues are complex conjugate constants depending on the parameter

auy. In particular, substituting A1 (£) = 1;\/323 + O (€]), A2 = Ay in (F.1) provides
2 (a2 + 1)
2/3
mao = — (02 + 1) a2+ 0(¢]) = — (o2 + 1) |2 + 0(l¢),
may = —2 (a2 + 1) R(\) + O \fl = — (a2 + 1) |\ + o),
1
ma0 = =2 (a2 + 1) MPRO) + 5+ O(&)) = =5 + O(lé]),

msy = — (2, +1)° (3R(\)% - J(Al) ?) +O(l¢]) = O(l¢))-

1+(-1)7iv3 dial€)
2(a2+1)2/3 + 3a2+3 +

To compute a more precise value of mg3 1, we take into account that \; =

O (|¢]?) and do not neglect the coefficients of &.

S .
e When & — +o00, the roots behave as )\;(f) = (2 + (—1) 1522 ¢+ O(¢]72), where ¢ = 1/%.
This yields the matrix,

—2(1 +iay)6* + 0 (671/7) —2(1 + 2ic,) (@2 +1) £+ O (671/2)
Mo=1 s <7+ 2icv, — W) E+0(1)  —2(1-8a2 + Tiay) + O (£1/2)

Let us illustrate the proof of the above result. We see that
map = — (a2 +1) ((a2 +1) ¢ +1) 2+ 03

— (a2, +1) (HM“’_O‘%” + 1) +0(E7Y2) = —2(1 +icvy,) + O(E7/?),

1+ a2
moy = —2 (a2 +1) ((a2 +1) (% +iay) € + O(67Y2) = —2(a2, + 1)(1 + 2iay,) + O(E™Y?),
ms,0 = —2 ((a +1) C6 +2(a +1)zaw(4 +zaw> £ 4+0(1)
1+ ity , , , 8(1 + icry
=2 <(1++2330)(1 + Bicv,) + zaw) S0 =2 (7+ iy, — (agf‘l )> E+0(1),

may = (502, +1— (3 (a2 +1)" ¢l + Siay (a3 +1) () ) € + 0(/?)
= (502, + 1 — (3(1 + awi)? + Siay (1 + i) € + O(Y/?)
= —2(1 — 802, + Ticv,)€2 + O('/?).

The matrix values when & — —oo can be computed in the same manner.

84



O

Proof of Lemma 8.7. In the eastern boundary layer domain, the matrix of Fourier multipliers M, =
(n; )2<i<3.0<i<1 € Ma(C) is formed by the elements

712’0 = (ag + ].) ((Olz + ]-) M1 2 + 52) )
nog = (02 +1) (02 + 1) p + (a2 + 1) iz — 20 . (:2)

n30 = —% (2 (02 + 1) prpua (1 + p2) + dicre€® — 1) :
nga == ((02+1)" (43 + popnr + ) + (302 — 1) €2),
where p;, i = 1,2 are the complex roots of positive real part of the equation
Pe(p,€) = —p+ (12 + (—aep +i€)*)%.
e When |£| > 1, the eigenvalues behave like (see Lemma 8.1)
1

=€ +0(¢P), HQ:W—FO(MD.
We obtain immediately that
nao = (a2 +1)€+0(E"), nan = (a2 +1)""+0(),
mso =5+ 0, ms=—(a2+ 1) (2 +1) 4 0(6) = - (a? +1)7* + 0(9)

e Similarly to the proof of Lemma 5.9, we only discuss the case when ¢ — +00, since the behavior
at —oo results from applying the same reasoning.

The high frequency expansion of the eigenvalues are of the form

() 2ey 5y —3/2 _ [l e
:u’J(g)_Ceg—’— 2 g <e+0(§ )7 Ce— O[%—Fl.
We have
2(1 —ia)E® + 0 (§7177) 2(1 — 2ia.) (a2 +1) £+ 0 (£71/2)
M, = 2 <32i0&e — w> €3+O(1) 72(1732‘&6)524»0(571/2)

Indeed, substituting the formulae of the eigenvalues at high frequencies in (F.2) gives

n2o = (a2 +1) ((af +1) ¢+ 1) € +0(6?) =2(1 —iae) + O(61/?),
oy = =2 (a2 +1) ((a +1) ¢ —iae)  + O(E71?) = 2(1 = 2ia,) (af +1) + O(E?),

-3 2 o
mo=-2 (@3 +1)°¢ +iae) € + 0/ = -2 (LTI 04 oq
B A1 —iae) g '
= 2 (3 ZZOZE ()[2—}—1) 5 + O(].),

a1 = (3 a2 +1)% ¢ + 302 - 1) 2401 = - (3(1 —iae)? + 302 — 1) €2+ 012
= —2(1 — 3ia.)E2 4+ O(e7/?).
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