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ABSTRACT. The space CV has no free analogue, but we can talk instead about the free

sphere Sg;l, as the manifold defined by the equations ) z;x} = >, zjz; = 1. We

discuss here the structure and hierarchy of the submanifolds X C S(]CV ;1, with particular
attention to the manifolds having an integration functional tr : C(X) — C.



Preface

Classical geometry has its origins in classical mechanics, with some of its most fun-
damental objects, such as the conics, coming from the trajectories of planets and other
celestial objects around the Sun. The whole process of creation of abstract modern ge-
ometry, in interaction with classical mechanics, has taken around 2000 years. Similarly,
quantum mechanics, which is however a far newer discipline, has inspired several theories
of quantum geometry, more commonly called “noncommutative geometry”.

Generally speaking, a quantum space is an abstract space X, described by an algebra
of functions of type A = C'(X), which can be noncommutative. However, at the technical
level, the questions abound. Shall X be finite, discrete, compact, or locally compact?
Shall X be an algebraic manifold, and if so, shall it be real or complex, and affine or
projective? What about X being smooth, or even Riemannian? Shall the scalars for A
be the complex numbers, £k = C, or something else? Shall the integration over X exist,
and by which mechanism, and if so, shall that be a trace or not? And so on.

No one really knows the answer to these questions, and several noncommutive ge-
ometry theories have been built, by using various combinations of answers to the above
questions, depending on knowledge and taste. The problem comes of course from our
current poor understanding of quantum mechanics, which is no easy business. But this is
how life is, and people since Einstein have been struggling with this problem.

The present book is an introduction to noncommutative geometry, using an intuitive
and elementary approach. Our philosophy will be very close to that of Connes, with
substantial input from Jones, Voiculescu and Woronowicz. To be more precise, we will be
interested in quantum spaces X which are compact, are real algebraic manifolds, either
affine or projective, are a bit Riemannian too, without however being smooth, and with
the corresponding algebra A = C'(X) being an operator algebra, and so with k = C, and
coming with an integration functional ¢tr : A — C, which must be a trace, tr(ab) = tr(ba),
and which, importantly, must appear by theorem, rather than by axiom.

All this might seem a bit random, at a first glance, but all these choices will be
explained, carefully and slowly, throughout the book. The book is organized in four
parts, with Part I dealing with generalities and axiomatics, Part II dealing with the case
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4 PREFACE

of “free manifolds”, which is of particular interest, Part III dealing with more general
manifolds, and with Part IV going back to the free manifolds, with further results.

Getting back to our axioms and philosophical choices, a first observation, which makes
a good point for us, mathematically speaking, is that what you’re holding in hands,
before even reading it, suspiciously looks like an elementary graduate textbook. And this
is indeed the case, the present book being indeed a graduate textbook, corresponding
to what can be taught during a 1-year graduate course. The math will be not that
complicated, without of course being trivial either, with everything being accessible with
just some basic knowledge of abstract algebra, functional analysis, and probability.

Thus, good point, our math will be quite simple. But whether this simple math can
correspond indeed to some simple physics, of the type that can be met in the usual life,
remains a difficult question. Getting back to our axioms, our choices there are particularly
motivated by nuclear physics, with for instance our assumption that X is compact being
inspired by the fact that the strong force is “confined”. Our belief, or rather dream, is
that the strong force could one day be understood as being some kind of “free electricity”.
But for the moment, we do not have much concrete evidence for this.

Getting back to Earth now, as already mentioned, the present book and the math
inside correspond to what can be taught during a 1-year pleasant graduate course, on
the theme “Introduction to noncommutative geometry”. There are also two 1-semester
graduate course options, based on this book. The first option consists in doing the same
thing, but just using Parts I-II, and with a quick look into Parts III-IV as well. As for
the second option, this can be a course of type “Introduction to free geometry”, based on
Parts IT and IV, and with a quick look into Parts I and III as well.

This book is partly based on a number of recent joint papers on quantum groups and
noncommutative geometry, and [ am particularly grateful to Julien Bichon, for his heavy
involvement in the subject. Many thanks go as well to my cats. Their timeless views and
opinions, on everyone and everything, have always been of great help.
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Part 1

Abstract geometries



Hot chili peppers in the blistering sun
Dust on my face and my cape
Me and Magdalena on the run

I think this time we shall escape



CHAPTER 1

Spheres and tori

la. Classical geometries

What is geometry? A naive approach to this question suggests that we should have
at least a sphere S, a torus 7', a unitary group U, and a reflection group K, as starting
objects. These basic objects should have relations between them, as follows:

S T

U K

Our idea here will be that of axiomatizing such quadruplets (S,7,U, K). With this
axiomatization in hand, and some classification results as well, we will discuss then the
development of each of the geometries that we found. This will be our plan.

Let us first discuss the case of the usual geometry, in RY. Basic common sense would
suggest to add RY itself to our list of objects, and with this addition done, why not erasing
afterwards all the other objects, which can be reconstructed anyway from RY.

Unfortunately, this is something that we cannot do, in view of our noncommutative
geometry goals and motivations. To be more precise, it is well-known that RY has no
interesting noncommutative analogues. Technically speaking, the problem comes from
the fact that RY is not compact. We will be back later to this issue.

So, let us go ahead, and construct our quadruplet (S,7,U, K). We have:
11



12 1. SPHERES AND TORI

DEFINITION 1.1. The real sphere, torus, unitary group and reflection group are:

S = {xERN‘fozl}

Ty = {xGRN

1
)
Oy = {U e MN(R)’Ut - U*l}
Hy — {U € My (1,0, 1)’Ut - U—l}
These are the usual sphere, cube, orthogonal group, and hyperoctahedral group.

Here the superscript N — 1 for the sphere, which is very standard, stands for the real
dimension as manifold, which is N —1. Also, the 1/v/N normalization for the cube/torus
is there in order to have an embedding Ty C S]fg ~! this being convenient for us.

Regarding the correspondences between our objects, there are many ways of estab-
lishing them, depending on knowledge and taste, but this is not crucial for us. We just
need a statement here, in order to get started, so let us formulate things as follows:

THEOREM 1.2. We have a full set of correspondences, as follows,

N-1
SR

Ty

On

obtained via various results from basic geometry and group theory.

Hy

PROOF. As already mentioned, there are several possible solutions to the problem,
and all this is not crucial for us. Here is a way of constructing these correspondences:

(1) SY~ <> Tw. Here Ty comes from S2 ! via |21| = ... = |zy|, while SY " appears
from Ty C RY by “deleting” this relation, while still keeping Y, 27 = 1.

(2) Sf~" > Oy. This comes from the fact that Oy is the isometry group of S§'~*,
and that, conversely, Sg' ' appears as {Uz|U € Oy}, where z = (1,0,...,0).

(3) Sﬂg ~! 45 Hy. This is something trickier, but the passage can definitely be obtained,
for instance via Ty, by using the constructions in (1) above and (5) below.

(4) Ty < On. Here Ty ~ ZY is a maximal torus of Oy, and the group Oy itself can
be reconstructed from this maximal torus, by using various methods.
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(5) Ty < Hy. Here, similarly, Ty ~ ZY is a maximal torus of Hy, and the group
Hy itself can be reconstructed from this torus as a wreath product, Hy = Tx ! Sy.

(6) On <> Hy. This is once again something trickier, but the passage can definitely
be obtained, for instance via T, by using the constructions in (4) and (5) above. O

The above result is of course something quite non-trivial, and having it understood
properly would take some time. However, as already said, we will technically not need all
this. Our purpose for the moment is just to explain our (5,7, U, K) philosophy.

As a second basic example of geometry, we have the usual geometry of CV. Here,
as before, we cannot include the space CV itself in our formalism, because this space is
not compact, and as already said, we would like to deal with compact spaces only. The
corresponding quadruplet (S, 7T, U, K) can be constructed as follows:

DEFINITION 1.3. The complex sphere, torus, unitary group and reflection group are:
o freorsnen]
i

1

Uy = {U = MN(C)(U* — U—l}

Ky = {UGMN(TU{O})

v =v'}
These are the usual complex sphere, torus, unitary group, and complex reflection group.

As before, the superscript N — 1 for the sphere does not fit with the rest, but is quite
standard, somewhat coming from dimension considerations. We will use it as such. Also,
the 1/v/'N factor is there in order to have an embedding Ty C Sp .

Also as before, in what regards the correspondences between our objects, there are
many ways of establishing them, will all this being not crucial for us. In analogy with
Theorem 1.2, let us formulate a second informal statement, as follows:

THEOREM 1.4. We have a full set of correspondences, as follows,

SVl Ty

Un Ky

obtained via various results from basic geometry and group theory.
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PrOOF. We follow the proof in the real case, by making adjustments where needed,
and with of course the reiterated comment that all this is not crucial for us:

1) S¥~! 3 Ty. Same proof as before, using |z1| = ... = |zy].

2 S(]cv 1 &3 Uy. Here “isometry” must be taken in an affine complex sense.

)
)

4) Ty <+ Uy. Coming from the fact that Ty ~ T is a maximal torus of Uy.
)

(

(

(3 Sév_l < K. Trickier as before, best viewed by passing via Ty .

(

(5) Ty <> Ky. Once again, maximal torus argument, and Ky = Tx ! Sy.
(

6) Uy +» Ky. Trickier as before, best viewed by passing via Ty. 0

As a conclusion, our (5,7, U, K) philosophy seems to work, in the sense that these
4 objects, and the relations between them, encode interesting facts about R, CY. Our
plan in what follows will be that of leaving aside the complete understanding of what has
been said above, and going directly for the noncommutative case. We will see that in the
noncommutative setting things are more rigid, and therefore, simpler.

1b. Quantum spaces

In order to talk about noncommutative geometry, the idea will be that of defining our
quantum spaces X as being abstract manifolds, whose coordinates 1, ..., zy do not nec-
essarily commute. Thus, we are in need of some good algebraic geometry correspondence,
between such abstract spaces X, and the corresponding algebras of coordinates A. Fol-
lowing Heisenberg, von Neumann and many others, we will use here the correspondence
coming from operator algebras. A first idea is that of using “continuous coordinates”,
with each quantum space X corresponding to a certain C*-algebra, via:

A=C(X)

With this idea in mind, getting back to our (S, T, U, K) philosophy, we would like to
have C*-algebras with correspondences between them, as follows:

C(S) C(T)

C(U)

A second idea, which is viable as well, and is probably more far-reaching, in view of
the loads of uncertainty and probability theory involved with quantum mechanics, but
which is technically more complicated to develop, is that of using L* coordinates for our
manifolds, according to a formula of the following type:

A// — LOO(X)

O(K)
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With this second idea in mind, in connection with our (S, 7T, U, K') program, we would
like to have von Neumann algebras with correspondences between them, as follows:

L=(S) L>=(T)

L=(U) Lo(K)

In what follows we will use both the above ideas, which are both fruitful. To be more
precise, our plan will be that of developing first the continuous theory, and leaving the
more advanced aspects, involving von Neumann algebras and probability, for later.

In order to get started now, we will need a number of preliminaries on operators and
operator algebras. Let us begin with the following standard definition:

DEFINITION 1.5. A Hilbert space is a complex vector space H, given with a scalar
product < x,y >, satisfying the following conditions:
(1) < x,y > is linear in x, and antilinear in y.
(2) <x,y > =<y,x >, for any x,y.
(3) <x,x >>0, for any x # 0.
(4) H is complete with respect to the norm ||z|| = /< z,z >.

Here the fact that ||.|| is indeed a norm comes from the Cauchy-Schwarz inequality,
| <x,y>1|<||z||-|ly|]|, which comes from the fact that the following degree 2 polynomial,
with ¢ € R and w € T, being positive, its discriminant must be negative:

f(#) = |l +wty|*

In finite dimensions, any algebraic basis {f1,..., fy} can be turned into an orthonor-
mal basis {ey,...,ex}, by using the Gram-Schmidt procedure. Thus, we have H ~ CV,
with this latter space being endowed with its usual scalar product:

<3y >=Y

The same happens in infinite dimensions, once again by Gram-Schmidt, coupled if
needed with the Zorn lemma, in case our space is really very big. In other words, any
Hilbert space has an orthonormal basis {e;};c;, and we have:

H ~ I*(I)

Of particular interest is the “separable” case, where I is countable. According to the
above, there is up to isomorphism only one Hilbert space here, namely:

H = [*(N)
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All this is, however, quite tricky, and can be a bit misleading. Consider for instance
the space H = L?[0, 1] of square-summable functions f : [0,1] — C, with:

< f.g >=/O f(@)g(x)da

This space is of course separable, because we can use the basis f,, = 2™ with n € N,
orthogonalized by Gram-Schmidt. However, the orthogonalization procedure is something
non-trivial, and so the isomorphism H ~ [*(N) that we obtain is something non-trivial as
well. Doing some computations here is actually a very good exercise.

In what follows we will be interested in the linear operators T : H — H which are
bounded. Regarding such operators, we have the following result:

THEOREM 1.6. Given a Hilbert space H, the linear operators T : H — H which are
bounded, in the sense that

Tl = sup |[Tz|

[EES!
is finite, form a complex algebra B(H), having the following properties:

(1) B(H) is complete with respect to ||.||, so we have a Banach algebra.
(2) B(H) has an involution T — T*, given by < Tx,y >=< z,T*y >.

In addition, the norm and involution are related by the formula ||TT*|| = ||T|[?.
PRrOOF. The fact that we have indeed an algebra follows from:
1S+ T < [[SI]+ [Tl
IXT]| = |A]- |IT7]]
ST < (IS - [IT1]

(1) Assuming that {7,,} C B(H) is Cauchy then {T,z} is Cauchy for any x € H, so
we can define indeed the limit 7" = lim,, ,, T,, by setting:

Tx = lim T,z

n—o0

(2) Here the existence of T* comes from the fact that ¢(z) =< T'z,y > being a linear
form H — C, we must have p(z) =< z,T*y >, for a certain vector T*y € H. Moreover,
since this vector is unique, 7™ is unique too, and we have as well:

(S+T) =8+ T
(AT)* = \T™*
(ST)* = T*S*

(T =T



1B. QUANTUM SPACES 17

Observe also that we have indeed T* € B(H), because:

|T|| = sup sup <Tx,y>
llz[|=1 lly||=1

= sup sup <ux, Ty >
llyll=1[|||=1

= [|T7]]
Regarding now the last assertion, we have:
17T < 1Tl - 1|77 = |71
We have as well the following estimate:

IT|]? = ||SI\T£)1‘ <Tx, Tz > |

= sup | <z, T"Tx > |
[|=1

< ||T°T1]
By replacing T' — T™* we obtain from this:
T[] < |1TT7]
Thus, we have proved the last equality, and we are done. U

Observe that when H comes with an orthonormal basis {e; };c, the linear map T' — M
given by M;; =< Te;j, e; > produces an embedding as follows:

B(H) c M;(C)
Moreover, in this picture the operation 7" — T™ takes a very simple form, namely:
(M")y; = My,
However, as explained before Theorem 1.6, it is better in general not to use bases, and
this because very simple spaces like L?[0, 1] do not have simple bases.
The conditions found in Theorem 1.6 suggest the following definition:

DEFINITION 1.7. A C*-algebra is a complex algebra A, having:

(1) A norm a — ||al|, making it a Banach algebra.
(2) An involution a — a*, satisfying ||aa*|| = ||al|*.

Generally speaking, the elements a € A are best thought of as being some kind of
“generalized operators”, on some Hilbert space which is not present. By using this idea,
one can emulate spectral theory in this setting, as follows:
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PROPOSITION 1.8. Given a € A, define its spectrum as being the set
o(a) = {Ae@a—Ang—l}

and its spectral radius p(a) as the radius of the smallest centered disk containing o(a).

) The spectrum of a norm one element is in the unit disk.

) The spectrum of a unitary element (a* = a=') is on the unit circle.

) The spectrum of a self-adjoint element (a = a*) consists of real numbers.
) The spectral radius of a normal element (aa* = a*a) is equal to its norm.

PROOF. Our first claim is that for any polynomial f € C[X], and more generally for
any rational function f € C(X) having poles outside o(a), we have:

o(f(a)) = f(o(a))

This indeed something well-known for the usual matrices. In the general case, assume
first that we have a polynomial, f € C[X]. If we pick an arbitrary number A\ € C, and
write f(X) —A=¢(X —r)...(X —rg), we have then, as desired:

ANgo(f(a) <= fla)—re A
< cla—r)...(a—rp) € A!
= a—ry,...,a—1p €A
= r,...,1x ¢ 0(a)
— ¢ flo(a))

Assume now that we are in the general case, f € C(X). We pick A € C, we write
f=P/Q, and we set ' = P — A\Q. By using the above finding, we obtain, as desired:

A€ a(f(a)) F(a) ¢ A™
0€o(F(a))
0 € F(o(a))
Jueo(a), Flp) =0
A€ flo(a))

Regarding now the assertions in the statement, these basically follows from this:

11117

(1) This comes from the following formula, valid when ||a|| < 1:

=l4+a+a®+...
1—a

(2) Assuming a* = a~!, we have the following norm computations:
lall = v/[laa*]| = V1 =1

la™ ] = la[| = [lal] = 1



1B. QUANTUM SPACES 19

If we denote by D the unit disk, we obtain from this, by using (1):
lla||] =1 = o(a) C D
jla™'||=1 = o(a')C D

1

On the other hand, by using the rational function f(z) = 27!, we have:

olayc D = o(a) c D!
Now by putting everything together we obtain, as desired:
olayc DND =T

(3) This follows by using (2), and the following rational function, depending on a
parameter t € R:
z+it
J2) = z—at

Indeed, for ¢t >> 0 the element f(a) is well-defined, and we have:

a+ it *_a—it_ a+ it -1
a—it) a+it \a—it

Thus the element f(a) is a unitary, and by using (1) its spectrum is contained in T.
We conclude from this that we have:

flo(a)) = o(f(a)) CT
But this shows that we have o(a) C f~!(T) = R, as desired.

(4) We already know that we have p(a) < |[|a||, for any a € A. For the reverse
inequality, when a is normal, we fix a number p > p(a). We have then:

o0

ZTL
/ dz = / g Rk dz
lo|=p = — @ lzl=p p—o
o
— § </ Zn—k—1d2> ak
k=0 |z|=p

0o
k
- § 6n,k+1 a
k=0

— an—l

By applying the norm and taking n-th roots we obtain from this formula, modulo
some elementary manipulations, the following estimate:

p> lim [|a"|]"/"
n—oo
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Now recall that p was by definiton an arbitrary number satisfying p > p(a). Thus, we
have obtained the following estimate, valid for any a € A:
pla) > lim [[a”][1"
n—o0

In order to finish, we must prove that when a is normal, this estimate implies the
missing estimate, namely p(a) > ||a||. We can proceed in two steps, as follows:

Step 1. In the case a = a* we have ||a™|| = [|a||* for any exponent of the form n = 2,
by using the C*-algebra condition ||aa*|| = ||a||?, and by taking n-th roots we get:

pla) = [lal]
Thus, we are done with the self-adjoint case, with the result p(a) = ||a||.

Step 2. In the general normal case aa* = a*a we have a™(a")* = (aa*)", and by using
this, along with the result from Step 1, applied to aa*, we obtain:

pla) > lim [la"[|""
n—oo

— ; n( n\x||1/n
\/gggolla (a")*]|
= \/lim ||(aa*)n| |1/

n—oo

= +/plaa*)

= |lall
Thus, we are led to the conclusion in the statement. Il
We can now formulate a key theorem, from [62], as follows:

THEOREM 1.9 (Gelfand). If X is a compact space, the algebra C(X) of continuous
functions f: X — C 1s a commutative C*-algebra, with structure as follows:

(1) The norm is the usual sup norm:

Lf1] = sup [ f ()]
zeX

(2) The involution is the usual involution:

fH(x) = f(x)
Conversely, any commutative C*-algebra is of the form C(X), with its “spectrum” X =
Spec(A) appearing as the space of characters x : A — C.

PROOF. In what regards the first assertion, almost everything here is trivial. We have
indeed a commutative algebra, with norm and involution, the Cauchy sequences inside are
well-known to converge, and the condition ||ff*|| = ||f]|? is satisfied. Conversely, given a
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commutative C*-algebra A, we can define X to be the set of characters y : A — C, with
the topology making continuous all the evaluation maps ev, : x — x(a). Then X is a
compact space, and a — ev, is a morphism of algebras:

ev:A— C(X)
We first prove that ev is involutive. We use the following formula:

a+a* . ila—a¥)

2 2

Thus it is enough to prove the equality ev,« = ev? for self-adjoint elements a. But this
is the same as proving that a = a* implies that ev, is a real function, which is in turn
true, because ev,(x) = x(a) is an element of o(a), contained in R.

Since A is commutative, each element is normal, so ev is isometric:

|leval| = pla) = ||al|

It remains to prove that ev is surjective. But this follows from the Stone-Weierstrass
theorem, because ev(A) is a closed subalgebra of C'(X), which separates the points. O

The Gelfand theorem suggests formulating the following definition:
DEFINITION 1.10. Given a C*-algebra A, not necessarily commutative, we write
A=C(X)
and call the abstract object X a “compact quantum space”.

In other words, the category of the compact quantum spaces will be by definition
the category of the C*-algebras, with the arrows reversed. We will be back to this, with
examples, and with some technical comments as well.

Let us discuss now the other basic result regarding the C*-algebras, namely the GNS
representation theorem. We will need some more spectral theory, as follows:

PROPOSITION 1.11. For a normal element a € A, the following are equivalent:

(1) a is positive, in the sense that o(a) C [0, 00).
(2) a = b2, for some b € A satisfying b = b*.
(3) a = cc*, for some c € A.

Proor. This is something very standard, as follows:

(1) = (2) Since our element a is normal the algebra < a > that is generates is
commutative, and by using the Gelfand theorem, we can set b = \/a.

(2) = (3) This is trivial, because we can set ¢ = b.
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(3) = (1) We proceed by contradiction. By multiplying ¢ by a suitable element of
< cc* >, we are led to the existence of an element d # 0 satisfying —dd* > 0. By writing
now d = x + iy with x = x*,y = y* we have:

dd* + d*d = 2(2* +y*) > 0

Thus d*d > 0. But this contradicts the elementary fact that o(dd*),o(d*d) must
coincide outside {0}, which can be checked by explicit inversion. O

Here is now the representation theorem from [63], along with the idea of the proof:

THEOREM 1.12 (GNS theorem). Let A be a C*-algebra.

(1) A appears as a closed x-subalgebra A C B(H), for some Hilbert space H.
(2) When A is separable (usually the case), H can be chosen to be separable.
(3) When A is finite dimensional, H can be chosen to be finite dimensional.

PROOF. Let us first discuss the commutative case, A = C'(X). Our claim here is that
if we pick a probability measure on X, we have an embedding as follows:

C(X)Cc B(L*(X)) . f—(9—f9)

Indeed, given a function f € C(X), consider the operator Ty(g) = fg, acting on
H = L*(X). Observe that T} is indeed well-defined, and bounded as well, because:

1 7gll2 = \//X [F(@)Plg(2)Pde < | flloollg]l2

The application f — T being linear, involutive, continuous, and injective as well, we
obtain in this way a C*-algebra embedding C(X) C B(H), as claimed.

In general, we can use a similar idea, with the algebraic aspects being fine, and with
the positivity issues being taken care of by Proposition 1.8 and Proposition 1.11.

Indeed, assuming that a linear form ¢ : A — C has some suitable positivity properties,
making it analogous to the integration functionals [, : A — C from the commutative
case, we can define a scalar product on A, by the following formula:

< a,b>= p(ab")
By completing we obtain a Hilbert space H, and we have an embedding as follows:
ACB(H) , a— (b— ab)

Thus we obtain the assertion (1), and a careful examination of the construction A —
H, outlined above, shows that the assertions (2,3) are in fact proved as well. U
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1c. Free spheres

With the above formalism is hand, we can go ahead, and construct two free quadru-
plets (S,T,U, K), in analogy with those corresponding to the classical real and complex
geometries. Let us begin with the spheres. Following [4], [28], we have:

DEFINITION 1.13. We have free real and complex spheres, defined via

x; :xf,fo = 1)
C(Sé\ijrl) =C* (mh...,xN‘ szxj = fo[m, = 1)

where the symbol C* stands for universal enveloping C*-algebra.

C(Sﬂgll) =C" (33'1, A

All this deserves some explanations. Given an integer N € N| consider the free complex
algebra on 2N variables, denoted z1,...,zy and z7, ..., 2%:

* *k
A= <x1,...,atN,x1,...,mN>

In other words, the elements of A are the formal linear combinations, with complex
coefficients, of products between our variables x;, }, and of the unit 1.
This algebra has an involution % : A — A, given by:

Now let us consider the following x-algebra quotients of our x-algebra A:

Arp = A/<xi:xf,2x?:1>
Ao = A/<Zx1x:22x;‘wzzl>

Since the first relations imply the second ones, we have quotient maps as follows:
A— A — Ag

Our claim now is both Ag, Ap admit enveloping C*-algebras, in the sense that the
biggest C*-norms on these x-algebras are bounded. We only have to check this for the
bigger algebra Ac. But here, our claim follows from the following estimate:

il P = zsaf|| < |17 wiaf|| = 1
7

Summarizing, our claim is proved, so we can define C(S§'."),C(S{;') as being the
enveloping C*-algebras of Ag, Ac, and so Definition 1.13 makes sense.

In order to formulate some results, let us introduce as well:
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DEFINITION 1.14. Given a compact quantum space X , its classical version is the usual
compact space X 55 C X obtained by dividing C(X) by its commutator ideal:

C(Xeass) =C(X)/ T, I=<la,b] >
In this situation, we also say that X appears as a “liberation” of X.

In other words, the space X5 appears as the Gelfand spectrum of the commutative
C*-algebra C'(X)/I. Observe in particular that X, is indeed a classical space. As a
first result now, regarding the above free spheres, we have:

THEOREM 1.15. We have embeddings of compact quantum spaces, as follows,

N—-1 N—-1
Sp+ — Scr

SN_l Sé\f—l
R =
and the spaces on top appear as liberations of the spaces on the bottom.

PRrROOF. The first assertion, regarding the inclusions, comes from the fact that at the
level of the associated C*-algebras, we have surjective maps, as follows:

C(Sz:") C(SEh)

C(S2 ) C(s¢ )

For the second assertion, we must establish the following isomorphisms, where the
symbol C* stands for “universal commutative C*-algebra generated by”:

comm
x; =], E ri = 1)
i
N—l * * *
C(Se ) =Crm (:L‘l,...,CCN‘ g T = g xixi:1>
i i

As a first observation, it is enough to establish the second isomorphism, because the
first one will follow from it, by dividing by the relations z; = z}.

So, consider the second universal commutative C*-algebra A constructed above. Since
the standard coordinates on Sév ~! satisfy the defining relations for A, we have a quotient
map of as follows, mapping standard coordinates to standard coordinates:

A— O(SE

C’(Sﬁlfl) =C: (ml, TN
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Conversely, let us write A = C(S), by using the Gelfand theorem. The variables
71, ...,ox become in this way true coordinates, providing us with an embedding S ¢ CV.
Also, the quadratic relations become Y, |2;|* = 1, so we have S C SN~ Thus, we have
a quotient map C' (S(JCV 1) = A, as desired, and this gives all the results. Il

Summarizing, we are done with the spheres. Before getting into tori, let us talk about
algebraic manifolds. By using the free spheres constructed above, we can formulate:

DEFINITION 1.16. A real algebraic manifold X C ngrl 1s a closed quantum subspace
defined, at the level of the corresponding C*-algebra, by a formula of type

C(x) = C(8YN) [ (S, . aw) = 0)
for certain family of noncommutative polynomaials, as follows:
fieC<ux,...,zny >
We denote by C(X) the x-subalgebra of C(X) generated by the coordinates x1,...,xy.

As a basic example of such a manifold, we have the free real sphere S]fg :Ll. The classical

spheres Sév -1 Sg ~1 and their real submanifolds, are covered as well by this formalism.
At the level of the general theory, we have the following version of the Gelfand theorem,
which is something very useful, and that we will use many times in what follows:

THEOREM 1.17. If X C ngrl is an algebraic manifold, as above, we have

Xilass = {x € S(’CV*l filxy, ..., xN) = O}

and X appears as a liberation of X s

PRrOOF. This is something that we already met, in the context of the free spheres. In
general, the proof is similar, by using the Gelfand theorem. Indeed, if we denote by X/, .,
the manifold constructed in the statement, then we have a quotient map of C*-algebras

as follows, mapping standard coordinates to standard coordinates:

C(Xclass) — C( ! )

class

Conversely now, from X C S(]C\f jrl we obtain X e C Sg 1. Now since the relations
defining X/, .. are satisfied by Xj.ss, we obtain an inclusion Xgass C X)), Thus, at
the level of algebras of continuous functions, we have a quotient map of C*-algebras as

follows, mapping standard coordinates to standard coordinates:

C( ! ) — O(Xclass)

class

Thus, we have constructed a pair of inverse morphisms, and we are done. Il

Finally, once again at the level of the general theory, we have:
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DEFINITION 1.18. We agree to identify two real algebraic submanifolds X,Y C ngrl
when we have a x-algebra isomorphism between x-algebras of coordinates

f:CY)—C(X)
mapping standard coordinates to standard coordinates.

We will see later on some precise reasons for making this convention, in connection
with the group duals, in the non-amenable case.

1d. Free tori

Let us go back now to our general (S,7,U, K) program. Now that we are done with
the free spheres, we can introduce as well free tori, as follows:

DEFINITION 1.19. We have free real and complex tori, defined via

C(Ty)=C" (xl, e XN

N

where the symbol C* stands for universal enveloping C*-algebra.

1
C(TY) =C* (xl, Nl = xie = —)

The fact that these tori are indeed well-defined comes from the fact that they are
algebraic manifolds, in the sense of Definition 1.16 above. In fact, we have:

ProprosITION 1.20. We have inclusions of algebraic manifolds, as follows:

N-1 N-1
Sp+ — 5S¢

Ty Ty
In addition, this is an intersection diagram, in the sense that Ty, = Tx N Sﬁ;l.

ProoF. All this is clear indeed, by using the equivalence relation in Definition 1.18,
in order to get rid of functional analytic issues at the C*-algebra level. g

In analogy with Theorem 1.15, we have the following result:
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THEOREM 1.21. We have inclusions of algebraic manifolds, as follows,

Ty Ty

TN TN

and the manifolds on top appear as liberations of those of the bottom.

Proor. This follows exactly as Theorem 1.15, and best here is to invoke Theorem
1.17 above, which is there precisely for dealing with such situations. O

Summarizing, we have free spheres and tori, having quite similar properties.

Let us further study the tori. Up to a rescaling, these are given by algebras generated
by unitaries, so studying the algebras generated by unitaries will be our next task. The
point is that we have many such algebras, coming from the following construction:

THEOREM 1.22. Let T" be a discrete group, and consider the complex group algebra
C[T], with involution given by the fact that all group elements are unitaries, g* = g~ '.
(1) The mazimal C*-seminorm on C[I'| is a C*-norm, and the closure of C[I'] with
respect to this norm is a C*-algebra, denoted C*(I).
(2) When T is abelian, we have an isomorphism C*(I') ~ C(G), where G = T is its
Pontrjagin dual, formed by the characters x : I' — T.

ProoF. All this is very standard, the idea being as follows:

(1) In order to prove the result, we must find a *-algebra embedding C[T'] C B(H),
with H being a Hilbert space. For this purpose, consider the space H = [*(T'), having
{h}ner as orthonormal basis. Our claim is that we have an embedding, as follows:

m:C[l'l c B(H) , m(g)(h)=gh
Indeed, since m(g) maps the basis {h}er into itself, this operator is well-defined,
bounded, and is an isometry. It is also clear from the formula w(g)(h) = gh that g —

7(g) is a morphism of algebras, and since this morphism maps the unitaries g € T" into
isometries, this is a morphism of x-algebras. Finally, the faithfulness of 7 is clear.

(2) Since I' is abelian, the corresponding group algebra A = C*(I") is commutative.
Thus, we can apply the Gelfand theorem, and we obtain A = C'(X), with:

X = Spec(A)
But the spectrum X = Spec(A), consisting of the characters y : C*(I') — C, can be
identified with the Pontrjagin dual G = I', and this gives the result. O

The above result suggests the following definition:
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DEFINITION 1.23. Given a discrete group I', the compact quantum space G given by
c(G) = ()
is called abstract dual of T, and is denoted G = r.

This is in fact something which is not very satisfactory, in general, due to amenability
issues. However, in the case of the finitely generated discrete groups I' =< g1, ..., g8 >,
which is the one that we are interested in here, the corresponding duals appear as algebraic
submanifolds ' Sg ;1, and the notion of equivalence from Definition 1.18 is precisely
the one that we need, identifying full and reduced group algebras.

We can now refine our findings about tori, as follows:

THEOREM 1.24. The basic tori are all group duals, as follows,

TS TS 73N Fy
Ty Ty 7y TV

where Fy is the free group on N generators, and * is a group-theoretical free product.

PROOF. The basic tori appear indeed as group duals, and together with the Fourier
transform identifications from Theorem 1.22 (2), this gives the result. O

Following [17], let us try now to understand the correspondence between the spheres
S and tori 7. We first have the following result, summarizing our knowledge so far:

THEOREM 1.25. The four main quantum spheres produce the main quantum tor:

N-1 N-1 + +
Sr+ — Sc+ Iy Ty

SN gh Ty Ty

via the formula T = S N'TY, with the intersection being taken inside ngrl.

PRroOOF. This comes from the above results, the situation being as follows:
(1) Free complex case. Here the formula in the statement reads T}, = S¥ N T

But this is something trivial, because we have T} C Sé\f jrl.

(2) Free real case. Here the formula in the statement reads Ty = S]]RX 'NTE. But
this is something that we already know, from Proposition 1.20 above.
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(3) Classical complex case. Here the formula in the statement reads Ty = S& ' NT4.
But this is clear as well, the classical version of T} being Ty.

(4) Classical real case. Here the formula in the statement reads Ty = S 'NT}. But
this follows by intersecting the formulae from the proof of (2) and (3). O

The correspondence S — T found above is not the only one. In order to discuss this,
let us start with a general result, as follows:

THEOREM 1.26. Given an algebraic manifold X C ngrl, the category of toral sub-

groups T C T} acting affinely on X, in the sense that ®(x;) = z; ® g; defines a morphism
. C(X)—C(X)®C(T)
has a universal object, denoted T*(X), and called toral isometry group of X.

PROOF. In order to prove the result, assume that X C Sg jrl comes as follows:

O(X) = (J(ng)/<fa<x1, o aN) = 0>
Consider now the following variables:

Our claim is that the torus 7= T7(X) in the statement appears as follows:

O(T) = O(T;)/<fa(xl, L XN) = 0>

In order to prove this claim, we have to clarify how the relations f,(X;,...,Xy) =0
are interpreted inside C(TY ), and then show that 7" is indeed a toral subgroup.
So, pick one of the defining polynomials, f = f,, and write it as follows:

D) DE

P
Tyl

With X; = x; ® g; as above, we have the following formula:

f(X, . X) :Z Z AriLi oo Tip @ Gir .. Gir,

.
LA L 1A

Since the variables on the right span a certain finite dimensional space, the relations
f(Xiq,...,XN) = 0 correspond to certain relations between the variables g;. Thus, we
have indeed a subspace T' C T};, with a universal map, as follows:

o:C(X) = C(X)0(T)
In order to show now that 7" is a group dual, consider the following elements:

G=0Rg , X =z,®4,
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Then from f(Xy,...,Xy) =0 we deduce that, with A(g) = g ® ¢, we have:
f(X], o X)) =(doA) f(X1,...,XN)=0
Thus we can map g; — g;, and it follows that 7" is a group dual, as desired. U

We will be back to this in chapter 3 below, with a full discussion of the various types
of quantum isometries an algebraic manifold X C Sg jrl can have. Now with the above
toral isometry group formalism in hand, we can formulate a second result regarding the
spheres and tori, which is complementary to Theorem 1.25, as follows:

THEOREM 1.27. The four main quantum spheres produce via
T =T%(S)
the corresponding four main quantum tori.
PRrROOF. This is something elementary, which can be established as follows:

(1) Free complex case. Here is there is nothing to be proved, because we obviously

have an action T}, ~ S(]CV jrl, and this action can only be universal.

(2) Free real case. Here the situation is similar, because we have an obvious action

Ty ~ Sﬂg ', and it is clear that this action can only be universal.

(3) Classical complex case. Once again, we have a similar situation here, with the
obvious action, namely Ty S(JCV ~! being easily seen to be universal.

(4) Classical real case. Here the obvious action, namely Ty ~ Sa ', is universal as
well, the reasons for this coming from (2) and (3) above. O

As a conclusion now, following [17], we can formulate:

DEFINITION 1.28. A “baby noncommutative geometry” consists of a quantum sphere
S and a quantum torus T', which are by definition algebraic manifolds as follows,

Sptcscspt

Ty CT CTY
which must be subject to the following compatibility conditions,
T=SNTL=T%(9)

-1

with the intersection being taken inside S(]CVJr ,

and T being the toral isometry group.

With this notion in hand, our main results so far can be summarized as follows:
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THEOREM 1.29. We have 4 baby noncommutative geometries, as follows,

ey

RY

RY o

with each symbol K standing for the corresponding pair (S, T).
Proor. This follows indeed from Theorem 1.25 and Theorem 1.27. O
In what follows we will extend our baby theory, with pairs of type (U, K), consisting
of unitary and reflection groups. This will lead to a theory which is more advanced.
le. Exercises

As a first exercise, which is an obvious one in view of the above, we have:

EXERCISE 1.30. Establish correspondences as follows

S Ty

On

Hy
by using results from basic geometry and group theory.

We have already talked about all this, in the beginning of the present chapter, and
the problem now is to have the thing done.

As a second exercise, which is obvious as well in view of the above, we have:

EXERCISE 1.31. Establish correspondences as follows

Spt Ty

Un Ky

by using results from basic geometry and group theory.
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As before, this is something that we discussed, and the problem is to have it done.

Regarding now linear algebra, operator theory, spectral theory and operator algebras,
which are key for the considerations to follow, the best homework is to pick up some
books, and read more. Here is however an instructive exercise, that we have here:

EXERCISE 1.32. Prove that given two complex matrices A, B € My(C) we have:
o0(AB) = o(BA)
More generally, with o™ being the set of eigenvalues, taken with multiplicities, we have:
ot (AB) = ot (BA)
Prove also that given two arbitrary operators S,T € B(H) we have
o(ST)uU{0} =o(TS)U{0}
and that the spectra of ST, TS do not necessarily coincide on the point 0.

This is something quite long, but very instructive, and having all this done, in detail,
will certainly bring you to a good level in linear algebra and spectral theory.

In relation now with the free spheres, tori and other algebraic manifolds, we have:

EXERCISE 1.33. Make a list of interesting examples of real algebraic manifolds
X c syt
based on your classical geometry knowledge, and then a list of examples of manifolds
X csi!
based on your noncommutative geometry knowledge, or intuition.
As a hint, many interesting answers to the first question can be constructed by taking
N = n?, or more generally N to be a composite number. As for the second question,

things here are a bit up to you, depending on whether you have or not some previous
knowledge here. At worst, just try “liberating” the answers to the first question.

Finally, here is a more difficult exercise, in relation with the tori:

EXERCISE 1.34. Prove that the quotient map
C*(Fy) = Crea(F)

e

s not an isomorphism.

This is something quite difficult, so the exercise here is rather that of finding a proof
for this in the literature, and then writing down a brief account of that proof, with the
main ideas explained. All this is important, in connection with Definition 1.18 above.



CHAPTER 2

Quantum groups

2a. Quantum groups

We have seen so far that the pairs sphere/torus (S,7") corresponding to the real and
complex geometries, of RV, CV, have some natural free analogues. Our objective now
will be that of adding to the picture a pair of quantum groups (U, K), as to reach to a
quadruplet of objects (S, T, U, K), with relations between them, as follows:

S T

U K

The quantum group axioms that we need, coming from [99], are as follows:

DEFINITION 2.1. A Woronowicz algebra is a C*-algebra A, given with a unitary matrix
u € My(A) whose coefficients generate A, such that the formulae

Alugy) = Z Uik Q) Up;
k

e(uij) = b
S(uiy) = uj;
define morphisms of C*-algebras as follows,

AA-SARA

e: A—=C
S A— APP

called comultiplication, counit and antipode.

In this definition A ® A is the universal C*-algebraic completion of the usual algebraic
tensor product of A with itself, and AP is the opposite C*-algebra, with multiplication
a - b = ba. The reasons for using A° instead of A itself will become clear later on.

33
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We say that a Woronowicz algebra A is cocommutative when we have XA = A, where
Y(a ®b) = b® a is the flip operator. With this convention, we have the following result,
which justifies the terminology and axioms:

THEOREM 2.2. The following are Woronowicz algebras:

(1) C(G), with G C Uy compact Lie group. Here the structural maps are:

A(p) = (g,h) — »(gh)
e(p) = »(1)

S(p)=g— (g™
(2) C*(T"), with Fy — T finitely generated group. Here the structural maps are:

Alg)=g®yg
e(g) =1
S(g)=g""

Moreover, we obtain in this way all the commutative/cocommutative algebras.

PrROOF. In both cases, we have to exhibit a certain matrix w:

(1) Here we can use the matrix u = (u;;) formed by matrix coordinates of G:

uin(g) ... win(9)
9= : :
uni(g) .. unn(g)
(2) Here we can use the diagonal matrix formed by generators of I':
g1 0
u = .
0 gnN
Finally, the last assertion follows from the Gelfand theorem, in the commutative case.
In the cocommutative case, this is something more technical, to be discussed later. U

In general now, the structural maps A, e, S have the following properties:

PROPOSITION 2.3. Let (A,u) be a Woronowicz algebra.
(1) A, e satisfy the usual axioms for a comultiplication and a counit, namely:

(A ®id)A = (id ® A)A
(e®id)A = (id®e)A =id
(2) S satisfies the antipode aziom, on the x-subalgebra generated by entries of u:
m(S ®id)A = m(id ® S)A =¢(.)1
(3) In addition, the square of the antipode is the identity, S* = id.
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PRrOOF. Observe first that the result holds in the case where A is commutative. In-
deed, by using Theorem 2.2 (1) we can write:

A =m"
e=ul
S =T

The 3 conditions in the statement come then by transposition from the basic 3 group
theory conditions satisfied by m, u, 7, namely:

m(m X id) = m(id X m)
m(id x u) = m(u X id) = id

m(id x i)6 = m(i x id)d = 1

Here 6(g) = (g,g). Observe also that the last condition, S? = id, is satisfied as well,
coming from the identity i = id, which is a consequence of the group axioms.

Observe also that the result holds as well in the case where A is cocommutative, by
using Theorem 2.2 (1). Indeed, the 3 formulae in the statement are all trivial, and the
condition S? = id follows once again from the group theory formula (¢7')~! = g.

In the general case now, the proof goes as follows:

(1) We have the following computation:

(A ®id)A(uij) Z Alug) @ wy =Y i @ g @ uyy
K

We have as well the following computation, which gives the first formula:

(id @ A)A(uy) Z Ui @ A(up;) Z Uik @ Upy & U

On the other hand, we have the following computation:

(id @ ) Aus) = > g, @ e(ugg) = g
k
We have as well the following computation, which gives the second formula:

(e @id)A(ui;) = > () @ urj = g
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(2) By using the fact that the matrix u = (u;;) is unitary, we obtain:

m(id ® $)A(u) = Y S (ur)

- Z Uik
k
= (uu")y
— 5
We have as well the following computation, which gives the result:

m(S @id)A(uy) = Y S(up)ur

= E Up; Ukg
k

= (u'u)y
— 5y
(3) Finally, the formula S? = id holds as well on the generators, and we are done. [J

Let us record as well the following technical result:

PROPOSITION 2.4. Given a Woronowicz algebra (A,u), we have u' = @

biunitary, in the sense that it is unitary, with unitary transpose.

1 s0u is

Proor. We have the following computation, based on the fact that u is unitary:
k

*
— E ukjukl- = 61’]’
k

= (u'a)j =y
Similarly, we have the following computation, once agan using the unitarity of w:

(wu)yy =0 = > Sl(upuy) = 0
k

*
— E ujkuik = 51']‘
k

- (ﬂut) ji = 51
Thus, we are led to the conclusion in the statement. Il

Summarizing, the Woronowicz algebras appear to have nice properties. In view of
Theorem 2.2 and of Proposition 2.3, we can formulate the following definition:
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DEFINITION 2.5. Given a Woronowicz algebra A, we formally write
A=C(G)=CcI)
and call G compact quantum group, and I' discrete quantum group.

When A is commutative and cocommutative, G and I' are usual abelian groups, dual
to each other. In general, we still agree to write G = F I'= G but in a formal sense.

With this picture in mind, let us call now corepresentation of A any unitary matrix
v € M,(A), where A C A is the x-algebra generated by the standard coordinates u;;,
satisfying the same conditions are those satisfied by u, namely:

Uzg E Uik X ,Uk?j

e(vij) = 0y
S(”W) - U]z
These corepresentations can be thought of as corresponding to the finite dimensional
unitary smooth representations of the underlying compact quantum group G.

Following Woronowicz [99], we have the following key result:

THEOREM 2.6. Any Woronowicz algebra A = C(G) has a Haar integration functional,

(/G®id>A:(z'd®/G>A:/G(.)1

which can be constructed by starting with any faithful positive form ¢ € A*, and setting

where ¢ x1p = (¢ @ )A. Moreover, for any corepresentation v € M,(C) @ A we have

(ias [ Jo=r

where P is the orthogonal projection onto the corresponding fixed point space:
Fiz(v) = {5 e C" ¢ = 5}

PROOF. Following [99], this can be done in 3 steps, as follows:

(1) Given ¢ € A*, our claim is that the following limit converges, for any a € A:

[Oa—ig%onzw
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Indeed, we can assume, by linearity, that a is the coefficient of a corepresentation:
a= (1T ®id)v

But in this case, an elementary computation shows that we have the following formula,
where P, is the orthogonal projection onto the 1-eigenspace of (id ® ¢)v:

(zd®[0)v:p¢

(2) Since v€ = ¢ implies [(id ® ¢)v]¢ = &, we have P, > P, where P is the orthogonal
projection onto the following fixed point space:

Fiz(v) = {g ecCr

ve =¢}

The point now is that when ¢ € A* is faithful, by using a standard positivity trick,
one can prove that we have P, = P. Assume indeed P,{ = &, and let us set:

%

We must prove that we have a = 0. Since v is biunitary, we have:

D) I CEED)

i J

. 1 _ 1, = 1 _

= Z%’j%kﬁjfk - N%’jfjfi - NUikfifk + mfi&
ijk

= Z &7 — Zvijgjgi — vakfigk + Z &l
j ij ik (

= [|El]*~ <&, € > —< €, &>+ [|¢])°
= 2(/[¢]]* — Re(< v&, € >))

By using now our assumption F,§ = £, we obtain from this:

pla) = 20(|[¢|* — Re(< v, € >))
= 2(|lgl* — Re(< Pyt & >))
= 2(/1E117 ~ [1€1P)
=0
Now since ¢ is faithful, this gives a = 0, and so v€ = £. Thus f‘p is independent of ¢,
and is given on coefficients a = (7 ® id)v by the following formula:

(id@/)v:P
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(3) With the above formula in hand, the left and right invariance of [, = [ is clear
on coefficients, and so in general, and this gives all the assertions. See [99]. U

Consider the dense x-subalgebra A C A generated by the coefficients of the funda-
mental corepresentation u, and endow it with the following scalar product:

<a,b >:/ab*
G

Once again following [99], we have the following result:

THEOREM 2.7. We have the following Peter-Weyl type results:

(1) Any corepresentation decomposes as a sum of irreducible corepresentations.

(2) Each irreducible corepresentation appears inside a certain u®r.

(3) A= D,errr(a) Maimw)(C), the summands being pairwise orthogonal.
(4) The characters of irreducible corepresentations form an orthonormal system.

PROOF. All these results are from [99], the idea being as follows:

(1) Given a corepresentation v € M, (A), consider its interwiner algebra:

End(v) = {T e M,(C)

Ty = vT}

It is elementary to see that this is a finite dimensional C*-algebra, and we conclude
from this that we have a decomposition as follows:

End(v) =M,,(C)&...® M, (C)
To be more precise, such a decomposition appears by writing the unit of our algebra
as a sum of minimal projections, as follows, and then working out the details:
1 ::pl_%-~'%_pr
But this decomposition allows us to define subcorepresentations v; C v, which are
irreducible, so we obtain, as desired, a decomposition as follows:
V= +...+0,

(2) To any corepresentation v € M, (A) we associate its space of coefficients, given
by C(v) = span(v;j). The construction v — C(v) is then functorial, in the sense that it
maps subcorepresentations into subspaces. Observe also that we have:

A= Cu®™)
keNxN

Now given an arbitrary corepresentation v € M, (A), the corresponding coefficient
space is a finite dimensional subspace C'(v) C A, and so we must have, for certain positive
integers ki, ..., kp, an inclusion of vector spaces, as follows:

Cv) c Clu® @ ... ¢ u)
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We deduce from this that we have an inclusion of corepresentations, as follows:
vCufFr .. u
Thus, by using (1), we are led to the conclusion in the statement.
(3) By using (1) and (2), we obtain a linear space decomposition as follows:
A= D" Cw)= > Mymw(C)
velrr(A) velrr(A)

In order to conclude, it is enough to prove that for any two irreducible corepresenta-
tions v,w € Irr(A), the corresponding spaces of coefficients are orthogonal:

vobw = C(v) L C(w)

As a first observation, which follows from an elementary computation, for any two
corepresentations v, w we have a Frobenius type isomorphism, as follows:

Hom(v,w) ~ Fiz(v @ w)

Now let us set Py, = [,vijw},. According to Theorem 2.6, the matrix P is the
orthogonal projection onto the following vector space:

Fiz(v®w) ~ Hom(v,w) = {0}
Thus we have P =0, and so C(v) L C(w), which gives the result.
(4) The algebra A enirqi contains indeed all the characters, because we have:
EA(X’U) = Zvji & Uij - A(Xv)
ij
The fact that the characters span A.cpia1, and form an orthogonal basis of it, follow
from (3). Finally, regarding the norm 1 assertion, consider the following integrals:

*
Pik,jl:/vijvkl
G

We know from Theorem 2.6 that these integrals form the orthogonal projection onto
Fiz(v®v) ~ End(v) = C1. By using this fact, we obtain the following formula:

/G XoXy = ; /G ViV
1
-2y
= 1

Thus the characters have indeed norm 1, and we are done. U
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We refer to [99] for full details on all the above, and for some applications as well.
Let us just record here the fact that in the cocommutative case, we obtain from (4) that
the irreducible corepresentations must be all 1-dimensional, and so that we must have
A = C*(I') for some discrete group I', as mentioned in Theorem 2.2 above.

At a more technical level now, following [42], we have the following result:

THEOREM 2.8. Let Ay be the enveloping C*-algebra of A, and let A,.q be the quotient
of A by the null ideal of the Haar integration. The following are then equivalent:

) The Haar functional of Agyy is faithful.

(1

(2) The projection map Aguy — Apea is an isomorphism.

(3) The counit map € : Ay — C factorizes through Aeq.

(4) We have N € o(Re(xy)), the spectrum being taken inside Ayeq.

If this is the case, we say that the underlying discrete quantum group I' is amenable.

PROOF. This is well-known in the group dual case, A = C*(I"), with I" being a usual
discrete group. In general, the result follows by adapting the group dual case proof:

(1) <= (2) This simply follows from the fact that the GNS construction for the
algebra Ay,; with respect to the Haar functional produces the algebra A, 4.

(2) <= (3) Here = is trivial, and conversely, a counit map ¢ : A,.q — C produces
an isomorphism A,.q — Apu, via a formula of type (¢ ® id)®.

(3) <= (4) Here = is clear, coming from (N — Re(x(u))) = 0, and the converse
can be proved by doing some standard functional analysis. U

Yet another important technical result is Tannakian duality, as follows:

THEOREM 2.9. The following operations are inverse to each other:

(1) The construction A — C, which associates to any Woronowicz algebra A the
tensor category formed by the intertwiner spaces Cyy = Hom(u®*, u®).

(2) The construction C — A, which associates to any tensor category C' the Woro-
nowicz algebra A presented by the relations T € Hom(u®*,u®'), with T € Cy.

PROOF. This is something quite deep, going back to [100] in a slightly different form,
and to [73] in the simplified form presented above. The idea is as follows:

(1) We have indeed a construction A — C' as above, whose output is a tensor C*-
subcategory with duals of the tensor C*-category of Hilbert spaces.

(2) We have as well a construction C' — A as above, simply by dividing the free
x-algebra on N? variables by the relations in the statement.

Regarding now the bijection claim, some elementary algebra shows that C' = Cj4,
implies A = A¢,, and also that C' C C}, is automatic. Thus we are left with proving
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Cy4. C C. But this latter inclusion can be proved indeed, by doing some algebra, and
using von Neumann’s bicommutant theorem, in finite dimensions. See [73]. O

As a concrete consequence of the above result, we have:
THEOREM 2.10. We have an embedding as follows, using double indices,

2 Uj; 5
G C SN ! y Tij = -

C,+ \/N

making G an algebraic submanifold of the free sphere.

PrOOF. The fact that we have an embedding as above follows from the fact that
u = (u;;) is biunitary, that we know from Proposition 2.4. As for the algebricity claim,
this follows from Theorem 2.9. Indeed, assuming that A = C(G) is of the form A = A¢, it
follows that G is algebraic. But this is always the case, because we can take C' = Cy. O

Observe that the embedding constructed above makes the link between our isomor-
phim conventions for quantum groups and for algebraic manifolds.

2b. Free rotations

Let us get back now to our original objective, namely constructing pairs of quantum
unitary and reflection groups (O}, Hy) and (Uy;, K};), as to complete the pairs (Sﬂg ;1, )
and (Sg -1, T%) that we already have. Following Wang [93], we have:

THEOREM 2.11. The following constructions produce compact quantum groups,
O<OE) = ((uij)i,jzl,...,N‘U = ﬁ,ut = u’1>

CUy) = C* ((Uz‘j)z‘,jzl,...,N

which appear respectively as liberations of the groups Oy and Uly.

wt =yt = H_1>

PRrROOF. This first assertion follows from the elementary fact that if a matrix v = (u;;)
is orthogonal or biunitary, then so must be the following matrices:

A
Uij = E Uik & Uk
k

6 —_— ..
ug; = 0ij
u = u

iJ ji
Regarding now the matrix u® = 1y, this is clearly biunitary. Finally, regarding the
matrix v, there is nothing to prove here either, because its unitarity its clear too. Finally,
observe that if  is real, then so are the above matrices u®, us, u®.
Thus, we can define morphisms A, e, S as in Definition 2.1, by using the universal
properties of C'(O%), C(Uy). As for the second assertion, this follows exactly as for the

free spheres, by adapting the sphere proof from chapter 1 above. O
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The basic properties of Of, Uy can be summarized as follows:

THEOREM 2.12. The quantum groups OF,, Uy, have the following properties:

(1) The closed subgroups G C Uy are ezactly the N x N compact quantum groups.
As for the closed subgroups G C OF;, these are those satisfying u = .

(2) We have liberation embeddings Ox C OF; and Uy C Uy, obtained by dividing the
algebras C(O%), C(UY) by their respective commutator ideals.

(3) We have as well embeddings Ly C OF and Fy C Uy, where Ly is the free
product of N copies of Zo, and where Fy 1is the free group on N generators.

PRrROOF. All these assertions are elementary, as follows:

(1) This is clear from definitions, with the remark that, in the context of Definition
2.1 above, the formula S(u;;) = u}; shows that the matrix & must be unitary too.

(2) This follows from the Gelfand theorem. To be more precise, this shows that we
have presentation results for C'(Oy), C(Uy), similar to those in Theorem 2.11, but with
the commutativity between the standard coordinates and their adjoints added:

COn) = Clm <(Uij)z;j=17.-wN‘“ = u,u’ = u_1>

C(UN) = C:omm <(uij>i7j=l,..,,N"U,* — 7,1,717 ut — ra*l)
Thus, we are led to the conclusion in the statement.

(3) This follows from (1) and from Theorem 2.2 above, with the remark that with
u = diag(gi,- .., gn), the condition u = @ is equivalent to g? = 1, for any i. O

The last assertion in Theorem 2.12 suggests the following construction:

PROPOSITION 2.13. Given a closed subgroup G C U}, consider its “diagonal torus”,
which is the closed subgroup T C G constructed as follows:

(1) = C(G) [ (uiy = 0fvi # )

This torus is then a group dual, T = K, where A =< g1,...,gn > is the discrete group
generated by the elements g; = u;;, which are unitaries inside C(T).

PROOF. Since u is unitary, its diagonal entries g; = u;; are unitaries inside C(T).
Moreover, from A(u;;) = >, wir @ ug; we obtain, when passing inside the quotient:

A(gi) = 9: ® gi

It follows that we have C'(T") = C*(A), modulo identifying as usual the C*-completions
of the various group algebras, and so that we have T'= A, as claimed. O

With this notion in hand, Theorem 2.12 (3) reformulates as follows:
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THEOREM 2.14. The diagonal tori of the basic unitary groups are the basic tori:

Oy Uy Ty Ty

On Un Tn

Tn

In particular, the basic unitary groups are all distinct.

ProoOF. This is something clear and well-known in the classical case, and in the free
case, this is a reformulation of Theorem 2.12 (3) above, which tells us that the diagonal

tori of OF, Uy, in the sense of Proposition 2.13, are the group duals Ly, Fy. O

There is an obvious relation here with the considerations from chapter 1 above, that
we will analyse later on. As a second result now regarding our free quantum groups,
relating them this time to the free spheres constructed in chapter 1, we have:

PROPOSITION 2.15. We have embeddings of algebraic manifolds as follows, obtained
in double indices by rescaling the coordinates, x;; = um/\/ﬁ

+ + N2-1 N2-1
o%; Uy Seq — 5S¢y

Oy Ux SNl gt

Moreover, the quantum groups appear from the quantum spheres via
G=SnUy
with the intersection being computed inside the free sphere Sg i_l.

PROOF. As explained in Theorem 2.10 above, the biunitarity of the matrix u = (u;;)
gives an embedding of algebraic manifolds, as follows:

2_
Uy c S¢t

Now since the relations defining Oy, O%, Uy C Uy are the same as those defining
SgQ_l, S]{g’i‘l, SéVQ_l C Sévi_l, this gives the result. O
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2c. Free reflections

Summarizing, in connection with our (S,T,U, K) program, we have so far triples of
type (S,T,U), along with some correspondences between S,T,U. In order to introduce
now the reflection groups K, things are more tricky, involving quantum permutation
groups. Following Wang [94], these quantum groups are introduced as follows:

THEOREM 2.16. The following construction, where “magic” means formed of projec-
tions, which sum up to 1 on each row and column,

C(Sy)=C* ((uij)i,jzle)u = magic)
produces a quantum group liberation of Sn. Moreover, the inclusion
Sy C SY
is an isomorphism at N < 3, but not at N > 4, where Sy, is not classical, nor finite.

PROOF. The quantum group assertion follows by using the same arguments as those
in the proof of Theorem 2.11. Consider indeed the following matrix:

Uij = Z Uik & Uk
k
As a first observation, the entries of this matrix are self-adjoint:
Uij = Ujj
In fact the entries U;; are orthogonal projections, because we have as well:

2
Uij = E Uik Ui @ Upj U5

ki
= E Uik & Uk
k

In order to prove now that the matrix U = (U;;) is magic, it remains to verify that
the sums on the rows and columns are 1. For the rows, this can be checked as follows:

ZUij = Zuzk & U
J
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For the columns the computation is similar, as follows:

Z Uj = Z Ui, & Up;
i ik
k

= 1®1

Thus the U = (U;;) is magic, and so we can define a comultiplication map by using
the universality property of C'(Sy), by setting A(u;;) = U;;. By using a similar reasoning,
we can define as well a counit map by (u;;) = d;;, and an antipode map by S(u;;) = ;s
Thus the Woronowicz algebra axioms from Definition 2.1 are satisfied, and this finishes
the proof of the first assertion, stating that Sy is indeed a compact quantum group.

Observe now that we have an embedding of compact quantum groups Sy C Sy,
obtained by using the standard coordinates of Sy, viewed as an algebraic group:

U5 = X (O’ - SN’U(]) = Z)
By using the Gelfand theorem and working out the details, as we did with the free
spheres are free unitary groups, the embedding Sy C Sy is indeed a liberation.
Finally, regarding the last assertion, the study here is as follows:

Case N = 2. The result here is trivial, the 2 x 2 magic matrices being by definition
as follows, with p being a projection:

-2, 1)
I—p p

Indeed, this shows that the entries of a 2 X 2 magic matrix must pairwise commute,
and so the algebra C(S;) follows to be commutative, which gives the result.

Case N = 3. This is more tricky, and we present here a short proof from [72]. By
using the same abstract argument as in the N = 2 case, and by permuting rows and
columns, it is enough to check that u;q, uss commute. But this follows from:

Upitley = UniUga(U1n + Ura + Urg)
= U U22U11 + U1 U22U13
U11U22U11 + U11<1 — U1 — U23)U13
U1U22UIL
Indeed, by applying the involution to this formula, we obtain from this:
U2U11 = UT1U22ULL

Thus we obtain w1t = uguq1, as desired.
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Case N =4. In order to prove our various claims about S, consider the following
matrix, with p, ¢ being projections, on some infinite dimensional Hilbert space:

P 1—-p O 0
P 0 0

0 0 q 1—¢q
0 1—gq q

This matrix is magic, and if we choose p,q as for the algebra < p,q > to be not
commutative, and infinite dimensional, we conclude that C'(S;) is not commutative and
infinite dimensional as well, and in particular is not isomorphic to C'(Sy).

Case N > 5. Here we can use the standard embedding SI C S;{,, obtained at the level
of the corresponding magic matrices in the following way:

_ U 0
YN0 1w

Indeed, with this embedding in hand, the fact that S, is a non-classical, infinite
compact quantum group implies that S}, with N > 5 has these two properties as well. [

The above result came as a surprise at the time of [94], and there has been a lot of
work since then, in order to understand what the quantum permutations really are, at
N > 4. We will be back to this, with further details, on several occasions.

For the moment, let us just record the following alternative approach to S};, also from
[94], which shows that we are not wrong with our formalism:

PROPOSITION 2.17. The quantum group Sy acts on the set X = {1,..., N}, the
corresponding coaction map ® : C(X) — C(X) ® C(S};) being given by:

Oe;) = Y e; Dy
j

In fact, S¥ is the biggest compact quantum group acting on X, by leaving the counting
measure invariant, in the sense that (tr ® id)® = tr(.)1, where tr(e;) = +, Vi.

PROOF. Our claim is that given a compact matrix quantum group G, the follow-
ing formula defines a morphism of algebras, which is a coaction map, leaving the trace
invariant, precisely when the matrix u = (u;;) is a magic corepresentation of C(G):

Oer) =Y e; Dy

J
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Indeed, let us first determine when ® is multiplicative. We have:

O(e;)P(er) = Z ejer @ Uitk
il
= Z €; @ UjiUjk
J

On the other hand, we have as well the following computation:
@(eiek) = 5qu)(€l)

- 5ikZ€j & Ugj;
J

We conclude that the multiplicativity of ® is equivalent to the following conditions:
Ujijk = 5ikujz' . Vi gk
Regarding now the unitality of ®, we have the following formula:

(1) = Y O(ey)

“xee(ze)

i

Thus ¢ is unital when ) u; = 1, Vj. Finally, the fact that ® is a s-morphism
translates into u;; = ujj;, Vi,j. Summing up, in order for ®(e;) = >_;e; ® uy; to be a
morphism of C*-algebras, the elements u;; must be projections, summing up to 1 on each
row of u. Regarding now the preservation of the trace condition, observe that we have:

(tr @ id)®(e;) = % Z wj;

Thus the trace is preserved precisely when the elements w;; sum up to 1 on each of
the columns of u. We conclude from this that ®(e;) = >, e; ® uy; is a morphism of C*-
algebras preserving the trace precisely when u is magic, and since the coaction conditions
on ¢ are equivalent to the fact that u must be a corepresentation, this finishes the proof
of our claim. But this claim proves all the assertions in the statement. Il

With the above results in hand, we can now introduce the quantum reflections:
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THEOREM 2.18. The following constructions produce compact quantum groups,
wy = ul;, (uf) = magic)

C(Hy) = C* ((uz‘j)i,j:l,...,N A (T

C(Ky) = C* ((Uij)z’,jﬂ,...,N‘[inufj] =0, (ujjuy;) = magiC)

which appear respectively as liberations of the reflection groups Hy and Ky .

PRroOOF. This can be proved in the usual way, with the first assertion coming from the
fact that if u satisfies the relations in the statement, then so do the matrices u®, u®, u®,
and with the second assertion coming as in the sphere case. See [13], [18]. O

Summarizing, we are done with our construction task for the quadruplets (S, 7, U, K),
in the free real and complex cases, and we can now formulate:

PROPOSITION 2.19. We have a quadruplet as follows, called free real,

N-1 +
SR,+ — 1y

Oy ———Hy
and a quadruplet as follows, called free complex:

N-1 +
Sy — Ty

Uy — Ky

ProOF. This is more of an empty statement, coming from the various constructions
above, from chapter 1, and from the present chapter. Il

Going ahead now, we must construct correspondences between our objects (S, T, U, K),
completing the work for the pairs (S,T') started in chapter 1 above. This will take some
time, and we will need some preliminaries. To start with, let us record the following
result, which refines the various liberation statements formulated above:
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THEOREM 2.20. The quantum unitary and reflection groups are as follows,

Ky

+/

e T
- N

and in this diagram, any face P C Q, R C S has the property P = Q N R.

HY
Hy

PRrROOF. The fact that we have inclusions as in the statement follows from the defini-
tion of the various quantum groups involved. As for the various intersection claims, these
follow as well from definitions. For some further details on all this, we refer to [12]. O

2d. Diagrams, easiness

In order to efficiently deal with the quantum groups introduced above, and to even-
tually construct the correspondences that we want to construct, we will need some spe-
cialized Tannakian duality results, in the spirit of the Brauer theorem [44].

Following [33], let us start with the following definition:

DEFINITION 2.21. Associated to any partition m € P(k,l) between an upper row of k
points and a lower row of | points is the linear map Ty : (CNV)®% — (CN)®! given by

Tﬂ(ei1®"'®eik): Zéw(h Z.Ig)ejl@...@ejl

Jr o

with the Kronecker type symbols 0, € {0,1} depending on whether the indices fit or not.

To be more precise, we agree to put the two multi-indices on the two rows of points, in
the obvious way. The Kronecker symbols are then defined by 6, = 1 when all the strings
of 7 join equal indices, and by ¢, = 0 otherwise. This construction is motivated by:

PROPOSITION 2.22. The assignement m — T}, is categorical, in the sense that we have
TeT, = l-r[ﬂ'a]
T.T, = NCTy,
T: — TW*

where c(m,a) are certain integers, coming from the erased components in the middle.
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PRrOOF. This follows from some routine computations, as follows:
(1) The concatenation axiom follows from the following computation:

(T, @T,)(€, ®..Q€, ey, ®... R ex,)

= > D 5ﬁ(2 ;'p>6"(l11 l)eh@...@ejq@eh@...@els
q s

j1~~jq ll---ls
= 225[7“7}(]1 jp lll l>6j1®...®€jq®el1®“.®els
J1--Jg l1..ls q S

- T[ﬂ’o‘](eil Q... ®€ip ®6k1 X ... ®€k'r)
(2) The composition axiom follows from the following computation:

T,TTg(eil ® Ce ® €ip)

B 1 ... 1 Jji o--- 7
LS ) e e on

jl--~jq k:l...k:,«
_ Z Nemo) s oy ®...®
2] k k €k, e €k,
ki..ky Lo

= NITo(e; ®@...®e;)
(3) Finally, the involution axiom follows from the following computation:
Ti(ej, ®...®ej,)
= Z <Tre;; ®...0¢€,),6,Q...Q€, >e &...0¢€,

i1...0p
= 571- /L.l Z.p €i1®...®€i
— Ju o Jg P
11...0p
= T ®...®¢;)
Summarizing, our correspondence is indeed categorical. See [33]. O

We have the following notion, from [33], [85]:

DEFINITION 2.23. A collection of sets D = | |, D(k,1) with D(k,l) C P(k,l) is called
a category of partitions when it has the following properties:

(1) Stability under the horizontal concatenation, (w,0) — [wo].
(2) Stability under vertical concatenation (mw, o) — [2], with matching middle symbols.
(3) Stability under the upside-down turning , with switching of colors, o <> e.
(4) Each set P(k,k) contains the identity partition ||...||.
(5)

The sets P((),ce) and P (), e0) both contain the semicircle N.
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As a basic example, the set D = P itself, formed by all partitions, is a category of
partitions. The same goes for the category of pairings P, C P. There are many other
examples, and we will gradually explore them, in what follows.

Generally speaking, the axioms in Definition 2.23 can be thought of as being a “de-
linearized version” of the axioms for the Tannakian categories.
We can now formulate a key result, from [33], as follows:

THEOREM 2.24. Each category of partitions D = (D(k,1)) produces a family of com-
pact quantum groups G = (Gy), one for each N € N, via the formula

Hom(u®* u®") = span (T7r 7 € D(k, l))

which produces a Tannakian category, and therefore a closed subgroup Gy C Uy. The
quantum groups which appear in this way are called “easy”.

Proor. This follows indeed from Woronowicz’s Tannakian duality, in its “soft” form
from [73], as explained in Theorem 2.9 above. Indeed, let us set:

C(k,l) = span (T7r

Te D(k,l))

By using the axioms in Definition 2.23, and the categorical properties of the operation
m — Ty, from Proposition 2.22, we deduce that C' = (C(k,!1)) is a Tannakian category.
Thus the Tannakian duality result applies, and gives the result. U

We can now formulate a general Brauer theorem, as follows:

THEOREM 2.25. The basic quantum unitary and quantum reflection groups, namely

40/
/KNJOW

are all easy. The corresponding categories of partitions form an intersection diagram.

Uy
Un

HY
Hy
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Proor. This is well-known, the corresponding categories being as follows, with P.,.,,
being the category of partitions having even blocks, and with Peyey, (k, 1) C Poyen(k, 1) con-
sisting of the partitions satisfying #o0 = #e in each block, when flattening the partition:

NCeven NCQ
/ /
NCoepen NCs
Peven P
/ /
Peven Py

To be more precise, the proof goes as follows:
(1) The quantum group Uy is defined via the following relations:
ot =yt
ut=at
But these relations tell us precisely that the following two operators must be in the
associated Tannakian category C:

T. , w=/_
T. , m= /[
Thus the associated Tannakian category is C' = span(T;|m € D), with:
D=<[,, [l >=NC,
Thus, we are led to the conclusion in the statement.
(2) The quantum group OF, C U;; is defined by imposing the following relations:
Ujj = Usj
But these relations tell us that the following operators must be in the associated
Tannakian category C"
T. , m=]
. , m=]
Thus the associated Tannakian category is C' = span(T,|m € D), with:
D =< NCy,{,! >= NCs
Thus, we are led to the conclusion in the statement.
(3) The group Uy C Uy, is defined via the following relations:

[wj, ug] =0
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[wij, U] =0
But these relations tell us that the following operators must be in the associated
Tannakian category C"

. , ==X
. , ==X
Thus the associated Tannakian category is C' = span(T,|r € D), with:
D =< NC3, %, ¥ >=P,
Thus, we are led to the conclusion in the statement.

(4) In order to deal now with Oy, we can simply use the following formula:
On =05, NUy

At the categorical level, this tells us indeed that the associated Tannakian category is
given by C' = span(T,|r € D), with:

D =< N027P2 >= P
Thus, we are led to the conclusion in the statement.

(5) The proof for the reflection groups is similar, by first proving that Sy is easy, corre-
sponding to the category of all partitions P, and then by adding and suitably interpreting
the reflection relations. We refer here to [18] and [13], for full details.

(6) The proof for the quantum reflection groups is similar, by first proving that the
quantum permutation group Sy is easy, corresponding to the category of all noncrossing
partitions NC', and then by adding and suitably interpreting the quantum reflection
relations. As before, we refer here to [18] and [13], for full details.

(7) As for the last assertion, which will be of use later on, this is something well-known
and standard too. We refer here to [13], [18], [21], and to [12], [33] as well. O

Getting back now to our axiomatization questions, we must establish correspondences
between our objects (S,T,U, K), as a continuation of the work started in chapter 1, for
the pairs (S,7). And there is quite some work to be done here.

Let us start by discussing the following correspondences:
U—K-—=T

We know from Theorem 2.14 that the correspondences U — T appear by taking the
diagonal tori. In fact, the correspondences K — T' appear by taking the diagonal tori as
well, and the correspondences U — K are something elementary too, obtained by taking
the “reflection subgroup”. The complete statement here is as follows:
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THEOREM 2.26. For the basic quadruplets (S, T,U, K), the correspondences

o) Uy HY K% Ty T4

ON UN HN KN TN TN

appear in the following way:

(1) U — K appears by taking the reflection subgroup, K = U N Ky .
(2) U — T appears by taking the diagonal torus, T = U N'T},.
(3) K — T appears as well by taking the diagonal torus, T = K NT},.

Proor. This follows from the results that we already have, as follows:

(1) This follows from Theorem 2.25, because the left face of the cube diagram there
appears by intersecting the right face with the quantum group K7y, .

(2) This is something that we already know, from Theorem 2.14 above.

(3) This follows exactly as in the unitary case, via the proof of Theorem 2.14. O

As a conclusion now, with respect to the “baby theory” developed in section 1 above,
concerning the pairs (S,7"), we have some advances. First, we have completed the pairs
(S,T) there into quadruplets (S,7T,U, K). And second, we have established some corre-
spondences between our objects, the situation here being as follows:

S T

U K

There is still a long way to go, in order to establish a full set of correspondences, and
to reach to an axiomatization, the idea being that the correspondences S <+ U can be
established by using quantum isometries, and that the correspondences 7' — K — U can
be established by using advanced quantum group theory, and with all this heavily relying
on the easiness theory developed above. We will discuss this in chapters 3-4 below.

2e. Exercises

As before with the first chapter, the theory explained in the above will be of key
importance in what follows, and as best homework we can only recommend downloading
and reading a good quantum group book. Here is however a first exercise:
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EXERCISE 2.27. Develop a theory of finite quantum groups, in analogy with the usual
group theory, by assuming that the Woronowicz algebras A are finite dimensional.

This is a bit vague, but as a bottom line, such a theory would need clear axioms, the
Pontrjagin type duality worked out in detail, a few theorems, and examples.

In relation now with Haar integration and Peter-Weyl theory, we have:

EXERCISE 2.28. Work out what happens with the Haar integration and Peter-Weyl
theory, theorems and proofs, in the classical group case, and in the group dual case.

This is something instructive, leading to a good functional analysis knowledge.

Along the same lines, we have, at a more advanced level:

EXERCISE 2.29. Work out what happens with the amenability and Tannakian duality,
theorems and proofs, in the classical group case, and in the group dual case.

As before with the previous exercise, this is something quite instructive.

All the above is a bit abstract, and as a concrete exercise now, we have:
EXERCISE 2.30. Prove that the dual of S5 is not amenable.

As a hint here, try finding a subgroup which is not amenable. Also, as a bonus exercise,
you can try as well to prove that the dual of S; is amenable, although this is quite tricky,
and reputed to be undoable with bare hands. But who knows.

Finally, in connection with easiness and quantum reflections, we have:
EXERCISE 2.31. Develop a full theory for the main quantum reflection groups
Hy Ky

Hy Ky

including defining relations, worked out in detail, and easiness property.

This is something that we talked about in the above, and the problem now is that of
filling all the details, in order to have all this well understood.



CHAPTER 3

Affine isometries

3a. Quantum isometries

We have seen so far that we have quadruplets (S,7,U, K) consisting of a sphere S,
a torus 7', a unitary group U and a reflection group K, corresponding to the four main
geometries, namely real and complex, classical and free, which are as follows:

RY Y

RN CN

We have to work out now the various correspondences between our objects (S, T, U, K),
as to reach to a full set of correspondences, in each of the above 4 cases, as follows:

S T

U K

We know from chapters 1-2 that we already have 4 such correspondences, namely
S — T and U —- K — T. In this chapter we discuss 3 more correspondences, namely
S << U and T — K, as to reach to a total of 7 correspondences, as follows:

S T

U K

In order to connect the spheres and tori (S, 7) to the quantum groups (U, K), the idea
will be that of using quantum isometry groups. Let us start with:

57
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PROPOSITION 3.1. Given an algebraic manifold X C Sg’l, the formula
G(X) = {U c UN)U(X) — X}

defines a compact group of unitary matrices, or isometries, called affine isometry group
of X. For the spheres Sﬁf_l, Sfcv_l we obtain in this way the groups Oy, Uy.

PROOF. The fact that G(X) as defined above is indeed a group is clear, its compact-
ness is clear as well, and finally the last assertion is clear as well. In fact, all this works
for any closed subset X C CV, but we are not interested here in such general spaces. [

Observe that in the case of the real and complex spheres, the affine isometry group
G(X) leaves invariant the Riemannian metric, because this metric is equivalent to the
one inherited from C¥, which is preserved by our isometries U € Uy. Thus, we could
have constructed as well G(X) as being the group of metric isometries of X, with of
course some extra care in relation with the complex structure, as for the complex sphere
X =S¥ to produce G(X) = Uy instead of G(X) = Oay.

However, in the noncommutative setting, all this becomes considerably more compli-
cated, and we prefer to use the above construction, as such. We will be back later to
metric aspects, at the end of the present chapter.

We have the following quantum analogue of Proposition 3.1:

THEOREM 3.2. Given an algebraic manifold X C Sg;l, the category of the closed

subgroups G C Uy, acting affinely on X, in the sense that the formula
@(%Z) = Z.I'j ® Ui
J

defines a morphism of C*-algebras
d:CX)— CX)®C(G)
has a universal object, denoted G (X), and called affine quantum isometry group of X.

PROOF. Observe first that in the case where the above morphism & exists, this mor-
phism is automatically a coaction, in the sense that it satisfies the following conditions:

(@ @id)® = (id® A)d
(ld®e)® =id

In order to prove now the result, assume that X C Sg jrl comes as follows:

O(X) = o<5g;1)/<fa(x1, L TN) = 0>
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Consider now the following variables:

Xi =Y z;@u; € C(X)®C(US)

J

Our claim is that the quantum group in the statement G = G (X) appears as:

C(G) = C(Uj(,)/<fa(X1, L XN) = 0>

In order to prove this claim, we have to clarify how the relations f,(Xi,...,Xy) =0
are interpreted inside C(Uy;), and then show that G is indeed a quantum group.
So, pick one of the defining polynomials, f = f,, and write it as follows:

f(xl,...,:vN):Z Z Ar e T T

LA N
With X; = >, x; ® uj; as above, we have the following formula:
f(le---aXN) = E E )\r E 1']"1"---3:ng ®ujfi§"'uj§ri§r
P, i

Since the variables on the right span a certain finite dimensional space, the relations
f(Xq,...,Xn) = 0 correspond to certain relations between the variables w;;. Thus, we
have indeed a subspace G C Uy, with a universal map:

o CX)— CX)®C(G)
In order to show now that G is a quantum group, consider the following elements:

A § : e _ S _ %
k

Consider as well the following elements, with v € {A, ¢, S}:

X]:Z:cj@)u}i

J

From the relations f(Xi,...,Xy) = 0 we deduce that we have:
(XY, X)) =(dey)f(X1,....,XN)=0
Thus we can map wu;; — u;; for any v € {A, ¢, S}, and we are done. O

Before getting further, we should clarify the relation between Proposition 3.1, Theorem
3.2, and the “toral isometry” constructions from chapter 1 above. We have:
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THEOREM 3.3. Given an algebraic manifold X C SNT', the category of the closed

C+
subgroups G C G acting affinely on X, with G being one of the following quantum groups,
TY Ky Uy
Ty Ky Un
has a universal object, denoted respectively as follows,
T(X) KT (X) G (X)
T(X) K(X) G(X)

which appears by intersecting GT(X) and G, inside Uy,.

PROOF. Here the assertion regarding G (X) is something that we know, from Theo-
rem 3.2, and all the other assertions follow from this, by intersecting with G. O

3b. Spheres and rotations

In connection with our axiomatization questions for the quadruplets (5,7, U, K), we
can construct now the correspondences S — U, in the following way:

THEOREM 3.4. The quantum isometry groups of the basic spheres,

N-1 N-1
SR,Jr S(C,Jr

SN—I SN—I
R gi=le!
are respectively the basic unitary quantum groups, namely

O Uy

ON UN

modulo identifying, as usual, the various C*-algebraic completions.
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PrROOF. We have 4 results to be proved, and we can proceed as follows:

SNTL Let us first construct an action Ui SN~1 We must prove here that the

C+ CH+ -
variables X; = > ;T @ uyg satisfy the defining relations for S(]C\f jrl, namely:

g xzxfzg rix; =1
i i

By using the biunitarity of u, we have the following computation:

Xle = o (%9 UjiUp,
[

ijk

= > mrel
J

- 1®1

Once again by using the biunitarity of u, we have as well:

E XX, = g T3y @ WUk
i

ijhk
= D> mmel
J
= 1®1
Thus we have an action Uy, ~ SE1", which gives GT(S{") = Uy, as desired.

Sﬁf jrl. Let us first construct an action OF ~ Sﬂg ;1. We already know that the

variables X; = Y ; Tj @uy; satisty the defining relations for Sg ;1, so we just have to check

that these variables are self-adjoint. But this follows from u = u, as follows:

* _ * *
X = E T; Q@ uy
J

= Z%‘ ® uj;

Conversely, assume that we have an action G ~ S]f{ jrl, with G C Uy;. The variables
X, => ;% ® uj; must be then self-adjoint, and the above computation shows that we
must have v = @. Thus our quantum group must satisfy G C O, as desired.

S(]CV ~1. The fact that we have an action Uy Sg ~! s clear. Conversely, assume that

we have an action G ~ Sévfl, with G C Uy;. We must prove that this implies G C Uy,



62 3. AFFINE ISOMETRIES

and we will use a standard trick from [38]. We have:
O(x;) = ij ® ;i
J
By multiplying this formula with itself we obtain:
O(xzp) = Z T @ Uiy,
5
O(xpx;) = Z x5 @ U

jl
Since the variables x; commute, these formulae can be written as:

(I)(ZL'ZI]Q = Z X4 ® (ujiulk + uliujk) + Z l‘? ® UjiUjk

j<l J
2
O(xxy) = g 22 @ (W + wjpuy) + E T & Ujklj;
j<l J

Since the tensors at left are linearly independent, we must have:
UjiUig + U Uk = UikUgs + Ujply;

By applying the antipode to this formula, then applying the involution, and then
relabelling the indices, we succesively obtain:

Uk Uiy + WUy = UpUpy + Uy
Ui Ukl + Uj Uk = UpiUij + Up U
UjiUig + WjpUyy = UgkUj; + Uik
Now by comparing with the original formula, we obtain from this:
U Uik = UjkUL

In order to finish, it remains to prove that the coordinates u;; commute as well with
their adjoints. For this purpose, we use a similar method. We have:

* _ * *
O(zi27) = E T @ Ujilyy,
j
* * *
P (zyx;) = E T[Ty @ upug
5
Since the variables on the left are equal, we deduce from this that we have:
* * * *
E T @ ujiug, = E T ® Uy
4l Jl

Thus we have w;;uj;, = uju;;, and so G C Uy, as claimed.
jilli 1 Wjis )
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SH~1. The fact that we have an action Oy ~ SY ™' is clear. In what regards the
converse, this follows by combining the results that we already have, as follows:

G St = GmSﬁf;l,Sg_l
= G C Ok, Uy
— GCO]—"\}HUN:ON

Thus, we conclude that we have G+ (S ™!) = Oy, as desired. O

Summarizing, in relation with our plan for this chapter, we are done with the corre-
spondences S — U, modulo the fact, which is of importance, but not directly related to
our axiomatization, that we still have to clarify the metric aspects of the actions U ~ S
that we constructed. We will discuss this at the end of this chapter.

Let us discuss now the construction U — S. In the classical case the situation is very
simple, because S appears by rotating the point = (1,0,...,0) by the isometries in U.
Equivalently, S = SN¥~1 appears from U = Uy as an homogeneous space, as follows:

SN = Un/Un_1

In functional analytic terms, all this becomes even simpler, the correspondence U — S
being obtained, at the level of algebras of functions, as follows:

C(SNil) C C(UN) , Xy — Uy
In general now, let us start with the following observation:

PROPOSITION 3.5. For the basic spheres, we have a diagram as follows,

C(S) 2. 0(8)®CU)
o a®id
c(U) 2. cU)®CU)

where the map on top is the affine coaction map,
O(x;) = Y ;@ uy
J

and the map on the left is given by a(z;) = uq;.
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ProOOF. The diagram in the statement commutes indeed on the standard coordinates,
the corresponding arrows being as follows:

ZT; Zj T X Uy
U14 > U1 & Uj;
Thus by linearity and multiplicativity, the whole the diagram commutes. U

We therefore have the following result:

THEOREM 3.6. We have a quotient map and an inclusion as follows,
U—SycS
with Sy being the first row space of U, given by
C(Sy) =< uy; >C C(U)
at the level of the corresponding algebras of functions.
PRrROOF. At the algebra level, we have an inclusion and a quotient map as follows:
C(S) = C(Sy) c C(U)
Thus, we obtain the result, by transposing. U
We will prove in what follows that the inclusion Sy C S is an isomorphism. This will
produce the correspondence U — S that we are currently looking for.
In order to do so, we will use the uniform integration over S, which can be introduced,
in analogy with what happens in the classical case, in the folowing way:

DEFINITION 3.7. We endow each of the algebras C(S) with its integration functional
/ :C(S)—=CU)—C
5

obtained by composing the morphism of algebras given by
T; — U1;
with the Haar integration functional of the algebra C(U).

In order to efficiently integrate over the sphere S, we need to know how to efficiently
integrate over the corresponding quantum group U. Following [21], [33], we have:
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THEOREM 3.8. Assuming that a compact quantum group G C Uy is easy, coming
from a category of partitions D C P, we have the Weingarten formula

/uflljl.. wk— Z O ( (J)Win(m,0)
G m,oeD(k)

for any indices i,,j, € {1,..., N} and any exponents e, € {0, *}, where § are the usual
Kronecker type symbols, and where

Win = Gy
is the inverse of the matriz Gy (m,0) = NI™l.

PROOF. Let us arrange indeed all the integrals to be computed, at a fixed value of
the exponent k = (e ...e;), into a single matrix, of size N* x N*, as follows:

f . . = €1 €k
P11-~~2kJ1~~Jk - / Wiy gy - -+ Wi gy
G

According to the construction of the Haar measure from [99], explained in chapter 2
above, this matrix P is the orthogonal projection onto the following space:

Fiz(u®*) = span ({W

Consider now the following linear map:

E(z)= Y <26 >

meD(k)

Te D(k))

Consider as well the inverse W of the restriction of F to:

span ( w|m e D(l{:))
By a standard linear algebra computation, it follows that we have:
P=WE
But the restriction of E is the linear map corresponding to Gy, so W is the linear
map corresponding to Wiy, and this gives the result. See [21], [33]. O

Following [3], [28], we can now integrate over the spheres S, as follows:
PrRoOPOSITION 3.9. The integration over the basic spheres is given by

/Sxflle: :Z Z Win(m, 0)

m o<keri

with 7,0 € D(k), where Wiy = G, is the inverse of Gy(m, o) = N7Vl
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PROOF. According to our conventions, the integration over S is a particular case of
the integration over U, via x; = uy;. By using the formula in Theorem 3.8, we obtain:

el €L _ el €L
/ajil Ly = / (CHANNS s
S

= Z 5 WkN(T(' O')

m,0€D(k)
== Z 5 WkN 7T 0')
m,oeD (k)
Thus, we are led to the formula in the statement. U

Following now [28], we have the following key result:

THEOREM 3.10. The integration functional of S has the ergodicity property

(iae [ )ow = [«

where ® : C(S) — C(S) ® C(U) is the universal affine coaction map.

PROOF. In the real case, z; = z7, it is enough to check the equality in the statement
on an arbitrary product of coordinates, x;, ... z;, . The left term is as follows:

(id@/U> O(zyy . ..my) = Zxﬁ... /qum...ujkik

Ji--Jk

= Z Z 07 ()05 ()YWin (T, 0)x5, ... Tj,

J1--Jx mo€eD(k

= Z 0o ( WkNT('O' 2(5 )T ... T,

7TO'ED Ji---Jk

Let us look now at the last sum on the right. The situation is as follows:

(1) In the free case we have to sum quantities of type z;, ...x;,, over all choices of
multi-indices j = (ji, ..., Jx) which fit into our given noncrossing pairing =, and just by
using the condition ), 7 = 1, we conclude that the sum is 1.

(2) The same happens in the classical case. Indeed, our pairing 7 can now be crossing,
but we can use the commutation relations z;x; = x;z;, and the sum is again 1.

Thus the sum on the right is 1, in all cases, and we obtain:

(id@/l])@(xil...% = Z 05 (1) Wiy (1, 0)

m,0€D(k
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On the other hand, another application of the Weingarten formula gives:

/I‘Z‘l Ly, = / Uty -+ - Ulgy,
S

= Z (5 WkN(T(' O')

m,oeD(k

= Z 5 WkNTI'O')

m,0€D(k)

Thus, we are done with the proof of the result, in the real case. In the complex case
the proof is similar, by adding exponents everywhere. U

We can now deduce an abstract characterization of the integration, as follows:
THEOREM 3.11. There is a unique positive unital trace tr : C(S) — C satisfying
(tr @ id)®(x) = tr(x)1
where ® is the coaction map of the corresponding quantum isometry group,
O:C(S)—=C(S)C(U)
and this is the canonical integration, as constructed in Definition 3.7.

ProoOF. First of all, it follows from the Haar integral invariance condition for U that
the canonical integration has indeed the invariance property in the statement, namely:

(tr @ id)®(x) = tr(x)1

In order to prove now the uniqueness, let tr be as in the statement. We have:

r (id@/(]) O(z) = /(J(tr@id)@(a:)
- [

= tr(z)

On the other hand, according to Theorem 3.10, we have as well:

r(id@/U)(I)(a:):tr(/S:v):/Sx

We therefore conclude that tr equals the standard integration, as claimed. U

Getting back now to our axiomatization questions, we have:
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THEOREM 3.12. We have correspondences between the basic unitary groups

Oy Uy
ON Uy
and the basic noncommutative spheres,
N-1 N-1
Sr+ Sc i

SN_l S(JCV—l
R~
obtained via the operation U — Sy.

Proor. We use the ergodicity formula from Theorem 3.10, namely:

(s )~

We know that [, is faithful on C(U), and that we have:
(id®e)® =id
The coaction map @ follows to be faithful as well. Thus for any x € C(S) we have:

/xx*zO — =0
s

Thus [ is faithful on C(S). But this shows that we have:
S =5y

Thus, we are led to the conclusion in the statement. U

3c. Tori and reflections

Summarizing, in relation with our plan for this chapter, we have satisfactory corre-
spondences S <+ U. It remains to discuss the correspondence T" — K. Normally this can
be obtained as well via affine isometries, because in the classical case, we have:

K = G(T)

In the free case, however, things are quite tricky, with the naive formula K = G*(T)
being wrong. In order to discuss this, and find the fix, we must compute the quantum
isometry groups of the tori that we have. We will need the following construction:
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THEOREM 3.13. The following constructions produce compact quantum groups,

C(Oy) = C(Oﬁ)/<u¢jukl = iukluij>
C(0y) = O(U;)/<uiju,€l - iukluij>

with the signs corresponding to anticommutation of different entries on same rows or same
columns, and commutation otherwise, and where u stands for u or for u.

PROOF. This is something well-known, coming from [18] and subsequent papers,
where these quantum groups were first introduced, the idea being as follows:

(1) First of all, the operations Oy — Oy and Uy — Uy in the statement, obtained
by replacing the commutation between the standard coordinates by some appropriate
commutation/anticommutation, should be thought of as being ¢ = —1 twistings.

(2) However, this is not exactly the ¢ = —1 twisting in the sense of Drinfeld [59] and
Jimbo [67], which produces non-semisimple objects, and so the result must be checked as
such, independently of the ¢ = —1 twisting literature related to [59], [67].

(3) But this is something elementary, which follows in the usual way, by considering
the matrices u®,u®,u”, defined by the same formulae as for OF, U, and proving that
these matrices satisfy the same relations as w.

(4) Indeed, let us first discuss the construction of the quantum group On. We must
prove that the algebra C'(Oy) obtained from C(O};) via the relations in the statement
has a comultiplication A, a counit ¢, and an antipode S.

(5) Regarding the construction of the comultiplication A, let us set:
Uij = Z Uik, D Uk
k
For j # k we have the following computation:

UijUi, = E UisUip & UgjUsp + E UisUis & UgjUsk
s#£t s
= E —UjplUis Q) UgUgj + E Uislis @ (—UgUsj)
s#t s
= —UaU
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Also, for i # k,j # | we have the following computation:
UijUkl = Z UjsUkt K Ugj Ut + Z UjsUks X UgjUg]
s#t s

- Z UptUis & U Usj + Z(_uksuis) ® (_uslusj)
s#t s
= UnUi;

Thus, we can define a comultiplication map for C(Oy), by setting:
A(ui;) = Us

(6) Regarding now the counit € and the antipode S, things are clear here, by using
the same method, and with no computations needed, the formulae to be satisfied being
trivially satisfied. We conclude that Oy is a compact quantum group.

(7) The proof that the quantum space Uy in the statement is indeed a quantum group
is similar, by adding * exponents everywhere in the above computations. U

All the above might seem to be a bit ad-hoc, but there is way of doing the ¢ = —1
twisting in a more conceptual way as well, by using representation theory and Tannakian
duality. We will be back later to all this, in chapter 11 below, with full details.

Now back to our axiomatization questions, we have:

THEOREM 3.14. The quantum isometry groups of the basic tori

Ty T

T Ty
are the following quantum groups,

Hy Ky

On Un

where Oy, Uy are the standard ¢ = —1 twists of Oy, Un.
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PROOF. In all cases we must find the conditions on a closed subgroup G C Uy, such
that the following formula defines a coaction:

9i —>Zgj®uji
J

Since the coassociativity of such a map is automatic, we are left with checking that
the map itself exists, and this is the same as checking that the following variables satisfy
the same relations as the generators g; € G-

G; = Zgj & Uj;
J

(1) For T' = ZY the relations to be checked are as follows:
Gi=G: , Gi=1 , GG;=GG,
Regarding the first relation, namely G; = G}, by using g; = ¢; this reads:

Zgj ® uji = ZQJ‘@W;’
j i

Now since the group generators g, are linearly independent, we obtain from this rela-
tion that we must have u;; = uj; for any 7, j. Thus, the condition on G is:

G C O},
We have the following formula, for the squares:

G} = Z Ikgi @ UpiWy;
Kl

= 1+ Z Ik g1 @ (Ugiw; + Uriue;)
k<l

We have as well the following formula, for the commutants:

Gi, Gyl = nggz ® (Ui — UkjUsi)

kl
= Z kgt @ (Upitty; — UkjUy; + Ul — UgjUk;)
k<l
From the first relation we obtain ab = —ba for a # b on the same column of u, and by

using the antipode, the same happens for rows. From the second relation we obtain:
[k, wij] = (g, w] . Yk #1
Now by applying the antipode we obtain from this:
(i, wjt] = [wjmswa] Yk #1
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By relabelling, this gives the following formula:
[Uki,ulj] = [Uliaukj] , Yi#]

Summing up, we are therefore led to the following conclusion:

[k, wij] = [, uu] =0, Vi# gk #1
Thus we must have G C Oy, and this finishes the proof.
(2) For I' = Z3" the relations to be checked are as follows:

Gi=Gf , GI=1

As before, regarding the first relation, G; = G}, by using g; = ¢/ this reads:

Zgj ® uji = ZQJ@U;’
i i

Now since the group generators g; are linearly independent, we obtain from this rela-

tion that we must have u;; = u;; for any ¢, j. Thus, the condition on G is:

G C O},
Also as before, in what regards the squares, we have:

G? = Z IkGr @ UkiUi
Kl

= 1+ Z Jrgr @ Up;Ug;
k£l

Thus we obtain G C Hy;, as claimed.
(3) For I' = Z" the relations to be checked are as follows:
G,.G; =G;G, =1 , G,G; =G;G,
In what regards the first relation, we have the following formula:

GiG; = nggfl ® ugiuy;
K

= 1+ Z grg; " @ upu;
kAl
Also, we have the following formula:

GiGi = > gp'g®upuy
K

= 1+ g 9 ©ujw
kAl
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Finally, we have the following formula for the commutants:

Gi, Gyl = nggz ® (Ui — Ugjtsi)

kl
= nggz @ (UkiUtj — UpjUpi + Wl — Uk )
k<l
From the first relation we obtain ab = —ba for a # b on the same column of u, and by

using the antipode, the same happens for rows. From the second relation we obtain:
[Uki,ulj] = [ukjaulz‘] , Vk#I

By processing these formulae as before, in the proof of (1) above, we obtain from this
that we must have G C Uy, as claimed.

(4) For I' = Fy the relations to be checked are as follows:
As before, in what regards the first relation, we have the following formula:

G,G; = nggl_l & UpiUy;
il

= 1+ gy @ upiuj;
k£l

Also as before, we have the following formula:

GG = g g @ uju;
kl

= 1+ g:'9 @ upu
kAl

By processing these formulae as before, in the proof of (2) above, we obtain from this
that we must have G C K;\?, as claimed. O

The above result is quite surprising, and does not fit with what happens in the classical
case, where the classical isometry groups of the tori are the reflection groups.

In short, the above result is not exactly what we want, in view of our axiomatization
purposes here. However, we can “recycle” it, as follows:
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THEOREM 3.15. The basic noncommutative tori, namely

Ty

Ty

TN Tn

produce the basic quantum reflection groups, namely

Hy, Ky

Hy

Ky
via the operation T — G(T) N K.
PRrROOF. The operation in the statement produces the following intersections:

Hy

Ky

ONQHJT/ UNHK]-{_,

But a routine computation, coming from the fact that commutation + anticommuta-
tion means vanishing, gives the quantum groups in the statement. Indeed:

(1) In what regards Uy N K}, here as explained above we can use the fact that
commutation + anticommutation means vanishing, and we obtain, as desired:

UN N KJ—{—; = (UN N K]—\t)class
= UN N KN
= Ky
(2) In what regards Oy N H};, here we can proceed as follows:
OnNHf;, = OxNHGEN(UyNKY)
- ON N H]—\’} N KN
= Hy

Thus, we are led to the conclusion in the statement. U
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As a conclusion to all this, we have now correspondences between the pairs (S,7T)
constructed in chapter 1 and the pairs (U, K) constructed in chapter 2, and together with
the correspondences already established in chapters 1-2, our diagram looks as follows:

S T

U K

Thus, in order to finish our axiomatization program for the abstract noncommutative
geometries, we are left with constructing correspondences as follows:

S T

U K

We will be back to this in the next chapter, with the construction of some of these
correspondences, and with the axiomatization of the quadruplets of type (5,7, U, K).
3d. Metric aspects

Following [28] and subsequent papers, let us comment now on the “metric” aspects
of our quantum isometry group constructions.

To start with, we have the following basic definition:
DEFINITION 3.16. Given a compact Riemannian manifold X, we denote by Q' (X) the

space of smooth 1-forms on X, with scalar product given by

<w,n>= / <w(x),n(zr) > dz
X
and we construct the Hodge Laplacian A : L*(X) — L*(X) by setting
A=dd
where d : C*(X) — QY(X) is the usual differential map, and d* is its adjoint.

According to a standard differential geometry result, whose proof is elementary, the
classical isometry group G(X) of our Riemannian manifold X is then the group of diffeo-
morphisms ¢ : X — X whose induced action on C*°(X) commutes with A.

In view of this, following now Goswami [64], we can formulate:
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DEFINITION 3.17. Associated to a compact Riemannian manifold X are:
(1) DH(X): the category of compact quantum groups acting on X .
(2) GH(X) € DT(X): the universal object with a coaction commuting with A.

Here the coactions maps ¢ : C'(X) — C(X) ® C(G) that we consider in (1) must
satisfy by definition the usual axioms for the algebraic coactions, namely:

(P ®id)® = (id® A)D
(ld®e)® =id
In addition, these are subject as well to the following smoothness assumption:
O(C*(X)) C C*(X) ® C(G)

As for the commutation condition with A in (2) above, this regards the canonical
extension of the action to the space L?*(X). For details here, see [64].

Before getting further, we should mention that Definition 3.17 above does not really
bring new examples of compact quantum groups, and this due to a non-trivial result of
Goswami, stating that when the compact Riemannian manifold X is connected we have
GT(X) = G(X). We refer here to [64], [65], [66] and subsequent papers.

Let us record here, however, the following well-known weak version of Goswami’s main
rigidity result, which is something rather elementary:

PROPOSITION 3.18. A compact connected Riemannian manifold X cannot have gen-
wine group dual isometries.

PrROOF. We recall that for a connected Riemannian manifold X, the eigenfunctions
of the Laplacian have the domain property, namely:

[9#0 = fg#0

This is for instance because the set of zeros of each nonzero eigenfunction of the
Laplacian is known to have Hausdorff dimension dim X — 1, and hence measure zero.
Now assume that we have a group dual coaction, as follows:

o O(X) = O(X) @ C*I)

Let E = E; @ E5 be the direct sum of two eigenspaces of the Laplacian A. Pick a
basis {z;} such that the corresponding corepresentation on E becomes diagonal, in the
sense that we have, for certain group elements g; € I':

P(z;) = 2; ® g;
The formula ®(z;z;) = ®(z,x;) reads then:
TiT; & gigj = ;x5 K gj9;
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Thus, by using the domain property of the eigenfunctions of A, we obtain:
9i95 = 9;j9i
Also, the formula ®(z;7;) = ®(z;z;) reads:
T @ gig; | = 1T Q gy g
Thus by using the domain property again, we obtain:
9i9; t= 9; 'gi

Thus the elements {g;,g; '} pairwise commute, and with the eigenspace E varying,
this shows that our group I' must be abelian, as claimed. Il

Let us discuss now the case of the noncommutative Riemannian manifolds. We will
use in what follows some very light axioms, inspired from Connes’ ones from [51]:

DEFINITION 3.19. A baby spectral triple X = (A, H, D) consists of the following:

(1) A is a unital C*-algebra.

(2) H is a Hilbert space, on which A acts.

(3) D is an unbounded self-adjoint operator on H, with compact resolvents, such that
[D, ¢| has a bounded extension, for any ¢ in a dense x-subalgebra A C A.

The guiding examples come from the compact Riemannian manifolds X. Indeed, as-
sociated to any such manifold X are several triples (A, H, D), with the dense x-subalgebra
A C A being the algebra C*(X) C C(X), as follows:

(1) H is the space of square-integrable spinors, and D is the Dirac operator.
(2) H is the space of forms on X, and D is the Hodge-Dirac operator d + d*.
(3) H = L*(X,dv), dv being the Riemannian volume, and D = d*d.

In this list the first example is the most interesting one, and by far, and this because
under a number of supplementary axioms, a reconstruction theorem for X holds, in terms
of the associated triple (A, H, D). We refer to Connes’ paper [52] for a proof of this fact,
and for the definition of the “true” spectral triples as well.

In view of Definition 3.17 (2), however, the last example in the above list will be in
fact the one that we will be interested in. Once again following Goswami [64], we have:
DEFINITION 3.20. Associated to a baby spectral triple X = (A, H, D) are:

(1) DT(X): the category of compact quantum groups acting on (A, H).
(2) GT(X) € DY(X): the universal object with a coaction commuting with D.



78 3. AFFINE ISOMETRIES

In other words, G™(X) must have a unitary representation U on H which commutes
with D, satisfies Ul4 = 1 ® 14, and is such that ady maps A” into itself.

Now back to our spheres, we will construct a baby spectral triple, in the sense of
Definition 3.19, and then compute the corresponding quantum isometry group, in the
sense of Definition 3.20, with the result that this is in fact the affine isometry one.

The idea is to use the inclusion Sy ! C S]fg{ -, and to construct the Laplacian filtration

as the pullback of the Laplacian filtration for Sﬂg ~1as follows:

PROPOSITION 3.21. Associated to any real sphere Sﬁ{;l is the baby triple (A, H, D),
where A = C(Sﬁ;l), and where D acting on H = L*(A,tr) is defined as follows:

(1) Consider the following linear space:

H,. = span (a;il...xiT r < k)

(2) Define Ex = Hy, N Hj- |, so that we have:

H=E;
k=0
(3) Finally, set Dx = \px, for any x € Ey, where N, are distinct numbers.

PROOF. We have to show that the operator [D,T;] is bounded, where T; is the left
multiplication by x;. Since z; € A is self-adjoint, so is the corresponding operator T;.
Now since we have T;(Hy) C Hgi1, by self-adjointness we get:

T,(Hy) C Hy,
Thus we have inclusions as follows:
Ti(Ex) C Exo1 ® Eyx @ By
This gives a decomposition of the following type:
T,=T ' +T°+ T}
We have then [D,T?] = T for any o € {—1,0,1}, and this gives the result. O

Summarizing, what we constructed above is some kind of algebraic structure on our
spheres, coming from the eigenspaces of the Laplacian. This structure misses however the
fine geometric aspects, coming from the eigenvalues, at least in the above formulation.

However, with our formalism, we can now prove, following [28]:
THEOREM 3.22. We have the quantum isometry group formula
G (Sex) = Ox

with respect to the baby spectral triple structure constructed above.
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PRrooF. Consider the universal affine coaction map on our sphere:
D C’(S]]Rf;l) — C(Sﬁ;l) ® C(Oy)

This coaction map extends to a unitary representation on the GNS space H, that we
denote by U. We have then an inclusion, as follows:

O(Hy) C H, @ C(OR)
Now observe that this formula reads:
U(Hy) C Hy
By unitarity we obtain as well:
U(Hy) C Hy;

Thus each space Ej, is U-invariant, and U, D must commute. We conclude that & is
isometric with respect to D. Finally, the universality of Oy is clear. O

There are several interesting questions in relation with the above. First, we have the
question of understanding what happens for the complex spheres, and also for the tori,
real or complex. Also, we have the question of understanding what the eigenvalues of the
Laplacian are, and whether this resulting Laplacian can be used in order to formulate
basic PDE over our spheres. We refer here to [56] and related papers, for a discussion.

3e. Exercises

As a first exercise for this chapter, in connection with the notion of affine quantum
isometry, which was central here, we have:

EXERCISE 3.23. Work out the basic theory of the classical and quantum reflection

isometry groups, defined for a real algebraic manifold X C S(]C\{jrl, and given by

K(X)=G(X)N Ky
K (X)=GHX)nK$

in analogy with what is known about the affine isometry groups G(X), GT(X), and their
toral versions, T(X) = G(X)NTy and TT(X) = GH(X)NT}.

To be more precise here, what is needed is an existence and uniqueness result for
K(X), K™(X), obtained independently, along with some basic computations.

In relation now with the Weingarten formula, which was crucial in the above, we have:
EXERCISE 3.24. Work out the explicit formula of the Weingarten matriz
WkN = G];]b . GkN<7T,O') = ]\/vITrv(7|

for the basic free quantum groups, at small values of N € N.
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This might seem a bit anecdotical, but the exercise is very important, because every
single professional user of the Weingarten formula has already spent some time on all this,
and not only at very small values of N € N, but also at bigger values. So, why not you.

In practice now, before even starting, you will have to find a good order relation on
the partitions, in order to write down the Gram and Weingarten matrices.

In relation now with the twisting operation, we have:

EXERCISE 3.25. Find a definition for the twist of SOs, by using common sense and
your intuition, and then prove that this twist is isomorphic to Sy .

All this might seem quite surprising, and so this exercise is definitely a must-do. As
a hint here, once you found the good definition for the twist of SO3, by whatever ad-hoc
means, try applying the Fourier transform over the Klein group K = Zy X Zy to the
fundamental corepresentation, see what you get is magic or not.

Also, as a comment here, this is related to a difficult exercise from the previous chapter,
asking to prove that the dual of S} is amenable. The above exercise does not really solve
this amenability question, but makes the amenability thing quite plausible.

In relation now with differential geometry, we first have:

EXERCISE 3.26. Prove that the eigenfunctions of the Laplacian on a connected Rie-
mannian manifold have the domain property.

This is something well-known, that we used in the above, when talking about the toral
isometries of such manifolds. In practice now, this is quite tricky, and in case you do not
know or find, search on the internet, and then write down a brief account of that.

Finally, in relation with advanced differential geometry, we have:

EXERCISE 3.27. Try to talk about orientation in free geometry. Also, try finding
eigenvalues for the eigenspaces of the Laplacian on S]{{X;l. Also, try constructing a spectral

triple in the sense of Connes for Sﬁf;l, and ezxplain what works, and what fails.

These are all difficult questions. Browsing the internet won’t help much, because the
answers to most of these questions is folklore. In short, this is an exercise that you will
have to work out by yourself, every now and then, in order to join the community.



CHAPTER 4

Axiomatization

4a. Basic quadruplets

We finish here our axiomatization work. We recall that our goal is that of axiomatizing
the quadruplets (S,7,U, K) consisting of a quantum sphere, torus, unitary group and
reflection group, with a full set of correspondences between them, as follows:

S T

U K

In order to discuss all this, we first need precise definitions for all the objects involved.
So, let us start with the following general definition:

DEFINITION 4.1. We call quantum sphere, quantum torus, quantum unitary group and
quantum reflection group the intermediate objects as follows,

SptcScsi!
Ty CT CTY
Oy CU C Uy
Hy C K C K},
with S being an algebraic manifold, and T, U, K being compact quantum groups.
Here, as usual, all the objects are taken up to the standard equivalence relation for

the quantum algebraic manifolds, discussed in chapter 1 above.

As a first observation, the above definition, with intermediate objects ranging between
classical real and free complex, brings us into the “hybrid” zone, between real and complex.

One reason for doing so is that we would like to deal at the same time with the real
and complex cases, in order to simplify our axiomatization work.

81
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Also, and importantly, at a more advanced level, we will see later on that we have an
isomorphism between the free real and complex projective spaces, as follows:

Pei' =For
This isomorphism is something quite interesting, the conclusion being that in the free

setting, the usual R/C dichotomy tends to become “blurred”. Thus, it is a good idea to
forget about this dichotomy, and formulate things as above.

We will be back to projective geometry questions in chapter 15 below, with more
explanations regarding the above isomorphism, and with other results as well.

At the level of the basic examples, the situation is as follows:

PROPOSITION 4.2. We have “basic” quadruplets (S, T,U, K) as follows:

(1) A classical real and a classical complex quadruplet, as follows:

SN Ty [/ P

Oy —— Hy Uv—— Ky

(2) A free real and a free complex quadruplet, as follows:

N-—1 + N—-1 +
Spy —— Iy Seq — Ty

O — Hy Uy — Ky

PRroOF. This is more or less an empty statement, with the various objects appearing
in the above diagrams being those constructed in chapters 1 and 2 above. O

Regarding now the correspondences between our objects (S, T, U, K), we would like
to have all 12 of them axiomatized. There is still quite some work to be done here, and
in order to get started, let us begin with a summary of what we have so far:
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THEOREM 4.3. For the basic quadruplets, we have correspondences as follows,

S T
U K
constructed via the following formulae:
(1) S=Sp.
2) T=SNTYy=UNTy=KnNTy.
(3) U=G*(S5).

(4) K =UNKj, = K*(T).

Proor. This is a summary of what we already have, with the fact that the 7 corre-
spondences in the statement work well for the 4 basic quadruplets, from Proposition 4.2,
coming from the various results established in chapters 1-3 above:

(1) The formula S = Sy is from chapter 3, with the proof being based on an ergodicity
result, ultimately coming from easiness, and the Weingarten formula.

(2) The formula T = S N Ty is from chapter 1, and this is something elementary,
coming from definitions.

(3) The formula T'= U N T} is from chapter 2, and this is once again something
elementary, coming from definitions.

(4) The formula T' = K NTY}, is once again from chapter 2, coming as before essentially
from the definitions.

(5) The formula U = G*(5) is from chapter 3, with the proof being something quite
standard, based on the tricks from [28].

(6) The formula K = U N K}; is from chapter 2, and this is something elementary,
coming from definitions.

(7) The formula K = K*(T) is from chapter 3, and this is definitely something quite
tricky, involving ¢ = —1 twists. U

4b. Easy geometries

Our goal is that of having a full set of correspondences between our objects (S, T, U, K).
In view of the above result, a key problem is that of passing from the discrete objects
(T, K) to the continuous objects (S,U). We will solve this by doing some work at the
quantum group level, in relation with the quantum groups 7', K, U. To be more precise,
what we would like to have are correspondences as follows:

T—-K-—=U
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In order to discuss this, we need some preliminaries, in relation with the intersection
and generation operations for the compact quantum groups. Let us start with:

PROPOSITION 4.4. The closed subgroups of Uy, are subject to operations as follows:

(1) Intersection: H N K is the biggest quantum subgroup of H, K.
(2) Generation: < H, K > is the smallest quantum group containing H, K.

Proor. We must prove that the universal quantum groups in the statement exist
indeed. For this purpose, let us pick writings as follows, with I, .J being Hopf ideals:

C(H) = C(UN)/1
C(K)=CUy)/7
We can then construct our two universal quantum groups, as follows:
CHNK)=CUy)/ <I,J>
C(< H/K >)=C(Uy)/(INJ)
Thus, we obtain the result. Il
In practice, the operation N can be usually computed by using:
PROPOSITION 4.5. Assuming H, K C G, the intersection H N K s given by
C(HNK)=C(G)/{R,P}
whenever we have formulae of type
C(H)=C(G)/R
C(K)=0C(G)/P
with R, P being sets of polynomial x-relations between the standard coordinates.

Proor. This follows from Proposition 4.4 above, or rather from its proof, and from
the following trivial fact, regarding relations and ideals:

I=<R>J=<P> = <I[,J>=<R,P>
Thus, we are led to the conclusion in the statement. Il

In relation with the generation operation, let us call Hopf image of a representation
C(G) — A the smallest Hopf algebra quotient C'(L) producing a factorization:

C(G) - C(L) > A

The fact that such a quotient exists indeed is routine, by dividing by a suitable ideal.
This notion can be generalized to families of representations, and we have:
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PROPOSITION 4.6. Assuming H, K C G, the quantum group < H, K > is such that
CG)—CHNK)—C(H),C(K)
is the joint Hopf image of the following quotient maps:
C(G)— C(H),C(K)

PROOF. In the particular case from the statement, the joint Hopf image appears as
the smallest Hopf algebra quotient C'(L) producing factorizations as follows:

C(G)—=C(L)—C(H),C(K)
Thus L =< H, K >, which leads to the conclusion in the statement. See [47]. O
In the Tannakian setting now, we have the following result:

THEOREM 4.7. The intersection and generation operations N and < ,> can be con-
structed via the Tannakian correspondence G — Cg, as follows:

(1) Intersection: defined via Conpg =< Cgq,Cy >.
(2) Generation: defined via C<g pys = Ce N Ch.

Proor. This follows from Proposition 4.4, or rather from its proof, by taking I, J to
be the ideals coming from Tannakian duality, in its soft form, from chapter 2 above. [J

In relation now with easiness, we first have the following result:
PROPOSITION 4.8. Assuming that H, K are easy, then so is H N K, and we have
Dpnk =< Dy, Dk >
at the level of the corresponding categories of partitions.
Proor. We have indeed the following computation:
Cung = <Cq,Cg >
= < span(Dpy), span(Dy) >
= span(< Dy, Dk >)
Thus, by Tannakian duality we obtain the result. O
Regarding the generation operation, the situation is more complicated, as follows:
PROPOSITION 4.9. Assuming that H, K are easy, we have an inclusion
< H K>C{H K}
coming from an inclusion of Tannakian categories as follows,
Cy NCk D span(Dy N D)
where {H, K} is the easy quantum group having as category of partitions Dy N Di.
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Proor. This follows from the properties of the generation operation, and from:
Cengs = CpNnCg
= span(Dg) N span(Dk)
D span(Dy N Dg)
Indeed, by Tannakian duality we obtain from this all the assertions. U
Summarizing, we have some problems here, and we must proceed as follows:

THEOREM 4.10. The intersection and easy generation operations N and {,} can be
constructed via the Tannakian correspondence G — D¢, as follows:

(1) Intersection: defined via Dgny =< Dg, Dy >.
(2) Easy generation: defined via Dig yy = Dg N Dy.

PROOF. Here (1) is an result coming from Proposition 4.8, and (2) is more of an
empty statement, related to the difficulties that we met in Proposition 4.9. U

Let us go back to the various quantum groups of type T, U, K that we are interested
in. We have the following summary of the results that we have so far, along with a few
new things, in relation with the intersection and generation operations:

THEOREM 4.11. The basic quantum unitary and reflection groups,

K% U
HY; / O% /
o
HN/ ON/
form an intersection and easy generation diagram, and their diagonal tori

Ty Ty

/ /!

Ty T

Ty Ty

ivd 7

form an intersection and generation diagram.
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PRrROOF. We have two assertions here, the idea being as follows:

(1) We know from chapter 2 above that the quantum unitary and reflection groups
are all easy, the corresponding categories of partitions being as follows:

NCeven NC,
e /
NCleven NC,
Peven Py
e /

Peven PZ

Now since these categories form an intersection and generation diagram, it follows
that the quantum groups form an intersection and easy generation diagram, as claimed.

(2) Regarding now the corresponding diagonal tori, we know from chapter 2 that these
are indeed the tori in the statement. As for the fact that these tori form an intersection
and generation diagram, this is something well-known, and elementary. U

It is conjectured that the above quantum group diagram should be actually a plain
generation diagram. We will be back to this later.
As a first consequence of the above result, in connection with our axiomatization

questions for the quadruplets (S, T, U, K), we have the following result:

PROPOSITION 4.12. The unitary quantum groups appear from their classical versions

Ox Uy
! !
On Uy
via the easy liberation formula
G = {Gcla557 K}

where K C G is the quantum reflection group, given by K = G N K.
ProOOF. We have two formulae to be established, the idea being as follows:

(1) For the quantum group O}, the classical version is Oy, and the corresponding
reflection group is Hj;, and from the fact that the front face of the quantum group
diagram in Theorem 4.11 is an easy generation diagram we obtain, as desired:

Of = {On, HY}
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(2) For the quantum group U the classical version is Uy, and the corresponding
reflection group is K3, and from the fact that the rear face of the quantum group diagram
in Theorem 4.11 is an easy generation diagram we obtain, as desired:

Uy ={Un,K}}
Thus, we are led to the conclusion in the statement. U

We can further reformulate the above result, in the following way:

PROPOSITION 4.13. The unitary quantum groups appear from their reflection sub-
groups

Hy, Ky O Uy
%
HN KN ON UN
wa the following easy generation formula
U={O0n,K}

computed inside the quantum group Uy,

PRroOOF. This is a reformulation of Proposition 4.12, as follows:
(1) In the classical orthogonal case the formula to be proved is trivial, namely:
On = {On,Hy}

(2) In the free orthogonal case the formula etablished in Proposition 4.12 is precisely
the one that we need, namely:

Oy = {Ow, Hy}

(3) In the classical unitary case now, the formula in the statement is as follows, coming
from the fact that the bottom face of the quantum group diagram in Theorem 4.11 is an
easy generation diagram:

Uy = {On. Kn}

(4) In the free unitary case, we have the following computation, based on the unitary

formula established in Proposition 4.12, and on the formula in (3) above:

Uy = {Un, K3}
- {{ONaKNLKJ—G}
= {On,{Kn. Ky}}
~ (o K5}

Thus, we are led to the conclusion in the statement. U
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We can now update our main result so far, as follows:
THEOREM 4.14. For the basic quadruplets, we have correspondences as follows,

S T

U

constructed via the following formulae:
(1) S =Sy.
2) T=SNTL{=UNTL=KnT}.
(3) U =G*(S)={0Oy, K}.
(4) K=UNK}, =K"(T).

Proor. This is an update of Theorem 4.3, taking into account Proposition 4.13. [J

Regarding the missing correspondences, namely 7' — S, U and S <> K, the situation
here is more complicated, and we will discuss this later.

We can however compose the correspondences that we have, and formulate, as a
conclusion to what we did so far:

DEFINITION 4.15. A quadruplet (S,T,U, K) is said to produce an easy geometry when
U, K are easy, and one can pass from each object to all the other objects, as follows,

S = Soxkxrmy = Su = Sioyk}
SNTy = T = UNT, = KNT}
GH(S) = {On,K*HT)} = U = {On, K}
K*(S) = KYT) = UNKj = K

with the usual convention that all this is up to the equivalence relation.

There are many comments that can be made here. As a first remark, if we plug the
data from any axiom line into the 3 other lines, we obtain axiomatizations in terms of
S,T,U, K alone, that we can try to simplify afterwards.

It is of course possible to axiomatize everything in terms of ST, SU, SK, TU,TK, UK
as well, and also in terms of STU, STK, SUK, TUK, and try to simplify afterwards.
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In what follows we will not bother much with this, and use Definition 4.15 as it
is. We will need that 12 correspondences, as results, and whether we call such results
“verifications of the axioms” or “basic properties of our geometry” is irrelevant.

Regarding now the basic examples, these are of course the classical and free, real and
complex geometries. To be more precise, we have the following result:

THEOREM 4.16. We have 4 basic easy geometries, denoted

ey

RY

RY CcVN
which appear from quadruplets as above, as follows:
(1) Classical real: produced by (S§ *, Tn,On, Hy).
(2) Classical complex: produced by (SX ™', Tn, Uy, Ky).
(3) Free real: produced by (S]Q;I,TRRO;\F,, HY).
(4) Free complex: produced by (Sg;l, TS, Uk, K.

ProoF. This is something that we already know, which follows from Theorem 4.14,
as explained in the discussion preceding Definition 4.15. U

It is possible to construct some further easy geometries in the above sense, and also
to work out some structure and classification results.

To be more precise, the 4-diagram of geometries from Theorem 4.16 can be extended
into a 9-diagram of geometries, as follows:

RY TRY cy
RY TRY cy
RN TR o

Moreover, one can prove that, under some supplementary assumptions, these 9 easy
geometries are the only ones. We will be back to this.
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4c. Liberation theory

Moving ahead now, if we want to improve all the above, and reach to a better axiom-
atization, we have two problems which are still in need to be solved, namely:

(1) Understanding the operation K — U, without reference to easiness.
(2) Understanding the operation 7' — U.

In short, we are back to the problem mentioned after Theorem 4.3, namely under-
standing the following operations, and this time without reference to easiness:

T—-K-—=U

This is something quite subtle, which will take us into advanced quantum group theory.
Let us start our discussion with the following definition:

DEFINITION 4.17. Consider a closed subgroup G C Uy, and let
TcKcG

be its diagonal torus, and its reflection subgroup. The inclusion G qss C G is called:

(1) A soft liberation, when G =< Gugss, K >.
(2) A hard liberation, when G =< Gass, T >.

As a first remark, given G C Uy, we have a diagram as follows, which is an intersection
diagram, in the sense that any subsquare P C @), R C S satisfies P = Q N R:

T K G

Tcl ass

Kclass

Gclass

With this picture in mind, the soft liberation condition states that the square on the
right P C Q, R C S is a generation diagram, < @, R >=S.

As for the hard liberation condition, which is stronger, this states that the whole
rectangle has this generation property.

In order to comment on all this, let us discuss now some weaker versions of the
generation property, which involve spinned versions of the diagonal torus.

Let us start with the following standard result:
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THEOREM 4.18. Given a closed subgroup G C Uy and a matriz Q € Uy, we let
Ty C G be the diagonal torus of G, with fundamental representation spinned by Q:

C(Tg) = C(G) / ((QuQ")y = 0]vi # j)

This torus is then a group dual, given by Ty = /A\Q, where Ag =< ¢g1,...,9n > 15 the
discrete group generated by the elements

gi = (Qu@Q™)y

which are unitaries inside the quotient algebra C(1g).

ProoFr. This follows from the general results for the diagonal torus, explained in
chapter 2 above, because, as said in the statement, T is by definition a diagonal torus.
Equivalently, since v = Qu@)* is a unitary corepresentation, its diagonal entries ¢g; = v;;,
when regarded inside C'(7T), are unitaries, and satisfy:

A(gi) = g; ® g

Thus C(Tgp) is a group algebra, and more specifically we have C(T) = C*(Ag), where
Ag =< g1,...,gn > is the group in the statement, and this gives the result. U

Summarizing, associated to any closed subgroup G C Uy is a whole family of tori,
indexed by the unitaries U € Uy. We use the following terminology:

DEFINITION 4.19. Let G C Uy be a closed subgroup.

(1) The tori Ty C G constructed above are called standard tori of G.
(2) The collection of tori T = {TQ C G’Q € UN} is called skeleton of G.

This might seem a bit awkward, but in view of various results, examples and coun-
terexamples, to be presented below, this is perhaps the best terminology.
As a first general result now regarding these tori, coming from [98], we have:
THEOREM 4.20. Any torus T C G appears as follows, for a certain QQ € Uy:
TcToCG
In other words, any torus appears inside a standard torus.
PROOF. Given a torus T' C GG, we have an inclusion as follows:
TcGcUy

On the other hand, we know from chapter 2 above that each torus 7" C Uy has a
fundamental corepresentation as follows, with ) € Uy:

U = leag(gh s 79N)Q*
But this shows that we have T' C Tg, and this gives the result. U
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Getting back now to our generation questions, let us formulate:

DEFINITION 4.21. A closed subgroup Gy C Uy, with classical version G, is called:
(1) Weakly generated by its tori, when:
Gy =< Gy, (Tg)qeuy >
(2) A diagonal liberation of GS;, when:
Gy =< Gy, T >
It is elementary to check that the first property is satisfied for the groups, for the

group duals, and is stable under generations, and direct products.

Regarding the second property, this is something quite interesting, which takes us
away from our original generation questions. The idea here, from [46] and subsequent
papers, is that such things can be proved by recurrence on N € N.

In order to discuss this, let us start with:

PROPOSITION 4.22. Assume that G = (Gy) is weakly uniform, let n € {2,3,...,00}
be minimal such that G,, is not classical, and consider the following conditions:

(1) Strong generation: Gy =< G, G, >, for any N > n.
(2) Usual generation: Gy =< G%,Gn-1 >, for any N > n.
(3) Initial step generation: Gpy1 =< G& 1, Gy >.

We have then (1) < (2) = (3), and (3) is in general strictly weaker.
Proor. All the implications and non-implications are elementary, as follows:
(1) = (2) This follows from G,, C Gy_; for N > n, coming from uniformity.
(2) = (1) By using twice the usual generation, and then the uniformity, we have:
Gn = <GY,Gnoy>
= <Gy Gy_1,Gn—2 >
= <GY,Gn_2>
Thus we have a descent method, and we end up with the strong generation condition.
(2) = (3) This is clear, because (2) at N =n + 1 is precisely (3).
(3) == (2) In order to construct counterexamples here, the simplest is to use group

duals. Indeed, with Gy = I/’]\V and I'y =< ¢1,...,gn >, the uniformity condition tells us
that we must be in a projective limit situation, as follows:

Pl(—FQ(—F3<—P4(—...

Iyoi=Tn/<gy=1>
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Now by assuming for instance that I'; is given and not abelian, there are many ways
of completing the sequence, and so the uniqueness coming from (2) can only fail. Il

Let us introduce now a few more notions, as follows:
PROPOSITION 4.23. Assume that G = (Gy) is weakly uniform, let n € {2,3,...,00}
be as above, and consider the following conditions, where In C Gy is the diagonal torus:
(1) Strong diagonal liberation: Gy =< G%, I, >, for any N > n.
(2) Technical condition: Gy =< G%,In_1 > for any N > n, and G,, =< G¢, I,, >.
(3) Diagonal liberation: Gy =< G, Iy >, for any N.
(4) Initial step diagonal liberation: G, =< G¢, I, >.
We have then (1) = (2) = (3) = (4).
PROOF. Our claim is that when assuming that G = (Gy) is weakly uniform, so is the
family of diagonal tori I = (Iy). Indeed, we have the following computation:

InnUS |, = (GyNT)NUY
= (GyNUY_) N(TENUY_y)
- GN—l N T—‘]\_f—l
I
Thus our claim is proved, and this gives the various implications in the statement. [J
We can now formulate a key theoretical observation, as follows:
THEOREM 4.24. If G = (Gy) is weakly uniform, and with n € {2,3,...,00} being as
above, the following conditions are equivalent, modulo their initial steps:
(1) Generation: Gn =< G, Gn-1 >, for any N > n.
(2) Strong generation: Gy =< G%, G, >, for any N > n.

(3) Diagonal liberation: Gy =< G, In >, for any N > n.
(4) Strong diagonal liberation: Gy =< G%, I, >, for any N > n.

PROOF. Our first claim is that generation plus initial step diagonal liberation imply
the technical diagonal liberation condition. Indeed, the recurrence step goes as follows:

GN = < G?\/aGN—l >
= <Gy, Gy_1, In-1 >
= <Gy, In-1 >

In order to pass now from the technical diagonal liberation condition to the strong
diagonal liberation condition itself, observe that we have:

Gy = <G%,Gn_1>
= <GY,Gy_1, In-1 >
= <Gy, In-1>
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With this condition in hand, we have then as well:
Gy = <G%,Gn_1>

= <Gy, Gy_1, In_2>

= <Gy, In_2>
This procedure can be of course be continued. Thus we have a descent method, and

we end up with the strong diagonal liberation condition.

In the other sense now, we want to prove that we have, at N > n:

Gy =< GYy,Gn-1 >
At N =n + 1 this is something that we already have. At N = n + 2 now, we have:

Gny2 = <Gj o1, >
= <Gy Ghis In >
= <G5y G >
This procedure can be of course be continued. Thus, we have a descent method, and

we end up with the strong generation condition. U

It is possible to prove that many interesting quantum groups have the above properties,
and hence appear as diagonal liberations, but the whole subject is quite technical.

Here is however a statement, coming from [43], [46], [47], collecting most of the known
results on the subject:

THEOREM 4.25. The following happen:

(1) Ox, Uy, appear as soft liberations of Oy, Ux.

(2) O%, Uy appear as well as hard liberations of Oy, Uy.
(3) Hy, Ky appear as soft liberations of Hy, K.

(4) Hy, K3, do not appear as hard liberations of Hy, K.

ProoF. This result, while being fundamental for us, is something quite technical. In
the lack of a simple proof for all this, here is the idea:

(1) This simply follows from (2) below. Normally there should be a simpler proof for
this, by using Tannakian duality, but this is something which is not known yet.

(2) A key result from [46], [47], whose proof is quite technical, not to be explained
here, states that we have the following generation formula, valid at any N > 3:

Of =< Oy, 0%, >

With this in hand, the hard liberation formula O} =< Oy, Ty > can be proved by
recurrence on N. Indeed, at N = 1 there is nothing to prove, at N = 2 this is something
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well-known, and elementary, as explained for instance in [46], [47], and in general, the
recurrence step N — 1 — N can be established as follows:

Of = <Oy,0%5 >
= <On,Oy_1, Ty | >
<Oy, Ty | >
< On,Tn,TH | >
= <Oy, Ty >

Regarding now the hard liberation formula Uy, =< Uy, T} >, this basically follows
from O} =< Oy, Ty >, via the following standard isomorphism:

PO} = PU}

Indeed, as explained for instance in [46], [47], this latter isomorphism shows that we
have an isomorphism as follows:

Uy =<Uy,0% >
By using this isomorphism, we obtain:
Uy = <Uy,0%>
= < Uy, ON, T]-\i]_ >
= < Uy, Ty >
< Uy, T} >
(3) This is something trivial, because Hy;, K}, equal their reflection subgroups.
(4) This result, which is something quite surprising, is well-known, coming from the
fact that the quantum group H ][\C;o lcH & constructed in [81], and its unitary counterpart

K ][\?O e K3, have the same diagonal subgroups as Hj;, K. Thus, the hard liberation
procedure stops at H ][\C;o I K ][\C;o I and cannot reach HY Ky

To be more precise, we can construct quantum groups H ][\?o ], K ][\C,’O ] by using the relations
af~y = 0, for any a # ¢ on the same row or column of u, with the convention a = a, a*,
and so on. These quantum groups appear as intermediate liberations, as follows:

Ky K% K K3

Hy H H Hi;
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Moreover, these quantum groups H][\?O],Kj[so]are easy, the corresponding categories
Pe[ii]n C P.,en and Pc[f,oe]n C Peven being generated by the following partition:

n = ker (l. ' ‘7)
YEX!

Indeed, this is routine, by using the fact that the above relations a8~y = 0 are equiv-
alent to the following condition, with |k| = 3:

n € End(u®")
For further details on these quantum groups, we refer to [25], [81].
In relation with our questions, since the relations g;g;g; = ¢;9:9; are trivially satisfied

for real reflections, the diagonal tori of these quantum groups coincide with those for
H};, K. Thus, the diagonal liberation procedure “stops” at H ][30 I K][So]. O

Before going further, let us make some comments on all this.

As a first comment, in constrast to what happens in the classical case, where we
have K =< Hy,T >, the correspondence T" — K cannot be constructed via the hard
generation formula K =< Hy,T >, because this hard generation formula is wrong in the
free case, due to the negative result from Theorem 4.25 (4), and more specifically to the

intermediate quantum reflection groups H ][\C,’O ], ][30 J used there, in the proof.

Thus, our formula K = K (T) is the only solution to the T'— K probem.

As a second comment, all the above is interesting in connection with the cube formed
by the quantum unitary and reflection groups. Let us recall from Theorem 4.11 that these
quantum groups form an intersection and easy generation diagram, as follows:

K%
/! " /!
L
a
It is conjectured that this diagram should be a generation diagram too, and the above

results prove this conjecture for 5 of the faces. For the remaining face, namely the one on
the left, the corresponding formula K =< Ky, H}; > is not proved yet.

Uy
Uy

Hy
Hy

We refer to [81] and related papers for some discussion on these topics.
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As yet another comment, the material in Theorem 4.25 is definitely waiting for more
study. Indeed, we have the following Tannakian formulae:

Chunk =< Cy,Ck >

Cenxs>=CupNCk
Thus, from a Tannakian viewpoint, all the above results ultimately correspond to

doing some combinatorics. To be more precise, the soft and hard generation properties
in Definition 4.17 amount respectively in proving the following formulae:

CG =< Cg, CUN >N CK

CG =< Cg,CUN > OCT

In the easy case now, where Cg = span(D), which is the case for the various quantum
groups from Theorem 4.25, these two equalities reformulate as follows:

span(D) = span(D, ) N Ck
span(D) = span(D, ) N Cr

Thus, we are led into some combinatorics, which remains to be understood, in a direct
way, without reference to algebra and recurrence methods.

Getting back now to our axiomatization questions, the soft and hard liberation can be
thought of as being refinements of the easy liberation, and Theorem 4.25 can be regarded
as being a refinement of Proposition 4.12. With this idea in mind, we have the following
refinement of Proposition 4.13, dealing this time with hard liberation:

PROPOSITION 4.26. The unitary quantum groups appear from their diagonal subgroups

Ty T O% Uy
%
TN TN ON UN
via the following hard generation formula
U=<0y,T>

computed inside the quantum group Uy,
PROOF. This comes from the results in Theorem 4.25, as follows:
(1) In the classical real case the condition is On =< Oy, Ty >, which is trivial.

(2) In the free real case the condition is OF, =< Oy, Ty, >, which is exactly the hard
liberation property of Oy C O}, as explained in Theorem 4.25.
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(3) In the classical complex case the condition is Uy =< Opy,Ty >. But this is
something well-known, coming for instance from the fact that the inclusion of compact
Lie groups TOyx C Uy is maximal. For more details here, we refer to [19].

(4) In the free complex case the condition is Uy, =< Oy, T}, >. But this comes from
the hard liberation formula Uy, =< Uy, Ty > from Theorem 4.25, as follows:

Uy = <Uy, Tk >
= <Oy, Ty, Tk >
= < Op,TL >
Thus, we are led to the conclusions in the statement. Il

Generally speaking, the same comments as those after Theorem 4.25 apply. In Tan-
nakian formulation, the equalities to be proved are as follows:

Cy = span(Py) N Ck
Cy = span(Py) N Cr
Thus, we are led into some combinatorics, of basically the same type as the combina-
torics needed for Theorem 4.25, which remains to be understood.
We can now update our main result from the general, non-easy case, as follows:
THEOREM 4.27. For the basic quadruplets, we have correspondences as follows,

S T

U

constructed via the following formulae:
(1) S=Sp.
2)T=SNTYy=UNTy=KnNTy.
(3) U=G"(S) =< Oy, T >=<Op, K >.
(4) K=UNK{ =K"(T).

Proor. This is an update of our main result so far, namely Theorem 4.3 above, taking
into account the correspondences coming from Proposition 4.26. U

Summarizing, we have now a reasonable set of correspondences between our objects,
which are constructed without any reference to easiness.
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4d. General axioms

As already mentioned before, in chapter 1 and afterwards, in what regards the missing
correspondences, 7" — S and S <+ K, the situation here is quite complicated.

In short, we have to give up now with our general principle of constructing all the
correspondences independently of each other, and compose what we have. We are led to:

DEFINITION 4.28. A quadruplet (S,T,U, K) is said to produce a noncommutative ge-
ometry when one can pass from each object to all the other objects, as follows,

S = Scoxgr> = Su = Sconk>
SNTy = T = UNT, = KnT}
GH(S) = <Oy, T> = U = <Oy, K>
Kt(S) = KYT) = UnKj = K

with the usual convention that all this is up to the equivalence relation.

Observe the similarity with the axiomatics from the easy case. The same comments
as those made after Definition 4.15, from the easy case, apply.

To be more precise, if we plug the data from any axiom line into the 3 other lines, we
obtain axiomatizations in terms of S, T', U, K alone, that we can try to simplify afterwards.

It is of course possible to axiomatize everything in terms of ST, SU, SK,TU,TK, UK
as well, and also in terms of STU, STK,SUK,TUK, and try to simplify afterwards.

In what follows we will not bother much with this, and use Definition 4.21 as it
is. We will need that 12 correspondences, as results, and whether we call such results
“verifications of the axioms” or “basic properties of our geometry” is irrelevant.

Observe also that the above definition is independent from Definition 4.15, in the sense
that an easy geometry in the sense of Definition 4.15 does not automatically satisfy the
above axioms, or vice versa. However, we do not know counterexamples here.

As another technical comment, the previous work in [17] was based on (S, T, U) triples,
but as explained there, this formalism, missing a lot of restrictions coming from K,
is a bit too broad. As for the subsequent work in [11], this was based on sextuplets
(S,S,T,U,U, K), with the bars standing for twists, which is perhaps something quite
natural, but which leads to too many correspondences between objects, namely 30.

Regarding now the basic examples, these are of course the classical and free, real and
complex geometries. To be more precise, we have the following result:
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THEOREM 4.29. We have 4 basic geomelries, denoted

R)

cy

RY (o

which appear from quadruplets as above, as follows:

(1) Classical real: produced by (S§ *, Tn,On, Hy).

(2) Classical complex: produced by (S¥ Ty, Uy, Ky).
(3) Free real: produced by (S§ ', Ty, 0%, Hy).

(4) Free complex: produced by (S(]c\fjrl, TS, Uk, K.

Proor. This is something that we already know, which follows from Theorem 4.20,
as explained in the discussion preceding Definition 4.21. O

We will be back to more examples in chapters 9-12 below, and with some classification
results as well, the idea being that of looking for intermediate geometries on the horizontal,
and on the vertical of the above diagram, and then combining these constructions.

The conclusion there will be that the 4-diagram of geometries from Theorem 4.22 can
be extended into a 9-diagram of geometries, as follows:

RY TRY cy
RY TRY cy
RV TRV cy

Getting back to abstract things, and to the axioms from Definition 4.21 above, let us
recall that the correspondences there were partly obtained by composing.

Here is an equivalent formulation of our axioms, which is more convenient, and that
we will use in what follows, cutting some trivial redundancies:
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THEOREM 4.30. A quadruplet (S,T,U, K) produces a noncommutative geometry when

S = Su
SNTL = T = KNT§
Gt(S) = <On,T> = U
KHT) = UNK{ = K

with the usual convention that all this is up to the equivalence relation.

Proor. This follows indeed by examining the axioms in Definition 4.21 above, by
cutting some trivial redundancies, and then by rescaling the whole table. U

We will use many times the above result, in what follows, so let us comment now, a
bit informally, on the 7 axioms that we have, arranged in increasing order of complexity,
based on the 4 computations that we have already:

1
2
3

(
(
(
(4

)
)
)
)

(7)

T = SN T} is usually something quite trivial, and easy to check.
T = K N'TY is once again something quite trivial, and easy to check.
K =U N K} is of the same nature, usually some trivial algebra.

U = G7(95) is something more subtle, of algebraic geometric nature, and which
usually requires some tricks, in the spirit of [38]. These tricks can actually get
very complicated, and for many examples of quantum spheres S, the correspond-
ing quantum isometry groups G*(S) are not known yet.

K = K™(T) is something in the same spirit, but more complicated, with even
the simplest possible non-trivial cases, namely the free real and complex ones,
requiring subtle ingredients, such as a good knowledge of the ¢ = —1 twisting.

S = Sy is something fairly heavy, requiring a good knowledge of the advanced
representation theory and probability theory of compact quantum groups. Note
that this is our only way here of getting to the sphere S.

U =< Oy, T > is something heavy too, requiring an excellent knowledge of the
advanced representation theory of compact quantum groups. In fact, this is the
key axiom, beating in complexity all the previous axioms, taken altogether.

Regarding now further work on these axioms, with new examples of geometries, and
will classification results, we will discuss this later, in chapters 9-12 below. We will
see there, among others, that under strong supplementary axioms, called “purity” and
“uniformity”, the 4 main geometries, from Theorem 4.22 above, are the only ones.
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In view of this, the question of developing the real and complex free geometries, which
are the “main” non-classical geometries, appears. We will discuss this in chapters 5-8
below, with the construction of various “free homogeneous spaces”, and we will come
back to this later as well, in chapters 13-16 below, with more advanced results.

4e. Exercises

There are many possible exercises on the material above, which was quite varied, and
also on the final axioms, that we have not explored yet. As a first exercise, we have:

EXERCISE 4.31. Work out the details of the Tannakian formulae
Conn =< Cg,Cy >

Cecu>=CeNCly
for the intersection and generation operations for compact quantum groups.

Normally this is not something difficult, once Tannakian duality well understood.

On the same topic, but at a more advanced level, we have:
EXERCISE 4.32. Prove that any closed subgroup G C U}, has an “easy envelope”
GcGcUy
which is the smallest easy quantum group containing G. Then prove that
< H,K >C <E,\l?> Cc {H,K}
for any two easy quantum groups H, K.

Here, as for the previous exercise, the first question looks like pure algebra, and so is
probably normally not something very difficult, once Tannakian duality well understood.
As for the second question, this looks quite routine as well.

As a bonus exercise here, try finding some nice examples for the easy envelope op-
eration, for instance in the classical group case. Also, as a second bonus exercise, try
deciding which of the inclusions in the second question is the one to start with, meaning
the “simplest”, if we want to prove that we have global isomorphism.

In relation now with the easy geometries, we have:

EXERCISE 4.33. Try finding an easy geometry, or at least a candidate for an easy
geometry, without full verification of the axioms, which is not among the 4 main ones.

This question will be investigated later in this book, but thinking a bit at these
questions, by yourself, will certainly not hurt, and will help understanding the material
below. As a hint here, try finding something between ab = ba and freeness.

In relation now with liberation, we have several questions, the first one being:
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EXERCISE 4.34. Establish the following isomorphism, as usual modulo equivalence
PO = PU},
by using Tannakian duality and easiness, or any other means.

This is something quite important, and this for several reasons. First, we have used
this isomorphism in the above, in checking our axioms for the free complex geometry.
Also, philosophically speaking, this is important, because it tends to suggest that there
is only one “free projective geometry”, which is at the same time real and complex.

In practice now, the straightforward approach is that of saying that we have an inclu-
sion PO}, C PU;;, and so it suffices to show that the corresponding Hom spaces, or just
their dimensions, coincide. But the easiness technology is precisely there for that.

Still in relation with liberation, but at a more advanced level, we have:
EXERCISE 4.35. Establish the following isomorphism, as usual modulo equivalence
O} =< Oy, 0% | >
by using representation theory, or any other means.

This is something quite tricky, so in case you do not find the solution, you can look
for it in the literature, and write down a brief account of what you found.

In relation now with our axiomatization, you can first have some fun with:

EXERCISE 4.36. Try aziomatizing the missing correspondences, namely
T—S5
S K

and in case you fail, explain at least what the difficulties are.

No comment here, as the author of the present book has failed so far in axiomatizing
these correspondences, and does not want either to talk about this.

As a simpler exercise now, which is instructive, we have:

EXERCISE 4.37. Axiomatize the abstract noncommutative geometries in our sense in
terms of S, or of T', or of U, or of K, only.

This is something that we talked about in the above, that can be formally solved very
quickly, simply by modifying our axioms, in the obvious way. The problem, however, is
that of working out the simplifications that might appear in this way.



Part 11

Free manifolds



In the town San Domingo
As we laughed and danced all night
To the thrub of flamingo guitars
Seemed a long long way from tomorrow’s fight



CHAPTER 5

Free integration

5a. Weingarten formula

We have seen so far that the two basic geometries, namely those of RY, CV, have free
analogues, namely those of RN (CN The question of “developing” these new geometries
appears. To be more precise, each of our free geometries consists so far of 4 objects,
namely a sphere S, a torus T, a unitary group U, and a reflection group K. We must on
one hand study S, T, U, K, from a geometric perspective, and on the other hand construct
other “free manifolds”, like suitable homogeneous spaces, and study them as well.

Following the operator algebra tradition, coming from von Neumann, and then Connes,
Jones, Voiculescu, we will primarily regard our various manifolds X as “quantum mea-
sured spaces”, corresponding to von Neumann algebras L>°(X). From this perspective,
the main question to be investigated is the computation of the Haar functional:

tr: L>*(X) — C

We will investigate this question in this chapter, for S,7T, U, K. Later on, in chapters
6-8 below, we will introduce other manifolds, such as quotient spaces X = G/H coming
from quantum groups H C G C U, and compute their integration functional as well.

In practice now, our first task will be that of explaining how to integrate over our
objects S, T,U, K. In order to integrate over U, K, we can use the Weingarten formula
[49], [96], whose quantum group formulation, from [21], [33], is as follows:

THEOREM 5.1. Assuming that a compact quantum group G C U; 1S easy, coming
from a category of partitions D C P, we have the Weingarten formula

€1 —
/ ugl; gt = E (5 (J)Win(m,0)
G moeD(k

for any indices i,,j, € {1,..., N} and exponents e, € {{),*}, where § are Kronecker type
symbols, and where the Weingarten matriz

Win = Giy
is the inverse of the Gram matriz Gy (m,0) = NI™Vel,

107
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PRrOOF. This is a formula that we know from chapter 3, the idea being that the matrix
formed by the integrals in the statement is the projection on the following space:

Fiz(u®*) = span <§7r

Te D(kz))
By doing the linear algebra, this gives the result, as explained in chapter 3. U

Regarding now the integration over the torus 7", this is something very simple, because
we can use here the following fact, coming again from [99]:

THEOREM 5.2. Given a finitely generated discrete group I' =< gi,...,gn >, the
integrals over the corresponding torus T'=1T" are given by

€1 €k __ J e
L. gt = 1 ek
/jvﬂgzl ng gil -~~g7;k 1

for any indices i, € {1,..., N} and any exponents e, € {0, x}, with the Kronecker symbol
on the right being a usual one, computed inside the group I'.

ProoOF. This is something standard, coming from the fact that the Haar integration
over the torus T'=T" is given by the following formula:

/g_5g1
T

Indeed, this formula defines a functional on the algebra C(T") = C*(I'), which is left
and right invariant. For details on all this, we refer to [99]. O

Finally, regarding the associated spheres S, here the integrals appear as particular
cases of the integrals over the corresponding unitary groups U, as explained in chapter 3
above, and in the easy case, we have a Weingarten formula, as follows:

THEOREM b5.3. The integration over a noncommutative sphere S, coming from a cat-
egory of pairings D, is given by the Weingarten formula

/Sxfll:cf: :Z Z Win(m, o)

m o<keri
with 7,0 € D(k), where Wiy = G, is the inverse of Gy(m, o) = N7Vl

PrOOF. This follows from the definition of the integration functional over S, as being
the composition of the morphism C(S) — C(U) with the Haar integration over U:

/ L O(S) = O(U) = C
S
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Indeed, with this description of the integration functional in mind, we can compute
this functional via the Weingarten formula for U, from Theorem 5.1, as follows:

el e €1 €k
/ l’il Ce ink = / ulil .. 'ulik
S U

= ) 5(1)6,())Win(r, 0)

m,oeD (k)

= Z Z WkN(’/T,O')

m o<keri

Thus, we are led to the formula in the statement. U

5b. Free probability

Let us discuss now the explicit computation of the various integrals over our manifolds,
with respect to the uniform measure. In order to formulate our results in a conceptual
form, we use the modern measure theory language, namely probability theory. In the
noncommutative setting, the starting definition is as follows:

DEFINITION 5.4. Let A be a C*-algebra, given with a trace tr.

(1) The elements a € A are called random variables.
(2) The moments of such a variable are the numbers My (a) = tr(a¥).
(3) The law of such a variable is the functional p: P — tr(P(a)).

Here k = ceeo...is as usual a colored integer, and the powers a* are defined by the
usual formulae, namely a? = 1, a° = a, a® = a* and multiplicativity. As for the polynomial
P, this is by definition a noncommuting *-polynomial in one variable:

PeC<X X*>

Observe that the law is uniquely determined by the moments, because:
P(X) =) MX" = u(P)=> NeMy(a)
k k

In the self-adjoint case, the law is a usual probability measure, supported by the
spectrum of a. This follows indeed from the Gelfand theorem, and the Riesz theorem.

There are many things that can be said, at this general level, so as a more concrete
objective, let us try to understand how the main result in classical probability, namely
the Central Limit Theorem (CLT), can be extended in the noncommutative setting.

Let us start with the usual formulation of the CLT, which is as follows:
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THEOREM 5.5 (CLT). Given real random wvariables xq,xs,23, ..., which are i.i.d.,
centered, and with variance t > 0, we have, with n — 0o, in moments,
1 n
% Z Ty~ Gt
i=1

where g; is the Gaussian law of parameter t, having as density:
1

e = \ 27t

Proor. This is something standard, the proof being in three steps, as follows:

2
e~ /QtdI

(1) Linearization of the convolution. It well-known that the log of the Fourier trans-
form F,(£) = E(e*") does the job, in the sense that if z,y are independent, then:

Fppy = FoF,

(2) Study of the limit. We have the following formula for a general Fourier transform
F,(&) = E(e*), in terms of moments:

L T
R =) g
k=0 )

It follows that the Fourier transform of the variable in the statement is:

o - (5]

_ te’ o |
~ 2

(3) Gaussian laws. The Fourier transform of the Gaussian law is given by:

1 —y? 1T
th(x) = \/Z_M/Re y2/2t+ Yy

_ ! / o~ VE— i)t 2 g
R

V27t

1 / _ 27t 2/2
= e 7 TN/ 2tdz
V27t Jr

1 e / 2
_ /2 2z
= —¢ e “dz
VT R
1
N ﬁe_txZ/Q VT

—ta?/2

e
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Thus the variables on the left and on the right in the statement have the same Fourier
transform, and we obtain the result. Il

Following Voiculescu [88], in order to extend the CLT to the free setting, our starting
point will be the following definition:

DEFINITION 5.6. Given a pair (A, tr), two subalgebras B,C C A are called free when
the following condition is satisfied, for any b; € B and ¢; € C':

tr(b;) =tr(c;) =0 = tr(bicibaca...) =0

Also, two noncommutative random variables b,c € A are called free when the C*-algebras
B =<b>, C =< c > that they generate inside A are free, in this sense.

As a first observation, there is a similarity here with the classical notion of indepen-
dence. Indeed, modulo some standard identifications, two subalgebras B, C' C L*(X) are
independent when the following condition is satisfied, for any b € B and ¢ € C"

tr(b) =tr(c) =0 = tr(bc) =0

Thus, freeness appears by definition as a kind of “free analogue” of independence. As
a first result regarding this notion, we have:

PROPOSITION 5.7. Assuming that B,C' C A are free, the restriction of tr to < B,C' >
can be computed in terms of the restrictions of tr to B,C. To be more precise,

tr(bicibacs . ..) = P({tr(bilbiz ) dtr(ese, .)}j)

where P is certain polynomial in several variables, depending on the length of the word

bicibscsy . .., and having as variables the traces of products of type
bibi, . ..
le Cj2 e
with the indices being chosen increasing, 11 < is < ... and j1 < jo < ...

Proor. This is something quite theoretical, so let us begin with an example. Our
claim is that if b, ¢ are free then, exactly as in the case where we have independence:

tr(bc) = tr(b)tr(c)
Indeed, we have the following computation, with the convention ¢’ = a — tr(a):
tr(bc) = tr[(b) +tr(b))(c +tr(c))]
= tr(t'd) +t(t")tr(c) + tr(b)tr(c") + tr(b)tr(c)
= tr(t/d) +tr(b)tr(c)
= tr(b)tr(c)
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In general now, the situation is a bit more complicated, but the same trick applies.
To be more precise, we can start our computation as follows:

tr(bicibacs . . .)
= tr[(b’l + tr(by)) (¢} 4 tr(cr))(by + tr(be))(cy +tr(ca)) ... ... }
= tr(bcbycy .. .) + other terms
= other terms
Observe that we have used here the freeness condition, in the following form:
tr(b;) =tr(c) =0 = tr(bjcibycy...) =0

Now regarding the “other terms”, those which are left, each of them will consist of a
product of traces of type tr(b;) and tr(c;), and then a trace of a product still remaining
to be computed, which is of the following form, with 5; € B and v; € C":

tr(BiviBaye---)

To be more precise, the variables 3; € B appear as ordered products of those b; € B
not getting into individual traces tr(b;), and the variables 7; € C appear as ordered
products of those ¢; € C' not getting into individual traces tr(c;). Now since the length
of each such alternating product £1716272 ... is smaller than the length of the original
alternating product bicibscs . . ., we are led into of recurrence, and this gives the result. [J

As a second result regarding the notion of freeness, which provides us with a useful
class of examples, which can be used for various modelling purposes, we have:
PROPOSITION 5.8. Given two algebras (B,tr) and (C,tr), the following hold:

(1) B,C are independent inside their tensor product B® C, endowed with its canon-
ical tensor product trace, given on basic tensors by tr(b® c) = tr(b)tr(c).

(2) B,C are free inside their free product B x C, endowed with its canonical free
product trace, given by the formulae in Proposition 5.7.

PROOF. Both the assertions are clear from definitions, as follows:

(1) This is clear, because we have by construction of the trace:
tr(bc) = tr[(b®1)(1® )]
= tr(b®c)
= tr(b)tr(c)
(2) This is clear from definitions, the only point being that of showing that the notion

of freeness, or the recurrence formulae in Proposition 5.7, can be used in order to construct
a canonical free product trace, on the free product of the two algebras involved:

tr: Bx(C — C



5B. FREE PROBABILITY 113
But this can be checked for instance by using a GNS construction. Indeed, consider
the GNS constructions for the algebras (B, tr) and (C,tr):
B — B(*(B)) , C— B(*0))

By taking the free product of these representations, we obtain a representation as
follows, with the % symbol on the right being a free product of pointed Hilbert spaces:

B+ C — B(%(B)  1X(C))

Now by composing with the linear form T —< T¢, & >, where £ = 1 = 1¢ is the
common distinguished vector of [?(B) and [?(C'), we obtain a linear form, as follows:

tr: Bx(C — C

It is routine then to check that ¢r is indeed a trace, and this is the “canonical free
product trace” from the statement. Then, an elementary computation shows that B, C'
are indeed free inside B *x C', with respect to this trace, and this finishes the proof. O

Finally, we have the following more explicit modelling result:

THEOREM 5.9. We have the following results, valid for group algebras:
(1) C*(T"),C*(A) are independent inside C*(T' x A).
(2) C*(T"),C*(A) are free inside C*(I" x A).

PROOF. In order to prove these results, we have two possible methods:

(1) We can either use the general results in Proposition 5.8 above, along with the
following two isomorphisms, which are both standard:

C*(C'x A)=C"(A) @ C*(I)
C*(TC'xA) =C*"(A) = C*(I)
(2) Or, we can prove this directly, by using the fact that each group algebra is spanned

by the corresponding group elements. Indeed, this shows that it is enough to check the
independence and freeness formulae on group elements, which is in turn trivial. U

There are many things that can be said about the analogy between independence and
freeness. We have in particular the following result, due to Voiculescu [88]:

THEOREM 5.10. Given a real probability measure i, consider its Cauchy transform

Gue) = [ 91

and define its R-transform as being the solution of the following equation:

G, (RH@) + %) —¢

The operation 1 — R,, linearizes then the free convolution operation.
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PROOF. In order to prove this, we need a good model for the free convolution. The
best here is to use the semigroup algebra of the free semigroup on two generators:

A=C"(NxN)

Indeed, we have some freeness in the semigroup setting, a bit in the same way as for
the group algebras C*(I" x A), from Theorem 5.7 (2), and in addition to this fact, and to
what happens in the group algebra case, the following two key things happen:

(1) The variables of type S*+ f(.5), with S € C*(N) being the shift, and with f € C[X]
being a polynomial, model in moments all the distributions p : C[X]| — C. This is indeed
something elementary, which can be checked via a direct algebraic computation.

(2) Given f, g € C[X], the variables S* 4 f(S) and T* + g(T'), where S,T € C*(NxN)
are the shifts corresponding to the generators of N x N, are free, and their sum has the
same law as S* + (f + ¢)(S). This follows indeed by using a 45° argument.

With these results in hand, we can see that the operation y — f linearizes the free
convolution. We are therefore left with a computation inside C*(N), whose conclusion is
that R, = f can be recaptured from p via the Cauchy transform G, as stated. O

We can now state and prove a free analogue of the CLT, from [88], as follows:

THEOREM 5.11 (FCLT). Given self-adjoint variables x1,xs, 3, ..., which are f.i.d.,
centered, with variance t > 0, we have, with n — 0o, in moments,

1 n
= Z Ti ~ Mt
v i=1
where vy, is the Wigner semicircle law of parameter t, having density:
1
Yt = ﬂ V 4t2 — Z‘2d$
s

PRrROOF. At t = 1, the R-transform of the variable in the statement can be computed
by using the linearization property with respect to the free convolution, and is given by:

R(€) = nR, (%) ~ ¢

On the other hand, some elementary computations show that the Cauchy transform
of the Wigner law ~; satisfies the following equation:

1
o ferg) =

Thus we have the following formula:

Ry, (§) =€
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Observe that this latter formula follows as well from:
ST+ S ~m
But this gives the result. The passage to the general case, t > 0, is routine. U

Let us discuss now the complex versions of the main limiting theorems.

In the classical case, we recall that the complex Gaussian law of parameter ¢t > 0 is
defined as follows, with a, b being independent, each following the law g;:

Gy = law <%(a + ib))

With this convention, we have the following result:

THEOREM 5.12 (CCLT). Given complex random variables x1,xy,x3, ..., which are
i.i.d., centered, and with variance t > 0, we have, with n — 0o, in moments,

1 n
LG
v i=1
where Gy is the complexr Gaussian law of parameter t.

Proor. This follows indeed from the real CLT, without new computations needed,
just by taking real and imaginary parts. Il

In the free case, the Voiculescu circular law of parameter ¢ > 0 is defined as follows,
with «, 8 being independent, each following the law ~;:

Iy = law (%(a + zﬁ))

With this convention, we have the following result:

THEOREM 5.13 (FCCLT). Given noncommutative random variables 1, xs, 3, . ..,
which are f.i.d., centered, and with variance t > 0, we have, with n — 00, in moments,

1 n
LS
v i=1
where Ty is the Voiculescu circular law of parameter t.

Proor. This follows indeed from the free real CLT, without new computations needed,
just by taking real and imaginary parts. Il

With these ingredients in hand, let us go back now to our quantum groups.

We can compute the character laws for the unitary groups, as follows:
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THEOREM 5.14. With N — oo, the main characters

N
X = Z WUij
i=1

for the basic unitary quantum groups are as follows:

(1) On: real Gaussian, following g .

(2) Ox: semicircular, following 7, .

(3) Un: complex Gaussian, following G;.
(4) U : circular, following T'y.

PRrROOF. Following [1], [21], we use the moment method. For an arbitrary closed
subgroup Gy C Uy, we have, according to the general Peter-Weyl type results from [99]:

/ X" = dim(Fiz(u®*))
GN

In the easy case now, where G = (G y) comes from a certain category of partitions D,
the fixed point space on the right is spanned by the vectors T, with 7 € D(k). Now since
by [71] these vectors are linearly independent with N — oo, we have:

T
N—oo Gn

Thus, we are led into some combinatorics, and the continuation is as follows:

(1) For Oy we have D = P,, so we obtain as even asymptotic moments the numbers
|Py(2k)| = KV, which are well-known to be the moments of the Gaussian law.

(2) For Of; we have D = Ny, so we obtain as even asymptotic moments the Catalan
numbers |NC5(2k)| = Cf, which are the moments of the Wigner semicircle law.

(3) For Uy we have D = Py, and we can conclude as in the real case, involving Oy,
by using this time moments with respect to colored integers, as in Definition 5.4.

(4) For Uy, we have D = NCy, and once again we can conclude as in the real case,
involving O, by using moments with respect to colored integers, as in Definition 5.4. [

5c¢. Truncated characters

Summarizing, we have seen so far that for Oy, Ok, Uy, Uy, the asymptotic laws of the
main characters are the laws g;, 7, Gy, 1 coming from the various CLT. This is certainly
nice, but there is still one conceptual problem, coming from:

PROPOSITION 5.15. The above convergences law(x.) — ¢1,7,G1,11 are as follows:

(1) They are non-stationary in the classical case.
(2) They are stationary in the free case, starting from N = 2.
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Proor. This is something quite subtle, which can be proved as follows:

(1) Here we can use an amenability argument, based on the Kesten criterion. Indeed,
On, Uy being coamenable, the upper bound of the support of the law of Re(y.,,) is precisely
N, and we obtain from this that the law of y, itself depends on N € N.

(2) Here the result follows from the fact that the linear maps 7T, associated to the
noncrossing pairings are linearly independent, at any N > 2. U

Fortunately, the solution to the convergence question is quite simple. The idea will
be that of improving our gi, 1, Gy, ' results with certain g;, v, G¢, I'y results, which will
require N — oo in both the classical and free cases, in order to hold at any ¢. Following
[21], the definition that we will need is as follows:

DEFINITION 5.16. Given a Woronowicz algebra (A, w), the variable

[tN]
Xt = Z Uij
i=1
is called truncation of the main character, with parameter t € (0, 1],

Our purpose in what follows will be that of proving that for Oy, O%, Un, Uy, the
asymptotic laws of the truncated characters x; with ¢t € (0,1] are the laws g;, v, Gy, .
This is something quite technical, but natural, motivated by the findings in Proposition
5.15 above, and also by a number of more advanced considerations, to become clear later
on. In order to study the truncated characters, we can use:

THEOREM 5.17. The moments of the truncated characters are given by
/(un 4+ ...+ uss)k = TT(WkNGks>
€]

and with N — oo this quantity equals (s/N)*|D(k)|.

PROOF. The first assertion follows from the following computation:

/G(Uu—l-...—f-uss)k = ZZ/ullllulklk

i1=1 =1

= ) Winlmo)d ... 6:(6)d(i)
m,oeD(k) 11=1 ip=1

= Z Win (7, 0)Gs(o, )
m,oeD(k)

= TT(WkNGks)
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We have Gy (m,0) = N*¥ for 7 = 0, and Gyy(m,0) < N¥=1 for m # o. Thus with
N — oo we have Gy ~ N¥1, which gives:

/G (4 oo+ sl = Tr(GAG)

~ Tr((N*1)7'Gi)
= N "Tr(Gy)
= N*s*|D(k)|
Thus, we have obtained the formula in the statement. See [21]. O

In order to process the above moment formula, we will need some more probability
theory. Following [84], given a random variable a, we write:

log Fu(§) = Y _ kn(a)¢"

Ro(€) = mula)e”

We call the above coefficients k,(a), k,(a) the cumulants, respectively free cumulants
of our variable a. With this notion in hand, we can define then more general quantities
kr(a), kr(a), depending on arbitrary partitions 7 € P(k), which coincide with the above
ones for the 1-block partitions, and then by multiplicativity over the blocks.

With these conventions, we have the following result, from [84]:

THEOREM 5.18. We have the classical and free moment-cumulant formulae

Mi(a) =) kxla)

weP (k)
Mi(a)= Y #rla)
TeNC(k)
where ky(a), kr(a) are the generalized cumulants and free cumulants of a.

Proor. This is standard, either by using the formulae of F,, R,, or by doing some
direct combinatorics, based on the Mébius inversion formula. O

Following [21], we can now improve our results about characters, as follows:

THEOREM 5.19. With N — oo, the laws of truncated characters are as follows:

(1) For Oy we obtain the Gaussian law g;.

(2) For O we obtain the Wigner semicircle law ;.

(3) For Uy we obtain the complex Gaussian law Gy.

(4) For Uy we obtain the Voiculescu circular law Ty.
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Proor. With s = [tN] and N — oo, the general moment formula in Theorem 5.17
above gives the following estimate:

I F= ¢!
T 2
By using now the formulae in Theorem 5.18, and doing a number of standard compu-
tations, this gives the results. See [21]. O
As an interesting consequence, related to [35], let us formulate as well:

THEOREM 5.20. The asymptotic laws of truncated characters for the liberation oper-
ations
ON — Oj\_f
UN — UJJ\?
are in Bercovici-Pata bijection, in the sense that the classical cumulants in the classical
case equal the free cumulants in the free case.

Proor. This follows indeed from the computations in the proof of Theorem 5.19, and
from the combinatorial interpretation of the Bercovici-Pata bijection [35]. |

Let us discuss now the integration over the spheres. A basic probabilistic question
regarding the spheres concerns the computation of the associated hyperspherical laws.
We have here the following result, from [7], [28]:

THEOREM 5.21. With N — oo, the rescaled coordinates of the various spheres
VNz; € C(SY1)
are as follows, with respect to the uniform integration:
(1) S¥*: real Gaussian.
(2) Sﬁ;ls semicircular.
(3) St complex Gaussian.
(4) Sg 2 circular.

Proor. This follows from Theorem 5.19, but we can use as well the Weingarten
formula for the spheres, from Theorem 5.3. Indeed, we have the following estimate:

/ Tiy ... Ty, dy ~ N~*/? Z do(1)
st

o€Py (k)

With this formula in hand, we can compute the asymptotic moments of each coordinate
x;. Indeed, by setting 7; = ... = 1 = ¢, all Kronecker symbols are 1, and we obtain:

/SNI a¥ de ~ N2\ Py (k)|

But this gives the results, via the same combinatorics as before. See [3], [28]. O
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5d. Poisson laws

In order to discuss now the quantum reflection groups, we will need some more theory,
namely Poisson limit theorems. In the classical case, we have the following result:

THEOREM 5.22 (PLT). We have the following convergence, in moments,

((1——) (50+ 51) — Dt
n

1 <=tk
et £~ kI

k=0
which is the Poisson law of parameter t > 0.

the limiting measure being

Pt =

PrROOF. We recall that the Fourier transform is given by:
Fy(x) = E(e™)

We therefore obtain the following formula:

Fpt(x) = _tz F(Sk

= exp(—t) exp(e™t)
= exp ((e" — 1)t)
Let us denote by p, the measure under the convolution sign:

o, <1——>50+ 51
n

We have the following computation:

Fs. (z) = et = F, (z) =

5

§§

=
I

!
~
=
I
2
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Thus, we obtain the Fourier transform of p;, as desired. O
In the free case, the result is as follows:

THEOREM 5.23 (FPLT). We have the following convergence, in moments,

Hn
((1—£> 504‘3(51) — Tt
n n

the limiting measure being the Marchenko-Pastur law of parameter t > 0,

Vit —(z —1—1)?

2mx

m = max(1 —¢,0)dp + dx

also called free Poisson law of parameter t > 0.

ProoF. Consider the measure in the statement, appearing under the convolution sign:

t t
M:(l——)50+—51
n n

The Cauchy transform of this measure is elementary to compute, given by:

t\1 t 1
G =(1-=)+ . ——
By using the linearization results for the free convolution explained above, we want
to compute the following R-transform:
R = Ren(y) = nRy(y)

The equation for this function R is as follows:

t 1 t 1
L) gt — =y
n)yt+R/n n yl'+R/n—-1
By multiplying by n/y, this equation can be written as:

t+yR t
1+yR/n  14+yR/n—y

With n — oo we obtain the following formula:

t
t+yR=——
I—y

Thus R = ﬁ = R,,, which gives the result. O

In order to get beyond this, let us introduce the following notions:
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DEFINITION 5.24. Associated to any compactly supported positive measure p on C are

the probability measures
1 *1
pp = lim ((1 - E) do + —,0)
n—00 n n

. c 1 Hn
=i (1 5) o0t o)

where ¢ = mass(p), called compound Poisson and compound free Poisson laws.

In what follows we will be interested in the case where p is discrete, as is for instance
the case for p = td; with ¢ > 0, which produces the Poisson and free Poisson laws.

The following result allows one to detect compound Poisson/free Poisson laws:

THEOREM 5.25. For a discrete measure, written as

s

p= Z Ci(szi

i=1

with ¢; > 0 and z; € R, we have the formulae

Fp,(y) = exp (Z ci(e™ — 1))

=1

Re,(y) = L

= 1~y
where F, R denote respectively the Fourier transform, and Voiculescu’s R-transform.

PRrROOF. Let p, be the measure appearing in Definition 5.24, under the convolution
signs:

1
unz(l—f)éﬁ—p
n n

In the classical case, we have the following computation:

c 1< ,
Bl = (1- <)+ 13 e
fin (y) n + n 4 Gi€
e F ( ) (1 C) + 1 ES 1Yz '
*M — - — - CZ€ ¢
wir\Y n n

=1

— [, (y) =exp (Z ci(e — 1))
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In the free case now, we use a similar method. The Cauchy transform of p,, is:

s

cny1 1 Ci
G, (€)= (1 - —) Sy b
Consider now the R-transform of the measure pu&", which is given by:

R, gn (y) =nRy,(y)

The above formula of G, shows that the equation for R = R . is as follows:

c 1 1 c
1-2) o+ - i -
( n y‘l—i-R/n—i_n;y_l—i-R/n—zi Y

c 1 1 C;
— (-9 —Fr+- Z ~1
( n 1+yR/n+nzl+yR/n—yzi

i=1

Now multiplying by n, rearranging the terms, and letting n — oo, we get:

s

C+yR _Z C;
1+yR/n 1+yR/n—yz

i=1

s

C;
e Rﬂ_ =
c+yRa,(y) ; I —om
2 CiZ;
— Rﬂ_ =
,(v) ; Ty
This finishes the proof in the free case, and we are done. O

We also have the following technical result, providing a useful alternative to Definition
5.24, in order to detect the classical and free compound Poisson laws:

THEOREM 5.26. For a discrete measure, written as

s

P = Z ¢idz,

i=1

with ¢; > 0 and z; € R, we have the classical/free formulae

Pp/ T, = law (Z zia,-)
i=1

where the variables o; are Poisson/free Poisson(c;), independent/free.
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PROOF. Let a be the sum of Poisson/free Poisson variables in the statement:

S

o = E Z; 0

=1

By using some well-known Fourier transform formulae, we have:

Fo(y) = exp(ci(e¥ = 1)) == Fiq,(y) = exp(ei(e”™ — 1))

::fwbw%zaWuﬂ

=1

Also, by using some well-known R-transform formulae, we have:

C; Cizi
Ra' = — Rz-a' =
)= ) = T
> CiZ;
— RO& —
() ; Ty
Thus we have indeed the same formulae as those which are needed. |

We refer to [35], [88], [90] for the general theory here, to [21], [24], [49] for represen-
tation theory aspects, and to [76], [89], [97] for random matrix aspects.

In what follows we will only need the main examples of classical and free compound
Poisson laws, which are the classical and free Bessel laws.

These laws are constructed as follows:
DEFINITION 5.27. The Bessel and free Bessel laws are the compound Poisson laws
bf - pté‘s 9 /Bf - Trtas

where g4 is the uniform measure on the s-th roots unity. In particular:

(1) At s =1 we obtain the usual Poisson and free Poisson laws, py, .
(2) At s =2 we obtain the “real” Bessel and free Bessel laws, denoted by, 3.
(3) At s = oo we obtain the “complex” Bessel and free Bessel laws, denoted By, By.

There is a lot of theory regarding these laws, involving classical and quantum reflection
groups, subfactors and planar algebras, and free probability and random matrices.

We refer here to [13], where these laws were introduced.

Let us just record here:
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THEOREM 5.28. The moments of the various central limiting measures, namely

B, —— I}

e

ﬁt Tt

B, Gy

v

b —————a

are always given by the same formula, involving partitions, namely

=y

weD(k)

with the sets of partitions D(k) in question being respectively

Nceven -~ NC2

EUETL

and with |.| being the number of blocks.

even

E’UETL

Proor. This follows by putting together the various moment results that we have.
We refer here to [13]. O

Getting back now to our quantum reflection groups, we first have:

THEOREM 5.29. With N — oo, the laws of characters are as follows:

(1) For Hyx we obtain the Bessel law b,.

(2) For Hy; we obtain the free Bessel law B;.

(3) For Ky we obtain the complex Bessel law B .

(4) For K}; we obtain the complex free Bessel law B;.

Proor. This is routine indeed, by counting the partitions, a bit as in the continuous
case, in the proof of Theorem 5.13 above. For the full proof here, we refer to [13]. g

At the level of truncated characters, we have:
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THEOREM 5.30. With N — oo, the laws of truncated characters are as follows:

(1) For Hy we obtain the Bessel law b;.

(2) For Hy; we obtain the free Bessel law f3;.

(3) For Ky we obtain the complex Bessel law B.

(4) For K}; we obtain the complex free Bessel law B,.

Also, we have the Bercovici-Pata bijection for truncated characters.

PROOF. Once again this is routine, by using the Weingarten formula, as in the con-
tinuous case, in the proof of Theorem 5.18 above. For the full proof here, we refer as
before to the paper [13]. O

The results that we have so far, for the quantum unitary and refelection groups, are
quite interesting, from a theoretical probability perspective, because we have:

THEOREM 5.31. The laws of the truncated characters for the basic quantum groups,

Ky Un

Hy

On

and the various classical and free central limiting measures, namely
%t - Ft
B —'7 Ve
Bt 4*‘ Gt
b ———— o
in the N — oo limit.

Proor. This follows indeed by putting together the various results obtained above,
concerning general free probability theory, and our computations here. U
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Regarding now the tori, the situation here is more complicated, no longer involving
the Bercovici-Pata bijection. Let us recall indeed that the basic tori are as follows:

Ty Ty
In Twn

These tori appear by definiton as duals of the following discrete groups:
ZsN Fy

7y ~——7
We are interested in the computation of the laws of the associated truncated characters,

which are the following variables:

Xt=091+ g2+ ...+ gun

By dilation we can assume ¢ = 1. For the complex tori, Ty C T}, we are led into the
computation of the Kesten measures for Fiy — Z, and so into the Meixner /free Meixner
correspondence. As for the real tori, Ty C Ty, here we are led into the computation of
the Kesten measures for Z3;N — Z2%, and so into a real version of this correspondence.

Summarizing, we have some nice liberation results for S, 7T, U, K, with a technical
problem, however, coming from the fact that those for S, U, K come from the Bercovici-
Pata bijection, while those for T come from the Meixner/free Meixner correspondence.

5e. Exercises

As a first exercise in relation with the material in this chapter, we reproduce here a
key exercise from chapter 3 above, in case you have not done it yet:

EXERCISE 5.32. Work out the explicit formula of the Weingarten matrix
WkN = Gl;]%/ . GkN<7T, O') = .NvITrv(7|
for the basic free quantum groups, at small values of N € N.

In practice, before even starting, you will have to find a good order relation on the
partitions, in order to write down the Gram and Weingarten matrices.

In relation now with the integration over the spheres, we have:
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EXERCISE 5.33. Work out the Weingarten formula for the classical spheres
SN—l SN—l
R ’ C
in general, then at small N € N, and at big N € N, and find some applications of this.

Here the application part is a bit up to you. The classical spheres are very classical
objects, and they appear in connection with many questions. So, simply pick one of these
questions, that you really like, and try to solve it using the Weingarten formula.

Here is now a more difficult exercise, in connection with the tori:
EXERCISE 5.34. Compute the laws of the truncated characters for the main tori

Ty Ty

Ty

and then work out the asymptotics, with N — oo.

Ty

This is something that we briefly discussed at the end of this chapter, and there is
definitely some interesting work to be done here.

For the rest, in connection with all the free probability material in this chapter, we
can only recommend downloading and reading a good free probability book.



CHAPTER 6

Quotient spaces

6a. Quotient spaces

In this chapter and in the next two ones we keep building on the work started in the
previous chapter, by systematically developing the real and complex free geometry.

We will extend the family of objects (S, T, U, K') that we have, first by unifying S, U via
a homogeneous space construction, involving row algebras for C'(U), and then by further
building on this construction, first with more general explicit homogeneous spaces, of
“quantum partial isometries”, and then with even more abstract manifolds, emerging
from our study, that we will call “affine homogeneous spaces”.

We will also discuss, at the end of chapter 8, the axiomatization problem for the “free
manifolds”, with a number of preliminary results on the subject.

The present chapter the next two ones are relatively independent and self-contained,
based respectively on the papers [32], then [9], then [10]. However, as explained above,
the constructions that we will present will generalize each other, and often in a quite
substantial and abstract way, so typically for understanding the main examples of the
“higher” constructions, you have to go back to the “lower” constructions.

Let us begin with some generalities regarding the quotient spaces, and more general
homogeneous spaces. Regarding the quotients, we have the following construction:

PROPOSITION 6.1. Given a quantum subgroup H C G, with associated quotient map
p: C(G) — C(H), if we define the quotient space X = G/H by setting

C(X)={fec@|peinar-1sr}
then we have a coaction map as follows,
d:CX)— CX)®C(G)

obtained as the restriction of the comultiplication of C(G). In the classical case, we obtain
in this way the usual quotient space X = G/H.

129
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PROOF. Observe that the linear subspace C'(X) C C(G) defined in the statement is
indeed a subalgebra, because it is defined via a relation of the following type, with both
the maps ¢, 1) being morphisms of algebras:

w(f) = (f)

Observe also that in the classical case we obtain the algebra of continuous functions
on the quotient space X = G/H, because we have:

(pRid)Af=1® f
— (p®id)Af(h,g) =(1® f)(h,g),Yh € HVg € G
<~ [f(hg) = f(9),Yhe HVge G
<~ f(hg) = f(kg),VYh,k € HNg € G
Regarding now the construction of ®, observe that for f € C'(X) we have:
(pRid®id)(A®@id)Af = (p®id®id)(id® A)Af
= (id@A)(p@id)Af
= (deA)(1®f)
= 1®Af
Thus the condition f € C(X) implies that we have:
Af e C(X)®C(G)
But this gives the existence of ®. Finally, the other assertions are clear. O

As an illustration, in the group dual case we have:

PROPOSITION 6.2. Assume that G =T is a discrete group dual.

(1) The quantum subgroups of G are H = K, with I' = A being a quotient group.
(2) For such a quantum subgroup A C T', we have T'/A = ©, where:

© =ker(I' = A)
Proor. This is well-known, the idea being as follows:

(1) In one sense, this is clear. Conversely, since the algebra C(G) = C*(T") is cocom-
mutative, so are all its quotients, and this gives the result.

(2) Consider a quotient map r : I' — A, and denote by p : C*(I') — C*(A) its
extension. Consider a group algebra element, written as follows:

f:Z)‘g'QGO*(F)

gerl
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We have then the following computation:
FeCT/h) = (pRidA(f)=1®f
= Y Nrlg@g=) A1y

g€l ger
= N 1(9)=A,-1,Vgel
<~ supp(f) C ker(r)
But this means that we have ['/A = ©, with © = ker(I' — A), as claimed. O

Given two compact quantum spaces X,Y, we say that X is a quotient space of Y
when we have an embedding of C*-algebras, as follows:

a:C(X)cCy)
With this convention, we can formulate the following definition:
DEFINITION 6.3. We call a quotient space G — X homogeneous when
A(C(X)) c C(X)® C(G)
where A : C(G) — C(G) ® C(G) is the comultiplication map.
In other words, an homogeneous quotient space G — X is a quantum space coming

from a subalgebra C'(X) C C(G), which is stable under the comultiplication.

The relation with the quotient spaces from Proposition 6.1 is as follows:

THEOREM 6.4. The following results hold:

(1) The quotient spaces X = G/H are homogeneous.
(2) In the classical case, any homogeneous space is of type G/H.
(3) In general, there are homogeneous spaces which are not of type G/H.

PROOF. Once again these results are well-known, the proof being as follows:
(1) This is clear from Proposition 6.1 above.

(2) Consider a quotient map p : G — X. The invariance condition in the statement
tells us that we must have an action G ~ X, given by:

9(p(g)) = plgg")
Thus, we have the following implication:
p(g") =p(g") = plgg') =plgy"). Vg € G
Now observe that the following subset H C G is a subgroup:

H = {g < G(p(g) =p(1)}
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Indeed, g,h € H implies that we have:

p(gh) = plg) = p(1)
Thus we have gh € H, and the other axioms are satisfied as well. Our claim now is
that we have an identification X = G/H, obtained as follows:

p(g) — Hg

Indeed, the map p(g) — Hg is well-defined and bijective, because p(g) = p(g’) is
equivalent to p(g~t¢’) = p(1), and so to Hg = Hg', as desired.

(3) Given a discrete group I'" and an arbitrary subgroup © C I', the quotient space
[ —0is homogeneous. Now by using Proposition 6.2 above, we can see that if © C I" is
not normal, the quotient space T — © is not of the form G JH. O

With the above formalism in hand, let us try now to understand the general properties

of the homogeneous spaces G — X, in the sense of Theorem 6.4.

We recall from chapter 2 that any compact quantum group G has a Haar integration
functional [ : C(G) — C, having the following invariance properties:

(/@id)A:<z‘d®/)A:/(.)1

We have the following result, which is once again well-known:

PROPOSITION 6.5. Assume that a quotient space G — X is homogeneous.
(1) We have a coaction map as follows, obtained as restriction of A:

d:C(X)—C(X)®C(G)
(2) We have the following formula:

d(f)=f®l = feCl
(3) We have as well the following formula:

<z’d®/>®f=/f

(4) The restriction of [ is the unique unital form satisfying:
(T®id)® =7(.)1
PROOF. These results are all elementary, the proof being as follows:
(1) This is clear from definitions, because A itself is a coaction.

(2) Assume indeed f € C(G) satisfies the following condition:
Alf)=rel
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By applying the counit we obtain from this:
(e @id)Af = (e ®id)(f ®1)
We conclude from this that we have, as desired:
f=eli

(3) The formula in the statement, (id @ [)®f = [ f, follows from the left invariance
property of the Haar functional of C'(G), namely:

(e )1+

Indeed, by restriction to C'(X), we obtain our formula.

(4) In order to prove the result, we can use here the right invariance property of the
Haar functional of C(G), namely:

(Jos)or-

Indeed, we obtain from this that tr = f| ) is G-invariant, in the sense that:
(tr@id)®f =tr(f)1
Conversely, assuming that 7 : C(X) — C satisfies (7 ® id)®f = 7(f)1, we have:

(T® / ) o) = [treidep)

On the other hand, we can compute the same quantity as follows:

(T@)/) o (f) - T<@'d®/) (/)

T(tr(f)1)
= tr(f)
Thus we have 7(f) = tr(f) for any f € C(X), and this finishes the proof. d
Summarizing, we have a notion of noncommutative homogeneous space, which per-

fectly covers the classical case. In general, however, the group dual case shows that our
formalism is more general than that of the quotient spaces G/H.
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6b. Extended spaces

We have seen so far that a theory of homogeneous spaces can be developed for the
compact quantum groups, by following the theory from the classical case, with a few
minor twists, of algebraic nature, basically coming from the group duals.

We discuss now an extra issue, of analytic nature. The point indeed is that for one of
the most basic examples of actions, OF ~ S% ;1, the associated morphism « : C(X) —
C(G) is not injective. The same is true for other basic actions, in the free setting.

In order to include such examples, we must relax our axioms:

DEFINITION 6.6. An extended homogeneous space over a compact quantum group G
consists of a morphism of C*-algebras, and a coaction map, as follows

a:C(X)— C(G)
O:CX) - CX)®C(G)
such that the following diagram commutes

P

C(X) C(X)®C(G)
« a®id
C(G) 2 . 0@)®CG)
and such that the following diagram commutes as well
C(X) 2 L O(X)®C(G)
@ d® [
c(6) —LH— o)

where [ is the Haar integration over G. We write then G — X.

As a first observation, in relation with these new axioms, when the morphism « is
injective we obtain an homogeneous space in the previous sense. Thus, all the general
theory developed in the above is covered by our new formalism.

The examples with « not injective, which motivate the above formalism, include the
standard action O ~ Sg'', and the standard action Uy ~ S{T.

Here are a few general remarks on the above axioms:
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PROPOSITION 6.7. Assume that we have morphisms of C*-algebras
a:C(X)— C(G)
o CX)— CX)®C(G)
satisfying the coassociativity condition (o ® id)® = Aa.

(1) If « is injective on a dense x-subalgebra A C C(X), and ®(A) C A® C(G), then
® is automatically a coaction map, and is unique.

(2) The ergodicity type condition (id ® [)® = [«a(.)1 is equivalent to the existence
of a linear form X\ : C(X) — C such that (id @ [)® = \(.)1.

Proor. This is something elementary, the idea being as follows:

(1) Assuming that we have a dense *-subalgebra A C C(X) as in the statement,
satisying ®(A) C A ® C(G), the restriction ®|4 is given by:

(I)‘A = (OqA (%9 id)ilAOqA

This restriction and is therefore coassociative, and unique. By continuity, ® itself
follows to be coassociative and unique, as desired.

(2) Assuming (id ® [)® = A(.)1, we have:

(a@/)@zk@l

On the other hand, we have as well the following formula:

<a®/)®=(M®/>Aa:/ao1

Thus we obtain A = [ «, as claimed. d

Given an extended homogeneous space G — X, with associated map a : C(X) —
C(G), we can consider the image of this latter map:

a:C(X) = CY) c CG)

Equivalently, at the level of the associated noncommutative spaces, we can factorize
the corresponding quotient map G — Y C X. With these conventions, we have:

PROPOSITION 6.8. Consider an extended homogeneous space G — X.

(1) &(f)=f®l = feCl.
(2) tr = [« is the unique unital G-invariant form on C(X).
(3) The image space obtained by factorizing, G — Y, is homogeneous.



136 6. QUOTIENT SPACES

PrROOF. We have several assertions to be proved, the idea being as follows:

(1) This follows indeed from (id ® [)®(f) = [ a(f)1, which gives:

f= [atm

(2) The fact that tr = [« is indeed G-invariant can be checked as follows:

(trid)®f = ([a®id)df
= ([@id)Aaf
= Ja(/)!
= tr(f)1

As for the uniqueness assertion, this follows as before.

(3) The condition (o ®id)® = Aq, together with the fact that i is injective, allows us
to factorize A into a morphism V¥, as follows:

C(X) 2 C(X)® C(G)
a a®id
C(Y) it O(Y) @ C(Q)
i i®id
C(G) = C(G)® C(G)
Thus the image space G — Y is indeed homogeneous, and we are done. U

Finally, we have the following result:

THEOREM 6.9. Let G — X be an extended homogeneous space, and construct quotients
X = X', G — G by performing the GNS construction with respect to [«, [. Then «
factorizes into an inclusion o/ : C(X') — C(G’), and we have an homogeneous space.
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PRrOOF. We factorize G — Y C X as above. By performing the GNS construction
with respect to [ia, [, [, we obtain a diagram as follows:

C(X) C(X)

C(Y) : C(Y") C
i i’ f’

c(G) - (@)

Indeed, with ¢r = [ «, the GNS quotient maps p, ¢, are defined respectively by:
kerp = {f e x| ) =0}
kerg = {fecm)| (=0}
kerr = {rec@)| =0}

Next, we can define factorizations i’, o/ as above. Observe that i’ is injective, and that
o/ is surjective. Our claim now is that o’ is injective as well. Indeed:

ap(f)=0 = qa(f) =0
— [alrn=o
— r(f7f)=0
— p(f)=0
We conclude that we have X’ =Y, and this gives the result. OJ

Summarizing, the basic homogeneous space theory from the classical case extends to
the quantum group setting, with a few twists, both of algebraic and analytic nature.

6c. Row spaces

Following [20], let us discuss now some basic examples of homogeneous spaces, which
unify the spheres S with the unitary quantum groups U they come form.

We first discuss the construction in the classical case. Given a closed subgroup G C Uy
and a number k£ < N, we can consider the compact group H = G N Uy, computed inside
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Uy, where the embedding U, C Uy that we use is given by:

g 0
_>
1= (& 11)

We can form the homogeneous space X = GG/H, and we have the following result:

PROPOSITION 6.10. Let G C Uy be a closed subgroup, and construct as above the
closed subgroup H C G given by

H=GnNU
with the intersection being computed inside Uy. Then the subalgebra
C(G/H) C C(G)
that we obtain is generated by the last N — k rows of coordinates on G.

PROOF. Let u;; € C(G) be the standard coordinates on G, given by:

uii(9) = 9ij
Consider the following subalgebra of C'(G):

Since each coordinate function w;; with ¢ > k is constant on each coset Hg € G/H,
we have an inclusion as follows, between subalgebras of C(G):

AcC C(G/H)

In order to prove that this inclusion in a isomorphism, as to finish, we use the Stone-
Weierstrass theorem. Indeed, in view of this theorem, it is enough to show that the
following family of functions separates the cosets { Hg|g € G}:

(v

But this is the same as saying that the condition Hg # Hh implies, for some indices
1> k,7 > 0, that we have:

z’>k,j>0}

9ij 7 hij
Equivalently, we must prove that the condition g;; = h;; for any ¢ > k,7 > 0 must
imply that we have:
Hg=Hh
Now since Hg = Hh is equivalent to gh™' € H, the result follows from the usual
matrix formula of gh~!, and from the fact that g, h are unitary. O
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In the quantum case now, let k¥ < N, and consider the embedding U,” C Uy, given by
the same formula as before, namely:

g 0
%
o+ (1)

That is, at the level of algebras, we use the quotient map C(Uy) — C(U,}) given by
the following formula, where v is the fundamental corepresentation of U,':

_ v 0
“ 0 1y

With this convention, we have the following definition:

DEFINITION 6.11. Associated to any quantum subgroup G C Uy and any k < N are:

(1) The compact quantum group H =G NU,".
(2) The algebra C(G/H) C C(G) constructed above.
(3) The algebra Cx(G/H) C C(G/H) generated by {w;;|i > k, j > 0}.

Regarding (3), let u,v be the fundamental corepresentations of G, H, so that the
quotient map 7 : C'(G) — C(H) is given by u — diag(v, 1y_x). We have then:

(r@id)A(uy) = Y w(u) @ uy

S

_ {Zs<k Vis ® Usj { S k

1®uz~j 1>k

In particular we see that the equality (7 ® id)Af = 1® f defining C'(G/H) holds on
all the coefficients f = u;; with ¢ > k, and this justifies the inclusion appearing in (3).

Let us first try to understand what happens in the group dual case. We will do our
study here in two steps, first in the “diagonal” case, and then in the general case.

We recall that given a discrete group I' =< g1, ..., gy >, the matrix D = diag(g;) is
biunitary, and produces a surjective morphism C(Uy;) — C*(T).

This morphism can be viewed as corresponding to a quantum embedding T c Uy,
that we call “diagonal”.

We recall also that the normal closure of a subgroup A C I' is the biggest subgroup
A" C T containing A as a normal subgroup. Note that A’ can be different from the

normalizer N(A).

With these conventions, we have the following result:
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PROPOSITION 6.12. Assume that we have a group dual G = f, with
'=<g1,...,9n >
diagonally embedded, and let H = GNU, .

(1) H =0, where ® =T/ < gry1=1,...,9v =1>.
(2) Cx(G/H) = C*(A), where A =< gx41, ..., 98 >.
(3) C(G/H) = C*(A’), where “prime” is the normal closure.
(4) Cx(G/H) = C(G/H) if and only if A<T.
PRrROOF. We use the standard fact that for any group I' =< a;, b; >, the kernel of the
quotient map I' — I'/ < a; = 1 > is the normal closure of the subgroup < a; >C T'.

(1) Since the map C(Uy) — C(U;") is given on diagonal coordinates by u; — v;; for
1 < k and u;; — 1 for ¢ > k, the result follows from definitions.

(2) Once again, this assertion follows from definitions.

(3) From the above and from (1) we get G/H = A’, where A’ = ker(I' = ©). By the
above observation, this kernel is exactly the normal closure of A.

(4) This follows from (2) and (3). O

Let us try now to understand the general group dual case.

We recall from chapter 2 above that the group dual subgroups T c Uy appear by
taking a discrete group I' =< g1, ..., gy > and a unitary matrix J € Uy, and constructing
the morphism C(Uy;) — C*(T') given by u — JD.J*, where D = diag(g;).

With this in hand, Proposition 6.12 generalizes as follows:

THEOREM 6.13. Assume that we have a group dual G = f, with
F:<g17"'7gN>
embedded via uw — JDJ*, and let H =GNU, .

(1) H = é, where © =1/ < g, =1|3i > k, J;, # 0 >, embedded u;; — (JDJ*);;.
(2) C«(G/H) = C*(A), where A =< g.|3i >k, J; #0 >.
(3) C(G/H) = C*(A'), where “prime” is the normal closure.
(4) Cx(G/H) =C(G/H) if and only if A<T.

PrOOF. We basically follow the proof of Proposition 6.12 above:

(1) Let A =< g1,...,9n >, let J € Uy, and consider the embedding AC Uy corre-
sponding to the morphism C(U};) — C*(A) given by u — JDJ*, where D = diag(g;).

Let G = KOUJ. Since we have G C A, the algebra C(@) is cocommutative, so we have
G = O for a certain discrete group ©. Moreover, the inclusion ©® C A must come from a
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group morphism ¢ : A — O. Also, since © C U, we have a morphism C(U;") — C*(©)
given by v — V| where V is a certain k X k biunitary over C*(0).

With these observations in hand, let us look now at the intersection operation. We
must have a group morphism ¢ : A — © such that the following diagram commutes:

C(UN) CUy)

C*(A) C*(©)
Thus we must have the following equality:

(id @ p)(JDJ") = diag(V, 1n—¢)
With f; = ¢(g;), we obtain from this:

ZJirirfr:{ i b

0;; otherwise

Now since J is unitary, the second part of the above condition is equivalent to “f, = 1
whenever there exists ¢ > k such that J;,. # 0”. Indeed, this condition is easily seen to be

“__

equivalent to the “= 1" conditions, and implies the “= 0" conditions. We claim that:

@:A/<gr:1‘3i>k,Jir#O>

Indeed, the above discussion shows that © must be a quotient of the group on the
right, say ©y. On the other hand, since in C*(©y) we have J;.g, = J;.1 for any i > k, we
obtain that (JDJ*);; = d;; unless i, j < k, so we have, for a certain matrix V:

But V must be a biunitary, so we have a morphism C(U,") — C*(60g) mapping v — V,
which completes the proof of our claim.

(2) Consider the standard generators of the algebra C(G/H), which are as follows,
with indices 7 > k,7 > 0O:

Aij = Z Jirjjrgr
We have then the following formula:

Z Aiijm = Jim9m
J
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We conclude that Cy (G /H) contains any g, such that there exists i > k with J;, # 0,
i.e. contains any g, € A. Conversely, if g. € I' — A then J;.g, = 0 for any i > k, so g,
doesn’t appear in the formula of any of the generators A;;.

(3,4) The proof here is similar to the proof of Proposition 6.12 (3,4). O

Summarizing, we have a good understanding of the row algebras, both in the classical
case, and in the group dual case.

6d. Uniformity

Going now towards the easy case, and the examples of quotient spaces that are inter-
ested in, we will need the following key result, coming from [26], [32], [33]:

THEOREM 6.14. For an easy quantum group Gy C Uy, the following conditions are
equivalent:

(1) G = (Gy) is uniform, in the sense that we have
GyNUS =Gy,

for any k < N, with respect to the standard embedding U,” C Uy,.
(2) The corresponding category of partitions

D = (D(k, 1))
15 stable under the operation which consists in removing blocks.

PROOF. In order to establish the equivalence between the above two conditions, we
will prove that Gy NU,S = G}, where G' = (G'y) is the easy quantum group associated
to the category D’ generated by all subpartitions of the partitions in D.

We know that the correspondence between categories of partitions and easy quantum
groups comes from Woronowicz’s Tannakian duality in [100].

More precisely, the quantum group G C Of, associated to a category of partitions
D = (D(s)) is obtained by imposing to the fundamental representation of O}, the fact
that its s-th tensor power must fix &, for any s € N and 7 € D(s). In other words, we
have the following presentation result:

C(Gy) = C(0%) / <57r € Fiz(u®),Vs, Vr € D(s)>

Now since & € Fiz(u®®) means u®*({; ® 1) = & ® 1, this condition is equivalent to
the following collection of equalities, one for each multi-index i € {1,..., N}*:

Z 57r(j>ui1j1 s Ujggs = 57r(l)1

jl---js



6D. UNIFORMITY 143

Summarizing, we have the following presentation result:

C(Gy) = C’(O;{,)/ < Z O () Wirsy - - Wisj, = 02(4)1, Vs, Vm € D(s), ‘v’i>

J1---Js

Let now k < N, assume that we have a compact quantum group K C O}, with
fundamental representation denoted wu, and consider the following N x N matrix:

- (u O
“=\o In—k

Our claim is that for any s € N and any 7 € P(s), we have:
& € Fin(i®) < & € Fiz(u®), Vo' Cn

Here 7’ C 7 means that 7’ € P(s') is obtained from 7 € P(s) by removing some of its
blocks. The proof of this claim is standard. Indeed, when making the replacement v — @
and trying to check the condition &, € Fiz(u®®), we have two cases:

— 0.(1) = 1. Here the > k entries of ¢ must be joined by certain blocks of 7, and we
can consider the partition 7’ € D(s") obtained by removing these blocks. The point now
is that the collection of d,(i) = 1 equalities to be checked coincides with the collection of
6-(1) = 1 equalities expressing the fact that we have &, € Fiz(u®*), for any n’ C .

— 0,(i1) = 0. In this case the situation is quite similar. Indeed, the collection of
d.(i) = 0 equalities to be checked coincides, modulo some 0 = 0 identities, which hold
automatically, with the collection of d, (i) = 0 equalities expressing the fact that we have
& € Fiz(u®), for any 7 C 7.

Our second claim is that given a quantum group K C OF, with fundamental repre-
sentation denoted v, the algebra of functions on H = K N O; is given by:

C(H) = C(0}) / <g € Fia(a®), V¢ € Fia:(v®5)>

This follows indeed from Woronowicz’s results in [99], because the algebra on the right
comes from the Tannakian formulation of the intersection operation.

Now with the above two claims in hand, we can conclude that we have the following

formula, where G' = (G’y) is the easy quantum group associated to the category D’
generated by all the subpartitions of the partitions in D:
GyNU =G,

In particular we see that the condition Gy NU," = G} for any k < N is equivalent to
D = D', and this gives the result. 0
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Let us study now the following inclusions of algebras, constructed in Definition 6.11
above, where G = (G,,) is a uniform easy quantum group:

Cyx(Gn/Gy) C C(Gn/Gy)
We recall from [33] that the basic examples are the classical groups S, 0, H, B, and

their free analogues S*, 0%, H*, BT, In addition, it is known that in the free case the list
of such quantum groups is precisely S*,O0", H* B*. See [33].

We have the following result, which is well-known:

PROPOSITION 6.15. The defining relations for C(G) are as follows, in terms of the
standard generators u;;:

(1) G = Of;: u is orthogonal, i.e. u;; are self-adjoint, and u* = u™"'.

(2) G = S¥: u is magic, i.e. orthogonal, with u;; being projections.

(3) G = Hy: w is cubic, i.e. orthogonal, with xy =0 on rows and columns.

(4) G = Bj:: u is bistochastic, i.e. orthogonal, with sum 1 on rows and columns.
PROOF. We refer to [33] for a full discussion of these relations. O

Observe that we have “magic = cubic + bistochastic”, which follows from definitions,
by using basic C*-algebra tricks. This shows that we have inclusions as follows:

Hy O

Sy By

Let us go back now to the inclusions Cy (G /Gy) C C(Gn/Gy). We first work out a
few simple cases, where these inclusions are isomorphisms:

PROPOSITION 6.16. For the basic easy quantum groups, the inclusion of algebras
Cyw(Gn/Gy) C C(Gn/Gy)
is an isomorphism at N =1, at k =0, at k = N, as well as in the following special cases:
(1) G=B": atk=1.
(2) G=S*:atk=1, and at k =2, N = 3.

PROOF. First, the results at N =1, at £ = 0, and at k = N are clear from definitions.
Regarding now the special cases, the situation here is as follows:
(1) Since the coordinates of B, sum up to 1 on each column, we have:

Uljzl— E uij

i>1
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Thus the following inclusion is an isomorphism:
Cx(By/BY) € C(BY)
Thus the inclusion Cy (Bj;/Bi") € C(By/B;) must be as well an isomorphism.

(2) By using the same argument as above we obtain that the following inclusion is as
well an isomorphism:

Cx(Sy/ST) € C(SK/ST)
In the remaining case k = 2, N = 3, or more generally at any £ € N and N < 4, it is
known from Wang [94] that we have Sy = SJ;, so the inclusion in the statement is:

Thus, in this case we are done again. U

The axiomatization of the algebras Cy(Gn/Gy) is a quite tricky task, because these
algebras have a rectangular matrix of generators, which is a transposed isometry, but not
much is known about the remaining conditions to be satisfied by the generators.

However, we can axiomatize some bigger algebras, as follows:
DEFINITION 6.17. Associated to k < N s the universal C*-algebra
C(Gn/Gr)
generated by the entries of a rectangular matrizc
P = (pij)i>kj>0
subject to the following conditions:

(1) G = O%: p is a transposed “orthogonal isometry”, in the sense that its entries
pij are self-adjoint, and pp* = 1.

(2) G = S¥: pis atransposed “magic isometry”, in the sense that p' is an orthogonal
isometry, and p;; are projections, orthogonal on columns.

(3) G = Hy:: pis a transposed “cubic isometry”, in the sense that p' is an orthogonal
isometry, with xy = 0 for any x # y on the same row of p

(4) G = Bj;: p is a transposed “stochastic isometry”, in the sense that p' is an
orthogonal isometry, with sum 1 on rows.

Observe that, since the entries p;; of our various rectangular matrices are assumed to
be self-adjoint, we have p* = p’. Thus the condition pp’ = 1 reads (p")*p' = 1, so the
transposed matrix ¢ = p' must indeed satisfy the isometry condition ¢*q = 1.

Observe also that the cubic condition on transposed orthogonal isometry p is equivalent
to the fact that the entries x = p;; satisfy the “cubic” condition z* = z.
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Note also that we have by definition surjective maps, as follows:
C+(Gn/Gr) = Cx(Gn/Gy)

Finally, observe that in the case G = O and k = N — 1 we obtain the algebra of
functions on the free sphere. This will be actually our guiding example.

We will need the following elementary result:

PROPOSITION 6.18. For a transposed orthogonal isometry p, the following are equiv-
alent:
(1) p is magic.
(2) p is cubic and stochastic.

ProOOF. At k = N this result is well-known. In the general case the proof is similar,
by using some basic C*-algebra tricks:

(1) = (2). Assume indeed that p is magic. The transposed isometry condition
ppt =1 tells us that we have:
Zpijpkj = ik
J
At i =k we get > y pfj = 1, and since the elements p;; are projections, this condition
becomes » ibij =1 Thus p is stochastic.

With this observation in hand, and since projections summing up to 1 must commute,
we conclude that the elements p;; mutually commute on rows, so p is cubic as well.

(2) = (1). Assume that p is cubic and stochastic. Since the elements p;1, ..., p;y are
self-adjoint, satisfy xy = 0, and sum up to 1, they are projections, and we are done. [J

We have the following result:

THEOREM 6.19. The algebras C(Gn/Gy) and Cy(Gn/Gy) have the following prop-
erties:
(1) They have coactions of G, given by a(pij) = Y, Pis @ Us;.
(2) They have unique Gy -invariant states, which are tracial.
(3) Their reduced algebra versions are isomorphic.
(4) Their abelianized versions are isomorphic.

PROOF. We follow the proof in [28], where the above result was proved for G = O
and k = N — 1. The only problems, requiring some new ideas, will appear in (4) for
G = ST, H*, and we will follow here the proof in [20]. In practice now:

(1) For C(Gn/Gy) this is clear, because this algebra is “embeddable”, and the coac-
tion of Gy is simply the restriction of the comultiplication map.
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For the algebra C (Gn/Gy), consider the following elements:

N
b= Zpis ® U
s=1

We have to check that these elements satisfy the same relations as those in Definition
6.17, presenting the algebra C, (G, /Gy), and the proof here goes as follows:

O~ case. First, since p;;, u;; are self-adjoint, so is P;;. Also, we have:

Z PP = Zpisprt @ Us Ut
J

jst

= Zpisprt ® 6st

st
= Zpisprs ®1
5;

HT* case. The condition zy = 0 on rows is checked as follows (j # r):

PijPir = Zpispit®usjutr

st
= szs & usjusr
— ()s

BT case. The sum 1 condition on rows is checked as follows:

Z -Pij = szs X Usj
J Js

=1

S+ case. Since P! is cubic and stochastic, we just check the projection condition:

2
F; = E DisPit @ UsgjUstj
st

= szs ® usj

Pz’ .
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Summmarizing, P satisfies the same conditions as p, so we can define a morphism of
C*-algebras, as follows:

a: CL(GN/Gi) = C1(Gn/Gr) ® C(GN)

a(pi;) = By
We have the following computation:

(a@id)a(py) = Y alps) @ ug

S

= szt & U & usj
st

On the other hand, we have as well the following computation:
(id® A)alpy) = > pi® Auy)
t

= szt @ Ups & Usj

st

Thus our map « is coassociative. The density conditions can be checked by using
dense subalgebras generated by p;; and uy, and we are done.

(2) For the existence part we can use the following composition, where the first two
maps are the canonical ones, and the map on the right is the integration over G y:

C+(GN/G]€) — CX(GN/Gk) C C(GN) — C

Also, the uniqueness part is clear for the algebra Cy(Gy/Gy), as a particular case of
the general properties of “embeddable” coactions, i.e. those coactions that can be realized
as coactions on subalgebras of C'(G), via the restriction of the comultiplication.

Regarding now the uniqueness for C (Gn/Gy), let [ be the Haar state on Gy, and
¢ be the G'y-invariant state constructed above. We claim that « is ergodic:

(@d@/) o =p()1

Indeed, let us recall that the Haar state is given by the following Weingarten formula,
where Woy = Gy, with Goy(m,0) = NI™el:

/u]u] = Y 5(0)0.()Wan(m,0)

m,0€D(s)
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Now, let us go back now to our claim. By linearity it is enough to check the above
equality on a product of basic generators p;,j, ... pi,j,- The left term is as follows:

(z‘d@ /) (Piyjy - - - Pisjs)

= E pilll ° 'pisls /uh]l te ulsjs

l1...ls

= thll' - Pigl, Z 5 (7T U)

I1..ds m,0€D(s
= E (5 Wen(m, o) E Or(D)piyty - - - Dial.
m,o0€D(s I1...1s

Let us look now at the sum on the right. We have to sum the elements of type
Diyly - - - Pils, over all multi-indices I = (4, ..., [s) which fit into our partition = € D(s). In
the case of a one-block partition this sum is simply >, p;,; . .. pig, and we claim that:

D Pit- - pig = 6x(0)
l

Indeed, by using the explicit description of the sets of diagrams D(s) given above, the
proof of this formula goes as follows:

OT case. Here our one-block partition must be a semicircle, 7 = N, and the formula
to be proved, namely >, pupj = d;;, follows from pp’ = 1.

ST case. Here our one-block partition can be any s-block, 1, € P(s), and the formula
to be proved, namely >, pi,i - .. piy = 04,4, follows from orthogonality on columns, and
from the fact that the sum is 1 on rows.

BT case. Here our one-block partition must be a semicircle or a singleton. We are
already done with the semicircle, and for the singleton the formula to be proved, namely
> pa =1, follows from the fact that the sum is 1 on rows.

H™ case. Here our one-block partition must have an even number of legs, s = 2r, and
due to the cubic condition the formula to be proved reduces to >, pZ" = 1. But since
p¥ = p?, independently on r, the result follows from the orthogonality on rows.

In the general case now, since m noncrossing, the computations over the blocks will
not interfere, and we will obtain the same result, namely:

Zpill P = 0 (i)
I
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Now by plugging this formula into the computation that we have started, we get:

<id® /) a(pirjy - - - Pij)

= ) 6:(0)0,(j) Wan(m, 0)
)

m,o€D(s

= /uiljl o Wi

= @(Pirjr - - Picja)

This finishes the proof of our claim. So, let us get back now to the original question.
Let 7: C4(Gn/Gg) — C be a linear form as in the statement. We have:

(15 [)otw) = (v [)ats

= /(T@id)a(a:)

- [t@n

= (@)

On the other hand, according to our above claim, we have as well:

T (z’d@/) a(z) = 7(p(x)1)

= p(x)
Thus we get 7 = ¢, which finishes the proof of the uniqueness assertion.

(3) This follows from the uniqueness assertions in (2), and from some standard facts
regarding the reduced versions with respect to Haar states, from [99].

(4) We denote by G~ the classical version of G, given by G~ = O, S, H, B in the cases
G =0%1,5", Ht, BT. We have surjective morphisms of algebras, as follows:
CL(Gn/Gr) — Cu(Gi/Gy)
— COx(Gy/Gy)
= C(Gy/Gy)

Thus at the level of abelianized versions, we have surjective morphisms as follows:

O+(GN/Gk)comm — CX(GN/Gk)comm
— C(Gy/Gy)
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In order to prove our claim, namely that the first surjective morphism is an isomor-
phism, it is enough to prove that the above composition is an isomorphism.

Let r = N — k, and denote by Ay, the algebra on the left. This is by definition the
algebra generated by the entries of a transposed N X r isometry, whose entries commute,
and which is respectively orthogonal, magic, cubic, bistochastic.

We have a surjective morphism Ay, — C(Gy/G} ), and we must prove that this is
an isomorphism.

ST case. Since #(Sy/Sk) = N!/k!, it is enough to prove that we have:

N!
dim(AN’r) = F

Let p;; be the standard generators of Ay,. By using the Gelfand theorem, we can
write p;; = x(X;;), where X;; C X are certain subets of a given set X. Now at the level
of sets the magic isometry condition on (p;;) tells us that the matrix of sets (X;;) has the
property that its entries are disjoint on columns, and form partitions of X on rows.

So, let us try to understand this property for N fixed, and r =1,2,3,...

— At r = 1 we simply have a partition X = X; ... U Xy. So, the universal model
can be any such partition, with X; # 0 for any 7.

— At r = 2 the universal model is best described as follows: X is the N x N square in
R2, regarded as a union of N? unit tiles, minus the diagonal, the sets X;; are the disjoint
unions on rows, and the sets Xy; are the disjoint unions on columns.

— At r > 3, the universal solution is similar: we can take X to be the N" cube in R",
with all tiles having pairs of equal coordinates removed, and say that the sets X; for s
fixed are the various “slices” of X in the direction of the s-th coordinate of R".

Summarizing, the above discussion tells us that dim(Ay,) equals the number of tiles
in the above set X C R". But these tiles correspond by definition to the various r-tuples
(t1,...,3,) € {1,..., N}" with all iy different, and since there are exactly N!/k! such
r-tuples, we obtain, as desired:

N!
K

H* case. We can use here the same method as for S3;. This time the functions p;;

take values in {—1,0,1}, and the algebra generated by their squares p?j coincides with

dim(AN’,,) =

the one computed above for Sy, having dimension N!/k!. Now by taking into account
the N — k possible signs we obtain the following estimate, which gives the result:

2Nk NI

= #(Hy/H)

O™ case. We can use the same method, namely a straightforward application of the
Gelfand theorem. However, instead of performing a dimension count, which is no longer

dim(AN,r) S
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possible, we have to complete here any transposed N X r isometry whose entries commute
to a N x N orthogonal matrix. But this is the same as completing a system of r orthogonal
norm 1 vectors in RY into an orthonormal basis of RY, which is of course possible.

BT case. Since we have a surjective map C(O};) — C(B};), we obtain a surjective
map C (0% /OF) = Ay, and hence surjective maps as follows:

C(On/Oy) = Ay, — C(Bn/Bg)
The point now is that this composition is the following canonical map:

Now by looking at the column vector £ = (1,...,1), which is fixed by the stochastic
matrices, we conclude that the map on the right is an isomorphism, and we are done. [J

6e. Exercises

The material in this chapter has been quite abstract and technical, and so will be our
exercises here. To start with, in relation with the axioms, we have:

EXERCISE 6.20. Analyse, with some general theory, examples and counterexamples,
the validity of the well-known statement “the quotient by a normal subgroup is a group”
from group theory, in the compact quantum group setting.

This is a very good exercise, the answer to it being quite folklore. Enjoy.

Along the same lines, but dealing this time with analytic questions, we have:

EXERCISE 6.21. Verify, with a full argumentation, that the homogenous space formal-
ism developed in the beginning of this chapter is not the correct one, in order to deal for
instance with the canonical quantum isometry actions on the free spheres.

As before with the previous exercise, the answer here is quite folklore.

In relation now with the row space construction discussed in this chapter, things here
are quite technical, and as an exercise here, we have:

EXERCISE 6.22. Fxtend the theory developed in the above, for the row spaces over the
free quantum groups, to all the basic unitary and reflection quantum groups.

As before, things here are quite folklore, and so this is a must-do exercise.



CHAPTER 7

Partial isometries

7a. Partial isometries

In what follows we discuss, as a continuation of the study from the previous chapter,
the formalism in [9], which is quite broad, while remaining not very abstract. To be more
precise, we will study the spaces of the following type:

X = (GM X GN)/(GL X GMfL X GN,L)

These spaces cover indeed the quantum groups and the spheres. And also, they are
quite concrete and useful objects, consisting of certain classes of “partial isometries”.

We begin with a study in the classical case. Our starting point will be:

DEFINITION 7.1. Associated to any integers L < M, N are the spaces

Oy = {T E—=F isometry‘E CRY, FcRY dimg F = L}

Uy = {T:E—)F isometryECCN,FC(CM,dim(CE:L}

where the notion of isometry is with respect to the usual real/complex scalar products.

As a first observation, it follows from definitions that at L = M = N we obtain the
orthogonal and unitary groups Oy, Uy:
OJJ\V/N = Oy
Uly = Ux
Another interesting specialization is L = M = 1. Here the elements of O, are the
isometries T : E — R, with £ C R" one-dimensional. But such an isometry is uniquely
determined by T-!(1) € RY, which must belong to S§ . Thus, we have O}y = S3 .
Similarly, in the complex case we have Uly = S{™!, and so our results here are:

1 _ gN-1
OlN_SR

Uiy = Sg o
Yet another interesting specialization is L = N = 1. Here the elements of Of , are the

isometries T : R — F, with ' C RM one-dimensional. But such an isometry is uniquely
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determined by 7'(1) € R™, whichmust belong to S§’~*. Thus, we have O}, = S3''.
Similarly, in the complex case we have U}, = Sé/[ ~!and so our results here are:

1 _ gM-1
OMl - SR

1 _ qgM-1
UMl - S(C

In general, the most convenient is to view the elements of O\, UL\ as rectangular
matrices, and to use matrix calculus for their study. We have indeed:

PROPOSITION 7.2. We have identifications of compact spaces

Oz%wv ~ {U € MMxN(R)‘UUt = projection of trace L}

Ul v ~ {U € MMxN((C)‘UU* = projection of trace L}
with each partial isometry being identified with the corresponding rectangular matriz.

ProOOF. We can indeed identify the partial isometries 7' : £ — F with their corre-
sponding extensions U : RY — RM U : CV — CM, obtained by setting:

UEL:O

Then, we can identify these latter linear maps U with the corresponding rectangular
matrices, and we are led to the conclusion in the statement. O

As an illustration, at L = M = N we recover in this way the usual matrix description
of On,Uy. Also, at L = M = 1 we obtain the usual description of S’]fg_l, S(év_l, as row
spaces over the corresponding groups Oy, Uy.

Finally, at L = N = 1 we obtain the usual description of S]fg ’1,S(JCV ~1as column
spaces over the corresponding groups Oy, Uy.

Now back to the general case, observe that the isometries T': E — F', or rather their
extensions U : KV — KM with K = R, C, obtained by setting Uz = 0, can be composed
with the isometries of KM K", according to the following scheme:

KV B* KN o U KM A -

T

B(E) - E F o ~ A(F)

With the identifications in Proposition 7.2 made, the precise statement here is:
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PROPOSITION 7.3. We have an action map as follows, which is transitive,
Oy x Oy ~ OF
(A, B)U = AUB?
as well as an action map as follows, transitive as well,
Uy X Uy ~ Ul
(A, B)U = AUB*
whose stabilizers are respectively:
O X Oy, X On_L,
Up x Uy X Un_1,

PrOOF. We have indeed action maps as in the statement, which are transitive. Let
us compute now the stabilizer G of the following point:

10
"= (i 0)
Since (A, B) € G satisfy AU = U B, their components must be of the following form:
xr % x 0
=) ()

Now since A, B are both unitaries, these matrices follow to be block-diagonal, and so:

={unla=(5 ) 5=(; 1)}

The stabilizer of U is then parametrized by triples (z,a,b) belonging respectively to:
Op X Op—r X On_1,
Up x Upy—r xUn_L,

Thus, we are led to the conclusion in the statement. O

Finally, let us work out the quotient space description of O¥,\, UL \,. We have here:

THEOREM 7.4. We have isomorphisms of homogeneous spaces as follows,
Oy = (O xOn)/(Op x Opr—1 x Ox_1)
Uby = Uy xUyx)/(Up x Upr—p, x Uy_1)
with the quotient maps being given by (A, B) — AU B*, where:

7= o)

Proor. This is just a reformulation of Proposition 7.3 above, by taking into account
the fact that the fixed point used in the proof there was U = (§ ). O
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Once again, the basic examples here come from the cases L= M = Nand L = M = 1.
At L = M = N the quotient spaces at right are respectively:

On, Uy
At L = M =1 the quotient spaces at right are respectively:
On/On—1 , Un/Un_
In fact, in the general orthogonal L = M case we obtain the following spaces:
Oty = (Oum x Ox)/(Om % On—n1)
= On/On-u
Also, in the general unitary L = M case we obtain the following spaces:
Upiy = (Un x Ux)/(Unt X Un—nr)
= Unx/Un-m

Similarly, the examples coming from the cases L = M = N and L = N = 1 are
particular cases of the general L = N case, where we obtain the following spaces:

Oy = (Om x On) /(O X Onr—y)
= On/Oyp-n
In the unitary case, we obtain the following spaces:
Upiy = (U x Ux)/(Unt X Uni—n)
= Unx/Un-n
Summarizing, we have here homogeneous spaces which unify the spheres with the
unitary quantum groups.
7b. Free isometries

We can liberate the spaces OF \, UL . as follows:

DEFINITION 7.5. Associated to any integers L < M, N are the algebras

C(Ofﬂv) = Cr ((uij)izl,m,MJ:Lm’N’u = @, uu' = projection of trace L)
cUuky) = o (('U/ij)i:l"..,MJ‘:Lm’N’UU*,'L_Lut = projections of trace L)

with the trace being by definition the sum of the diagonal entries.

Observe that the above universal algebras are indeed well-defined, as it was previously
the case for the free spheres, and this due to the trace conditions, which read:

* *
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We have inclusions between the various spaces constructed so far, as follows:

L+ L+
OMN UMN

L
OMN

Usin
At the level of basic examples now, we first have the following result:

PROPOSITION 7.6. At L = M =1 we obtain the diagram

N—-1 N—-1
Sgy — 5S¢4

SN—I SN—I
R —
and at L = N =1 we obtain the diagram:

S]{{y_:l SM—I

M-1 M-1
SIR S(C

PRrROOF. We recall that the various spheres involved are constructed as follows, with
the symbol x standing for “commutative” and “free”, respectively:

(Zla"-;ZN Zzizf_zzz‘zi_1>

Now by comparing with the definition of O}X,, Ullj\x,, this proves our first claim.
As for the proof of the second claim, this is similar, via standard identifications. [

c(siyh) = ¢

X %

We have as well the following result:
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PRrROPOSITION 7.7. At L = M = N we obtain the diagram
Oy Uy

On

consisting of the groups Oy, Uy, and their liberations.

Un

ProoOF. We recall that the various quantum groups in the statement are constructed
as follows, with the symbol x standing once again for “commutative” and “free”:

C03) = % ((wi)igmrn
cy) = €5 <(Uij)i,j=1,...,N

On the other hand, according to Proposition 7.2 and to Definition 7.5 above, we have
the following presentation results:

u=u,uu =uu= 1)

wet =uru =1, = vlu = 1)

C(O%ﬁ,) = C% ((uij)i,jzlmN‘u = @, uu’ = projection of trace N)

wu*, uu' = projections of trace N )

cuyy) = C; ((uz‘j)z‘,jzl,...,N

We use now the standard fact that if p = aa™ is a projection then ¢ = a*a is a
projection too. We use as well the following formulae:

Tr(uu®) = Tr(u'a)
Tr(uu') = Tr(u*u)
We therefore obtain the following formulae:
coNx) = C ((uij)i,j:17,_,,N)u = u, uu',u'u = projections of trace N>
C(U]]\,V]\X,) = C% ((uij)i,jzle)uu*,u*u, wu', u'tu = projections of trace N)
Now observe that, in tensor product notation, and by using the normalized trace, the
conditions at right are all of the form:
(tr®idp=1
To be more precise, p is a follows, for the above conditions:
p = wu*, vtu, aut, vl
We therefore obtain, for any faithful state :
(tr @ e)(1-p) =0
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It follows from this that the following projections must be all equal to the identity:
p = wu*, utu, wut, vt
But this leads to the conclusion in the statement. U

Regarding now the homogeneous space structure of OffN, U ]%V, the situation here is

more complicated in the free case than in the classical case, due to a number of reasons,
of both algebraic and analytic nature.

We have the following result:

PROPOSITION 7.8. The spaces UALﬁV have the following properties:

(1) We have an action U, x Uy ~ UL, given by:

Ui; — E Ugt O Ag; @ b;‘j
kl

(2) We have a map Uy, x US — Uiy, given by:

Wjj — Z Ari X biy

r<L
Stmilar results hold for the spaces Of/[XN, with all the x exponents removed.
PrROOF. In the classical case, consider the action and quotient maps:

Uy X Uy ~ Ul

Uy x Uy — Ul
The transposes of these two maps are as follows, where J = (§ §):

¢ — ((U,AB) = ¢(AUB"))
¢ = (4, B) = ¢(AJB"))

But with ¢ = u;; we obtain precisely the formulae in the statement. The proof in the
orthogonal case is similar. Regarding now the free case, the proof goes as follows:

(1) Assuming uu*u = u, let us set:

Uij = Z Ukl X Qei X bzk]
kl
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We have then:

ur);; = Z Z U Uy Ust @ iUy Qsg & b, brpby

pq klmnst
* k
= Z Ukt Uy Ut & Ay @ btj
klmt
*
= E Ukt @ ag; @ by
kt
= Uy
Also, assuming that we have . u;uj; = L, we obtain:
* * * *
Y UsU; = D> ugul ® agal, ® biby
ij ij klst
== E ukluzl X 1 &® 1
kl
= L

(2) Assuming vu*u = u, let us set:
‘/%j = Z ari ® b:]
r<L
We have then:
(VV*V),, = Z Z Uil Qzq @ Uy ,bypb7L

pq z,y,2<L

= Zaa:i & sz

<L

= V j
Also, assuming that we have . u;uj; = L, we obtain:

Z‘/;‘]‘/Z; Z Z ama ® b*
ij

ij r,s<L

o
I<L
= L

By removing all the % exponents, we obtain as well the orthogonal results.
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Let us examine now the relation between the above maps. In the classical case, given
a quotient space X = G/H, the associated action and quotient maps are given by:

a:XxG—X : (Hg,h)— Hgh
p:G—=X : g— Hyg

Thus we have a(p(g), h) = p(gh). In our context, a similar result holds:
THEOREM 7.9. With G = Gy x Gy and X = G%,y, where Gy = 0%, UX, we have

G x G s G
pxid P
X x G = X

where a,p are the action map and the map constructed in Proposition 7.8.

PROOF. At the level of the associated algebras of functions, we must prove that the
following diagram commutes, where ®, o are morphisms of algebras induced by a, p:

P

C(X) C(X xG)
« a®id
C(G) 2 C(G % G)

When going right, and then down, the composition is as follows:

(a@id)(uy) = (a@id)D un® ay @b},
kl

= > ) 0 @b ®a @b,

kl r<L

On the other hand, when going down, and then right, the composition is as follows,
where Fys is the flip between the second and the third components:

A?T(Uij) = FQg(A & A) Z Ari & bi]

r<L

= Iy (Z Z arp @ ap; @ by @ b}’})

r<L kl

Thus the above diagram commutes indeed, and this gives the result. U
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7c. Discrete extensions

Let us discuss now some extensions of the above constructions. We will be mostly
interested in the quantum reflection groups, but let us first discuss, with full details, the
case of the quantum groups Sy, Sy. The starting point is the semigroup Sy of partial
permutations. This is a quite familiar object in combinatorics, defined as follows:

DEFINITION 7.10. Sy is the semigroup of partial permutations of {1 ..., N},
Sy = {U:X:Y‘X,YC {1,...,N}}
with the usual composition operation, o'c : o= 1 (X' NY) = o' (X' NY).

Observe that Sy is not simplifiable, because the null permutation hes ~, having the
empty set as domain/range, satisfies )o = o) = (), for any o € Sy. Observe also that Sy
has a “subinverse” map, sending o : X — Y to its usual inverse 0= : Y ~ X,

A first interesting result about this semigroup S ~, which shows that we are dealing
here with some non-trivial combinatorics, is as follows:

PROPOSITION 7.11. The number of partial permutations is given by

N 2
~ N
[Swl= K ( k)
k=0
that is, 1,2,7,34,209, ..., and with N — oo we have:

S = N!\/GXP(4\/N —1)

47r\/ﬁ

ProOOF. The first assertion is clear, because in order to construct a partial permutation
o : X — Y we must choose an integer k = |X| = |Y|, then we must pick two subsets
X,Y C {1,..., N} having cardinality k, and there are (],Z ) choices for each, and finally we
must construct a bijection o : X — Y, and there are k! choices here. As for the estimate,
which is non-trivial, this is however something standard, and well-known. U

Another result, which is trivial, but quite fundamental, is as follows:
PROPOSITION 7.12. We have a semigroup embedding u : Sy C Mny(0,1), defined by
1 ifo(j)=1
uij(o) = ( ).
0 otherwise

whose image are the matrices having at most one nonzero entry, on each row and column.

PROOF. This is trivial from definitions, with u : Sy € My/(0,1) extending the stan-
dard embedding u : Sy C Mx(0,1), that we have been heavily using, so far. O
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Let us discuss now the construction and main properties of the quantum semigroup
of quantum partial permutations Sy, in analogy with the above. For this purpose, let us
go back to the embedding u : Sy C My(0,1) in Proposition 7.12.

Due to the formula u;j(0) = ;0(j), the matrix u = (u;;) is “submagic”, in the sense
that its entries are projections, which are pairwise orthogonal on each row and column.
This suggests the following definition, given in [31]:

DEFINITION 7.13. C(gﬁ) is the universal C*-algebra generated by the entries of a
N x N submagic matriz u, with comultiplication and counit maps given by

Aluy) = Z Uik @ Up;
k

e(uij) = 0
where submagic means formed of projections, which are pairwise orthogonal on rows and
columns. We call S}, semigroup of quantum partial permutations of {1,...,N}.

Here the fact that the morphisms of algebras A, ¢ as above exist indeed follows from the
universality property of C'(Sy), with the needed submagic checks being nearly identical
to the magic checks for C'(S5;), from chapter 2 above.

Observe that the morphisms A, ¢ satisfy the usual axioms for a comultiplication and
antipode, namely:
(A ®id)A = (id®@ A)A
(e®id)A = (id®e)A =id
Thus, we have a bialgebra structure of 0(5;), which tells us that the underlying
noncommutative space S]J(, is a compact quantum semigroup. This semigroup is of quite
special type, because C'(S5) has as well a subantipode map, defined by:

S(uij) = ugq

To be more precise here, this map exists because the transpose of a submagic matrix
is submagic too. As for the subantipode axiom satisfied by it, this is as follows, where
m) is the triple multiplication, and A® is the double comultiplication:

m® (S ®id® S)A® = §
Observe also that A, e, S restrict to C (§ ~n), and correspond there, via Gelfand duality,

to the usual multiplication, unit element, and subinversion map of S N-

As a conclusion to this discussion, the basic properties of the quantum semigroup 5;5
that we constructed in Definition 7.13 can be summarized as follows:
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PROPOSITION 7.14. We have maps as follows

C(5%) — C(sy) Sy o 5%
i 4 : U U
O(gN) — C(SN) §N o Sy

with the bialgebras at left corresponding to the quantum semigroups at right.

PRroOOF. This is clear from the above discussion, and from the well-known fact that
projections which sum up to 1 are pairwise orthogonal. See [31]. Il

As a first example, we have S =25, AtN =2 now, recall that the algebra generated
by two free projections p,q is isomorphic to the group algebra of D, = Zg x Zs. We
denote by € : C*(Dy) — C1 the counit map, given by the following formulae:

e(l)=1
e(...pgpq...) =0
With these conventions, we have the following result, from [31]:

PROPOSITION 7.15. We have an isomorphism

O(55) = {(2.9) € C*(Dx) & C* (D) |o(@) = £() |

which 1s given by the formula
_(p0 O0®r
““lows q®0

where p,q and r,s are the standard generators of the two copies of C*(Dy).
Proor. Consider an arbitrary 2 x 2 matrix formed by projections:
" (P R)
S Q
This matrix is submagic when the following conditions are satisfied:

PR=PS=QR=QS=0

But these conditions mean that the non-unital algebras X =< P,@Q > and Y =<
R, S > must commute, and must satisfy zy = 0, for any v € X,y € Y.

Thus, if we denote by Z the universal non-unital algebra generated by two projections,
we have an isomorphism as follows:

CSH~ClezZae Z
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Now since C*(Dy) = C1 & Z, we obtain an isomorphism as follows:
C(Sy) ~ {()\+a,)\+b) AeC,abe Z}
Thus, we are led to the conclusion in the statement. See [31]. u

Summarizing, the semigroups of partial permutations Sy have non-trivial liberations,
a bit like the permutation groups Sy used to have non-trivial liberations, and this starting
from N = 2 already, in the semigroup case.

In order to reach now to homogeneous spaces, in the spirit of the partial isometry
spaces discussed before, we can use the following simple observation:

PROPOSITION 7.16. Any partial permutation o : X ~Y can be factorized as

X z Y

{1k ——— {1, k)

with «, B,y € Sk being certain non-unique permutations, where k = k(o).
PROOF. Since we have |X| = |Y| = k, we can pick two bijections, as follows:
X ~A{1,... .k}
{1,... )k} ~Y

We can complete then these bijections up to permutations v, a € Sy. The remaining
permutation § € Sy is then uniquely determined by the following formula:

o= afy
Thus, we are led to the conclusion in the statement. U

With a bit more work, this leads to homogeneous spaces, in the spirit of the partial
isometry spaces discussed before.

To be more precise, we have the following notion:
DEFINITION 7.17. Associated to any partial permutation,
o:1~J
with I C {1,...,N} and J C {1,..., M}, is the real/complex partial isometry

jeJ)

1€ ]> — span <ej

T, : span (ei

giwen on the standard basis elements by T, (e;) = €q()-
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We denote by SI, 5 the set of partial permutations o : I ~ J as above, with range
I'c{l,...,N} and target J C {1,..., M}, and with:

L=|I=|J]
In analogy with the decomposition result Hy, = Z; ! Sy, we have:
PROPOSITION 7.18. The space of partial permutations signed by elements of Zs,
Hf\fN = {T(ei) = Wiey()|0 € S@N,wi € ZS}
1s 1somorphic to the quotient space
(Hjp x Hy)/(HE x Hy_p x HY 1)
via a standard isomorphism.

Proor. This follows by adapting the computations in the proof of Proposition 7.3
above. Indeed, we have an action map as follows, which is transitive:

HS, x H3, — Hik,

(A, B)U = AUB*

Consider now the following point:

10
7= (0 1)
The stabilizer of this point follows to be the following group:
Hp < Hy < Hy

To be more precise, this group is embedded via:

z 0 x 0
(IR
But this gives the result. U

In the free case now, the idea is similar, by using inspiration from the construction of
the quantum group Hy' = Zg 1. Sy in [13]. The result here is as follows:

PROPOSITION 7.19. The compact quantum space Hj/ff\} associated to the algebra
C(H]S\ff\}) = C(UAL[}V)/ <uiju;kj = Uj;uij = pij = projections, u;; = pij>

has an action map, and is the target of a quotient map, as in Theorem 7.9 above.
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Proor. We must show that if the variables u;; satisfy the relations in the statement,
then these relations are satisfied as well for the following variables:

Uij = Z Ug Q A K b;j
kl

‘/;'j = Zari ® b:j

r<L
We use the fact that the standard coordinates a;;, b;; on the quantum groups Hj/, Hy'

satisfy the following relations, for any x # y on the same row or column of a, b:

xy=zy =0

We obtain, by using these relations:

UijUij = UkiUpn, ® AR Qi &® bljbmj

klmn

* * *
kl

We have as well the following formula:

VgV = Y anai @ b

rt<L

* *
- E amam ® bT‘] b’f‘]

r<L

Consider now the following projections:

*
xij = aijaij
*
Yij = bijbij
- *
pij = uijuij
In terms of these projections, we have:

Ui U = Zpkl & T Q Yij
Kl

VijVij = Z%i @ Yrj
r<L
By repeating the computation, we conclude that these elements are projections. Also,
a similar computation shows that Uj;U;;, V;7Vi; are given by the same formulae.
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Finally, once again by using the relations of type xy = xy* = 0, we have:

s _ E: * *
Uij = uklll...uksls®akli...aksi®bl1j...blsj

krly

= Z up ® ag; ® (b;)°
We have as well the following formula:

s __ * *
Vij - Z Apyi - Qrgi & bru bra]

Thus the conditions of type uj; = p;; are satisfied as well, and we are done. O
Let us discuss now the general case. We have the following result:

ProrosiTiON 7.20. The vam'ous spaces G\ constructed so far appear by imposing

to the standard coordinates of Uyyy the relations
€s __ Vo
Z Z 5 74131"'uisjs—L‘ |
i1.0ls J1-0-s
with s = (eq, ..., es) ranging over all the colored integers, and with w,0 € D(0, s).

PROOF. According to the various constructions above, the relations defining G%, ; can
be written as follows, with ¢ ranging over a family of generators, with no upper legs, of
the corresponding category of partitions D:

Z 5 1131 o fssjs = 5U(i)
Jl ]9
We therefore obtain the relations in the statement, as follows:

€s . ea
2:2:5 lel U, = 2:6 2:5 z1j1" U,

0105 J1--Js 11...0s J1---Js

= Z 6 (1)05 (1)

11...0s

_ LITI’\/O’|

As for the converse, this follows by using the relations in the statement, by keeping 7
fixed, and by making o vary over all the partitions in the category. U

In the general case now, where G = (Gy) is an arbitary uniform easy quantum group,
we can construct spaces G,y by using the above relations, and we have:
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THEOREM 7.21. The spaces G& 5 C ULJr constructed by imposing the relations
€s Vo
> D G0 ()uil, - uizy, = L
1105 J1---Js

with 7,0 ranging over all the partitions in the associated category, having no upper legs,
are subject to an action map/quotient map diagram, as in Theorem 7.9.

PRrROOF. We proceed as in the proof of Proposition 7.8. We must prove that, if the
variables w;; satisfy the relations in the statement, then so do the following variables:

UU = Z U X Ay K b;j
kl

Vii=> a,; @b

r<L
Regarding the variables Uij, the computation here goes as follows:

Z Z 5 Ulellh' Ulessjs

i1...0s J1---Js

= 2D D D Ui, @000, (7)aky, g, @ (b, B

Zl 'Lle js kl kgll lg

_ es __ r|mVvol
= DD k) (Dugly, - uiy, = L

k.oks L1l
For the variables V;; the proof is similar, as follows:

SN a8V, -V,

11.ls J1e--Js

- Z Z Z 5 alm" (blesjs blelljl)*

01005 J1.-Js U1, ls <L

= ) 6:(1)6,(1) = LI™v

Ly, ls<L

Thus we have constructed an action map, and a quotient map, as in Proposition 7.8
above, and the commutation of the diagram in Theorem 7.9 is then trivial. U

7d. Integration theory
Let us discuss now the integration over G%;5. We have:
DEFINITION 7.22. The integration functional of G%;y is the composition
/ L O(GE ) = C(Gar X Gy) — C
a

L
MN

of the representation u;; — ZKL Ari ® bjj with the Haar functional of Gy X Gy .
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Observe that in the case L = M = N we obtain the integration over G. Also, at
L=M=1,orat L =N =1, we obtain the integration over the sphere. In the general
case now, we first have the following result:

PROPOSITION 7.23. The integration functional of G has the invariance property

(/G ®z’d><1>(x):/G .

MN %\/IN
with respect to the coaction map:

(I)(UZJ> = Z Ukl X Qi X b?}
kl

PrRoOOF. We restrict the attention to the orthogonal case, the proof in the unitary case
being similar. We must check the following formula:

/ (024 Zd @(Uiljl ce uisjs) = / uiljl e u,;sjs
GLMN GL

MN

Let us compute the left term. This is given by:

. >k >k
X = (/ X Zd> E Ukqly - - - Ukgl, 0% Alriq + - - Agig X blljl - 04,
Glrn

kals
_ . . * * >k *k
e E E aklzl ...akszs ®bl1]1 bls]s/ arlkl ...a/»f-sks/ Tlll ”'brsls
kaly e <L Gm GnN
_ k k * >k
= E E a“klil .« e aksis / arlkl e arsks ® E blljl “ e blsjs / Tlll e br.sls
o<l ky G Lo G

By using now the invariance property of the Haar functionals of G/, Gy, we obtain:

X = Z (/GM® id) A(aryiy - Grgiy) ® (/GN® id) Ay, - 07)

re<L
>k *

= E / alrlil e arsis / lejl .. b"'sjs

re<L Gm Gn
_ . i >k *
= (/ ®/ ) E Apiy - Qg @Oy 5o UL

Gm GN/ <L
But this gives the formula in the statement, and we are done. O

We will prove now that the above functional is in fact the unique positive unital
invariant trace on C(G%, ). For this purpose, we will need the Weingarten formula:
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THEOREM 7.24. We have the Weingarten type formula
/ Wirjy - Wigjy = Z L™768,(3)6, () Wept (7, 0)Wen (1, 1)
G%\/[N ToOTV
where the matrices on the right are given by Wy = Gs_]\}, with Gy (7, 0) = MI™Vel,

ProOF. We make use of the usual quantum group Weingarten formula, for which we
refer to [21], [33]. By using this formula for G,;, G, we obtain:

/L Wiy gy - - Uiy
G

MN

o E * *
— / a’llZl . 57/.9 / bl1j1 te blsjs
Gum GnNn

11..1s<L

= Z Z(S SMWUZ(S Win (T, V)

11...l1s<L 7wo

= Z( Z (Sﬂ(l)éT(l)) 5g(i)5u<j)WsM<7T70>WsN(T7V)

motv \ly...1s<L

The coefficient being LI™7!, we obtain the formula in the statement. U

We can now derive an abstract characterization of the integration, as follows:
THEOREM 7.25. The integration of G%,\ is the unique positive unital trace
C(GEy) = C
which is invariant under the action of the quantum group Gy X Gy.

PROOF. We use a standard method, from [28], [32], the point being to show that we
have the following ergodicity formula:

(z‘d@/GM@@/GN) @(x):/%mx

We restrict the attention to the orthogonal case, the proof in the unitary case being
similar. We must verify that the following holds:

<Zd (29 / / ) u“]l . ulsjs) / uiljl RN uisjs
Gy GnN GL

MN
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By using the Weingarten formula, the left term can be written as follows:

* %
X = E E Uk 14 "'uksls/ Akqdq ...ak,sis/ bl1j1 "'blsjs
Gu Gn

ki..ksly...ls

= E E uklll . uk ls E 5 U sM T, O’ E 5 sN(T V)
ki...ksly...ls

= E 5 sM(7T O' sN T, V E E (5 uklll. Ukl
ToOTV ki..ksly...1ls

By using now the summation formula in Theorem 7.21, we obtain:

X = Z Ll’TVT‘é (W (m, 0)Wen (T, V)

ToOTV

Now by comparing with the Weingarten formula for G%,,, this proves our claim.

Assume now that 7 : C(G%, ) — C satisfies the invariance condition. We have:

(e f,of ) = (e[ o] ot
_ (LM®LN)<T®¢d)@(x)
_ T(({C;M@/GN) (r(2)1)

On the other hand, according to the formula established above, we have as well:

. (z‘d@ /G K /G ) o) = r(tr())

= tr(x)
Thus we obtain 7 = tr, and this finishes the proof.
As a main application, we have:

PROPOSITION 7.26. For a sum of coordinates

which do not overlap on rows and columns we have

/ XSE _ Z K\WVT\L|U\/V|WSM(7T7 O')WSN(T, V)
G

L
MN TOTV

where K = |E| is the cardinality of the indezing set.
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Proor. With K = |E|, we can write F = {(a(i), 5(7))}, for certain embeddings:
a:{l,....,K}c{l,...,.M}
p:A{1,...,K}c{l,...,N}

In terms of these maps «, §, the moment in the statement is given by:
S
= [ ()
Gun i<K
By using the Weingarten formula, we can write this quantity as follows:

M,

- /G D Malinstn) - Ualinst)

MN 41...is<K

= > > LYs(alin),. .., alis)d(B(i), .. ., Blis)) W (7, 0) Wen (7, 1)

i1...is<K moTv

Z( > bl ) LW (7, 0) Wy (1, )

ToTV \i1...1s <K
But, as explained before, the coefficient on the left in the last formula is:
C = K|7TVT|
We therefore obtain the formula in the statement. O

We can further advance in the classical /twisted and free cases, where the Weingarten
theory for the corresponding quantum groups is available from [13], [21], [21], [33]:

THEOREM 7.27. In the context of the liberation operations
Oy — Oxiix
Unin — Usi
Hypy — Hyfy

the laws of the sums of non-overlapping coordinates,

XE = Z (2%}

(ij)eF
are 1n Bercovici-Pata bijection, in the
|E| = kN,L =AN,M = uN

regime and N — oo limit.
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PROOF. We use the general theory in [13], [21], [21], [33]. According to Proposition
7.26, in terms of K = |E/|, the moments of the variables in the statement are given by:

]\4S _ Z K|7FVT|L‘O’\/V‘WSM(7T7 U)WSN(T7 l/)

We use now two standard facts, namely:

(1) The fact that in the N — oo limit the Weingarten matrix Wy is concentrated on

the diagonal.
(2) The fact that we have an inequality as follows, with equality precisely when © = o
rvol < [Tt
- 2

For details on all this, we refer to [21].

Let us discuss now what happens in the regime from the statement, namely:
K=kN,L=AN,M =uN,N —

In this regime, we obtain:

M, ~ Z ol aany il Vel

T

~ Z K7 I =1l =l

S0

K

In order to interpret this formula, we use general theory from [13], [21], [21]:

(1) For Gy = Oy, On/O%;, the above variables x g follow to be asymptotically Gauss-
ian/semicircular, of parameter "‘7’\, and hence in Bercovici-Pata bijection.

(2) For Gy = Uy,Uyx/Uj the situation is similar, with xp being asymptotically
complex Gaussian/circular, of parameter ’%, and in Bercovici-Pata bijection.

(3) Finally, for Gy = Hy/HY', the variables x g are asymptotically Bessel/free Bessel
of parameter ’L—)‘, and once again in Bercovici-Pata bijection. U

The convergence in the above result is of course in moments, and we do not know
whether some stronger convergence results can be formulated. Nor do we know whether
one can use linear combinations of coordinates which are more general than the sums yg
that we consider. These are interesting questions, that we would like to raise here.

Also, there are several possible extensions of the above result, for instance by using
quantum reflection groups instead of unitary quantum groups, and by using twisting
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operations as well. We refer here to [8], and to [32] as well, for a number of supplementary

results, which can be obtained by using the stronger formalism there.

Te. Exercises

Things have been quite advanced in this chapter, and our exercises will mostly focus
on details and examples, in relation with the above. First, we have:

EXERCISE 7.28. Work out, with full details, the particular cases of the diagram

L+ L+
OMN UMN

Olrn Ulin
at L=M=1and at L= N =1.

This is something that we talked about in the above, but without full details. The
problem now is that of doing the complete work here, with full details.

Along the same lines, but at a more advanced level, we have:

EXERCISE 7.29. Work out, with full details, the particular cases of the diagram

L+ L+
OMN UMN

at L =M and at L = N.
Normally we should obtain here the row spaces from chapter 6 above. The problem
is that of working out all this, with full details.
At an even more advanced level now, we have:
EXERCISE 7.30. Work out, with full details, the particular cases of the spaces
Gl C Giiy

at L =M and at L = N, for all the basic easy groups.
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As before, we should get row spaces here, and all this needs a complete proof.

We have seen in this chapter that the spaces St and Sfjg\, appear as components of

the semigroups of partial permutations Sy and S%. In view of this, the problem now is
that of developing a similar theory in the continuous case, and we have here:

EXERCISE 7.31. Develop a theory of semigroups and quantum semigroups

Oy Uy

On Uy

and explain the relation with the spaces constructed in this chapter.

Things are actually quite tricky here, in relation with the semigroup structure in the
free case. Thus, the exercise asks to develop what can be indeed be developed.

In the same spirit, we have the following exercise, which is our last one on these
algebraic topics, dealing with the quantum reflection group case:

EXERCISE 7.32. Develop a theory of semigroups and quantum semigroups

H; Ky

Hy Ky

and explain the relation with the spaces constructed in this chapter.

Here the solution can be found either directly, or by generalizing first to the case of
H3,, HyE what we know about Sy, S¥, and then particularizing at s = 2, 0.

In relation now with analytic aspects, we have the following exercise:

EXERCISE 7.33. Work out the main particular cases of the probability computation for
the sums of non-overlapping coordinates

as to recover most of the asymptotic results obtained so far in this book.

There is quite some work to be done here, notably in re-reading the present book.



CHAPTER 8

Higher manifolds

8a. Affine spaces

We discuss in this section an abstract extension of the constructions of quantum
algebraic manifolds that we have so far. The idea will be that of looking at certain classes
of algebraic manifolds X C Sg +1, which are homogeneous spaces, of a special type.

Following [10], let us formulate the following definition:

DEFINITION 8.1. An affine homogeneous space over a closed subgroup G C Uy, is a
closed subset X C SN.', such that there exists an index set I C {1,..., N} such that

CH+
mi 7
-
(I)(QTZ) = Zflfj ®U,ji
J

define morphisms of C*-algebras, satisfying:

(id@L)@:/Ga(.)l

Observe that Uy — S(]C\{jrl is indeed affine in this sense, with I = {1}. Also, the

1/4/|I| constant appearing above is the correct one, because:

¥ (Su) (Su) - X u

i jeI kel i jkel

= ) (uw)u

j,kel

= |1
As a first general result about such spaces, we have:

THEOREM 8.2. Consider an affine homogeneous space X, as above.
(1) The coaction condition (P ® id)® = (id ® A)® is satisfied.
(2) We have as well the formula (o ® id)® = Aa.
177
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PROOF. The coaction condition is clear. For the second formula, we first have:

(a@id)b(z;) = 3 alw) @ uy

k

= \/|TZZ Ujr & Ui

Jel

On the other hand, we have as well:

Aa(z;) = ZA w;i)

Thus, by linearity, multiplicativity and continuity, we obtain the result. O

Summarizing, the terminology in Definition 8.1 is justified, in the sense that what we
have there are indeed certain homogeneous spaces, of very special, “affine” type. As a
second result regarding such spaces, which closes the discussion in the case where « is
injective, which is something that happens in many cases, we have:

THEOREM 8.3. When « s injective we must have X = ngiln, where:

C(XgT) <¢|7§} wji|i = ,...,N>CC(G)

Moreover, Xmm is affine homogeneous, for any G C Uy, and any I C {1,...,N}.

PROOF. The first assertion is clear from definitions. Regarding now the second asser-
tion, consider the variables in the statement:

Z u;; € C(G
]EI
In order to prove that we have X7’ ain S(]CV 4, observe first that we have:

i g,kel

jkGI
=1
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We have as well the following computation:

1

i jkel

=1

1
A(X;) = ﬁzzuﬂg@uki

Thus we have a coaction map, given by ® = A. As for the ergodicity condition,
namely (id® [,)A = [,(.)1, this holds as well, by definition of the integration functional
Jo- O

Our purpose now will be to show that the affine homogeneous spaces appear as follows,
a bit in the same way as the discrete group algebras:

Xgrc X c Xgy
We make the standard convention that all the tensor exponents k£ are “colored inte-

gers”, that is, k = e;...e, with e; € {o, e}, with o corresponding to the usual variables,
and with e corresponding to their adjoints. With this convention, we have:

PROPOSITION 8.4. The ergodicity condition, namely

(id@/)(ﬁ:/a(.)l
e} e}
s equivalent to the condition

1 . .
110k — \/W Z Plllkyjljk y V/{Z, v711, . 7Zk

J1...gk€l

(Pz™")

where

By g = / Wiy - Ujps
G

el xek

and where ((’E@k)il.‘.ik =Ty Ty,
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PROOF. We have the following computation:

e

J1---Jk

= Z B i (‘r®k)j1--~jk

J1e--Jk

= (Pl@k)ulk

On the other hand, we have as well the following computation:

/Ga(mflle:) = ﬁ Z / ULy, ka

Ji--gk€l

= \/— E , 1 sl Tk
J1--Jk€l

But this gives the formula in the statement, and we are done. O

As a consequence, we have the following result:

THEOREM 8.5. We must have X C X&', as subsets of S(C , where:

C(Xmax) = C(S(]C\Cll)/ <(P$®k)lllk - 1 Uk ]k‘Vk’Vil’ o Zk>

]1 Jr€l

Moreover, XZ9" is affine homogeneous, for any G C Uy, and any I C {1,...,N}.

PROOF. Let us first prove that we have an action G ~ X77". We must show here
that the variables X; = > T @ uy; satisfy the defining relations for X&9". We have:

(PX®*)i i = Z Piyipints (X0

Il
— E . . E €1 ek €k
- le...’Lk,ll...lk ajjl .. ® u]lll oo ujklk
Il Ji--Jk

= €1 €k ®kpty
- Z Ly v Tjy ® (u P )]1---]k7ll---lk

Ji--Jk
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€1 €k

Since by Peter-Weyl the transpose of P, i, ;. i, = G Wiy - Wi

projection onto Fiz(u®*), we have u®* Pt = P!. We therefore obtain:

Rk _ el €k
(PX )ulk - E Pil-~~ik7j1-~~jkxj1 s Ly

J1-Jk

is the orthogonal

= \/— E Pll ks J1---Jk

J1.. g€l

Thus we have an action G ~ XX9*, and since this action is ergodic by Proposition

8.4, we have an affine homogeneous space, as claimed. U

We can now merge the results that we have, and we obtain:

THEOREM 8.6. Given a closed quantum subgroup G C Uy, and a set I C {1,..., N},
if we consider the following C*-subalgebra and the following quotient C*-algebra,

C(Xmm) = <\/|TZ Uji|

Jel

VWN>CQ®

C(Xmaa:) — C(Sgll)/ <(P£U®k)“zk — 1 TR TR Vk,Vil, .. Zk>

j1 Jr€l

then we have maps as follows,
G — X"”" C X7 C ngrl
the space G — X@9" is affine homogeneous, and any affine homogeneous space
G—X
appears as an intermediate space, as follows:
chXcme

Proor. This follows indeed from the results that we have, namely Theorem 8.3 and
Theorem 8.5 above. U

Summarizing, the situation is a bit similar to that of the full and reduced group
algebras, having intermediate objects between them.

We will need one more general result from [10], namely an extension of the Weingarten
integration formula [21], [49], [96], to the affine homogeneous space setting:
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THEOREM 8.7. Assuming that G — X is an affine homogeneous space, with index set
I {1,...,N}, the Haar integration functional [, = [, is given by

/ = Y K&, Win(m,0)
X

m,oeD
where {&;|m € D} is a basis of Fiz(u®*), Wiy = Gy with
GkN(ﬂ-v J) =< 57ra 50 >

1s the associated Weingarten matriz, and:

KI(TF): |1]|k Z <€7T>j1-~~jk

Jr-- g€l

PRrROOF. By using the Weingarten formula for the quantum group G, we have:

€1 €L —
X |

Ji--gk€l

- \/—| Z Z €7l' J1--Jk 50 21.. szkN<7T U>

J1... k€l mo€D

But this gives the formula in the statement, and we are done. U

Let us go back now to the “minimal vs maximal” discussion, in analogy with the group
algebras. Here is a natural example of an intermediate space X o c X C X2 N

THEOREM 8.8. Given a closed quantum subgroup G C Uy, and a set I C {1,..., N},
if we consider the following quotient algebra

C(Xmed) /<Z Ejrein sy - - jk = \/lljw Z Ejrovin

Ji--Jk Ji--Jr€l

Vk, V¢ € Fix(u®k)>

we obtain in this way an affine homogeneous space G — X¢ 1.

PrROOF. We know from Theorem 8.5 above that XZ9* C Sg jrl is constructed by
imposing to the standard coordinates the conditions Px®k = P!, where:

- er ek
P v v _/ujﬂl"'ujkik
G

I
le gdg Z1 ke J1e-Jk

]1 Jr€l
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According to the Weingarten integration formula for G, we have:

(Px@k)il---ik = Z Z (&r)jl---jk@il...ikWk‘N(Tr’U)x;l e m?:

Ji- jk m,o€D
I —
PLl ar Wk-N(ﬂ' U)
]1 JkEl ™ O'ED
Thus X2 C X249 and the other assertions are standard as well. 4

We can now put everything together, as follows:

THEOREM 8.9. Given a closed subgroup G C Uy, and a subset I C {1,..., N}, the
affine homogeneous spaces over G, with index set I, have the following properties:

(1) These are ezxactly the intermediate subspaces X””” C X C XZ9" on which G acts
affinely, with the action being ergodic.

(2) For the minimal and mazimal spaces Xmm and XZ9, as well as for the inter-
mediate space Xmed constructed above, these conditions are satisfied.

(3) By performing the GNS construction with respect to the Haar integration func-
tional fX fGa we obtain the minimal space Xmm

We agree to identify all these spaces, via the GNS construction, and denote them X 1.

Proor. This follows indeed by combining the various results and observations formu-
lated above. Once again, for full details on all these facts, we refer to [10]. 0

8b. Basic examples

Let us discuss now some basic examples of affine homogeneous spaces, namely those
coming from the classical groups, and those coming from the group duals. We will need
the following technical result:

PROPOSITION 8.10. Assuming that a closed subset X C Sg;l 15 affine homogeneous
over a classical group, G C Uy, then X itself must be classical, X C Sévfl.

PRrOOF. We use the well-known fact that, since the standard coordinates u;; € C(G)
commute, the corepresentation u°°*® = u®? ® @2 has the following fixed vector:

§:Z€i®€j®€i®€j
ij
With k = o o @@ and with this vector &, the ergodicity formula reads:

k%
i \% |

1,7€1
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By using this formula, along with ). ;27 = > . xfz; = 1, we obtain:

Z(:pixj — xj7;) (v — 27 7])

ij
= Exzx]xjxi TiTjT; L5 — TiTT5T; + TjTT; T
ij

= 1-1-1+1
= 0
We conclude that for any ¢, j we have:
[il:i, LC]'] =0
By using now this commutation relation, plus once again the relations defining S(]CV jrl,
we have as well:
* * * *
E (zi7} — ) (wj2] — 77 75)
ij
_ * * k% * * * *
= E .Ti.%jl‘jl’i — JIin$in — LL’jl’inl’i + xjxixixj
ij
= E T[T — BT X T — TTTT; + T
ij
1—-1-1+1
=0
Thus we have [z, 77] = 0 as well, and so X C SN as claimed. O

We can now formulate the result in the classical case, as follows:

THEOREM 8.11. In the classical case, G C Uy, there is only one affine homogeneous
space, for each index set I = {1,..., N}, namely the quotient space

X=G/(GnCL)
where CL, C Uy is the group of unitaries fiving the following vector:

fI = L (52'61)1'

VI

PrOOF. Consider an affine homogeneous space G — X. We already know from

Proposition 8.10 above that X is classical. We will first prove that we have X = X7,

and then we will prove that X’Gmln equals the quotient space in the statement.

(1) We use the well-known fact that the functional £ = (id ® [,)® is the projection
onto the fixed point algebra of the action, given by:

o) = {jecmeg) = fe1}
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Thus our ergodicity condition, namely E = [« o @(.)1, shows that we must have:
C(X)®?=Cl1

Since in the classical case the condition ®(f) = f®1 reads f(gz) = f(x) forany g € G
and x € X, we recover in this way the usual ergodicity condition, stating that whenever
a function f € C'(X) is constant on the orbits of the action, it must be constant.

Now observe that for an affine action, the orbits are closed. Thus an affine action
which is ergodic must be transitive, and we deduce from this that we have X = X7 o

(2) We know that the inclusion C'(X) C C(G) comes via:

Ty = 7
T

Thus, the quotient map p: G — X C S(JCV ~!is given by the following formula:

o= (5

In particular, the image of the unit matrix 1 € G is the following vector:

= (e )

1
= 516[
(v ] )
= f T
But this gives the result, and we are done. U
Let us discuss now the group dual case. Given a discrete group I' =< ¢1,..., g5 >,

we can consider the embedding I' C U}, given by u;; = d;;9;. We have then:

THEOREM 8.12. In the group dual case, G = T with T =< g1, ---,9N >, we have
X =T,
I'y=<glliel>CT
for any affine homogeneous space X, when identifying full and reduced group algebras.

PROOF. Assume indeed that we have an affine homogeneous space G — X. In terms
of the rescaled coordinates h; = \/|I|x;, our axioms for «, ® read:

a(h;) = dicrgi
O(h;) = hi ® g
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As for the ergodicity condition, this translates as follows:

(id@/) @(hel...hep):/a(hff...hfp)
a ,, G P

= (id@/) (hil . hf @ g5l gih) /5i1€1...5ip€[gfll...gf:
e a

< 1 ) )
(595‘11 glp 1h h — 591611 “gfg’l(s“ej...(szpej

— [91’11 - -gz': =1 = hfll ‘ hfﬁ = djer - -5ipef]
Now observe that from ¢,g] = g7g; = 1 we obtain in this way:

Thus the elements h; vanish for i ¢ I, and are unitaries for ¢ € I. We conclude that
we have X = A, where A =< h;|i € I > is the group generated by these unitaries.
In order to finish the proof, our claim is that for indices i, € I we have:
gitgip =1 = Rl .. =1

ip

Indeed, = comes from the ergodicity condition, as processed above, and <= comes
from the existence of the morphism «, which is given by a(h;) = g;, for i € I. O

Let us go back now to the general case, and discuss a number of further axiomatization
issues, based on the examples that we have. We will need the following result:

PROPOSITION 8.13. The closed subspace Ot C Uy defined via
C(CF) = CWR) [ {ugr = &)

where £ = ﬁ(&g)h is a compact quantum group.

ProoOF. We must check Woronowicz’s axioms, and the proof goes as follows:

(1) Let us set U;; = >, wir ® ugj. We have then:

Uli: Uw
(U&r) ﬁz
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Since the vector &; is by definition fixed by u, we obtain:

(U&= Zuz‘k®(§1)k

= Zuzk®1

kGI
= (Ufl)i
= (&)i®1

Thus we can define indeed a comultiplication map, by A(u;;) = Uj;.

(2) In order to construct the counit map, e(u;;) = d;;, we must prove that the identity
matrix 1 = (0;;);; satisfies 1£; = £;. But this is clear.

(3) In order to construct the antipode, S(u;) = uj;, we must prove that the adjoint
matrix u* = (u Jz)z] satisfies u*&; = &;. But this is clear from ué; = &;. O

Based on the computations that we have so far, we can formulate:

THEOREM 8.14. Given a closed quantum subgroup G C Uy, and a set I C {1,..., N},
we have a quotient map and an inclusion map as follows:

G/(GNCY) — X&T C XGT
These maps are both isomorphisms in the classical case. In general, they are both proper.

Proor. Consider the quantum group H = G N C’]I\[+, which is by definition such that
at the level of the corresponding algebras, we have:

C(H) = C(G) [ (ugs = &)
In order to construct a quotient map G/H — Xg“}”, we must check that the defining
relations for C(G/H) hold for the standard generators z; € C'(XZ"). But if we denote

by p: C(G) — C(H) the quotient map, then we have, as desired:

(id ® p)Az; = (id® p) (ﬁZ;ijumukj)
Zuz’k ® (&)k

In the classical case, Theorem 8.11 shows that both the maps in the statement are
isomorphisms. For the group duals, however, these maps are not isomorphisms, in general.
This follows indeed from Theorem 8.12, and from the general theory in [32]. U
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8c. Further examples
We discuss now a number of further examples. We will need:
PROPOSITION 8.15. Given a compact matriz quantum group G = (G, u), the pair
G'= (G, u")
where (u');; = wji, is a compact matriz quantum group as well.

PrROOF. The construction of the comultiplication is as follows, where Y is the flip
map:

Ay = (u)a @ (u')i
= At(uji) = Zuki X Ujik
k

— A=A

As for the corresponding counit and antipode, these can be simply taken to be (g, 5),
and the axioms are satisfied. U

We will need as well the following result, which is standard as well:

PROPOSITION 8.16. Given two closed subgroups G C Uy and H C Uj;, with fun-
damental corepresentations denoted u = (u;j) and v = (vg), their product is a closed
subgroup

G x HcUy,

with fundamental corepresentation wiq jp = Wij @ Vgp-

PROOF. Our claim is that the corresponding structural maps are:
Ala® ) = Ala)13A(8)2
ela® p) = e(a)e(p)
S(a® p) = S(a)S(B)
The verification for the comultiplication is as follows:
Awiage) = Auij)13A(vap)2a
= ) Ui ® Ve ® Uy @ Ve

ke

= E Wia, ke X Wke,jb

ke
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For the counit, we have:
e(wiag) = e(ui)e(van)
= 5ij5ab
= 5ia,jb
For the antipode, we have:

S(Wiage) = S(ui)S(vap)
G
= ()iVea)"

_ *
= Wjpiq

_ *
= Up U

We refer to Wang’s paper [93] for more details regarding this construction. O

Let us call a closed quantum subgroup G C Uy self-transpose when we have an
automorphism 7' : C(G) — C(G) given by T'(u;j) = wuj;. Observe that in the classical
case, this amounts in G' C Uy to be closed under the transposition operation g — g¢'.

With these notions in hand, let us go back to the affine homogeneous spaces. As a
first result here, any closed subgroup G C Uy, appears as an affine homogeneous space
over an appropriate quantum group, as follows:

THEOREM 8.17. Given a closed subgroup G C Uy;, we have an identification Xg}” ~

G, given at the level of standard coordinates by x;; = \/Lﬁuij, where:

(1) G = G' x G C Uy, with coordinates wiq jp = tj; @ Uqp.
(2) I C{1,...,N}? is the diagonal set, I = {(k,k)|[k =1,...,N}.

In the self-transpose case we can choose as well G = G x G, with Wiq j, = Uij @ Ugp.

PROOF. As a first observation, our closed subgroup G C Uy appears as an algebraic
submanifold of the free complex sphere on N? variables, as follows:

Gc Sy
1
vN

Let us construct now the affine homogeneous space structure. Our claim is that, with
G=G"xGand I ={(k,k)} as in the statement, the structural maps are:

a=A

Lij = Uij

d = (Y ®id)A®
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Indeed, in what regards o« = A, this is given by the following formula:
aluy) = ) un@uy
k
= Z Wk ij
k

Thus, by dividing by v/N, we obtain the usual affine homogeneous space formula:
1
i) = —7= > Wik
VHI
Regarding now ® = (X ® id)A®, the formula here is as follows:

D(u;) = (B®id) Z Uik & Upp @ Uy
Kl

= Z Ul & Ui & Uy
kl
= Z Ul Q W 45
kl
Thus, by dividing by v/N, we obtain the usual affine homogeneous space formula:
O(ziy) = Y T @ Whiyg
kl

The ergodicity condition being clear as well, this gives the first assertion.

Regarding now the second assertion, assume that we are in the self-transpose case,
and so that we have an automorphism 7" : C'(G) — C(G) given by T'(u;j) = wu;;.

With w;q jp = uij @ ugp, the modified map a = (7' ® id)A is then given by:

k
= Z Up; @ U
k
= Z Wkk,ij
k
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As for the modified map ® = (id ® T ® id)(3 ® id)A®, this is given by:

P(uy) = (id®T ®id) Z Upy @ g, @ Uy
i

= E Ul @ Upi & Uy

Kl
= g U Q Wi i5
kl

Thus we have the correct affine homogeneous space formulae, and once again the
ergodicity condition being clear as well, this gives the result. O

Let us discuss now the generalization of the above result, to the context of the spaces
introduced in [32]. We recall from there that we have the following construction:

DEFINITION 8.18. Given a closed subgroup G C Uy, and an integer M < N we set

C(Guy) = <u]

and we call row space of G the underlying quotient space G — Gy -

ie{l,...,M},je{l,...,N}>CC(G)

As a basic example here, at M = N we obtain G itself. Also, at M = 1 we obtain the
space whose coordinates are those on the first row of coordinates on G. See [32].

Given Gy C Uy and an integer M < N, we can consider the quantum group G, =
Gy NU;;, with the intersection taken inside U}, and with U;; C Uy given by:

u = diag(v, 1)
Observe that we have a quotient map C'(Gn) — C(Gur), given by u;; — vj;.

We have the following extension of Theorem 8.17:

THEOREM 8.19. Given a closed subgroup Gy C Uy, we have an identification ng}” ~
Gy, gwen at the level of standard coordinates by x;; = \/Lﬂuij, where:

(1) G = Gy x Gy C Uy, where Gy = GyNU,;, with coordinates wiq jp = wj; @ gy
(2) I c{l,...,M} x{1,...,N} is the diagonal set, I = {(k,k)|k=1,...,M}.
In the self-transpose case we can choose as well G = Gy X Gy, with Wiq jp = Uij @ Vgp-

Proor. We will prove that the space X = Gy, with coordinates z;; = \/Lﬂuij,

coincides with the space X g‘}" constructed in the statement, with its standard coordinates.
For this purpose, consider the following composition of morphisms, where in the middle
we have the comultiplication, and at left and right we have the canonical maps:

C(X) C C(Gy) = C(Gy) ® C(Gy) = C(Grr) ® C(Gy)
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The standard coordinates are then mapped as follows:

Tij = =i

Thus we obtain the standard coordinates on the space Xg?}", as claimed. Finally, the

last assertion is standard as well, by suitably modifying the above morphism. U
8d. Integration results

Let us discuss now the liberation operation, in the context of the affine homogeneous
spaces, and probabilistic aspects. In the easy case, we have the following result:

PROPOSITION 8.20. When G C Uy is easy, coming from a category of partitions D,
the space Xg,1 C ngrl appears by imposing the relations

> Oaliy . ig)aft L ak = [I|TTR2 kY € D(k)
i1...0%

where D(k) = D(0,k), and where |.| denotes the number of blocks.

PROOF. We know by easiness that Fixz(u®*) is spanned by the vectors &, = T}, with
7 € D(k). But these latter vectors are given by:

g Or (i1 .. ik)e;, @ ... Qe

$1...0)

We deduce that X¢g r C Sg jrl appears by imposing the following relations:

S Galin . ig)alt . alt = \/7 > 6x(jr--Gk), Yk Vr € D(k)

110k Ji.-gk€l

Now since the sum on the right equals |I|I™!, this gives the result. O

More generally now, in view of the examples given above, making the link with [32],
it is interesting to work out what happens when G is a product of easy quantum groups,
and the index set [ appears as [ = {(c,...,c)|c € J}, for a certain set J.

The result here, in its most general form, is as follows:
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THEOREM 8.21. For a product of easy quantum groups
G=GY x...xGY
and with the index set used in the above being as follows
I={(c,...,0)|ce J}
the space Xq, 1 C Sé\fjrl appears by imposing the relations
D On(iy . dg)agt g = ||k
i1
for any k € N and any partition of the following type
m € DW(k) x ... x DO ()
where D) C P is the category of partitions associated to GE\CZ C U;\;T, and where the

partition
mV...Vrs € P(k)

1s the one obtained by superposing m, ..., Ts.
PROOF. Since we are in a direct product situation, G = Gﬁ\l,f X ... X GS\S}z, the general

theory in [93] applies, and shows that a basis for Fiz(u®*) is provided by the vectors
Pr=Ern ® ... ® &, associated to the following partitions:

7= (m,...,m) € DY(k) x ... x D¥(k)

We conclude that the space Xq 1 C Sg jrl appears by imposing the following relations
to the standard coordinates:

1
Z Or iy i)y .k = Z 6x(j1-..jr), Yk, ¥m € DW(k) x ... x D¥(k)

Q1...0p \% ‘I’k J1...gk€l

Since the conditions ji,...,5x € I read j1 = (I,..., 1), ..., Jjx = (I, ..., 1), for
certain elements [y, ...l € J, the sums on the right are given by:

S Sxlregk) = D Ol il s L)

Ji-Jr€l ly..0p€J
= > nlle ) b (L )
l1...lx€J
= Z 67r1V...V7r5 (ll R lk)
l1...lxeJ
Now since the sum on the right equals |.J|/"1VV7s| this gives the result. O

Finally, let us discuss probabilistic aspects. Following [10], we first have:
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PROPOSITION 8.22. The moments of the variable xo =), x;. ; are given by

foestn_ 5 )

7€DM (k)N...nDG) (k)
in the N; — oo limit, Vi, where M = |I|, and N = Ny ... Nj.

PRrROOF. We have the following formula:
1
ﬂ-(xllla) = T = u’ilc ® L ® uisc
>

For the variable in the statement, we therefore obtain:

ZZulC@ ®uic

Now by raising to the power k and 1ntegrat1ng, we obtain:

/ Xt = / WUjiey - Wigep, + v+ v - / Ujyep - - - Ugpey,
X (1) G(s)

7,1 Ap<T cy...ck€J

- \/_ Z Z 5”1 ‘71 ) (7?17 01) s 57F5 (Z‘)éds (C)WIS\;S (71'5, Us)

ic o

B \/Mk > imvevm eVl () 0y) L W (T, 0)

We use now the standard fact that the Weingarten functions are concentrated on the
diagonal. Thus in the limit we must have m; = o; for any 7, and we obtain:

1 _
ko |V Vas| g rlm Ve Vs ar—Im —|msl
X7 =~ [ M N ... N,
/X g Vv MF Zﬂ: !

e

1
~ > TrHME(N N
MF reDMN...ND()
1 3 (TM) =
ME reDMN...ND() N
But this gives the formula in the statement, and we are done. O

As a consequence, we have the following result:
THEOREM 8.23. In the context of a liberation operation for quantum groups
GW s O+

the laws of the variables /M xr are in Bercovici-Pata bijection, in the N; — oo limit.
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PROOF. Assume indeed that we have easy quantum groups G, ... G, with free
versions GWH, .. G+ At the level of the categories of partitions, we have:

(PPN NC) = (ﬂ D@) NNC
Since the intersection of Hom-spaces is the Hom-space for the generated quantum
group, we deduce that at the quantum group level, we have:

< GOt GO s=< GO . GO >t

Thus the result follows from Proposition 8.22, and from the Bercovici-Pata bijection
result for truncated characters for this latter liberation operation [33], [85]. O

As a last topic, let us discuss now the axiomatization of the affine homogeneous spaces,
as algebraic submanifolds of the free sphere S(]C\f jrl. We first have:

PROPOSITION 8.24. Any affine homogeneous space X1 C Sévjrl 15 algebraic, with

e 1 .
> Gk = N G VR VE € Fia(u®)

|]|k by...bp €1

010k
as defining relations. Moreover, we can use vectors & belonging to a basis of Fix(u®F).
Proor. This follows indeed from the various results above. O

In order to reach to a more categorical description of X¢ ;, the idea will be that of
using Frobenius duality. We use colored indices, and we denote by k — k the operation
on the colored indices which consists in reversing the index, and switching all the colors.
Also, we agree to identify the linear maps T : (CV)®* — (CM)®! with the corresponding
rectangular matrices T € My, nx(C), written T = (T}, 4,515 )-

With these conventions, the precise formulation of Frobenius duality that we will need
is as follows:

PROPOSITION 8.25. We have an isomorphism of complex vector spaces
T € Hom(u®", u®) +— ¢ € Fiz(u®™ ® u®F)
given by the following formulae:
Loy igrge = Sinoivgnoin
Civoivjroge = Lin.iy it

PRrOOF. This is a well-known result, which follows from the general theory in [99]. To
be more precise, given integers K, L € N, consider the following standard isomorphism,
which in matrix notation makes T'= (T7;) € My (C) correspond to £ = (£15):

T € L(C®K C®F) ¢ € c COTE
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Given now two arbitrary corepresentations v € Mk (C(G)) and w € M(C(G)), the
abstract Frobenius duality result established in [99] states that the above isomorphism
restricts into an isomorphism of vector spaces, as follows:

T € Hom(v,w) +— ¢ € Fiz(w ® 0)

In our case, we can apply this result with v = u®* and w = u®'. Since, according to
our conventions, we have o = u®*, this gives the isomorphism in the statement. O

With the above result in hand, we can enhance the construction of X¢ s, as follows:
THEOREM 8.26. Any affine homogeneous space XGI 1s algebraic, with
f Teye _
Z Z EL..Z’;Jl---jkal - "rz?ll (xﬂl - :L‘]:) \/|]|—k+l Z Z Tp,.. byser..ck
8180 J1---Jk bi..bjel cy...cp €1
for any k,1, and any T € Hom(u®*,u®'), as defining relations.

PRrOOF. We must prove that the relations in the statement are satisfied, over X¢ ;.
We know from Proposition 8.24 above, with & — [k, that the following relation holds:

Ielek l,fl _ 3
i1y g1 11 e e ’]|k+l by...bjck...c1
1107 J1.--Jk bi..b€l cy...c,€1
In terms of the matrix T3, 4, ;. i, = &ir...ivjs...;n from Proposition 8.25, we obtain:
§ E e el fx fi_
ﬂ1~~1101~~0k‘ri1 s Ly Ty Ty = ’]|k+l E , § : Tbl brsercp
118 J1---Jk bi..byel cy...cp€1

But this gives the formula in the statement, and we are done. U

The above results suggest the following notion:

DEFINITION 8.27. Given a submanifold X C S(]C\fjrl and a subset I C {1,...,N}, we
say that X s I-affine when C(X) is presented by relations of type

el er( 1 Teye
Z;l j;k Ty iy o g T3y - T, (le .. .xjk) \/|]|—k+l blzblg Cl%g Ty bycr..cn
with the operators T" belonging to certain linear spaces

F(k,1) C Myt nx(C)
which altogether form a tensor category F' = (F(k,1)).

Let us study the quantum isometry groups of the manifolds X C Sév 4 which are
I-affine. We have here the following result:
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PROPOSITION 8.28. For an I-affine manifold X C Sg’jrl we have
G C GY(X)
where G C Uy, is the Tannakian dual of the associated tensor category F'.

PROOF. We recall that the relations defining G*(X) are those expressing the vanishing
of the following quantitieS'

P(Xl, c. , E (7% E uzljl PN i;(r)j;(r) ® mjf .. 'xj;(r)
T

In the case of an [-affine manifold, the vanishing of these relations corresponds pre-
cisely to the Tannakian relations defining G C Uy, and so G C GT(X), as claimed. [

We have now all the needed ingredients, and we can prove:

THEOREM 8.29. Assuming that an algebraic manifold X C SN Uis I-affine, with
associated tensor category F, the following happen:

(1) We have an inclusion G C GT(X), where G is the Tannakian dual of F.
(2) X is an affine homogeneous space, X = X¢ 1, over this quantum group G.

PRrROOF. We have to construct the affine space morphisms «, ®, and the proof goes as
follows:

(1) Construction of a. We want to construct a morphism, as follows:

T

a:CX)=0G) @ z,— X =

We must therefore prove that we have:

Z Z Tu 47,01 ]kXel"‘Xiell(Xjfll' Xg{f) = \/|]|—k+l Z Z Tb1...bz,c1...ck

1197 J1.--Jk bi..bjel cy...cp€1

By replacing the variables X; by their above values, we want to prove that:

E E § § el € 1 * § { E '
1 SALJ1eJk Z11"1"‘uil1"l(uj181" ]ksk Tbl bryercp

1100 J1..Jg 1.1 €L 81,5, €] bi..bye€l cy...c, €I
Now observe that from the relation 7' € Hom(u®* u®') we obtain:
Z Z ﬂl-.-ilvjl---jku§11T1 e u’?llrl( _‘5‘1151 te ;c:sk)* = T’I‘l---T’l,Sl--.Sk
118y J1---Jk
Thus, by summing over indices r; € [ and s; € I, we obtain the desired formula.
(2) Construction of ®. We want to construct a morphism, as follows:
0:0X)=»CG)@CX) = Xi=) u;®,

J
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But this is precisely the coaction map constructed before.

(3) Proof of the ergodicity. The ergodicty condition is equivalent to a number of
Tannakian conditions, which are automatic in our case. U

The work in [29] suggests that the relevant category F' should appear in a more direct

way from X. Let us formulate:
DEFINITION 8.30. Given a submanifold X C S(]C\{:Ll and a subset I C {1,...,N}, we
let Fx 1(k,1) C M1 nx(C) be the linear space of linear maps T' such that

1
Z Z E1~~-i17j1~--jkxz€j Ce I‘Zl (xﬁ Ce I;c:)* = \/|]|—k+l Z Z Tb1-..bz,c1...ck

i1.040 J1k by..bi€l c1...cp€l

holds over X. We say that X is I-saturated when
Fx 1= (Fx.(k,1))
is a tensor category, and the collection of the above relations presents the algebra C(X).

Observe that any I-saturated manifold is automatically /-affine. The point is that the
results in [29] seem to suggest that the converse of this fact should hold, in the sense that
any [-affine manifold should be automatically I-saturated. Such a result would of course
substantially improve Theorem 8.29 above, and make it ready for applications.

We do not have a proof of this fact, but we would like to present now a few preliminary
observations on this subject. First of all, we have the following result:

PROPOSITION 8.31. The linear spaces Fx 1(k,1) C Myt n+(C) constructed above have
the following properties:

(1) They contain the units.
(2) They are stable by conjugation.
(3) They satisfy the Frobenius duality condition.

ProOF. All these assertions are elementary, as follows:
(1) Consider indeed the unit map. The associated relation is:

el €k (.61 Cr\* __
E R A G M|
1.0k

But this relation holds indeed, due to the defining relations for Sg :Ll.
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(2) We have indeed the following sequence of equivalences:

T € FX](Z,]{?)

f f
Aand Z Z J1---Jks01-401 j11 ..:Bj:(mfll...:l?f;)* \/W—k” Z Z c1...c,b1...by

21...%0 J1---Jk br...ii€l cy...c,€1

= DD Tl @l = YD Thibere
/‘[’k+l

i1...0 J1.--Jk by..bj€l cy...c,€1
— Te€ FXJ(I-C, l)

(3) We have indeed a correspondence T' € Fy r(k,l) +— & € Fx(0,1k), given by
the usual formulae for the Frobenius isomorphism. O

Based on the above result, we can now formulate our observations, as follows:
THEOREM 8.32. Given a closed subgroup G C Uy, and an index set I C {1,..., N},

~ - N-1
consider the corresponding affine homogeneous space X, C S¢ -

(1) X¢ 1 is I-saturated precisely when the collection of spaces
Fx 1= (Fx (k1))

18 stable under compositions, and under tensor products.
(2) We have Fx = F precisely when the relation

Z Z i gl 21]1 e 'Ll]l ng ]l) =
JreJi€l i1..9;
implies the relation

Z 511 74l 7,1]1 c ll]l é-]l i =

7,1 7,[
fOT any jl? s 7jl-
ProoF. With F(k,1) = Hom(u®* u®'), we have inclusions of vector spaces, as follows:
F(]{I, l) C FX’[(k’, l)

Moreover, the relations coming from the elements of the category formed by the spaces
F(k,l) present X¢ ;. Thus, the relations coming from the elements of Fx ; present X¢
as well. With this in hand, our assertions follow from Proposition 8.31:

(1) According to Proposition 8.31 (1) and (2) the unit and conjugation axioms are
satisfied, so the spaces F'x (k,[) form a tensor category precisely when the remaining ax-
ioms, namely the composition and the tensor product one, are satisfied. Now by assuming
that these two axioms are satisfied, X follows to be I-saturated, by the above observation.
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(2) Since we already have inclusions in one sense, the equality F'y; = F from the
statement means that we must have inclusions in the other sense, as follows:

Fy.1(k,1) C F(k,1)

By using now Proposition 8.31 (3), it is enough to discuss the case kK = 0. And here,
assuming that we have £ € Fy 1(0,1), the following condition must be satisfied:

Z giy.il%? 3 'xz?ll = Z éjlmjl
11...9] J1...i€l
By applying now the morphism « : C(X¢g, ;) = C(G), we deduce that we have:
D i D Ul = D G
i1...9] J1--qi€l Ji.-qi€l
Now recall that F(0,1) = Fiz(u®') consists of the vectors ¢ satisfying:
Z gil.‘.ilu;ljl ce U,lel = gjl...jmvjh s le
11...9]

We are therefore led to the conclusion in the statement. O

8e. Exercises

Things got fairy complicated in this chapter, basically leading to hot research ques-
tions, and as a unique exercise on all this, in the same spirit, we have:

EXERCISE 8.33. Aziomatize the free manifolds, as a continuation of the above.

There is of course no need of completely solving this exercise, and some preliminary
study, for some very simple classes of manifolds, of your choice, will do.
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Intermediate geometries



Give my love to Rose please, won’t you mister
Take her all my money, tell her to buy some pretty clothes
Tell my boy that daddy’s so proud of him
And don’t forget to give my love to Rose



CHAPTER 9

Half-liberation

9a. Spheres and tori

We have seen in chapter 4 that the quadruplets of type (S, T, U, K') can be axiomatized,
and that at the level of basic examples we have 4 such quadruplets, corresponding to the
usual real and complex geometries RV, CV, and to the free versions of these:

RY cy

RY cN

Our purpose in what follows will be that of extending the above diagram, with the
construction of some supplementary examples. There are two methods here:

1) Look for intermediate geometries RV € X C RY, and their complex analogues.
+
(2) Look for intermediate geometries RN C X € CV, and their free analogues.

We will see that, in each case, there is a “standard” solution, and that these solutions
can be combined. Thus, we will end up with a total of 3 x 3 = 9 solutions, as follows:

RY TRY cy
RN TRY cy
RN TRV cN

We will see afterwards, in chapter 10 below, that under certain strong axioms, of
combinatorial type, these 9 geometries are conjecturally the only ones.

203
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Let us focus on the first question to be solved, namely finding the intermediate ge-
ometries RV C X C RY. Since such a geometry is given by a quadruplet (S,7,U, K ), we
are led to 4 different intermediate object questions, as follows:

Sgtcscsyy!

T CTCTy
Oy CU C O},

Hy C K C Hy,

At the sphere and torus level, there are obviously uncountably many solutions, without
supplementary assumptions, and it is hard to get beyond this, with bare hands. Thus, our
hopes will basically come from the unitary and reflection quantum groups, where things
are more rigid than for spheres and tori.

Let us record, however, the following fact regarding the spheres, from [29], which will

appear to be relevant, later on:
THEOREM 9.1. The algebraic manifold S® Sﬁ;l obtained by imposing the relations

ajy...ar = ag...ay to the standard coordinates of S]fg;l 15 as follows:

(1) At k=1 we have S® = Sﬁ;l.
(2) Atk =2,4,6,... we have S® = S¥1.
(3) Atk =3,5,7,... we have S® = SO,

PROOF. As a first observation, the commutation relations ab = ba imply the following
relations, for any k > 2:

aiy...ap = Qg ...ax

Thus, for any k > 2, we have an inclusion S® C S®). It is also elementary to check
that the relations abc = cba imply the following relations, for any k£ > 3 odd:

a...ap =Aag...aq

Thus, for any k& > 3 odd, we have an inclusion S©® c S® . Our claim now is that we
have an inclusion as follows, for any k > 2:

Gk+2) — gk)

In order to prove this, we must show that the relations a; ...ax 2 = agy2 ... a; between
x1,...,ry imply the relations a;...ar = ai...a; between x,...,xy. But this holds
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indeed, because of the following implications:

xi1-~~xik+2 :Iik+2...l‘i1

1 el 7k 1
J J
— Ly oo Xy, = Ty, - - - Ty

Summing up, we have proved that we have inclusions as follows:

S@ cS®csWcs
SO <. cSMDcs®cs
Thus, we are led to the conclusions in the statement. Il

As a conclusion, the sphere S, obtained via the relations abe = cba, might be the
“privileged” intermediate sphere S§ ' C S C SN ! that we are looking for It is possible
to go further in this direction, Wlth a study of the spheres given by relations of type:

ay...ap = ag(l) .. .ag(k)

But this leads to a similar conclusion, namely that the sphere S constructed above
is the only new solution. We will discuss this later, in chapter 13 below. All this remains,
however, quite ad-hoc. In short, we have constructed so far a new real sphere, S®, and
we some evidence for the fact that this sphere might be the only new one, under some
extra combinatorial axioms, which look quite hard to find.

9b. Quantum groups

Let us focus now on the quantum groups. We will see that there is a lot more rigidity
here, which makes things simpler. At the quantum group level, our goal will be that of
finding the intermediate objects as follows:

Oy CU C O},
Hy C K C Hy,

Quite surprisingly, these two questions are of quite different nature. Indeed, regarding
On C U C Of, there is a solution here, denoted O, coming via the relations abc = cba,
and conjecturally nothing more. Regarding Hy C K C H};, here it is possible to use for
instance crossed products, in order to construct uncountably many solutions.

In short, in connection with our intermediate geometry question, we do have in prin-
ciple our solution, coming via the relations abc = cba, and this is compatible with our
above S®) guess for the spheres. In order to get started, let us recall that we have:
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THEOREM 9.2. The basic quantum unitary and reflection groups, namely

Ky Un

Hy On

are all easy, coming from certain categories of partitions.

Proor. This is something that we already discussed, in section 2 above, the corre-
sponding categories of partitions being as follows:

Nceven NC2

g e
NCepen Ny
Po
/ /
P,

7)61)677,

Peven

Thus, we are led to the conclusion in the statement. Il

Getting back now to the half-liberation question, let us start by constructing the
solutions. The result here, which is well-known as well, is as follows:

THEOREM 9.3. We have quantum groups as follows, obtained via the half-commutation
relations abc = cba, which fit into the diagram of basic quantum groups:

Ky

Uxn

Hy Oy

These quantum groups are all easy, and the corresponding categories of partitions fit into
the diagram of categories of partitions for the basic quantum groups.
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PRroOOF. This is standard, from [33], [34], the idea being that the half-commutation
relations abc = cba come from the operator T, associated to the half-liberating partition:

x € P(3,3)

Thus, the quantum groups in the statement are indeed easy, obtained by adding * to
the corresponding categories of noncrossing partitions. We obtain the following categories,
with * standing for the fact that, when relabelling clockwise the legs ceoce. .., the formula
#o = #e must hold in each block:

* *
Pefuen PQ

P*

even

Py
Finally, the fact that our new quantum groups and categories fit well into the previous
diagrams of quantum groups and categories is clear from this. See [12]. U
The point now is that we have the following result, from [34]:
THEOREM 9.4. There is only one proper intermediate easy quantum group
On C G C O}
namely the half-classical orthogonal group O}, .

PROOF. According to our definition for the easy quantum groups, we must compute
here the intermediate categories of pairings, as follows:

NCy,CcDCPh
But this can be done via some standard combinatorics, in three steps, as follows:
(1) Let m € P, — NC%, having s > 4 strings. Our claim is that:
— If m € P, — Py, there exists a semicircle capping n’ € P, — Pj.
—If m € Py — NC,, there exists a semicircle capping ©’ € Py — NCs.
Indeed, both these assertions can be easily proved, by drawing pictures.
(2) Consider now a partition m € Py(k,l) — NCq(k,1). Our claim is that:
—If m € Py(k,l) — P;(k,l) then <7 >= Ps.
~If 7 e Py(k,l) — NCy(k,l) then <7 >= Pj.

This can be indeed proved by recurrence on the number of strings, s = (k +1)/2, by
using (1), which provides us with a descent procedure s — s — 1, at any s > 4.
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(3) Finally, assume that we are given an easy quantum group Oy C G C Oy, coming
from certain sets of pairings D(k,l) C Pa(k,l). We have three cases:

— It D ¢ Py, we obtain G = Oy.

~Ift DC P, D¢ NC,, we obtain G = Oj,.

~If D C NCy, we obtain G = O},.

Thus, we are led to the conclusion in the statement. U

It is actually believed that the above result could still hold, without the easiness
assumption. We refer here to [19]. Thus, under a certain natural “easiness” assumption,
and perhaps even in general, we can only have an intermediate geometry between classical
real and free real, namely half-classical real.

In practice now, what we have to do is to construct this geometry, and its complex
analogue as well, and check the axioms from section 4. Let us begin by constructing the
corresponding quadruplets. We have the following result:

PrRoPOSITION 9.5. We half-classical real and complex quadruplets, as follows,

N—1 * N—-1 *
SR,* TN S(C,* P]I‘]V

Oy — Hy Uy — Ky
obtained by imposing to the standard coordinates the relations abc = cba.

PRroOOF. This is more or less an empty statement, with the quantum groups appearing
in the above diagrams being those constructed above, and with the corresponding spheres
and tori being constructed in a similar way, by imposing the half-commutation relations
abc = cba to the standard coordinates, and their adjoints. U

9c. Matrix models

In order to check now our noncommutative geometry axioms, we are in need of a better
understanding of the half-liberation operation, via some supplementary results. Let us
start with the following simple observation, regarding the real spheres:

PROPOSITION 9.6. We have a morphism of C*-algebras as follows,

—_ _ 0 Zi
C(SYTY) = My(C(SYY) xi—>(5i 0)

where z; are the standard coordinates of S(]Cv’l.
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PrROOF. We have to prove that the matrices X; on the right satisfy the defining
relations for S§.'. But these matrices are self-adjoint, and we have:

=)

1

_ Z lz|> 0
4 0 Jzl?

()

As for the half-commutation relations, these follow from the following formula:

XiXjXe = (zz 0> (zj O) (zk 0)
. 0 ziéjzk
o iiijk 0

Indeed, the quantities on the right being symmetric in ¢, k, this gives the result. [

Regarding the complex spheres, the result here is similar, as follows:

PROPOSITION 9.7. We have a morphism of C*-algebras as follows,

C(Sg**l) — My(C(SEtx SETY)) i — <5 'E’)

where y;, z; are the standard coordinates of Sév’l X Sévfl.

Proor. We have to prove that the matrices X; on the right satisfy the defining
relations for Sév - We have the following computation:

* 0 z 0w
;X"Xi - Z<yz- E) <Z %)

i

_ Z(\Zilz 0)
y 0 ‘%’2

- (0 9)
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We have as well the following computation:

. 0 w\ (0 =z
2 XX = EZ(% %><% E)

7

- (%" )

7

()

As for the half-commutation relations, these follow from the following formula:

vv _ (0 z\ (0 z 0 2z
e = (0 6) (G §) G )

_ 0 ZiYjZk
YiZiYk 0

Indeed, the quantities on the right being symmetric in ¢, k£, this gives the result. [J

Our goal now will be that of proving that the morphisms constructed above are faithful,
up to the usual equivalence relation for the quantum algebraic manifolds. For this purpose,
we will use some projective geometry arguments, the idea being that of proving that the
above morphisms are indeed isomorphisms, at the projective version level, and then lifting
these isomorphism results, to the affine setting.

We recall that Pﬂév ~! is the space of lines in RY passing through the origin. We have
a quotient map S+ — P2~ which produces an embedding C(PY 1) ¢ C(Sy™), and
the image of this embedding is the algebra generated by the variables p;; = z;z;.

The complex projective space Pg ~! has a similar description, and we have an embed-
ding C(PY') € C(S¥™1), whose image is generated by the variables p;; = 2,;7;.
The spaces P2 ~!, PY~! have the following functional analytic description:

THEOREM 9.8. We have presentation results as follows,
C(P(é\f—l) = C;:komm <(pij)i,j:1,...,N‘p = p* = an TT(p) = 1)
CP™) = Clhmm ((Pz’j)i,jﬂ,...,N‘P =p=p" =p"Tr(p) = 1)

where by C%,. . we mean as usual universal commutative C*-algebra.

PROOF. We use the elementary fact that the spaces P(év - Pﬂév ~1 as defined above,
are respectively the spaces of rank one projections in My (C), My(R). With this picture
in mind, it is clear that we have arrows <.
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In order to construct now arrows —, consider the universal algebras on the right,
Ac, Ag. These algebras being both commutative, by the Gelfand theorem we can write,
with X, X being certain compact spaces:

Ac = C(X¢)
AR = C(XR>

Now by using the coordinate functions p;;, we conclude that X, X are certain spaces
of rank one projections in My (C), My(R). In other words, we have embeddings:

Xcc PA!

XpC P!
Bsy transposing we obtain arrows —, as desired. U
The above result suggests constructing free projective spaces Pﬂé\f;l, Pévf, simply by

lifting the commutativity conditions between the variables p;;. However, there is some-

thing wrong with this, and more specifically with Pﬂé\tl, coming from the fact that if

certain noncommutative coordinates xy,...,xy are self-adjoint, then the corresponding
projective coordinates p;; = x;x; are not necessarily self-adjoint:

v =1, = rx; = (r;x;)"

In short, our attempt to construct free projective spaces Pﬂé\tl, Pg;l as above is not

exactly correct, with the space Pﬂg;l being rather “irrelevant”, and with the space Pg;l
being probably the good one, but being at the same time “real and complex”. Observe
that there is some similarity here with the following key result, from section 4 above:

PO} = PU};

To be more precise, we have good evidence here for the fact that, in the free setting,
the projective geometry is at the same time real and complex.

In view of all this, let us formulate the following definition:
DEFINITION 9.9. Associated to any N € N is the following universal algebra,
C(PY) = C* (()igmr,.n|p =7 = P2, Tr(p) = 1)
whose abstract spectrum is called “free projective space”.
Observe that we have embeddings of noncommutative spaces, as follows:
pYtc Pt cpM!

Let us compute now the projective versions of the noncommutative spheres that we
have, including the half-classical ones. We use the following formalism here:
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DEFINITION 9.10. The projective version of S C ngrl is the quotient space S — PS
determined by the fact that

C(PS) c C(S)

*

7, called projective coordinates.

is the subalgebra generated by p;; = x;x

In the classical case, this fits with the usual definition. We will be back with more
details in section 15 below, which is dedicated to the study of projective geometry. We
have the following result, coming from [4], [28], [29]:

THEOREM 9.11. The projective versions of the basic spheres are as follows,

N—1 N—1 N-1 N—1
S]R,+ S(C,+ Py Py
N-1 N-1 N-1 N-1
Sk Scx — Fe Fe
N-1 N-1 N-1 N-1
S2 SA Py e

modulo, in the free case, a GNS construction with respect to the uniform integration.

PRrOOF. The formulae on the bottom are true by definition. For the formulae on top,
we have to prove first that the variables p;; = x;x} over the free sphere Sg jrl satisfy the

defining relations for C(P{~!). We first have:

()i = Py
= (z;7)
= ;T

= Dij

*

We have as well the following computation:
(p2)1;j = Zpikpkj
k
k

= ;T

= Dij

J



9C. MATRIX MODELS 213

Finally, we have as well the following computation:

Tr(p) = Zpkk
k

= Zxkx}’;
k

=1
Thus, we have embeddings of algebraic manifolds, as follows:
PSSyt c PSY Tt c P!

Regarding now the GNS construction assertion, this follows by reasoning as in the
case of the free spheres, the idea being that the uniform integration on these projective
spaces comes from the uniform integration over the following quantum group:

POY; = PU}

All this is quite technical, and we will not need this result, in what follows. We refer
here to [29], and we will back to this in section 15 below. Finally, regarding the middle
assertions, concerning the projective versions of the half-classical spheres, it is enough to
prove here that we have inclusions as follows:

PYtc PSY 't c PSYt c P
But this can be done in 3 steps, as follows:

(1) PA~t ¢ PSY;'. In order to prove this, we recall from Proposition 9.6 that we
have a morphism as follows, where z; are the standard coordinates of S(]CV -1

_ _ 0 Zi
C(SY) = My(C(SYY) xi—>(zi 0)

Now observe that this model maps the projective coordinates as follows:

AV 0
Dij — Pij = ( OJ 51'23')

Thus, at the level of generated algebras, our model maps:
< pij >—< Py >=C(PY )
We conclude from this that we have a quotient map as follows:
C(PSgL ") — C(R)
Thus at the level of corresponding spaces, we have, as desired, an inclusion:

PY-1 c Py
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(2) PS]fg’ e Psg ~!. This is something trivial, coming by functoriality of the opera-
tion S — PS, from the inclusion of spheres:

St syt
(3) PS(]C\f -t c PY~'. This follows from the half-commutation relations, which imply:
ab*cd* = cb*ad” = cd*ab”
Indeed, this shows that the projective version PSg _!is classical, and so:
PSE C (P Datass = P
Thus, we are led to the conclusion in the statement. Il
We can go back now to the spheres, and we have the following result:

THEOREM 9.12. We have a morphism of C*-algebras as follows,

csi ) w15

where z; are the standard coordinates of Sév_l.

Proor. We know from Proposition 9.6 that we have a morphism as in the statement,
and the injectivity follows from Theorem 9.11, by using a standard grading trick. U

In the case of the complex spheres we have a similar result, as follows:

THEOREM 9.13. We have a morphism of C*-algebras as follows,

C(Sé{;l) — My(C(SEtx SE7h)) ) o — (; %’)

where y;, z; are the standard coordinates of Sév_l X S(JCV_I.

Proor. We know from Proposition 9.7 that we have a morphism as in the statement,
and the injectivity follows from Theorem 9.11, by using a standard grading trick. U

We will be back later to the above results, which are quite similar to each other, with
a number of unifications and generalizations.

Summarizing, we have some interesting affine and projective geometry results regard-
ing the half-classical case, that we will use in what follows.

The point now is that the same arguments apply to the tori, and to the quantum
groups. We first have the following result:
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PROPOSITION 9.14. The real half-classical quadruplet, namely

S ——— T

Oy — Hy

and the complex real half-classical quadruplet, namely
St ——Ty

Uy —— Ky

have 2 X 2 matriz models, constructed by using antidiagonal matrices, as for the spheres.

ProOF. This is something that we already know from the spheres, from the various
results established above. For the other objects which form the quadruplets, this follows
by suitably adapting the proof of Proposition 9.6 and Proposition 9.7. O

Next, we have the following result:

THEOREM 9.15. The real and complex half-classical quadruplets have the same pro-
jective version, which is as follows:

Pyt —— PTy

PUy — PKy

PROOF. As before, this is something that we already know from the spheres, from the
various results established above. For the other objects which form the quadruplets, this
follows from Proposition 9.14, by suitably adapting the proof of Theorem 9.11. U

Finally, we have the following result:

THEOREM 9.16. The 2 x 2 antidiagonal matriz models for the real and complex half-
classical quadruplets, constructed above, are faithful.

ProoF. This is something that we already know from the spheres. For the other
objects, this follows by suitably adapting the proof of Theorem 9.12 and Theorem 9.13. [J
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As already mentioned, all these results are part of a series of more general results,
regarding the half-liberation. We will be back to this, in chapter 12 below.

9d. Axiom check

Let us check now the axioms, for these half-classical quadruplets. We first need some
quantum isometry group results:

THEOREM 9.17. The quantum isometry groups of the basic spheres are

N-1 N—-1 + +
Skt St Oy Uy
N-1 N-1
N-1 N-1
Sp t———— 5S¢ On Un

modulo identifying, as usual, the various C*-algebraic completions.

PROOF. We just have to prove the results in the middle.
Assume G ~ S(]C\f*_l. From ®(z,) = >, ; ® u;, we obtain, with pg, = 2,%:
P (pap) = sz'j ® Uig U,
tj
By multiplying two such arbitrary formulae, we obtain:
P (pabped) = Zpijpkl ® Uia Wy Ukclyg
ijkl
D (padper) = Zpilpk:j & uiauzkdukcu;b
ijkl

The left terms being equal, and the first terms on the right being equal too, we deduce
that, with [a, b, | = abc — cba, we must have the following equality:

Zpijpkl & Ujq [U;m Upe, Upy] =0
ijkl
Now observe that the products of projective variables p;;pu = 22,2 depend only on
the following two cardinalities:

i, k3, {0, ] € {1,2}
The point now is that this dependence produces the only relations between our vari-
ables, we are led in this way to 4 equations, as follows:
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*

Wiy, Uka, Ujy] = 0, Va, b.
* * * *1

s Ukay U] + Wia[WSg, Uka, upy) = 0, Va, Vb # d.
*
Uiq

WSy, Ue, Ujy] + Wie[Uy, Uka, ufy] = 0, Va # ¢, Vb.

Uiq [U;zn Uke, u?d] + [u;’da Uke, uzkb]) +uic<[u;‘<b7 Ukas u?d] + [u;da Ukas u?b]) = Oa Va 7& Cy Vb 7é

From (1,2) we conclude that (2) holds with no restriction on the indices. By multi-
plying now this formula to the left by v}, and then summing over 7, we obtain:

[u;bv Uka,s u;kd] + [u;cb Ukas ufb] =0

By applying now the antipode, then the involution, and finally by suitably relabelling
all the indices, we successively obtain from this formula:

* * * * * *
[udla Ugk ubj] + [ubh Uger udj] =0 = [udh Uqk, ubj] + [ubb Uqk, udj] =0
* * * *
= [Ujg, Upa, ujb] + [ujd>ukaa up] =0
Now by comparing with the original relation, above, we conclude that we have:
* * * *
[ujba Upq, Ujy] = [ujcbukaa up] =0
Thus we have reached to the formulae defining Uy, and we are done.

Finally, in what regards the universality of the action Oy ~ SH]{X -', this follows from
the universality of the following actions:

Uy Sé\f ot

O% ~ S§!
Indeed, we have Uz N OF, = O, and we obtain the result. O
Regarding now the tori, the computation here is as follows:

THEOREM 9.18. The quantum isometry groups of the basic tori are

Ty T Hy Ky
Ty TN — Hy Ky
TN TN 5N UN

with all arrows being inclusions, and with no vertical maps at bottom right.
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Proor. We just have to prove the results in the middle. In the real case, we must
find the conditions on G C Oj(, such that g, = >, g ® u;, defines a coaction.

In order for this map to be a coaction, the variables G, = ), go ® u;, must satisfy the
following relations, which define the groups in the statement:

G?=1

G.GyG,. = G.GyG,,
In what regards the squares, we have the following formula:
G, = Zgigj @ UjqUja
ij

= 1+ Zglg] & UiaUja
i#]

As for the products, with the notation [z, vy, z] = zyz — zyz, we have:
[Ga, Gy, Ge] = Zgigjgk ® [Wia, Wjb, Wke]
ijk

From the first relations, G = 1, we obtain G C Hj,. In order to process now the
second relations, G,GyG. = G.GyG,, we can split the sum over 4, j, k, as follows:

Go, Gy, G] = Z G99k @ [Wiq, Ujb, Uke]

1,5,k distinct

+ Z 9i9;9i & [Wia, Wb, Wic)

i

+ Zgi ® (Ui Ujp, Uje]
i#j

+ > 9k ® [thia, Ui, U]
ik

+ Z Gi @ [Wia, Wip, Wic)

Our claim is that the last three sums vanish. Indeed, observe that we have:

[uim Usp, uic] = 5abcuia - 6abcuia =0
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Thus the last sum vanishes. Regarding now the fourth sum, we have:

E [uiaa Usip, ukc] = E UiqUipUke — UkcUibUiq
i#k i#k
2 2
- § 5abuiaukc - 6abuk’cuia
itk

= 5ab Z[u?aa ukc]

itk

= 5ab [Z u?aa ukc]
itk

= 5ab[1 - Uza, uk’c]

=0

The proof for the third sum is similar. Thus, we are left with the first two sums. By
using g;g;9x = grg;g; for the first sum, the formula becomes:

[G(u Gb7 GC] - Z gzg]gk: 0y ([uim ujb? Ukc] + [U/k(“ ujb7 uzc])
i<k,j#i,k
+ Zgz‘gjgi @ [Wia, Ujp, Uic]
i#]

In order to have a coaction, the above coefficients must vanish. Now observe that,
when setting ¢ = k in the coefficients of the first sum, we obtain twice the coefficients of
the second sum. Thus, our vanishing conditions can be formulated as follows:

[uiay ujln ukc] + [ukm ujln uic] - 07 v.] 7é 7:7 k

Now observe that at a = b or b = ¢ this condition reads 0 + 0 = 0. Thus, we can
formulate our vanishing conditions in a more symmetric way, as follows:

[uia; ujba ukc] + [uk,‘a7ujbyuic] = O,VJ 7é i) k7Vb 7£ a,c

We use now the trick from [38]. We apply the antipode to this formula, and then we
relabel the indices i <+ ¢, j <> b, k <> a. We succesively obtain in this way:

[ucku Upj, uai] + [uci7 Uy, uakz] = O,VJ 7£ i7 k7Vb 7é a,c

[uiaa Ujp, ukc] + [uim Ujb, uka] = Ov\V/b 7£ a, c, V] 7é ia k

Since we have [x,y, 2] = —[z,y,z], by comparing the last formula with the original
one, we conclude that our vanishing relations reduce to a single formula, as follows:

[uimujb)ukc] = O,Vj 7& ia k7Vb 7& a,C
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Our first claim is that this formula implies G C H J[\?o ], where H][\?o] C O}, is defined via
the relations xyz = 0, for any x # z on the same row or column of w. In order to prove
this, we will just need the ¢ = a particular case of this formula, which reads:

UiqUjpUka = UkaWjpliq, V] 7# 1, Kk, Va # b

It is enough to check that the assumptions j # ¢,k and a # b can be dropped. But
this is what happens indeed, because at 7 = ¢ we have:

[Wia, Ui, Uka] = WiqUipUka — UkaUipUiq
2 2
= Oab(UjpUka — Ukalli,)
= 0

Also, at 7 = k we have:

[Um, Uk, uka] = UjqUkbUkq — UkaUkbUiq
2 2
= 5ab(uiauka - ukauia>
=0

Finally, at a = b we have:

[uiaa Uja, uka] = UjgUjoUka — UkaUjaUia
_ 3 3
= Oijk(tiq — Uja)
= 0

Our second claim now is that, due to G C H ][f;o ], we can drop the assumptions j # i, k
and b # a, ¢ in the original relations [w;q, uj, uk] = 0. Indeed, at j = i we have:

[uiaa Usp, ukc] = UjqgUipUkc — UkcUibUiq
2 2
= Oab(UjpUke — Urclly,)
= 0

The proof at j = k and at b = a, b = ¢ being similar, this finishes the proof of our
claim. We conclude that the half-commutation relations [u;q, w;p, uk] = 0 hold without
any assumption on the indices, and so we obtain G C H}y;, as claimed.

As for the proof in the complex case, this is similar. See [7]. U

By intersecting now with K3, as required by our (S, T, U, K) axioms, we obtain:
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THEOREM 9.19. The quantum reflection groups of the basic tori are

T T+ HY Ki
Ty TN — Hy Ky
TN TN HN KN

with all the arrows being inclusions.

PRrROOF. We already know that the results on the left and on the right hold indeed.
As for the results in the middle, these follow from Theorem 9.18 above. U

We can now formulate our extension result, as follows:

THEOREM 9.20. We have basic noncommutative geometries, as follows,

RY cy
RN Cc¥
RN CN

with each KY symbol standing for the corresponding (S,T,U, K) quadruplet.
PRrROOF. We have to check the axioms from section 4, for the half-classical geometries.

The algebraic axioms are all clear, and the quantum isometry axioms follow from the
above computations. Next in line, we have to prove the following formulae:

Oy =< Oy, Ty >

Uy =< Uy, Ty >

By using standard generation results, it is enough to prove the first formula. Moreover,
once again by standard generation results, it is enough to check that:

HY =< Hy, T} >
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The inclusion D being clear, we are left with proving the inclusion C. But this follows
from the formula Hy = T% x Sy, established in [81], as follows:

HYy = Ty xSy
= < Sy, Ty >
C < Hy, Ty >

Alternatively, these formulae can be established by using the technology in [41], or by
doing some combinatorial computations, using categories and easiness.

Finally, the axiom S = Sy can be proved as in the classical and free cases, by using
the Weingarten formula, and the following ergodicity property:

(id@/l)q)(a:):/sx

Our claim, which will finish the proof, is that this holds as well in the half-classical
case. Indeed, in the real case, where x; = z7, it is enough to check the above equality on
an arbitrary product of coordinates, x;, ...x;, . The left term is as follows:

(id@/*> O(zy, ... xy,)

= E .le e l’jk / Uj”'l Ce ujkik
Ji---Jk On
= E g 0x ()06 (O)Win (T, 0)zj, - .. 25,

Ji--Jk mo€P5(k)

— Z 3o ()Win (T, 0) 25 )T, ... x

m,0€Py (k) Ji---Jk

Let us look now at the last sum on the right. We have to sum there quantities of type
xj, ...xj,, over all choices of multi-indices j = (ji, ..., ji) which fit into our given pairing
7 € P;(k). But by using the relations z;z;x, = x,z;2;, and then >, 27 = 1 in order to
simplify, we conclude that the sum of these quantities is 1. Thus, we obtain:

(id@/ )CI)(xil..wzk = Z 3o (1) Wiy (7, 0)

m,0€P5 (k)
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On the other hand, another application of the Weingarten formula gives:

/ Ljy oo e Xy, = / U4y - - - Ulgy,
gN-1 *
R,*

= Z 0:(1)0s (1) Wiy (m, 0)

m,0€P; (k)
= Z 5 WkN 7T 0')
m,0€P5 (k)

Thus, we are done. In the complex case the proof is similar, by adding exponents. For
further details, we refer to [28] for the real case, and to [4] for the complex case. O

Summarizing, we have done so far half of our extension program.

9e. Exercises

There are many interesting questions regarding the half-classical geometry, which is
not that far from the classical geometry, at the level of the tools that can be used, and
which can be developed well beyond what was done in this chapter, with our check of the
general nonocommutative geometry axioms, along with a few more things.

First, in relation with what was discussed in the above, we have:
EXERCISE 9.21. Develop a full theory of the main half-classical groups,
Ky Uy

Hy

On
in particular by working out in detail their easiness property.

This is something that we already discussed, with the comment that the above quan-
tum groups are indeed easy, the corresponding categories of partitions being as follows:

P:ven ’P;
PE*’UETL PQ*
Here % stands for the fact that, when relabelling clockwise the legs c @ o e ... the

formula #o0 = #e must hold in each block. The problem is that of proving this.
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In relation now with this, and with the tori as well, we have:

EXERCISE 9.22. Work out the moments, and then the N — oo asymptotics of the laws

of the truncated characters
[tN]

Xt = Z Uis
i=1

for the half-classical unitary and reflection groups, and for the tori as well.

In what regards the unitary groups, we can only obtain some versions of the normal
laws, and in case of trouble here, a quick look at the normal law literature can only help.
As for the reflection groups and the tori, the situation here is a bit similar.

In relation with the spheres, we have the following exercise:

EXERCISE 9.23. Work out the moments, and then the N — oo asymptotics of the laws
of the individual coordinates for the half-classical spheres.

To be more precise here, the moment problem is a calculus one, that needs to be solved.
As for the N — oo study, this requires finding first the good normalization, in order for
things to converge, and then a study of the asymptotic laws, and also a formulation of
the independence-type relation between the asymptotic coordinates.

More generally now, we have the following question:

EXERCISE 9.24. FExplain, both at the algebraic and the probabilistic level, how the
general theory developed in chapters 5-8 above can be applied to the half-classical situation,
in order to talk about more general classes of half-classical manifolds, with algebraic and
probabilistic results about them, generalizing what we already have.

There is quite some work to be done here, and as a first observation, the half-classical
quantum groups are not uniform, and so the constructions from chapters 5-6, from the
classical and free case, do not extend well. Thus, the idea is rather of looking at the
material from chapters 7-8, to see what extends from there.

As a last comment, we have not talked in the above about more general half-classical
quantum groups, and related manifolds. This is because we will come back to these
questions in chapter 12 below, with a systematic study of all this.



CHAPTER 10

Hybrid geometries

10a. Spheres and tori

In order to finish the extension program outlined in the beginning of the previous
chapter, we must discuss now the second question, concerning the “hybrid” case.

To be more precise, we have seen so far that have basic noncommutative geometries
as follows, with each K% symbol standing for the corresponding (S, T, U, K) quadruplet:

RY cy
RN CcY
RN CcN

We will see in this section that there are some privileged intermediate geometries
between the real and the complex ones, as follows:

RY TRY cy
RY — > TRY cy
RN TRV cN

We will see as well that, that under strong combinatorial axioms, of “easiness” and
“uniformity” type, these 9 geometries are the only ones.

225
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In order to get started, an intermediate geometry RY C X < C¥ is given by a
quadruplet (S, T, U, K), whose components are subject to the following conditions:

Sytcscsi!
TyvCcT CTy
Oy CcUCUy
Hy C K C Ky

Our plan will be that of investigating first these intermediate object questions. Then,
we will discuss the verification of the geometric axioms, for the solutions that we found.
And then, afterwards, we will discuss the half-classical and the free cases as well.

In what regards the Sy ' C S C S(]CV ~1 problem, there are obviously infinitely many
solutions. However, we have a “privileged” solution, constructed as follows:
THEOREM 10.1. We have an intermediate sphere as follows,
N-1 N-1 N-1
Sp C TSy  CS5¢
which appears as the affine lift of PH‘Q/_I, inside the complex sphere S(JCV_I.

ProOOF. The projective version of the intermediate sphere ']I‘S]{{ ~!is given by:
PTSy ' =PSy ' =P !
Conversely, assume that S C S ! satisfies:
PSc Pyt
For z € S the projective coordinates p;; = x;Z; must be real:
Tik; = T;T;
Thus, we must have the following equalities:

T T2 TN

,’j‘l 5’;2 ce ;Z'N

Now if we denote by A € T this common number, we succesively have:

Z; _
Z;
= 27 =Nz
Thus we obtain x € \/XSH]{ ~1 and this gives the result. O

In the case of the tori, we have a similar result, as follows:
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THEOREM 10.2. We have an intermediate torus as follows, which appears as the affine
lift of the Clifford torus PTy = Tx_1, inside the complex torus Ty :

Ty C TTy C Ty

More generally, we have intermediate tori as follows, with r € NU {oco},
Tn CZ, Ty C Ty

all whose projective versions equal the Clifford torus PTy = T_1.

PROOF. The first assertion, regarding TTy, follows exactly as for the spheres, as in
proof of Theorem 10.1. The second assertion is clear as well, because we have:

PZ,Tx = PTxy = Tn_1
Thus, we are led to the conclusion in the statement. U

In connection with the above statement, an interesting question is that of classifying
the intermediate tori, which in our case are usual compact groups, as follows:

TN cTcT N
At the group dual level, we must classify the following intermediate quotients:
7N T — 7Y
There are many examples of such groups, and this even when imposing strong supple-
mentary conditions, such as having an action of the symmetric group Sy on the generators.
We will not go further in this direction, our main idea being anyway that of basing our
study mostly on quantum group theory, and on the related notion of easiness.

10b. Quantum groups

At the group level now, the situation is of course much more rigid, and becomes quite
interesting. Let us first discuss the unitary case.

We have the following result from [19], to start with:

THEOREM 10.3. The following inclusion of compact groups is mazimal,
TON C Uy
in the sense that there is no intermediate compact group in between.

PROOF. In order to prove this result, consider as well the following group:
TSOy = {wU’w ET,U e SON}

Observe that we have TSOy = TOy if N is odd. If N is even the group TOy has two
connected components, with TSOy being the component containing the identity.
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Let us denote by sox,uy the Lie algebras of SOy,Uy. It is well-known that uy
consists of the matrices M € My(C) satisfying M* = —M, and that:

soy = uy N My(R)
Also, it is easy to see that the Lie algebra of TSOy is soy @ iR.

Step 1. Our first claim is that if N > 2, the adjoint representation of SOy on the
space of real symmetric matrices of trace zero is irreducible.

Let indeed X € My(R) be symmetric with trace zero. We must prove that the
following space consists of all the real symmetric matrices of trace zero:

V = span {UXUt U e SON}

We first prove that V' contains all the diagonal matrices of trace zero. Since we may
diagonalize X by conjugating with an element of SOy, our space V' contains a nonzero
diagonal matrix of trace zero. Consider such a matrix:

dq
D =
dn
We can conjugate this matrix by the following matrix:
0 -1 0
1 0 0 € SON
0 0 Iy
We conclude that our space V' contains as well the following matrix:
da
dq
D' = ds

dy

More generally, we see that for any 1 < 7,7 < N the diagonal matrix obtained from
D by interchanging d; and d; lies in V. Now since Sy is generated by transpositions, it
follows that V' contains any diagonal matrix obtained by permuting the entries of D.

But it is well-known that this representation of Sy on the diagonal matrices of trace
zero is irreducible, and hence V' contains all such diagonal matrices, as claimed.

In order to conclude now, assume that Y is an arbitrary real symmetric matrix of
trace zero. We can find then an element U € SOy such that UY U is a diagonal matrix
of trace zero. But we then have UYU? € V, and hence also Y € V, as desired.
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Step 2. Our claim is that the inclusion TSOy C Uy is maximal in the category of
connected compact groups.

Let indeed G be a connected compact group satisfying;:
TSOy C G C Un

Then G is a Lie group. Let g denote its Lie algebra, which satisfies:
soy PR CgCuy

Let adg be the action of G on g obtained by differentiating the adjoint action of G on
itself. This action turns g into a G-module. Since SOy C G, g is also a SOy-module.

Now if G # TSSOy, then since G is connected we must have:
soy @R 7é g

It follows from the real vector space structure of the Lie algebras uy and soy that
there exists a nonzero symmetric real matrix of trace zero X such that:

1X €y

We know that the space of symmetric real matrices of trace zero is an irreducible
representation of SOy under the adjoint action. Thus g must contain all such X, and
hence g = uy. But since Uy is connected, it follows that G = Uy.

Step 3. Let us compute now the commutant of SOy in My(C). Our first claim is
that at N = 2, this commutant is as follows:

S0} = {(_0‘6 g) a8 € «:}

As for the case N > 3, our claim here is that this commutant is as follows:
SO = {aJN)a c c}
Indeed, at N = 2, the above formula follows from a direct computation.

At N > 3 now, an element in X € SO} commutes with any diagonal matrix having
exactly N — 2 entries equal to 1 and two entries equal to —1. Hence X is diagonal.

Now since X commutes with any even permutation matrix, and we have assumed
N > 3, it commutes in particular with the permutation matrix associated with the cycle
(1,7,k) for any 1 < i < j < k, and hence all the entries of X are the same.

We conclude that X is a scalar matrix, as claimed.
Step 4. Our claim now is that the set of matrices with nonzero trace is dense in SOy .

At N = 2 this is clear, since the set of elements in SO, having a given trace is finite.
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So assume N > 2, and consider a matrix as follows:
T € SOy ~ SO(RY)
Tr(T)=0
Let E C RY be a 2-dimensional subspace preserved by 7', such that:
Tip € SO(E)
Let £ > 0 and let S. € SO(FE) satisfying the following condition:
1 Tis — S|l <e
Moreover, in the N = 2 case, we can assume that T satisfies as well:
Tr(Tig) # Tr(S:)
Now define 7. € SO(RY) = SOy by the following formulae:
T, r =5
Tpr =Tige
It is clear that we have the following estimate:
IT - T < |[Tip - S.l| < &
Also, we have the following estimate:
Tr(T) =Tr(S.) +Tr(Tigr) #0
Thus, we have proved our claim.

Step 5. Our claim now is that TOy is the normalizer of TSOy in Uy, i.e. is the
subgroup of Uy consisting of the unitaries U for which, for all X € TSOy:

U 'XU € TSOy

It is clear indeed that the group TOpx normalizes TSOp, so in order to prove the
result, we must show that if U € Uy normalizes TSOpy then U € TOy.

First note that U normalizes SOp. Indeed if X € SOp then:
U'XU € TSOy
Thus we have a formula as follows, for some A € T and Y € SOy:
U'XU = )Y
If Tr(X) # 0, we have A\ € R and hence:
\Y =U'XU € SOy
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The set of matrices having nonzero trace being dense in SOy, we conclude that
U='XU € SOy for all X € SOy. Thus, we have:

X eSOy = UXU M UXU Y =1y
— X'U'UX =UU
= U'U e SO)y

It follows that at N > 3 we have U'U = aly, with a € T, since U is unitary. Hence
we have U = a'/2(a~Y/2U) with:

a VPUeOy , UeTOy

If N =2, (UU)" = U'U gives again that U'U = aly, and we conclude as in the
previous case.

Step 6. Our claim is that the inclusion TOy C Uy is maximal in the category of
compact groups.

Suppose indeed that TOy C G C Uy is a compact group such that G # Uy. It is a
well-known fact that the connected component of the identity in GG is a normal subgroup,
denoted (Gy. Since we have TSOy C Gy C Uy, we must have:

Gy =TSOn

But since Gy is normal in G, the group G normalizes TSOy, and hence G C TOy,
which finishes the proof. Il

Following [19], we have as well the following result:
THEOREM 10.4. The following inclusion of compact groups is mazimal,
POy C PUy
in the sense that there is no intermediate compact group in between.

Proor. This follows from Theorem 10.3. Indeed, consider a proper intermediate
subgroup, as follows:

POy C G C PUy

The preimage of this subgroup under the quotient map Uy — PUpy would be then a
proper intermediate subgroup of TOyx C Uy, which is a contradiction. O

Finally, still following [19], we have as well the following result:
THEOREM 10.5. The following inclusion of compact quantum groups is mazimal,
On C O?V

in the sense that there is no intermediate compact quantum group in between.
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PROOF. The idea is that this follows from the result regarding POy C PUy, by
taking affine lifts, and using algebraic techniques.

Consider indeed a sequence of surjective Hopf x-algebra maps as follows, whose com-
position is the canonical surjection:

C(0y) -1 A% c(oy)
This produces a diagram of Hopf algebra maps with pre-exact rows, as follows:

C—— C(POy) — C(0}) —= C(Zy) —C

fi f

C PA A C(Zy) ——C
9| 9

C PC(Oy) —— C(Op) C(Zs) C

Consider now the following composition, with the isomorphism on the left being some-
thing well-known, coming from [41], as explained in chapter 9 above:

C(PUx) =~ C(PO%) 255 PA 25 PC(Oy) ~ C(POX)
This induces, at the group level, the folowing embedding:
PON C PUy

Thus f| or g is an isomorphism. If f| is an isomorphism we get a commutative diagram
of Hopf algebra morphisms with pre-exact rows, as follows:

C——C(POy) ——C(Oy) ——=C(Z;) ——C

C—— C(PO%) A C(Z) C

Then f is an isomorphism. Similarly if g is an isomorphism, then g is an isomorphism,
and this gives the result. See [19]. O

In connection now with our question, which is that of classifying the intermediate
groups Oy C G C Uy, the above results lead to a dichotomy, coming from:

PG € {POy, PUy}
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In the lack of a classification result here, which is surely well-known, but that we were
unable to find in the literature, here are some basic examples of such intermediate groups,
which are all well-known:

PROPOSITION 10.6. We have compact groups On C G C Uy as follows:
(1) The following groups, depending on a parameter r € N U {oo},

7,0y — {wU‘w €7,.Uc ON}

whose projective versions equal POy, and the biggest of which is the group TOy,
which appears as affine lift of POy.
(2) The following groups, depending on a parameter d € 2N U {oo},

Ud = {U e UN‘ detU € Zd}
interpolating between U% and U = Uy, whose projective versions equal PUy.

Proor. All the assertions are elementary, the idea being as follows:

(1) We have indeed compact groups Z,Oy with r € NU {co} as in the statement,
whose projective versions are given by:

PZ,0n = POy

At r = oo we obtain the group TO, and the fact that this group appears as the affine
lift of POy follows exactly as in the sphere case, by using the computation from the proof
of Theorem 10.1.

(2) As a first observation, the following formula, with d € N U {oo}, defines indeed a
closed subgroup U$ C Uy:

Ud = {U e UN‘detU e Zd}

In the case where d is even, this subgroup contains the orthogonal group Oy. As
for the last assertion, namely PU¢ = PUy, this follows either be suitably rescaling the
unitary matrices, or by applying the result in Theorem 10.3. U

The above results suggest that the solutions of Oy C G C Uy should come from
On, Uy, by succesively applying the following constructions:

G — 7,G
G—GnUY

These operations do not exactly commute, but normally we should be led in this way
to a 2-parameter series, unifying the two l-parameter series from (1,2) above. However,
some other groups like Zy SOy work too, so all this is probably a bit more complicated.
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As already mentioned, all this looks like quite standard group and Lie algebra theory,
but we unable to find a good reference here. So, in the lack of something better, the
above results will be our final saying on the subject, along with the reference to [19].

In what follows we will be mostly interested in the group TOy, which fits with the
spheres and tori that we already have, in view of our axiomatization purposes.

This particular group TOy, and the whole series Z,Oy with r € NU {oco} that it is
part of, is easy, the precise result being as follows:

THEOREM 10.7. We have the following results:

(1) TOy is easy, the corresponding category Py C Py consisting of the pairings having
the property that when flatenning, we have the following global formula:

#o = Fte

(2) Z,Op is easy, the corresponding category Py C P, consisting of the pairings
having the property that when flatenning, we have the following global formula:

#o=H#e(r)
PROOF. These results are standard and well-known, the proof being as follows:

(1) If we denote the standard corepresentation by u = zv, with z € T and with v = v,
then in order to have Hom(u®* u®') # (), the z variabes must cancel, and in the case
where they cancel, we obtain the same Hom-space as for Oy.

Now since the cancelling property for the z variables corresponds precisely to the
fact that %, must have the same numbers of o symbols minus e symbols, the associated
Tannakian category must come from the category of pairings P, C P, as claimed.

(2) This is something that we already know at r = 1, 0o, where the group in question
is On, TOp. The proof in general is similar, by writing u = zv as above. O

Quite remarkably, the above result has the following converse:
THEOREM 10.8. The proper intermediate easy compact groups
Oy C G CUy
are precisely the groups Z,Oy, with r € {2,3,...,00}.

PROOF. According to our conventions for the easy quantum groups, which apply of
course to the classical case, we must compute the following intermediate categories:

P,CDCP

So, assume that we have such a category, D # P,, and pick an element 7 € D — Py,
assumed to be flat. We can modify 7, by performing the following operations:
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(1) First, we can compose with the basic crossing, in order to assume that 7 is a
partition of type N...... N, consisting of consecutive semicircles. Our assumption 7 ¢ P
means that at least one semicircle is colored black, or white.

(2) Second, we can use the basic mixed-colored semicircles, and cap with them all
the mixed-colored semicircles. Thus, we can assume that 7 is a nonzero partition of type
Noooae. N, consisting of consecutive black or white semicircles.

(3) Third, we can rotate, as to assume that 7 is a partition consisting of an upper
row of white semicircles, U...... U, and a lower row of white semicircles, N...... N. Our
assumption m ¢ P, means that this latter partition is nonzero.

For a,b € N consider the partition consisting of an upper row of a white semicircles,
and a lower row of b white semicircles, and set:

cz{m a,beN}mD

According to the above, we have m €< C >. The point now is that we have:

(1) There exists r € NU {oo} such that C equals the following set:

C, = {’Nab a= b(r)}

This is indeed standard, by using the categorical axioms.

(2) We have the following formula, with Pj being as above:
<C, >=PF;
This is standard as well, by doing some diagrammatic work.

With these results in hand, the conclusion now follows. Indeed, with » € N U {oo}
being as above, we know from the beginning of the proof that any m € D satisfies:

TeESC >=<C, >=PF;
We conclude from this that we have an inclusion as follows:
D cP;
Conversely, we have as well the following inclusion:
Py =<(C, >=<C>C<D>=D
Thus we have D = Pj, and this finishes the proof. See [85]. O

As a conclusion, TOy is definitely the “privileged” unitary group that we were looking
for, with the remark that its arithmetic versions Z,Oy are interesting as well.

Finally, let us discuss the reflection group case. Here the problem is that of classifying
the intermediate compact groups Hy C G C Ky, and this looks of course well-known. In
practice, however, the situation is considerably more complicated than in the continuous
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group case, with the expected 2-parameter series there being replaced by an expected
3-parameter series. So, instead of getting into this quite technical subject, let us just
formulate a basic result, explaining what the 3 parameters are:

ProprosITION 10.9. We have compact groups Hy C G C Kx as follows:
(1) The groups Z,.Hy, with r € NU {co}.
(2) The groups HY = Zs1 Sy, with s € 2N.
(3) The groups H3¢ = H3, N U, with d|s and s € 2N.

PRrOOF. The various constructions in the statement produce indeed closed subgroups
G C Ky, for all the possible values of the parameters.

Regarding now the condition Hy C G, the situation is as follows:

(1) Here this condition is automatic.

(2) Here this condition follows from s € 2N.

(3) Here this condition follows from d|s and s € 2N. O

The same discussion as in the continuous case applies, the idea being that the con-
structions G — Z,G and G — G N H3¢ can be combined, and that all this leads in
principle to a 3-parameter series. All this is, however, quite technical, and we do not
really know if it is so. We will actually not need all this, so we will just stop our study
here, and recommend here [82] and subsequent papers.

As in the continuous case, a solution to these classification problems comes from the
notion of easiness. We have indeed the following result, coming from [13], [85]:
THEOREM 10.10. The following groups are easy:
(1) Z,Hy, the corresponding category PZ .. C P.yen consisting of the partitions hav-

even

ing the property that when flatenning, we have the following global formula:

o = # e (1)
(2) H} = Zs1Sn, the corresponding category P8, C P.yen consisting of the partitions

having the property that we have the following formula, in each block:
#o = # o (s)
In addition, the easy solutions of Hy C G C Ky appear by combining these examples.
Proor. All this is well-known, the idea being as follows:

(1) The computation here is similar to the one in the proof of Theorem 10.7, by writing
the fundamental representation u = zv as there.

(2) This is something very standard and fundamental, known since the paper [13],
and which follows from a long, routine computation, perfomed there.
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As for the last assertion, things here are quite technical, and for the precise statement
and proof of the classification result, we refer here to paper [85]. O

Summarizing, the situation here is more complicated than in the continuous group
case. However, in what regards the “standard” solution, this is definitely TH .

10c. Axiom check

With all this preliminary work done, let us turn now to our main question, namely
constructing new geometries. We have here the following result:

THEOREM 10.11. We have correspondences as follows,

TSy "

TTn

TON THy

which produce a new geometry.

PROOF. We have indeed a quadruplet (S,T,U, K) as in the statement, produced by
the various constructions above. Regarding now the verification of the axioms:

(1) We have the following computation:
P(TSY'NTE)

P(TSY ' NTy)
C PTSy 'nPTy
= P'NTyo
= Ty

By lifting, we obtain from this that we have:

TSy ' NTY € TTy
The inclusion “D” being clear as well, we are done with checking the first axiom.
(2) The second axiom states that we must have:
THyNTY =TTy
The verification of this second axiom is similar.
(3) The third axiom states that we must have:
TOx N K}, = THy

But can be checked either directly, or by proceeding as above, by taking projective
versions, and then lifting.



238 10. HYBRID GEOMETRIES

(4) The quantum isometry group axiom states that we must have:
GT(TSy ') = TOyx
The verification of this axiom is routine, and all this is explained for instance in [8].
(5) The quantum reflection group axiom states that we must have:
GHTTy)N Ky =THy

But this can be checked in a similar way, by adapting the computation from the
classical real case.

(6) Regarding now the hard liberation axiom, this is clear, because we have:

< ON,TTN > = <ON,T,TN >

= <Opn,T>
TOx
(7) Finally, we have as well the last axiom, namely:
Stoy = TSE ™
But this completes the proof. O

Let us discuss now the half-classical and free extensions of Theorem 10.11, and of some
of the results preceding it. In order to have no redundant discussion and diagrams, we
will talk directly about the x9 extension of the theory that we have so far.

We first need to complete our collection of spheres S, tori T, unitary groups U, and
reflection groups K. In what regards the spheres, the result is as follows:

ProrPosITION 10.12. We have noncommutative spheres as follows,

N-1 N—-1 N—-1
SY - TSY T SN

SNt TSN SN

* R, *

CRGUE 7 S S
with the middle vertical objects coming via the relations ab* = a*b.

PROOF. We can indeed construct new spheres via the relations ab* = a*b, and these
fit into previous 6-diagram of spheres as indicated. As for the fact that in the classical
case we obtain the previously constructed sphere TSI{J ~1 this follows from Theorem 10.1
and its proof, because the relations used there are precisely those of type ab = ab. U
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There are many things that can be done with the above spheres. As a basic result
here, let us record the following fact, regarding the corresponding projective spaces:

THEOREM 10.13. The projective spaces associated to the basic spheres are

N-—1 N—-1 N-—1
PNt — pN-t . pA

N-1 N-1 N—-1
P(C P(C P(C

N-—1 N—-1 N-—1
PNt — pNt — P!

via the standard identifications for noncommutative algebraic manifolds.
PRrOOF. This is something that we already know for the 6 previous spheres. As for

the 3 new spheres, this follows from the defining relations ab* = a*b, which tell us that
the coordinates of the corresponding projective spaces must be self-adjoint. U

At the torus level now, the construction is similar, as follows:

ProprosiTiON 10.14. We have noncommutative tori as follows,

T TT T,
T TT} T,
TN TTN T N

with the middle vertical objects coming via the relations ab* = a*b.

PROOF. This is clear from Proposition 10.12, by intersecting everything with T}. O

In what regards the unitary quantum groups, the result is as follows:
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THEOREM 10.15. We have quantum groups as follows, which are all easy,

0t —~TO: — U}

N

Oy ——=TONy —— Uy
with the middle vertical objects coming via the relations ab* = a*b.

Proor. This is standard, indeed, the categories of partitions being as follows:

NCy <—— NCy ~——— NC,
Py i P3
Py P, P

Observe that our diagrams are both intersection diagrams.

Regarding the quantum reflection groups, we have here:

THEOREM 10.16. We have quantum groups as follows, which are all easy,

Hf — = TH}, ——~ K};

HY —=TH;, —— K&,

Hy ——THy —— Kn

with the middle vertical objects coming via the relations ab* = a*b.
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Proor. This is standard, indeed, the categories of partitions being as follows:

NCeven I NOeven — Nceven

P~ P P

even even even

Peven -~ Peven -~ 7Deven

Observe that our diagrams are both intersection diagrams. O

Let us point out that we have some interesting questions, regarding the classification
of the intermediate compact quantum groups for the following 4 inclusions:

Ky
/ /
Oy
e /

Oy
In what regards the half-classical questions, these can be in principle fully investigated

by using the technology in [41], but we do not know what the final answer is. As for the
free questions, these are more delicate, but in the easy case, they are solved by [85].

Uy
Uy

Hy
Hy

Getting back now to the verification of the axioms, we first have:
THEOREM 10.17. The quantum isometries of the basic spheres, namely

N-1 N—-1 N—-1
STt TSN SN

N-1 N-1 N-1
Sk —> TSp, —>5¢,

* s *

Y1 TSN —» SN

are the basic unitary quantum groups.
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Proor. This is routine, by lifting the results that we already have.

Regarding now the tori, we first have here:

PrRoPOSITION 10.18. The quantum isometries of the basic tori are

Hf —=TH}{ — K}

* *

Oy —— TOy — Uy
with the bars denoting as usual Schur-Weyl twists.
PROOF. The result follows by lifting the results that we already have.
By looking now at quantum reflections, we obtain:

THEOREM 10.19. The quantum reflections of the tori,

Ty TT} T},
Ty TT} T,
TN TTN T N

are the basic quantum reflection groups.
Proor. This is indeed routine, by intersecting.
Finally, we have hard liberation results, as follows:
THEOREM 10.20. We have hard liberation formulae of type
U=<0Opy,T>

for all the basic unitary quantum groups.
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PRrROOF. We only need to check this for the “hybrid” examples, constructed in this
section. But for these hybrid examples, U = TOj};, the results follow from:

TOy = <T,0y >
= <T,<Opn, Ty >>
= <Opy,<T, Ty >>
< On,TTY >

Thus, we have indeed complete hard liberation results, as claimed. U

We can now formulate our main result, as follows:

THEOREM 10.21. We have 9 noncommutative geometries, as follows,

RY TRY c¥
RN —— TRY CcN
RN TRY CcN

with each of the K* symbols standing for the corresponding quadruplet.

Proor. This follows indeed by putting everything together, a bit as in the proof of
Theorem 10.11, the idea being that the intersection axioms are clear, the quantum isome-
try axioms follow from the above computations, and the remaining axioms are elementary.
Thus, we are led to the conclusion in the statement. U

Summarizing, we are done with the extension program mentioned in chapter 4, and
started in the previous chapter, and this with the technical remark that, in what concerns
the “hybrid” geometries, lying between real and complex, our choice of the group T for
“multiplying the real geometries” might be actually something a bit arbitrary, because
the whole family of groups Z, with r < oo is waiting to be investigated as well.

As a second comment, it is of course possible to further develop the hybrid geometries
that we found here, but the whole subject looks less interesting than the subject of
further developing the half-classical geometries. Thus, we will stop our study here, and
after talking next about classification results, and then in chapter 11 about twists, we will
be back in chapter 12 below to the half-classical geometries.
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10d. Classification results

Getting now into classification results, let us recall from chapter 4 that a geometry
coming from a quadruplet (S,T,U, K) is easy when both the quantum groups U, K are
easy, and when the following easy generation formula is satisfied:

U={0Oy,K}
Combinatorially, this gives the following statement:

PROPOSITION 10.22. An easy geometry is uniquely determined by a pair (D, E) of
categories of partitions, which must be as follows,

NCQ cDcCch
NC@'UCTL C E C Pe'l]en

and which are subject to the following intersection and generation conditions,
D=FENPk
E =< D,NC.pen >

and to the usual axioms for the associated quadruplet (S,T,U, K), where U, K are respec-
tively the easy quantum groups associated to the categories D, E.

Proor. This statement simply comes from the following conditions:
U — {ON, K}
K=UnK}

Indeed, U, K must be easy, coming from certain categories of partitions D, E. It is
clear that D, E must appear as intermediate categories, as in the statement, and the fact
that the intersection and generation conditions must be satisfied follows from:

U={0On,K} < D=EnNPk
K=UNK} <= E=<D,NCeen>

Thus, we are led to the conclusion in the statement. Il

In order to discuss now classification results, we will need some technical results re-
garding the intermediate easy quantum groups as follows:

HNCGCK?\}
On C G C Uy

Regarding the reflection groups, the complete result here known so far, from [81],
concerns only the real case. This result, in a simplified form, is as follows:
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THEOREM 10.23. The easy quantum groups Hy C G C Hj; are as follows,

Hy c Hy c HY ¢ HY ¢ HY;

with the family HY covering Hy, Hj[ﬁo], and with the series H][\T,] covering Hy.

PRrOOF. This is something quite technical, from [81], the idea being as follows:

(1) We have a dichotomy concerning the quantum groups Hy C G C Hj;, which must
fall into one of the following two classes:

Hy c G c HY

HY c G c H
This comes indeed from various papers, and more specifically from the final classifi-
cation paper of Raum and Weber [81], where the quantum groups Sy C G C Hy with
G¢H ][30 I were classified, and shown to contain H ][ﬁo ] For details here, we refer to [81].

(2) Regarding the first case, namely Hy C G C H ,[30 ) the result here, from [81], is
quite technical. Consider a discrete group generated by real reflections, g? = 1:

I'=<g,....9n >
We call ' uniform if each o € Sy produces a group automorphism, as follows:

Gi = 9o (i)

In this case, we can associate to I' a family of subsets D(k,l) C P(k,1), which form a
category of partitions, as follows:

]

D(k,l) = {WGP(k,l)‘ker (]) <T = Gy -G :gjl...gjl}

Observe that we have inclusions of categories as follows, coming respectively from
n € D, and from the quotient map I' — Z5':

Pl D C P

even
]

Conversely, to any category of partitions P, cDc P, we can associate a uniform
reflection group Z3N — T' — Z%, as follows:

I = <gl,...gN Giv - Gip, = Gjr - -- G5, V1, 5, k., [ ker (j) = D(k:,l)>

As explained in [81], the correspondences I' = D and D — I' constructed above are
bijective, and inverse to each other, at N = oo. Thus, we are done with the first case.
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(3) Regarding now the second case, which is the one left, namely H ][\?O lcac HY,
the result here, also from [81], is quite technical as well, but has a simple formulation.

Let indeed H ][\7;] C Hj; be the easy quantum group coming from:

1 ... rr ... 1
7T”_ker(l T 1)
We have then inclusions of quantum groups as follows:
Hy=HU>HISHY 5 . > HY

We obtain in this way all the intermediate easy quantum groups H ][\?O lcac HY;
satisfying the assumption G # H][\(;O], and this finishes the proof. See [81]. O

Let us discuss now the unitary quantum groups. Once again, there are only partial
results here known so far, and we will need in what follows, for our classification purposes
here, the results in [75], concerning the intermediate easy quantum groups as follows:

Uv CGcCUy
A first construction of such quantum groups is as follows:
PROPOSITION 10.24. Associated to any r € N is the quantum group Uy C U](\;) c UY;
coming from the category PQ(T) of matching pairings having the property that
o = e (1)
holds between the legs of each string. These quantum groups have the following properties:

1) At r =1 we obtain the usual unitary group, U](\;l) =Uy.
2) At r = 2 we obtain the half-classical unitary group, U](VQ) = Uy.
3) For any r|s we have an embedding U]((,“) C U](\f).

We have as well a cyclic matriz model C(U](\}n)) C M, (C(Uy)).

(

(2)

(3)

(4) In general, we have an embedding U]((,“) CUN X Z,.

(5)

(6) In this latter model, fo) appears as the restriction of tr, ® fov‘

)
6
ProOF. This is something quite compact, summarizing various findings from [17],
[74]. Here are a few brief explanations on all this:
(1) This is clear from 732(1) = Ps, and from a well-known result of Brauer [44].

(2) This is because 732(2) is generated by the partitions with implement the relations
abc = cba between the variables {u;;, uj;}, used in [41] for constructing Uy

1s simply follows from C , by tunctorality.
3) This simply follows from S ¢ P, by f iali

(4) This is the original definition of U ](\7,"), from [17]. We refer to [17] for the exact
formula of the embedding, and to [74] for the compatibility with the Tannakian definition.
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(5) This is also from [17], more specifically it is an alternative definition for U ](\f).

(6) Once again, this is something from [17], and we will be back to it. O

Let us discuss now the second known construction of unitary quantum groups, from
[75]. This construction uses an additive semigroup D C N, but as pointed out there,
using instead the complementary set C' = N — D leads to several simplifications.

So, let us call “cosemigroup” any subset C' C N which is complementary to an additive
semigroup, x,y ¢ C = x +y ¢ C. The construction from [75] is then:

PROPOSITION 10.25. Associated to any cosemigroup C' C N is the easy quantum group
Unx C US C Uy, coming from the category P§ C PQ(OO) of pairings having the property

fro—secC

between each two legs colored o, e of two strings which cross. We have:

(1) For C = () we obtain the quantum group U;.

(2) For C = {0} we obtain the quantum group Uy.

(3) For C ={0,1} we obtain the quantum group UR’.

(4) For C =N we obtain the quantum group U](VOO).

(5) For C C C" we have an inclusion UG C US.

(6) Each quantum group Uﬁ contains each quantum group U](VT).

PROOF. Once again this is something very compact, coming from recent work in [75],
with our convention that the semigroup D C N which is used there is replaced here by
its complement C' =N — D. Here are a few explanations on all this:

(1) The assumption C' = () means that the condition # o —#e € C' can never be
applied. Thus, the strings cannot cross, we have 7?2@ = NC,, and so U]Q\), =Uy.

(2) As explained in [75], here we obtain indeed the quantum group Uy, constructed
by using the relations ab*c = cb*a, with a,b, c € {u;;}.

(3) This is also explained in [75], with Uy being the quantum group from [17], which
is the biggest whose full projective version, in the sense there, is classical.

(4) Here the assumption C' = N simply tells us that the condition # o —#e € C' in
the statement is irrelevant. Thus, we have PY = P{™ and so UY = U,

(5) This is clear by functoriality, because C' C C’ implies P§ C PS".

(6) This is clear from definitions, and from Proposition 10.24 above. U

We have the following key result, from [75]:
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THEOREM 10.26. The easy quantum groups Uy C G C Uy are as follows,
Uy c {UN'} c{US} C U
with the series covering Uy, and the family covering Uy

PROOF. This is something non-trivial, and we refer here to [75]. The general idea is
that U ](VOO) produces a dichotomy for the quantum groups in the statement, and this leads,
via combinatorial computations, to the series and the family. See [75]. g

Now back to our abstract noncommutative geometries, as axiomatized here, in the
easy case we have the following classification result, based on the above:

THEOREM 10.27. There are exactly 4 geometries which are easy, uniform and pure,
with purity meaning that the geometry must be real, classical, complex or free, namely:

RY cy

RY cN
When lifting the uniformity and purity conditions, and replacing them with a “slicing”
axiom, we have 9 such geometries, namely those in Theorem 10.21.

Proor. All this is quite technical, the idea being as follows:

(1) Assume first that we have an easy geometry which is pure, in the sense that it lies
on one of the 4 edges of the square in the statement. We know from Proposition 10.22
that its unitary group U must come from a category of pairings D satisfying:

D =< D, NCepen > NP,

But this equation can be solved by using the results in [74], [75], [81], [85], and by
using the uniformity axiom, which excludes the half-liberations and the hybrids, we are
led to the conclusion that the only solutions are the 4 vertices of the square.

(2) Regarding the second assertion, this can be obtained by using the same technology,
by using the “slicing” axiom from [12], which amounts in saying that U, or the geometry
itself, can be reconstructed from its projections on the edges of the square. See [12]. O

10e. Exercises

Things have been very technical in this chapter, and as unique exercise, we have:

EXERCISE 10.28. Find a better way of classifying the noncommutative geometries in
our sense, say by adding some clever extra axiom, which simplifies the classification.

Needless to say, an answer here would be very interesting. Beer offered.



CHAPTER 11

Twisted geometry

11a. Ad-hoc twists

We have seen so far that the abstract noncommutative geometries, taken in a “spher-
ical” sense, with coordinates bounded by ||z;|| < 1, can be axiomatized with the help of
quadruplets (S, T, U, K). There are 9 main such geometries, as follows:

RY TRY c¥
RN — TRY CcN
RY TRN CcN
As a first related question, we would like to investigate the ¢ = —1 twists of these

geometries. We will see that we have twisted geometries, as follows:

RY TRY cy
RN TRY CN
RY TRY cN

In order to get started, the best is to deform first the simplest objects that we have,
namely the quantum spheres. This can be done as follows:

249
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THEOREM 11.1. We have quantum spheres as follows, obtained via the twisted com-
mutation relations ab = +ba, and twisted half-commutation relations abc = +cba,

N-1 N-1 N—-1
SR,+ TSR,+ C,+

QoN—-1 QoN—-1 QN—-1
SR,* TS]R,* S(C,*

Syt TN s S

with the precise signs being as follows:
(1) The signs on the bottom correspond to the anticommutation of distinct coordi-
nates, and their adjoints. That is, with z; = x;, x] and €;; = 1 — 4,5, the formula
18:

ZiZj = (—1)5”2:]'21'
(2) The signs in the middle come from functoriality, as for the spheres in the middle
to contain those on the bottom. That is, the formula is:
zizjzp = (—1)Futenteny 20

PROOF. As a first observation, we are using here bars in order to denote the ¢ = —1
twists, and this in view of the discussion above, leading us to ¢ = +1, and with the ¢ = —1
theory that we want to develop being different from the usual one.

(1) Here there is nothing to prove, because we can define the spheres on the bottom
by the following formulae, with z; = z;, 2} and €;; = 1 — §;; being as above:

C(SY-1 = C’(Sﬂgf)/@i%‘ = (—1)6”55j95i>

C(SN-1) = C(Séf;l)/<2izj = (—1)6”ij@'>

(2) Here our claim is that, if we want to construct half-classical twisted spheres, via
relations of type abc = =£cba between the coordinates z; and their adjoints z}, as for
these spheres to contain the twisted spheres constructed in (1), the only possible choice
for these relations is as follows, with z; = z;, 2} and €;; = 1 — d;; being as above:

€ijteEjte

zizjzp = (—1) 2%
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But this is something clear, coming from the following computation, inside of the
quotient algebras corresponding to the twisted spheres constructed in (1) above:

zizjzy = (—1)%9z;2;2,
= (=1)%9T%k 222

= (_1)€ij+5jk+€ik 2022

Thus, we are led to the conclusion in the statement, the spheres being given by:

C(S']{{X*_l) _ C(Sﬁ;l)/<xix]~xk — (_1)5ij+€jk+€ik$kxjxi>

C(SY) = C(827) [ (mizgan = (-1 o)
Thus, we have constructed our spheres, and embeddings, as desired. U

With the above result in hand, let us go ahead now, and twist the whole quadruplets
(S,T,U, K) that we have.

Things are quite tricky here, and let us start with the unitary quantum groups U.

We would like these quantum groups to act on the corresponding spheres, U ~ S.
Thus, we would like to have morphisms of algebras, as follows:

(I)(-rz) - ZQZ’]’ X uji
J

Now with z; = z;, 2] being as before, and with v;; = u;;, u;; constructed accordingly,

ij
the above formula and its adjoint tell us that we must have:
O(z) =Y 2@ vy
J
Thus the variables Z; = ; % ®@vj; on the right must satisfy the twisted commutation

or half-commutation relations in Theorem 11.1, and this will lead us to the correct twisted
commutation or half-commutation relations to be satisfied by the variables v;;.

In practice now, let us first discuss the twisting of Oy, Uy.

Following [18] in the orthogonal case, and then [4] in the unitary case, the result here
is as follows:
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THEOREM 11.2. We have twisted orthogonal and unitary groups, as follows,

O% Uy

On Un
defined via the following relations, with the convention o = a,a* and § = b, b*:
0f = {—Ba for a,b € {u;;} distinct, on the same row or column of u
Ba otherwise
These quantum groups act on the corresponding twisted real and complex spheres.

PROOF. Let us first discuss the construction of the quantum group On. We must
prove that the algebra C'(Oy) obtained from C(O};) via the relations in the statement
has a comultiplication A, a counit ¢, and an antipode S. Regarding A, let us set:

Uij = E Uik, & Uk
k

For j # k we have the following computation:

UiijUy, = g UisUit & UgjUsk + g UjsUis & UgjUsk

s#t s
= E _uituis®utkusj+g Uislis @ (—UgkUs;)
s#t s
= —UyUj;

Also, for ¢ # k,j # | we have the following computation:
UijUu = Z UjsUgt & UgjUy + Z UjsUks Q) UsjlUsg

st s
= Z Uktlis @ Uy sy + Z<_Uksuis) ® (—ugts;)
st s
= UnUi;
Thus, we can define a comultiplication map for C(Oy), by setting:
A(uyy) = Uy

Regarding now the counit € and the antipode S, things are clear here, by using the
same method, and with no computations needed, the formulae to be satisfied being triv-
ially satisfied. We conclude that Oy is a compact quantum group, and the proof for Uy
is similar, by adding * exponents everywhere in the above computations.
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Finally, the last assertion is clear too, by doing some elementary computations, of the
same type as above, and with the remark that the converse holds too, in the sense that
if we want a quantum group U C Uy to be defined by relations of type ab = +ba, and to
have an action U ~ S on the corresponding twisted sphere, we are led to the relations in
the statement. We refer to [4] for further details on all this. O

In order to discuss now the half-classical case, given three coordinates a,b,c € {u;;},
let us set span(a,b,c) = (r,c), where r,c € {1,2,3} are the number of rows and columns
spanned by a, b, c. In other words, if we write a = u;;, b = ug, ¢ = up, then r = #{i, k, p}
and | = #{j,1,q}. With this convention, we have the following result:

THEOREM 11.3. We have intermediate quantum groups as follows,

0 —~TOL — U

Oy ——TOy —— Uy

Oy ——=TOy —— Uy

defined via the following relations, with o = a,a*, f = b,b* and v = ¢, c*,

—ypa for a,b,c € {u;;} with span(a,b,c) = (< 2,3) or (3,<2)
afy = :
vBa  otherwise

which act on the corresponding twisted half-classical real and complex spheres.

PrROOF. We use the same method as in the proof of Theorem 11.2, but with the
combinatorics being now more complicated. Observe first that the rules for the various
commutation and anticommutation signs in the statement can be summarized as follows:

e 1 2 3
1+ + -
2 4+ 4 -
3 — — +

Let us first prove the result for O%. We must construct here morphisms A, ¢, S, and
the proof, similar to the proof of Theorem 11.2, goes as follows:
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(1) We first construct A. For this purpose, we must prove that U;; = >, wix ® uy;
satisfy the relations in the statement. We have the following computation:

UianbUkc - E uixujyukz®u:cauybuzc

Tyz

= E :l:uk:zujyuiz & iuzcuybuaza

TYz

= :l:Ukojb Uia

We must show that, when examining the precise two + signs in the middle formula,
their product produces the correct 4 sign at the end. But the point is that both these
signs depend only on s = span(z,y, z), and for s = 1,2, 3 respectively, we have:

— For a (3,1) span we obtain +—, +—, —+, so a product — as needed.
— For a (2,1) span we obtain ++, ++, ——, so a product + as needed.
— For a (3,3) span we obtain ——, ——, ++, so a product + as needed.
— For a (3,2) span we obtain +—, +—, —+, so a product — as needed.
— For a (2,2) span we obtain ++, ++, ——, so a product + as needed.

Together with the fact that our problem is invariant under (r,¢) — (¢, r), and with
the fact that for a (1,1) span there is nothing to prove, this finishes the proof for A.

(2) The construction of the counit, via the formula £(u;;) = §;;, requires the Kronecker
symbols d;; to commute/anticommute according to the above table. Equivalently, we must
prove that the situation 0050, = 1 can appear only in a case where the above table
indicates “+”. But this is clear, because 0;;0x0p, = 1 implies r = c.

(3) Finally, the construction of the antipode, via the formula S(u;;) = uj;, is clear too,
because this requires the choice of our + signs to be invariant under transposition, and
this is true, the above table being symmetric.

We conclude that O% is indeed a compact quantum group, and the proof for U}, is
similar, by adding * exponents everywhere in the above computations.

Finally, the last assertion is clear too, by doing some elementary computations, of the
same type as above, and with the remark that the converse holds too, in the sense that if
we want a quantum group U C Uy, to be defined by relations of type abc = +cba, and to
have an action U ~ S on the corresponding half-classical twisted sphere, we are led to
the relations in the statement. We refer to [4] for further details on all this. O

The above results can be summarized as follows:



11A. AD-HOC TWISTS 255

THEOREM 11.4. We have quantum groups as follows, obtained via the twisted com-
mutation relations ab = +ba, and twisted half-commutation relations abc = +cba,

0% ——TO, — U

Qi
2*

——TOy —— U}

Oy ——TOy —— Uy
with the various signs coming as follows:

(1) The signs for Oy correspond to anticommutation of distinct entries on rows and
columns, and commutation otherwise, with this coming from On S]f{ -1

(2) The signs for Oy, Uy, Uy come as well from the signs for S]fg_l, either via the
requirement Oy C U, or via the requirement U ~ S.

Proor. This is a summary of Theorem 11.2 and Theorem 11.3, and their proofs. [J

Moving ahead now, and back to our geometric program, we have twisted the spheres
and unitary groups S, U, and we are left with twisting the tori and reflection groups 7', K.
But these are “discrete” objects, which can only be rigid, so let us formulate:

DEFINITION 11.5. The twists of the basic quantum tori and reflection groups,

Ty TT T, Hf, — = THf;, —— K},

Ty TT} T HY —=TH, —— K5

2*

TN TTwN Tx Hy ——THy —— Ky

are by definition these tori and reflection groups themselves.

With this definition in hand, we are done with our twisting program for the triples
(S,T,U, K), and we have now candidates RY, C¥ and RY, C¥ for new noncommutative
geometries, to be checked from our axiomatic viewpoint, and then to be developed.
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11b. Schur-Weyl twists

In order to discuss these questions, we must first review the above construction of the
twists of S, T, U, K, which was something quite ad-hoc, and replace all that has being said
above by something more conceptual.

Let us start with something that we already know, namely:
PROPOSITION 11.6. The intermediate easy quantum groups
Hy CGCUy
come via Tannakian duality from the intermediate categories of partitions
Peyen D D D NC,
with P.yen(k,1) C P(k,l) being the category of partitions whose blocks have even size.

ProoF. This is something coming from the general easiness theory for quantum
groups, discussed in section 2 above. Indeed, as explained there, the easy quantum groups
appear as certain intermediate compact quantum groups, as follows:

Sy C G CUy

To be more precise, such a quantum group is easy when the corresponding Tannakian
category comes from an intermediate category of partitions, as follows:

PDDDNCQ

Now since this correspondence makes correspond Hy <+ P.,e,, Once again as explained
in section 2 above, we are led to the conclusion in the statement. U

Summarizing, we must do some combinatorics, for the partitions having even blocks.
Given a partition 7 € P(k, 1), let us call “switch” the operation which consists in switching
two neighbors, belonging to different blocks, in the upper row, or in the lower row. Also,
we use the standard embedding Sy C Py (k, k), via the pairings having only up-to-down
strings. With these conventions, we have the following result:

THEOREM 11.7. There is a signature map € : Poyen, — {—1,1}, given by

=(7) = (-1

where ¢ is the number of switches needed to make T noncrossing. In addition:

(1) For T € Sk, this is the usual signature.
(2) For T € P, we have (—1)°, where ¢ is the number of crossings.
(3) For 7 <1 € NCepen, the signature is 1.
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PROOF. In order to show that the signature map € : P, — {—1, 1} in the statement,
given by (1) = (—1)¢, is well-defined, we must prove that the number ¢ in the statement
is well-defined modulo 2. It is enough to perform the verification for the noncrossing
partitions. More precisely, given 7, 7" € NCp,., having the same block structure, we must
prove that the number of switches ¢ required for the passage 7 — 7’ is even.

In order to do so, observe that any partition 7 € P(k,l) can be put in “standard
form”, by ordering its blocks according to the appearence of the first leg in each block,
counting clockwise from top left, and then by performing the switches as for block 1 to
be at left, then for block 2 to be at left, and so on. Here the required switches are also
uniquely determined, by the order coming from counting clockwise from top left.

Here is an example of such an algorithmic switching operation, with block 1 being
first put at left, by using two switches, then with block 2 left unchanged, and then with
block 3 being put at left as well, but at right of blocks 1 and 2, with one switch:

O
—
°
—
—

The point now is that, under the assumption 7 € NCpgpen(k,[), each of the moves
required for putting a leg at left, and hence for putting a whole block at left, requires an
even number of switches. Thus, putting 7 is standard form requires an even number of
switches. Now given 7,7 € NC,,., having the same block structure, the standard form
coincides, so the number of switches ¢ required for the passage 7 — 7’ is indeed even.

Regarding now the remaining assertions, these are all elementary:

(1) For 7 € Sk the standard form is 7/ = id, and the passage 7 — id comes by
composing with a number of transpositions, which gives the signature.
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(2) For a general 7 € Py, the standard form is of type 7/ = |... |51, and the passage

7 — 7’ requires ¢ mod 2 switches, where ¢ is the number of crossings.

(3) Assuming that 7 € P, comes from m € NCqpe, by merging a certain number of
blocks, we can prove that the signature is 1 by proceeding by recurrence. U

We define the kernel of a multi-index (;) to be the partition obtained by joining the
equal indices.

Also, we write m < ¢ if each block of 7 is contained in a block of o.

With these conventions, and the above result in hand, we can now formulate:
DEFINITION 11.8. Associated to any partition m € Poyen(k,1) is the linear map

Tﬂ . (CN)@)I: N ((CN)®Z

given by the following formula, with e, ..., ex being the standard basis of CV,
- < (i1 ... g
1--J1

and where 6, € {—1,0,1} is 6, = &(7) if T > 7, and 0, = 0 otherwise, with:

T = ker (Z>
J

In other words, what we are doing here is to add signatures to the usual formula of
T.. Indeed, observe that the usual formula for 7T, can be written as folllows:

Tﬁ<€i1®...®€ik>: Z 6j1®"'®ejl
j:ker(z-)ZW

Now by inserting signs, coming from the signature map € : Py, — {£1}, we are led
to the following formula, which coincides with the one given above:

Tr(ei, @...0¢e,) = 25(7') Z e, ®...Qej
T>m j:ker(;-):T

We will be back later to this analogy, with more details on what can be done with it.
For the moment, we must first prove a key categorical result, as follows:

PROPOSITION 11.9. The assignement © — T} is categorical, in the sense that
TW X TU = T[ﬂg] , TWTU = NC(W’U)T[Z] , T;: = TW*

where c(m,0) are certain positive integers.
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PrROOF. We have to go back to the proof from the untwisted case, from section 2
above, and insert signs. We have to check three conditions, as follows:

1. Concatenation. In the untwisted case, this was based on the following formula:

R (R I A I ) (e
(jqu) (llls [o) J1---Jq llls

In the twisted case, it is enough to check the following formula:

(kep (T  (ker ki...k, o (ker (G ki...k,
J1---Jq ll"-ls J1---Jq ll--'ls

Let us denote by 7, v the partitions on the left, so that the partition on the right is
of the form p < [rv]. Now by switching to the noncrossing form, 7 — 7" and v — v/, the
partition on the right transforms into:

p—p <[T'V]
Now since the partition [7'¢'] is noncrossing, we can use Theorem 11.7 (3), and we
obtain the result.

2. Composition. In the untwisted case, this was based on the following formula:

i) s (F1eda  vetmers (e
E:éﬂ(ﬁ.”%>5”(h.”&>__N' @ﬂ(m.”m)

J1---Jq

In order to prove now the result in the twisted case, it is enough to check that the
signs match. More precisely, we must establish the following formula:

iy ..y TR AN iy .. iy
(e (o)) e Cor () == (e (i)

Let 7,v be the partitions on the left, so that the partition on the right is of the form
p < [I]. Our claim is that we can jointly switch 7, v to the noncrossing form. Indeed, we
can first switch as for ker(j; ... j,) to become noncrossing, and then switch the upper legs
of 7, and the lower legs of v, as for both these partitions to become noncrossing. Now
observe that when switching in this way to the noncrossing form, 7 — 7" and v — /| the
partition on the right transforms into:

p—p <[]

-
v

Now since the partition [7,] is noncrossing, we can apply Theorem 11.7 (3), and we

obtain the result.

3. Involution. Here we must prove the following formula:

5. () g (B
"\J1---Jq T\t

But this is clear from the definition of §,, and we are done. O
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As a conclusion, our twisted construction 7 — T, has all the needed properties for
producing quantum groups, via Tannakian duality, and we can now formulate:

THEOREM 11.10. Given a category of partitions D C P.,eyn, the construction

Hom/(u®* u®) = span (Tw T E D(k,l))

produces via Tannakian duality a quantum group G C Uy, for any N € N.

Proor. This follows indeed from the Tannakian results from section 2 above, exactly
as in the easy case, by using this time Proposition 11.9 as technical ingredient.

To be more precise, Proposition 11.9 shows that the linear spaces on the right form a
Tannakian category, and so the results in section 2 apply, and give the result. O

We can unify the easy quantum groups, or at least the examples coming from categories
D C P,,e,, with the quantum groups constructed above, as follows:

DEFINITION 11.11. A closed subgroup G C Uy, is called q-easy, or quizzy, with defor-
mation parameter ¢ = +1, when its tensor category appears as follows,

Hom(u®* u®") = span (T7r € D(k, l))

for a certain category of partitions D C P,ye,, where, for g = —1,1:
T=T,T
The Schur-Weyl twist of G is the quizzy quantum group G C Uy obtained via ¢ — —q.

We will see later on that the easy quantum group associated to P, itself is the
hyperochahedral group Hpy, and so that our assumption D C P.,.,, replacing D C P,
simply corresponds to Hy C G, replacing the usual condition Sy C G.

For the moment, our most pressing task is that of checking that, when applying the
Schur-Weyl twisting to the basic unitary quantum groups, we obtain the ad-hoc twists
that we previously constructed. This is indeed the case:

THEOREM 11.12. The twisted unitary quantum groups introduced before,

Ot — = TO} — U}

* * *

N_>TON_>UN

Qi

Oy ——=TOy —— Uy

appear as Schur-Weyl twists of the basic unitary quantum groups.
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Proor. This is something routine, in several steps, as follows:

(1) The basic crossing, ker (;JZ) with i # j, comes from the transposition 7 € S, so

)

its signature is —1. As for its degenerated version ker (;Z), this is noncrossing, so here the
signature is 1. We conclude that the linear map associated to the basic crossing is:

- —e;®e; fori#j
Ty(e;, ®e;) = J

i i) {ej ® e; otherwise
ijk

For the half-classical crossing, namely ker (kﬂ) with ¢, 7, k distinct, the signature is

once again —1, and by examining the signatures of the various degenerations of this
half-classical crossing, we are led to the following formula:

— —ep,®e; ®e; for,7j,k distinct
Tx(ei®ej®ek):{ b J J

er ®ej @ e otherwise

(2) Our claim now if that for an orthogonal quantum group G, the following holds,
with the quantum group Oy being the one in Theorem 11.2:

Ty € End(u®?) < G C Oy
Indeed, by using the formula of Ty found in (1) above, we obtain:
(Ty @ DuP(e; @e; ®1) = Z er ® e @ UpilUp;
k
- Z €1 @ e © Upiuy

k£l

On the other hand, we have as well the following formula:

Doml@er @uuy  ifi=j

U (i@ 1)(e;®e;®1) = e
(Ty ) I ) — Y e ®er @uyug if i F#

For i = j the conditions are uj, = uiz for any k, and ug;u; = —ugug; for any k # 1.
For i # j the conditions are uy;u; = —uyjuy; for any k, and UkiUy; = ugjuy; for any k # 1.
Thus we have exactly the relations between the coordinates of Oy, and we are done.

(3) Our claim now if that for an orthogonal quantum group G, the following holds,
with the quantum group O} being the one in Theorem 11.3:

Ty € End(u®®) < G C Oy
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Indeed, by using the formula of Ty found in (1) above, we obtain:

(Ty @ Nu(e;®e; Qe ®1) = Z e @ €p @ €q & UgiUpjUec

abc not distinct

- E R ey e, ¥ Uqi Upj Uk

a,b,c distinct

On the other hand, we have as well the following formula:

u®2(TX ®1)(e;®e; ®e,®1)

B Y abe €c @ €5 ® €4 & UgkUpjUgi for ¢, 7, k not distinct
— D abe €c D €y @ €q @ UcpUpjug;  for 4, 7, k distinct

For 4,7,k not distinct the conditions are w,uyjuck = UerUp;Uq for a,b,c not dis-
tinct, and ugiUpjter = —UckUpjUq; for a,b,c distinct. For 4,7, k distinct the conditions
are UgiUpjlUey = —UckUpjlq; for a,b,c not distinct, and uqupjUck = UekUpjUqi for a,b,c
distinct. Thus we have exactly the relations between the coordinates of O, and we are
done.

(4) Now with the above results in hand, we obtain that the Schur-Weyl twists of
On, Oy are indeed the quantum groups Oy, Oy from Theorem 11.2 and Theorem 11.3.

(4) The proof in the unitary case is similar, by adding signs in the above computations
2,3), the conclusion being that the Schur-Weyl twists of Uy, U} are indeed Uy, Uy,. 0O
N N

Let us clarify now the relation between the maps T, T,. We recall that the Mobius
function of any lattice, and in particular of P.,.,, is given by:

1 fo=x
/“L(O-7 7T) = - ZO’S’T<7T /’1’(0-7 T) lf o<m
0 if o L

With this notation, we have the following result:

PROPOSITION 11.13. For any partition m € P.,e, we have the formula

T, = ZaTTT

<7

where ay =Y &(T)p(o,7), with p being the Mdbius function of Peyen.
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PROOF. The linear combinations T'=>___ _«,T, acts on tensors as follows:

T<m

Tley ®...0¢e,) = Y oTr(e, ®...0¢;,)

T

= ZQTZ Z e, ®...0e;
T<m o<T j:ker(é):U

— Z(Z Oz.,.) Z ej1®"'®€jl
o<m \o<7<m j:ker(é):o'

Thus, in order to have T, = > __«,T,, we must have e(o) = > __ __a,, for any
o < m. But this problem can be solved by using the Md&bius inversion formula, and we
obtain the numbers a, =Y _ . e(7)u(o, 7) in the statement. O

With the above results in hand, let us go back now to the question of twisting the
quantum reflection groups. It is convenient to include in our discussion two more quantum

groups, coming from [81] and denoted H ][ﬁo ], K ][f;o}, constructed as follows:

PROPOSITION 11.14. We have intermediate liberations H][\?o],K][\?O} as follows, con-
structed by using the relations afy = 0 for any a # ¢ on the same row or column of
w:

Ky K% K K3

Hy H3, H Hi;

These quantum groups are both easy, with the corresponding categories of partitions, de-
noted P, P.yen and Pl Peven, being generated by n = ker(%)

PrOOF. This is routine, by using the fact that the relations a8y = 0 in the statement
are equivalent to the condition n € End(u®*), with |k| = 3. For details here, and for
more on these two quantum groups, which are very interesting objects, and that we have
actually already met in section 4 above, we refer to the paper of Raum-Weber [81]. [

In order to discuss now the Schur-Weyl twisting of the various quantum reflection
groups that we have, we will need the following technical result:
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ProPOSITION 11.15. We have the following equalities,

P;ven - {ﬂ- S Peven 5(7—) = ]-7V7' <, |7'| = 2}
Phel = {7? € Poyen|o € P, ,No C 77}
‘Pe[?)z}n - {ﬂ-epeven 5<T>:1,VT§7T}

where € : Poen — {E1} is the signature of even permutations.
Proor. This is routine combinatorics, from [8], [81], the idea being as follows:

(1) Given 7 € P.yen, we have 7 < 7,|7| = 2 precisely when 7 = 7 is the partition
obtained from 7 by merging all the legs of a certain subpartition 5 C 7, and by merging
as well all the other blocks.

Now observe that 7 does not depend on 7, but only on 3, and that the number of
switches required for making P noncrossing is ¢ = N, — N, modulo 2, where N, /N, is the
number of black/white legs of 3, when labelling the legs of 7 counterclockwise ceoce. ..

Thus e(7”) = 1 holds precisely when 3 € 7 has the same number of black and white
legs, and this gives the result.

(2) This simply follows from the equality P =< n > coming from Proposition
11.14, by computing < 1 >, and for the complete proof here we refer to [81].

(3) We use the fact, also from [81], that the relations ¢;,g;g, = ¢;9:9; are trivially
satisfied for real reflections. Thus, we have:

Pe[ﬁ‘;]n(k;,l):{ker <Z.1 Z.’f)
T

In other words, the partitions in Pe[iﬁll are those describing the relations between free

variables, subject to the conditions g7 = 1.

Gir - - - i, = Gj, - - - gj, inside Z;N}

We conclude that Pe[ﬁl appears from NC,,., by “inflating blocks”, in the sense that
each ™ € Pe[f,i}n can be transformed into a partition ©° € NCy,., by deleting pairs of
consecutive legs, belonging to the same block.

Now since this inflation operation leaves invariant modulo 2 the number ¢ € N of
switches in the definition of the signature, it leaves invariant the signature ¢ = (—1)°
itself, and we obtain in this way the inclusion “C” in the statement.

Conversely, given m € P, satisfying (1) = 1, V7 < 7, our claim is that:
psocCTlpl=2 = c(p) =1

Indeed, let us denote by a, 8 the two blocks of p, and by v the remaining blocks of
7, merged altogether. We know that the partitions 71 = (a« A7, 8), o = (B A 7, q),
73 = (a, B,7) are all even. On the other hand, putting these partitions in noncrossing
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form requires respectively s+t, s’ +1t, s+ s+t switches, where t is the number of switches
needed for putting p = («, #) in noncrossing form. Thus ¢ is even, and we are done.
With the above claim in hand, we conclude, by using the second equality in the

statement, that we have o € P* Thus we have m € Pe[ﬁn, which ends the proof of

even'

(LD” . D
With the above result in hand, we can now prove:
THEOREM 11.16. The basic quantum reflection groups, namely

Hf —=TH};, — K},

Hy — THy — Ky
equal their own Schur-Weyl twists.
PRrROOF. This result, established in [7], basically comes from the results that we have:
(1) In the real case, the verifications are as follows:

— HJJ\;. We know from Theorem 11.7 above that for m € NCpen, we have T. =T, and
since we are in the situation D C NC,y.,, the definitions of GG, G coincide.

- H][\C;O]. Here we can use the same argument as in (1), based this time on the description

of P, involving the signatures found in Proposition 11.15.

— Hy. We have HY = H][\C;O] N Ok, so Hy C H][\C;o] is the subgroup obtained via the
defining relations for Oy. But all the abc = —cba relations defining Hy, are automatic,
of type 0 = 0, and it follows that Hj C H ][\?O Jis the subgroup obtained via the relations
abc = cba, for any a,b, c € {u;;}. Thus we have H} = H][\?O] NOx = HY, as claimed.

— Hy. We have Hy = H} N Oy, and by functoriality, Hy = H N Oy = Hj N Oy.
But this latter intersection is easily seen to be equal to Hy, as claimed.

(2) In the complex case the proof is similar, and we refer here to [8]. O

In relation now with the tori, we have the following result:
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THEOREM 11.17. The diagonal tori of the twisted quantum groups are

T TT} T3,
T TT} T%
Ty TTy Ty

exactly as in the untwisted case.

PRrooF. This is clear for the quantum reflection groups, which are not twistable, and
for the quantum unitary groups this is elementary as well, coming from definitions. [

11c. Twisted integration

Before getting into the spheres, let us discuss integration questions. The result here,
valid for any Schur-Weyl twist in our sense, is as follows:

THEOREM 11.18. We have the Weingarten type formula

/Guflljl...uf:jk: > Onlin - ir)s (i - ji)Win(m, 0)

m,0€Py (o)
where Win = Gin, with Gyn(m,0) = N™°l for .0 € D(k).

Proor. This follows exactly as in the untwisted case, the idea being that the signs
will cancel. Let us recall indeed from Definition 11.8 and the comments afterwards that
the twisted vectors &, associated to the partitions m € P,,e, (k) are as follows:

EW:Zs(T) Z e, Q...0e€;

T>T i:ker(¢)=7

Thus, the Gram matrix of these vectors is given by:

<& &y > = Z e(7)? {(il,...,ik)‘keri:T}‘
= Z H(il,...,ik)‘keri:TH

— N|7r\/<7|

Thus the Gram matrix is the same as in the untwisted case, and so the Weingarten
matrix is the same as well as in the untwisted case, and this gives the result. U
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In relation now with the spheres, we have the following result:

THEOREM 11.19. The twisted spheres have the following properties:

(1) They have affine actions of the twisted unitary quantum groups.
(2) They have unique invariant Haar functionals, which are ergodic.
(3) Their Haar functionals are given by Weingarten type formulae.

(4) They appear, via the GNS construction, as first row spaces.

PRrROOF. The proofs here are similar to those from the untwisted case, via a routine
computation, by adding signs where needed, and with the main technical ingredient,
namely the Weingarten formula, being available from Theorem 11.18 above. U

As a conclusion now, we have shown that the various quadruplets (S,7,U, K) con-
structed in chapters 1-10 above have twisted counterparts (S, T, U, K). The question that
we would like to solve now is that of finding correspondences, as follows:

S T

S

K

In order to discuss this, let us get back to the axioms from chapter 4. We have seen
there that the 12 correspondences come in fact from 7 correspondences, as follows:

S T

U K

In the twisted case, 6 of these correspondences hold as well, but the remaining one,
namely S — T, definitely does not hold as stated, and must be modified. Let us begin
our discussion with the quantum isometry group results. We have here:

THEOREM 11.20. We have the quantum isometry group formula
0= G*(8)
in all the 9 main twisted cases.

PrROOF. The proofs here are similar to those from the untwisted case, via a routine
computation, by adding signs where needed, which amounts in replacing the usual com-
mutators [a, b] = ab — ba by twisted commutators, given by:

[[a,b]] = ab + ba
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There is one subtle point, however, coming from the fact that the linear indepen-
dence of various products of coordinates of length 1,2,3, which was something clear in the
untwisted case, is now a non-trivial question.

But this can be solved via a technical application of the Weingarten formula, from
Theorem 11.18. For details here, we refer to [4]. O

Regarding now the K = G™(T) N K3 axiom, this is something that we already know.
However, regarding the correspondence S — T, things here fail in the twisted case. Our
“fix” for this, or at least the best fix that we could find, is as follows:

THEOREM 11.21. Given an algebraic manifold X C Sg;l, define 1its toral isometry

group as being the biggest subgroup of T acting affinely on X :
G (X) =G (X)NTy
With this convention, for the 9 basic spheres S, and for their twists as well, the toral

1sometry group equals the torus T'.

PROOF. We recall from chapter 3 that the affine quantum isometry group G*(X) C
Uy of a noncommutative manifold X C S(JCV ;1 coming from certain polynomial relations
P is constructed according to the following procedure:

j
Similarly, the toral isometry group G (X) C T} is constructed as follows:
P(z;))=0 = P(z; ®u;) =0
In the monomial case one can prove that the following formula holds:
G*(S) = G+(S)
By intersecting with T}, we obtain from this that we have:
GH(S) = G*(S)
The result can be of course be proved as well directly. For SY ' we have:
Q(z,x5) = 72 ® wuy
O(zjz;) = 27 @ uju,
Thus we obtain w;u; = —u;u; for i # j, and so the quantum group is Ty.
The proof in the complex, half-liberated and hybrid cases is similar. U

Regarding the hard liberation axiom, this seems to hold indeed in all the cases under
consideration, but this is non-trivial, and not known yet. As a conclusion, we conjec-
turally have an extension of our (5,7, U, K) formalism, with the S — T axiom needing a
modification as above, which covers the twisted objects (S,T,U, K) as well.
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11d. Twisted geometry

There are many things that can be done in the context of the twisted geometry, going
beyond what we have so far, namely some theory and computations for the spheres S,
tori T, unitary groups U, and reflection groups K. We briefly discuss here, as a main
topic, the twisted extension of the various constructions from chapter 7 above.

So, let us go back to the theory there. As a first observation, we can both liberate the
spaces O, UL\, and twist them, by proceeding as as follows:

DEFINITION 11.22. Associated to any integers L < M < N are the algebras

O(Oﬁﬂv) = C" ((uij)izl,...,M,j:L...,N

u:a,uut

= projection of trace L)
CUN) = C* ((uij)izl,...,M,sz...,N‘Uu*a uu' = projections of trace L)

and their quotients C(O%, ), C(UL ), obtained by imposing the twisting relations.

With this extended formalism, we have inclusions between the various spaces con-
structed so far, in chapter 7 above and then here, as follows:

L L+ r 7L
UMN UMN UMN
L L+ L
OMN OMN OMN

More generally now, and once again by following the material from chapter 7 above,
we can perform the above constructions for any quizzy quantum group.

In order to discuss this, we use the Kronecker symbols d,(i) € {—1,0,1} explained in
the above, depending on a twisting parameter ¢ = +1, constructed as follows:

5, (i) = Okeri<o (untwisted case)
7 ) e(ker i)0keri<o  (twisted case)
With this convention, we have the following result:

PROPOSITION 11.23. The various spaces G, constructed so far appear by imposing
to the standard coordinates of Uyrh, the relations

Z Z 5W<i)5a(j>ufllj1 T ul?ssjs - L‘W\/U‘
1mis G1ojs

with s = (e1, ..., es) ranging over all the colored integers, and with w,0 € D(0, s).
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PROOF. According to the various constructions in chapter 7 and in the above, the re-
lations defining G¥, can be written as follows, with o ranging over a family of generators,
with no upper legs, of the corresponding category of partitions D:

> eliugly, uf, = 0,(0)
.j1~~~.j5
We therefore obtain the relations in the statement, as follows:

SO )0 (usty, - u = > 6(0) > Ge(f)ust, - ul

i1...05 ]1]5 11...9s ]1]5

= Z 5W(i)50(i>

11...05

= D > (1)

T<mVo keri=1

-y 3

T<mwVo keri=t1

_ L|TrVo|

As for the converse, this follows by using the relations in the statement, by keeping 7
fixed, and by making o vary over all the partitions in the category. U

Summarizing, we have unified the twisted and untwisted constructions, in the contin-
uous case.

In the general case now, where G = (Gy) is an arbitary uniform quizzy quantum
group, we can construct spaces G%, by using the above relations, and we have:

THEOREM 11.24. The spaces Gy C Usshy constructed by imposing the relations
Z Z 57"(2.)50(]‘),”?11]'1 . U,Zsjs — L\W\/J\
7;1--~'L's ]1j5

with 7,0 ranging over all the partitions in the associated category, having no upper legs,
are subject to an action map/quotient map diagram, as follows

GxG L G
pxid p
X x G = X

exactly as in the classical case, or the free case.
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ProoF. We proceed as in chapter 7 above. We must prove that, if the variables wu;;
satisfy the relations in the statement, then so do the following variables:

Uj = Z ir @ by & upg
kl

Vi =) aa®bj,
I<L
Regarding the variables U;;, the computation here goes as follows:

> 2 s@0U, - U,

i1.ls J1---Js

—_ €s €s €1 61 €s
= Z Z Z 25 Aty o O, @ (D5, b5 ) T @y gy

Zl ’Lle js kl kgll lg

— €s
= 2,2:5 Uk;z U g,

ki..ksly...1ls
o L|7rVa|

For the variables V;; the proof is similar, as follows:

SN a8V, Vi,

11.ls J1e--Js

- Z Z Z 5 Z1l1 e 'afjls ® (b bjllh)*

11005 J1.-Js U1, ls <L

= Y &0

llv-"vlsSL
_ L‘T(\/O’I

Thus we have constructed an action map, and a quotient map, and the commutation
of the diagram in the statement is then trivial. U

Still by following the material in chapter 7 above, we can now construct a Haar
integration for the above spaces, and we have the following result:

THEOREM 11.25. We have the Weingarten type formula

/GL Uiy gy - - - Uigjs = Z L|JVV|5W(i)6T(j)WsM(7T7 O-)WsN(T’ V)

MN ToOTV

where Wy = G;\b, with Gy (m,0) = MImvel
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PrROOF. We make use of the usual quantum group Weingarten formula, explained in
the above in the twisted case. By using this formula for G, G, we obtain:

/ Wiy gy - - - Uiy
GL

MN

_ . i >k >k
= g / Qiyly - - - Qi / NN
Gm Gn

11...1s<L

= Y Y 508 (Wa(m,0) > 6:(7)8, (O Wen(r, v)

1..1s<L 7o

= Z( Z 50(0(5,,(1)) 5ﬂ(i)57(j)W5M<ﬂ_7U)W3N(T7 V)

mwotv \ly...1s<L

Let us compute now the coefficient appearing in the last formula. Since the signature
map takes +1 values, for any multi-index [ = (Iy,...,[) we have:

5g<l)5y(l) = (5kerl§05(ker l) . 51(6”9,8(1{61“ l)

- 5kerl§a\/u

Thus the coefficient is LI°V¥, and we obtain the formula in the statement. U

With this formula in hand, we can derive explicit integration results for the sums of
non-overlapping coordinates, exactly as in chapter 7 above. To be more precise, the laws
and their asymptotics are identical in the classical and twisted cases.

11e. Exercises

As already mentioned in the above, this chapter was just an introduction to the twisted
geometry, and what we did here, namely a study of the quadruplets (S, T,U, K), and of
some related homogeneous spaces, is just an epsilon of what can be done.

As an initiation to all the unexplored land which is left, we have:

EXERCISE 11.26. Make a list, based on the existing ¢ = —1 literature, carefully checked
and doublechecked, of the compact quantum groups G C Uy, not necessarily easy, which
can be twisted in a reasonable sense, and develop some geometry for them.

The key words here are “careful” and “reasonable”, and this due to the fact that
the standard Drinfeld-Jimbo twisting procedure, widely used in the literature, produces
non-semisimple quantum groups, even at ¢ = —1, and so is not very useful.
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Matrix models

12a. Matrix models

We have seen in chapter 9 above, when talking about half-liberation, that a useful
technique for the study of the half-classical manifolds, X C S(]C\f -!, is that of modelling
the standard coordinates x1,...,xy € C'(X) by certain explicit variables.

To be more precise, for certain such manifolds X C Sg ~!, we have constructed em-
beddings of algebras of the following type, with Y being a certain classical manifold, and
with 77,..., Ty € My(C(Y)) being certain suitable antidiagonal 2 x 2 matrices:

m: C(X) C My(C(Y))

These models, which are quite powerful, were used afterwards in order to establish
several non-trivial results on the original half-classical manifolds X C Sé\f oL

In this chapter we discuss modelling questions for the general manifolds X C Sé\f ;1, by
using the same idea, suitably modified and generalized, as to cover most of the manifolds
that we are interested in. Let us start with a broad definition, as follows:

DEFINITION 12.1. A model for a real algebraic manifold X C S(]C\fjrl 1s @ morphism of
C*-algebras of the following type,
7:C(X)— B
with B being a C*-algebra, called target algebra of the model. We say that the model is
faithful iof 7 is faithful, in the usual sense.

Obviously, this is something too broad, because we can formally take B = C'(X), and
we have in this way our model, which in addition is faithful:

id: O(X) — C(X)

This model has of course no use, so the next thing to be done is that of suitably
restricting the class of target algebras that we use, to algebras that we know well. However,
this is something quite tricky, because if we want our model to be faithful, we cannot use
simple algebras like the algebras My(C(Y)) used in the half-classical setting.

273
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In short, we are running into some difficulties here, right from the beginning, which
are of functional analytic nature, and a systematic discussion of all this is needed.

As a first objective, let us try to understand if an arbitrary manifold X C Sg ;1 can
be modelled by using familiar variables such as usual matrices, or operators. The answer
here is yes, when using operators on a separable Hilbert space, with this coming from the
GNS representation theorem, that we know from chapter 1, which is as follows:

THEOREM 12.2. Any C*-algebra A appears as closed x-algebra of operators on a Hilbert
space, A C B(H), in the following way:
(1) In the commutative case, where A = C(X), we can set H = L*(X), with respect
to some probability measure on X, and use the embedding g — (g — fg).
(2) In general, we can set H = L*(A), with respect to some faithful positive trace
tr: A — C, and then use a similar embedding, a — (b — ab).

ProOF. This is something that we already know, from chapter 1 above, coming from
basic measure theory and functional analysis, the idea being as follows:

(1) Let us first discuss the commutative case, A = C'(X). Our claim here is that if we
pick a probability measure on X, we have an embedding as follows:

C(X) ¢ B(L*(X))

f—=(9—f9)
Indeed, given a function f € C(X), consider the operator Ty(g) = fg, acting on
H = L*(X). Observe that T} is indeed well-defined, and bounded as well, because:

1fllz = \//le(fc)mg(xﬂzdx

< | flloollgll2

The application f — T being linear, involutive, continuous, and injective as well, we
obtain in this way a C*-algebra embedding C(X) C B(H), as claimed.

(2) In the general case, where our algebra A is arbitrary, we can use a similar idea.
Indeed, assuming that a linear form ¢ : A — C has suitable positivity properties, making
it analogous to the integration functionals [ v+ A — C from the commutative case, we
can define a scalar product on A, by the following formula:

< a,b>= @(ab™)

By completing we obtain a Hilbert space H, and we have a representation as follows,
called GNS representation of our algebra with respect to the linear form ¢:

A — B(H)

a— (b — ab)
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Moreover, when ¢ : A — C has suitable faithfulness properties, making it analogous
to the integration functionals [ x + A — C from the commutative case, with respect to
faithful probability measures on X, this representation is faithful.

(3) The whole point now is that of proving that, given an arbitrary C*-algebra A,
there exists one faithful positive linear linear form, as follows:

p:A—=C

But in order to establish this latter result, we can take some inspiration once again
from the classical case, where A = C'(X), and more specifically from the existence theorem
for the probability measures over an arbitrary compact space X.

To be more precise, we have to convert the proof of this result in functional analysis
terms, and then lift the assumption that the algebra A = C'(X) is commutative.

(4) But this can be done indeed, with a bit of spectral theory involved, and with the
main tool being, as always in functional analysis, the Hahn-Banach theorem. The proof
here takes a total of 3-4 pages, and can be found in any operator algebra book. U

Now back to our questions, in the case of the algebras A = C(X) with X C Sg o
that we are interested in, the above result tells us that we can always find Hilbert space
operators T; € B(H) which model the standard coordinates z; € C(X).

To be more precise, we have the following result:

PROPOSITION 12.3. Given an algebraic manifold X C Sg;l, coming via

C(X) = C(8X:1) [ (Jalor, . on) = 0)
we have a morphism of C*-algebras as follows,
7:C(X)— B(H) , z—1T

whenever the operators T; € B(H) satisfy the following relations:
SRS SR

fo(T1,...,Tn) =0
Moreover, we can always find a space H and operators (T;) such that w is faithful.
PROOF. Here the first assertion is more of an empty statement, explaining the def-

inition of the algebra C'(X), via generators and relations, and the second assertion is
something non-trivial, coming as a consequence of the GNS theorem. O
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In practice now, all this is a bit too general, and not very useful. However, and here
comes our point, by replacing the operator algebra models C'(X) — B(H) by suitable
models of type C(X) — B, with B being a C*-algebra, not necessarily equal to a full
operator algebra over a Hilbert space, we are led to some interesting and useful theory.

In order to discuss this, we need a good family of target algebras B, that can we can
say that we understand very well. And here, we can use:

DEFINITION 12.4. A random matriz C*-algebra is an algebra of type
B = Mg(C(T))
with T being a compact space, and K € N being an integer.

The terminology here comes from the fact that, in practice, the space T" usually comes
with a probability measure on it, which makes the elements of B “random matrices”.
Observe that we can write our random matrix algebra as follows:

B = Mg(C) @ C(T)

Thus, the random matrix algebras appear by definition as tensor products of the
simplest types of C*-algebras that we know, namely the full matrix algebras, Mg(C)
with K € N, and the commutative algebras, C'(T"), with T' being a compact space.

Getting back now to our modelling questions for manifolds, we can formulate:

DEFINITION 12.5. A matriz model for a noncommutative algebraic manifold
X c Syt
is a morphism of C*-algebras of the following type,
m:C(X) = Mg(C(T))
with T being a compact space, and K € N being an integer.

As a first observation, when X happens to be classical, we can take K =1 and T = X,
and we have a faithful model for our manifold, namely:

id: C(X) — M (C(X))

In general, we will be looking of course for faithful models for our manifolds, or at
least for models having some suitable, weaker faithfulness properties. For this purpose
we cannot use of course K = 1, and the smallest value K € N doing the job, if any, will
correspond somehow to the “degree of noncommutativity” of our manifold.

Before getting into all this, we would like to clarify a few more abstract issues. As
mentioned above, the C*-algebras of type B = Mg(C(T)) are called “random matrix
C*-algebras”. The reason for this is the fact that most of the interesting compact spaces
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T come by definition with a natural probability measure of them. Thus, B is a subalgebra
of the algebra B” = My (L>*(T)), usually known as a “random matrix algebra”.

This perspective is quite interesting for us, because most of our examples of manifolds
X C X(JCV frl appear as homogeneous spaces, and so are measured spaces too. Thus, we
can further ask for our models C(X) — Mg (C(T)) to extend into models of the following
type, which can help in connection with integration problems:
L¥(X) = Mg (L>(T))

In short, time now to talk about L°°-functions, in the noncommutative setting.

12b. Von Neumann algebras

In order to discuss all this, we will need some basic von Neumann algebra theory,
coming as a complement to the C*-algebra theory from chapter 1 above.

Let us start with a key result in functional analysis, as follows:

PROPOSITION 12.6. For an operator algebra A C B(H), the following are equivalent:

(1) A is closed under the weak operator topology, making each of the linear maps
T —<Tx,y > continuous.

(2) A is closed under the strong operator topology, making each of the linear maps
T — Tx continuous.

In the case where these conditions are satisfied, A is closed under the norm topology.
PROOF. There are several statements here, the proof being as follows:

(1) It is clear that the norm topology is stronger than the strong operator topology,
which is in turn stronger than the weak operator topology. At the level of the subsets
S C B(H) which are closed things get reversed, in the sense that weakly closed implies
strongly closed, which in turn implies norm closed. Thus, we are left with proving that
for any algebra A C B(H), strongly closed implies weakly closed.

(2) But this latter fact is something standard, which can be proved via an amplification
trick. Consider the Hilbert space obtained by summing n times H with itself:

K=H®..©oH

The operators over K can be regarded as being square matrices with entries in B(H),
and in particular, we have a representation 7 : B(H) — B(K), as follows:

T
7(T) =
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Assume now that we are given an operator 7' € A, with the bar denoting the weak
closure. We have then, by using the Hahn-Banach theorem, for any z € K:

TeA = =(T)ecn(A)
— 7(T)x en(Az
— Dz er@z!
Now observe that the last formula tells us that for any x = (z1,...,x,), and any £ > 0,
we can find S € A such that the following holds, for any :

||SZEZ — TZEZH <€
Thus T belongs to the strong operator closure of A, as desired. O

In the above statement the terminology, while standard, is a bit confusing, because
the norm topology is stronger than the strong operator topology. As a solution to this,
we agree in what follows to call the norm topology “strong”, and the weak and strong
operator topologies “weak”, whenever these two topologies coincide.

With this convention, the algebras from Proposition 12.6 are those which are weakly
closed, and we can formulate:

DEFINITION 12.7. A won Neumann algebra is a x-algebra of operators
AC B(H)
which s closed under the weak topology.

As basic examples, we have the algebra B(H) itself, then the singly generated von
Neumann algebras, A =< T >, with T" € B(H), and then the multiply generated von
Neumann algebras, namely A =< T; >, with T; € B(H). There are many other examples,
and general methods for constructing examples, and we will discuss this later.

At the level of the general results, we first have the bicommutant theorem of von
Neumann, which provides a useful alternative to Definition 12.7, as follows:

THEOREM 12.8. For a x-algebra A C B(H), the following are equivalent:

(1) A is weakly closed, so it is a von Neumann algebra.
(2) A equals its algebraic bicommutant A", taken inside B(H).

PROOF. Since the commutants are automatically weakly closed, it is enough to show
that weakly closed implies A = A”. For this purpose, we will prove something a bit more
general, stating that given a x-algebra of operators A C B(H), the following holds, with
A" being the bicommutant inside B(H), and with A being the weak closure:

A" = A

We prove this equality by double inclusion, as follows:
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“D” Since any operator commutes with the operators that it commutes with, we have
a trivial inclusion S C S”, valid for any set S C B(H). In particular, we have:

Ac A"

Our claim now is that the algebra A” is closed, with respect to the strong operator
topology. Indeed, assuming that we have T; — T in this topology, we have:
T,e A" = OST;,=T,S, VSe A
= ST =T8S, vVSeA
= TeA

Thus our claim is proved, and together with Proposition 12.6, which allows us to pass
from the strong to the weak operator topology, this gives the desired inclusion:

Ac A
“C” Here we must prove that we have the following implication, valid for any T €
B(H), with the bar denoting as usual the weak operator closure:
TeA" = TeA

For this purpose, we use the same amplification trick as in the proof of Proposition
12.5 above. Consider the Hilbert space obtained by summing n times H with itself:

K=H®..0oH

The operators over K can be regarded as being square matrices with entries in B(H ),
and in particular, we have a representation 7 : B(H) — B(K), as follows:
T
m(T) =
T
The idea will be that of doing the computations in this representation. First, in this
representation, the image of our algebra A C B(H) is given by:
T
m(A) = TeA
T

We can compute the commutant of this image, exactly as in the usual scalar matrix
case, and we obtain the following formula:

Su ... S
m(A) = : D] ]Sy e
A
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We conclude from this that, given an operator T' € A” as above, we have:
T
e n(A)"
T
In other words, the conclusion of all this is that we have:
TeA" = =(T) en(A)"

Now given a vector x € K, consider the orthogonal projection P € B(K) on the norm
closure of the vector space m(A)x C K. Since the subspace m(A)x C K is invariant under
the action of w(A), so is its norm closure inside K, and we obtain from this:

P em(A)
By combining this with what we found above, we conclude that we have:
TeA" = n(T)P=Pr(T)

Now since this holds for any z € K, we conclude that any 7" € A” belongs to the strong
operator closure of A. By using now Proposition 12.5, which allows us to pass from the
strong to the weak operator closure, we conclude that we have A” C A, as desired. Il

In order to develop now some general theory for the von Neumann algebras, let us

start by investigating the finite dimensional case.

Here the ambient operator algebra is B(H) = My(C), and any subspace A C B(H)
is automatically closed, for all 3 topologies from Proposition 12.6 above.

Thus, we are left with the question of investigating the x-algebras of usual matrices
A C My(C). But this is a purely algebraic question, whose answer is as follows:

THEOREM 12.9. The x-algebras A C My (C) are exactly the algebras of the form
A=M,C)®...® M, (C)
depending on parameters k € N and ry,...,r, € N satisfying
rn+...+r,=N
embedded into My (C) via the obvious block embedding, twisted by a unitary U € Uy.
ProOF. We have two assertions to be proved, the idea being as follows:

(1) Given numbers 71, ..., € N satisfying r; + ...+ r, = N, we have an obvious
embedding of x-algebras, via matrix blocks, as follows:

M, (C)s®...e M, (C)C My(C)
In addition, we can twist this embedding by a unitary U € Uy, as follows:
M — UMU”
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Thus, we have proved one of the implications.
(2) In the other sense now, consider an arbitrary x-algebra of the N x N matrices:
A C My(C)
Let us first look at the center of this algebra, which given by:
Z(A)=AnA
It is elementary to prove that this center, as an algebra, is of the following form:
Z(A) ~C*

Consider now the standard basis e1,...,e; € C¥, and let pi,...,pr € Z(A) be the
images of these vectors via the above identification. In other words, these elements
P1,- .., Pk € A are central minimal projections, summing up to 1:

pr4+...+pr=1

The idea is then that this partition of the unity will eventually lead to the block
decomposition of A, as in the statement. We prove this in 4 steps, as follows:

Step 1. We first construct the matrix blocks, our claim here being that each of the
following linear subspaces of A are non-unital *-subalgebras of A:

A; = piAp;

But this is clear, with the fact that each A; is closed under the various non-unital
*-subalgebra operations coming from the projection equations p? = p; = p}.

Step 2. We prove now that the above algebras A; C A are in a direct sum position,
in the sense that we have a non-unital x-algebra sum decomposition, as follows:

A=410...0 A

As with any direct sum question, we have two things to be proved here. First, by
using the formula p; +...+p; = 1 and the projection equations p? = p; = p}, we conclude
that we have the needed generation property, namely:

A+ .+ A=A

As for the fact that the sum is indeed direct, this follows as well from the formula
p1+ ...+ pr =1, and from the projection equations p? = p; = p}.

Step 3. Our claim now, which will finish the proof, is that each of the %-subalgebras
A; = p;Ap; constructed above is a full matrix algebra. To be more precise here, with
r; = rank(p;), our claim is that we have isomorphisms, as follows:
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In order to prove this claim, recall that the projections p; € A were chosen central
and minimal. Thus, the center of each of the algebras A; reduces to the scalars:

But this shows, either via a direct computation, or via the bicommutant theorem, that
the each of the algebras A; is a full matrix algebra, as claimed.

Step 4. We can now obtain the result, by putting together what we have. Indeed, by
using the results from Step 2 and Step 3, we obtain an isomorphism as follows:

A= Ad...0 A
~ M, (C)a...e M, (C)
Moreover, a careful look at the isomorphisms established in Step 3 shows that at the
global level, of the algebra A itself, the above isomorphism comes by twisting the standard

multimatrix embedding M,,(C) & ... ® M,, (C) C My(C), discussed in the beginning of
the proof, (1) above, by a certain unitary U € Uy. Thus, we obtain the result. O

As an application of Theorem 12.9, clarifying the relation with linear algebra, or
operator theory in finite dimensions, we have the following result:

PROPOSITION 12.10. Given an operator T € B(H) in finite dimensions, H = C, the
von Neumann algebra A =< T > that it generates inside B(H) = My(C) is

A=M,(C)&...® M, (C)

with the sizes of the blocks ry, ..., € N coming from the spectral theory of the associated
matriz M € My(C). In the normal case TT* = T*T, this decomposition comes from
T=UDU"

with D € My (C) diagonal, and with U € Uy unitary.

PRroor. This is standard, by using the basic linear algebra theory and spectral theory
for the usual matrices M € My(C). 0

Let us get now to infinite dimensions, with Proposition 12.10 as our main source of
inspiration. We have here the following result:

THEOREM 12.11. Given an operator T' € B(H) which is normal,
Tr* =TT
the von Neumann algebra A =<T > that it generates inside B(H) is
<T>=L*(T))
with o(T') being its spectrum, formed of numbers X € C such that T'— X is not invertible.

PRrooF. This is standard as well, by using the spectral theory for the normal operators
T € B(H), coming from chapter 1 above. O
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More generally, along the same lines, we have the following result, dealing this time
with commuting families of normal operators:

THEOREM 12.12. Given operators T; € B(H) which are normal, and which commute,
the von Neumann algebra A =< T; > that these operators generates inside B(H) is
<T;, >=L>(X)
with X being a certain measured space, associated to the family {T;}.

Proor. This is once again routine, by using the spectral theory for the families of
commuting normal operators T; € B(H), coming from chapter 1 above. O

As an interesting abstract consequence of this, we have:

THEOREM 12.13. The commutative von Neumann algebras are the algebras of type
A=L>X)
with X being a measured space.

PrROOF. We have two assertions to be proved, the idea being as follows:

(1) In one sense, we must prove that given a measured space X, we can realize the
commutative algebra A = L*(X) as a von Neumann algebra, on a certain Hilbert space
H. But this is something that we already know, coming from the multiplicity operators
T¢(g) = fg discussed in chapter 1 above, the representation being as follows:

L¥(X) © B(LA(X))

(2) In the other sense, given a commutative von Neumann algebra A C B(H), we
must construct a certain measured space X, and an identification A = L*°(X). But this
follows from Theorem 12.12, because we can write our von Neumann algebra as follows:

A=<T;,>

To be more precise, A being commutative, any element 7' € A is normal. Thus, we
can pick a basis {T;} C A, and then we have A =< T; > as above, with T; € B(H) being
commuting normal operators. Thus Theorem 12.12 applies, and gives the result. O

The above result is not the end of the story with the commutative von Neumann
algebras, because we still have to understand how a given commutative algebra A =
L>(X) can be represented as an operator algebra, A C B(H), over the various Hilbert
spaces H. The answer here is that the commutative von Neumann algebras appear as
L>*(X) C B(L*(X)), up to a certain multiplicity, but we will not need this here.

Moving ahead now, we can combine Proposition 12.8 with Theorem 12.13, and by
building along the lines of Theorem 12.9; but this time in infinite dimensions, we are led
to the following statement, due to Murray-von Neumann and Connes:
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THEOREM 12.14. Given a von Neumann algebra A C B(H), if we write its center as
Z(A) = L=(X)

then we have a decomposition as follows, with the fibers A, having trivial center:

A:/Axdas
X

Moreover, the factors, Z(A) = C, can be basically classified in terms of the 11y factors,
which are those satisfying dim A = oo, and having a faithful trace tr : A — C.

PRroOF. This is something that we know to hold in finite dimensions, as a consequence
of Theorem 12.9 above. In general, this is something heavy, the idea being as follows:

(1) This is von Neumann’s reduction theory main result, whose statement is already
quite hard to understand, and whose proof uses advanced functional analysis.

(2) This is heavy, due to Murray-von Neumann and Connes, the idea being that the
other factors can be basically obtained via crossed product constructions. O

Now back to our noncommutative geometry questions, as a first application of all this,
we can extend our noncommutative space setting, as follows:

THEOREM 12.15. Consider the category of “noncommutative measure spaces”, having
as objects the pairs (A,tr) consisting of a von Neumann algebra with a faithful trace, and
with the arrows reversed, which amounts in writing A = L>°(X) and tr = [.

(1) The category of usual measured spaces embeds into this category, and we obtain
in this way the objects whose associated von Neumann algebra is commutative.

(2) Each C*-algebra given with a trace produces as well a noncommutative measure
space, by performing the GNS construction, and taking the weak closure.

(3) In what regards the finitely generated group duals, or more generally the compact
matrix quantum groups, the corresponding identification is injective.

(4) Even more generally, for noncommutative algebraic manifolds having an inte-
gratiuon functional, like the spheres, the identification is injective.

PRrOOF. This is clear indeed from the basic properties of the GNS construction, from
Theorem 12.2, and from the general theory from Theorem 12.14. U

Before getting into matrix modelling questions, we would like to formulate the follow-
ing result, that we announced in chapter 1 above, but had not discussed yet:
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THEOREM 12.16. In the context of noncommutative geometries coming from quadru-
plets (S,T,U, K), we have von Neumann algebras, with traces, as follows,

L(S) L(T)

L>(U) L>*(K)
with L>®(S) C L>®(U) being obtained by taking the first row algebra.

PRroOOF. This follows indeed from the results that we already have, from chapters 1-4
above, by using the general formalism from Theorem 12.15. U

As already suggested in chapter 1, such a statement raises the question of axiomatizing,
or rather reaxiomatizing, the quadruplets (5,7, U, K) that we are interested in directly
in terms of the associated von Neumann algebras, as above.

Indeed, in view of our general quantum mechanics motivations, we are after all mostly
interested in integrating over our quantum manifolds, and so with this is mind, the von
Neumann algebra formalism seems to be well adapted to our questions.

However, this is wrong. The above result is something theoretical, because it assumes
the existence of Haar measures, which come by theorem. Thus, while all this is nice, the
good way of doing things is with C*-algebras, as we did in chapters 1-4 above.

As a side comment here, the question “does the algebra or the Hilbert space come
first” is a well-kno