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Abstract

Multifractional processes are stochastic processes with non-stationary in-
crements whose local regularity and self-similarity properties change from
point to point. The paradigmatic example of them is the classical Multi-
fractional Brownian Motions (MBM) {M(¢) }+cr of Benassi, Jaffard, Lévy
Véhel, Peltier and Roux, which was constructed in the mid 90’s just by
replacing the constant Hurst parameter H of the well-known Fractional
Brownian Motion by a deterministic function H(¢) having some smooth-
ness. More then 10 years later, using a different construction method,
which basically relies on nonhomogeneous fractional integration and dif-
ferentiation operators, Surgailis introduced two non-classical Gaussian
multifactional processes denoted by {X (¢)}+er and {Y (¢) }er-

In our article, under a rather weak condition on the functional param-
eter H(-), we show that {M(t)}+er and {X(t)}ter as well as {M(¢) }ier
and {Y(t)}+er only differ by a part which is locally more regular than
{M(t) }+cr itself. Thus it turns out that the two non-classical multifrac-
tional processes { X (t) }+er and {Y (¢) }+er have exactly the same local path
behavior as that of the classical MBM {M(t) }+cr.

Key Words. Gaussian processes, variable Hurst parameter, local and pointwise Hoélder
regularity, local self-similarity
AMS Subject Classification (2010). 60G17, 60G22, 60H05

1 Introduction and statement of the main re-
sults

Let H € (0,1), the Fractional Brownian Field (FBF) of Hurst parameter X,
which is also called multivariate Fractional Brownian Motion, is a real-valued
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centred continuous Gaussian field on RY denoted by {By¢(t)}scry having, for
all t/,t" € RN, the covariance:

Cov(Bsc(t'), Bac(t")) = E(Bac(t') Bac(t")) = e(3O |t/ + [¢"]77 — |t' —"[*),

where ¢(H) is a positive constant only depending on H, and | - | is the Eu-
clidian norm. One refers to e.g. Chapter 1 of the book [1] for a detailed
presentation FBF. Notice that, up to a multiplicative constant, {Bg(t)};crn
is in distribution the unique Gaussian field which satisfies the following three
fundamental properties: self-similaritity that is for all fixed positive real num-

ber a one has {Bs(at)};crny 4 {a” Bs¢(t) }4ern, where the symbol £ means
equality of finite-dimensional distributions; stationarity of increments, that is
for each fixed t € RY one has {Bgc(t +t) — Bac(t)}rern 4 {Bg¢(t) }1ern;
and isotropy, that is for every fixed orthogonal matrix ) of size N one has
{B3c(Qt)}1ern 4 {Bg¢(t) }scr~. Though FBF is a useful model, a serious limi-
tation of it comes from the fact that local behavior of its paths does not change
from point to point. More precisely, roughness of paths of a continuous nowhere
differentiable real-valued stochastic field {Z(t)};,cgy around some fixed point
7 € RY is usually measured through the pointwise Hélder exponent at T
1Z(t) = Z(7)| }

- < +00

(1.1)

pz(T) :=sup {7“ €1[0,1]; limsup
t—T |t - 7—|

or through the local Hélder exponent at T

pz(T) = sup {?e 0,1]; limsup 12(t") = z(t")|

N s U

< +oo}. (1.2)

Observe that, one always has that
pz(1) < pz(7), forall T € RV, (1.3)

Local roughness of paths of the FBF {Byg((t)};cgrny does not change from point
to point since it is known (see for instance [11, 4, 5, 9, 1]) that there exists an
universal event €2, of probability 1 such that one has

PBa (T,w) = pp, (T,w) =H, for all (1,w) € RY x Q..

In order to overcome this limitation of FBF, it has been proposed in [3, 8] to re-
place its constant Hurst parameter H by 3(t), where H(-) denotes a continuous
function on R with values in some compact interval included in (0, 1). This idea
has led to Multifractional Brownian Field {M(¢) };cr~ which is more commonly
called multivariate Multifractional Brownian Motion (MBM). Throughout our
article we always assume that the continuous function H(-) satisfies the usual
condition:

pac(T) > H(r), forall T € RV, (1.4)



where py¢(7) denotes the local Holder exponent of the function H(-) at 7. Under
the condition (1.4), it has shown (see [2, 1]) that there exists an universal event
Q.. of probability 1 such that one has

v (T, w) = pe(T,w) = H(7), forall (1,w) € RN x Q,,. (1.5)

Also, under the same condition, it has shown (see [3, 1]) that, at every fixed
point 7 € RY, the stochastic field {M(t)};crn is strongly locally asymptotically
self-similar of exponent H(7). This means that, for some positive constant
¢(7) and for any fixed positive real number T, when A — 0, the stochastic field
{/\—ﬂ(f) (M(T+ u)—M(7)) }ueRN converges in distribution to {c(7) By¢(r) () }yery
in C([-T, T]JX) the Banach space of the real-valued continuous functions on the
cube [T, T]" equipped with the uniform norm.

From now on, we assume that N = 1 and that H(-) is a continuous function
on the real line with values in some compact interval included in the open in-
terval (1/2,1). Since we are mainly concerned with the non-classical Gaussian
multifractional processes introduced by Surgailis in his article [10], it is conve-
nient to use from now on the same notations as in this article. Therefore, we
denote by «(-) the continuous function from R into [ain, tsup] C (0, 1/2) defined
as:

alz) =H(x)—1/2, forall z eR. (1.6)
Similarly to the article [10], we always suppose that «(-) satisfies the uniform
Dini condition: L
t) — aft
sup/ laft) = alt + v du < 400, (1.7)
teR J -1 |ul

and also the condition:
Pa(T) > a(r)+1/2, forall T €R. (1.8)

Observe that (1.8) is nothing else than the condition (1.4) with N = 1 expressed
in terms of the function a(-).

We are now going to give, in terms of the function «(+), the precise definition
of the classical Gaussian MBM {M(t)}+er initially introduced in [8], as well
as those of the two non-classical Surgailis Gaussian multifractional processes
{X(t)}ter and {Y (t)}1er constructed in [10]. To this end, we make use of the
usual convention:

for all (y,6) € R?, one has (y)% :=¢? if y > 0 and (y)§ = 0 else. (1.9)

The classical MBM {M(t)}+er with continuous paths is defined, for each ¢t € R,
through the Wiener integral:

where I'(+) is the well-known ”Gamma” function defined as:

+oo
I(z):= / y*"te ¥dy, foreach z € (0,+00).
0



Notice that it easily follows from (1.9), (1.10), and the equality I'(x+1) = 2T'(x),
for all x € (0,400), that, for every ¢ € R, one has

M(t) = /R (/Ot F(al(t)) (r — s)i“)‘ldT) dB(s). (1.11)

The two non-classical Surgailis multifractional processes { X (¢) }rer and {Y (¢) }rer
with continuous paths are, for every ¢t € R, defined through the Wiener integrals:

o ! 1 T — a(T)—leH,(s,‘r) T s
X(t): /R</0 11(04(7_))( )+ d >dB( ) (1.12)
and
1 _ §)2 ) gmHalst) _ ()M g=Hi(5,0) s
Y() ._/R (1 + a(s)) <(t )77 (=) et ) dB( () ’13)
1.

where, for all real numbers s and t satisfying s < ¢, one has set

H_(s,t) := /t Wdu and Hi(s,t):= /t %j(v)dv. (1.14)

Tt is natural to seek to compare the classical MBM {M(t) }+cr with each one of
the two non-classical multifractional processes {X (t)}ter and {Y(¢)}+er. This
leads us to introduce the two centred Gaussian processes with continuous paths
{R(t) }+er and {D(t)}ier defined, for all ¢t € R, as:

R(t) := X (t) — M(t) (1.15)
and
D(t) :=Y (t) — M(t). (1.16)

The following two theorems are the two main results of our article. Roughly
speaking they show that {R(t) }+cr and {D(t)}+cr are locally more regular than
{M(t)}+er. Thus, it turns out that {X (¢t)}+er and {Y(t)}+er have exactly the
same local path behavior as {M(t)}ier.

Theorem 1.1 Assume that the conditions (1.7) and (1.8) are satisfied. Then,
there exists an universal event ' of probability 1 such that one has

Pr(T,w) > a(t) +1/2 =H(1) = pm(T,w), forall (T,w) eRx Q. (1.17)

Theorem 1.2 Assume that the conditions (1.7) and (1.8) are satisfied. Then,
there exists an universal event Q" of probability 1 such that one has

pp(r,w) > a(r)+1/2=H(7) = pm(r,w), forall (t,w) e R xQ". (1.18)

It easily follows from Theorem 1.1, (1.15), (1.5), (1.1), (1.2) and (1.3) that:



Corollary 1.3 Assume that the conditions (1.7) and (1.8) are satisfied, and
that ' is the same event of probability 1 as in Theorem 1.1. Then, one has

px(T,w) =px(T,w) =a(r)+1/2=H(1), forall (1,w) € R x Q.
It easily follows from Theorem 1.2, (1.16), (1.5), (1.1), (1.2) and (1.3) that:

Corollary 1.4 Assume that the conditions (1.7) and (1.8) are satisfied, and
that " is the same event of probability 1 as in Theorem 1.2. Then, one has

py (T,w) = py (T,w) = a(r) +1/2=H(1), forall (r,w) e R xQ".

Corollary 1.5 Assume that the conditions (1.7) and (1.8) are satisfied. Then,
at every fized point T € R, the stochastic process {X (t)}+cr is strongly locally
asymptotically self-similar of exponent H(7) = a(r) + 1/2. More precisely,
for some positive constant ¢(7) and for any fixed positive real number T, when
A — 04, the stochastic process {\~""7) (X (1 + u) — X(T))}ueR converges in
distribution to {c(7)Bgyc(ry(u)}tuer in C([~T,T]) the Banach space of the real-
valued continuous functions over the compact [—T,T| equipped with the uniform
norm.

Proof It follows from (1.15) that, for each fixed positive real number A, the
stochastic process { A\~ (X (7+Au)— X (1)) }uERN can be expressed as the sum
of the two processes { A=) (M(7+Au)—M(7)) }ueRN and { A" (R(T+Au)—
R(T))}UGRN' One already knows from [3, 1] that the process { A=) (M(r +
Au) —M(T))}uEJRN converges in distribution to {¢(7)Bs¢(r)(u) buer in C([—T, T7])
when A — 0. Thus, for proving the corollary it is enough to show that the pro-
cess {)\_9{(7) (R(T4+Au) —R(7)) }UGRN’ viewed as a random variable with values
in the space C ([—T, T])7 converges almost surely to 0 in this space when A — 0.
The latter fact results from Theorem 1.1, (1.3) and (1.1) which entail that, for
each w € Q' (the same event of probability 1 as in Theorem 1.1), there are 3

positive finite constants Cy(w), €g(w) and 7y(w) such that, for all real number v
satisfying [v| < no(w), one has |R(T + v,w) — R(7,w)| < Co(w)|v)?(M+eo(@) B

Corollary 1.6 Assume that the conditions (1.7) and (1.8) are satisfied. Then,
at every fized point T € RN the stochastic process {Y (t)}ier is strongly locally
asymptotically self-similar of exponent H(7) = a(7) + 1/2.

The proof of Corollary 1.6 is skipped since it is very similar to that of Corol-
lary 1.5 except that Theorem 1.2 and (1.16) have to be used instead of Theo-
rem 1.1 and (1.15).

2 Proof of Theorem 1.1

Let us first point out that the proof of Theorems 1.1 mainly relies on the fol-
lowing proposition which is a classical result derived from the equivalence of



Gaussian moments and the well-known Kolmogorov-Chentsov Holder continu-
ity theorem (see e.g. [6, 7]).

Proposition 2.1 Let {Z(t)},.p be a real-valued Gaussian process with contin-
uous ! paths. Suppose that, for some compact interval I C R and for some
constants ¢ > 0 and ¢ € (0, 1], the inequality

E|Z(t/) o Z(t//)|2 S C|t/ o tl/|2(

holds for all t',t" € I. Then, with probability 1, the paths of {Z(t)},cr satisfy
on I a uniform Hélder condition of any order 8 € (0,(). More precisely, there
exists Q; an event of probability 1, which a priori depends on I, such that one
has
/ 1
p 1Z000) = 2", )
el |t —t"|P

< 400, forall (w,B) € Q) x(0,(). (2.1)

Remark 2.2 For proving Theorem 1.1 it is enough to show that, for all fixed
to € R, there are 3 constants ¢, > 0, n1, > 0 and c¢, > 0, which may depend
on tg, such that

E|R(t') — R(t")|? < ey, [t — t"[P@COFY2H3200) 0 for all /¢ € I(to,ne,/2),
(2.2)

where I(to, My /2) = [to — Mo /2, to + Mty /2]. Indeed, in view of Proposition 2.1,
it results from (2.2) that there exists Q; an event of probability 1 such that

|R(tlaw) — R(t//7w)|
_ t//|a(t0)+1/2+2€t0

sup

e < +oo, forallwe Q. (2.3)
1t €l(to, e,

Observe that, using the continuity at to of the function a(-), one can choose 1y,
small enough so that

la(t) — alto)| <&y, forallte I(to,n,/2). (2.4)

Next, let IO(tQ, M, /2) be the open interval, containing to and included in I(to, nt,/2),
defined as I(to, i, /2) = (to — My/2,t0 + M, /2). One clearly has that R =
Uroer L (tos71,/2). Therefore, the local compactness of R implies that

R= | I(tom:nto.m/2) (2.5)
meN

for some sequence (to.m)men of real numbers. Next, one denotes by ' the event
of probabiliy 1 defined as

O = ( N Qt> A,

meN

IFor the sake of simplicity, we can make this continuity assumption since we already know
that the paths of the Gaussian processes { R(t) }+er and {D(¢) }1cr, defined through (1.15) and
(1.16), are continuous functions and we are interested in their local Holder regularity. Notice
that when the assumption of continuity of the paths of {Z(t)}+cr is dropped then (2.1) holds
for a well-chosen modification {Z(t)}ses of {Z(t)}rer.



where Q.. is the same event of probability 1 as in (1.5) with N = 1. Let
(r,w) € R x Q be arbitrary and fized. One knows from (2.5) that there are
m(7t) € N and 7(7) € (0,1) such that

I(r,7(7)) C i(fo,m(T),ntm,<T> /2). (2.6)
Thus, it follows from (2.6), (2.4) and (2.3) that

[R(t,w) — R(t", w)]
a(T)+1/2+Eto,ﬁz(T)

IR(t',w) — R(t",w)|
y/2) |t — t//|04(to,m(-r))+1/2+25t0~ﬁl(7>

su
v el (ra(n) [t — |

< +00. (2.7)

< sup
t’,t//EI(toyﬁ(T),"]tO Fr

Finally, (2.7), (1.2), (1.5), and (1.6) imply that (1.17) is satisfied.

From now on, the goal is to prove that, for any fixed ¢y € R, the inequality
(2.2) holds. To this end, one will make an extensive use of the following lemma
borrowed from [10].

Lemma 2.3 One assumes that the continuous function o(-) satisfies the con-
dition (1.7), and one denotes by Wsup the constant in the interval [qing, Ggup] C
(0,1/2) defined as:

1 t
Asyp = limsup / a(u)du .

t—s—4ool — S

Then, for all fixed (strictly) positive real numbers € and v, there is a constant
C' (which depends on € and v) such that the inequalities

(t—5)*WeH=(0D < O (t — 5)7rte (2.8)
and

(t— )W D < O (1 — 5) %o te (2.9)
hold for all real numbers s and t satisfyingt — s > v.

Notice that, one knows from (1.8) that the open interval (a(to)+1/2, pa(to))
is non-empty. Let v € (a(tg) + 1/2, pa(to)) be arbitrary and fixed. Then, one
can derive from the definition of local Holder exponent (see (1.2)) that there
are two constants k, > 0 and § € (0,1/2], such that one has

la(z) — aly)] < kolx —y|?, forall z,y € I(tg,20) := [to — 20, to + 20].
(2.10)



Remark 2.4 In all the sequel, one assumes that the two arbitrary and fixed
positive real numbers € and n are small enough so that they satisfy the following
4 conditions:

e <8 ' xmin {aun,1/2 — agup v — (o) +1/2)}, (2.11)
n<6/2<1/4, (2.12)
n* <68/2—n/2 (2.13)

and
|a(x) - Oé(y)| <e, fOT’ all T,y € I(t()v 277) (214)

Observe that a straightforward consequence of (2.10) and (2.12) is that
la(z) — a(y)| < kol —y|",  forall z,y € I(to,2n). (2.15)

Remark 2.5 In all the sequel, tg € R is arbitrary and fized; one denotes by t
and t + h, where h € (0,1], two arbitrary real numbers belonging to the interval
I(to,n/2), and one sets

0% (t,h) = E|R(t + h) — R(t)|>. (2.16)

It can easily be seen that for proving (2.2), it is enough to show that there exists
a positive finite constant Cy not depending on t and h such that one has

o (t, h) < Co hHto)+1/248) (2.17)

Using (2.16), (1.15), (1.11), (1.12) and the isometry property of Wiener
integral, one gets that

2 _ o 1 a1, [t 1 Calt-1
”R(t’h)‘/n@[/o e (LD e o R

AT G e e O

v - (r@l(t))“ 9 s S)i(r)leH(s’T))dT} “

Then, it follows from the inequality

(u+v)* < 2u? + 202, for all (u,v) € R?, (2.18)
that

o%(t,h) < 2\ (t, h) + 2Xa(t, h), (2.19)



where

nien)= [ UOM <F(a<t1+h))(7 I s - S)a*(t)_1>d7] g

(2.20)
and

The following lemma provides an appropriate upper bound for A (¢, h).

Lemma 2.6 There is a constant C1, not depending on t and h, such that

Ai(t,h) < CLA?. (2.22)

Proof Let us set

At h) = /tJrh /t+h ( 1 B 1 ) (r— S)a(t-i-h)—ldT 2d$
P e oo \D(alt+h)  T(a(t) "

(2.23)
and
2 b e a(t+h)—1 a(t)—1 ’
N2(1h) = /_OO /O Fa@) (-5 (=950 dr | ds.
(2.24)
Then one can derive from (2.20), (2.23), (2.24) and (2.18) that
ALt h) <2 (A1(t, h) + A3(t, b)) . (2.25)

Let us first show that one has for some constant ¢y, not depending on ¢ and
h,
M (t,h) < coh™. (2.26)

Applying on the interval [a(t) Aa(t+h), a(t) Va(t+h)] C [Qinf, tsup) C (0,1/2)

the mean value theorem to the infinitely differentiable positive function = +—
1/T'(z), and using the inequality (2.15), one obtains that

1 1 .,
T+ ) Ty =" (2.27)



where the positive constant ¢; does not depend on ¢ and h. Then combining
(2.23) and (2.27) with inequality a(t 4+ h) > ains one gets that

t+h t+h 2
AM(t,h) < cf h27/ / (r— s)i(t+h)71d7 ds
0

—0o0
2

212 t+h

cih™ o(t+h) a(t+h)
i S t+h— — (- d
_a(t+h)2[m <(+ s) ( S)-',- S

2

2712y +o0
< ah / <sa(t+h> —<s_t—h>i“+’”> ds. (2.28)

Qing Jo

Next, one studies two cases t+h > 0 and ¢t +h < 0. In the case where t+h > 0
one has

2
Feo a(t+h)
/ st (g — ¢ — h)+( ds
0

t+h “+o0 2
— / 52a(t+h)d8 +/ <(S S+t h)a(t+h) _ Sa(t—i—h)) ds
0 0

(t + h)2a(t+h)+1 “+o0

S L (t+h)2a(t+h)+1/

2
1 a(t+h) _ . a(t+h) ds.
2ot T h) 1 ; ((s+ ) s s

(2.29)
Next, observe that, for each fixed real number s > 1, by applying on the interval
[s,s + 1] the mean value theorem to the infinitely differentiable function = —
z*t*+h) one obtains that

(s + 1)el+h) _ sa(t+h)| < 5wl forall s > 1.

Therefore, one has that

+o00 2 1 “+oo
/ ((s 4+ 1)t+h) _ so‘(t”")) ds < / ds +/ g2 =2 45 = ¢y, (2.30)
0 0 1

Next, one denotes by ¢y the constant defined as:

2
_ A4 ( 20rinr+1 2asup+1) 1
coi= S (ol + s+ (ol o) (5 )

inf

Then, using (2.28), (2.29), (2.30) and the fact t+h € I(tg,n/2) := [to—n/2,to +
n/2], it follows that (2.26) is satisfied. Let us now turn to the case where

10



t + h < 0. In this case one has

o0 2
/ (s("(”h) —(s—t— h)i(t+h)> ds
0

2
+oo
— (—(t + h))Qa(H—h)-‘rl/ ((S + 1)a(t+h) _ Sa(t—i—h)) ds

0

< e (Jto] + 0 4 (o] + ) (231)

Thus combining (2.28) and (2.31) it turns out that (2.26) is satisfied in this case
as well.

Let us now prove that one has for some constant cs, not depending on ¢ and
h,
M (t,h) < ezh™. (2.32)

Let c4 be a positive constant, only depending on ¢, such that one has
|log(z)| < ca(zV x_l)s, for all z € (0, +00). (2.33)
Moreover, let I';,¢ be the positive constant defined as

Tipg:= inf TI'(2) >0. 2.34
f 2€(0,+00) ( ) ( )

One mentions in passing that Tiy¢ is larger than 1/2. Using (2.24), the mean
value theorem, (2.33), (2.15) and (2.11) one obtains that

2
2 _ 2 pt+h t+h
A%(t, h) S Cy ‘Oé(t +1—Z) Oé(t)| / (/(; ((T _ s)(j’c_inf—l—e + (T _ S)isup71+s> d7'> ds

inf —o0

2 -2 +o00 2
< [( . Cy a2 . /0 <8ainf€ _ (s —t— h)iﬂnf—s 4 g@supte _ (5 4 h)isup-i-e) ds] R

(2.35)

11



In the case where t + h > 0, one has

2
“+oo
/ <5ainf6 _ (.S i h)imf_s 4 gsupte _ (S o h):“_sup""5> ds
0
t+h 9
— / (sainf*E + Sasup+€) ds
0
400 2
_|_/ ((8 +t+ h)ainf—f — g¥inf—E& 4 (S +t+ h)asup+5 _ Sasup-‘rs) ds
0
ItOH”f] +o00 2
<2 / (s““i“f*a) + 52(“5“13“))(15 +2 / (st h)*ms — gom= ) dg
0 0
+oo 2
+ 2/ (8 +t+ h)*suwte — gduwete | (g
0
+oo 2
< A(1 4+ [to] +m)* + 2(t + h)>em=) / ((s 4 1)PmE sainN)
0

2
+oo
+ 2(t + h)2(a5up+€)+1 / <(S + 1)asup+5 _ sasup+5> dS

ds

0
SC5,

(2.36)
where ¢ is the finite constant, not depending on ¢ and h, defined as:

2 +oo 2
o5 i =4(1+to] +n) [ 1+ / ((s + 1)%intTe — so““f*E) ds
0

+oo 2
+ / (G5 1ymte — gomte) s |
0

In the case where ¢ + h < 0, one has

+o0o 2
/ gQinf—€ _ (s —t— h)iinf*f + Sasup+e _ (s — h)asupff ds
0

+
+oo 2
< 2(7(75 + h))2(ainffs)+1/ (5 + 1)ainf76 _ gQint—€ ds
0
+o0 2
+ 2(—(t + h))Q(asup-i-e)-‘rl/ (S + 1)asup+e _ Sasup—&-a ds

0

<cs

(2.37)
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Thus, (2.35), (2.36), and (2.37) entail that (2.32) holds.

Finally, combining (2.26) and (2.32) with (2.25), one gets (2.22). |
Let us now focus on Ag(t, h) defined in (2.21). Using the inequality
(u+v+w)? <3 +0+w?), forall (u,v,w) € R3, (2.38)
one has that
Ao (t,h) < 3N\3(t, h) + 3T F A3(t, h) + 317 A3(t, h), (2.39)

A= [ </+ (v~ Tam) S)i(t“c”)st’ (240)

t+h 2
A2(t, h) ;:/ (/ ‘(Tfs)j“_“)—l (Ts)fT)—l]eH(Sﬁ)dT) ds (2.41)
R t

and

t+h 2
A3(t,h) ::/ / (r— s)i(t)_1 ’eH*(S’T) - 1‘ dr | ds. (2.42)
R\ Jt

In view of (2.39), our next goal is to obtain three lemmas which will allow
us to conveniently bound from above A}(t,h), A2(¢,h) and A3(t, h).

Lemma 2.7 There is a constant C3, not depending on t and h, such that
Aj(t, h) < Cyp2Oremotl,
Proof Similarly to (2.27), it can be shown that there is a constant ¢1, not
depending on ¢, h and 7, such that, for all 7 € [t, ¢ + h], one has
1 1
’F(a(t)) - T(a(r))
Next combining (2.40) and (2.43), one gets that

. 2
A5 (t,h) < [C%/R (/t+h(7'—s)i(t)1dr> ds] h?7. (2.44)

Moreover, one has

’ <alt—=71]" <eh?. (2.43)

2
t+h +o0 h
_ 1 2
r— )W) ds = / s+ h)® —go®) g 4 / 522t g
/R </t ( v a(t)?\ Jo (( ) ) 0

hQOtianrl
S

Qing
h2ainf+1 1
< 1 2.45
N aignf . 26“inf + 1 ’ ( )

13
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where the constant cs, which does not depend on ¢ and h, is the same constant

as in (2.30). Finally combining (2.44) and (2.45) one obtains the lemma. |

Lemma 2.8 There is a constant C3, not depending on t and h, such that
A\a(t,h) < C3h™.

Proof First observe that using the mean value theorem, (2.14), (2.33) and
(2.15) , one has for all 7 € [t,t + h] and s < T

|(7_ _ s)a(t)fl _ (7_ . S)a(r)71| < cth((T . S)a(t0)71725 + (7_ . S)a(t0)71+25)
(2.46)
where the constant ¢; does not depend on ¢t and h. Next, one sets
K_(to) :=sup {|H_(a,b)|, (a,b) € I(ty,6) and a < b}. (2.47)

Observe that K_(tg) is a finite constant. Indeed, one can derive from (1.14)
and (2.10) that, for all (a,b) € I(to,0) satisfying a < b, one has

|a )] % dy
|H_Clb|</ du<k/W:ka/o /017*’Y<+Oo

It results from (2.41), (2.46), (2.47), the inequalities (7 — s)4+ < 4n < 1, for all
(1,8) € I(to,2n)* C I(to,0)? (see (2.12)), and the inequality

T—s>n/2, forall (1,s) € R?s.t. 7€ [t,t+h]CI(tg,n/2) and s <t+h—3n/2,
(2.48)

that

t+h

t+h 2
(/ ((T _ S)i(to)*l*QE + (T _ S)i(t0)1+26>€H_(s77—)dT> dS
—o00 t

t+h t+h 2
< c} 4¢P (t0) / / (1 —5)7 7 ar ) ds
t+h—3n/2 t
9 pt+h—3n/2 t+h 2
+ (14 @/m)*) / / (1 — s)2(t0) 142 Hosm) g | g | 27
t

(2.49)

Ma(t,h) < 3 hQV/

Let us now prove that each one of the two integrals in the right-hand side of the
last inequality can be bounded from above by a finite constant not depending
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on t and h. In view of (2.11) one has

t+h t+h 2
/ / (r— s)i(t‘))_l_%dT ds
t+h—3n/2 t

1 t+h 2
= (Qing — 2¢)2 /t+h 3n/2 (t+h—5)2(0072 — (¢ S)i(to)ﬁE ds
1mn —3n

1 th 20(to)—4
S s t"— h —s a(to)— Eds
(Qing — 2¢)? /t+h—3n/2( )

1 3’)’]/2
= lom 27 [, (2.50)
inf — 0

On the other hand, one can derive from (2.48), Lemma 2.3 (with v = 7/2) and
(2.14) that

t+h—3n/2 t+h 2
/ / (7_ _ s)a(to)—l+2£eH, (s,T)dT ds
—o0 t

t+h—3n/2 t+h 2
-/ ( | s s)a(T)_steH‘(s’T)dT) ds
t

— 0o

2

t+h—31/2 t+h _ _
< 02/ / ((T — §)@up It 4 S)O‘S“fH%)dT ds <cs3,
t

- (2.51)

where C' is the same finite constant as in (2.8), and c¢3 is the finite constant not
depending on ¢t and h defined as:

C\? [t - = - - 2
c3 1= ( > / ((SJF 1)asup+4€ _ gQeuptde 4 (s + 1)aﬁup+26 _ Sasup+2€) ds.
0

asup

Finally, putting together (2.49), (2.50) and (2.51) one obtains the lemma. N

Lemma 2.9 There is a constant C3, not depending on t and h, such that

Ag(tv h) < CShQ(a(tO)Jrl/QJ'_E).

Proof One can derive from (2.42) that

Na(t,h) = pa(t, h) + pa(t, k) + ps(t, h), (2.52)
where
t—5/2 t+h 2
11 (L, h) ;:/ (/ (r — s)a®-1 ‘efusﬂ —1’dT> ds,  (2.53)
—0o0 t
t—h2¢ t+h 2
ua(t, h) ::/ (/ (1 — s)®-1 ‘eH‘(S’T) - 1‘ d7'> ds, (2.54)
t—6/2 t
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and
2

t+h t+h
us(t, h) ::/ (/ (r— s)i(t%l ’eH‘(S’T) - 1‘ d7'> ds. (2.55)
t t

R

Observe that one knows from (2.13) and the inequalities 0 < h < 7, that
t —h%* >t —§/2. Using (2.53), (2.18), Lemma 2.3 with v = §/2, (2.14), the
mean value theorem and (2.11), one obtains that

t—6/2 t+h 2 t—6/2 t+h 2
pi(t,h) < 2/ / (1 — 5)¥O=LeH-(T g ) ds 4 2/ / (1 —5)*O=tdr | ds
—00 t —00 t
t—8/2 t+h B 2 t—6/2 t+h 2
< 20%(2/6)* / / (1 —s)%we 27 1dr | ds +2 / / (r—s)*D71dr | ds
— 00 t —00 t

2 2
202 2/6 4e +o0 o - ) 400
é 7(7/)2/ (S + h)asllp+28 _ Sasup+28 dS + 5 / (8 + h)a(t) _ Sa(t) ds
(@sup +2€)% Js5/2 a(t)? Js)o

—+oo

< [202(2/5)45 / gZupTAE=25 1 9 /
5/2

5/2

—+oo
g2 =2dg | B2,

(2.56)

Next, observe that it follows from (2.12) and the inclusion [¢, ¢+ h] C I(to,n/2)
that [t — §/2,t — h?¢] C I(to,6). Thus, using (2.54), (2.47), the mean value
theorem and (2.11), one gets that

t—h?% t+h 2
uz(t,h)g(emmwl)z/ 5/2 (/ <Ts)““)1d7> -
t— t
2
K_(to) 2 6/2 5/2
L) / (5 +h)2® — 520 ) ds < (F-0) 4 1)?p2 / s* (=24
a(t)? h2e hae

(eK,(to) + 1)2 (SK,(tU) + 1)2

h2—26 <
1-— 2OLsup 1—- 20Zsup

p2(a(to)+1/2+¢)

(2.57)

In order to bound from above pu3(t, h), one denotes by €_(¢g) the finite constant
defined as:

&_(tp) :=sup {

et —1

, € Rand 0 < |z| SK_(to)}. (2.58)

Observe that the inclusion [t — h?%¢,t + h] C I(to,0), (2.47), (2.58), (1.14) and
(2.10) entail that, for all (s,7) € [t — h?¢,t + h] x [t,t + h] satisfying s < 7, one
has

€07 1] < £ (t0) |15, 7)] < E-lto) b [ (7 =y = )
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Thus, one can derive from (2.55) and (2.59) that

€_(to) ko >2/t+h ( o)
th) < [ SN0 e t+h— )1t _ (¢t — )7 ds .
/’L3( ) (7(7+ainf) o p2e ( ) ( )-'r
(2.60)

Moreover, standard computations, the mean value theorem, the inequality ~v >
1/2 and the inequalities 0 < tinf < agyp allow to show that

t+h 2
/t (t+h—s)te® — (¢ —5)7TH0 ) gs

_h2e
h2e 2 h
< / (h+ )7t _grtal®) ) gg +/ s2(rte®) g
Jo 0
h25
< By + a(t))Q/ ((5 + 1)2('v+oz(t)—1) + 8—2(1—v—a(t)))d5 + p2Ortal®)+1
0

1
/ ((s + 1)2('y+asup—1) + 5_2(1_’)’_04inf))d8 +1
0

< B2y + gy + 1)? . (2.61)

Then (2.60) and (2.61) entail that, for some constant ¢; not depending on ¢ and
h, one has

ps(t,h) < cih?. (2.62)
Finally, putting together (2.52), (2.56), (2.57), (2.62) and (2.11) one obtains the
lemma. |

We are now in a position to prove the inequality (2.17).

Remark 2.10 Combining (2.39) and (2.11) with Lemmas 2.7, 2.8 and 2.9 one
obtains that

Ao(t, h) < Cy pHeto)+1/24e) (2.63)
where the constant Cy := 3(C+T2C3+T2 C3). Thus, it results from (2.19),

inf inf

Lemma 2.6, (2.63) and (2.11) that
0_12%(157 h) < 2(01 + C2)h2(a(to)+1/2+a) ’
which shows that (2.17) is satisfied.

3 Proof of Theorem 1.2

Remark 3.1 By arguing as in Remark 2.2 it turns out that for proving Theorem
1.2 it is enough to show that, for all fized ty € R, there are 3 constants €4, > 0,
N, > 0 and ¢y, > 0, which may depend on to, such that

E|D(t/> _ D<t//)|2 < Ce, |t/ _ t//|2(04(t0)+1/2+35t0) , fOT all t/,t// c I(t07,’7t0/2>.
(3.1)
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Remark 3.2 In all the sequel, one assumes that ty € R is arbitrary and fixed
and that § € (0,1/2] is the same as in (2.10). Also, one assumes that the two
arbitrary and fixed positive real numbers € and n are small enough so that they
satisfy the 3 conditions (2.11), (2.12) and (2.14).

Remark 3.3 In all the sequel one denotes by t and t + h, where h € (0, 1], two
arbitrary real numbers belonging to the interval 1(tg,n/2), and one sets

o (t,h) :=E|D(t + h) — D(t)[*. (3.2)

It can easily be seen that for proving (8.1), it is enough to show that there exists
a positive finite constant Cy not depending on t and h such that one has

o3 (t, h) < Co h2(@to)+1/24e) (3.3)

Using (3.2), (1.16), (1.13), (1.10), the isometry property of Wiener integral,
and (2.18) one gets that

0% (t,h) < 2Mo(t, h) + 2A1 (¢, h) + Aa(t, h) + As(t, h), (3.4)

where

Adum::/;j<Fu+;z+h»<&+h—QM”m—W—QTHM) (3.5)

1 a(t a(t ’
- F(l+0[(t)) ((t—S) © — (_S)Jr( ))> d57

2
M) /toon <F<1+1a(8))(t LB ) g Hi (sith) m(t _ S)a(s)6H+(s,t)> ds.
(3.6)
Aoty ) = /t <1(t b h ) @eHeny _ Ly et
- \LT(1+a(s)) I'(1+a(s))
(3.7)
2
- ;(t +h—s)ltth) ;(t - s)a(t)> ds
(14 a(t+ h)) (1 + a(t))
and
t+h 1 1 2
As(t, h) ::/t (F(Ha(s))(t + h— ) D Hilstth) _ m(t +h— s)a<t+h>> ds.

(3.8)
The following lemma provides an appropriate upper bound for Ag(t, h).
Lemma 3.4 There is a constant Cy, not depending on t and h, such that

Ao(t,h) < Coh?7. (3.9)
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Proof Tt follows from (3.5), (2.20), (2.18), (2.34) and the equality I'(x + 1) =
2T (z), for all z € (0,+00), that

Ao(t,h) < 2\ (t, h) + 202 Ko (t, 1) (3.10)

where

Ao(t, h) = /“7 ((t Fh—s)o® - s)a(t)>2ds.

— 00

Moreover, using the mean value theorem, one has that
Ao(t,h) < ch?, (3.11)

where the finite constant ¢ := f;oo (52(%@*1) + 32(0““f’1))ds. Finally, putting

together (3.10), (2.22) and (3.11), one gets (3.9). |
The following lemma provides an appropriate upper bound for Aj (¢, k).
Lemma 3.5 There is a constant Cy, not depending on t and h, such that

Ay (t,h) < C1h?. (3.12)
Proof One can derive from (3.6), (2.34) and (2.18) that

inf

Ai(t,h) <2772 (A%(t, h) + A2(t, h)) : (3.13)
where

+oo 2
ALt h) = / (+ B )20 (7 Helmatt) — o=He(=20) g5 (3.14)
—t+n
and
+oo 2
A%(t,h):/ 672H+(7S’t)<(t+h+s)a(75)f(tJrs)o‘(*S)) ds.  (3.15)
—t+n

Let us first focus on Al(t,h). It can easily be seen that
o Hi(=st+h) _ ,—Hi(=st) _ e—H+(—s,t+h)(1 _ eH+(—s,t+h)—H+(—s,t)> (3.16)

and that

T

sup < +oo, for each fixed My € (0, +00). (3.17)

|z[<Mo

X

Moreover, in view of (1.14) and the fact that a(-) is with values in [@inf, Qsup] C
(0,1/2) one has, for all real number s > —t + 7, that

/h a(—s) —alv+t) dol < h (3.18)
0

H, (—s,t+h)— H,(—s,t)] = .
|+( 57+) +( 57)| v4+t+s _Q(S—l—t)
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Then, putting together (3.14), (3.16), (3.17) and (3.18), one obtains, for some
finite constant ¢; not depending on ¢ and h, that

+oo 2
Al(t,h) < / (t+ h+ )29 (e—H+<—S¢+h> — e_H+(_5’t)> ds
—t4n
+o00 2a(—s) ,—2H4 (—s,t+h)
5 (t+h+s) e
<cih / FEE ds.
—t4n

Thus, using (2.9), in which ¢ and s are replaced by ¢t + h and —s, and the fact
that h € (0, 1], one gets that

Aj(t h) < >

+oo 20sup+2¢€
02 / (S“)ds] h2. (3.19)
n

Notice that thanks to (2.11) the integral in the right-hand side of (3.19) since
Qsup < Qsup-
On the other hand, it follows from (3.15), the mean value theorem, and (2.9)

that
+oo +o0 -
A%(f,h) < h2/ 6—2H+(—s,t) (t+8)2a(—s)—2d8 < 02/ 820451,[,+25—2d8 h2.
—t+n n
(3.20)
Finally, combining (3.19) and (3.20) with (3.13) one gets (3.12). |

In order to derive an appropriate upper bound for As(¢, h), defined in (3.7),
let us express it as:

where
e 1 (5) = Hy (s,t+h) 1 (5) g—Ho ()
Alt,h ::/ t h— a(s) ,—H (s, t+ _ t— a(s) ,—Hy(s,t
b=, (m Fag TR Miraen’ e
(3.22)
2
- ;(t +h— s)”‘(t+h) + ;(t - s)”‘(t) ds
P(1+ a(t+h)) T(1+ at))
and
A3(t,h) = /t ;(t +h— S)CY(S)(;H+(s,t+ll) _ ;(t _ S)&(S)efH+(syt)
) e \TA+ als) F(1+a(s))

(3.23)

1 aft 1 aft i
—m(t—i—h—s) (+h)+m(t—s) ()> ds.

The following lemma provides an appropriate upper bound for Al(¢,h) de-
fined in (3.22).
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Lemma 3.6 There is a constant C3, not depending on t and h, such that

A(t, h) < O3 (R + p2lalto)TL/2)+Te) (3.24)

Proof It follows from (3.22), (2.38), (2.34) and the equality I'(x 4+ 1) = zI'(x),
for all z € (0, +00), that

A(t ) < 3(TRE AR (1) + T2 AP (1, 1) + A (1 1)) (3.25)
where
t—nhl/z 9
ALY (2, h) ::/ (t+ D= 5)%0) (7 Heltth) _ o= He(0) s (3.26)
t—n

tfnhl/2 2
A2 (t h) = / ((t+h—s)°‘(s)—(t—5)a(s)) e (g5 (3.27)
t—n

and

Ay (8, h) :=/t_17 <F(1+a(t+h))

t—nht/?

ettt _ L e 23
(t 4 h — s)x(t+h F(1+a(t))(t ) )d.

(3.28)
Let us first focus on Ay (¢,h). One clearly has that
2

(67H+(s,t+h) B 67H+(s,t)) o—2H1 (s,t+h) (1 _ 6H+(s,t+h)7H+(s,t)>2' (3.29)

Moreover, in view of the inclusions [t, ¢+ h] C I(ty,n/2) and [t —n,t —nh'/?] C
I(to,27), one can derive from (1.14), (2.15) and the mean value theorem that
one has, for all s € [t —n,t —nh'/?],

t+h .
|H (s,t +h) — Hy(s,1)] g/ la(s) —a()]
t v—S
<hay”! ((t +h—s)7 —(t- 5)7) < kot ROFN/2 (3.30)

and

" Ja(s) — a(v)|

v—S

|Hi(s,t+ h)| S/ dv

t+h
< ka/ (v—8) " dv=koy L (t+h—35)" <koy '(n+1).
( (3.31)

Thus, putting together (3.26), (3.29), (3.30), (3.17), (3.31) and «(s) € [@inf, Qsup),
one gets, for some (finite) constant ¢; not depending on ¢ and h, that

Ay (t,h) < erhTY. (3.32)
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As regards AY%(t, h) defined in (3.27), one can derive from (3.31), the mean
value theorem, the inclusion [t —n,t —nh'/?] C I(to,2n), (2.14) and (2.11) that

t—nh'/?
Ay (1, 1) < cah? / T et g < e/ (3 5)

t—n

where ¢y and ¢, are two (finite) constants not depending on ¢ and h.
As regards Ay (¢, h) defined in (3.28), one can derive from (2.38), and (2.34)
that

L3 t—nh'/? 1 1 2 pa(ih)
ASP(th) <3 — t+ h — s)2elth)g
2" (6 h) < /t_n (F(1+a(t+h)) F(1+a(t))> (t+h—s) s

t—nh1/2 )
+ 3I‘.’2/ ((t +h— S)a(t+h) —(t— s)a(t+h)) ds
t

inf
-n
tf'r]hl/2 9
+305¢ / ((t — g)alt+h) ¢ — s)a(”) ds . (3.34)
t—n

Rather similarly to (2.26), it can be shown that, for some constant ¢z not de-
pending on t and h, one has

o ! 1 ’ 2a(t+h) 2
— t h _ a(t+ d < h y ]
/t—n (F(l +a(t+h)) T+ a(t))) (t+h—s) s<c3
(3.35)

Rather similarly to (3.33), it can be shown that for some constant ¢4 not de-
pending on t and h, one has

t—nh'/?
/ ! ((t +h— s)a(t+h) _ (t _ S)a(t+h))2ds < C4h2(a(t0)+1/2)+7€. (3.36)
t

-n

Rather similarly to (2.35), it can be shown that for some constant cs not de-
pending on t and h, one has

t—nh1/2 2
/ (1t = )20+ — (1= 5)°©) " ds < e5h?7. (3.37)
t

-n

Finally, putting together (3.25), (3.32), (3.33), (3.34), (3.35), (3.36), (3.37)
and the fact that v € (1/2,1), it follows that (3.24) holds. |

The following lemma provides an appropriate upper bound for AZ(¢, h) de-
fined in (3.23).

Lemma 3.7 There is a constant C%, not depending on t and h, such that

AZ(t, h) < O2 p2((to)+1/2)+62 (3.38)
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Proof Using (3.23) and (2.18), one has that
A2(t,h) < Q(Ag’o(t, h) + AZ(t, h)) : (3.39)

where, for j =0 or j =1,

2,j — 1
Ay7 (6, h) = /tnhl/z (F(l + a(t + jh))

t

(t + jh — s)*(t+in) (3.40)
2
- (t 4 jh — 5)* e He(st45h) | g
(1 + afs))

In view of (3.39), in order to show that (3.38) is satisfied, it is enough to prove
that, for each j € {0, 1}, the following inequality, in which ¢ denotes a (finite)
constant not depending on ¢ and &, holds

A (8, h) < cheto+1/2 46 (3.41)

It follows from (3.40), (2.38) and (2.34) that

A3 (t,h) < 3(901,3’ (t.h) + T5af 02,5t h) + T3 s 4(t, h)) : (3.42)
where
¢ 1 ?
h) = _ t 4 jh— s)2attin) gy
¢1,(t, h) /t—nh1/2 (F(1+a(t+]h)) F(1+a(s))> (t+7 s) s
(3.43)
t
025(t, ) = / (£ + jh — )2 (1 — = e (4710) g (3.44)
t—nh1/2

and

t 2 .

©s3,i(t, h) ::/ ((t + jh — )¢ (¢ 4 b — s)a(s)) e (st Hih) gg
t—nhl/2

(3.45)

Tt results from (3.43), the mean value theorem, (2.15), (2.12), (2.14) and (2.11)
that

t
¢1(t,h) <1 / (t + jh — s)27+2alt+in) g (3.46)
t—nh1/2

< C/1h1/2(1+2'y+204(t0)725) < Clth(a(tO)+1/2)+7€,

where ¢; and ¢) are two (finite) constants not depending on ¢ and h. Next,
observe that, similarly to (3.31), it can be shown that there exists a (finite)
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constant ¢y, not depending on ¢, h and s, such that, for all s € [t — nh'/?, t], one
has

|H, (s,t+ jh)| < e B2, (3.47)
Thus, one can derive from (3.44), (3.47), (3.17), (2.12), (2.14) and (2.11) that

t
©2.(t,h) < c3h? / (t + jh — 5)22@HIR) g < L p2(alto)F1/2+Te = (3 4g)
t—nht/2

where c¢3 and ¢ are two (finite) constants not depending on ¢ and h. Next,
using (3.45), (3.47), the mean value theorem, (2.15), (2.33), (2.14) and (2.11),
one gets that

t
©3,i(t, h) < cah? / (t + jh — s)2to) =g (3.49)
t,nh1/2
< Cgh1/2(1+27+2a(t0)746) < Cﬁth(a(tO)+1/2)+6€,

where ¢4 and ¢ are two (finite) constants not depending on ¢ and h. Finally,
putting together (3.42), (3.46), (3.48) and (3.49), one obtains (3.41). |

The following lemma provides an appropriate upper bound for As(¢,h) de-
fined in (3.8).

Lemma 3.8 There is a constant Cs, not depending on t and h, such that

Az(t,h) < Cgh?Ti4e, (3.50)

Proof Tt follows from (3.8), (2.38) and (2.34) that

As(t,h) < 3(A§(t, h) + T2 A2(t,h) + T2 Ad(t, h)) : (3.51)
where
h 1 1 2
Al th) = _ h— 2a(s+t) 72H+(s+t,t+h)d
3(t,h) /0 (F(1+a(s+t)) F(1+a(t+h))> (h =) € 5
(3.52)
h
A3(t, h) ::/ (h — 5)2(t+s) (e_H+(S+t’t+h) - 1)2ds (3.53)
0
and
) h 2
A3 (t,h) := /O ((h—s)”‘(”s) - (hfs)o‘(”h)) ds. (3.54)

Observe that, similarly to (3.31), it can be shown that there exists a (finite)
constant ¢, not depending on ¢, h and s, such that, for all s € [0, h], one has

|Hy(s+t,t+h)| <cih?. (3.55)
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One can derive from (3.52), (3.55), the mean value theorem and (2.15) that
h
AL(t,h) < cah® / (h — )220 s < ¢yp2( e+l (3.56)
0

where co is a (finite) constant not depending on ¢ and h. Moreover, it follows
from (3.53), (3.55) and (3.17) that

h
AZ(t,h) < csh® / (h — 5)20(t+3) 4s < egp2( e+l (3.57)
0

where c3 is a (finite) constant not depending on ¢ and h. Furthermore, using
(3.54), the mean value theorem, (2.15), (2.33) and (2.11) one has that

h
A3(t,h) < C4h2“’/ gHni=e) g < ¢ yp2OrFememe)+L (3.58)
0

where ¢4 is a (finite) constant not depending on ¢ and h. Finally, putting
together (3.51), (3.56), (3.57), (3.58), the inequality 2 > 1 and the inequality
Qing > 8¢ (see (2.11)), one obtains (3.50). |

We are now in a position to prove the inequality (3.3).

Remark 3.9 Putting together (3.4), (3.9), (5.12), (3.21), (3.24), (5.58), (3.50),
the fact that h € (0,1], the fact that v € (1/2,1) and (2.11), it follows that (3.5)
is satisfied.
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