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Abstract
In the last few years Ayache, Esser and Hamonier introduced a new Multifrac-
tional Process with Random Exponent (MPRE) obtained by replacing the Hurst
parameter in a moving average representation of Fractional Brownian Motion
through Wiener integral by an adapted Holder continuous stochastic process
indexed by the integration variable. Thus, this MPRE can be expressed as a
moving average [t0 integral which is a considerable advantage with respect to
another MPRE introduced a long time ago by Ayache and Taqqu. Thanks to
this advantage, very recently, Loboda, Mies and Steland have derived interest-
ing results on local Holder regularity, self-similarity and other properties of the
recently introduced moving average MPRE and generalizations of it. Yet, the
problem of obtaining, on an universal event of probability 1 not depending on
the location, relevant lower bounds for local oscillations of such processes has

remained open. We solve it in the present article under some conditions.
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1 Introduction and statement of the main result

Roughly speaking multifractional stochastic processes (see e.g. [l]) are continuous
real-valued stochastic processes with non-stationary increments which extend the well-
known Fractional Brownian Motion (see e.g. [13, 20]); yet, in contrast with it, their
local path roughness can be prescribed via a functional Hurst parameter and thus can
change from point to point. For a generic multifractional process Y = {Y(t) };cr, , path
roughness in a neighborhood of any arbitrary fixed point 7 € R* =R\ {0} = (0, +00)

is usually measured through ay (7), the pointwise Holder exponent at 7, defined as:

ay () :==sup {a € [0,1] : limsup r~* Oscy (7,7) < +o0}, (1.1)

r—04

where, for all real number » > 0 small enough,
Oscy (1, 7) :=sup {|Y (') =Y ()| : (¢',¢") € [r —r, 7+ 1]*} (1.2)

is the oscillation of the process Y on the interval [ —r,7+7] C R*. When a stochastic
process is the functional Hurst parameter of Y, then Y is said to be a Multifractional
Process with Random Exponent (MPRE). Such kind of process turned out to be useful
in stock prices modeling (see for instance [10, 11, 12]). A long time ago, [5] introduced
a first type of MPRE which is given by a random wavelet series, but unfortunately
cannot be represented through the usual Ito integral. In order to avoid the latter
drawback, another type of MPRE was introduced in the last few years in [3], and was
generalized very recently in [17]. Let (€, (Fs)ser, F,P) be a filtered probability space,
and let B = {B(s)}ser be a standard Brownian motion with respect to the filtration
(Fs)ser, the MPRE X = {X(t)}ser, studied in [17] is defined, for each fixed ¢t € Ry,

as the It6 integral:
t

X(t) = / ot $) dB(s), (13)

—00



where, for each fixed t € R, the stochastic process {g(t, s)}se(—oo,) is adapted to the
filtration (F)se(—o0,) and satisfies almost surely ffoo lg(t, s)|* ds < +o00, which guaran-
tees the existence of It6 integral in (1.3). In order to show that X has a modification
with continuous paths and to conveniently bound from below its pointwise Holder
exponents, a well adapted extension of the Kolmogorov-Chentsov Holder continuity
Theorem has been derived in [17] (see Theorem 2.1 and Corollary 2.2 in [17]). Thus,
the latter article has established that such a nice modification of X exists as soon as
the associated integrand g satisfies the 3 conditions (A), (B) and (C) that we are now

going to give.

Condition (A). For each fixed s € R, the random function ¢ — g(¢,s) is differen-

tiable on the open interval (sV0, +00). Moreover, there exist (Fs)scr-adapted processes
{H(8)}ser, {L(5)}ser and {R(s)}ser, such that H(s) € (0,1), L(s) > 0, R(s) > 1/2,
and it holds, for all t € R,

lg(t,s)] L(s)|t — s|"&=V2 " for every s € (t — 1,1),
|0g(t, )| L(s)|t — s|H®=3/2 " for every s € (t — 1,1),
0,g(t,s)] < L(s)|[t—s|7B®,  for every s € (—oo,t —1].

IAIA

Condition (B). There are deterministic real numbers H, H, L and R, such that,

for all s € R, one has

O<H<H(G)<H<1, 0<L(s)<L and R(s)>R>1/2. (1.4)

Condition (C). One has almost surely, for all (s, s") € R?,
|H(s") — H(s")| < u(]s' = 5"]) (1.5)

where p is some deterministic function from R, to R, which is continuous and increas-

ing and satisfies p(0) = 0.

Among many other things, the following theorem has been obtained in [17].
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Theorem 1.1 [17] Assume that the conditions (A), (B) and (C) hold, then the process
X has a modification with continuous paths which s identified with X from now on.

Moreover, its pointwise Hélder exponents satisfy
P(Vr e R, ax(t) > H(r)) =1. (1.6)

In other words, there exists 7 an universal event of probability 1 not depending on T

such that one has
ax(r,w) > H(t,w), forall (1,w) € R% x QF. (1.7)

In order to obtain the further result on pointwise Holder exponents of X stated
below, the article [17] has assumed that the integrand g satisfies the following addi-

tional condition (A*) in which {L(s)}ser denotes the same process as in Condition (A).

Condition (A*). One has, for all t € R,

‘g(t, s) —o(s)(t — S)H(S)_l/Q‘

IN

L(s)|t — s|H&=Y2  for every s € (t — 1,t),

Og(t,s) — 0yo(s)(t — S)H(s)_l/Q‘ < L(s)|t — s|HE)=3/240  for every s € (t — 1,1),

where p is some positive deterministic real number which satisfies H + p < 1 and does
not depend on t and s, and where {o(s)}scr is a continuous (Fs)scr-adapted process

not depending on t and satisfying
0<|o(s)| < L(s), forallseR. (1.8)

Theorem 1.2 [17] Under the conditions (A), (A*), (B), (C) and the additional con-

dition
Jim (<) log(#) =0, (1.9)
one has
P(ax(r)=H(r)) =1, forallr€eRy. (1.10)

Let us point out that the keystone of the proofs of Theorems 1.1 and 1.2 given in
[17] is the important Burkholder-Davis-Gundy inequality (see for instance [18, 19]) as

formulated in the following proposition:



Proposition 1.3 Let p € [1,400] be arbitrary and fized. There is an universal de-
terministic finite constant a(p) for which the following result holds: for any (Fs)ser-

adapted stochastic process f = {f(s)}ser satisfying almost surely f_Jr;o |f(s)]?ds < +o0,

S(CLERE a(p)E(( /- |f(8)|2d8>p/2> o am

where fj;o f(s)dB(s) denotes the Ité integral of f on R.

one has

Remark 1.4 In fact the additional information brought by Theorem 1.2 with respect
to Theorem 1.1 is that, for each fixed 7 € R¥, there exists Q(T) an event of probability 1

which a priori depends on T, such that
ax(r,w) < H(t,w), for all w e Q(). (1.12)

Notice that, in view of (1.1) the inequality (1.12) can equivalently be expressed as

follows in terms of the local oscillations of X in the vicinity of 7:

lim sup (r’H(T’“)’G Oscx (7,7, w)) = +oo0, forall (f,w)e R x Q(7). (1.13)

T‘~>0+

The main goal of our article is to show that when the condition (C) is strengthened
to the condition (C*) given below then a significantly more strong result than (1.13)

holds, namely:

Theorem 1.5 Suppose that the conditions (A), (A*), (B) and (C*) are satisfied. Then,

there exists 35 an universal event of probability 1 not depending on T such that one has

lim inf (T_H(T’“)_e Oscx (r,, w)) =400, forall (0,7,w) e Ry xR xQF. (1.14)

T‘—>0+

Condition (C*). There are two deterministic constants k € (0,400) and v € (0,1)

such that one has almost surely, for all (s',s”) € R?
|H(s') — H(s")| + |o(s") —o(s")| < k|s' = &"|". (1.15)

It is worth mentioning that a straightforward consequence of Theorems 1.1 and 1.5
and (1.1) is that:



Corollary 1.6 Suppose that the conditions (A), (A*), (B) and (C*) hold. Let Q0 and

Q5 be the two universal events of probability 1 which were introduced in Theorems 1.1

and 1.5. Then * := Q7 N Q5 s an universal event of probability 1 such that

ax(t,w) = H(t,w), forall (r,w) € RY x Q*. (1.16)

Remarks 1.7

(1)

(i)

(iii)

The conditions (B), (C) and (C*) might seem restrictive, yet they can be relaxed
by a localization procedure via stopping times (see for instance Section 4.4.1 in
[15]) which is explained in the setting of the MPRE X in the introduction of [17].
In particular, it is important to mention that Theorem 1.5 remains true when
the condition (1.15) only holds for all 8" and s” belonging to every fixed compact
interval I C R, and the constant x in it is no longer a deterministic real number

but an almost surely finite random variable which may depend on I.

Usually, in the literature relevant lower bounds for local oscillations of a stochastic
process Y valid on an universal event of probability 1 not depending on the
location (that is the point 7 in our setting) are obtained via the classical strategy
(see e.g. [7, 8,9, 21, 22, 23]) which consists in showing that the local time
associated to Y is regular in the set variable uniformly in the space variable.
For deriving such a regularity result for the local time explicit and exploitable
formulas for the characteristic functions of the finite-dimensional distributions of
Y need to be available. Unfortunately, such formulas are not available for the
MPRE X. Thus, for proving Theorem 1.5 we make use of another strategy which
is to some extent reminiscent of that introduced in the last few years in [2] in the
framework of Hermite processes. However several significant modifications of the
strategy of [2] are needed since there is a wide difference between the latter self-
similar chaotic processes with stationary increments and the MPRE X. Among
other things the Burkholder-Davis-Gundy inequality provided by Proposition 1.3

plays a crucial role in our proof of Theorem 1.5.

In the framework of multifractal analysis (see e.g. [16, 6, 4]) one is very often
interested in determining singularity spectra of sample paths of stochastic pro-

cesses. For a generic process Y = {Y(t)}icr, with nowhere differentiable paths



the singularity spectrum py = {py()}acjo,1) is defined, for each w € € (the
underlying probability space) and a € [0,1], as the Hausdorff dimension (see
e.g. [14]) of the level set {7 € R} : ay(7,w) = a}, where ay(7) is the pointwise
Hoélder exponent of Y. Thus, in contrast with (1.10) the more strong result (1.16)
draws close connections between the singularity spectrum of the MPRE X and

its functional random Hurst parameter H.

2 Proof of the main result

Let o and H be the same processes as in the conditions (A) and (A*). One assumes that
the condition (B) is satisfied and one denotes by Z = {Z(t) }icr, and R = {R(t) }er,

the two processes defined, for all ¢t € R, , as:

Z(t) = / o(s)(t — s)HE12 4B (s) = / o(s)(t —s)TO21, y(s)dB(s) (2.1)

—1 —00

R(t) .= X(t) — Z(1). (2.2)
One can easily derive from Theorem 1.1 applied to Z that:

Lemma 2.1 Suppose that the conditions (B) and (C) hold, then the process Z has a
modification with continuous paths which is identified with Z from now on. Moreover,

its pointwise Holder exponents satisfy
P(VT € RY, az(r) > H(r)) =1. (2.3)

On the other hand, combining (1.3), (2.2) and (2.1), for all ¢ € R, one has R(t) =
ffoo g(t,s) dB(s), where g(t,s) := g(t,s) — a(s)(t — s)TO=V21_; ,(s), for every s €
(—o0,t). Moreover, one can derive from the conditions (A) and (A*), imposed to g,
that g satisfies, for all ¢t € R, a slightly modified version of the condition (A) in which
H(s) is replaced by H(s) + p, for each s € (t —1,t). Thus, similarly to Theorem 1.1 it

can be shown that:



Lemma 2.2 Assume that the conditions (A), (A*), (B) and (C) hold, then the process
R has a modification with continuous paths which is identified with R from now on.

Moreover, its pointwise Héolder exponents satisfy

P(V7 e R, ar(t) > H(T)+p) =1. (2.4)

Remark 2.3 In view of Lemma 2.2, (1.1) and (1.2), in order to show that Theorem 1.5
holds, it is enough to prove it in the particular case where X = Z. On the other hand,
in view of the fact that the interval R¥ := (0, +00) can be expressed as the countable
union of the open, bounded and overlapping intervals (2_1q, 1+ 2_1q), q € Zy, it is
enough to prove the theorem for every T € (27'¢, 1+ 27!¢), the nonnegative integer ¢
being arbitrary and fixed. For the sake of simplicity, we will only prove it when ¢ = 0,

that is 7 € (0, 1); its proof can be done in a similar way for any other g. [ |

For any integers j > 2 and k € {0,...,2/ —1}, one denotes by A(j, k) the increment
of the process Z such that

A(j, k)) = Z(dj7k+1) - Z(d%k) s (25)
where d; ;41 and d;, are the two dyadic numbers in the interval [0, 1] defined as:
djper = (k+1)/27 and djy, == k/27. (2.6)
Observe that, in view of (2.1), the increment A(7, k) can be expressed as:
dj kt1
Al k) = / o(5) ((dsgsr = )12 = (dyyo = 52OV dB(s),  (27)
-1
with the convention that, for each (y,a) € R?, one has
o { y*,ity >0,

Y+ 0, else. (28)

In all the sequel the parameter b € (0,1/2) is arbitrary and fixed. For each integer
J = 2, one sets
¢ im 2], 29)

where | - | is the integer part function, and one denotes by £7 the non-empty finite set

of positive integers defined as:
L£=Nn[L, (2 /e;) —1]. (2.10)
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Observe that the cardinality of £/ satisfies, for some positive finite constant ¢ not
depending on j,
Card (L) < ¢2/070) (2.11)

Also, observe that, for any [ € £7, the random variable A(7,le;), defined through (2.7)
with & = le;, can be expressed as

A(j,ley) = A, leg) + A, ley) (2.12)

where

~ dite 1 H(s)—1/2

BGte)i= [ 0(6) (e = 9"~ (doa, = 97O dBGs) - (213)
3,(1—1)e;+1

and

o 3,(1=1)e;+1
A(j,le;) = / a(s)((dj,,ej+1 — )72 (g, — 5)H) 1/2) dB(s). (2.14)

1

Let us now focus on the study of asymptotic behavior of the random variables

}A(j, lej)‘ when j goes to +oo.
Lemma 2.4 There is Q5(b) an event of probability 1 depending on b on which one has

lim sup sup i (H (djae; ) +b(1=H)/2) |A(j, le;)| = 0. (2.15)
jotoo leLi

For showing that Lemma 2.4 holds one needs two preliminary results. In order to state
them one first has to introduce some additional notations. Let n € (0,1) be arbitrary
and fixed and such that

5em? < b(1—H), (2.16)

where x, v, b and H are as in (1.15), (2.9) and (1.4). One assumes that the integer
Jo > 6 is chosen so that one has e;/29 < 2790-Y < 5/2 for all integer j > Jo. Then,

one can derive from (2.14) that
A(j le;) = N(j,lej) + A"(5,le;) (2.17)
where

o dj,le]- n
B(tey) = [ 6) (daees = 919 (i, = ") dB(s)  (238)

-1
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and

X G=De;41 H(s)—1/2 H(s)—1/2
A(jle) = / () ((ds 01— 5)" 72 = (djae, — )72} dB(s) . (2.19)
d

jilej -

Lemma 2.5 There is a finite deterministic constant ¢ > 0 such that, for all integer

j > Jo, one has

dj,lej_n 2 .
sup/ \0(5)]2‘(613-7[6],“ — g)HE)-1/2 _ (djte; — s)H(s)_1/2 ds <c27% . (2.20)
leci J-1

Proof of Lemma 2.5 Using the mean value Theorem, (2.6), (1.8), and (1.4), one
gets, for all j > Jo, l € £7 and s € [—1,dj4e; —n], that

2 — - — )
’0(8)|2 (dj,lej+1 . S)H(s)71/2 . (dj,lej o S)H(s)fl/Q < L2 772(@7H) (dj,lej . S)2H73 2723 )

Thus setting ¢ := L2 p?E-H) an 2273 dx < 400, it follows that (2.20) holds. |

Lemma 2.6 There is a finite deterministic constant ¢ > 0 such that, for all integer
j > Jo+2b7t, one has

=141 2§ H(dj 10, —7) 2 H(s)—1/2 H(s)—1/2 2
sup 277751 o (8) 17| (e +1 — 5) — (djse; — 5) ds
leci Jd

< 9 2M(-H)/5) (2.21)

j,lej -n

Proof of Lemma 2.6 One can derive from the mean value Theorem, (2.6), (1.8),
(1.4), (2.9) and (1.15) that, for all j > Jo+2b"", 1 € £7 and s € [djie; — 0, dj1—1)e;41),

2 _ .
|0(s)\2 (dﬂejﬂ _S)H(s)—1/2 _ (dj,zej _S)H(s)—l/Q <T2 (dj,zej _8)2H(dj,lcj —n) =267 =3 5 —2j :
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and consequently that

dj,(1-1)e;+1 )
[ 00— 7 — 70

dj,lej -n

di (1—1)e.
< L* 2_2j/ o jﬂ(dj,zej — )2 ity =) =2mm7 =8 g
dj,lej -n
L227%
< (
2(1 + kn7 = H(djge; —n))
4R +1 EZ 92-2j

o 2(H (dj 1o, —m) " 1)
(|2t )

925 (1=b)(H (dj,1e; —n)—rn" 1)

2(1 - H)
< wmzz ~2j(H (dj e ~n)~(1=-b)wn"+b(1—H))
~2(1-H)
—, _
< 16L_ w 9~ 2 (H(de;=m+4b(1=H)/5) (2.22)
2(1—H)

where the last inequality follows from (2.16). Finally, (2.21) results from (2.22). H
We are now ready to prove Lemma 2.4.

Proof of Lemma 2.4 It easily follows (2.17) and the triangle inequality that, for all
integer j > Jo + 207!, one has
]P(sup i H(dj1c;) ‘A(J} lej)| > 273‘(81)(17?)/15)“)
leli

< ]P’(sup 9l H(dj1e;) !A’(j, lej)‘ > ij(Sb(lfﬁ)/w)) (2.23)
leLi

—HP’(sup it (djic;) }A//(j7 lej)} S 273'(81;(17?)/15)) '
leLi
In order to conveniently bound each one of the two probabilities in the right-hand side
of (2.23), one denotes by p a fixed real number such that
15
>—>15. 2.24
P A (2.24)

One can derive from (1.4), (2.11), the Markov inequality, (1.11), (2.18) and (2.20) that
IP)( sup 2jH(dj,lej) ‘Al(], lej)| > 2—j(8b(1—ﬁ)/l5)> < IP)( sup ‘Al(% lej)| > 2—j(ﬁ+8b(1—ﬁ)/15))

leLs leLi
< Z ]P’(|A’(j, lej)\ > 2*j(ﬁ+8b(lfﬁ)/15)) < 9ip(H+8b(1-H)/15) ZEOA/U’ lej)‘p)
leLi leLi

< 200 p(O-H-8b1-T)/15)) < . 9i(1-p(T(Q1-H)/15)) (2.25)
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where ¢ is a constant not depending on j. Moreover, it results from (1.15), (2.16),
(2.11), the Markov inequality, (1.11), (2.19) and (2.21) that

]p< sup 271ie,) |A7(j. le;)| > 2—j(8b(1—ﬁ)/15))>
leLi

< }p( sup 2jH(dj,zej—n)+jnm ‘A//(j’ lej)‘ > 2—j(8b(1—ﬁ)/15)>
leLs

< IP’( sup |2jH(dj,lej 0 A" (. le;)| > 9—i(11b(1-H)/15)

leLi
< Z ]P><|2.7'H(dj,lej*77) Au@ lej)‘ > 2—j(11b(1—ﬁ)/15)>
leLi
< gir(1b(1-M)/19) §™ E(‘Qm(dj,lej—m A", lej)\p>

leLs

< ¢,20((1=0)—pb(1-TD)/15) (2.26)

where ¢, is a constant not depending on j. Next, putting together (2.23), (2.24), (2.25)
and (2.26), one obtains that

—+00
ZP(sup 91 H (dj1c;) }A(j, lej)‘ > 2_j(8b(1_ﬁ)/15)+1> < +00.
=2 leLi

Thus, one can derive from the Borel-Cantelli Lemma that there is £25(b) an event of

probability 1 depending b on which one has

sup sup oI (H(ds1c;)+8b(1—H)/15) ‘A(j, lej)’ < +o00. (2.27)
J>2 leLi
Finally, it is clear that (2.27) implies that (2.15) is satisfied on 5(b). [ |

Let us now focus on the study of asymptotic behavior of the random variables
}ﬁ(j, lej)| (see (2.13)) when j goes to +oo. First, one needs to introduce some addi-
tional notations. For each fixed integer j > 6, the integer M; > 1 denotes the integer
part of j71((27/e;) — 2), that is

M; = [ ((2/e;) = 2)]. (2.28)

Moreover, (UZ,)mefo,1...., m;} denotes the subdivision of the interval [1, (27/e;) — 1} by
the M; + 1 integer points such that:

Uiy, = (2/e;) =1 and Uj,:=1+mj, forallme {0,1,...,M; —1};  (2.29)

12



notice that
§< UL, = Ul <25 (2.30)
For all integers j > 6 and m € {1,...,M;}, let £, be the non-empty finite set of

positive integers defined as:

Ll =Nn[U,_,Ul]; (2.31)

observe that, (2.10), (2.29), (2.30) and (2.31) entail that

M;
o=\, (2.32)
m=1
and
j < Card(L)) <25, forallme{l,...,M,}. (2.33)

For every integers j > 6, m € {1,...,M;} and [ € £J,, the 3 random variables
ﬁm(j,lej), AL (G, le;) and A" (j, le;) are defined as:

djle;+1
N . J ] — H jom)—1/2
Am(]7 lej) = / U(Cj,m) ((dj,lej—l—l - S)H(C]’m) 1z _ (dj,lej - S)Jr(c )=/ > dB(S) ,
d

j,(1—1)e;+1
d (2.34)
~ lej+1 L HCyom)—1/2
AL (7, 1e;) ::/d (U(S>_U(<j,m))((dj,lej—i-l_S)H(CJ’m) 1/2—(dj,zej—8)+(<‘ ) /)dB(S)
(1= 1)e;+1
(2.35)

and

~ dj,lej+1 o
A ley) = / o(s) (((dj,l6j+1 — )12 — (dj4e; — 5)H) 1/2)
d

J,(I=1ej+1
~((gegr = )12 — (e, = ) “ﬁ"’”“”)) dB(s), (2.36)

where the dyadic number ¢, is defined as:

= o 231
Notice that, in view of (2.13), (2.34), (2.35) and (2.36), one has
A(j,le;) = D5 les) + AL (4, lej) + Al (j,ley), for all I € £, (2.38)

The following lemma allows to understand the reason for which one has introduced
the random variables A, (j, le;), l € L.
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Lemma 2.7 For all integers j > 6 and m € {1,...,M;}, and for each finite sequence

(21),eps. of real numbers, one has, almost surely,

E(exp (z Z 2 A, lej)> ‘?Cj,m> (2.39)
leci,
dj,lej+1

leﬂfn djv(l_l)ej"rl

2
ds) .

Notice that (2.39) means that conditionally to the sigma-algebra F¢, . , the random
variables ﬁm(j,lej) [ € LI, have independent centred Gaussian distributions with
variances E(|3 (7,1e))| }rf@m lel)

m’

satisfying
E(lﬁm(]a lej) ’2 ‘:}.Cj,m)

djlej+1 v H(Cm)—1/2\ |?
= / ‘U(Cj,m)<(dj,lej+1 — 5) G2 (dyy, — s) 7Y )‘ ds

dj,(1-1)e;+1

> 2—1 |U(Cj,m)|2 2—2J'H(Cj,m) . (2.40)

Proof of Lemma 2.7 The main idea of the proof consists in the observation that, for
all integers j > 6, m € {1,..., M;} and [ € £ , the Brownian motion B in (2.34) can be
replaced by the Brownian motion W;,,, = {W; ,(2) }ser, = {B(x+jm)—B((im) Frer,
which is independent on the sigma-algebra &, .. Therefore W, is independent on the
integrand in (2.34), denoted by Kj,,;, which is J¢, -measurable. Having made this
observation the proof becomes classical: it can be done in a standard way by approxi-
mating, for each fixed [ € £J,, the integrand Kj,,; = {Em.1(8) Yseldsaovyee1dgac; 1] DY

a sequence (Kﬁm,l)neN = ({K7 (s )}Se[dj,(lfl)ejJﬁl7dj,le]-+1])neN of elementary processes of

the form:
],m l Z A ]l[tp: tp+1)

where the random variables A,, 0 < p < ¢, are J, , -measurable, and the finite sequence

(tp)o<p<q is a subdivision of the interval [d; ;—1)e, 41, dj1e;+1]- [ |

14



..................

negative finite random Variables deﬁned, for all me {1,..., M;}, as:
A = SUP {\A(j, lej)| : €L } (2.41)
Ry 1= sup {[AG 1ey)| - 1€ £}, (2.42)
ij = sup {‘A(j, lej el } (2.43)
ij = sup {|£m(j,l€])| lel! } (2.44)
K;m = sup {‘ﬁﬁn(j, le)| - le L] } (2.45)
and
/A\;'m = sup {|£;/n(j, lej)| : L€ Ein} : (2.46)

The main ingredient of the proof of Theorem 1.5 is the following proposition.

Proposition 2.8 There ezists Q5(b) an event of probability 1 depending on b on which
one has

liminf inf 27H(Gm)
Jj—+oo 1<m<M;

0 (Gn)| ™ Ay = 1/4. (2.47)

For proving Proposition 2.8 one needs several preliminary results.

Lemma 2.9 Let Q5(b) be the same event of probability 1 as in Lemma 2.4. Then, one
has on Q5(b)
limsup sup 2/(H(Gm)+0(1=H)/2) Ajm =0. (2.48)
j—+oo 1<m<M;
Proof of Lemma 2.9 It follows from (2.32), (2.42), (1.15), (2.37), (2.9), (2.6), (2.31),
(2.29) and (2.30) that, for all integer j > 6, one has

sup 2/(H(diie;)+b(1=T)/2) | A, le;) = sup sup o (H(dj 1) +b(1-H) /2) | A, lej)|
leLi l<m<Mj 109,
> 9 2r 7T 2TIOTIY Gy i (H(Gm) +0(1-H)/2) Ajm
1<m<M;
>co sup PHGmTA-M/2) K (2.49)
1<m<M;

where the strictly positive constant ¢q := infjen 9-2r7T1 2707 S 0 Then combining

(2.15) and (2.49) one obtains (2.48). |
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Lemma 2.10 There exists (25(b) an event of probability 1 depending on b on which

one has

e SHGm) | o(c VTR >
1}?4:25 lgrl%fMjQ i) a (Gm)| ™ Ajm > 1/4. (2.50)

Proof of Lemma 2.10 Let Q}(b) be the event defined as:

+o0 +o00 Mj

=UNN{eea: 276m9 o) Bw) 2 14} @51)

J=6 j=J m=1

In order to show that the lemma holds, it is enough to prove that P(€2;(b)) = 1 which

is equivalent to prove that
P(Q\ Q5(b)) =0. (2.52)
Notice that, in view of (2.51) the event Q \ Q;(b) can be expressed as:
400 400 M; 4
o\ =NU U {ou €0 M (w) < 47127 HGmw) |a(§j,m,w)y}.

J=6 j=J m=1

Thus, one knows from the Borel-Cantelli Lemma that in order to derive (2.52) it is

enough to prove that
+00 M;
Z]P’( U {weQ: Mw) <47 279HGme) |a(gj,m,w)|}) <too.  (2.53)
j= m=1

One clearly has, for every j > 6,

(U{WEQ A] )<412]H(C]mw|0-C]m; ’})
m=1

< [P(Agn < 471 97 Gm) |a(gj,m,w)|) (2.54)

FilMs3

n»( N {we: |AGle,w)| <47t 279HGme) |a(<j,m,w)|}),

1 lecs,

3
Il

16



where the last equality follows from (2.44). Moreover, using the fact that, for each
m € {]_,...,Mj},

IP’( ﬂ {w e ‘ﬁ(j, lej,w)| <47 2T H (Gjm ) |a(Cj7m,w)|})

lech,

- ( H {1BG ey I<a-1 2797 Cm) o ¢, })
lely,
H ]1{ 1 9=IH (i m) ‘ G m)>
B (iey)| <4t 2771 Gm) (¢ )| | 7

e

and Lemma 2.7, one gets that

]P’( N {W € Q1 |A lej,w)| <47 277G \U(Cj,m,w)\})

lech,

_ ( [T (2rE(Ru(ide)P]5,,.)

lecs,

~1 “~ . N2 -1 2
X /Rexp ( -2 (E(’Am(j> lej)] |?Cj,m)) X ) ]1{|m|<471 9= H(&jm) |a(<j,m)|} dw)
< H T 1/2|0' ’ L 97 H(Gim) / {|x‘<4 19~ HCGm) |5(¢; m)|}d$>

lecs,

~1/2

< (2 W—1/2)Card(£¥n) < (2 7r_1/2)j, (2.55)
where the first inequality and the last inequality respectively follow from (2.40) and

(2.33). Finally, putting together (2.54), (2.55) and (2.28), one obtains for every j > 6,
that

M; |
P( U {we: M,(w) <47t 271G IU(Cj,m,w)|}> < M;(27 ' atP) < w2
m=1

which shows that (2.53) holds. |

In view of Lemma 2.10 and of the fact that one has, almost surely

|o|ins := inf |o(s)| >0, (2.56)
s€[0,1]
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the following two lelilmas basically show that sup; <y, 2/ K;m and
SUP| <<, 27 H (Gm) A%, are almost surely asymptotically negligible with respect to

inflngMj 2jH(Cj’m) ‘U(Cj,m)‘_l K],m when ] goes to +o00.

Lemma 2.11 There is Qi(b) an event of probability 1 depending on b on which one
has
limsup sup 2/H(Gm)+1-)7/2) JA\;m =0. (2.57)

jotoo 1<m<M;

Lemma 2.12 There is Q§(b) an event of probability 1 depending on b on which one
has
limsup sup 2/H(Gm)+1=)7/2) K;’m =0. (2.58)

j—+oo 1<m<M;

Before proving Lemmas 2.11 and 2.12 let us give the proof of Proposition 2.8.

Proof of Proposition 2.8 First notice that the event of probability 1 Q5(b) is
defined as: Q5(b) := ﬂ2:3 Q:(b) , where the Q7(b), 3 < ¢ < 6, are the same events of
probability 1 as in Lemmas 2.9, 2.10, 2.11 and 2.12. Using (2.12), (2.41), (2.42), (2.43)
and the triangle inequality, one obtains, for all integers j > 6 and m € {1,..., M,},
that A, > Ajm — Ajm. Thus, combining the latter inequality with (2.56) one gets
that

inf 291G o ()7 Ajn
J

1<m<M
> inf PG o (G) | T Ay — [0l sup 2GR
1<m<M; 1<m<M;

Then, one can derive from Lemma 2.9 that the following inequality holds on 5(b):

liminf | inf 2 o (Gon) [T g = Himinf inf 2O 0G| T A
(2.59)
Moreover, (2.38), (2.43), (2.44), (2.45), (2.46) and the triangle inequality entail, for all
integer j > 6 and m € {1,...,M,}, that /~\j,m > /A\jm — K;m — K;”m. Thus, combining
the latter inequality with (2.56) one obtains that
g 2 (G R

> FH (Gjom) CN-1R
> nf 2 o (G A

—|a|;1}< sup 2jH(<ﬂ'”")K;m+ sup ZjH(Cj’m)K;’m).
1<m<M; ' 1<m<M; ’
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Then, one can derive from Lemmas 2.10, 2.11 and 2.12 that the following inequality
holds on Q5(b):

Chanf FHGm) | (0 VLR >
ljl'gi&fgglngj 2 lo(Gm)| ™ Ajm > 1/4. (2.60)
Finally, (2.47) results from (2.59) and (2.60). |

For proving Lemmas 2.11 and 2.12 one needs some preliminary results.

Lemma 2.13 Let J, > 6 be a fized integer such that
k72790 <A H  for all j > 4. (2.61)

There is a finite deterministic constant ¢ > 0 such that, for all integers j > Ji and
m e {1,...,M;}, one has

/ T ot

],(171)8j+1

92jH (Cjm) sup { <(dj,zej+1 _ S)H(s)q/z . (dj,lej _ s)f(s)_1/2>

lecd,

2
N H(Cim)—
_<(dj,l€j+1 _ S)H(ijm) 1/2 (deej 8)+(<.7a ) 1/2>

< ¢ 204 9200y (2.62)

Proof of Lemma 2.13 Throughout the proof the integers j > Jy, m € {1,..., M;}
and [ € L], are arbitrary and fixed. Let s € [d;—1)e,11,djc,) be arbitrary and fixed;

using the mean value Theorem, (1.15), the inequalities

0< (dj,lej - S) < (dj,lejJrl - 8) < 17

19



(2.37), (2.9), (2.6), (2.31), (2.29), (2.30) and the triangle inequality one obtains, for
some real number 5 belonging to interval [H(s) A H((jm), H(s) V H((jm)], that

'((dj,lej-i-l — )12 —(dj e, — S)H(S)_1/2>

B <(dj,lej+1 — 5)Gm) =12 — (4,

sL€5

_ S)H(cj,m)—m)

< ‘(dj:lejJrl - 3)571/2 IOg(deejJrl —8) — (dj:lej - 5>571/2 log<dj,l€j - S)‘lH(S) - H(C]Jn)‘

< 2k 57 2770700 (dje;+1 — 8)5_1/2 log(djie;+1 — 5) — (djze, — 5)5_1/2 log(djse; — s)

< 9k 7 279100 ((dj,lej-H — ) HGm) =2 22 o0 () 4y — 8))

N o v g—i(i—b)y_
+(dj,lej . S)H(Cg,m) 2 7 279107 _1 /2 ylog(dj,lej — S)|> ]l[d',lej-fladj,lej)(s)

i

Ny _ CV—92k ¥ 23 (1=b)y _
_{_21%]’72 i+ b)’Y)(dj,lej - S)H(Cj’m) S ’ 3/2(1 + ‘ log(dj,lej - 3)‘)ﬂ[dj,(z_l)ej+1,dj,lej—1)(S) :
(2.63)

Moreover, notice that

¢1 1= sup 2272 oy oo (2.64)
jeN
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One can derive from (2.63), (1.8), (1.4), the change of variables u = 2/(s — d;,) and
v = —u, (2.64), and (2.61) that

/ " e

g,(lfl)ej+l

((dj,lejJrl — )12 — (dje, — S)H(S)flﬂ)

2

_<(dj,lej+1 — S)H(Cj,m)fl/2 — (dje; — S>H(Cj,m)*1/2> ds

0
< 45252]’27 2]’(1+2(1b)v)/ <(2*j — 277y H(Gm) =257 Q_j(l_b)hm\ log(277 — 277u)|
-1
(=2 ) H o) =2 2O 12 0 (9 |>2 du
-1
4R 52].27 2_j(3+2(1—b)’y)/ (_2—ju)2H(<j,m)—4ﬁj"/Z*j(lfb)’Y—B(l + log(_Q—ju)DQdu

—0o0

1 1 -_—
< g j20H) 972 (H (Gm)+(1=0)) / <(1 4 0)HGm) =263 2012 (1 4 og (1 4 0)])
0
o o—d(l— 2
oG =2md 212 (7 Ilog(v)!)> dv

+o0o )
Fcg 7 201FY) 9720 (H(Gim)+(1-6)7) / p2H(Gom) =437 27907003 (2 + | log(v)|)2 dv
1
< g 2047 9= 2(H (Gm)+(1=b)7) (2.65)

where the constant finite constant ¢, := 42 520% and the finite constant

c3 = 02/0 <(1 + U)F_l/Q(l +[log(1L +v)|) + Uﬁﬂ_lﬂ(l +1 log(v)|)>2 dv

+oo
+02/ 032+ | log(v)])2 dv .
1

Similarly to (2.65) it can be shown that

e 2 H(s)-1/2 H(Com)—1/2|
‘U(S)‘ (dj,lej+1 - 8) - (dj,lej—l—l - S) ” ds
dj,le]-
< ¢y 7204 9= 2(H(Gm)+(A=0)7) (2.66)

where the finite constant
1
Cy 1= 02/ (1 — w2+ |log(1 — u)|)2 du .
0

Finally, (2.62) results from (2.8), (2.65) and (2.66). |
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Lemma 2.14 There are two finite deterministic constants 0 < ¢ < " such that, for
all integers j > 6, m € {1,...,M;} and | € L, one has

m?’

) djle.+1 oL 2 )
27 Gm) < / ] ‘(dj,lej+1—S)H(C‘j’m)_l/g—(dj,lej_S)f(CJ'm) V2 ds < oW H Gim)
dj,(1-1)e;+1

(2.67)

Proof of Lemma 2.14 In view of (2.6), it is clear that

djle:+1
/  (djgey e — )G s =

djylej

2_2jH(<j,m)

—QH(CJ;m) . (2.68)

Thus, setting ¢ := (2H )~ > 27! and noticing that (see (2.8))

2

otey H(Cjom)—1/2 H(Cjom)—1/2
‘(dj»leﬁl — 5)tm = (djge; =) " ds

dj,(1—1)ej+1

dj,lej
= / )(dj,lej-i-l _ S)H(Cj,m)—1/2 _ (dj,lej . S)H(Cj,m)—1/2
d

7,(1—1)e;+1

2
ds

N d]',lej"rl(d‘ B QH(Cj,m)—ld 5
ey 41— S) s, (2.69)

d],l(ij

it clearly follows from (2.68) and (1.4) that the first inequality in (2.67) is satisfied.
Thus, from now on, our goal is to show that the second inequality in (2.67) holds.
Using (2.6), the change of variable & = 2/(d;;., — s), and standard computations, one
gets that

djie; 2
/ ’ ‘(dj,zejﬂ _ ) HGm12 (g, g Gm12] g
dj,(1—1)e;+1
+o00o 2
< 9-2H(Gm) / ’@ 1) =1/2 _ 16 =172| gy (2.70)
0

One can easily derive from (1.4) that

/

Moreover, it follows from the mean value Theorem and (1.4) that

($+ 1)H(<j7m)*1/2 _ mH(ijm)71/2

2 1 _ 1
dx < 2/ (x+1)2H1 dx+2/ e dy . (2.71)
0 0

+o00 2 R —
/ ‘(x + 1)HGm)=L2 _ p HGm) =12 g < / "3 dx (2.72)
1 1
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Finally, letting ¢” be the finite constant defined as

1 o 1 too
= (2H) " + 2/ (z+ 1) dy + 2/ o dg / 2?13 dy
0 0 1

one can derive from (1.4) and (2.68) to (2.72) that the second inequality in (2.67) holds.
|

Lemma 2.15 There is a finite deterministic constant ¢ > 0 such that, for all integers
j>6andme{l,...,M;}, one has

. dj,lej+1 2
216 sup & [ Jo(s) = 0(Gm)
lEEfn dj,(l—l)ej+1

oy 2
X‘(dayleﬁl — ) HCm =2 (g, — 5)H ) 1/2) ds}

< P %0t (2.73)

Proof of Lemma 2.15 Let j > 6,m € {1,...,M;},l € L], and s € [dj 1—1)e,41, dje;+1)
be arbitrary and fixed. It follows from (1.15), (2.37), (2.9), (2.6), (2.31), (2.29) and
(2.30) that

|0(s) — 0(Cjm) | < 2657 27707017 (2.74)

Thus combining (2.74) and the second inequality in (2.67) one obtains (2.73). [
We are now ready to prove Lemmas 2.11 and 2.12.

Proof of Lemma 2.11 Let p be a fixed real number such that

p>3/y>1. (2.75)
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It follows from (2.45), the Markov inequality, (1.11), (2.35), (2.73), (2.28), (2.9) and
(2.33), that one has, for all integer j > 6,

MJ
P( sup 93 H (Cjm) K > 2 2j(1— b)'y/3> P(QjH(Cj,m) A s 2_2]'(1_5)7/3)
1<m<M; — 7,m
M;
< Z Z ]p(QjH(Cj,m) ‘ﬁin(]’ le;)| > 272j(17b)fy/3>
m=lieri,

M;

< 92p(1-b)1/3 Z Z E(|21H<<j,m) AL G ley)|” ) < ey M; Card(L],) j77 2-3v(1-b0/3
m=1jcrd,

< ¢y jPY 27900y /3=0) (2.76)

where ¢; and ¢y are two finite constants not depending on j. Next, combining (2.76)
and (2.75), one obtains that

+o0
Z]P’( sup 27H(Cim) A > 2_2]'(1_17)7/3) < +00.
, 1<m<M; e

Thus, one can derive from the Borel-Cantelli Lemma that there is Qf(b) an event of
probability 1 depending b on which one has

sup sup  PHGMRDDRE oo (2.77)
§>6 1<m<M;

Finally, it is clear that (2.77) implies that (2.57) is satisfied on QZ(b). |

Proof of Lemma 2.12 Let p be a fixed real number satisfying (2.75). It follows from
(2.46), the Markov inequality, (1.11), (2.36), (2.62), (2.28), (2.9) and (2.33), that one
has, for all integer j > J; (see (2.61)),

M;
p( sup PHGm AT S 2—2j(1—b)v/3> < p(ng(cj,m) AR 2—2j(1—b)v/3>
1<m<M; o o — S
M;
<D0 (2 A (o ley)| > 27000
m=1cpi

M;

< 2%ip(1-b1/3 Z Z ]E(‘QjH(CJ’,m) 3;’1(]” le])‘ > < ey M; Card(L3) j p(1+7) 9—jp(1-b)7/3
m=licri,

< ¢y jp(lﬂ) 91 (1=0)(py/3-1) (2.78)
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where ¢; and ¢y are two finite constants not depending on j. Next, combining (2.78)
and (2.75), one obtains that

+oo
Z ]P’( sup ~ 27H(Gm) K;’m > 2_2j(1_b)7/3> < +00.

— 1<m<M;
Jj=J1

Thus, one can derive from the Borel-Cantelli Lemma that there is Qf(b) an event of

probability 1 depending b on which one has

sup sup  2HGTRA-I R 4o (2.79)
27y 1Sm<M; "

Finally, it is clear that (2.79) implies that (2.58) is satisfied on §(b). |

We are now in position to complete the proof of Theorem 1.5.
End of the proof of Theorem 1.5 In view of Remark 2.3 we will only prove that
(1.14) holds in the case where X is the process Z defined through (2.1) and 7 € (0, 1).

For any integer 7 > 6, one sets
Li(T) = [2/7/e;], (2.80)

where | - | denotes as usual the integer part function and e; is as in (2.9). It is clear
that [;(7) satisfies
0<T— ZJ(;# < g—j < 97i1-b) (2.81)
Moreover, it easily follows from (2.80), the inequalities 0 < b < 1/2, 0 < 7 < 1,
(2.10) and (2.9) that there exists a positive integer Jo(7) > 6, such that, for all integer
§ > Ja(7), one has
(1) e Ll (2.82)
and [r — 12527707 7 4+ 1252790-9] C [7 — 277(1=2)+L 7 4 2=i(1=2)+1] (0, 1) . Next
observe that in view of (2.82) and (2.32), there is m;(7) € {1,..., M;} such that

Li(r) € L, (- (2.83)
Thus, one can derive from (2.83), (2.31), (2.29) and (2.30) that

‘lj(T) — l’ <2j, forallle £an(7)' (2.84)
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Next, combining (2.84), (2.81), (2.9) and the triangle inequality, one gets that

lej|  (2j+1)e; _ 3je, | |
o @it ey 396  gip-i0-0) oy allle L] . (2.85)

2 2

‘T_

and

lej +1 (2] + 1>€j +1 3j€j <0—j(1—b) j
T - | < ; < <3700 foralll€ £, . (2:86)

Next it follows from (2.41), (2.5), (2.6), (1.2), (2.85), (2.86), (2.81), (2.83), (2.31),
(2.37), (2.9), (2.29), (2.30) and (1.15) that

29H(™) Oge, (7_ : 3]-27]'(1717)) > 9JH(T) AJ "> o IH(T)=H (Cjm ()| I H (G ) A
= mi(r) =

m;(7)
> 9-in(2j+1)727 0L e 9 H(Gm) AT > ¢, inf 2/ Gm) AT (2.87)
where the deterministic constant ¢; := infjey 2=iR(2i+1)727 12 5 (recall that b €

(0,1/2)). Thus, one can derive from (2.87), Proposition 2.8, (2.56) and (1.2) that the
following inequalities hold on €5(b) (the event of probability 1 introduced in Proposi-
tion 2.8):

lim inf 277 Oscy, (T , 273'(1*21’)) > lim inf 2777 Oscy, (7' , 3j2*j(1*b)) > 47 ¢|o it -

j—+oo Jj—+oo

Hence, for all w € Q5(b), there exists an integer js = j3(7,w) > J5(7) such that, for all

integer j > j3, one has
) Osey (7, 27707, w) > 574 1 |o]ne () (2:88)
Next, let p be an arbitrary positive real number such p < 277 one sets
7" (p) = —logyp]. (2.89)
One clearly has that j*(p) > js and
21°(0) < p=1 < 2" ()1 (2.90)
Then, (2.88), (2.89), (2.90) and (1.2) imply that, for all p € [j3, +00), one has

p~ ) Osey (7,2p)" P w) > 21" (P H (@) Oge , (T, 2_j*(p)(l_2b),w) > 57 ¢y |ofine (W) -
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Thus, for all r € [2j3,+00), one has
1) Ogey, (7’ it w) > 107! 1|0 |me(w) - (2.91)
It clearly follows from (2.91) that

lim(i)nf r~H Oscy, (7,r'7%) =107 c1|ofime,  on Q5(b),
r—U04

which amounts to saying that

lim inf = H#/0=25 Ose, (7,7) > 107 ¢y |ofime,  on Q5(b). (2.92)

T~>0+

Finally, denoting by €2 the event of probability 1 defined as Q5 := ﬂbe(o,l /2)NQ Q5(b),
where Q is the countable set of the rational numbers, it results from (2.92), the in-
equality ¢1]oims > 0 and the equality limy_,o, H(7)/(1 —2b) = H(7) that (1.14) holds
when X = Z and 7 € (0,1). ]
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