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ABSTRACT

This paper provides a time domain model for the propagation of transient ultrasonic waves
in a self-similar porous material having a rigid frame. This model is based on the formalism of
Stillinger-Palmer-Stavrinou, which consists in modeling the fractal material as a porous medium
with a non-integer dimensional space. This paper is devoted to the time-domain analytical
calculus of the reflection and transmission operators that are expressed in terms of Mittag-
Leffler functions. A sensitivity numerical study using ultrasonic reflected and transmitted waves
is performed, highlighting the effect of of the material’s physical parameters (fractal dimension,

tortuosity, viscous characteristic length and porosity) on the waveforms.

PACS number : 43.20. Bi.



1. Introduction

Natural media and many engineering materials have highly complicated structures [1-5].
Many porous materials possess a self-similar structure exhibiting scale invariance over many
length scales [6-8]. For such materials, classical homogenization methods become inapplicable
because heterogeneities play an important role on almost all scales [9-12].

The self-similar material can be defined as a medium with non-integer (fractal) mass di-
mension |1,13-15]. The non-integer Hausdorff dimension is the main characteristic of self similar
media and materials but does not fully reflects of the specific properties of these media.

The self-similar structure of real materials cannot be observed on all scales, but only for
discrete sizes of inhomogeneities belonging to an interval [Fnin, Fmaz] Where Tmin (resp Tmaz)
is the smallest (resp. the largest) scale [16] present in the object. Self-similarity is a typical
property of fractal objects. Fractal [17,18] sets are a particular case of self-similar sets.

The fractal porous material can be characterized by the relation between the mass M (W)

of a spherical region W; of this material and the radius R of this region, in the form [14,15]
M(W,) = CRP™,

where C is a constant. The parameter D,, is called the mass dimension [19,20] of the fractal
medium, and is generally a non-integer less than 3. Anisotropic fractal materials can be cha-
racterized by the power-law relation for the mass of the parallelepiped region W), in the form
[14]

M(Wp) = CLI LI L%,

where the parameter dj, is non-integer dimension along X -axis, k = 1,2,3, and L., L,, L.
represent three edges that meet at one vertex. The parameter dji describes how to increase the
medium mags in the case of increasing the size of the parallelepiped along one axis, when the
parallelepiped sizes along other axes do not change. The sum D,, = d; + da + d3 is called the

fractal mass dimension of the anisotropic fractal medium.



An important conclusion about the behavior of the self similar material can be obtained
using continuum models with a non-integer dimensional space [14,15,18,21-27]|. Johnson et al 28]
introduced the notion of fractal to describe the roughness of the surface pores (fluid-structure
interface) and to calculate a correction of the viscous attenuation in a porous material due to this
roughness. The propagation in porous media with fractal structure was also considered Wilson
[29].

In 1973, Wilson [30] suggested the axioms for integrals in a non-integer dimensional space.
Four years later, Stillinger [31] introduced a mathematical basis of integration in spaces with non-
integer dimensions and generalized the Laplace operator in these spaces. Svozil [32] developed
the product measure method, extended later by Palmer and Stavrinou [33] to multiple variables
and different degrees of confinement in orthogonal directions.

In this work, we calculate, analytically and numerically, the reflection and transmission
operators in the time domain for ultrasonic propagation in a self-similar porous material of
non-integer dimension. The Stillinger-Svozil-Palmer-Starvinou formalism is used to derive the
reflection and transmission coefficients first in the Laplace domain and then in the time domain
by analytically performing the inverse Laplace transform. In our model, the pore space is a
fractal and the matrix is non-fractal, so that we can then use the classical expressions for the
dynamic tortuosity and compressibility to describe the visco-thermal losses in a fractal porous
material. The sensitivity study allows us to highlight important conclusions on the effect of each
physical parameter (porosity, tortuosity, viscous characteristic length, fractal dimension) on the

reflected and transmitted waveforms.

2. Model

C. Palmer and P.N. Stavrinou [33] have generalized the formalism of Stillinger [31] for a non-

integer dimensional space to n orthogonal coordinates. The Euler Lagrange equations have been



derived using the principle of least action in such spaces. The integral calculus in a non-integer
dimensional space [31,33] is greatly facilitated with the method of dimensional regularization
[31,33]. The calculus of an integral over an area of non-integer dimension D in the direction
x, where : (0 < D < 1), can be done with a regularization of the measure using the following
relation [32,34]

ﬂngA
dPx = op(x)dz, where op(z) = W7 (1)

where I' is the Gamma function.

The principle of least action, based on the variational method, makes it possible to determine
the equations of motion by doing an integral calculation. This method [35,37] is used to establish
the equation of propagation of a wave in a porous medium along a direction x, of non-integer
dimension D, the generalisation to a space consisting of three directions can be done immediately
thanks to the product of measurements [34]. The corresponding Lagrangian L is a functional of
the field ¢ (z,t) considered (which can be a pressure field for example), and of its temporal and

spatial derivatives which we note 9,9 (z,t) and 0,9 (z).

S= / L, 1), 000, 1), 00, 1) .

Expressed in terms of the Lagrangian density [, the action is written as

S:/titf dt/ﬂl(¢($,t),at@b(x,t),@xd;(x’t))dD:E’

where dPx represents the measurement in the 2 direction and € the limits of the integration
space. Since the dimension of the space in this direction is not integer, the measure is given by
the relation (1).

The variational method consists in making an infinitesimal variation of the exact solution sought,
as to(x,t) assuming that its values at times ¢; and ¢y remain unchanged. An infinitely close

solution is obtained which is given, together with its spatial and temporal derivatives, by the



following expressions

¢($,t) = 1/}0(17775) + 51/}($,t),
6t¢($7t) = 8tw0($at) +9 (5##(%75)) )

8x¢($ﬂt) = 8x1/}0(x7t) +4 (8351/}(33,t)) :

The principle of least action states that the action must remain stationary for small changes in

the fields v (x,t), which is expressed as

tf oL oL oL
08 = /t, dt/ﬂdm <0D(33)8w5¢ + UD(x)8(8t¢)5(8tw) + ap(x)mg(aﬂ/,) — O> ‘

By reversing the differentiation and integrating by parts the last two terms of the above equation,

we obtain

/t;f dt/de [Up(x)gi —op()0; <8(68f¢)> — op()0y <8(gf¢)> - a(gfd))@x (aD(q:))} 5 =0,

knowing that this equation is valid whatever the variation of d1), and that

Oz (op(x)) = (D1 —1) = op(x). (2)

The Euler-Lagrange equation obtained for a medium of non-integer dimension D in a direction

x is given by [33,35]

X

oc o oL B <D - 1) oL
0 0 0 o
o) U
where £ is the Lagrangian density. When D = 1, the classical Euler Lagrange equation for a
medium of integer dimension is found.

In the case of a homogeneous porous material with a rigid frame, which is a particular case of

the Biot Theory [36], the expression of the Lagrangian density is given by [35,37]

z:;[p(aa;‘f—m (gZﬂ ()

where u is the particle displacement, p is the fluid density and K, is the adiabatic bulk modulus

of the fluid.



The equations of acoustics in the equivalent fluid model for a non-fractal porous material (D = 1)

are given by [37]

0%u Op ou
— T a. b= _Kaaix7

Pa ox
where p is the acoustic pressure.

Taking into account the fluid-structure exchanges in the porous material, the density and

compressibility of the fluid are "renormalized" by the tortuosity operator &(¢) and the compres-
sibility operator 3(t), via the relations : p — pa(t) and K, — Kq/B(t).
As was mentioned in Balankin et al [8], it is imperative to distinguish between three types of
scale-invariant permeable media : 1) porous media in which the matrix is a fractal, whereas the
pore space is non-fractal, (e.g. the Menger sponge and fractal aggregates) ; 2) fractally permeable
media in which the pore space is a fractal, whereas the matrix is non-fractal, (e.g. the inverse
Menger sponge and media with fractal pore and/or fracture networks); 3) materials with the
fractal matrix-pore interfaces, e.g. fracture surfaces. In this study, we are in the second case,
in which the pore space is a fractal and the matrix is non-fractal, since M (W) = CRPM™ is
the mass of fluid which is self-similar, we can thus use the expressions of the tortuosity and
compressibility a(t) and g(t) used for classical porous materials. Fig. 1 shows an example of a
self-similar microstructure of a porous material.

In the asymptotic domain corresponding to the high frequency range, the expressions of a(t)

and g(t) are given by [37,39.40]

1/2 ) _ 1/2
G(t) = o, (6(75) +a (ﬂ”pf) t‘1/2> B = (5(75) + Q(VA, D (wpip) t—1/2> ()

In these equations, Pr is the Prandtl number, §(¢) is the Dirac function, 7 is the fluid viscosity, v

is the adiabatic constant a. is the tortusoity, A and A’ are the viscous and thermal characteristic

1/2

lengths. In this model the time convolution of t7'/¢ with a function is interpreted as a semi

derivative operator following the definition of the fractional derivative of order v given by [41]

1

Dalt)] = s | (6= 0l (6)
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Using the Euler-Lagrange equation (Eq. 3), the expression of the Lagrangian (Eq. 4) and the
viscous and thermal losses in the porous material (Eq. 5), we deduce the propagation equation

for the porous material in a non-integer dimension space in the high frequency range [37]

0?p(x,t) pass\ 0%p(z,t)  200ey/pn (2 2(y — 1)\ 03 %p(a,t) D-1 Op(;v,t)_o .
o7 \K.) o2 K W wve ) e T\ ) 00

2
The first two terms, O°p 3( ) and <p aoo) %, describe the wave propagation with a wavefront

speed ¢ =

. . . . . oo _ 3/2
plofzo , the third term, the fractional derivative on time, 2o KZ/W (% + i(,z/PLD 9 at];%’t)

describes the attenuation of the wave due to the visco-thermal exchanges between fluid and struc-

D71) Ip(x,t)

ture, and finally the last term ( = 5. describes the self-similarity of the material via its

fractal dimension D.

1 Reflection and transmission problem

The geometry of the problem is shown in Fig. 2. Consider a porous material of fractional
dimension occupying the region 0 < z < L. By considering that the incident sound wave is

launched in the region x < 0, the expression of the acoustic field is given by

1 (m,t):pi (x,t) +p" (x,t), x <0,

where the incident and reflected acoustic pressures at « = 0 are respectively given by

pl(z,t) = /tpi(7)5<t—7—)d7 (8)

€o

(2,1) /R < For gt 0>dT, (9)

where : co = \/K,/p is the velocity in the free fluid, §(¢) is the Dirac function, p’ (¢) the incident
signal and R the reflection operator in the time domain.
The second region (IT) where : 0 < x < L is occupied by a porous medium of fractional spatial

dimension, in which the acoustic wave obeys the propagation equation

¢
9 2 2 !/ / —
0%py (z,t) 1 0%py(w,t) _6/8 po (z,t') dt (Dw 1) Ip2 (z,1) -0, (10)

922 2 o w2 Jiep oz



where D is the fractional dimension (0 < D < 1). The coefficients ¢ and B are given by

c2

In the third region x > L, the transmitted field is given by

pg(x,t):/ot%(f)p<o,t—7—L—(‘”_L)>d7, (12)

& Co

where T is the transmission operator in the time domain.
We will use the Laplace transform for the reflection and transmission problem in a slab of porous
material of non-integer spatial dimension. Let us note by P(x, z) the Laplace transform of p(x, t),

defined by

P(x,z) = L[p(x,t)] = /000 exp(—zt)p(x, t)dt. (13)

The Laplace transform of the propagation equation (10) is given by

2 I,z — I,z
dp;ggz, )+(D$ 1) dPQd(x’ ) _12(2) Py (. 2) = 0, (14)

where

1 U
2 2
k(Z)—Z <C2—|—€ Z)

The Laplace transform of the field outside the slab is given by

Pi(z,2) = [exp <—zf> + R(2) exp (ﬂ)] Pi(z), x<0, (15)

0 o
Ps(z,2) = T(z) exp [_ <i )

> z] Pi(z), x>1L. (16)

Co
Here Pi(z,z) and P3(x,z) are respectively the Laplace transform of the field on the left and
on the right of the slab, P’(z) denotes the Laplace transform of the incident field p’(t) and
finally R(z) and T(z) are the Laplace transform of the reflection and the transmission operators,
respectively.

Inside the material, the expression of the acoustic field in the Laplace domain is given by

Py(x,z) =a(z) 2”1, [zk (2)] + b(2) 2" K, [zk (2)], (17)

9



where v =1 — asO<D<1;wededucethat%<1/<1.

2 ’

I, [zk (z)] and K, [k (z)] are the modified Bessel functions. The coefficients a (z) and b(z) are
determined using the continuity conditions of the acoustic field P (z, z) at the interfaces x = 0

and x = L of the porous material
P (07,2) =P, (07,2) and P (L7,2) = P3(L+,2).
Using relations (15) and (16), we obtain :

Pi(07,2) = (1+ R(2)) P'(z), P3(L",z)=T(2)exp <—[;z> P(2). (18)

Taking into account the fact that limz"1,(zk(2)) =0, and lima" K, [zk] = 2U_]:f(”) in Ref. 42,

z—0 z—0
we deduce the expressions of a(z) and b(z)

k¥ (z 1 K, (Lk(z
b(z) = W(F()I/)Pl(o—,z), o) = prE P - b(z)j_y((Lk((Z)))). (19)

The expression of the pressure field inside the material is then given by
I, (xk(2)

Pofz,2) = (*> [V(Lk:(z)) 3(L7,2)

xk(2))" I, (Lk(z xk(2)) — I, (xk(2)) K, (Lk(z _
N (zk(2))” [ ( (;Z 1FE )I(ni)(Lk(zg) () Ky ( ())]Pl(o ) @)

where P3(L~,2) and P;(07, 2) are given by the relations (18).

2 Reflection and Transmission coefficients

In this section, the reflection and transmission coefficients are derived in the Laplace domain,
for a porous material of non-integer spatial dimension, using the boundary conditions of flow

velocity at the interfaces =0 and z = L.

2.1 Interface z =0

In the regions (1) (z < 0) and (2) (0 < x < L), the Euler equations are given by

ovy (z,t) _ Op1(x,1)

0 ot |:Jc:0 = - Oz |:v:0 ) (21)
t Ovg (x,7) Opsa (z,t)

/0 p(t—r) “ar |z=0 dT = T or |2=0 » (22)

10



where vy (z,t) and vo(x,t) represent the acoustic velocity field in the regions (1) and (2), respec-
tively. In Eq. 22; p(t) = poa(t) and a(t) is given by Eq. 5. The tortuosity operator is equal to
1, in the free space (region (1)).

The flow continuity relation at x = 0 is given by

vy (z,t) = Pug (x,t) . (23)

Using the Euler relations (21, 22) and the flow continuity relation (23), we obtain

t op1 (z, 1) Op2 (z,t)
t—7) ———— |2z = ———|,—0 - 24
[ou=n D |y dr = o2 (24)
In the Laplace domain, equation (24) is given by
z i 0P (z, 2
p() (2) (G =) P ) = om0 (25)
o x

where p (z) = L [p(t)]; is the Laplace transform of p(t).

As the porous material is of non-integer dimension, the spatial derivative of the pressure field is

given by
OP, (z,z)  OP(w,2) 0P« (26)
or 0Pz oz’
the fractional derivative of order D is obtained using the regularization method [34]
D D-1 1-v
Pz = %831 = f(w)a'"%dx, where V= 27
F(zy0r= 1w )= Fr=y) (27)

Using (26) and (27), we obtain

0Py (x,2z) 10, OP Pa(z, 2)
or ) oz

Knowing that

0P, (z, 2)

2 = k(2)2" [a(2)L,—1 (kz) — b(2) Ky—1 (k)]
DX

we obtain

OPs(z, 2)

D2 k() ) () (k) = B() Ky ()

11



By replacing a(z) and b(z) with their values (19)

6P2€§;:, Z) _ k(z)f(u)xlfy %
I_1(zk(2)) _ ko L1 (ak(2) Ky (Lk(2)) + Ky_1 (xk(2)) L (Lk(2)) -, _
mpg@ 7 = 2v=1T (1) 1 1,(Lk(2)) : P07, 2)|.

Using the following relations

- ky_l(z)i

: 1—v
Yima ™ L (h(2) = o py

Ko_1(zh(z)) = Tl (2k(2) = La(zk(z)) 7wl ypi(zk(z)) — L1 (2k(2))

2 sin(v — 1)w 2 sin T
- _F(u)I‘él—y) vi1(zk(2)) — L-1(wk(2))],
from where
. 1-v — ﬂ-(l _ V) v—l1
ili}r(l)w Kl/(xk(z)) - v k ’

one has

liman(x,z) _ k" f(v)

a—0  Ox 2v=1(v)
1 (R KuLkG) + )T = )L (LK())

k) ) (2) T(0) L (LA(2))

X

Pi(07,2)], (29)
we also know that
K, (Lk(z))+T(W)I'QA —v),(Lk(z)) =T(w)I'Q —v)I_,(Lk(2)). (30)

Therefore, we get

_ OPy(x,2) K f(v) 1 _ A 1, (Lk(2)) o, (-
lim = = %) [LVIV(Lk(z))P?’(L 2) = (2) P =) Tre)) 1O ’z)] - (31)

Relation (25) is finally written

zp(2) _ EN" f(v)
e L) = o <2> T(v) [LVL,(Lk(z))

12

2 P)e o9 <k> ra— ”)?(E:(i)) (1+ R(z))] (32)



2.2 Interface x =L

At the interface x = L, the Euler equation is written in the two regions (2) and (3) (x > L)

as
t Ovy (x,7) Opa (z,t)
/0 p(t—r) () lp=r- dT = T ar lo=1- » (33)
ovs(x,t Ops(x,t
Pf 3(.§t )|z:L+ = - 36(£B )|g;:L+- (34)

The flow continuity relation at x = L is given by
U3 ($7 t) ) ($, t) (35)

Using the Euler relations (33, 34) and the flow continuity relation (35), we obtain

¢ 8]93 ($77) 8292 (:L‘,t)
/0 p(t—r) o7 |lp=r dT = ¢POT lo=1L - (36)

In the Laplace domain, equation (36) is given by

0P (z,
20 Pl = op 2B |, (37)

Using the expression (28), relation (37) becomes

_ZP(Z)T(z) exp <—I;z> = dpof(v)

k(z)1,—1 [Lk(z)] k(z)\" 1 I,-1(Lk(2))K,(Lk(z)) + K,—1(Lk(2))I,(Lk(2))
e e - (33) )

v) L, (Lk(2)) |
and since

I3 (Lk(2)) Ky (Lk(2)) + K1 (Lk(2)) L (Lk(2)) = Lkl(z)’
we obtain

—p(2) LN TEOLAAE) (LY (K& (14 RE)
o [Gew < : > Ppof(¥) [lﬂv—11><kaz>>7“ Jexp <<::> 2 ( ) FL (k)| Y

The equation system constituted by relations (32) and (38) gives the expressions of the reflection

and transmission coefficients R(z) and T'(z) in the Laplace domain

(W) - 2(2)) (8(2) + (2)) - O(:)T(2)

B = 6010 — (00) 1 9(2) (3(2) + () (39)
= —20(2)®(z) exp (—%z)

T) = 6T — (@(2) 1 9(2) (0(z) T Q) (40)



where

2
U(z) =2 <k(z>>l’f‘(1 — V)M Q(2) = dpof(v) IZ(VZ_)I II};EI{Q]({Z()Z)))’

In the high frequency domain, corresponding to z — 400, the system (32, 38) simplifies to

(A+ Bz*"1) R(z) — Cz"" Y2 exp (—Lk(z)) exp (—zi) T(z) = A— Bz,

Qz""?exp (—Lk(2)) R(z) — H exp <—I;Z> T(z) = —Qz"""?exp (~Lk(2)) ,

(41)
where the coefficients A, B, C, @, and H are given by
v—1_ v —
A 2V ¢ F(V)Oé()o’ B ra V), O V2 ’
beof (v) (2)” JIIDNT:
Q= _ \/27r7 ’ — 17 + Qoo ' (42)
2w=1)v+1/2 L=1/2)T (1) L@ " Geof(v)

The solution of the system (41) gives the expressions of the reflection R(z) and transmission

T(z) coefficients in the high frequency domain

_H (A— Bz*"1) + CQz* 1 exp (—2Lk(z))
k(=) = H(A+ Bz?1) — CQz?"lexp (—2Lk(z))’
T2 — 2AQz""1/? exp (—Lk(z)) exp (£)

(2) = H(A+ B221) - CQz?lexp (—2Lk(2))"

(43)

These expressions can be developed in series of powers of exp (—2Lk(z)) to bring out the effect

of the interfaces of the material

A— Bz~ 24 cQz2-1 "
- —9(n+ 1)Lk
R = Jrpa—t 1rpga 7;) <H (A+ Bz2vl)> exp (=2(n + 1)Lk(2)),

B 2AQz" 12 exp (%z)
 H(A+ Bzl

T(z)

221/—1 n
> (H (33 Bz2v—1)> exp (—(2n + 1)Lk(2)). (44)

n>0
Relations (44) represent the general expressions of the reflection and transmission coefficients

R(z) and T'(z) taking into account the multiple reflections at the interfaces of the material (z = 0

14



and z = L).

While it is of theoretical interest to consider multiple reflections in transmission and reflection,
in the experimental reality [40,43-46], a temporal windowing process is performed, which allows
sensing the first transmitted wave and the reflected wave at the first interface of the porous
material. This is to avoid interference from other signals that spuriously reflected by stray
objects. These waves arrive shifted with a time delay. The second transmitted wave makes a
return trip, in the material layer, as compared to the first transmitted wave, it is more attenuated
(since air-saturated porous materials are quite absorbent). The reason for avoiding capturing
it is because it interferes with the spurious undesirable reflections of the first transmitted wave
with the receiving transducer and the material interface. It is therefore not always, particularly
for resistive materials, direct to distinguish and separate them. The second transmitted wave’s
amplitude is very small and is embedded in the noise, making the signal-to-noise ratio very low.
As for the reflected wave at the second interface within the porous layer, it makes one round
trip more than the wave reflected by the first interface (the first wave instantly reflected by the
material). The second wave reflected at the rear interface of the porous layer interferes with the
wave reflected at the first interface and the other reflected by the receiver transducer. This wave
is generally very attenuated after a round trip from its propagation in the resistive porous layer.
We can therefore conclude that only the first transmitted wave and the wave reflected by the
first interface of the porous material can be reliably exploitable experimentally. It is therefore
not necessary to calculate the contributions of multiple reflections in transmission and reflection
since we capture only the first wave.

Let us consider the simple case, where we only take into account the first transmitted and

reflected waves by the interfaces of the porous material. It is then sufficient to retain the first

15



term of the series appearing in the second members of R(z) and T'(2)

A- Bz?v—1 n 2AC Q21

YT ANB T (A By

T(z) = 2AQz" 1% exp (%z)
H(A+ Bz?—1)

exp (—2Lk(z)), (45)

exp (—Lk(z)). (46)

By replacing z by jw, we find the expressions of the reflection and transmission coefficients in

the frequency domain.

3 Reflection and Transmission operators in the time domain

To obtain the analytical expressions of the reflection and transmission operators in the time
domain, it is necessary to calculate the inverse Laplace transforms of the reflection and trans-

mission coefficients. The expression (45) can rewrite as

1 2 24cQ A
214+ A/B 271+ A/B  B?H (;2v-1 4+ A/B)

R(z) = % 5 exp (—2Lk(z)) . (47)

The inverse Laplace transforms of the different terms of the reflection and transmission coeffi-
cients (Eqgs. 46 and 47) are expressed using the Mittag-Leffler function [47] with two parameters

(Appendix. A)

Epc(2) =) F(ﬁ‘j::r()’ (48)

n>0

where I'(z) is the Gamma function of the second kind. In addition, the inverse Laplace transform
of exp (—lk(2)) is given by : £L7! (exp (—lk(2))) = G(t,1), which represents the Green function
of the porous material (Appendix B).

We obtain the temporal expressions of the reflection and transmission operators

o _ A 2v—-2 A 2v—1 1 A 2v—1
R(t) = Bt Eoy—1,20-1 <_Bt —E"Ez-10 _Bt
2ACQ [* 5, 5 A g1 2L
+ BE J, T Es 10 B’ G t—ﬂ? dr. (49)
> 24Q [, s A 5,1 L L
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where

d
By l(z) = ——Bu(2). (51)

The first two terms of the reflection operator : %tQV_zEQV_LQV_l (—%tz”_l) —ElEg,,_l,o (—%tz”_l)

depending on the Mittag-Leffler function represent the contribution of the first interface x = 0,

24CQ [t
BZE Jo

the third term : 72”*2E21V_170 (—%72”*1) G (t -, %) dt corresponds to the contribu-

tion of the second interface x = L, this end wave reflected by the second interface of the slab

makes a round trip inside the material and travels the distance 2L designated by the Green’s
- 2L

function G (t - T, 7)

The transmission operator (50) designates the first direct transmitted wave having propagated

in a material of thickness L, and the Green function G (t -7+ %, %) describes this propagation.

3.1 Integer dimensional space

Let us consider the special case of the porous material of integer space dimension; D = 1,
which is equivalent to v = %, since : v = 1 — %, and by taking into account only the first
reflection interface for the reflection coeflicient and the first transmitted wave (Eqgs. 45 and 46),
we obtain the following relations in the Laplace domain
H ~ Be=y

(v=1 !

A 2 2
, T=
Aw=4) + Bu=)

2

2A(u:%)Q(y:%) exp (%Z)
Hmpy (Au=p) + Bu=y)

R= exp (—Lk(z)).
)

For v = %, the coefficients A, B, C', D and H have the values :

TC [ Qo A _2n 2 1 ax
&”9:V2<WJ’I%5V_26 Co=p =V Qu=bh=2 Ho=p =7+

which gives :

Goo + 6 (¢ + vom)®

In the time domain, the expressions of the reflection and transmission operators are given by

R Vax = ¢ T= VAL exp (—Lk(z)).

Rty = YO P50 T 4\/@"5)2G<t L L).

B Qoo + @ ’



These expressions are exactly the same as those found in the literature for the reflection and
transmission coefficients in a classical porous medium of integer dimension [40]. From the general
expressions of the reflection and transmission coefficients (Eqgs. 45 and 46) in a porous medium
of non-integer spatial dimension, we find the particular case of classic porous mediums studied

a few years ago [40].

4 Numerical simulation and discussion

In this section, numerical simulations of waves transmitted and reflected by a porous material
of non-integer dimension are given and discussed. The above parameters are not, in general,
independent, meaning that when one of them is varied the others will also varied in an unknown
manner, but theses parameters are still varied in this work to be able to study their separarated
influence on the transmitted and/or reflected waves. The physical properties of the material are :
thickness L = lem, fractal dimension D = 0.45, porosity ¢ = 0.95, tortuosity as = 1.07, viscous
characteristic length A = 300um, thermal characteristic length A’ = 900m. The incident signal
(Eq. 8) used in the simulations is given in Fig. 3.

Figure 4 shows the wave transmitted by a porous material of non-integer dimension for dif-
ferent values of the fractional dimension D. These transmitted signals are simulated by convol-
ving the transmission operator (Eq. 50) with the incident signal (Eq. 8) given in Fig. 3, using
relation (12). From Figure 4, we can see that the amplitude of the transmitted wave increases
with the value of the non-integer dimension. However, this tendency is reversed for the large
values of D. Indeed, the transmitted wave corresponding to D = 0.95 is more attenuated than
the wave corresponding to D = 0.7. We can thus say that there are two regimes : one valid for
the low values of D where the material is not very resistive, and another regime for the high
values of D, where the porous material is resistive (more absorbent).

Figure 5 gives the numerical simulations of the transmitted waves for different values of the
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tortuosity . A significant change is observed on the amplitude and arrival time of the signals.
The acoustic wave is all the more attenuated as the tortuosity is high. An important change is
observed in the wave speed (time lag between the simulated signals). By increasing the value of
the tortuosity oo, the signal arrives late, because its wavefront velocity ¢ decreases (Eq. 11).
This phenomenon is also observed in the case of non-fractal porous media (of dimension D=1)
[40].

The sensitivity to porosity is studied in Figure 6. A significant change in signal amplitude is
observed while the signal arrival time remains virtually unchanged. By decreasing the porosity,
the proportion of the fluid in which the acoustic wave propagates in the porous medium decreases,
making the medium more resistive and absorbent, which leads to a decrease in the amplitude of
the transmitted wave. The velocity of the wavefront does not change because its expression (Eq.
11) does not depend on the porosity. The simulations in Figure 6 are done with a value of the
fractal dimension D = 0.45, by decreasing this value to D = 0.1, the transmitted wave becomes
completely insensitive to the porosity. We can therefore conclude that the sensitivity to porosity
of the transmitted wave is all the more important as the value of the fractal dimension is large.

The sensitivity to viscous characteristic length (A) in transmission is studied in Figure 7. We
observe that the transmitted wave is very sensitive to this parameter, which in fact describes the
viscous acoustic interactions and losses in the material, and gives us an idea on the radius of the
narrow pores associated with viscous exchanges. The amplitude of transmitted wave decreases
as the viscous length decreases, which is the characteristic of absorbent materials. Note that
the signals are more dispersive as the value of A decreases. This is explained by the fact that
this parameter intervenes in the coefficient e (Eq. 11) of the fractional term of the propagation
equation (Egs. 7 and 10). The fractional derivative describes the temporal dispersion of the
signal due to visco-thermal exchanges between the fluid and the structure of the fractal porous
medium.

From this sensitivity study, we can conclude that fractal dimension, tortuosity, porosity and
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viscous characteristic length are very important parameters for ultrasonic wave propagation in
fractal porous media. These parameters act differently on the transmitted waveform (amplitude,
dispersion and wavefront velocity).

Let us now study the sensitivity of the reflected wave to the physical parameters, and more
particularly the sensitivity of the wave reflected by the first interface, given by the first two
terms of expression (49) of the reflection operator in the time domain, or the first term of the
expression (45) of the reflection coefficient in the Laplace domain.

The numerical simulation of the reflected wave is obtained by convolving the reflection ope-
rator with the incident wave given in figure 3. The results (Fig. 8) show that by increasing
the value of the non-integer dimension D, the wave reflected at the first interface decreases in
amplitude (i.e., is more attenuated), which means that the material becomes less resistive. This
tendency is observed in transmission except for large values of D where the tendency is reversed
in transmission.

The study of the sensitivity of the reflected wave to tortuosity, for a fixed value of the fractal
dimension at D = 0.45, reveals no variation of the wave for different values of tortuosity, however,
for the value D = 0.99 (close to non-fractal porous), the reflected wave becomes very sensitive
to tortuosity (Fig. 9). By increasing the value of tortuosity, the medium becomes more resistive
and therefore the amplitude of the reflected wave is greater. For this large value of the fractal
dimension (D = 0.99), we get closer to the results of the non-fractal case [45,46], however for
lower values of D, the effect of the tortuosity becomes negligible.

Figures 10 and 11 show the effect of porosity on the reflected wave at the first interface.
Figure 10 corresponds to the value of the fractal dimension D equal to 0.45 and figure 11 to
D=0.99. We note that in figure 10 the effect of porosity is not as important as in figure 11. This
result means that the effect of porosity is important in reflection for large values of the fractal
dimension. This trend is similar to what we observed with tortuosity.

The wave reflected at the first interface is theoretically independent of the viscous charac-
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teristic length (Eqs. 45 and 49), and so the sensitivity study with respect to this parameter is
unnecessary.

This sensitivity study using numerical simulations of transmitted and reflected waves has
allowed to highlight the most influential physical parameters. In transmission, the effect of
tortuosity and viscous characteristic length is important for both small and large values of
the fractal dimension. However, the effect of porosity is not significant for small values of the
fractal dimension. In reflection, the viscous characteristic length does not appear naturally in the
expression of the reflected wave at the first interface. The sensitivity of the tortuosity and the
porosity on the first reflected wave is significant for large values of the fractal dimension. Finally,
the fractal dimension appears to be the most important parameter in both modes (reflected and
transmitted) simultaneously, which leads us to conclude that this parameter is essential in the
description of the acoustic propagation in fractal porous media and that it is necessary to develop

methods to characterize it.

5. CONCLUSION

In this paper, ultrasound propagation in a fractal porous material with a rigid structure has
been studied. The Stillinger-Palmer-Stavrinou formalism was used, in which the fractal porous
material was modeled as a non-integer dimension material. The responses of the material were
first derived in the Laplace domain by computing the reflection and transmission coefficients.
Then, in a second step, analytical calculations of the inverse Laplace transform gave the re-
flection and transmission operators in the time domain, using the properties of Mittag-Leffler
functions. Numerical simulations of the reflected and transmitted waves revealed the sensitivity
of physical parameters describing the propagation such as fractal dimension, tortuosity, viscous
characteristic length and porosity. The fractal dimension was the most influential parameter in

both reflection and transmission. This work opens perspectives for solving direct and inverse
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problems in natural and artificial porous media with self-similarity.
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APPENDIX. A

The following inverse Laplace transforms depend on the Mittag-Leffler function Ey -(2) (Eq.

48) :

1 _ J2v—2 A 2v—1
M) =t""""FEo 1201 _Et ;

where, relation (51) is used.
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APPENDIX. B

L7t (exp (—1k(2))) = G(t,1) is the inverse Laplace transform of exp (—lk(z)), where 1 is a

positive constant (thickness), given the Green function of the porous medium :

0 if 0<t<

)

Ol

2(t) + A [Tne)de it t>

with

[1]

y o 6’2§02
(t) = 4ﬁmexp <_16(t_(l;)> 7

where h(7, &) has the following form :

1 1 I x(u, 7, €) e
en =~ rmgrmmen |, o ((UF) a0 A

and where x(u,7,€) = (A/,L\/(T —&)?2 =12/ + (T — f))2/8§, e = ecd\/m, and A = mec},

where : e is given by Eq. 11.
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FIGURE CAPTIONS

Figure 1. Example of a self-similar microstructure of a porous material, each pore splits into two

pores when passing from one scale to another.

Figure 2. The geometry of the problem for unidirectional propagation in a porous slab oc-

cupying the space 0 <z < L.

Figure 3. Incident signal used for numerical simulations.

Figure 4. (Color online) Variation of the ultrasonic waveform transmitted by a self-similar po-
rous material for different values of the fractal dimension D, the values of the other parameters

have been kept constant (L = lem, ¢ = 0.95, as = 1.07, A = 300um and A’ = 900um).

Figure 5. (Color online) Variation of ultrasonic waveform transmitted by a self-similar porous
material for different values of the tortuosity a.o, the values of the other parameters have been

kept constant (L = lem, ¢ = 0.95, D = 0.45, A = 300um and A’ = 900um).

Figure 6. (Color online) Variation of ultrasonic waveform transmitted by a self-similar porous
material for different values of the porosity ¢, the values of the other parameters have been kept

constant (L = lem, aso = 1.07, D = 0.45, A = 300um and A’ = 900um).

Figure 7. (Color online) Variation of ultrasonic waveform transmitted by a self-similar porous
material for different values of the viscous characteristic length A, the values of the other para-

meters have been kept constant (L = 1lem, ¢ = 0.95, aoo = 1.07, D = 0.45 and A’ = 900um).
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Figure 8. (Color online) Variation of ultrasonic waveform reflected by a self-similar porous ma-
terial for different values of the fractal dimension D, the values of the other parameters have

been kept constant (¢ = 0.95, as = 1.07).

Figure 9. (Color online) Variation of ultrasonic waveform reflected by a self-similar porous mate-
rial for different values of the tortuosity a, and for a value of the fractal dimension : D = 0.99,

the value of porosity is ¢ = 0.95.

Figure 10. (Color online) Variation of ultrasonic waveform reflected by a self-similar porous ma-
terial for different values of the porosity ¢ and for a value of the fractal dimension : D = 0.45,

the value of tortuosity is as = 1.07.

Figure 11. (Color online) Variation of ultrasonic waveform reflected by a self-similar porous ma-

terial for different values of the porosity ¢ and for a value of the fractal dimension : D = 0.99,

the value of tortuosity is as = 1.07.
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Fig. 2
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Figure 5
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Figure 6
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Figure 7
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Figure 8
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Figure 9
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Figure 10
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Figure 11
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