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THE MEAN-FIELD LIMIT FOR HYBRID MODELS OF COLLECTIVE MOTIONS
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WITH CHEMOTAXIS,
ROBERTO NATALINI AND THIERRY PAUL

Asstract. In this paper we study a general class of hybrid mathematical models of collective
motions of cells under the influence of chemical stimuli. The models are hybrid in the sense
that cells are discrete entities given by ODE, while the chemoattractant is considered as
a continuous signal which solves a diffusive equation. For this model we prove the mean-
field limit in the Wasserstein distance to a system given by the coupling of a Vlasov-type
equation with the chemoattractant equation. Our approach and results are not based
on empirical measures, but rather on marginals of large number of individuals densities,
and we show the limit with explicit bounds, by proving also existence and uniqueness for
the limit system. In the monokinetic case we derive new pressureless nonlocal Euler-type
model with chemotaxis.
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A collective motion occurs when the behaviour of a group of individuals is dominated
by the mutual interaction between them. This behaviour arises in many different con-
texts both for non-living and living systems, as for instance nematic fluids, simple
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2 R. NATALINI AND T. PAUL

robots, bacteria colonies, flocks of birds, schools of fishes, human crowds, see for in-
stance [42]. In a nutshell, all microscopic mathematical models of collective motion
are based on one or more of the following elementary mechanisms: alignment, see [41],
[7], and references therein, separation and cohesion [11, 38]. Concerning alignment
models, a popular one is represented by the Cucker-Smale model [7], which was orig-
inally proposed to describe the dynamics in flocks of birds, but then it was extended
to cover more general phenomena, as for instance animal herding [10]. The hypothesis
underlying to the Cucker-Smale model is that the force acting on every individual is a
weighted average of the differences of its velocity with those of the others, and this force
decays when the mutual distance between the individuals increases. Some preliminary
analytical results about the time asymptotic behaviour of the model has been proven
in [7, 23], and then a lot of papers investigated the behaviour of this dynamical model
in many directions, see for instance [6] and [33] for a comprehensive list of references.

In recent years, there was a lot of interest about collective motion of cells driven by
chemical stimuli, see [39, 3, 2, 37, 29, 9, 36], and the reviews [25, 31]. Focusing on the
family of Cucker-Smale models, in [12] a model for the morphogenesis in the zebrafish
lateral line primordium was proposed, where a Cucker-Smale model was coupled with
other cell mechanisms (chemotaxis, attraction-repulsion, damping effects) to describe
the formation of neuromasts, see [17, 28] for the experimental basis of this model.
The description of the cell behaviour is hybrid: while particles are considered discrete
entities, endowed with a radius R describing their circular shape, the chemical signal
w is supposed to be continuous and its time derivative is equal to a diffusion term, a
source term depending on the position of each particle, and a degradation term. A
simplified version of the model in [12] was proposed in [13] to allow a full analytical
investigation. This simplified model reads as follows:

.
Ir, =70

B Z xl —y (0 = 0) F V().
(1 el

| O = DA@ — K+ f(:c,X(t)),
Initial data are given by initial position and velocity for each particle:

X(0) =Xo, V(0) =W,

(1)

7\

with X = (z1,...,2n), V = (v1,...,vx), and by the initial concentration of signal,
that it is assumed
(2) p(x,0) == ¢y = 0.

Here z;,v; are the position and velocity of the i-th cell and ¢ stands for a generic
chemical signal produced by the cells themselves and such that the cells are attracted
towards the direction where V,¢ is growing. For this simple model in [13] a full
analytical theory was developed in the two-dimensional case with a fixed but arbitrary
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number N of particles, and results of globally in time existence and uniqueness of
solutions were proved, as well as the time-asymptotic linear stability. Other analytical
results, for more general hybrid models, can be found in [32].

In this paper we aim to prove the mean-field limit for a general class of models
including (1) towards Vlasov type kinetic equations, together with the hydrodynamic
mean-field limit of such models towards Euler type equations, coupled with chemotaxis.
To our knowledge, both limits, and the related kinetic and Euler equations, and a
fortiori their rigorous derivation, are new in the literature.

Let us describe the class of particle systems we will handle in the present article.

Consider on R?*™ > ((2;())i=1...5, (vi(t))i=1...n) = (X (t), V(t)) the following vector
field

& { iZ((If)) :;fi(t,X(t),V(t)) i=1,...,N, (X(0),V(0) = (X", V™

where
N
]‘ t
(4) Et. X, V) =+ Y A0 — vy — 25) + Ve (23) + Fo(s),
=1

~ is the collective interaction function, F.,; is an external force and ¢ satisfies the
equation

(5) 0sp* (1) = DAy — kg + f(a, X(s)), s € [0,1], " =™

for some k, D, > 0 and function f of the form

1 N
(6) f(va):NZX(x_xi): X €C.

The function v : R? x R* = R x R? is supposed to be Lipschitz continuous®.
The case v(y,w) = ¥(y)w. FF = ¢ = 0, ¥ bounded Lipschitz, covers the standard

case of Cucker-Smale models.

For any fixed function ¢ and any t, N we define the mapping &%, = ®' by

(7) <I>’§V : | | R%N — RN
ZMm = (X" V™) — Z(t) = (X(t),V(t)) solution of (3,4,5,6).

Note that ®Y; is not a flow.

We would like to derive a kinetic model corresponding to system (3,4,5,6), that is
the one particle (non-linear) PDE satisfied by the first marginal of the push-froward?

1t’,hrough this paper we define Lip(f) for f: R™ — R™,m,n € N, as Lip(f) := ,/ > (Lip(fi)?3.
\i=1

2We recall that the pushforward of a measure p by a measurable function ® is ®#p defined by [ od(P#p) := [(p o ®)du for every test
function ¢.
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P p™ where p™ € P(R?*™), the space of probability measures on R** and Pl is
the mapping defined by (7).

The first dlfﬁculty is the fact that pl := ®4#p% does not satisfy a closed PDE,
except if pi\f = p7 where

_ 1 > (YT 2dN
(8) Pz :ﬁ Z 50(2)7 Z = (X,V)ER :
YeEXN
Here Yy is the group of permutations of N elements and
(9) 0(Z) =0(X,V) == (Zo(1)s -+ To(N)s Vo(1)s - - - » Vo(I))-
In this case ply = Por(z) satisfies
N
(10) Oy +V - Vxply =Y Vo, - Giply
i=1
where
(11) Gi(t, X, V) ZW —vj, @ — ) + NV U (2;) + Fon(a),
U (and therefore G; too) depends on the solution pf; and satisfies the equation
(12) at‘ljt(x> - DA:E\IJ — kYU + f(xa p?V;l)? s € [07 t];
with g given by
(13) [z, pa) = /RZdX(fE —y) Py, §)dydé,
where, denoting ®4(2) = (Z1(t), ..., Zn(t), v1(t), ..., 0n(t)),
pNa(y:€)

= / oy, o, TN, € v, uN)dDy . . deydys . . doy
R2d(N-1)

= / pq)gv(z)(y, To, ..., TN, & Vg, ... UN)dTy . .. deNdus ... duy (see Lemma 4.1 below)
R2d(N-1)

D 6y — zi()6(€ — (L) = pa,(2) (see Lemma 4.1 below).

In turn, this suggests that the (non local in time) Vlasov equation associated to the
particle system (3,4,5,6) is

(14) Oip’ + v - Vep' = Vo(u(t, z,0)p"), p° =p"
where
(15) v(t,m,v) = v xpl(x,v) + NV (z) + Fopr(z)

and 1* satisfies

(16) 0% (1) = DAY — kb + g(z, p°), Y0 = ™.
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with
(17) ola’) = [ xlo =) e

The kinetic equation associated to Cucker-Smale systems, introduced in [24], has
been derived in [23, 21| and, for generalizations of type (3) with ¢ = 0 in [33], but, in
all these papers, without chemotaxis interaction. We refer to [21, 33] for a large
bibliography on the subject.

Let us finish this section by recalling the three following dynamics involved in this
paper, denoted by (P) for (Particles), (LV) for (Liouville- Vlasov) and (V) for (Viasov)
and the strategy adopted in the proof of the main results:

p

d = v, 4 = F(tX(), V(1)), (X(0),V(0)) = Z(0) = 2" ¢ R

N
Fi(t, X, V) = % Z W(Uz' — U, Tj — l‘j) + UVxSOt(ZE)i + Fext(xi)7

.
Il
—

050 (x) = DAL — ko + f(z, X(s)), s €[0,t],, @ = ™,

N . .
Ohply +V - Vxply = ; Vo - Giply, p% = pi = (p™)*N € P(R*)

?

N
]:

0 V*(x) = DAY — kW + g(z, pi.1), s € [0,1], PO = i,

\ g(x7p§\7;l) = X* p}g\f,l('r%

Oip' + v - Vep' = Vo (v(t, z,0)p"), p° = pi" € P(R™)
v(t,x,v) =5 x pl(xz,v) + nV 0l (x) + Fopu (),

() = DAY — kb + gla, p°), U° = ™.

| 9(x,p°) = x * p°().
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Note that (x  pa()(#) = (T p)(,- .. 2), K(X) = & 3" x(ay).

The strategy of our approach can be summarized by the following estimates that we
will establish in some Wasserstein topology,

(@ﬁv#p}'(}‘)N_;l ~ (py)va(t), @} solution of (L), ply of (LV) with o = pit
PR = (PN |
(Py)na ~ pf p! solution of (V) with p° = p™,
so that, by triangle inequality,
(‘I)ﬁv#p%)N;l ~ '
with,®%, solution of (L) and p' solution of (V') with p° = (p%)n.1.

2. THE MAIN RESULTS

Theorem 2.1. Let p™ be a compactly supported probability on R* | let Pl be the
mapping generated by the particles system (3,4,5,6) as defined by (7), and let T,in be
the function defined in formula (41) below.

Then, for anyt >0,

N~z d=1

: 2 1
Wao ((@#(p™)* N1, p)” < Tyn(t) § N7 zlog N d =2
N-a d>2

where p' is the solution of the Viasov equation (14,15,16,17) with initial condition p™
provided by Theorem 8.1 below and Ws is the quadratic Wasserstein distance whose
definition is recalled in Definition 3.1.
Moreover, let us denote by @', the chemical density solution of (3,4, 5, 6) with initial
data (Z™, ™) and by wzm the one solution of (14,15,16,17) with initial data (p™, ©™).
Then

N~z d=1
| IV = VUl (@2") < () { N-tog N d=2
R N d>?2

where T, is defined below by (21).
Finally, the functions 7(t), 7.(t) depend only on t, Lip(v), Lip(x), Lip(Vx), and the
supports of ®H#(p™)®N and p', and satisfies the following estimate for all t € R,

Tyn(t) < eem, 7.(t) < e

for some constants C, C.,depending on Lip(¥), Lip(x), Lip(Vx) and |supp(p™)|.
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Corollary 2.2 (Hydrodynamic Euler limit).  Let u™, u™, ™ be such that the non
local Euler system
Ot + V(utp') =0
Or(p'u’) + V(' (u)®2) = p' [ (- —y,u'() = u'(y))u' (y)dy + nu' V' + @' F
as¢s - DAw - /‘€¢+X*I~LS, s € [Oat]7
(MO’uﬁywO) — (,Mm,um,@@m) c HS, s > %Z_l_ 1.
has a unique solution p',u' € C([0,t]; H*) N CY([0,T); H*1), ¢' € C([0,t]; H®) N
CL([0,T); H*2) N L*(0,T; H*™) and let

p = " (2)d (v — u(x)).
Then, for any t € [0,T],

N3 d —
Wa ((@4#(0™)*N )y, it ()0 (v — u'(2)))” < 7(t) § N=Hlog N d =2
N—d d>2
Moreover,
I d=1
/ IV inwen (ximy) = V2 (™) N (dX™) < 7o(t) § N72log N d =2 .
R N~ d> 2

Proof of Theorem 2.1. Clearly Theorem 2.1 links the dynamics of the particle system
(3,4,5,6) and the one driven by the Vlasov system (14, 15,16,17). As an intermediate
step we will consider the N-body Liouville type one defined by (10,11,12,13).

We will proceed in several steps.

Step 1 [Section 4]: we will show that the marginal (®4#(p™)*")y.1 of the pushfor-
ward of the initial condition by the flow generated by the particle system (3,4,5,6)
and the marginal (ply.;) of the solution pfy of (10,11,12,13) are close as N — oo in the

same Wasserstein topology through an estimate for Wa((®4#(p™)*N ) n1, (ph)n:1)-

Step 2 [Section 5] we will show that the marginal (p}.;) of the solution pl of
(10,11,12,13), is close to the solution of a Vlasov type closed equation (14, 15,16, 17)
derived below in Wasserstein metric by estimating Wa((p% ) w1, 0%)-

Step 3: [particle density/: we will use the triangular inequality for Wo:

Wa((@5#(0™) "V )var, ) < Wal(@N#(0™) v, (P i) + Wa((p)nas ).

The first part of Theorem 2.1 is then given by the estimate given by Proposition
4.3 - namely Wa((®W#(0™)*N)n1, (P )ni1) < Byin(t)y/Ca(N) - and the one given by

Q in (t)

Proposition 5.1 - namely Wa((ply) N1, p) < ~
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Step 4: [chemical density/: the chemical density estimate is obtained through the
triangle inequality. We get
>2

- V)

N
where jizimn 1= & Z 2in and zptm solves (10, 11,12,13) with initial condition (p™)®" =

= o + IV, —
(18) < 2 (ngm — V%

+[IVy,

Hzin

®N
Both terms in the right hand-side of (18) are estimated by Corollary 3.5:

(19) IVl = V! ullhe < 2 Lip(VX) Wal (D5 # (1z00) " )va, 6),,,)°
(20) VY, . = Vil < ELip(VX)*Walpl, ., phin)?,
where pzzm (resp. ptpm) is the solution of the Vlasov equation with initial condition

iz (resp. p™).
Wao (P # (pgm)=Y, Pp..)° is estimated by the first estimate of Theorem 2.1 we just

M zin

N
proved in Step 3 - namely Wa((P#pzmn,p), )° < Tﬂzm,(t){ N gy a=2 -, while

Td d>2

WQ(pZzin’ p; )2 by the Dobrushin estimate in Theorem 8.1 -namely .TWs( pzzm’ pi) )2

" OWa(puzm, p™)2.
Therefore, by (18),(20) and (19),
d=1
logN d=2
d>2 )

2 < 2% Lip(Vy)? (QGF(t)W2(ILLZi"7 P+ T (t){

2 2 2
alm N\H vl

and

2 ()N (d7)

AQdN HVQOth - vw;zn

< 2 Lip(Vn? (2 Can( |

- M\H (S

- I\)\H (S

d=1
logN d=2
d>2

d=1
logN d=2 +T/~Lzm(t){

d>2

222
222

27 276 T(t j NTE =1

= 2t Llp(VX) (26 ()CMg(pm) +7_Mzm (t)) N™ %logN d=2

N d>2
9. 9 /m T(t . N2 d=1 N"3 d=1
(21) < 2t*Lip(Vx)*(2e ()CMQ(pm) +7tpin(t)) NT3logN d=2 = T.(t)q ~ SlogN  d=2
NH d>2 N-# d>2

by (43) since one integrates in Z™ on the support of (p"™)*" so that supp(uzmn) C
supp(p™).

Step 5: [rate of convergence/: the estimate for 7, (t) is proven at the end of Section
5 (see formula (44)), the one for 7.(¢) follows by (21). O

Proof of Corollary 2.2. Corollary 2.2 is a rephrasing of Theorem 2.1 in the monokinetic
case, which is straightforward by using Theorem 6.1. [
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Remark 2.3. As it is clear from the step 3 above, an alternative to the second statement
in Theorem 2.1 is the following.

N2 d=1
IV —=Vhal%, < 262 Lip(Vx)* | 26" W (pgin, p™)* + 7 () § N “log N d =2
N~d d> 2

for each Z™ € supp((p™)*V).
3. TECHNICAL PRELIMINARIES

In this section we establish or recall several results which will be intensively used in
the core of the proof of Theorem 2.1.

3.1. Wasserstein distances. Let us start this section by recalling the definition of
the first and second order Wasserstein distance Wy (see [43, 44]).

Definition 3.1 (quadratic Wasserstein distance). The Wasserstein distance of order
two between two probability measures pu,v on R™ with finite second moments is defined
as

yel (p,v)
where T'(p, v) is the set of probability measures on R™ x R™ whose marginals on the
two factors are p and v.

Wa(p,v)? = inf / | — y[*y(dz, dy)
R xR™

Likewise is the first order Wasserstein distance W between two probability measures
i, v on R™ with finite moments is defined by the following.

Definition 3.2.
Wilpov) = supf | fln=v)] £ € CX(R), Lin(f) < 1}

Lemma 3.3.

(Z) Wl(:ua V) < WQ(:“) V)7

(ii) Sup | [ f(p—v)| = Wi(p,v) < Wa(p,v),

(111) The convergence in the weak topology (i.e., in the duality with Cy(R*?) of
sequences of probability measures with supports equibounded is equivalent to the
convergence with respect to the distance Wy, p = 1,2 (in fact with respect to
Wasserstein of all orders),

Proof. The first and second items are exactly formulas (7.1) and (7.3) in [43], The
third item is a straightforward consequence of [43, Theorem 7.12 (iii)], since the weak
convergence of equisupported sequences of measures implies the convergence of all of
their moments [

Note that Lemma 3.3 implies that
(22) | /f(u —v)| < Lip fWi(p, v) < Lip fWa(u,v)
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3.2. The diffusion term. The three equations (5), (12), (16) namely
0s°(2) = DAp—rp+ f(2,Y(s), ¢ ="

(23) O 0%(z) = DAY — kY +g(z,p%,), V= ™"
Osp'(2) = DAY — kY +g(2,p°), ="
1
can be solved, denoting I = | 1 |, by
1
¥'(2) t f(z, X(s))
(24) \I/t(z) _ e—mﬁ/ e(t—s)DAz g( 2, p ?\f ds + e —Kt tDA mI
V'(2) 0 g(z, p°)
it (1GX0) |
= / / 46Dt s Q(Z,api\m) dsdz’ +e —kKt tDAgpm.I
Rd 7 S g(zl, ps)
¢'(2)
Note that V. | U¥(z) | is given by the same formula after replacing x by Vy in the
Ui (z)

definitions of f and g.

The following lemma will be systematically used inthe forthcoming sections.
Lemma 3.4. Let p,p' € P(RY) and p € Lip(R?). Then, for all t > 0,
(€)% (p = P) | z=(mey < Lip(u)Wp(p, p), p=1,2.

\/ )(zi = 2)(p — p)dz]
Lip ((

Proof. On has
() * (p = p) ()]

< B) (i — ) Walp, p')
< Lip (e S)Walp, o)
< Llp:uWQ(p? )
since, by Lemma 3.3,
sup | [ fldp — dv) = Wi(u.v) < Walpev),
Lip f<1
and
() (x) = (2w (y)] = (e (ulz =) — e (u(y — ))(0)]

< |u(z) — pu(y)| < Lip(p)|z — yl.

Corollary 3.5. Let ¢' and o' solve (23). Then
IV = V|| 1 rey < tLip(VX)Wa((RN#(p™) ™ ) v, 1)
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3.3. Propagation of Wasserstein type estimates. In this paragraph, we establish
a result used later as a black box, concerning the propagation of estimates in Wasser-
stein topology under general transport equation including the several types used in this

paper.

Theorem 3.6. Let us define the set of compactly supported probability measure on
RN invariant by permutation:

PLR*™) = {p € P(R*™), p(0(dZ)) = p(dZ), Yo € Tn}

where o(Z) is defined in (9).
Let us suppose that the two equations

(25) Ot +V - Vxpl = V.- (vi([p"5, X, V)pl), p) = pi* € PP(R*™), i =1,2,

have the property of existence and uniqueness of solutions in C°(R*, PP(R*M)).
Here

(26) [P s e [0,t] = pf, i =1,2,

and v;([pi"|=!, X, V) is supposed to be invariant by permutations of the variables (z,v;),
j=1,...,N, is Lipschitz continuous with respect to (X,V') and satisfies the estimate

Vi, X, V) < pllVI, i = 1,2

for some constant vy < oo, uniformly in X,V € R?>¥ =t [0,4] — PP(R?*),t € R.
Let us finally define, fori=1,2,

¢
‘ ] Jreav-y Pl e, w0, ve, L uN) Ty . daydus .o doy N > 1
(Pi) vz, v) == { o (. 0), N=1.

Then, for allt € RY, and alli = 1,2,

(P, (Ph)wa)? < elo Ty, (pin piny?
N/ /deN ‘Vl m <S, ’“) ([ 5 <Sa )l (dY, du) J! Li(u (w)du g

with
Li(t) = 2(1 + sup (Lip(vi(t, X, V) (xv))?)
(X,V)e supp(pt)

The proof on Theorem 3.6 is given in Appendix A.

4. FROM PARTICLES TO LIOUVILLE-VLASOV

In this section we estimate Wa((®4#p™ ) n.1, (ply)N:1), where @ defined by (7) is gen-
erated by the particle system (3,4, 5,6) and pl; is the solution of the N-body Liouville
type one defined by (10,11,12,13) with initial data p™.

Applying Theorem 3.6 with



12 R. NATALINI AND T. PAUL

(vi([(P™)EN)=, X, V) = Fi(t, X, V) 27 —vj, 1 — 1) + Vo' (2) + Fenr(2)

(vo([(P™MEN]=*, X, V) = Gi(t, X, V) Z’Y —vj, 7 — x;) + V.V (2;) + Fop())

we get easily that, since the initial conditions are the same,

27)  Wa((PN#p")va, () na)?
N ot
! ‘ "L i (u)du
: 4”NZ /O /R V(@) — VU () PPN #(p™) V) (d X, dV )els Fom Wi g
1=1

with

(28) Lyin(u) =242 - sup Lip (v )(x —oppw) T 2un Lip(VX) + Lip(Feo)
(X, V)€esupp(ply)

Therefore, we have to estimate
[ 99 ) = T @) @) )X )
(29) = [ VG V) = D V) P X, av)
where we have denoted

(30) L (X, V) = (2L(X,V),...,2(X, V), v (X, V),...,. v (X, V))

i.e. zf(X,V) is the x;-component of &4 (X, V),
We first remark that, in (23),

f(,X) = x*pz,

where, for any Z = (21, ..., zx) € R*" the empirical measure uz is defined by
N

(31) Mz ‘= % Z 52%
k=1

Therefore, by (24),

Vi (i (X,V)) = e_”s/ e(s_“)AVX * pgu(xv) (25 (X, V))du
0
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so that, denoting V;, [ = 1,...,d, the d components of the vector V,

32 [ 19 = VU ) PO @, av)

— 6—2/15
R2dN

d s
— g 28 /RM Z /0 e(S*U)AVzX * (Mcbu(x,v) — (pn)na) (@7 (X, V))du
=1

2
(p"™)*N(dX,dV),

/ e(S—U)AVX * (,uq)u(xy) — (pn)nva) (2] (X, V))du
0

2
(PN (dX, dV),

2

d s
6_2“8/1%2 / ™AV ix # (pan vy — (PR = meydu| (™) (dX, dV),

IA

IA

—%SZLlp Viy) / / Walptae (), (o) v )dul2(0™) 2 (dX, dV),
=1

— e Lip(Vy) [ | / Walptanxvys () v ) dul2(p™) 2N (X, V),

= (V) [ | [ Wallpwonn v (kv o™ Y (@X, V),

where we have used Lemma 3.4 for the second inequality and the following result for
the last equality.

Lemma 4.1. Let py be defined by (8) and py by (31). Then
pz = (pz)N:1.

Proof. Let us recall that ¥y = {¢ : {1,...,N} — {1,..., N}, 0 one-to-one} so that
#>n = N!. We have

/---/5U(Z)dz2...dzN / / H dz

Therefore

oEXN " I=1 o€Xyint I#0(1)
o(l)=1
N N
#LN-1 (N -1)!
= D AT a2 Ry 0 =z
=1 =1

[

By (10), p% := pas(z) solves the N-body Liouville type one defined by (10,11,12,13)
with initial data p™™ := pz. Therefore, by the Dobrushin estimate in Theorem 9.1, one
has

(33) Wa((pauix)neas (pi)va) < 26" Wa((pz)wa, (0™)F) = 26" Wa(uz, p™),
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so that

/ (Vi (1) — U () P (@ (™)) (dX, dV)

S 2
< 4 Lip(? ([ ) [ Wl 0" 02),
0

N2 d=
sup 'y (u) , 1
(34) < 46_2“SLip(X)26“S€ ! 52/ (2% +vH)p"(dz,dv)C{ N zlogN d=2 ,
R N-a d>2

thanks to the following result by Fournier and Guillin:

Theorem 4.2 (Theorem 1 in [16]). Let p € P(R??) satisfy
/ (2% 4+ v*)p(dx, dv) := Ms(p) < 0.
R2d
and let puixyy, (X, V)€ R2¥ | be the empirical measure defined by (31). Then

Wa(pxvy, p)2p™ (dXdV) < Co(N)Ma(p),

R2dN
where
N3 d —
Cy(N):=C<{ N-zlogN d=2
N~ d>?2

where C' depends only on d.
Therefore, we get by (27) and (34) the final result of this section.

Proposition 4.3.

Wo((PN#p™) N1, (P)na) < Byn(t)/Ca(N)
with
t sup Epin (s) 2supDy(s)

(35) ﬂpm(t)Q = 16n°t* Lip(Vx)%e = e st /R2d(332 + %) p"(dx, dv).

Remark 4.4. Let us define Bpm > Byin by

_ tsupf/pm(s) 2supI'n(s)
(36) By = 16n°t* Lip(Vx)%e *= e st sup (2% + 7).
(xw)€ supp(pi™)
By its definition (28), L (t) is, for fized ¢, an increasing function of supp(p™) and,
by Remark 9.4, I'y is independent of p™. Therefore B,m(t) is, for fived t, an increasing
function of supp(p™).
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5. FROM LIOUVILLE-VLASOV TO VLASOV

In this section we estimate Wa((p’y)n.1, p"), where p’; is the solution of the N-body
Liouville type one defined by (10,11, 12,13) and p' is the solution of the Vlasov system
(14,15, 16), with initial data (p™)®" and p™.

We first remark that (p')®Y solves the equation

A(p")N + V- Vx(p)*N = V- (va([(pM) P, X, V) (0)Y),
with
VQ([(pin)®N]§t7 E ) = V([pm]gtu E ')®N'

Therefore, applying again Theorem 3.6 taking this time
(vi([(p")*N5, X, V)i = Gilt, X, V) Zv — v, — ) + VoV (2;) + Fune(z;)

(va([(e™) V1=, X, V)i = v([p™ mi,0i) = 7 % p (@i, 00) + Vb (2) + Fear(2s),

we get easily that

1 S
NZV(%‘ — 25,0 — v5) =7 % p* (@i, v3)
j=1

N t
1
v (0 vg)? < 4—
WQ((pl)N.la(P2)N-1) = N;/O /RQdN

+ 772|(V¢3(x2) — V\Ijs(xz))|2> (,08)®N(dX7 dV)efstEpm(u)dudS,

with the same factor Z—/pin as in Section 4, namely

(37) Lyn(u) =242 ~sup Lip (v )(x vy + 2un Lip(Vx) + Lip(Fest)
(X.V)esupp(ly)

The first term in the integral has been estimated in [33, Lemma 3.5, Section 3] and we

get
1 — :
/deN i D (i — w0 = v) =y % p (0| (p°)PN(dX,dV)
j=1
4 / |2
< — sup v (x — ', v — 0|7

TN @)

! w')esupp(pt)

It remains to estimate

(38) N0 ) = T8 ) ) @, av),
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We have
[V ) - Vs ()
= e | /0 (42X x () vt — p%)) (7)ds'?
/ s / 4 (€AY « (v — ) @) (V) % () v — o) (a).
But, by Lemma 3.4,
(98 * (oK) va — ) (@)

Therefore

VO ar) Vo) < Lip (Ve ™ [ [ (e o Wl (o ) p” dsds”
0 0
and we get

Wa((ply) v, p)? < / Sup .

Gsupp

t t
+/ oIt Lm0 /ds/ ds"Wa((p3 ). 0 YWa(pX ). p°' ) ds
0

+ n Lip V' / “2nsefi Lyn(du g 5
N 0

(39) / ds/ ds"Wa((px) vy 05 ) Wa (o) v, o7 )

Let us define

< Lip (Vx)Wa((pi) v, p%).

Yz — ', v = o) Pek Fn g

F(8) = sup Wa((ph)va, p)°.

0<t'<t
We have, since by the definition (39), C,i(t) is not decreasing,

Cin(t t L
) < Dt spLipw? [ el Tuniegs
0

/ ds//o ds"Wa((pi) s o)W (P vt p™)

C in (T t t 7
< N( ) _|_77L1va / €—2nsefs me u)du Qf( )
0

We conclude by the Gronwall Lemma,

Cin(t S Fpin () 52 ain (1)?
@0 Wallph)wa ) < 51) < Sl emomii U
and get the final result of this section.
Proposition 5.1.
Oépin(t)

Wa((py) s, p') < IN
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Out of aym, B,in, defined in (35)-(39) we define

(41) (1) = (1) + B (0VT)

where C' is the constant appearing in Theorem 4.2.

One sees immediately that C\ (t) defined by (39) is, for fixed ¢, an increasing function
of supp(p™).Therefore so is a,in(t) as defined by (40) so that, if we define

_ 2
(42) P (t) = (@pm(t) + ﬁpm(t)@) ,
where C' is the constant appearing in Theorem 4.2, we have
(43) supp(pi") C supp(p5") = Ty < Tyn < Tyin.

Estimating 7, (t).

By the same type of arguments than in the proof of [33, Corollary 2.6 | one can
easily estimate 7, (t) by using the estimates of ®; established in Proposition 7.2 and
Theorem 7.3, on the support of pl given by Theorem 8.1 and the support of p' in
Theorem 8.1. We omit the details here.

We get, for some time independent constant C' depending explicitly on and only on

Lip(v, Lip(x), Lip(Vx) and |supp(p™)|,
(44) Tpm (t) S e

Ct

6. HYDRODYNAMIC LIMIT

The hydrodynamic limit of Cucker-Smale models has provided up to now a large
litterature, whose exhaustive quotation is beyond the scope of the present paper. We
refer to [6] and the large bibliography therein. In [6], the corresponding Euler equa-
tion is derived for Cucker-Smale systems with friction, using the empirical measures
formalism and in a modulated energy topology.

Our approach and results are different: we consider generalizations of frictionless
Cucker-Smale models, coupled to chemotaxis through a diffusive interaction, for large
numbers N of particles and we provide explicit rates of convergences in the quadratic
Wasserstein metric towards FEuler type equations.

Our result happens to be a simple corollary of our main result Theorem 2.1 in the
case where p™ is monkinetic, i.e.

P (@, v) = " (@) (v — u (2)
thanks to the following result: the monokinetic form is preserved by the Valsov equation
(14) and the solution is furnished by the solution of a Euler type equation.
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Theorem 6.1. Let p!, ul, ' be a solution to the following system
ot + V(upt) =0
Op(p'u’) + V(' (u)*?) = 1" [ =y, u' () = u' () (y)dy + np' V' + p'F
Os® = DAY — kp + x x pi°, s € [0,1],
(1%, u®, %) = (", u™, ™) € H?, s > § 4+ 1.
where ', u' € C([0,¢]; H*) N CH([0,T); H*Y), ' € C([0,¢]; H*) N CH([0,T]; H*7%) N
LZ(O,T; HS—H) 3‘
Then p'(xz,v) := p'(x)d(v — ul(x)) solves the following system
Oip' +v - Vyp' =V, (v(t, z,v)p"),
v(t,z,v) = y(x,v) % p' + V. b' (2) + Foue(2),
0s9°(2) = DAY — k) + g(2,p°), ) =™,
p(z,v) = p"(2)d(v — u™(x)).

Proof. When 1 = 0, the derivation of (45) out of (3.4) is standard, see e.g. [15] and [6,
Section 1.2]. The addition of the term nV, 1! is a straightforward generalization. [

Notice that the Euler system in Theorem 6.1 can be compared to the so-called Preziosi
model of vasculogenesis, where the nonlocal term in our Euler system is replaced by a
phenomenological pressure gradient local in the density, see [35].

7. ESTIMATES ON THE SOLUTION OF THE PARTICLE SYSTEM

Global existence and uniqueness for the system (P) has been proved when  is exactly
the Cucker-Smale field in [12]. It is straightforward to adapt the proofs to the case of
a general ~ satisfying the hypothesis of the present paper. This situation is anyway
fully included in [32, Theorem 6] and we have the following result.

Theorem 7.1. Let Lip(y),Lip(Vx) < oo and let Z" € R?*™N. Then, for any N €
N,the Cauchy problem

(

b= v b = F( X (0, V(1) (X(0),V(0)) = Z(0) = Z" € R

has a unique global solution in C°(R, R*).

3We suppose this regularity because it is somehow standard for mixed hyperbolic-parabolic systems (see [30, Theorem 2.9 p. 34 ], one
certainly could low it down.
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Estimates on the solution of (P) can be easily obtained by the same kind of proof
that in [33, Appendix A]. We get the following result.

Proposition 7.2. Let vy = Lip(y) + Lip(Vx). Then, for allt € R, the solution of (P)

satisfies
|w®\§_$%mM)WW7iZL~wM
e20t — 1
21 ()] = |z (0)]] < jil;l’%?fNWj(ONQ—%a i=1,...,N.

Finally, we will need the following estimate on the derivative of the flow generated
by the system (P).

Theorem 7.3. Let z;(t) = x;(t),v;(t), i =1,..., N be the solution of (P) with initial
date z;(0) = 2. Then, for all T € R,

with y1 = Lip(7), 72 = Lip(Vx).
In other words,
s [0 < e

Proof. One easily get that, for each ,7=1,...,N,

0z(t) , 0z (t) 0z(s
. < L E Li g
825-” < 1p(’7) B m +nLip(Vx)— / 82’1”

Therefore, since the right hand—81de of the preceding equahty doesn t depend on 1,

Oy

N
Oy (%ngl) < Z 621 +77L1p V) / (921(;) ds
= 97 = | 97" 0 | 9%
so that, since
N N ogyin N
N N N
0zi(1) ' | 9a(w) " | 2a(s)
— — 1| < Li L ‘
izzl 5 < Lip(y / ; 82 du +n 1p(Vx)/O /0 ; 51" dsdu
< (Lip(y) + T Lip(Vx) / (‘921(@) du
0 —1 62:;”

and, by Gronwall Lemma,

< e'YlH"hTt
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8. EXISTENCE, UNIQUENESS AND DOBRUSHIN STABILITY FOR THE VLASOV
SYSTEM

In this section we study the Vlasov system (V') and prove the properties that satisfy
its solution necessary for the proof of our main result.

Theorem 8.1. Let Lip(7), Lip(Vy) < oo and let v € P.(R2?), the set of compactly
supported probability meausres. Then the Cauchy problem

( atpt s vxpt — VU(V(ta Z, U)pt)a pO - pin
(V) q vt z,v) =7 p'(x,0) + Vb (z) + Fom(2),

0s9°(2) = DAY — kip + g(2,p%), ¢ = @™
t
has a unique solution t — (@pbt) in CO(R, P.(R¥) x WH*(RY)).

Moreover, if p™ is supported in the ball B(0, R°) of R*® centered at the origin of
radius R°, p' is supported in B(0, R') with

Rt — pEip()+ 1 Feat]l poo (may+n Lip(x))¢ (RO + Lip(y) + || Foal| poqme) + ULiP(X)) .

Finally, if pi, pb are the solutions of (V') with initial conditions pi", p%', then the
following Dobrushin type estimate holds true

Wi (pt, ph)* < 2" OWy (o}, p3')?
where I'(t) is given below by (54).

Proof. The proof of the existence of a solution will follow closely the strategy of the
proof of Theorem 2.3 in [34, Appendix A]. The main difference is that v is not only
non-local in space as in [34], it is also non-local in time as v([p"]=!, z,v) involves the
whole history of the solution {p*,0 < s < t}.

We will first need the following Lemma

Lemma 8.2. For any T > 0, there exist L'.M', K’ < oo such that, for any t,t1,to <T,
z,2 € R* and any p™, pi", py' € P(R*),,
V(o™= 2) = v, 2]
lv ([Pm]<ta 2)|
)

V(™10 2, (1) = v([pF]=5, )|

< L/HZ T 'ZIHa
< M'(1+]=)
< K’ sup  Wi(pf, p3) + 0l Vxllp=[ti — tal.
s<min(ty,tz)
where pt, pb are the solutions of (V) with initial conditions p'*, p3.
Here W1 1s the Wasserstein distance of order 1 whose definition is recalled in Defi-
nition 3.2:
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The proof is immediate with L' = Lip(v) + Lip(Ftst) + T Lip(Vx), M’ = Lip(y) +
| Fext || o (ray + 1 Lip(x) + Lip(Vy™) and K’ = Lip(7y) + n Lip(x)-

Let us fix T' > 0. For k € N we define 7, = T2°F.
Let pt be defined by pi=" = p™ and, for [ = 0,...,2" — 1, uw € [0, 74),

([ Dupy " (,0) + 0 - VopU T (@, 0) = V- v(lm, @, 0) o (2, 0)

(Vi) § wi(im, ,0) = y(,0) % pi* + 0V b (g, ) + Fon(),

| 0sti(s,2) = DAYy — K+ g(2,p4), 0 < s <lmp,, P = ™
with
(45) vi(t, 2) = v([p"];' s 2)
Note that we have obviously the following corollary of Lemma 8.2.
Corollary 8.3. For anyT > 0, 2,2 € R* and k € N, one has, with the same constant
L'M' K' than in Lemma 8.2,
l(t, 2) — vt 2 < L[z =2,
lve(t, 2)I < M1+ [[=]),
Moreover, if vi(t, 2), pl, satisfies (Vi) with pi=" = p™™ and v (t, 2), o, satisfies (V3.) with
pi=V = p'™ then
vr(t, 2) — VAt Dl < K sup Walpu(s), shl(s)) + K]t — 1.

0<s<min(t,t")

<
<

We first show that the support of the sequence pi, is equibounded.
One easily checks that,since p" is compactly supported, so is pf for all k,¢ by con-
struction. So supp(pl) C B(0, RL) for some Ry(t). One can estimate R} as follows.

supp(py*) C B(0, R*) = [[vi(t, 2)]loo = [IV([0"]5" 2)lloo < M'(1+ RY)
= supp(p*t") € B(0, R +uM'(1 4+ RI™)), u € [0, 7]
= Supp(p,(jﬂ)ﬂ“) C B(0, (1 + 1) R + 7, M),
Therefore, one can choose RZk satisfying
R™ < (14 M'n)R!™™ 4 7.0
(14 M'7.)*R™ 4 n M (1+ (1+ M'))
(1+ M'm)' R+ M'((1 + M'my)! — 1)
(1+MT2"R+ M'(1+ MT27%* —1) < M (M + R .= R”.
Here R? is such that supp(p} := p'") C B(0, R").

[VANEN VANRE VAN VAN
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Hence the sequences (p!)ren are compactly supported in B(0, RT) uniformly in k for
all t € [0, T]. Therefore there are tight for all ¢ € [0,7]. By Prokhorov’s Theorem,
this is equivalent to the compactness of (p!)ren with respect to the weak topology of
probability measures (i.e., in the duality with Cj(R??), the space of bounded continuous
functions). Hence, up to extracting a t-dependent subsequence, pi — p! weakly. By
Lemma 3.3, this convergence is equivalent to the convergence with respect to the
distance W7, so that we just proved that

(46) Wi(pk,pl) — 0 as k — oo for all t € [0, T].

By [34, Proposition A.1 2] and the first inequality in Lemma 8.2, we get that, for
[=0,...,28~1, s€0,7),
Wip*, p ") < sL.
Hence, by the triangle inequality,
(47) Wi(ph, o) < L't — |91, € R.
Therefore, since L' and ,01,;:0 don’t depend on k, the sequence pl is equi-Lipschitz
continuous with respect to I;. This implies, by the triangular inequality again, that,

for all t,¢' € [0,T],k € N,
Wipl, pl) < Walpl, o) + Wilph o) + Wik, pt)
< Lt =1+ Wil o) + Wik, pl) = L'|t — ] as k — oc.
Therefore p’ is L'-Lipschitz and, in particular,
Pl € Co([0,T), Po(R*)).
What is left is to prove that p solves (V) and that the solution of (V') is unique.

In order to do so, we first need to prove that

(48) sup Wi(pt,pl) — 0 as k — oo.
te[0,77]

Using the standard Ascoli-Arzela approach, we take the sequence {¢;,i = 1,...,00}
of all rationals in [0, 7] ordered by any fixed order.
From (46) we have that
Wi(pg, plt) — 0.
along a subsequence k.
Take now a subsequence ko of k1 such taht
Wi(pl2, p) — 0.
and iterate such as to obtain a sequence k,, such that
Wilpi ,p2) — 0, for all I < m.
In a standard way, we can extract a diagonal subsequence kj such that
Wi, ptt) — 0.
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We prove now that, for all ¢ € [0,7], the sequence of densities p} is Cauchy in the
topology of Cy([0, T, (P., W1)), which implies (48).
We have that, for any ¢ € Q,

Wi(ph, o) < Wilp, pi) + Walpl, pl) + Wilpl, p1,)
< 2Lq —t| +Wi(p] , p})

For any e, taking ¢ such that 2L'|¢ — t| < €/2 and k,[ large enough such that
Wilpi, o) < €/2, we get MKu(p), ,pj) < e

We now return to proving that p’ is a solution of (V), it suffices to prove that

(T Jraa@f + 0 Vof = Vof - V(t, 2, p=)pl(dZ)dt = 0

(V) vt (z,v), p5") = (2, v) * pl + V0 () + Four(),

| 0s¢%(2) = DAY — k) + g(z, pl).

for each f € C>([0,T] x R*).
In (V*) we have used the notation p=! = p*|,<; for any function t € R — p' € P(R??).
By construction, we have

2°—1 (14 1),
Z /l /R d(8Uf(u7 2)+v-Vuof =Vof -vp(lmy, 2, pf”’“)p%(dz)du =0
=0 V!7 2

k

for every k € N.
The equation

T
(49) [ [ s 0 9up = 9 vl @) =0

will be proven through the three following limts:

T
(50) i [ [ @+ T~ e = 0
— 00 0 R2d
21 (1417,
(51)  lim Z/l . Vof - (V(lm 25 ™) = v(u, z,pf”’“)) pu(dz)du =0
=0 Tk 2d
21 (1417,
— 00 =0 lTk R2d

To prove (50) and (52) we remark that, since f € C°([0, T] x R?*?) and by the Lipschitz
property of v(Ity, z, p=I™) we have, by (22), that the absolute value of the right hand
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side of (50) satisfies, thanks to (48),

T
i [ @+ o 906t - s

k—00

< lim T(Lip(d,f) + Lip(v - V,.f)) sup Wi (p},, pl) = 0,
k—o00 t<T

and the absolute value of the right hand side of (52) satisfies, thanks again to (48),

21 (41
S [ O v ) - ) @)
k—oo = I, R2d
< lim T Lip(V f)|supp(f)| M sup Wi (pt, pl) = 0,
k—o0 t<T

Let us finally prove (51). By the third inequality in Lemma 8.2 and the L’-Lipschitz
continuity of p, we get that, for each u € [I7y, (I + 1)7%],

T
’ (17, 2, 05 ™) = v(u, 2, p5'™)| < K’ sup W(pZTk,piT’“)+K"?
0<S<l7’k
so that
Jm | Z Y Vo - (V7 ) — vz, ) ph(d)du

lim T||Vf||Loo(R2d) ( sup Wl(Pi;Pi) + K”%) =0
k—o0 0<t<T

The proof of the uniqueness of the solution of (V') is obviously a consequence of the
Dobrushin stability result that we will prove now.
Take two initial conditions p;",l = 1.2. By Theorem 3.6, we have that

Wa(ph, )’
< efo Li(s dsW (pzln’ pz2n)2

b [ 2N 2) = T 2P X av el

< el By (pin piny? 4 /OQHIV([ s Z) — v([pd]=*, Z)||% el LrWdugs

¢ t
< b OB, gl + 2 / b PR sup Wapf, pi)*ds
0 u<s
by the third inequality in Lemma 8.2.
Here, by Theorem 3.6,
Lity=2(1+  sup  (Lip(v([p"]*", X, V) xw)*
(X,V)e supp(p})

and by the first inequality in Lemma 8.2,
(53) Li(t) = 24+ 2(L)%
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Therefore, for any 7" > 0,
sup Wa(p}, pb)?

t<T

¢ t
< sup el FOBWL(pin pin? + 2sup / el 1 (R sup Wiy (b, pi)2ds

t<T t<T u<s

< el KOs, (pin, pin? +2/ s 1B FY2 sup Wy (pt, pi) s,

0 u<s

By the Gronwall Lemma, we get immediately
Walpl, p5)° < e OWa(p", ')
with
(54) D(t) = ¢ (2 (L) + (2K’)262t><1+@’>2>)
Theorem 8.1 is proved. [
9. EXISTENCE, UNIQUENESS AND DOBRUSHIN ESTIMATE FOR THE
LIOUVILLE-VLASOV SYSTEM

In this section we study the Liouville-Vlasov system (LV') in the same spirit than in
the previous section devoted to the Vlasov system.

Theorem 9.1. Let Lip(7), Lip(Vx) < oo and let v’ € P.(R??), the set of compactly
supported probability meausres. Then, for every N € N, the Cauchy problem

( N ,
oply +V - Vxph =3V, - Giply, p% = pi

1=1

N
(L) | Gi(t,Y,W) = % 3 v(w; — wj, y; — y;) + V-V (2)| oy + Frar (i),

Jj=1

0,9°(z) = DAY — k¥ + g(2, piy.1), s € [0,1], W0 =™

\ g(Z, pSN;l) - fRQd X(Z - .T)p?\f;l(x, U)dxd’l)

t
has a unique solution t — (Gﬂ) in C°'(R, P.(R*N) x Wh>(RY)).
Moreover, if pit is supported in the ball B(0, R°) of RN of radius RY, ply centered
at the origin is supported in B(0, R") with
R = 0 im0 (R Lip(3) + | Fet =y + nLiD()-

Finally, if ply, T are the solutions of (LV') with initial conditions pt, T invariant
by permutations in the sense that

p%loo-:p%ln TJZ\?OU:TJZ\?a VO'GZN,
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then the following Dobrushin type estimate holds true

Wa () v, (Th)wva)? < 2€PN(t)W2((P§G)N:17 (T8 ) n1)?

where Ty () is given below by (57).

Proof. The proof of Theorem 9.1 is easily attainable by a straightforward modification
of the one of Theorem 8.1. Let us define the vector G with components G;,i =1,..., N.
This time, G has the form

(55) G(t, Z) =T(([(") ). Z) e RY

where we recall that [(p™)®N]=t : s € [0,t] — p* solution of (LV) with initial data
(pin)®N.

One easily check that Lemme 8.2 still holds true for I' with the same constants
L' M K.

Lemma 9.2. For any T > 0, there exist L'.M', K’ < oo such that, for any t,t1,to < T,
-2 € R and any " o', iy € P(RY),

IP(([(™) ) v, 2) = D™ F v, 20 < LN Z = 7,
T v, 2 < M'(1+]12])
T ([ ) v, 2) = D) ] v, D) < K7 sup - Wi(pin) v, () van)

SSmin(thtg)

Vx|l ts — tof.
where ply, phy are the solutions of (LV') with initial conditions (pi™)*™N, (pit)*N
Here Wy is the Wasserstein distance of order 1 defined in Definition 3.2.

For T > 0,k € N we define 7, = T27" and, with a slight abuse of notation, p! by
pi=0 = (pm)®N and, for [ =0,...,2" -1, u € [0 7) (remember Z := (X, V) € RQdN)

up‘lka-i-U(Z) +V.V plTk+U( ) _ vV . (I‘k(([(Pm)XN]?)Nq, Z)kaJru(Z)
(LV}) ¢ CE([(pm) N v, (VW) = % éV(wz’ —wj,yi — y;) + VU (2) oy + Feat(vi),

681118(2:) = DAV — kW + g(Z7 (pZ)N;1)7 s € [Out]a

\

where [p"]" : s € [0,t] = p; solution of (V}) with initial data p™.
As before, T'* satisfies the same estimates than I' and we have the following result.
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Corollary 9.3. For any T > 0, k = 1,...,N, t,t1,to < T, Z, 7" € R*N and
P i Pyt € P(RY),,

T M v, 2) = TR v, 2 < L2 = 2], 2
Hl“'“(([(pm)XN] v Z) < M'(1+1Z))
T M wvs 2) = TR ) R v, 2)) < K sup - Wil(pli) v, (03 wa1)

s<min(ty,t2)
0|V x| Lo [t — Tl
where pl,, pb, are the solutions of (LV},) with initial conditions (pi")*N, (piy")*N

At this point, we remark that the proof of the existence of the solution and the
estimate on the size of its support in Theorem 8.1 uses only the content of Corollary
8.3. Since Corollary 9.3 holds true with the same constants L', M’, K, we conclude
that the proof of existence and size of the support in Theorem 9.1 is exactly the same
Therefore we omit it.

Uniqueness of the solution of (LV) is again a consequence of the Dobrushin stability
result for the system (LV') whose proof is a straightforward adaptation as the one of
Theorem 8.1:

Take two initial conditions pi%, 1 = 1.2 for (LV).

By Theorem 3.6, the same argument as at the end of the proof Theorem 8.1 and the
third inequality in Lemma 9.2 we get easily that

WQ((pﬁ\/’)N:h (7_]75\7)1\751)2 < efo LN(S)dSWQ((p%L)N:h (7_‘71'\?)]\711)2

t t
+ / el I (N2 sup Wa((p ) vats (Th) var ) 2ds
0

u<s
with
(56) Li(t) = 2+2(L)%
By the Gronwall Lemma again we get

Wa((phy)vas (Th)wva)? < 28 OWo (0% vty (TR wa)?

with
(57) FN(t) =t (2 + 2([/)2 + (ZK/)2€2t)(1+(L/)2)>
and Theorem 9.1 is proved. 0

Remark 9.4. T'y is independent from the two initial data p5 and T4

APPENDIX A. PROOF OF THEOREM 3.6

We will denote X = (z1,...,2x),V = (v1,...,on), Y = (y1,. .., yn), 2 = (&1, - -, EN),
all of them belonging to R*.
Let 7 be an optimal coupling for pi", pi. Obviously 7% := (7™)®" is a coupling

for (p")*, (p5") ™.



28 R. NATALINI AND T. PAUL

Let moreover pf, i = 1,2, be two solutions of the equations (25) and let 7% be the
unique (measure) solution to the following linear transport equation

Orn +V - Vxrn +Z- Vyry = Vi - (vi([p!"]™, X, V)7 + Vz - (va([p5"]=, Y, E)7ly)

with 7% = 7% € PP(R*N)®2 optimal coupling between pi" and pi" invariant by

permutation in the sense that, for all o € Xy,
my(0(dZy), 0(dZy)) = 7.

The following first Lemma is equivalent to [33, Lemma 3.1]. It consists in evolving
7 by the two dynamics of p!, i = 1,2. The proof is very similar to the one of [33,
Lemma 3.1].

Lemma A.1. For allt € R, 7l is a coupling between p' and ph.

Proof. One easily check that the two marginals of 7 satisfy the two equations (25).
Therefore, the Lemma holds true by unicity of these solutions. ]

In order to shorten a bit the notations, we will use in the sequel the
following abuses of notation v;(t, X, V) := v;([pl"]=!, X, V) and v! = v;(t,-, ).

By a slight modification of the proof of [33, Lemma 3.2] we arrive easily to the
following.

Lemma A.2. Let

Dy(t) := % / (X —Y)+ (V=21 (dXdVdYdZ).

Then
dD 1
—X < Ll(t)DN + = ‘Vl(ta}/) E) - V2(t7Y7 E)Ppg(dY? dE)
dt N |bR2AN
and
dDy 1 2 ¢
— < LQ(t)DN+_ |V1(t7X7 V) _V2<t7X7 V)‘ pl(dX7dV)7
dt N ]bR2dN
where

Li(t) = 2(1+ sup (Lip(v)) (xv))?),
(X,V)e supp(ph)

Lo(t) = 2(1+ sup (Lip(vg)(yE))Q).
(YE)e supp(ph)

Proof. As already mentioned, the proof is very similar to the one of [33, Lemma 3.2].
Plugging into the definition of Dy(t) the equation (58) satisfied by 7, integrating by
part and using the fact that 2U -V < U2+ V2V U,V € R* (see the proof of [33,
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Lemma 3.2] for details), we get

dDy . drh _
— = — X Y — dXdVdYd=) .
= / v =) T (axavay az)
< X <<|X YP 4|V —=P)
R4dN

+|vi(t, X, V) — vo(t, Y, E)|2> mh(dX,dV,dY,d=Z)

2
< 2Dx(0) + = / Vit X, V) — i (£, Y, 2) 2y (dX, dV, dY, d5)
R4dN

2

= Ivi(t,Y,E) — vo(t, Y, 2) |’y (dX, dV,dY, d=)

N R4dN
< 2Dy(?)

2 . — —
t sup (Llp(V§)<x,v>)2/ (IX =Y+ Y = Ef)ry(dX, dV,dY,d=)

(X,VY,E)€ supp(rly) RN

2

+ 5 vi(t,Y,Z) — vo(t, Y, Z)|*xly (dX, dV, dY, d=)
R4dN

2 _ _ _
< Ll(t)DN(t)JrN/ it YE) = valt, Y. D) Pob(aY, d).
RQN

We conclude by the fact that

sup (...) < sup  (...)
(X,V,Y,E)Esupp(ﬁfv) (X,V)G supp(pfl’)
< sup  (...)

(Y.E)e supp(ph)
Indeed, (we write the argument in the case 7 is a density for sake of simplicity)

(X, VY =) € supp(w’}v) = 7T§V<X, V.Y,Z) >0
N (X, V. dY, d5), / (X, dV.Y,E) > 0

R24N R2IN
& p(X V), pp(Y.E) >0
& (X,V) e supp(py), (Y.Z) € supp(ph).
The second inequality in Lemma A.2 is proved by exchanging pi* and pi®. [

Therefore, by Gronwall Lemma,

Dn(t) < efoLl 145 D (0)
58 + — vi(s,Y,Z) — vo(s, Y, 2)|p5(dY, d= eJs hwdugg
2
N 0 JR2N

Thanks to the following lemma, we can always suppose that 7% is invariant by
permutation in the sense of Theorem 9.1.
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Lemma A.3. Let pi"(dZ1), py'(dZs) be invariant by permutation in the sense of (9).
Then there exists an optimal coupling 7 of pi*, py* invariant by permutation in the sense
that, for all o € Yy, ™o 0®% = 7, that is

w(o(dZy,0(Zy)) = w(dZy,dZs), Yo € Xy

Proof. Let n!(dZ,,dZ,) an optimal coupling of pi", pi*. It is straightforward to show
that, for all o € Xy,

1(dZy,dZy) = 7' (0(dZy), 0(dZs))
is also an optimal coupling of pi, pi, since pi", pi* and the cost function is also invariant

by permutation:
‘Zl — ZQ|2 = |J(Z1> — J(ZQ)" Yo € Xy.

Therefore !
m(dZy,dZy) =~ >
oEX N
is an optimal coupling of p{", pi*, and is invaraint by permutation. [

We now remark that, since both 74! and vy, vy are invariant by permutations of the
variables (z;,v;), j=1,...,N, so is 7y for all ¢ € R. This implies that, in fact,

Dy(t) = %/((X — Y2+ (V-2)Hrh(dXdVdYd=).
_ % ; / (s — ) + (v — &)2) 7y (X AV Y )

_ / (21— 91)? + (0 — €))h (X AV Y dE).

- / (2 — of? + ly — €)1 (dadv),
R2d

where (7l;); is the measure on R* x R?? defined, for every test function o(z, v;y, £),
by

/ o(r1,v1, 91, &) TN (X AV AY dZ) = / o(z,v,y, &) ()1 (dz, dv, dy, dE).
R2dN y R2dN R2dxR2d

Moreover, (7)1 is a coupling between (p') .1 and (pb)n.1. Indeed, for any test functions
Y and @,

/de de(‘”(% v) + o(y, &) (7)1 (dx, dv, dy, d€)
- /deN R24N (,@b(xh vl) + gp(yl, gl))ﬂ-N(dX, dV, de7 dE)

= [ pnw)piEx,av) + / o, ) pb(dY, dZ)

R24N R24N
= [ G 0) () wa(de,dv) + / (. €)) (o) (dy, d€)
R2¢ R2d
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Consequently, one has

Wa((ph)na, (Pa)wa) = inf (| = vf* + |y — °)m(dadydvde)

7 coupling (p})na and (ph)na

< (|2 = v + ly — &) (miy)1(dwdydvd€) = Dy (t)

R2d

and the conclusion follows by (58).
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