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THE MEAN-FIELD LIMIT FOR HYBRID MODELS OF COLLECTIVE MOTIONS

WITH CHEMOTAXIS,
ROBERTO NATALINI AND THIERRY PAUL

Asstract. In this paper we study a general class of hybrid mathematical models of collective
motions of cells under the influence of chemical stimuli. The models are hybrid in the sense
that cells are discrete entities given by ODE, while the chemoattractant is considered as
a continuous signal which solves a diffusive equation. For this model we prove the mean-
field limit in the Wasserstein distance to a system given by the coupling of a Vlasov-type
equation with the chemoattractant equation. Our approach and results are not based
on empirical measures bur rather on marginals of large number of individuals densities,
and we show the limit with explicit bounds, by proving also existence and uniqueness for
the limit system. In the monokinetic case we derive new pressureless nonlocal Euler-type
model with chemotaxis.
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A collective motion occurs when the behaviour of a group of individuals is dominated
by the mutual interaction between them. This behaviour arises in many different con-
texts both for non-living and living systems, as for instance nematic fluids, simple
robots, bacteria colonies, flocks of birds, schools of fishes, human crowds, see for in-
stance [40]. In a nutshell, all microscopic mathematical models of collective motion are
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2 R. NATALINI AND T. PAUL

based on one or more of the following elementary mechanisms: alignment, see [39], [7],
and references therein, separation and cohesion [11, 36]. Concerning alignment models
a popular one is represented by the Cucker-Smale model [7], which was originally pro-
posed to describe the dynamics in a flock of birds, but then it was extended to cover
more general phenomena, as for instance animal herding [10]. The hypothesis of the
Cucker-Smale model is that the force acting on every individual is a weighted average
of the differences of its velocity with those of the others, and this force decays when the
distance between the individuals increases. Some preliminary analytical results about
the time asymptotic behaviour of the model has been proven in [7, 22|, and in the
following a lot of papers investigated the behaviour of this dynamical model in many
directions, see for instance [6] and [32] for a comprehensive list of references.

In recent years, there was a lot of interest about collective motion of cells driven by
chemical stimuli, see [37, 3, 2, 35, 28, 9, 34], and the reviews [24, 30]. Focusing on the
family of Cucker-Smale models, in [12] a model for the morphogenesis in the zebrafish
lateral line primordium was proposed, where a Cucker-Smale model was coupled with
other cell mechanisms (chemotaxis, attraction-repulsion, damping effects) to describe
the formation of neuromasts, see [16, 27| for the experimental basis of this model.
The description of the cell behaviour is hybrid: while particles are considered discrete
entities, endowed of a radius R describing their circular shape, the chemical signal ¢ is
supposed to be continuous and its time derivative is equal to a diffusion term, a source
term depending on the position of each particle, and a degradation term. A simplified
version of the model in [12] was proposed in [13] to allow a full analytical investigation.
This simplified model reads as follows:

(

'jji = Uy,
N
. p 1
(1) $ 0= T 7(v; —vi) + nVep(xi),
j:l <1 + 1R2j
| Oip = DAy — ko + f(z, X (1)),

Initial data are given by initial position and velocity for each particle:

X(0) = Xo, V(0)=W,

with X = (z1,...,2n), V = (v1,...,vxn), and by the initial concentration of signal,
that it is assumed

Here x;,v; are the position and velocity of the i-th cell and ¢ stands for a generic
chemical signal produced by the cells themselves and such that the cells are attracted
towards the direction where V,¢ is growing. For this simple model in [13] a full
analytical theory was developed in the two-dimensional case with a fixed but arbitrary
number N of particles, and results of globally in time existence and uniqueness of
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solutions were proved, as well as the time-asymptotic linear stability. Other analytical
results, for more general hybrid models, can be found in [31].

In this paper we aim to prove the mean-field limit of a general class of models
including (1) towards Vlasov type kinetic equations, together with the hydrodynamic
mean-field limit of such models towards Euler type equations, coupled with chemotaxis.
To our knowledge, both limits, and the related kinetic and Euler equations, and a
fortiori their rigorous derivation, are new in the literature.

Let us describe the class of particle systems we will handle in the present article.

Consider on R*™ > ((z;(t))i=1...5, (vi(t))i=1..5) = (X (), V(t)) the following vector
field

) { fZ((tt)) :%g(t,X(t),v(t)) i=1,...,N, (X(0),V(0) = (X", V™ :

N
1
(4) Fi(t: X7 V) = N Z ’Y(Ui — Uy, Ty — xj) + UVxSOt(%‘) + Fext(xi)a
j=1

~ is the collective interaction function, F.,; is an external force and ¢ satisfies the
equation

(5) 050" () = DAyp — ko + f(2,X(s)), s€[0,1], ¢ =™

for some k, D,n > 0 and function f of the form
| XN
_ ) 1
(6) . X) =+ J_E_l x(z — i), x €C..

The function 7 : R? x R* = R x R? is supposed to be Lipschitz continuous.
The case v(y,w) = ¥(y)w. F = ¢ = 0, 1 bounded Lioschitz, covers the standard
case of Cucker-Smale models.

For any ¢, N we define the mapping @, = &' by
@5\7 . R2dN N R2dN
(7) { Zin — (X VY Z(8) = (X(£), V(1)) solution of (3).
Note that ®Y; is not a flow.

We would like to derive a kinetic model corresponding to the system (3), that is
the one particle (non-linear) PDE satisfied by the first marginal of the push-froward!
P p™ where p™ € P(R?*™), the space of probability measures on R** and Pl is
the mapping defined by (7).

1We recall that the pushforward of a measure p by a measurable function @ is ®#u defined by [ @d(®#u) := [(po f)du for every measurable
function f.
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The first difficulty is the fact that pl := @4 #p% does no satisfy a closed PDE,
except if

(8) pﬁZPZZN,Z52

YEon

where Xy is the group of permutations of N elements and

0(Z)=0(X,V):= (Zo(1)s - - s To(N)s V(1) - - - » Va(N))-
In this case ply 1= pgr(z) satisfies

(X,V) e R*,

N

(9) Oy +V - Vxply =Y Vo, - Giply
i=1

where
(10) Gi(t, X, V) ZV — v, m; — ) + VU (2;) + Fop(a;),
U (and therefore G; t00) depends on the solution pl; and satisfies the equation
(11) O (x) = DALY — kT + [z, piya), s € [0,1],
with g given by
(12) f(x,pNa) = /R2d><(:v —y)pNa(y, §)dydE

with, denoting ®4(2) = (z1(t), ..., Zn(t),01(t), ..., 0n(t)),

Py, §) = / Oy, o, N, € v, o )dTy . doydys .. doy
R2d(N-1)
= /de(N ; p%(z)(y,xg, e, € Ve, uN)dXs . deydus . duy (see Lemma ¢
+ Z oy — z;(t))0(€ — vi()) (see Lemma 4.1 below)

= lay,(2)

In turn, this suggests that the (non local in time) Vlasov equation associated to the
particle system (3,4,5,6) is

(13) Oipt +v - Vup' =V, (v(t,z,v)p"), p° = p™
where
(14) v(t,z,v) =% p'(z,v) + NV, ' () + Fopi()

and 1 satisfies
(15) 0 (2) = DA — w)° + g(2,p%), ¥’ = ™.
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The kinetic equation associated to Cucker-Smale systems, introduced in [23], has been
derived in [22, 20] and, for generalizations of type (3) with ¢ = 0 in [32], without
chemotaxis interaction. We refer to [20, 32] for a large bibliography on the subject.

Let us finish this section by recalling the three following dynamics involved in this

paper, denoted by (P) for (Particles), (LV) for (Liouville-Viasov) and (V) for (Viasov)
and the startegy adopted in the proof of the main results.

z; = v, v = Fi(t, X(t),V(t)), (X(0),V(0)) = Z(0) = Z" € R?

N
E(tY, W)=+ le(wi —wj, Yi — Yj) + V0 (2) | amy, + Feut(vi),
j:

Os¢°(2) = DALp — ko + f(2,X(s)), s €[0,1],, " =¢™

F( X) = £ Sl — 1),

\ ‘]:1

8tION + V- vXPN = Z Vo, Gzﬂ]\h PN = PN = (Pm)®N € P(RQdN)

1=

N
(LV) ) Gz(t7 }/7 W) - %]27(1’% - 'UJj, Yi — yj) + nvqut(zﬂzzyl + Feaﬁt(yi)a

O,0°() = DALY — kU + g2, py), 5 € [0,4], W0 = ",

L 9(z, p?\m) = fRQd X(z — x)p}gv;l(af, v)dzdv

Oip' + v - Vep' = Vo(v(t, z,0)p"), p° = p" € P(R™)
(V) v(t,z,v) =7 p'(z,v) + V) (x) + Fen(2),

| 0s0°(2) = DAY — kb + g(z,p%), ° = ™.

Note that (x * pxa()() = (R 9)(a,. - 2), T(X) =+ 3 x(ay).
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The strategy of our approach can be summarized by the following estimates that we
will establish in some Wasserstein topology,

(PN#pW )N ~ (py)va(t), @l solution of (L), ply of (LV) with pf = piy
pR = (PN |
(P)nNa ~ pf p! solution of (V) with p° = p',
so that, by triangle inequality,
(PNA# PN )N ~
with,®% solution of (L) and p' solution of (V') with p° = (p%)n.1.

2. THE MAIN RESULTS

Theorem 2.1. Let p™ be a compactly supported probability on R*¥ | let Pl be the
mapping generated by the particles system (3,4,5,6) as defined by (7), and let T be the
function defined in formula (31) below.

Then, for anyt > 0,

N~z d=1

. ) 1
W ((q)ﬁv#(Pzn)@N)N;hpt) <7(t) N 2logN d=2
N-a d> 2

where p' is the solution of the Vlasov equation (13,14,15) with initial condition p™
provided by Theorem 8.1 below and Ws is the quadratic Wasserstein distance whose
definition is recalled in Definition 3.1.
Moreover, let us denote by @', the chemical density solution of (3,4, 5, 6) with initial
data (Z™, ™) and by wzm the one solution of (13,14,15) with initial data (p™, ™).
Then

N~z d=1
| IV = VUl (@2 < () { N-Hog N d=2
R N-i d>2

where 7, = 5t> Lip(Vx)?(7(t) + Cer )2 with T'(t) given by (40) and C defined in The-
orem 4.2.

Finally, the function 7(t) depends only on t, Lip(v), Lip(x), Lip(V), and the sup-
ports of ®#(p™ and p', and satisfies the following estimate for all t € R,

() < e

for some constant C,depending on Lip(7y), Lip(x), Lip(Vx) and |supp(p™)]|.

Corollary 2.2 (Hydrodynamic Euler limit).

2through this paper we define Lip(f) for f: R™ — R™,m,n € N, as Lip(f) := | max Lip(f;)
<i<m
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Let '™, u'™ o™ be such that the Euler system
Ot + Vi (ulpt) =0
Op(p'u’) + V(' (u)*?) = p* [4(- =y, u'(-) = u' () p'(y)dy + V' + F
Os9°(2) = DAY — kp + x * p®, s €0, 1],
(M07U07¢0) — (,me,um,@m) c HS, s > %l_|_ 1.
has a unique solution u',u' € C([0,t]; H®) N CY([0,T]; H*™Y), ¥t € C([0,t]; H®) N
CL([0,T); H*2) N L*(0,T; H*™) and let
P = " (2)d(v —u" ().
Then, for any t € [0,T],

N3 d =
; 2 1
Wo ((Cbﬁv#(pm)(@N)N;l,,ut(:r)(S(U — ut(a:))) <7(t){ N 2logN d=2
N—i d> 2
Moreover,
N2 d=1
/RdN ”VSOIEXm,u@N(Xm)) - V@bf)m |go(,um)®N(de) < 7e(t) N_?logN d=2.
N~ d> 2

Proof of Theorem 2.1. Clearly Theorem 2.1 links the dynamics of the particle system
(3,4,5,6) and the one driven by the Vlasov system (13,14,15). As an intermediate
step we will consider the N-body Liouville type one defined by (9,10,11,12).

We will proceed in several steps.

Step 1 [Section 4]: we will show that the marginal (9, (p™)*")y, of the pushforward
of the initial condition by the flow generated by the particle system (3,4, 5,6) and the
marginal (p.,) of the solution pfy of (9,10, 11,12) are close as N — oo in the same

Wasserstein topology through an estimate for Wa((®4#(p™) ) .1, () v:1)-

Step 2 [Section 5] we will show that the marginal (p}.;) of the solution pl of
(9,10,11,12), is close to the solution of a Vlasov type closed equation (13,14,15)
derived below in Wasserstein metric by estimating Wa((py )1, p')-

Step 3: [particle density/: we will use the triangular inequality for Wo:

Wa((@# (™) ), p1) < Wal(@#(P™) ™ ) v, (D)) + Wal(phy)was -
The first part of Theorem 2.1 is then given by the estimate on Wa((®4#(p™)* )1, (ply)N:1)
given by Proposition 4.3 and the one on Wa((ply)n.1, p) given by Proposition 5.1.
Step 4: [chemical density/: he chemical density estimate is obtained by the triangle
inequality

oo < Hv@tzm - Viﬁzzm 0o T vat - V!Df)m 009

Nzin
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N
where iz = % > 0., which leads easily to
=1

IV = Vitgalli < 5(1IVEG0 = VU i 2).
Both squares are estimated by Corollary 3.6, and Wa((®h#pzin, pftzm)2 is estimated by

the first estimate of Theorem 2.1, while Wg(pzz (p™)%)? by the Dobrushin estimate
in Theorem 8.1.

L+ VY — Vil

K zin

in?

Step 5: [rate of convergence/: the estimate for 7(¢) is proven at the end of Section 5
(see formula (32)). O]

Proof of Corollary 2.2. Corollary 2.2 is a rephrasing of Theorem 2.1 in the mokinetic
case, straightforward by using Theorem 6.1. L]

Remark 2.3. As it is clear from the step 3 above, an alternative to the second statement
in Theorem 2.1 is the following.

N3 d =
IV — Vb2 < VY, — Vil + 56 Lip(Vx)*7(t)) ¢ N 2logN d =2
N d> 2

3. TECHNICAL PRELIMINARIES

In this section we establish or recall several results which will be intensively used in
the core of the proof of Theorem 2.1.

3.1. Wasserstein distances. Let us start this section by recalling the definition of
the first and second order Wasserstein distance Wy (see [41, 42]).

Definition 3.1 (quadratic Wasserstein distance). The Wasserstein distance of order
two between two probability measures pu, v on R™ with finite second moments is defined
as
Wa(p,v)* = inf / [ — yI*y(dz, dy)
Vel (y) JRmxRm
where T'(p, v) is the set of probability measures on R™ x R™ whose marginals on the
two factors are p and v.

Likewise is the first order Wasserstein distance W; between two probability measures
i, v on R™ with finite moments is defined by the following.

Definition 3.2.
Wilpov) = supl [ fln=v)] £ € CX(R), Lin(y) < 1}

Lemma 3.3.

(1) Wl(:ua V) < WQ(:“) V)7
(2) sup | [ f(p—v) = Wi(u,v),

Lip f<1
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(3) The convergence in the weak topology (i.e., in the duality with Cy(R*®) of
sequences of probability measures with supports equibounded is equivalent to the
convergence with respect to the distance Wy, p = 1,2 (in fact with respect to
Wasserstein of all orders),

Proof. The first and second items are exactly formulas (7.1) and (7.3) in [41], The
third item is a straightforward consequence of [41, Theorem 7.12 (iii)], since the weak
convergence of equisupported sequences of measures implies the convergence of all of
their moments O

Finally, we will need below the following result.

Lemma 3.4. For any measures p,v € P(R?*™N) with finite second moments and any
area preserving mapping ® : R — RN

Wo(OHpu, H#v) < Lip(®)Wa(u, v),
where Lip(®) := max Lip(®;).

1<i<N

Moreover, for any N € N, N > 1,
WQ(M®N, V®N)2 < NWQ(/L, V)Q.
Proof. Let 7 an optimal coupling for 1 and v. Obviously (® ® ®)#m is a coupling for

®# 1 and P#v, by the area preserving property of ®.
Therefore,

W@, o) < [ Jo - 2P0 @ Ol d)
R4dN
< / B(2) — () Prldz, d2)
R4dN

< Lip(®)’ / = — #Pr(dz d2') = Lip(®) Wa(u, v)?
R4dN

by optimality of .

Moreover, 7%V is obviously a coupling for p®" and v®. Therefore

N
_ / S Jai — 2PN (dZ, dZ)
RN <=7

= N |z — 2P (dz, d2') = NWy(pu,v)
R4d

Wo(u®N, %) < / Z — Z')*7n*N(dzdZ")
R4dN

by optimality of 7 again. ]
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3.2. The diffusion term. The three equations (5), (11), (15) namely
0s°(2) = DAp—rp+ f(2,Y(s), ¢ ="

(16) O 0%(z) = DAY — kY +g(z,p%,), V= ™"
OsY'(2) = DAY — kY +g(z,p°), ' =¢"
1
can be solved, denoting I = | 1 |, by
1
¥'(2) t f(z, X(s))
(17) \I/t(z) _ e—mﬁ/ e(t—s)DAz g( 2, p ?\f ds + e —Kt tDA mI
P (z) 0 9(z, ")
or (1 X(8) |
— / / 46Dt( S) g(zl7p?v;1) deZ te —Kt tDAQOZn.I
Rd 7 S g(zl, ps)
¢'(2)
Note that V. | U¥(z) | is given by the same formula after replacing x by Vy in the
Ui (z)

definitions of f and g.

The following lemma will be systematically used inthe forthcoming sections.
Lemma 3.5. Let p, p' € P(R?) and pu € Lip(RY). Then, for all t > 0,
(") % (p — )| Loe(ray < Lin(1)W,(p, p), p=1,2.
Proof. On has

(e"2Vx) % (p — p) ()]

| / (2)(€BVX) (i — 2)(p — )]

< Lip((e ’fAVx)(xz— ))Walp, p')
< Lip (e"*Vx)Wal(p, o)
< Lip VxWa(p, p')
since, by Lemma 3.3,
sup | [ fldp — dv) = W(u.v) < Walpev),
Lip f<1
and
(2VX) (@) = (V) ()] = [(e?(Vx(z =) — e (Vx(y —))(0)]

< |[Vx(z) = Vx(y)l-

Corollary 3.6. Let ¢ and o' solve (16). Then
IV = V|| 1 (rey < tLip(VX)Wa((RN#(p™) ™ ) v, 1)
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3.3. Propagation of Wasserstein type estimates. In this paragraph, we establish
a result used later as a black box, concerning the propagation of estimates in Wasser-
stein topology under general transport equation including the several types used in this

paper.
Theorem 3.7. Let us suppose that the two equations
(18) Qi +V - Vxp; = V.- (vi(t, X, V)pi), o = (o)™, pi" € P(RY), i =1,2.

have the property of existence and uniqueness of solutions in CO(R*, P, (R?*™)).

Here v;(t, X, V') might depend on the solution pi for 0 < s <'t, is supposed to be in-
variant by permutations of the variables (x;,v;), j =1,..., N, is Lipschitz continuous
with respect to (X, V') and satisfies the estimate

vi(t, X, V) <%V, i=1,2

for some constant vy < oo, uniformly in X,V € R*™ t ¢ R.
Let moreover pl, i = 1,2, be two solutions of the equations (18) and let 7% be the
unique (measure) solution to the following linear transport equation

(19) oy +V -Vxny +Z-Vyry = Vy - (Vl(t, X, V)?va + V= - (Vg(t, Y, E)Tr}t\;)
with 745° = 7 optimal coupling between (p")®N and (ph)*N.
Let us finally define, fori=1,2,

¢
‘ ] Jreav-y Pl e, w0, va, . oN)dTy L daydus . duy N > 1
(meMW_{d@mL N=1

Then, for allt € R™,

WQ((pi)N:h (pé)N:1)2 < efo dSW( P1 ,pén)2
/ / Vi, X, V) = vals, X, V)P (o) 2N (dX v el 100 ds
R2dN

with

L(u) =2+ 2min sup Lip(vi(u, X, V)) + Lip(va(u, X, V))
L2 (X V)esupp(py)

The proof on Theorem 3.7 is given in Appendix A.

4. FROM PARTICLES TO LIOUVILLE-VLASOV

In this section we estimate Wa((®4#p™ ) n.1, (ply)N:1), where @ defined by (7) is gen-
erated by the particle system (3,4, 5,6) and pl; is the solution of the N-body Liouville
type one defined by (9,10,11,12) with initial data p™.

Applying Theorem 3.7 with
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N
1
(Vl(S, X, V))Z = E(t, X, V) — N Z")/(UZ — 'Uj, T, — ZC]) + nvx@t(lﬁz) + Fext(mi)
j:1
(va(s, X, V)i = Gi(t, X, V) Z’y — v, T — T;) + NV U (1) + Fope(y)

we get easily that
(20)  Wa((@N#p™ )N, (pv) V)

< 477NZ/ /]_3{2dN VSD 331 V\IIS(;UZ)” ((I) #( m)®N)(dX, dV)effz(u)dudS

with

21 L(u) =2+2 min su Li + 2n Lip(Vy)2.

( ) ( ) pe{@h #(pm)EN gt ( iJ:L,IiN p( )(x —T,; vl)) n p( X)
X, VY, ZEesupp(p)

Therefore, we have to estimate
(22) T8 = T ) (@) )X, V)X v,
We first remark that, in (16),

f(7X> = X * Mz,
where, for any Z = (zy,...,2y) € R*¥ the empirical measure j is defined by
N

(23) Hz = % 5Zk
k=1

Therefore, by (17),

V'(-) = e_ns/ e(S_u)AVX * chu(ZO(X.V))du
0

where Zy(X, V) is defined by ®'(Zy(X,V))) = (X, V).
Note that such Zy(X.V) exists for any (X, V') appearing in the integral in (22) since
one integrates with respect to the measure (®4#(p™)*V)(dX,dV) ie. Zy(X.V) €

supp((p™)*V),
Now,

/ (Vb () — VU (2,)) 2@ #(p™) M) (X, V)d X dV

_ —2/{5/ / (s— uAvX) (,UCI)“(ZO(XV)) (pN)Nl)(xz” ((I) #(p zn)@N)(X, V)dXdVdu

So that, denoting
(24) N (X, V) = (2 (VI V), 2y (X, V), 0y (XL V), oy (X, V)
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ie. xi(X,V) being the z;-component of ®'(X,V), one has, since ®'(Zy(X,V)) =

(X, V)
/ (V® (1) — VO (2)) (D #(p™) V) (X, dV)
_ e / | / (AT (o — (PhInn)) (£ V)P0 (X, d )
OS
_ 62&5/ ‘/O (e(su)AvX * (M@“(X,V) . ((I)u#(pm)@N)N;l
+ (@ H#(p™) Y ) — (p?v)N;l)) (@5 (X, V) P(p™) N (dX, dV)du
< 262'18/ (\ /Os(e(su)AVX) % (pav(x) — (@)Y ) wva) (#1(X, V) duf?
+| /O (BT x) % (D“# (™)™ )va — () vaa) (H(X, V))dUI2> (") N (dX, dV).

Using Lemma 3.5 we get

(eC"AT ) * (D “#(p™) N ) yg — (PR )vi) (i) < Lip VxWa((@ #(p™)* ) n, (PR wan)-
Therefore, by (20),

WQ(((I)ﬁv#pm)N;la (P N:1)
t t
= Q”Lipwt/ / Wal(©°#(0™) % ) wvar, (93 e W (85 (™) ) v, (03) vt )dsdls’
0 0

1Lt
—2Ks
(25) +4T]N izgl/() 2e X

/ | / (AT ) x () — (B (™) ) (@ V))dul ()N (X, dV )ds

In order to estimate the last line of (25), we will need the following result.

1
pz = (ﬁ Z 50—(2)>
N:1

Lemma 4.1.

oEXN
where X 15 the group of permutations of N elements and

0(Z) =0(X,V) = (Ts1), - > Ta(N), Vs(1)s - - - » Ua(N))-

Proof. Let us recall that ¥y = {o : {1,...,N} — {1,..., N}, o one-to-one} so that
#>n = N!. We have

/.../50<Z)sz...dzN = /.../50(2) H dz
I#£a(1)
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Therefore

Using successively (24) Lemma 4.1, the definition of marginals and the fact that
> @iy (2) = 2 Ot (s(z)) since the system (3) preserves the indiscernability of the

oEYXN oEXN
particles, we get the followmg chain of identities

2

/ /Os(e(s—umvx) (o) — (4(p™) N ) wva) (21X, V)| (o) (dX, dV)

= [\ a0 V) = ) i — (@G M) ) (e )]
x(p™)*N(dZ)

- / /0 AV @(2) ) ( zﬁ:@r@wﬂm — (@ #(p™)* ) xa) (da’, d')du
x(p™)*N(dZ)

- //056<s—u>AVx)(a:§(Z)—x’)((ﬁ;%%(a(z»)m_(@u#(pm)@N)N;l)(dx,’dv,)du
x(p™)*N(dZ) 2

— / /Ose<s—u>AVx)(x§(Z) — 1) (@%#(%;50(2) _ (pin)®N)>Nl(d$,’dv,)du

x(p™) "N (dZ)
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Therefore, using Lemmas (3.5), (3.3) and (3.4),

N Z/ /OS e(S_U)AVX)(xf(Z) - CUI) < 111\[#(% Z(SU(Z) — (pm)®N)> (daz’, d'U/)dU,

x (o) (dZ

IA

X(pm ®N(dZ

Lip Vx? sup Lip(®%)?s” / (Wa((z)®N, (p™) )P (p™) N (dZ)

u<s

IA

< Lip Vx*sup Lip(®y)*s’ / (Walpz, p™) (™)) (dZ)
N3 d=
(26) §LipVX2supLip(<I>1fV)2s2/ (z° + v p"™(dz,dv)C{ N~zilogN d=2 .
<o e N dso

thanks to the following result by Fournier and Guillin:
Theorem 4.2 (Theorem 1 in [15]). Let p satisfy

/ (2% 4+ v*)pldw, dv) := Ms(p) < oo.
R2d
and let pix vy, (X, V) € R*, be the empirical measure defined by (23). Then

Wapuxvy, 1)1 (dXdV) < Ca(N)My(p),

R2dN
where )
N7z d=1
Cy(N):=C{ N zlogN d=2
N-i d>2

where C' depends only on d.
Plugging (26) into (25) we get

(( Pt (p™) ) wats () wa)?
< D(t)Cyq(N) +nLip Vy?

/ fL Ydu— nsds/ dS/ ds”

ORH(™) )it (o) n:) Wa (BN #(0™) N )i, (03 )v:1)-
with

¢ o
D(t) = 2nLip(Vx)*Ms(p™) / s sup Lip(qﬂ](,)?efs L(w)dug o
0

u<s

15

T A S P
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Hence, for any 7' > 0, we have

sup Wa((@N# (™) ) v, () wvn)?

sup D(t)Cy(N) + n Lip V*

t<T

T
X/ €f L(u)du—2ks s> supWQ(( ?V#(pm>®N>N;1’(pr)N:l)QdS
0

IA

u<s

sup D(t)Cyq(N) + n Lip Vy?

t<T

T T sup E(u) T2 s in\QN s 2
X e u<T 7supVV2(( NHE(P™) )N;la(pN)Nil) ds.
0

u<s

IA

By the Gronwall Lemma, we get immediately that

s sup L(u) 2

Wao((®h#(p™)* M nat, (P )va)? < sup D(8)Cy( NPV Joe "= ds

s<t

(27) = B(t)*Ca(N)

and the final result of this section.
Proposition 4.3.
Wa((P#p™ ) v, 1) < B(t)*Ca(N)

5. FROM LIOUVILLE-VLASOV TO VLASOV

In this section we estimate Wa((p'y)n.1, p"), where py is the solution of the N-body
Liouville type one defined by (9,10, 11,12) and p' is the solution of the Vlasov system

(13,14, 15), with initial data (p™)®Y and p™.
We first remark that (p')®" solves the equation

AP +V - Vx(p)N = V.- (va(t, X, V) (p")*M),
with
vao(t, -, ) == v(t,-, -)®N.

Therefore, applying again Theorem 3.7 with this time

(vi(s, X, V)); = Gi(t,X,V) ny — v, — x5) + VeV () + Fop(;)

<V2(87 X7 V))Z - (ta Ty, Ui) =77*p (xia Ui) + nvxwt(xz) + Fext(xi)a

we get easily that
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2

N
1 S
= 2w — w0 = vg) =y % p (i, i)

J=1

N t
1
WQ((ptl)N:la(pg)Nil)2 < 4NZI:/OV /deN

+ 07 |(V* (z:) — V\I/S(:cz))|2> (p*) N (dX, dV)efst Hu)du g

with

(28) l:)(u) =2+2 min ( sup Lip (’7)?%—:517@1-—7)1)) + 20 Lip(Vy)~
pe{p,(P)®NY  gi=1,..N
(X, V)=€supp(p)

The first term in the integral has been estimated in [32, Lemma 3.5, Section 3] and we

get
1 — :
| |5 2= a0 =) = 3 (o) | ()7 (X, V)
j=1
4 / N2
< = sup v(z — 2’ v — ')~

N (@) (@) esupp(s)
It remains to estimate
(20) [0 ) = T ) )X av).
We have
[V (2;) = Vi ()

t
= e / (AW Y) * ((py) v — p°
0

/

))(@i)ds'|*
s t
= e s [ (@0 w (v = o) (V0 x (v =) a)
But, by Lemma 3.5,

‘(e(t_s)AVX) (o) v — 0% ) ()| < Lip VxWa((pi) w1, ).

Therefore

VO ar) = Vo) < LipVate ™ [ [ (@ o Wl ), ds'ds”
0 0



18 R. NATALINI AND T. PAUL

and we get

4 [t ,
Wa((py)nas ')’ < N/o( 5 sup y(x — 2’ v — o) Pels Ldugg

v’ v')Esupp(pt)
t t s 5 ’ / " "
w [rermen [y [ asWal(od)ans Walpwa. o )ds
0 0 0

t
= %—l—nLlpVX/ 25 [ Ludugg o

/dS/ ds’ W2 /)N Nlp )W2(PN)N1P )

0 e OO e alt?
- N N
by the same Gronwall type argument than in the proof of Proposition 4.3 in Section 4.
Wwe get the final result of this section.

Proposition 5.1.

2
Wal(pl )l < S
Out of «, 3, defined in (27)-(30) we define
(31) 7(t) = a(t)* + B(t)*.

Estimating 7(¢).

By the same type of arguments than in the proof of [32, Corollary 2.6 | one can easily
estimate 7(¢) by using the estimates of ®%; established in Proposition 7.2 and Theorem
7.3, on the support of ply given by Theorem 8.1 and the support of p' in Theorem 8.1.
We omit the details here.

We get. for some time independent constant C', depending explicitly on and only on
Lip(y, Lip(x), Lip(Vx) and |supp(p™)],

(32) T(t) <ef .

6. HYDRODYNAMIC LIMIT

The hydrodynamic limit of Cucker-Smale models has provided up to now a large
litterature, whose exhaustive quotation is beyond the scope of the present paper. We
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refer to [6] and the large bibliography therein. In [6], the corresponding Euler equa-
tion is derived for Cucker-Smale systems with friction, using the empirical measures
formalism and in a modulated energy topology.

Our approach and results are different: we consider generalizations of frictionless
Cucker-Smale models, coupled to chemotaxis through a diffusive interaction, for large
numbers N of particles and we provide explicit rates of convergences in the quadratic
Wasserstein metric towards Euler type equations.

Our result happens to be a simple corollary of our main result Theorem 2.1 in the
case where p™ is monkinetic, i.e.

o (2, v) = W (2)5(v — u"(x))

thanks to the following result: the monokinetic form is preserved by the Valsov equation
(13) and the solution is furnished by the solution of a Euler type equation..

Theorem 6.1. Let p!, ul, ! solves the following system

O’ + Vi (u'pt) =0
O(pul) + V (pt (u)*2) = p* [ (- =y, u' () — W' (m)p' (y)dy + V' + F
050 (2) = DAY — kb + x * u®, s € [0,1],
(MO’UO’wO) — (Mzn’uzn7wzn) c H‘S, 5> %l+ 1.
where p',u' € C([0,¢]; H*) N CH([0,T]; H*7), @' € CO([0,¢]; H°) N CY([0,T]; H*7%) N
LQ(O,T; Hs+1) 3'
Then p'(x,v) = p'(x)d(v — u(x)) solves the following system
Opp' +v - Vop' =V, (v(t,z,0)p"),
v(t,,v) = y(z,v) * p' + V)" (2) + Feur(2),
0s°(2) = DAY — Kb+ g(2,p°), ¢ =™
P, 0) = " ()50 — u (1)),

Proof. When 1 = 0, the derivation of (33) out of (3.5) is standard, see e.g. [6, Section
1.2]. The addition of the term nV 4! is a straightforward generalization. ]

7. ESTIMATES ON THE SOLUTION OF THE PARTICLE SYSTEM

Global existence and uniqueness for the system (P) has been proved when 7 is exactly
the Cucker-Smale field in [12]. It is straightforward to adapt the proofs to the case of
a general ~ satisfying the hypothesis of the present paper. This situation is anyway
fully included in [31, Theorem 6] and we have the following result.

Theorem 7.1. Let Lip(7), Lip(Vx < oo and let Z" € R*N. Then, for any N € N, the
Cauchy problem

3We suppose this regularity because it is somehow standard for mixed hyperbolic-parabolic systems (see [29, Theorem 2.9 p. 34 ], one
certainly could low it down.
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2

d = v, % = F(LX(0), V(1)) (X(0),V(0)) = Z(0) = 2" € R*N

N
E(tY, W)=+ 21 Y(wi — wj, yi — ;) + 0V (2) | amy + Feat(vi),
j:

0s0°(2) = DAL — kp + f(2,X(s)), s €[0,t],

o) = S xle =)

has a unique global solution in C°(R, R?),

Estimates on the solution of (P) can be easily obtained by the same kind of proof
that in [32, Appendix A]. We get the following result.

Proposition 7.2. Let vy = Lip(y) + Lip(Vx. Then, for allt € R, the solution of (P)
satisfies

lvi(t)] < EIllaXN|U]( )|e*t, i=1,...,N,

2t _ 1
z1()| — |z:(0)|] < max |v;(0)|——

_ , 1=1,...,N.
j=1,...N 2

Finally, we will need the following estimate on the derivative of the flow generated
by the system (P).
Theorem 7.3. Let z;(t) = x;(t),v;(t), i =1,..., N be the solution of (P) with initial
date z;(0) = 2. Then, for all T € R,
0z
sup - (t)
t<T | 02"

with 1 = Lip(7), 72 = Lip(Vx).
In other words,

<emteht G i—1 ... N

sup [yl < e
t<T

Proof. One easily get that, for each 7,7 =1,..., N,

O4l)] < Lip(y)= Z 22 4y Lip(Tx)~ Z/

o 0z m
j
Therefore, since the right hand—81de of the preceding equality doesn’t depend on 17,

Oull)] < Lip(y )Z Oall)] 4 ) Lip(v) / Z il

n mn
— 07 — 0z; 0z;

(92:1
azl’n

Oy

Oy
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so that, since

02(0) o= 0z" o~
0z _Zazm _g% =h

Z:l ]

>

1=1
iazi(t)—1 <Li()/za()du+ Lip(Vy) // azl dsdu
— 0z} = HP 0zin n Lip(Vx (9,2“”‘
< (Lip(y) + T Lip(Vx) /O 6;;(21:) du
=1 J
and, by Gronwall Lemma,
N
az@(t) < ZaZZ(t) < 6’)’1t+’}/2Tt
aZ;n = |4 o0z | — ’
1=1
]

8. EXISTENCE, UNIQUENESS AND DOBRUSHIN STABILITY FOR THE VLASOV
SYSTEM

Theorem 8.1. Let Lip(7), Lip(Vy < oo and let v'™ € P.(R??), the set of compactly
supported probability meausres. Then the Cauchy problem

[ Op' +v - Vaop' =V, (v(t,z,0)ph), p°=p™
(V) v(t,z,v) =v*p'(z,v) + nVb'(x) + Feur(),

0s*(2) = DAY — K + (2, p%), ¥ = ™.
t
has a unique solution t — (Zt> in C°'(R, P.(R*) x Whe(RY)).
Moreover, if p'™ is supported in the ball B(0, R®) of R?? centered at the origin of
radius R°, p' is supported in B(0, R') with
R' = PO ol ot SHEROO (RO 4 Lip(7) + || P | ey + 11 Lip(X)) -
Finally, if pt, pb are the solutions of (V) with initial conditions p'*, pi*, then the
following Dobrushin type estimate holds true

Wi (pt, ph)* < 2" OWy (o}, p3')?
where I'(t) is given by (40).

Proof. The proof of the existence of a solution will follow closely the proof of Theorem
2.3 in [33, Appendix A]. The main difference is that v is not only non-local in space as
in [33], it is also non-local in time as v(¢, , v) involves the whole history of the solution
{p*,0 < s <t}. In fact

(33) v(t,z) = v(t, (z,0), [p"])
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where [p"]=! : s € [0,t] — p* solution of (V) with initial data p™.
We will first need the following Lemma

Lemma 8.2. For any T > 0, there exist L'.M', K’ < oo such that, for any t,t1,to < T,
z,2 € R* and any p™, pi", pi* € P(R*),,

Vit 2, ") = vt 2 [ < =2,
| vt 2l < M1+ ]z])
Vit 2 [o15) = vt 2, (15 <K' sup Wio, p3) + all Vil 1 — tal.

s<min(ty,tz)

where pl, pb are the solutions of (V') with initial conditions pi", pi*.
Here W1 s the Wasserstein distance of order 1 defined whose definition is recalled
in Definition 3.2:

The proof is immediate with L' = Lip(v) + Lip(Fext) + T Lip(Vx), M' = Lip(y) +
[ Feat|| e ey + 1 Lip(x) + Lip(Ve™) and K’ = Lip(v) 4 7 Lip(x).

Let us fix T'> 0. For Kk €¢ N we define 7, = T2°F.

Let pt be defined by pi=" = p™ and, for [ =0,...,2" — 1, uw € [0, 74),

([ Dupy (2, 0) + 0 - Vop (@, 0) = V- v(lm, @, 0) o (2, 0)

(Vk) < Vk’(lTk’a .I,U) - ’)/(.CU,’U) * pi;Tk + va¢k(lTk, JZ) + Fesct(x)u

[ Osthi(s,2) = DAY, — Ky + g(2, p7), 0 < s <lm, ) = ™.
with
(34) wi(t, z) = v(t, 2, [p"]5")
where [p™"]' 1 s € [0,1] — pj solution of (V;) with initial data p™ (note that v(-,-,-),
defined by (41), is independent of k).
Note that we have obviously the following corollary of Lemma 8.2.

Corollary 8.3. ForanyT > 0, z, 2 € R*® and k € N, one has, with the same constant
L'"M', K" than in Lemma 8.2,
lv(t, z) — vt )| < L'z = 2],
vt ) < M'(1+1=]),
Moreover, if vi(t, 2), pl. satisfies (Vi) with pt=0 = p'™ and vi(t, 2), o}, satisfies (V3,) with
pll;:O — plinj then

Huk(t, Z) - Vé(t/, Z)”LOO(R;CO(R?d) < K’ sup Wl(pk(s), p;ﬂ(S)) + K”‘t - t/|.
0<s<min(t,t")
We first show that the support of the sequence pi, is equibounded.
One easily checks that,since p' is compactly supported, so is pf for all k,¢ by con-
struction. So supp(pl) C B(0, R}) for some Ry(t). One can estimate R} as follows.
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supp(py*) C B(0,Ry*) = |[vi(t,2)|ls = [[V(t, 2, [0l < M'(1+ R*)
= Supp(pg’“w) C B(0, R?’“ +uM'(1+ RZ’“)), u € [0, 7]
= supp(pl V™) € B(0, (1 + m) R 4 7, M").

Therefore, one can choose RT satisfying

(1+ Mm)R™™ 4 m

(1+ M'n) R“ I M1+ (1+ M'ry)

(1+ M) 'R+ M (1 + M) —1)

(1+MT2 "R+ M'(1+ M'T27%)* — 1) < M7 (M + R°) := R”.

Here R is such that supp(p) := p™) C B(0, R")

Hence the sequences (pl)ren are compactly supported in B(0, RT) uniformly in k&
for all ¢ € [0, T]. Therefore there are tight for all ¢ € [0,T]; By Prokhorov’s Theorem,
this is equivalent to the compactness of (p!)ren with respect to the weak topology of
probability measures (i.e., in the duality with Cy(R??), the space of bounded continuous
functions). Hence, up to extracting a subsequence that we will omit to mention, pi —
pl weakly. By Lemma 3.3, this convergence is equivalent to the convergence with
respect to the distance Wi, so that we just proved that

Iy
R <

VAN VAR VAN

Wi(pk,pt) — 0 as k — oo for allt € [0, T].

By [33, Proposition A.1 2] and the first inequality in Lemma 8.2, we get that, for
[=0,....28~1, s€[0,7),

Wi(pi*, pit+*) < sL.
Hence, by the triangle inequality,
Wi(ph, o) < L't — |,V 1" € R.

Therefore, since L' and pl=" don’ t depend on k, the sequence p! is equi-Lipschitz

continuous with respect to 1. This implies, by the triangular inequality again, that,
for all ¢, € [0,T],k € N,

Wi(pl, o) < Walpl, pi) + Wa(pl, p1.) + Wilp, L)
< L/‘t - t,| + Wl(piu PZ) + Wl(pk; p*) — L,lt - t/| as k — oo,

Therefore p! is L'-Lipschitz and, in particular,
Pl € Co([0, T, Pe(R*)).
What is left is to prove that p solves (V) and that the solution of (V') is unique.
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To prove that p! is a solution of (V'), it suffices to prove that

() JusaOf +0-Vof = Vo f (b, 2,05 pl(dZ)dt = 0

(V) vt (2,0),p5") = v(2,0) % pl + Vb (@) + Fem(2),

for each f € C°([0,T] x R*?).
By construction, we have

(I+1)m
/ (Ouf (u,2) + v Vo f = Vof - v(I7k, 2, 05 ™)pi(dz)du = 0
l R2d

for every k: e N.
The equation

T
(35) [ [ @+ 0 Vg = Vg vtz = o
0 R2d
will be proven through the three following limts:
T
(36) lim / (Of +v - Vo f)(pl — pi)(dz)dt = 0
k—oo J R2d
21 (41
SO Vo (vllm, 28 = i, 2, p5%) ) ph(dz)du 0
k—o0 =0 175 R2d
"1 (1),
O VoS vllm 2 pE) (o} o) (d2)du = 0
k—00 I7, R2d

=0

To prove (36) and (38) we remark that, since f € C>([0, T] x R*¥) and by the Lipschitz
property of v(I7y, z, p='™) we have, by the Kantorovich-Rubinstein- Theorem, that the
absolute value of the right hand side of (36) satisfies

i [ [0 e Vel - s
< kh—glo T(Lip(0:f) + Lip(v - V. f)) sup W1 (/Olm p*) =0,

t<T
and the abolute value of the right hand side of (38) satisfies

2F 1

(I+1)m
<lTk (s
|kgrgoz/l b im0 (@)
< lim T'Lip(V f)|supp(f )IM sup Wi(pj, pi) = 0,
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Let us finally prove (37). By the third inequality in Lemma 8.2 and the L’-Lipschitz
continuity of p, we get that, for each u € [l7y, (I + 1)7x],

T
’ (I, 2,05 ™) = v(u, 2,p2™)| < K’ sup W1(P§ng>,0iTk)+K”?
0<s<lry,
so that
B [ f W (07277 = vl 2,7 pide)

]}LIgOTIIVfIILoomzd) ( sup Wi(pj, pl) + K”%) =0

0<t<T
The proof of the uniqueness of the solution of (V') is obviously a consequence of the

Dobrushin stability result that we will prove now.
Take two initial conditions pi",l = 1.2. By Theorem 3.7, we have that

W2(P17 P2)
< fo dsW ( )2

" / /RMNZ”V s, Z,[V')=") = v(s, Z, [0y 1= ) P (o) *N (d X, dV)el: (0™ ds
t t

< el 1 MW, (pzinapin)2+/ 2\|[v(s, Z, [p"]=5) — v(s, Z, [pén]<s)”goefsl(u)duds
0

¢ t
< eh Ty (i, pi)? 42 / el 1M (KT sup Wa(pt, piy) ds
0 u<s
by the third inequality in Lemma 8.2.
Here, by Theorem 3.7 and the first inequality in Lemma 8.2,

L(u) = 242 mm sup  Lip(vi(u,z,v)) + Lip(ve(u, z,v))
=12 (z0)€supp(p})
(39) = 24 2min( sup  Lip(y )( ))—|—2(L)
=12 " i=1,..N
(x,v)esupp(p})
where we denote by Lip(7)(,,,) the Lipschitz constant of v at the point (z,v).
Therefore, for any T"> 0

sup Wa(py, p3)*
t<T

< sup el KL (o, i) +28uP/ ot (Y2 sup Wa(pt, py)2ds

t<T t<T u<s

< el HOB o, i) +2/ el 1A (JY2 sup Wapt, pi)2dss.

u<ls

By the Gronwall Lemma, we get immediatly

Wa(ph, ph)? < e"OWa(pl”, pi)?
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with
(10 r(t) =1 (sup L(s)+ <K><>>
s<t
Theorem 8.1 is proved. a

9. EXISTENCE AND UNIQUENESS FOR THE LIOUVILLE-VLASOV SYSTEM

Theorem 9.1. Let Lip(v), Lip(Vx < oo and let v € P.(R*?), the set of compactly
supported probability meausres. Then, for every N € N, the Cauchy problem

( N )
Oply +V - Vxply = S V., - Giply, p% = (0N
=1

1=

(LV) ) Gz(t? Y7 W) = % 2317(71% — Wy, Y — y]) + Uvijt(z)‘z:yz + Fext(yi)a

j:

O,V (2) = DAY — kW + g(z, pyy), s € [0,1], W0 =™

L 9(2,0%.1) = Jrea X(2 — )Py, (2, v)ddv

\I/t
Moreover, if (p™)®N is supported in the ball B(0, R°) of R*™N of radius R°, pl,
centered at the origin is supported in B(0, R") with

Rt — oEip()FlFeat ]l poo (may +n Lip(x))¢ (RO +Lip(7) + HFel‘tHLOO(Rd) + ULip(X)) .

¢
has a unique solution t — <pN> in CO(R, P.(R¥N) x WHe(RY)).

Proof. The proof of Theorem 9.1 is easily attainable by a straightforward modification
of the one of Theorem 8.1. Let us define the vector G with components G;,i =1,..., N.
This time, G' has the form

(41) G(t.2) =T(t, Z,([(p")*" |7 )wa) € RY
where [(p™)®*N]=t 1 s € [0,1] — p® solution of (LV) with initial data (p™)®¥.

One easily check that Lemme 8.2 still holds true for I' with the same constants
L', M K.

Lemma 9.2. For any T > 0, there exist L'.M', K’ < oo such that, for any t,t1,to < T,
2,2 € R* and any p™, pi", pi* € P(R*),,

I Z (™) )nva) =T 2, (™) vl < LI Z = 21, 2
| IT(t 2, (™) ] )xa)ll < M1+ 1Z])
Tt Z, (") )wa) = T Z, ([(03") V] )wva)ll < K7 sup - Wilply, pix)

s<min(ty,t2)
0l Vx| z< [t = taf.

where ply, phy are the solutions of (LV') with initial conditions (pi™)*™, (py*)=N.
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Here W1 is the Wasserstein distance of order 1 defined in Definition 3.2.

For T' > 0,k € N we define 7, = T27" and, with a slight abuse of notation, p by
pi=0 = (pm)®N and, for [ =0,...,2" -1, u e [O 7;) (remember Z := (X, V) € RQdN)

( .
D (Z) +V - VxpH U (Z) = Vv - (T Z, (™) N e (2)

vy d TEC I () = & 52 o= = ) + 1YW )+ P,

D.W%(2) = DALY — KU + g (=, (p)xa), s € [0,4],

\
where [p"]" : s € [0,] — pj solution of (V4) with initial data p™.
As before, T'* satisfies the same estimates than I' and we have the following result.

Corqllary 9.3. For any T > 0, k = 1,....N, t,t1,ty < T, Z,7' € R* qand
P i ps € P(R™),,

T, Z, ([(p7) V) = TR, 27, (o) N EP | < Lz -2, 2
T8, Z, ([(p7 )N < M1+ | 2))
Tt Z, ([N = T8, Z, ([ NE )| < K sup - Walpiy, o)

s<min(tq,t2)
IV x|lz=[ts — L2
where pt,, pb,. are the solutions of (LV}.) with initial conditions (pi™)®N, (py")*N .

At this point, we remark that the part of the proof of Theorem 8.1 uses only the con-
tent of Corollary 8.3. Since Corollary 9.3 holds true with the same constants L', M’ K,
we conclude that the end of the proof of Theorem 9.1 is te same, modulo a straight-
forward adaptation, as the one of Theorem 8.1. ]

APPENDIX A. PROOF OF THEOREM 3.7

We will denote X = (1’1,...,1']\7),‘/ = (Ul,...,UN),Y = (yl,... ,yN),E = (51,. . '751\7)7
all of them belonging to R?.

Let 7 be an optimal coupling for pi pi*. Obviously % := (7')
for (pi")™, (py")*".

The following first Lemma is equivalent to [32, Lemma 3.1]. It consists in evolving
7 by the two dynamics of p!, i = 1,2. The proof is very similar to the one of [32,
Lemma 3.1].

®N is a coupling

Lemma A.1. Let 7y be the unique (measure) solution to (19).
Then, for allt € R, 7l is a coupling between p and pl.

Proof. One easily check that the two marginal of 7, satisfy the two equations (18) when
mh solves (19). Therefore, the Lemma holds true by unicity of these solutions. ]
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By a slight modification of the proof of [32, Lemma 3.2] we arrive easily to the
following.

Lemma A.2. Let
1
= ¥ /((X — Y+ (V=2 (dXdVdYd=).
Then

— < L(t)DN + = ‘V1<t7X7 V) T V2(t7X7 V)|2ptl(dX7 dV)
N |bR2IN

where

L(t) = 2(1 + Lip(v;) + Lip(v3))

Proof. As already mentioned, the proof is very similar to the one of [32, Lemma 3.2].
Plugging into the definition of Dy(t) the equation (19) satisfied by 7, integrating by
part and using the fact that 2U -V < U? 4+ V2V U,V € R* (see the proof of [32,
Lemma 3.2] for details), we get

— = (X =Y)? 4+ (V-2 —2A(dXdVdYd=) .
dt N/ y) dt ( )

IA

X —-Y/? — =
NRM(G >+ 1V —=P)

+|vi(t, X, V) = va(t, Y, E>|2> iy (dX,dV, dY, dE)

2
< 2Dy(t) + N/ vi(t, X, V) = vi(t,Y,Z)*rl (dX, dV,dY, d=)
R4dN

2
+ 5 Ivi(t, X, V) — vo(t, X, V)|’ (dX, dV, dY, d=)
R4dN

2
< L(t)DN+N/ ‘Vl(taXaV)_V2(t7X7v)|2pt1(dX7dv)
[bR2AN

Therefore, by Gronwall Lemma,
D (t) < fo dSD
) ./ / Vi(s, X, V) = vals, X, V)| (p5") 2N (dX, dV el 10uqs
R24N
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We now remark that, since both 7% and vy, vy are invariant by permutations of the
variables (z,v;), j=1,...,N, so is 7y for all t € R. This implies that, in fact,

Dy(t) = %/((X —Y)? 4+ (V =2))a(dXdVdYd=Z).
1 N
= 3 2 [ (- P axavay ).

1 N
= = ; /((xl — 1)+ (v — &)?) 7 (dXdVdY dZ).
_ / (21— 91)? + (0 — £)2) T (dX AV Y dZ).

= [ o= o 1y = ) mhn(dodo)

where 7)1 is the measure on R* x R?? defined, for every test function o(z,v;y, ),
by

R2dN x R2dN R2dx R2d

Moreover, (mh; is a coupling between (p!)y.1 and (p})n.1. Indeed for example, for any
test function 1,

/ Y(x,v) (7)1 (dz, dv, dy, d§) = / Y(xy, v) N (dXdVAY d=Z)
R2dx R2d R2dN y R2dN
_ / (w1, v)p (dXdV)
R2dN y R2dN

- / (e, 0) (P wa (ddv)
R24N  R2dN

Consequently, one has

Wal(oh) vt (Pl wa) = in / (2 — of? + |y — €2)m(dudydvde)

7 coupling (pt)n.1 and (ph)N
< [ (o= ol + Iy §F)mi)(dodyduds) = Dt
R2d

and the conclusion follows by (42).
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