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THE MEAN-FIELD LIMIT FOR HYBRID MODELS OF COLLECTIVE MOTIONS
WITH CHEMOTAXIS,

ROBERTO NATALINI AND THIERRY PAUL

Asstract. In this paper we study a general class of hybrid mathematical models of collective
motions of cells under the influence of chemical stimuli. The models are hybrid in the sense
that cells are discrete entities given by ODE, while the chemoattractant is considered as
a continuous signal which solves a diffusive equation. For this model we prove the mean-
field limit in the Wasserstein distance to a system given by the coupling of a Vlasov-type
equation with the chemoattractant equation. Our approach is not based on empirical
measures and we show the limit with explicit bounds, by proving also existence and
uniqueness for the limit system. In the monokinetic case we derive pressureless nonlocal
Euler-type model with chemotaxis.
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1. INTRODUCTION

A collective motion occurs when the behaviour of a group of individuals is dominated
by the mutual interaction between them. This behaviour arises in many different con-
texts both for non-living and living systems, as for instance nematic fluids, simple
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2 R. NATALINI AND T. PAUL

robots, bacteria colonies, flocks of birds, schools of fishes, human crowds, see for in-
stance [40]. In a nutshell, all microscopic mathematical models of collective motion are
based on one or more of the following elementary mechanisms: alignment, see [39], [7],
and references therein, separation and cohesion [11, 36]. Concerning alignment models
a popular one is represented by the Cucker-Smale model [7], which was originally pro-
posed to describe the dynamics in a flock of birds, but then it was extended to cover
more general phenomena, as for instance animal herding [10]. The hypothesis of the
Cucker-Smale model is that the force acting on every individual is a weighted average
of the differences of its velocity with those of the others, and this force decays when the
distance between the individuals increases. Some preliminary analytical results about
the time asymptotic behaviour of the model has been proven in [7, 22|, and in the
following a lot of papers investigated the behaviour of this dynamical model in many
directions, see for instance [6] and [32] for a comprehensive list of references.

In recent years, there was a lot of interest about collective motion of cells driven by
chemical stimuli, see [37, 3, 2, 35, 28, 9, 34], and the reviews [24, 30]. Focusing on the
family of Cucker-Smale models, in [12] a model for the morphogenesis in the zebrafish
lateral line primordium was proposed, where a Cucker-Smale model was coupled with
other cell mechanisms (chemotaxis, attraction-repulsion, damping effects) to describe
the formation of neuromasts, see [16, 27| for the experimental basis of this model.
The description of the cell behaviour is hybrid: while particles are considered discrete
entities, endowed of a radius R describing their circular shape, the chemical signal ¢ is
supposed to be continuous and its time derivative is equal to a diffusion term, a source
term depending on the position of each particle, and a degradation term. A simplified
version of the model in [12] was proposed in [13] to allow a full analytical investigation.
This simplified model reads as follows:

.
Ir, =70

B Z xl —y (0 = 0) F V().
(1 el

| O = DA@ — K+ f(:c,X(t)),
Initial data are given by initial position and velocity for each particle:

X(0) =Xo, V(0) =W,

(1)

7\

with X = (z1,...,2n), V = (v1,...,vx), and by the initial concentration of signal,
that it is assumed
(2) p(x,0) == ¢y = 0.

Here z;,v; are the position and velocity of the i-th cell and ¢ stands for a generic
chemical signal produced by the cells themselves and such that the cells are attracted
towards the direction where V,¢ is growing. For this simple model in [13] a full
analytical theory was developed in the two-dimensional case with a fixed but arbitrary
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number N of particles, and results of globally in time existence and uniqueness of
solutions were proved, as well as the time-asymptotic linear stability. Other analytical
results, for more general hybrid models, can be found in [31].

In this paper we aim to prove the mean-field limit of a general class of models
including (1) towards Vlasov type kinetic equations together with the hydrodynamic
mean-field limit of such models towards Euler type equations coupled with chemotaxis.
To our knowledge, both limits, and the related kinetic and Euler equations are new in
the literature.

Let us describe the class of particle systems we will handle in the present article.

..........

field

@) { jj;((f)) :%(t,X(t),v(t)) i=1,...,N, (X(0),V(0) = (X", V™

N
1
(4) E(tv X7 V) - N Z V(UZ — U5, i — xj) + vaspt(xz) + Fext(l'i);
j=1

~ is the collective interaction function, F.,; is an external force and ¢ satisfies the
equation

(5) 0w (z) = DAp — kip + f(2, X (5)), s € [0,4], 9" = o™

for some k, D,n > 0 and function f of the form
| N
(6 Fe.X) = 5 DXl — ), x € CH(B).
j=1

The function v : R? x R® = R x R? is supposed to be Lipschitz continuous.
The case y(y,w) = ®(y)w. F = ¢ = 0, covers the standard case of Cucker-Smale
models.

For any t, N we define the mapping ®%, = @ by
(I)IE\T . RQdN N R2dN
(7) { Zin — (X Vin) s Z(#) = (X(£), V(#)) solution of (3).
Note that ®Y; is not a flow.

We would like to derive a kinetic model corresponding to the system (3), that is
the one particle (non-linear) PDE satisfied by the first marginal of the push-froward!
Pl p™ where p € P(R*) and Y, is the mapping defined by (7).

1We recall that the pushforward of a measure p by a measurable function @ is ®#u defined by [ @d(®#u) := [(po f)du for every measurable
function f.
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The first difficulty is the fact that pl := @4 #p% does no satisfy a closed PDE,
except if

(8) PN =Pz =15 Z Op(z), Z:=(X,V) e R,
OEoN

where oy is the group of permutations in the N variables (Z;, v;)i=1.. n.
In this case ply 1= pgr(z) satisfies

N
(9) Oy +V - Vxply =Y Vi, - Giply
=1
where
(10) Gi(t, X, V) Zv — v, 5 — 15) + VU (1) + Fugy(;),

U (and therefore G; t00) depends on the solution pl; and satisfies the equation

(11) at‘ljt(x> :DAmqj_'%\Ij—i_f(x?pi\f,l)? s € [Out]a
with g given by
(12) [, pva) = /R%X(:v — Y)Yy, §)dydg

with, denoting ®4(Z) = (z1(t), ..., Zn(t),01(1),. .., 0n(t)),
Pnva(y,§) = / v Oy, o, N, € v, o )dTy . deydys .. doy
R2 —1
= / pat (7)Y, T2, TN, &, V2, UN)AT2 . dayduy .. duy (see Lemma
R2d(N-1)

% Z Oy — zi(t)d(€ — vi(t)) (see Lemma 5.1 below)

= a2

In turn, this suggests that the (non local in time) Vlasov equation associated to the
particle system (3,4, 5,6) is

(13) Oip' +v-Vaop' =V, (v(t, z,0)p"), p’ = p™
where
(14) v(t,z,v) = y(z,0) * p + V0" () + Fop(2)

and 1 satisfies
(15) 0s9°(2) = DAY — wy° + g(2,p%), ¥° = o™
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x-special /nautilus-clipboard copy file:///home/paulth/TThe kinetic equation asso-
ciated to Cucker-Smale systems, introduced in [23], has been derived in [22, 20] and,
for generalizations of type (3) with ¢ = 0 in [32], without chemotaxis interaction.
We refer to [20, 32] for a large bibliography on the subject.

2. THE MAIN RESULT

Theorem 2.1. Let p™ be a compactly supported probability on R*¥ | let Pl be the
mapping generated by the particles system (3,4,5,6) as defined by (7), and let T be the
function defined in (31).

Then, for anyt > 0,

N2 d=1

m 2 _1
Wy ((‘bﬁv#(/) )®N)N;1, Pt) <7(t){ N 2logN d=2
N d> 2

where p' is the solution of the Viasov equation (13,14,15) with initial condition p™
provided by Theorem 9.1 below and Wy 1s the quadratic Wasserstein distance whose
definition is recalled in Definition /.1.
Moreover, let us denote by @', the chemical density solution of (3,4, 5, 6) with initial
data (Z™, ©™) and by w;in the one solution of (13,14,15) with initial data (p™, ™).
Then

N~z d=1
| IV = VU™ (@2 < () { N-tog N d =2
R N-i d>2

where 7, = 5t> Lip(Vx)?(7(t) + Ce" )2 with T'(t) given by (40) and C defined in The-
orem 5.2.

Finally, the function 7(t) depends only on t, Lip(v), Lip(x), Lip(Vx), and the sup-
ports of ®L#(p™ and p', and satisfies the following estimate for allt € R,

7(t) < e
for some constant C,depending on Lip(v), Lip(x), Lip(Vx) and |supp(p™)].

Corollary 2.2 (Hydrodynamic Euler limit).
z-special /nautilus-clipboard copy file:///home/paulth/T Let p™, u'™, o™ be such that
the Euler system

o’ + V(utp') =0

Op(p'u') + V(u' (u")*?) = p' [4(- =y, ' () — u'(y)) ' (y)dy + V' + F
Os0*(2) = DAY — k) + x * p®, s € [0,],

(10, ul, %) = (um, u™, ™) € H*, s> 4 +1.

2x-special/nautilus-clipboard copy file:///home/paulth/Tthrough this paper we define Lip(f) for f : R™ — R™,m,n € N, as Lip(f) :=
max Lip(fs)
<i<m
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has a unique solution u',ut € C([0,t]; H*) N CY([0,T]; H*™Y), ¢t € C([0,t]; H®) N
CL([0,T); H*2) N L*(0,T; H*™) and let

p = " (2)8(v — u ().
Then, for any t € [0,T],

N-3 d =
Wa ((DhA(p™) N v, 1 (2)3(v — ! (2)))” < 7(£) 4 N2log N d =2
N-i d>2
Moreover,
N-3 d =
/ ||V‘P Xin y®N (Xin)) V@btm (7 m)®N(de) <71(t){ N~ %logN d=2.
R N-a d> 2

. Let us describe the strategy of the proof of Theorem 2.1.

Clearly Theorem 2.1 links the dynamics of the particle system (3,4, 5,6) and the one
driven by the Vlasov system (13,14,15). As an intermediate step we will consider the
N-body Liouville type one defined by (9,10, 11, 12).

We will proceed in several steps.

Step 1: we will show that the marginal (pf.;) of the solution pf of (9,10,11,12),
is close to the solution of a Vlasov type closed equation (13,14, 15) derived below in
Wasserstein metric: this is the content of Proposition 6.1 in Section 6 below.

Step 2: we will show that the marginal (CIDt "y and (ply) a1 are close as N — oo
in the same Wasserstein topology: this result is precisely Proposition 5.3 in Section 5
below.

Step 3 [proof of Theorem 2.1]: we will use the triangular inequality for Wh:

Wal( @™ N I ) < Wal(@ (™ )t (o) + Wa((oly v 7).
Theorem 2.1 will then be given by the estimate on Wa((®4#(p™)*N)n.1, (ply)n:1) given
by Proposition 5.3 and the one on Wa((p'y)n.1, p") given by Proposition 6.1.

The chemical density estimate is obtained by the triangle inequality

96— a2 < 5 Vgl — T2 + 19, — Tinl2)

where fizin := % > 0 (empirical measure). Both squares are estimated by Corollary
=1
4.6, and Wo((D#pzgin, pzzm)2 is estimated by the first estimate of the Theorem, while
Wa(pp,,,.. (p™)")? by the Dobrushin estimate in Theorem 9.1.
The estimate for 7(¢) is proven at the end of Section 6 (see formula (32)). .
x-special /nautilus-clipboard copy file:///home/paulth/TThe proof of the Corollary
is straightforward. ]

M 7in
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Remark 2.3. As it is clear from the step 3 above, an alternative to the second statement
in Theorem 2.1 is the following.

N_% d =
IV = VipbnlZ < VY, — Vil + 56 Lip(Vx)*7(t)) ¢ N~ 2log N d =2
N d> 2

3. THE THREE DYNAMICS

Let us be more precise and fix the notations. We define the three following dynamics,
denoted by (P) for (Particles), (LV) for (Liouville-Viasov) and (V) for (Viasov).

T = v, v; = Fi(t, X(t),V(t)), (X(0),V(0)) = Z(0) = Z" € R?

Et,Y,W) =% > v(w, —wj,yi — yj) + nV.0'(2)|omys + Feat(yi),

Jj=1

Os¢°(z) = DAL — ko + f(2,X(s)), s €0,1],, " =¢™

fz.X) =5 X x(z — ).

\ j=1
N . . d
diply +V - Vxply = Zl Vo, - Giply, p% = pit = (p™)®N € P(R*)

(LV) ) Gz(tﬂ YV? W) = % Z W(wl - wja Yi — yj) + nvijt(z)‘zzyl + Fel‘t(yi)a

Jj=1

OsV*(z) = DAY — k¥ + g(z, py,), s €[0,1], PO = pin,

\ g(Z, p?\f;l) - fR2d X(Z - 37),0?\7;1(% U)da:dv

Oip' + v - Vep' = Vo(v(t, z,0)p"), p° = p" € P(R™)

(V) q vitz,v) =(z,0) « p' + Ve (2) + Fear(),

| 0s0°(2) = DAY — kb + g(z,p%), ° = ™.
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Note that (x + pra (D)) = (V= (e, 2), X(X) = & 3 Xl

Let us recall the strategy of our approach: we believe that, in some Wasserstein
topology, with pit = (p™)*¥,
(Ph#pN)Na ~ (py)nal(t), @ solution of (L), ply of (LV) with p} = piy
P = (PN |

(Py)na ~ pf p! solution of (V) with p° = p™,

so that, by triangle inequality,
(PN#AN )N ~ P

with,®%, solution of (L) and p’ solution of (V') with p° = (p%)n.1.

4. TECHNICAL PRELIMINARIES

In this section we establish or recall several results which will be intensively used in
the core of the proof of Theorem 2.1.

4.1. Wasserstein distances. Let us start this section by recalling the definition of
the second order Wasserstein distance Wy (see [41, 42]).

Definition 4.1 (quadratic Wasserstein distance). The Wasserstein distance of order
two between two probability measures pu, v on R™ with finite second moments is defined
as

W(u,v)? = int / 2 — Py (de. dy)
~eT' (p,v) RmxRm™

where U'(p, v) is the set of probability measures on R™ x R™ whose marginals on the
two factors are p and v.

Likewise is the Wasserstein distance of order 1 W; two between two probability
measures (1, 7 on R™ with finite moments is defined by the follw=owing.

Definition 4.2.
Wi, v) := sup{ def(” —v)| f € C*(R™), Lip(f) <1}.

Lemma 4.3.
hd Wl(:ua )< WQ(M? )

. sup | [ f(u = Wi(p,v),
Lip f<1
o The convergence in the weak topology (i.e., in the duality with Cy(R*?) of

sequences of probability measures with supports equibounded is equivalent to the
convergence with respect to the distance Wy, p = 1,2 (in fact with respect to
Wasserstein of all orders),
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Proof. The first and second items are exactly formulas (7.1) and (7.3) in [41], The
third item is a straightforward consequence of [41, Theorem 7.12 (iii)], since the weak
convergence of equisupported sequences of measures implies the convergence of all of
their moments O

Finally, we will need below the following result.

Lemma 4.4. For any measures i, v € P(R*N) with finite second moments and any
area preserving mapping ® : R*® — R2INV

Wo(P#p, #v) < Lip(®)Wa(u,v),

where Lip(®) := max Lip(®;).

Moreover, for any N € N,
W2<N®N7 V®N)2 < NWQ(,U, I/)Q.

Proof. Let 7 an optimal coupling for p and v. Obviously (® ® ®)#m is a coupling for
O and PHv.
Therefore,

W(@dps, D)2 < / 2 — (D @ ) (dz, d2)
R4dN
< [ 196) - o) Pr(dz, d)
R4dN

< Lip(d)’ / 2 — #Pr(dz, d') = Lip(®)"Wa(u, v)?
RA4dN

by optimality of .

Moreover, 7%V is obviously a coupling for u®" and v®. Therefore

N
_ / S Jai — 2PN (dZ, dZ)
RN =]

= N |z — 2| (dz, d2') = NWy(pu,v)
R4d

Wo(u®N, %) < / VAR S A4
R4dN

by optimality of 7 again. O]

4.2. The diffusion term. The three equations
0s0°(2) = DAy —rp+ f(2,Y(s), ¢’ =¢™"
(16) 0% (2) = DA — KW+ g(z,piy,)s W0 = o
Os0'(2) = DAY =k +g(2,0°), ="
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can be “solved” by (we denote I = (1,1,1)7)

¢'(2) t fz, X(s)) |
(17) \Ift(z) _ e—mt/ e(t—s)DAZ (Z pN 1) ds + B_HthDAgme
V() ’ 9(z, p°)
535)2 f(Z,X(S)) .
= _"ft/ / e ( S)d g(zl7p?\/'-1) dsdz’' 4+ e—m‘etDAsom.I
Rd 47TD t— S 2 / S’
9(<', p%)
¥'(2)
Note that V. | ¥(2) | is given by the same formula with y replaced by Vy. There-
' (z)

fore, if

d
X — H X[—al,al]
=1

(X[-a,a] the characteristic function on [~a;, a;]), one has

P A o G
©'(2) | @ArD(t —s8))2 > [ e T — ¢ Ty
Vz \Ift(z) — e—fit/ . . 7=1 . . ds +e kt _tDA mI
W(2) 0 el! )DAZPN;1(Z +a) — el )DAZ:ON;l(Z —a)
6(t—s)DAzps(Z T CL) o e(t—s)DAZps(z . CL)

The following lemma will be systematically used inthe forthcoming sections.
Lemma 4.5. Let p, p' € P(RY) and p € Lip(R?). Then, for all t > 0,
(€)% (p — P) | zeqmey < Lip(u)Wy(p, p)s p = 1,2.
Proof. On has

(e"*Vx) % (p — p) ()]

Q/@xaAvaw—<@Uw—dm4

Lip ((e tAVX)(xz_ NWal(p, o)
Lip (e"*Vx)Wa(p, p')
Lip VxWa(p, o)

/fuu—mo

(2Vx)(x) = (2VX) ()| = [ (Vx(z =) — > (Vx(y —))(0)]
< [Vx(z) = Vx(y)l.

IAIA A

since, by Lemma 4.3,

sup :Wl(MaV) < WQ(M?”);

Lip f<1

and
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Corollary 4.6.
V! — V|| e ray < tLip(VX)Wa((RN#(p™) ™ ) a1, 01).

4.3. Propagation of Wasserstein type estimates. In this paragraph, we establish
a result used later as a black box, concerning the propagation of estimates in Wasser-
stein topology under general transport equation including the several types used in this

paper.

Theorem 4.7. z-special /nautilus-clipboard copy file:///home/paulth/T Let us suppose
that the two equations

(18)  ipi +V - Vx = V.- (vi(t, X, V)pl), pf = (o)™, pi" € P(R™), i =1,2.

have ezistence and uniqueness of solution in C°(R*, P, (R?™)).

Here vi(t, X, V) might or might not depend on the solution p{ for 0 < s < t, is
supposed to be invariant by permutations of the variables (z;,v;), j=1,...,N, and is
Lipschitz continuous with respect to (X, V) and satisfies the estimate

vilt, X, V) <llVI, X,V eR*™, i=12

Let moreover pt, i = 1,2, be two solutions of the equations (18) and let mh, be the
unique (measure) solution to the following linear transport equation
(19) oy +V -Vxnoy+Z-Vyny = Vy - (Vl(t, X, V)va + Vz= - (Vg(t,Y, E)’]T}f\;)
with 7470 = 7 optimal coupling between (p")*N and (pi)*N.

Let us define, forv=1,2,

t
¢ ] Jreav-ny Pl e, w0, ve, L uN) ATy daydus . doy N > 1
(MMMWW—{d@w% N=1.

Then, for allt € RT,

WQ((ﬁi)N:lu(ﬂé)Nﬂ)Q < efoL(S)d5W2<pZin’pZén)2
t t
+ 2/ / vi(s, X, V) —va(s, X, V)|2(pén)®N(dX7dv)efs l(u)du g
0 R2dN

with

L(u) =2+ 2min sup Lip(vy(u, X, V)) + Lip(va(u, X, V))
=2 (XV)esupp(py)

The proof on Theorem 4.7 is given in Appendix A.

5. FROM PARTICLES TO LIOUVILLE-VLASOV

In this section we estimate Wa((®%#p") N1, (ply)n:1), where ®L; is generated by the
particle system (3,4,5,6) and ply is the solution of the N-body Liouville type one
defined by (9,10,11,12) with initial data p™.
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By Theorem 4.7 we get easily that

WQ((q)?V#pin)N;l; (pAtN)Nzl)

N ¢ -
= 4?72/0 /RM (V' (i) — VI (2:) (PR # (0™ "N ) (dX, dV el 100 ds
=1

with

20) L(u)=2+2 min sup Lip 23;-—3; vi—on) T 20 Lip(Vx 2,
(20 () pe{ @4 # ()N ol ( il=1,....N (W)( E l)) 1 Lip(Vx)
X, V.Y ZEesupp(p)

Therefore, we have to estimate
(21) [ N9 = V0 ) @) )X, V)X a:

We first remark that, in (16),

f(?X) = X *Hz,

where, for any Z = (zy,...,2x) € R*" the empirical measure jz is defined by
N

(22) pzi=% Y 0.
k=1

Therefore, by (17),

t
Ve'(-) =e™ / UTIEVX ez, (x v s
0

where Zy(X, V) is defined by ®'(Zy(X,V))) = (X, V).
Note that such Zy(X.V) exists for any (X, V') appearing in the integral in (21) since
one integrates with respect to the measure (®4#(p™)*N)(dX,dV) ie. Zy(X.V) €

supp((p™)*N).
Now,

/ (V! (i) — VU (@) (@ #(p™) M) (X, V)dX dV
- 6%/ | /0 (" IAVX) * (anzyx.vy) — (Px) i) (@) P (@ # (™)) (X, V)dX dV

So that, denoting

(23) P (X, V) = (2L (V,V),..., 2 (X, V), vl (X,V),..., v\ (X, V))



THE MEAN-FIELD LIMIT FOR HYBRID MODELS 13

ie. xi(X,V) being the z;-component of ®'(X,V), one has, since ®'(Zy(X,V)) =
(X, V),

196! (@:) = 9 a2 (@ (5" ) (0, V)
= 1 (T G — GR0) GHOE VDRG0, 4
= e / | /O t (6<t—5>AVX*(M¢s(X,v> — (©°#(p"™) ) v
(@ (™) N v = (i )va) ) (X V)™)Y (X, aV)

(24) <2e7 / (! /0 (V) ¢ () — (A" ) V)P

(25) +| / (393w (@) — () (@l(X, v>>\2) (o) (dX, dV).
As before,
(e"2Vx) 5 ((P*# (™) ) v = (v )va) (2) < Lip VxWa((@°#(p™) ™ v, (i) vin).

which gives a second contribution to (21) out of the right hand-side of (25) given by:

t t
2Lip Ve [ (@) s (oA Wl (@45 s, (5 s
0 0

Lemma 5.1.

1
Hz = (m Z 50(2))
N:1

oEXN

where X 1s the group of permutations of N elements and

Proof. Let us recall that ¥y = {o : {1,...,N} — {1,..., N}, o one-to-one} so that
#>n = N!. We have

/.../50<Z)sz...dzN = /.../50(2) H dz
I#£a(1)
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Therefore

x-special /nautilus-clipboard copy file:///home/paulth/TLooking now at the contri-
bution out of (24), we have, using successively (23), Lemma 5.1, the definition of
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marginals and the fact that » dy(2)) = > a1 (s(2)) since the system (3) pre-

CEY N oeEX N

serves the indiscernability of the particles,

IA

IA

>
Z/

m

Z/

m

Z/

z/

X( m

>

X( Z'fl

/1

2

/0 (I3 5 (st — (B (0™ ) (@6 V))ds| (o) (dX, V)

2

[ BTG V) = ) o = @ ) s

®N(dZ)

/ (t=s AVX)( N' Z Oy (D4 ( N 1= (q)s#(pm)(gN)N;l)(dx,v dv,)ds
®N(dZ)
/0 IV @HZ) = 1) (31 D Saty(o(zy) v — (D#(0™) N )wva) (da’, dv')ds

®N(dZ)

/0 I (al(2) — o) (%#(ﬁzéa@)(pm)w)) (da!, do/)ds

N;l

g

®N

/ds/ —H(t—s,®(2Z) — ( #<N,Za >>(dZ’)

QN dZ

dS/H (t—s,0(2) - Z') <®§v# (% > Ooiz) — (Pm)@N)) (dZ')

2

(™) (dZ).

where (let us recall the notation Z = (xy1,...,zx : v1,...,0N),

so that

N

H(t - 5.(X.V) = 3 (e 2Vy) ()

1=1

LipH(t —s,-) == max_sup 0, H(t—s,X) < LipVy.
1=1,..., NXGRdN
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One has

> /|1

(26) < Lip V)’ / \m(%#% > 0oz, @3# (™)) (0N (d2).

Applying Lemma 4.4 to (26) we get

>

< Lip Vy sup Lip(®3 )22 / Wal ()™, (5N 25 (d2)

s<t

2

(e395) x (1ag vy — (DA™ N )wva) (X, V))ds| (6")* (X, V)

2

("IN * (pag,xv) — (@3 #(P™) ™ ) va) (2 (X, V))ds| (™) N (dX, dV)

< Lip Vx*sup Lip(®y) f2N/IWz(Mz,pi”)IQ(pm)@N)(dZ)

s<t
N3 d=
< Lip Vx?sup Lip(®%)**N (22 + v*)p"™(dz,dv)C'{ N-2logN d=2 .
o< e N

thanks to the following result by Fournier and Guillin:
Theorem 5.2 (Theorem 1 in [15]). Let p satisfy

/ (2% + vH) pu(dx, dv) == My(p) < oo.
R2d
and let pxyvy, (X, V)€ R2¥N | be the empirical measure defined by (22). Then

) Wa(px vy, 1)*p* (dX V') < Ca(N) Ma(p),
R2 N

where )
N2 d=1
Cy(N):=C{ N zlogN d=2
N~ d>?2

where C' depends only on d.

Collecting the estimates on the right hand-sides of (24) and (25) we get
Wa((PN# (") vt (P) )
< D(t)Cyq(N) + nLip Vy*

< /efL u)du— 2n5d8/ dS/ dS//

Wa((@3# (™) ) naas (03 n) Wa(PX#(0™) N ) v, (03 ) wva)-
with

¢ o
D(t) = 2nLip(Vx)*Ms(p™) / s sup Lip(qﬂ](,)?efs L(w)dug o
0

u<s
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Hence, for any 7' > 0, we have

sup Wa (RN #(p™) %™ ) vat (ply)va)?

t<T

sup D(t)Cy(N) 4 n Lip Vx?
t<T

IA

/ f a du_zm% Supwz((‘bfv#(Pm)@N)N;b(P%)Nil)zds

u<s

sup D(t)Cy(N) + n Lip Vx?

t<T

IA

T Tsup L(u),,, '
x/ e v<t T sup Wa((Dy#(0™) ™ v, (o) wa)?ds.
0

u<s

By the Gronwall Lemma, we get immediately that

s sup L(u) 52

Wa((®h4#(0™) ) v, (P )va)? < sup D()Cy(N )V foe v s

s<t

(27) = B(t)*Ca(N)

and the final result of this section.

Proposition 5.3.
Wa(PN#0™)nasp')? < B(t)*Ca(N)

6. FrROM LIOUVILLE-VLASOV TO VLASOV

In this section we estimate Wa((p’y)n.1, "), where p; is the solution of the N-body
Liouville type one defined by (9,10, 11,12) and p' is the solution of the Vlasov system
(13,14, 15), with initial data (p™)®Y and p™.

By Theorem 4.7 we get easily that

Wa((p1) v, (Ph)na)? < 42]\[1/:/112@

2

V(i — 25,00 — vj) =y * p° (w5, ;)
j=1

+ [ (V© () — V\I’S(xi))|2> (0°)EN (dX, dV)el: Mwdugg

VN
[\
o

SN——
gl

(u) =242 min (  sup Lip (v )(l, o)) 20 Lip(Vx)2.
PPN (PPN} =1, N
(X,V)=€esupp(p)
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The first term in the integral has been estimated in [32, Lemma 3.5, Section 3] and we

get
1 — 2
/ — Z V(g — w405 — v;) — % pf (s, 0)| (p°)*N(dX,dV)
rzav | NV o
2 sup v(x — 2, v — )%
TN @) esupp(o)
Therefore, we have to estimate
(29) / (V! () = V! ()P (p") ) (d X, V).
R2dN
We have

\wt(xiz — V' (z;)|?
= 6_2“t\/0 (e 2V) * () — %) ()

t ¢
— 6—2’“/0 ds/o ds' ("2 x) * ((px) vt — o) (@) ("2 x) * (03 ) v — p¥) (2).
But, by Lemma 4.5,

‘(e(tS)AVX) + ((on)va — %) ()| < Lip VaWa((pi)ve1, p°)-

Therefore
1,1
V) = Vo) P < L Ve [ [ (v, Wl s
0o Jo
and we get that the contribution given by (29) has the form

t t
LipVXin_M/O /0 Wa((pN) v, 0°)Wa((p) v, p° )dsds’,

Therefore, we get

Wa((piy)wa, p')? < / Sup Iy(z — 2, v — o) Pels LWdugs

v')esupp(pt)

t t
+/ els Lluw)du / ds/ ds"Wo(( pN N1, P )WQ(PN)Nl P’ )d
0

— _+nL1pVX / 2ﬁs€f Lududsx

/dS/ ds"Wa((px)x1, 07 )Walpi ) v, p°)

(30) sup,<; C(s) 11D VX N eézzpsL(u)§ds — a(t)?
- N N
by the same Gronwall type argument than in the proof of Proposition 5.3 in Section 5.
Wwe get the final result of this section.
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Proposition 6.1.

t £\2 O‘(t)Q
Wal(piy)van, )" = ——

Out of «, 3, defined in (27)-(30) we define
(31) T(t) = a(t)* + B(t)%.

Estimating 7(¢).

By the same type of arguments than in the proof of [32, Corollary 2.6 ] one can easily
estimate 7(¢) by using the estimates of ®%; established in Proposition 8.2 and Theorem
8.3, on the support of pl; given by Theorem 9.1 and the support of p' in Theorem 9.1.
We omit the details here.

We get. for some time independent constant C', depending explicitly on and only on
Lip(v, Lip(x), Lip(Vx) and [supp(p™)],

(32) T(t) < e

7. HYDRODYNAMIC LIMIT

x-special /nautilus-clipboard copy file:///home/paulth /T The hydrodynamic limit of
Cucker-Smale models has provided up to now a large litterature, whose exhaustive
quotation is beyond the scope of the present paper. We refer to [6] and the large bibli-
ography therein. In [6], the corresponding Euler equation is derived for Cucker-Smale
systems with friction, using the empirical measures formalism and in a modulated
energy topology.

Our approach and results are different: we consider generalizations of frictionless
Cucker-Smale models, coupled to chemotaxis through a diffusive interaction, for large
numbers N of particles and we provide explicit rates of convergences in the quadratic
Wasserstein metric towards Euler type equations.

Our result happens to be a simple corollary of our main result Theorem 2.1 in the
case where p™ is monkinetic, i.e.

o (2, ) = W™ (2)5(v — u"(x))

thanks to the following result: the monokinetic form is preserved by the Valsov equation
(13) and the solution is furnished by the solution of a Euler type equation..
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Theorem 7.1. Let p!,ul, ! solves the following system
Ot + Vi (utpt) =0
O(p'u’) + V (pt(u)*?) = p [(- =y, u'(-) = u'(y))u' (y)dy + V' + F
Os¢°(2) = DAY — kb + x = p°, s €0, 1],
(MO,anwO) — (Mzn7um’¢m) c ]{57 s > %l+ 1.
where p',u' € C([0,]; H*) 0 C'([0,T}; H*Y), @' € C([0,t]; H*) N CH([0,T]; H**) N
LZ(O,T; HS—H) 3'
Then p'(z,v) := p'(x)d(v — ul(x)) solves the following system
at,Ot +v- prt = V’U(V(t7 L, U)pt)7
v(t, z,v) = y(2,0) * p' + Vo) () + Fop(2),
0s0°(2) = DAY — Kb + g(z,p°), P = o™
pl(z,v) = p"(z)6(v — u™ ().

Proof. x-special /nautilus-clipboard copy file:///home/paulth/TWithout the chemical
density ¢, the derivation of (33) out of (4.5) is standard, see e.g. [6, Section 1.2]. The
addition of the term nV is a straightforward generalization. ]

8. ESTIMATES ON THE SOLUTION OF THE PARTICLE SYSTEM (3,4,5,6)

Global existence and uniqueness for the system (P) has been proved when  is exactly
the Cucker-Smale field in [12]. It is straightforward to adapt the proofs to the case of
a general ~ satisfying the hypothesis of the present paper. This situation is anyway
fully included in [31, Theorem 6] and we have the following result.

Theorem 8.1. Let Lip(7), Lip(Vx < oo and let Z™ € R*™N. Then, for any N € N, the
Cauchy problem

.

b= v, = (X (0, V(). (X(0),V(0) = Z(0) = 2" € R

N
E(t, Ya W) = % Z ’V(wz — Wj,Yi — yj) + nvzgpt(z)‘z:yz + Fext(%)a

.
I
—

0s0°(2) = DAL — kp + f(2,X(s)), s €[0,t],

has a unique global solution in C°(R, R?¥).

Estimates on the solution of (P) can be easily obtained by the same kind of proof
that in [32, Appendix A]. We get the following result.

3x—special /nautilus-clipboard copy file:///home/paulth/TWe suppose this regularity because it is somehow standard for mixed hyperbolic-
parabolic systems (see [29, Theorem 2.9 p. 34 |, one certainly could low it down.
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Proposition 8.2. Let vy = Lip(y) + Lip(Vx. Then, for allt € R, the solution of (P)

satisfies
vi()] < max |v;(0)]e”, i=1,...,N,

e?ot — 1
1 ()] — |2:(0)]] < ji1117§?’<N|vj(0)|2—%, i=1,...,N.

Finally, we will need the following estimate on the derivative of the flow generated
by the system (P).

Theorem 8.3. Let z;(t) = x;(t), vi(t), 1
date z;(0) = z/". Then, for all T € R,

mn
0z :

., N be the solution of (P) with initial

sup < emteht G i—1 . . N
t<T

with v1 = Lip(7), v2 = Lip(Vy).
In other words,

sup ||d®Y |0 < e(m+1T)t

t<T
Proof. One easily get that, for each 2,7 =1,..., N,
822(75) ] 621( ) / 82;
9) . < L Lip(Vx)
FE i ip(7)+ Z T +nLip(Vx) Z azm
Therefore, since the right hand—81de of the preceding equahty doesn t depend on 17,
N
621(75) 821 / 821
0 ‘ Lip(Vx)
t i=1 82;” z:: (VX Z 822”
so that, since
N N - N
Z n Zm - 52] =1
i=1 821 i=1 E)zj i=1
Y9z (1) 0z1(u) 0z(s
i \u i
—~ — 1| < L d Lip(Vx) dsd
2 e < Lip(y) /O Z gz |t ip(Vx / / azm sdu
0
< (Lip(y) + TnLip(Vy) / Zl(u) du
0 —1 ({9,2;”

and, by Gronwall Lemma,

< e")/l t+’)/2Tt

N
< E :
- 8,2]’."
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9. EXISTENCE, UNIQUENESS AND DOBRUSHIN STABILITY FOR THE VLASOV
SYSTEM (13,14,15)

Theorem 9.1. Let Lip(7), Lip(Vx < oo and let v'™ € P.(R??), the set of compactly
supported probability meausres. Then the Cauchy problem

(Ot +v - Vpt =V, (v(t,z,v)p), p° = p"

(V) q v(t,z,v) =y(,0) % p" + Vet (2) + Fear(z),

| 0:0°(2) = DAY — k) + g(2,p°), ¢0 = @™
t
has a unique solution t — (Zt) in C°'(R, P.(R*) x WH>(RY)).
Moreover, if p™ is supported in the ball B(0, R°) of R*® centered at the origin of
radius R°, p' is supported in B(0, R') with
R = el ey SHEROO (RY 4 Lip(3) + || Fearl| 1< oy + 1 Lin(x)) -

Finally, if pt, pb are the solutions of (V) with initial conditions p'*, pi*, then the
following Dobrushin type estimate holds true

Walph, ph)* < 2e"OWa(p, p5)?
where I'(t) is given by (40).
Proof. The proof will follow closely the proof of Theorem 2.3 in [33, Appendix A]. The

main difference is that v is not only non-local in space as in [33], it is also non-local in
time as v(t,z,v) involves the whole history of the solution {p*,0 < s < t}. In fact

(33) v(t,z) = v(t, (z,v), [p"]*)
where [p"]=!: s € [0,t] — p* solution of (V) with initial data p™.
We will first need the following Lemma

Lemma 9.2. For any T > 0, there exist L' .M', K < 0o such that, for any t,t1,to < T,
2,2 € R*® and any p™, pi*, pi* € P(R?*),,
HV(t, 2 [pm]gt) - V(tv Zl? [Pm]g)n < L/HZ - Z/Ha
lv(t, =) < M'(1+=])
Iv(ti, 2, [p7']5") = vt 2, [y ]52)| < K o )Wl(pi,pi) + 0l Vx| e[ty — tof.
s<min(ty,to
where pl, pb are the solutions of (V) with initial conditions pi", pi*.

Here W1 s the Wasserstein distance of order 1 defined whose definition is recalled
in Definition 4.2:

The proof is immediate with L' = Lip(vy) + Lip(£est) + T Lip(Vx), M’ = Lip(v) +
| Featl| o rey + n Lip(x) + Lip(Ve™) and K" = Lip(y) + n Lip(x)-

Let us fix T > 0. For k € N we define 7, = T2°*.

Let pt be defined by pi=" = p™ and, for [ = 0,...,2" — 1, uw € [0, 74),
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( u:OZ-k—HL(x? U) +vU- prgﬁu(xa U) - vv ’ Vk(lTka €Z, U)pgk—i_u(xv U)

(Vi) 4 villme, 2, 0) = y(,0) % o + Vb (Ih, @) + Fup(),

. 35%(& Z) = DAzwk - /ﬂpk + g(Z,,OZ), 0<s< lTk, TP;Q = gpm'
with
(34) v(t, 2) = v(t, 2, [p"]5)
where [p™"]' 1 s € [0,1] — p§ solution of (V}) with initial data p™ (note that v(-,-,-),
defined by (41), is independent of k).
Note that we have obviously the following corollary of Lemma 9.2.

Corollary 9.3. ForanyT > 0, 2,2 € R*® and k € N, one has, with the same constant
L'"M', K" than in Lemma 9.2,
lv(t, z) — v, )| < L'z =2,
lve(t, ) < M'(1+|[=]),
Moreover, if vi(t, 2), pl, satisfies (Vi) with pi=0 = p'™ and v (t, 2), o}, satisfies (V3.) with
t=0 _ /in
p. - = p", then
4t 2) = V(Es oo < K sup Walpuls), (o) + Kt — ],

0<s<min(t,t")

<
<

We first show that the support of the sequence pf, is equibounded.
One easily checks that,since p" is compactly supported, so is pf for all k,¢ by con-
struction. So supp(pl) C B(0, R}) for some Ry(t). One can estimate R} as follows.

supp(p*) € B(O, B*) = |[vi(t, 2)lloe = [[V(E, 2, [p"]5 ) [loo < M'(1+ R
= supp(p?”“) C B(0, RZ’“ +uM'(1+ R?’“)), u € [0, 7]
= supp(py ™) € B(O, (1+ m) R + M),
Therefore, one can choose RZ’“ satisfying
R™ < (1+M7)R!™ 4 r M
(14 M'7.)*R™ 4 m M (1+ (1+ M'7))
(1+ M'm)' R+ M'(1+ M'n)! — 1)
(1+MT2"R + M'(1+ MT27%* —1) < M (M + R) .= R”.
Here R? is such that supp(p} := p') C B(0, R°)
Hence the sequences (p!)ren are compactly supported in B(0, RT) uniformly in k
for all ¢ € [0, T]. Therefore there are tight for all ¢ € [0,T]; By Prokhorov’s Theorem,
this is equivalent to the compactness of (p!)ren with respect to the weak topology of

probability measures (i.e., in the duality with Cj(R??), the space of bounded continuous
functions). Hence, up to extracting a subsequence that we will omit to mention, pf —

[VANRN VANEE VAN VAN
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pl weakly. By Lemma 4.3, this convergence is equivalent to the convergence with
respect to the distance Wi, so that we just proved that

Wi(pk,pl) — 0 as k — oo for allt € [0, T].

By [33, Proposition A.1 2| and the first inequality in Lemma 9.2, we get that, for
[=0,....28~1, s€0,7),

Wiy, p ) < sL.
Hence, by the triangle inequality,
Wi(ph, pi) < L't — |91t € R.

Therefore, since L' and pl=" don’ t depend on k, the sequence pt is equi-Lipschitz

continuous with respect to 1. This implies, by the triangular inequality again, that,
for all t,¢' € [0,T],k € N,

Wipl, pl) < Walpl, o) + Wilpl pi) + Wik, pt)
< L=+ Walpl, pb) + Walpl, pt) — L[t — t'] as k — oo.
Therefore p! is L'-Lipschitz and, in particular,
Pl € Co([0,T), Po(R*)).
What is left is to prove that p! solves (V') and that the solution of (V') is unique.

To prove that p! is a solution of (V'), it suffices to prove that
(T foaa(Of + v Vaf = Vof - v(t 2 p=)pl(dZ)dt = 0

(V) Vit (@,0), p5) = y(x,0) % p, + NV (2) + Fem(2),

| 0s¢°(2) = DAY — k) + g(z, pl).
for each f € C=°([0,T] x R??).
By construction, we have

281 4+1)7

(I+1) 7k
. / / (Ouf (u,2) +v - Vaof = Vof - v(I7, 2, p5 ™) pii(dz)du = 0
1=0 l77C RQd

for every k € N.
The equation

T
(%) / / (Of +v-Vaof =Vof -v(t 2, p)p.(dZ)dt = 0
0 RQd
will be proven through the three following limts:

k—o00

(36) lim /O /R @+ 0 Vo) (ol — ph)( )it = 0
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251 L(141)
(37) lim 2/ Vof - ( (U7, 2, p5™) — v(u, 2 pf”’f)) pi(dz)du =0
k—o0 =0 /I R2d
21 (i)
(38) lim Z / Vof - V(7 2, p=I) (pt — p*) (dz)du = 0
k—o00 =0 175 R2d

To prove (36) and (38) we remark that, since f € C>°([0, T] x R??) and by the Lipschitz
property of v(I1y, z, p='™) we have, by the Kantorovich-Rubinstein- Theorem, that the
absolute value of the right hand side of (36) satisfies

T
i [ [ @f o VL - e
R2d
< lim T(Lip(9;f) + Lip(v - V.. f)) sup Wi(pk, p.) = 0,
k—oo tST

and the abolute value of the right hand side of (38) satisfies

2k 1

(I+1)T
| <lr U U
Jm 3 / [t im0 (@)
< hm TLlp (V£)lsupp(f)|M’ Sup Wi(p, pl) = 0,
t<

Let us finally prove (37). By the third inequality in Lemma 9.2 and the L’-Lipschitz
continuity of p, we get that, for each u € [lry, (I + 1)7x],

T
’ (I, 2, P ™) — v(u, 2, p='™)| < K’ sup Wl(pf’“,pi”“)ﬂLK”g
0<s<lry
so that
i |5 ™ s P+ (2, 0E) = (02,95 ) )

kll_}lilo T||Vf||Loo(de) ( sup Wi(pk,pt) + K”%) =0

0<t<T

The proof of the uniqueness of the solution of (V') is the same as in [33, Section A.2].
We omit it here.

In order to prove the Dobrushin stability result, we take two initial conditions pi", | =
1.2.
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By Theorem 4.7, we have that

W2 (pth pt2)2
< efo dsW2( 1211)2

+ / / 2HV CVA Zn]<s) —V(S Z, [ Zn]<s)‘ ( m)®N(dX dV) fl(u)duds
R24N
< f ()dSW (pl 7p1) / 2H|V(S Z, [ m]<3) (3 Z, [ zn]<s)‘|goef;l(u)duds

< eh HE (o, i) +2/ Ji 6w (K'Y sup Wa(pt, p)*ds

u<s

by the third inequality in Lemma 9.2.
Here, by Theorem 4.7 and the first inequality in Lemma 9.2,

Lu) = 242 mm sup  Lip(vi(u,z,v)) + Lip(ve(u, z,v))
=h2 (ww)esupp(p})

(39) = 24+ 2min( sup Lip (7)? )+ 2(L')?
=12 ji=1..N i
(z,v)€supp(p}')
where we denote by Lip(7y)(,,.) the Lipschitz constant of v at the point (z,v).
Therefore, for any 7" > 0,

sup W (pl, ph)”
t<T

t t
< supeh HOBY, (pin, pin? +28up/ el 1A (K7)2 sup Wa(pf, py)2ds

t<T t<T u<s

< eh Lsdsyy, (p +2/ els 1wdu (K')? sup Wa(p¥, p4)*ds.

u<s

By the Gronwall Lemma, we get immediatly

Wa(pl, ph)? < "D (pl?, pi)?

with
(40) £(6)i= t (sup L(s) + (10201
s<t
Theorem 9.1 is proved. .

10. EXISTENCE AND UNIQUENESS FOR THE LIOUVILLE-VLASOV SYSTEM
(9,10,11,12)

Theorem 10.1. Let Lip(7), Lip(Vx < oo and let v'" € P.(R??), the set of compactly
supported probability meausres. Then, for every N € N, the Cauchy problem
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( N )
8tp§\f + V. vng\] = Z vvi : Gzp}f\D p?\] = (pm)®N
1=1

) N
Gi(tv Y7 W) - N Z V(wi — Wy, Yi — yj) + UVZ\I’t(Z)‘Z:% + Fe:ﬁt(yi>7

J=1

(LV) <

85‘DS(Z) — DAZ\II — k¥ + g(zapi\fﬂ% s € [Ovt]7 \IIO - Spm

\ 9(27 pSN;l) - fRQd X(Z - x)p?\f;l(x, U)d:cdv

\I/t
Moreover, if (p™)®N is supported in the ball B(0, R) of R*™ centered at the origin
of radius R°, p' is supported in B(0, R") with

¢
has a unique solution t — (pN> in CO(R, P.(R¥N) x WHe(RY)).

Rt — L)+ Featll poo ray 1 Lip(x))t (RO + Lip(Y) + || Funt |l pomey + nLip(X)) _

Proof. The proof of Theorem 10.1 is easily attainable by a straightforward modification
of the one of Theorem 9.1. Let su define the vector G with components G;,i =1,..., N.
This time, G' has the form

(41) G(t,Z) =T, Z,([(p")*"]* )wa) € RY
where [(p™)*N]=t 1 s € [0,t] — p® solution of (LV) with initial data (p™)®V.
One easily check that Lemme 9.2 still holds true for I' with the same constants

L' M, K

Lemma 10.2. For any T > 0, there exist L' M', K" < oo such that, for any t,t,ty <
T, 2,72 € R* and any p™, pi", p§' € P(R™),,

I°( Z (™) )wva) =T 2, (™) vl < LI Z = 21, 2
| ITt Z, (™) ] )xa)ll < M1+ 1Z])
Tt Z, (") )wa) = T Z, ([(0") VT )wa)ll < K7 sup - Wilply, pix)

s<min(ty,t2)
IVl p< [t = tal.

where ply, phx are the solutions of (LV') with initial conditions (pi")*™N, (pi)®N.

Here Wy is the Wasserstein distance of order 1 defined in Definition 4.2.

For T > 0,k € N we define 7, = T27" and, with a slight abuse of notation, p! by
pi=0 = (p™*N and, for [ =0,...,2" — 1, uw € [0,7;) (remember Z := (X, V) € R*™),
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( .
D (Z) +V - VxpH U (Z) = Vv - (T Z, (™) N e (2)

vy d TEC I () = & 52 o= = ) + 1YW )+ P,

O V°(2) = DAY — k¥ + g(z, (p})n:1), s € [0,

\

where [p"]" : s € [0,t] — pj solution of (V4) with initial data p'

As before, T'* satisfies the same estimates than I' and we have the following result.
Corollary 10.3. For any T' > 0, k = 1,...,N, t,l1,t» < T, Z, 7" € R*N and
P oy € P(R™),,

T, Z, ([(0™)NE ) = TR, 20, ()N < U2 -2, 2
T, Z, ([(0")ME ) < M1+ 2))
Tt Z, ([N = T8, Z, ([ NE )| < K sup - Walpiy, o)

s<min(ty,t2)
Vx|l [ts — tal.
where pl,, pb, are the solutions of (LV}.) with initial conditions (pi")*N, (py)*N.

At this point, we remark that the part of the proof of Theorem 9.1 uses only the
content of Corollary 9.3. Since Corollary 10.3 holds true with the same constants
L', M' K’ we conclude that the end of the proof of Theorem 10.1 is te same, modulo
a straightforward adaptation, as the one of Theorem 9.1. ]

APPENDIX A. PROOF OF THEOREM 4.7

We will denote X = (513'1, ce ,I'N),V = (’Ul, ce ,UN),Y = (yl, ce ,yN),E = (51,. .. ,5]\7),
all of them belonging to R*.

Let 7 be an optimal coupling for pi", p4*.

Obviously 7% := (7™)*Y is a coupling for (pi™)*N, (pt)=N.

The following first Lemma is equlvalent to [32, Lemma 3.1]. It consists in evolving
a ™4 by the two dynamics of p!, i = 1,2. The proof is very similar to the one of [32,
Lemma 3.1], we omit it here.

Lemma A.1. Let 7y be the unique (measure) solution to (19).
Then, for allt € R, 7 is a coupling between p and ph.

Proof. One easily check that the two marginal of 7', satisfy the two equations (18) when
'l solves (19). Therefore, the Lemma holds true by unicity of these solutions. [

By a slight modification of the proof of [32, Lemma 3.2] we arrive easily to the
following.
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Lemma A.2. Let
1 _
Dn(t) = v /((X — YY)+ (V —-2)Hdrly.
Then
1
DN LDy + _/ Vit X, V) — valt, X, V)20 (dX, V).
N [bR24N
where
L(t) = 2(1 + Lip(vy) + Lip(vs))

Proof. As already mentioned, the proof is very similar to the one of [32, Lemma 3.2].
Plugging into the definition of Dy (t) the equation (19) satisfied by 7, integrating by
part and 2U -V < U2+ V2V U,V € R¥ (see the proof of [32, Lemma 3.2] for details),
we get

— < —= 2(1X =Y V-=
< NW(G 24|V~ =)
F V(L X.V) = valt, VD) ) mh 0, dV. Y, )
2
< ZDN(t) + N/ ‘Vl(t,X, V) - Vl(t,Y, E)‘27T§V(dX, d‘/, dY, dE)
R4dN

2
+ Ivi(t, X, V) — vo(t, X, V)| (dX, dV,dY, d=)
N R4dN
2
< L(t)Dy + N /MM Ivi(t, X, V) — vo(t, X, V) |*pL (dX, dV)).

Therefore, by Gronwall Lemma,
Dy(t) < eh L8 p )
! t
(42) + / / vi(s, X, V) — vo(s, X, V)\(pé”)(@N(dX, dV)efs (u)du g
0 JR2dN

We now remark that, since both 74 and vy, vy are invariant by permutations of the
variables (z;,v;), j=1,...,N, so is h for all t € R. This implies that, in fact,

Du(t) = | (o= of +1y - ¢P)dr,

where 7., is the measure on R?? x R*@ defined, for every test function o(x, v;y, £), by

/ ey (dX,dV;dYd=) = / o(z,v;y, )i, (dz, dv, ddy, d€).
R2dN w R2dN R2d < R2d
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Moreover, straightforward computation (see [32, Lemma 3.4] shows that (7. is a
coupling between (p!)y.1 and (ph)n.1. Consequently, one has

N

Wal(pwa, (o)) < [ (le =+ ly = EP)dnkes = Dv(t)

and the conclusion follows by (42).
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