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TOPOLOGY OF 1-PARAMETER DEFORMATIONS OF
NON-ISOLATED REAL SINGULARITIES

NICOLAS DUTERTRE AND JUAN ANTONIO MOYA PEREZ

ABSTRACT. Let f : (R™,0) — (R,0) be an analytic function germ with non
isolated singularities and let F' : (R11™,0) — (R, 0) be a 1-parameter deforma-
tion of f. Let f;l(O) N BY, 0 < |t| < €, be the “generalized” Milnor fibre of
the deformation F. Under some conditions on F', we give a topological degree
formula for the Euler characteristic of this fibre. This generalizes a result of
Fukui.

1. INTRODUCTION

Let f: (R",0) — (R,0) be an analytic function germ with an isolated critical
point at 0. The Khimshiashvili formula (see [8]) states that
X(f7H0) N BY) =1~ sign(—0)" degy V£,
where 0 < |§] < € < 1, B" is the closed ball of radius € centered at 0, Vf is the
gradient of f and degy V f is the topological degree of the mapping % I
Sl If F o (R*10) — (R,0) is a l1-parameter deformation of f and the map
H = (F,2E ... 9 has an isolated zero at the origin, Fukui [7] (see also [4])

Y Oz ) Oz,
proves that

x(fi H(0)N Bl") =1 —deg, V/,
if n is even and
X(ft_l(O) N B!) =1—deg, VF — sign(t) deg, H,
if n is odd.

As a corollary of the Khimshiashvili formula, by a result of Arnol’d [1] and Wall
[13] we have that

X{f 03N SETh) =1~ deg, V£,

X({f =0} N SP7Y) =1+ (=1)""" deg, V,
and
X{f=0ynsSe™) =2 —2deg, V,
if n is even.
Szafraniec [11] generalized the results of Arnol’d and Wall to the case of a func-
tion germ f with non-isolated singularities and in [12] he improved this result for a
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weighted homogeneous polynomial f : R™ — R, constructing polynomials g; and g
with algebraically isolated critical point at the origin, which makes the topological
degree of their gradient vector fields computable by the Eisenbud-Levine formula.
We note that similar results were also obtained in the homogeneous case by Bruce
in [2].

In [5] Lemma 2.5, the first author proves a new relation between the topology
of the positive (resp. negative) real Milnor fibre of an analytic function germ
f:(R™0) — (R,0) and the topology of the link of the set {f < 0} (resp. {f > 0}).
Using Szafraniec’s results, he deduces a generalization of the Khimshiashvili formula
for non-isolated singularities. Namely he proves that if 0 < § < €, then

X(fTH=0)N BY) =1~ (~1)"deg, Vg,
and
X(fTH(0) N BY) =1~ (=1)" deg, Vgs,
with g = —f —w?, gy = f —w?, w(x) = 22 +--- + 22 and d is an integer big
enough. Moreover, if f : R™ — R is weighted homogeneous with V f(0) = 0, then
X(f71(=1)) =1 = (=1)" degy Ve,
and
X(f7H(1)) =1~ (~1)" deg, Vg,
where g; and g are the above polynomials constructed by Szafraniec.

In this paper we adapt the methods developed by Szafraniec in [11, 12] and by the
first author in [5] to establish a generalization of the Fukui formula for non-isolated
singularities. We consider an analytic function germ f : (R™,0) — (R,0) with non
isolated singularities and a 1-parameter deformation F : (R**" 0) — (R,0) of f,
F(t,z) = fi(z). We set X = F~1(0), Sp = VF~1((0,0)) and we assume that
Yr C {t = O}

Let w : (R™",0) — (R,0) be an analytic function germ such that w(0) = 0 and
w(z) > 0 if z # 0. We assume [t| > w on I')Y, where

IS, ={(t,x) € X | t#0, rank (e, VF(t,2), Vw(z)) = 2},

w,t =

and ey = (1,0,...,0) in R, In Corollary 2.11 we show that if n is even then
X(fiH(0) N B?) =1 - deg,Vy,
for 0 < t < €, where
g(x) =G(0,2) and G(t,x) = F(t + w(z), z).

A similar formula holds for f=}(0) N B™ (see Corollary 2.12).
In order to obtain a formula in the case n odd, we assume that F' has an isolated

critical point at (0,0). Under this assumption, we show in Corollary 2.18 that

x(f7 ' (0)NB!) =1 —degyVF — degyH,
where

H(t,z) = (F(t,z), W1(t,z),..., Wy(t, z)),
and for i € {1,...,n}

oF Ow oF
Wit z) = —(t, z) — = (¢, 2).
(t.0) = G (60) 5 (@) + o (0,)

A similar formula holds for f=}(0) N B” (see Corollary 2.19). All these formulas
generalize the Fukui formula [7].
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Then we explain how to construct a function germ w that satisfies the condition
of collinearity in the general case and in the special case of weighted homogeneous
polynomials, having generalizations for the results of Szafraniec [11], [12], Bruce [2]
and the first author [5].

The paper is organized as follows. In the second section we prove the main results
(Corollaries 2.11, 2.12, 2.18 and 2.19) and, as applications, in Section 3 we present
the construction for w in the general and in the weighted homogeneous cases.

2. THE GENERAL SITUATION

Let f: (R™,0) = (R,0) be an analytic function germ with arbitrary critical set
Yf. Let F: (R'™",0) — (R,0) be an analytic function germ such that F(0,z) =
f(x). Tt is a 1-parameter deformation of f.

We use the notation fi(x) = F(t,x) and we call f;1(0) N B?, 0 < |t| < ¢, the
“generalized” Milnor fibre of the deformation F.

We set X = F~1(0), Sp = {(t,z) | VF(t,z) = 0} and make the hypothesis that
Yr C {t = 0}

Lemma 2.1. Fort #0, f;'(0) is smooth near the origin.
Proof. We have the following equivalences:
€ fi1(0) & F(d,z) =0« (§,z) € XN {t =4}

So f5(0) is diffeomorphic to X N {t = §}. But X N {t =0} = (X \ Tp) N {t = 5}
and by the Curve Selection Lemma, {t = §} intersects X \ X transversally. O

Hence the deformation f; of f is actually a smoothing of f.
Let w: (R™,0) — (R, 0) be analytic such that w(0) =0 and w(x) > 0 for = # 0.

Definition 2.2. We set
Fit ={(t,z) € X |t #0, rank (eg, VF(t,z), Vw(z)) = 2},
where eg = (1,0,...,0) in R**™,
Remark 2.3. If (t,2) € X and ¢ # 0 then rank(eg, VF(¢,x)) = 2 and so
I‘f)t ={(t,x) € X | t #0, rank (eg, VF(t,z), Vw(z)) = rank (eo, VF(t,z)) }.
We make the following assumption:
(A): |t| >won Fir

Let ¢ : R1*" — R" be the diffeomorphism defined by ¢(t,z) = (t + w(x), z).
Let G : (R, 0) — (R, 0) be defined by G(t,x) = F(¢(t,)), let Y = G=1(0) and
let S¢ = {(t,x) | VG(t,z) = 0}. Then ¢(Y) = X and ¢~}(X) =Y. We note that
%—?(t,x) = %—f(t + w(x),x) and that for ¢ € {1,...,n},

oG OF Oow oF

o (02) = S+ (@) )5 (@) + 5

Let us study first the restriction of ¢ to Y.

(t+ w(z),z).

Lemma 2.4. We have {t =0} NX¢g C {(0,0)}.
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Proof. Let us study the critical points of G. A point (¢g, ) belongs to ¢ if and
only if %—Ij(to +w(z),x)=0and fori=1,...,n,

OF o + w(@), 1) 22 (2) + S—F(to +w(z),z) = 0.

ot oy i
This implies that (to + w(z),z) € ¥ and so that tg + w(x) = 0. Therefore Xg C
{t +w = 0}. This implies that {t =0} NXg C {(0,0)}. O

Hence the intersection {t = 0} N (Y \ {(0,0)}) is included in Y\ Eg. Moreover
this intersection is tranverse as explained in the following lemma.

Lemma 2.5. The hyperplane {t = 0} intersects Y \ {(0,0)} transversally.

Proof. Let (0,x), with = # 0, be a critical point of ¢y {o}. We have VG(0,z) # 0
and rank(eg, VG(0,z)) = 1. The point ¢(0,2) = (w(z), ) belongs to X \ XF since
(0,z) €e Y \ ¥¢. We have

oG OF
E(wa) = E(W(I),UE%
and oG oF 0 oF
w
87%(0733) = E(w(m)’x)ﬁixi(@ + %(W(x)a$)~
Since (0,z) is a critical point of #y\ (o3, g—g(o,x) =0 fori € {1,...,n} and

9C(0,x) # 0. Hence 2 (w(z),z) # 0 and we have
G (w(x),z)

Since z # 0, w(z) # 0 and so (w(z), z) belongs to I'} ;. This is not possible because
|t| > w(z) on TX, by Assumption (A). O

Vw(z) =

For any subanalytic set Z C R we denote by Lk(Z) the link of Z at (0,0).
Lemma 2.6. We have
x(Lk(X N{t <0})) = x(Lk(Y n{t <0})).

Proof. We note that the function (¢, x) — t?+w is a non-negative analytic function
which vanishes only at (0,0). Therefore, for any closed subanalytic set Z C R**"
such that (0,0) € Z, Lk(Z) is homeomorphic to Z N {t? + w = €} for 0 < ¢ < 1.
This is explained for example in [3] in the semi-algebraic case, but the arguments
also work in the subanalytic case. Hence the set Lk(Y N {¢t < 0}) is homeomorphic
to YN{t*+w = 2}N{t < 0} and Lk(X N{t < 0}) is homeomorphic to X N{t*+w =
€2} N {t <0} where 0 < e < 1. Now

(to, LE) ey
(to,r) e Lk(Y N{t <0}) & { 2 +w(x)=¢€.
to <0
Recall that ¢ : R1*" — R is the diffeomorphism (g, z) — (u,z) = (to+w(z), 7).
Then
(to, l‘) ey
(u,2) = d(to, z) € p(Lk(Y N{t <0})) & ¢ (u—w(@))® +w(z) =€
u—w(z) <0
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(u,x) € X
< (u—w@)?+w() =€ .
u < w(x)
Since the function (u, ) — (u — w(x))? + w is analytic, non-negative and vanishes
only at (0,0), we can conclude that Lk(Y N{¢ < 0}) is homeomorphic to Lk(X N{t <
w(z)}). Now

(to,x) e X (to,l‘) eX
(to,z) e Lk(X N{t <w(z)}) & B+w@) =€ &< B+w) =€ .
to <€ —12 to+13 < €2
Similarly
(fo,l’) eX
(to,z) e Lk(X N{t < 0}) & 2 +w(x)=¢€ .
top <0
But, since [tg| < € and € is small, we have that 1+ ¢, > 0 and so
(tQ,LE) e X
(to,z) ELk(X N{t <0}) & t2+w(x)=¢€ .
34+t <0

Let p be a critical point of t? + ¢ restricted to X N {t? + w = €2}, and such that
(t* + t)(p) > 0. Then p belongs to I';; and so t(p) > w(p) and (t + t*)(p) >
w(p) +t2(p) = €. Therefore the function ¢* + ¢ restricted to X N {t*> + w = €2} has
no critical point on the set {0 <t +¢ < €%}. So the set X N {t? + w =€} N {t <
0} is a deformation retract of X N {t* + w = €2} N {¢ < w}. This implies that
VLE(Y 1 {t < 0})) = \(LK(X 1 {t < 0})). 0

Lemma 2.7. Let 0 < § € e < 1. We have:
X(XNBIIN{t = —6}) —x (X NSEN{t = —6}) = x(Lk(X)) —x (Lk(X N {t > 0})),
x(XNBM N {t =6}) —x(XNSEN{t=0}) = x(Lk(X)) — x(Lk(X N {t < 0})).

Proof. If XN{t = —3}NB"! is empty for 0 < § < € < 1, which means that ¢t > 0
on X N B then the result is trivial for Lk(X) = Lk(X N {t > 0}).

Let us treat the case when X N {t = =6} € Bl ie. XN {t = -6} N S” is
empty for 0 < § < € < 1. Let C be a connected component of X \ {0}. Then
Cn{t =—-4}NS" is empty for § €]0, 0] for some §. > 0. By conic structure, C'NS?
is connected and so by continuity, either ¢ > 0 on CNS? ort <0 on CNSZ.

Let 7 : [0, v[— C be an analytic arc such that v(0) = 0. Then there exists e¢; > 0
such that either ¢ < 0 on v(]0,v[) N BX*!, either ¢ = 0 on 4(J0, ) N B2 or t > 0
on 7(]0,v[) N B2+, By the above observation, and taking a smaller €; if necessary,
we conclude that either t < 0 on C'N Benl+1 ort>0onCnN B?fl. Let C* (resp.
C™) be the set of connected components of X \ {0} on which ¢ > 0 (resp. t < 0).
Then x({t >0} N X NSY) =3 ccer x(CNST) and

XX N{t==8y B = 3 x(Cns,
CceC—

for if C' € C~ then the function —t is strictly positive on C' and C' N S? and
C N {t = —0} are homeomorphic, as explained in Lemma 2.6. We conclude with
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the remark that
Y x(CNSP) = x(Tk(X)) = Y x(C NS,
ceC— Cect

Now let us assume that X N {t = —0} N S? is not empty for 0 < § € € <« 1.
Since Xy C {t = 0}, we can use the deformation argument due to Milnor [10] and
get that X N {t = —§} N B"™! is homeomorphic to X N {t < —§} N S*. Then we
use the fact that

V(LK(X)) = (X N87) = x({t < -6} N X N S7)
+x({t=-3NnX NSk —x({t=-61NXNSP).
But the inclusion {t > 0}NXNS? C {t > =6} NX NS’ is a homotopy equivalence,
and so x({t > =6} N X NS") = x(Lk(X N {t > 0}). O
A similar result is true for Y, but only for positive values of ¢.
Lemma 2.8. Let 0 < 0 < e < 1. We have:
x(YNBMF n{t=6}) = x(Y NS N{t=06}) = x(Lk(Y)) — x(Lk(Y N {t < 0})).
Proof. We remark that ¥g C {t < 0} since, as explained in Lemma 2.4, Xg is
included in {t + w = 0}. By a Curve Selection Lemma argument, this implies that
the fibre {t = §} NY is smooth in a neighborhood of the origin for 0 < § < e. Then
the proof is the same as in the previous lemma. ([
Corollary 2.9. Let 0 < § < e < 1. We have
x({t=6}NXNBMM") —x({t=6}nX NS
=x({t=8nYnB*) —x({t=6}nY NS).
Proof. We know that X = ¢(Y) so X and Y are homeomorphic. By the conic

structure, Lk(X) and Lk(Y') are homeomorphic. The result is just a consequence
of Lemmas 2.6, 2.7 and 2.8. (]

Let g : (R™,0) — (R, 0) be the analytic function germ defined by g(z) = G(0, z).
We note that G is a 1-parameter deformation of g.
Lemma 2.10. The function g has an isolated critical point at the origin and gt_l(O)
is smooth near the origin for 0 < t < e.
Proof. If © # 0 is a critical point of g then for i € {1,...,n}, %(O,x) = 0.
Moreover since {t = 0} N X¢ C {(0,0)} by Lemma 2.4, 29(0,z) # 0. Therefore
(0,z) is a critical point of )y (0,03 This is not possible for {t = 0} intersects
Y\ {(0,0)} transversally by Lemma 2.5. This means that g has an isolated critical
point at 0.

We have explained in Lemma 2.8 that the fibre {¢ = ¢} NY is smooth in a
neighborhhod of (0,0) for 0 < § < 1. But this fibre is diffeomorphic to g; '(0). O

Applying Corollary 2.9, we obtain
Corollary 2.11. Let 0 <t < e < 1. We have
x(fr 1) N B) = x(g; 1(0) N BY).
Moreover if n is even, X(ft_l(O) N Ben) =1—degyVyg.
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Proof. We apply Corollary 2.9 and we use the fact that if (M,0M) is a compact
manifold with boundary then x(OM) = 0 if the manifold is even-dimensional and
X(OM) = 2x(M) if it is odd-dimensional.

If n is even, we use the Arnold-Wall formula [1, 13] to get that

1 degy Vg = Sx(Lk({g = 01) = 5x(7 ' (0) N 82 7) = x(or () N BY).

O

In order to get the corresponding result for f:tl (0) N B, we apply the same
procedure to the functions G’ (¢, z) = F(t —w(z),z), ¢'(x) = G'(0,z) and to the set
Y’ = G'71((0,0)). We find that V¢’ has an isolated zero at the origin. Furthermore

applying the method of Lemma 2.6, we get that
x(Lk({t > 0} N X)) = x(Lk({t > 0} NY")).
Corollary 2.12. Let 0 <t < e < 1. We have
(70 N BY) = x(¢'~¢(0) N BY).
Moreover if n is even, x(f=}(0) N B) =1 — deg,Vy'.

This method only gives a topological degree formula when n is even. In order
to get a topological degree formula when n is odd, we need to impose a stronger
condition on X p.

From now on we make the hypothesis that Xp C {0}, i.e. F has an isolated
critical point at the origin.

Let

X = {(t,x) €X| 85

3 -(t,x) =0, izl,...,n}.

The set XX is the set of critical points of ¢y, and so $;* C X N {¢t = 0} by the
Curve Selection Lemma.

Lemma 2.13. The set Xy is diffeomorphic to XX .

Proof. We see that (t,z) € %X if and only if ¢ = 0 and g—i(o,x) =0 for i €
{1,...,n}, that is if and only if t = 0 and = € X;. Therefore ¥;¥ = ¢(3) where 1)
is the diffeomorphism
R* — RN {t=0}
T (0,2).
([l

We recall that G : (R*",0) — (R, 0) is defined by G(¢,z) = F(t + w(x),x) and
that Y = G=1(0).

Lemma 2.14. The function G has an isolated critical point at (0,0).

Proof. Since (VF)~1((0,0)) C {(0,0)} and G(¢,z) = F(t + w(x), ), we find that
(VG)~1((0,0)) € {(0,0)} using the relations between the partial derivatives of G
and F. 0

Lemma 2.15. We have degyVF = deg,VG.
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Proof. We have VG(t,xz) = A(t,2)VF(4(t, z)) where

1 0 - 0
‘9—“’(3:) 1 -+ 0

Aoy =|
gz(x) 0 --- 1

Let H : (R™7 0) — (R'*™,0) be defined by H = (G, 25 ..,%).

) 671«17 .
Corollary 2.16. We have H=1((0,0)) = {(0,0)}.
Proof. Since by Lemma 2.14 G has an isolated critical point at the origin, the
mapping H has an isolated zero if and only if the function ¢y has an isolated

critical point at the origin. But (0,z) is a critical point of ¢y if and only if z is a
critical point of g. O

We note that ¢y has an isolated critical point at the origin, whereas ¢;x can
have an arbitrary set of critical points.
Let us consider the map H :

H: (RY™0) — (R™70), (t,z)— (F(t,z), Wi(t,2),..., Wa(t,z)),
where for each i € {1,...,n},

oF Ow oF
Lt 2) = = (t,2) e 2 (t, ).
Wilt,) = S (00) 55 (@) + 51 (0
Lemma 2.17. We have H=1((0,0)) = {(0,0)} and deg,H = deg,H.
Proof. We have H(t,z) = H(¢(t,z)) where we recall that ¢(t,z) = (t + w(x), z).
So we get the result, for ¢ preserves orientation. O

Now we can give the topological degree formulas for x (f;"'(0) N B").
Corollary 2.18. Let 0 <t < e. If n is even then
X(f71(0) N Br) =1~ deg,Vy,
and if n is odd then
X(f71(0)NB) =1 — deg VF — degH.
Proof. By Corollary 2.11, we know that
X(f71(0) N BY) = x(g; ' (0) N BY).

If n is even, we have already explained that X(gt_l(O) N B?) =1 —deg,Vyg in the
same corollary. In the case n odd, the Fukui formula [7, 4] states that :

x(g: '(0)N B?) =1 —deg,VG — deg,H.
We use Lemmas 2.15 and 2.17 to conclude. O

To get the corresponding formulas for f:tl (0)N B, we apply the same procedure
to the function G'(t,x) = F(t — w(z),z). We define H' by H' = (F,W{,...,W/)
where for each i € {1,...,n},

oF ow oF

E(tax)aixl(x) + 7(ta .’E)

4 —
Wi(t,x) = oz,
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We find that H’, VG’ have an isolated zero at the origin and that deg,VG' =
deg,VF.

Corollary 2.19. Let 0 <t < €. If n is even then
X(fZH(0) N BY) =1 —degyVy/,
and if n is odd then
x(fZ10)NBM) =1 — degyVF — deg H'.

3. APPLICATIONS

In this section, we give some results on the existence of the function w and we
give some explicit examples.

3.1. General case. We keep the notations of the previous section.

Lemma 3.1. There exists d € N such that [t| > w? on T, \ {w = 0} close to the
origin.
Proof. We adapt to our situation the method developped in [11]. Recall that

I‘it ={(t,x) € X |t #0, rank (eg, VF(t,z), Vw(z)) = 2}.
Let X be the following closed analytic set:

Y={(t,z;r,y) e X xRxR |w(z) =rall A; ;(t,z) =0,t =y},
where for (i,7) € {1,...,n}?,
Ayt r) = 37;(15,1;) %@(t’x)

%o(a) ()

Let m: X x RxR — R xR be the natural projection. The mapping 7|5 : ¥ — 7(%)
is proper, and so w(X) is closed and semi-analytic (see [9], p.127). Let us set
Y1 =R x {0} and Y5 = n(X) \ Y1. The set Y3 is semi-analytic. If » > 0 then

m(X) N{r} x R = {r} x {critical values of t|xn,-1(-)},

and 7(X) N {r} x R is a discrete set of points, since the set of critical values of
an analytic function is discrete. Hence Y5 has dimension less than or equal to 1
in a neighborhood of 0. So 0 is isolated in Y7 NY5. By the Lojasiewicz inequality
[9], there are positive constants C, a such that |y| > Cr® for (r,y) € Y> sufficiently
close to the origin. If d € N is such that d > «, then Cr® > r¢ if r > 0 is sufficiently
small. Therefore |y| > 79 for (r,y) € Ys sufficiently close to the origin.

If (¢,2) belongs to I'}, then (t,2,w(z),t) belongs to ¥ and (w,t) lies in ().
Hence, if ¢ # 0 then [t| > w(z)? for (t,2) € T, sufficiently close to the origin. [

Corollary 3.2. We have [t| > w(z)? on T2, ,.
Proof. We have Vw? = dw? 'Vw so
Ffd,t N{w #0} = I‘it N{w # 0}.
We conclude remarking that the inequality is trivial if w? = 0. O

Therefore we can apply our method to the functions G(t,z) = F(t + w?(x), )
and G'(t,z) = F(t — w?(x),z). This generalizes the results of Szafraniec [11] and
the first author [5].
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3.2. Weighted homogeneous case. Let f : R* — R be a weighted homoge-
neous polynomial and let F' : R'*" — R be a l-parameter weighted homogeneous
deformation of f such that ¥p C {t = 0}.

We assume that F'is of type (d;dy, dq, . ..,d,) where d > 2. Since F(0,z) = f(z)
then f is of type (d;dy,...,d,). Let p be the smallest positive integer such that
2p > d and each d;, with 1 < i < n, divides p. Let a; = p/d; and let w(z) =

2a,

2t 4% We denote - (t,z) = (Aot Xz, ..., \dma,).

2a; 2a,

Lemma 3.3. We have |t| > w on ' ;.
Proof. We adapt to our situation the method developped in [12]. Recall that
I‘fit ={(t,x) € X | t #0, rank(eg, VF(t,2), Vw(z)) = 2}.
Let
S={(t,z;ry) e X xRxR|w()= r? all A; (t,x) =0,t = y},

where for (i,j) € {1,...,n}?,
Aty = | B0 a0

o) fea)

Let m: X Xx R x R — R X R be the natural projection. If » > 0 then

m(X) N {r} x R = {r} x {critical values of | x,-1(r2r)},

and m(X)N{r} xR is a finite set of points, since a polynomial function has a finite

number of critical values.
Let ((t,z),7,y) € ¥ and let A € R. We have w(\ - z) = \Pw(z) = (\r)??,

Ai (N (tyz)) = NPFa=dizdi A, (¢ 1)),

and F(\- (t,r)) = MF(t,z). So if ((t,r),r,y) € ¥ then (X - (t,x),\r,\%y) € &
too. Hence 7(X) is a finite union of curves and if (r,y) € 7(¥) and A € R then
(Ar, Aoy) € n(X).

Because 2p > d > dy then |y| > 7P for every point (r,y) € 7(X) with y # 0,
sufficiently close to 0. Then if (t,z) € '), is close to (0,0) then ((t, x),w(w)ﬁﬂf) €
Y and [t = |y| > r? = w(z). O

Therefore we can apply our method to the functions G(t,z) = F(t + w(x),x)
and G'(t,z) = F(t —w(z),z). In [2, 12], the topological degrees appearing in the
formulas can be expressed as signatures, because the mappings have algebraically
isolated zeros. In the sequel, we will see that this is also the case here under the
assumption that the complexification of F' has an isolated critical point at (0, 0).

We use the following notation: for any real analytic map h : R™ — RP, we
denote by h¢ : C™ — CP its complexification.

Let £ be the following constructible set:

L={zeC"\{0} | Vic(z) # 0 and all m; ;(z) =0},
where for (i,7) € {1,...,n}?,

ox; ox;

O (4) 2L (a)
) :‘ bet(a) 0et (@) ‘
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Let C = {x € C" | Vwe(z)+V fe(z) = 0}. It is proved in [12] that C is an algebraic
compact subset of C™, hence it is a finite set of points.

Lemma 3.4. A point x belongs to L if and only if there exist z € C \ {0} and
A€ C* such that x = X - z.

Proof. 1f z € C'\ {0} then Vwe(2) # 0 and so Vfc(z) # 0. Since Z325(\ - 2) =
)\Zp’di%f(z) and %()‘ -z) = )\d*dig—g(z), it is clear that A - z belongs to £ for
A # 0.

Reciprocally if € £ then there is @ # 0 such that aVwe(x) +V fe(z) = 0. This
implies that \ - z belongs to C'\ {0} where \?*~9¢ = a. O

Lemma 3.5. If F has an isolated critical point at the origin, then gc and G¢ have
an wsolated critical point at the origin and Hc has an isolated zero at the origin.

Proof. Let x be a critical point of g¢. For i € {1,...,n}, we have

8F(c 6&1@ 8F(c -
If %if((),m) = 0 then (0, z) is a critical point of Fr and z = 0. If ‘95;@ (0,x) # 0 and

Vwe(z) = 0 then z = 0. If 6;;”5 (0,z) # 0 and Vwe(z) # 0 then Vfe(x) # 0 and x
lies in £. So if 0 is not an isolated critical point of gc, then there exists a sequence
of points (zp)nen in L such that Vgc(z,) = 0 and ||z,|| — 0. By Lemma 3.4
and the fact that C is finite, there exist a sequence (A, )nen, An € C*, and a point
z € C'\ {0} such that Vgc(A, - z) =0 and |A,| = 0. By weighted homogeneity, for
i€ {1,...,n} we have

8F(C 8&)@ af(C
OF, ow Of
_ yd—do \2p—d; 9F'C c d-d; 9JC  \ _
a2 (0, 22 () i S ) <o
Therefore \2P~do 8;;“ (O,Z)‘g—‘;’f(z) + %(z) = 0. Since z is in C'\ {0}, we get that

A2p=do 8t (), 2) — 1 = 0. But 2p — dp > 1 and so lim,_, oo AP~ L2 (0, 2) = 0,
which gives a contradiction. We conclude that gc has an isolated critical point at
the origin.

The fact that G¢ has an isolated critical point at (0,0) is proved as in the real

case. Let (to, ) be a zero of Hc. This means that Ge(to, ) = 0 and %SC (to,z) =0

fori e {1,...,n}. If agf (to,z) = 0 then (to,z) = (0,0). If ag;@ (to,x) # 0 then
(to, ) is a critical point of icy,, because Y¢ = G:'(0) has at worst an isolated
singularity at (0,0). Therefore to = 0 and so z is a critical point of gc, which
implies that x = 0. We conclude that H¢ has an isolated zero at (0,0) and, as in

the real case, that Hc¢ has an isolated zero at (0,0).

O

Therefore when F has an isolated critical point at the origin, the topological
degrees can be expressed as signatures. This generalizes the results of Bruce [2],
Szafraniec [12] and the first author [5]. We end with some explicit examples in the
weighted homogeneous case. We have computed the signatures using Singular.
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Example 3.6. Let f be the weighted homogeneous polynomial defined by f(z,y) =
22y? + 9% and let F be the weighted homogenous 1-parameter deformation of f
defined by F(t,z,y) = 2%y*> + y> + t?y. We have VF(El(0,0,0) C {t = 0}. The
function F is of type (6;2,1,2) and according to Section 3, we can take w(z,y) =
4 4
%‘8 + L. Then, G(t,z) = 2%y* + y* + (t + % + L)%y and G'(t,z) = z%y? +° +
8 4
(-5 — %)y
Applying Corollaries 2.11 and 2.12 for n even we get that
X(ftfl(o) n Bez) =1—deg,Vg=3

and
X(fZ1(0)NBZ) =1—deg, Vg’ =3.

Example 3.7. Let f be the weighted homogeneous polynomial defined by f(z,y) =

z* + 2%y and let F be the weighted homogenous 1-parameter deformation of f

defined by F(t,z,y) = 2* + 2%y + t?y. We have with VF:'(0,0,0) C {t = 0}. The

function F is of type (4;1,1,2) and according to Section 3, we can take w(z,y) =
4 4

“‘%: + 4. Then, G(t,x) = z* + 2y + (t + %: + %)%y and G'(t,2) = a* + 2%y + (t —

z® y4)2
§ 4y
Applying Corollaries 2.11 and 2.12 for n even we get that

x(fi'(0)NB2) =1—deg, Vg = -1

and
x(f=H0)N B2) =1 — deg, Vg = —1.

We note that in the above examples, the functions g and ¢’ have an algebraically
isolated critical point at the origin, which makes the degrees computable thanks to
the Eisenbud-Levine formula. However under the assumption VF¢ C {t = 0}, we
do not know in general if g and ¢’ have an algebraically isolated critical point at
the origin.

Example 3.8. Let f be the weighted homogeneous polynomial defined by f(z,y) =
22y? 4+ 93 and let F be the weighted homogenous 1-parameter deformation of f
defined by F(t,z,y) = 2%y® + y* + tv. We have VF'(0,0,0) = (0,0,0). The
function F is of type (6;5,1,2) and according to Section 3, we can take w(x,y) =
ut 4,
”%: + 4. Then, G(t,z,y) = 222 + % +te + % + %% and G'(t,z,y) = 22y? 4+ 93 +
B Ny
Applying Corollaries 2.11 and 2.12 for n even, we get that

X(fi'(0)NB2) =1—deg, Vg =1
and
X((fZ}(0)NB2)) =1 —deg, Vg = 1.

Example 3.9. Let f be the weighted homogeneous polynomial defined by f(z,y, z) =
22y? — y? — yz2 weighted homogeneous and let F' be the weighted homogenous 1-
parameter deformation of f defined by F(t,x,y,2) = 2%y? — y? — y2? — tz. We
have VF(C_l(O,O,O,O) = (0,0,0,0). The function F is of type (4;3,1,2,1) and
w(x,y,z) = %Jr%Jré. Then, G(t,x,y,z) = xzyzfyZ—yzzftx+%+%+z%z
and G'(t,z,y,2) =a?y? —y? —y2? —to — L — LE 2L
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Applying Corollaries 2.18 and 2.19 for n odd, we get that
x(f7'(0)NB3) =1—degy VF —degg H=1—-1-2= -2

and
X(f7H0)NB?) =1 —degy VF —degy H' =1 —1— (=2) = 2.

Example 3.10. Let f be the weighted homogeneous polynomial defined by f(z,y, z) =
22+ zy? —zz and let F be the weighted homogenous 1-parameter deformation of f
defined by F(t,z,y,2) = 22 + 2y* — xz +ty. We have VE:'(0,0,0,0) = (0,0,0,0).
. . 4 8 4
The function F is of type (4;3,2,1,2) and w(z,y) = 4 + % + 5.
Applying Corollaries 2.18 and 2.19 for n odd, we get that

x(f7H0)NB3) =1—degy VF —degg H=1-1—-1=—1

and
X(fZH0)NB3) =1—degy VF —degy H' =1 —1—(—1) = 1.
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