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This article aims at developing a basic physical model for crude oil energy return on energy invested (EROI). It is based on simple mechanic and energetic considerations on a typical oil extraction system and is extrapolated to world crude oil production. This extrapolation requires the fitting of two parameters, which is done on EROI data from the literature. The model gives a prediction of oil EROI which allows to estimate the decay in the net energy provided by crude oil in the near future, and the end of crude oil as an energy source for industrial societies, considering a business as usual scenario for conventional oil extraction.

Introduction

Conventional crude oil can be considered as a key in industrial societies, as it accounts for nearly 30% of the world energy [1] and also because it is often considered as the cheapest and most accessible [START_REF] Gagnon | A Preliminary Investigation of Energy Return on Energy Investment for Global Oil and Gas Production[END_REF]. Estimating it's remaining resources is therefore a major issue. As some studies focus only on existing and potential resources [START_REF] Auzanneau | The European Union can expect to suffer oil depletion by 2030[END_REF], some authors suggest to focus on resources which will provide a significant energy surplus [START_REF] Gagnon | A Preliminary Investigation of Energy Return on Energy Investment for Global Oil and Gas Production[END_REF]. In order to estimate the difference between the two, the concept of EROI has been introduced [START_REF] Cleveland | Energy and the U.S. Economy: A Biophysical Perspective[END_REF]. Since then, numerous studies have been conducted to estimate the value of EROI for different resources, at different time [START_REF] Gagnon | A Preliminary Investigation of Energy Return on Energy Investment for Global Oil and Gas Production[END_REF][START_REF] Cleveland | Energy and the U.S. Economy: A Biophysical Perspective[END_REF][START_REF] Cleveland | Net energy from extraction of oil and gas in the United States[END_REF][START_REF] Gately | The EROI of U.S. Offshore Energy Extraction: A Net Energy Analysis of the Gulf of Mexico[END_REF][START_REF] Murphy | Year in review-EROI or energy return on (energy) invested[END_REF]. A mathematical model has been suggested [START_REF] Dale | A dynamic function for energy return on investment[END_REF], which was fitted by [START_REF] Court | Long-term estimates of the energy-return-oninvestment (eroi) of coal, oil, and gas global productions[END_REF] using a price-based methodology.

Several energy-economy models, such as [START_REF] Dale | Global energy modelling -a biophysical approach (GEMBA) Part 2: methodology[END_REF][START_REF] Brandt | How does energy resource depletion affect prosperity? mathematics of a minimum energy retourn on investment (EROI)[END_REF], have also been developed, where EROI is calculated through energy-economy balance considerations. However, no attempt has been made to directly calculate EROI dynamics from purely physical considerations.

It is here proposed to study EROI of conventional crude oil from a physical point of view to develop a model as simple as possible, whose parameters are fitted on EROI data from the literature. Contrary to [START_REF] Dale | Global energy modelling -a biophysical approach (GEMBA) Part 2: methodology[END_REF][START_REF] Brandt | How does energy resource depletion affect prosperity? mathematics of a minimum energy retourn on investment (EROI)[END_REF], it does not investigate several potential EROI dynamics through different scenarios. It only considers a business as usual for conventional oil extraction, aiming at estimating the associated dynamic trend. This trend is expected to follow the results from [START_REF] Court | Long-term estimates of the energy-return-oninvestment (eroi) of coal, oil, and gas global productions[END_REF]. 

Modeling the energy cost and gain at the wellhead

In order to evaluate the energy cost and gain at a given wellhead, let us first consider a simplification of a typical crude oil extraction process, as described in classical textbook on oil as [START_REF] Renpu | Advanced in Well completion engineering[END_REF] or [START_REF] Dake | Fundamentals of reservoir engineering[END_REF]. Note that all typical values (flow rate, pipe and reservoir dimensions, relative roughness, physical properties such as permeability and viscosity) are also taken from these two books:

Conventional oil extraction consists in injecting water through several pipes (injectors), down the reservoir, where a darcian flow occurs through the reservoir. After a small development zone close to the injectors, the flow could be considered as 1D. The flow eventually reaches other pipes (producers), where oil that has been pushed by water flows up the pipe. Therefore, within the reservoir, the flow is roughly constant, within a cavity of length L res (the distance between injectors and producers), of section S res = h res L inj where h res is the reservoir height and L inj is the distance between injection wells. Saffman-Taylor instabilities within the reservoir cause the outflow not to be pure oil but a mix of oil and water, hence the water cut W c defined as the volume of water on the total outflow volume is introduced [START_REF] Pal | Multiscale method for simulating two-and three-phase flow in porous media[END_REF].

The energy gain with such process is proportional to the oil outlfow.

Hence for a given flow rate Q, the energy gain is proportional to

Q(1 -W c ).
Let us now focus on the energy cost, considering a constant flow rate: this cost is the energy given to the pumps to compensate for the pressure drop within the system. For a given pressure drop ∆p, the energy E given to the pumps depends on their efficiency η (which depends on the pressure drop), with E ∼ ∆p/η. This pressure drop is therefore studied first, before estimating the associated energy cost. The pressure drop in this system can be considered as being the sum of two part: the regular pressure drop in the pipes ∆p p and the darcian pressure drop in the reservoir ∆p r . The darcian pressure drop can be written the following way [START_REF] Guyon | Physical Hydrodynamics[END_REF]:

∆p r = U f µL res /K. (1) 
Where U f is the filtration velocity in the reservoir (in m/s), µ is the viscosity of the liquid that flows through the reservoir (in Pa.s) and K is the reservoir permeability (in m 2 ). L res is in m.

The regular pressure drop in the pipes can be written the following way, considering mass conservation between the inflow and the outflow [START_REF] Saatdjian | Transport Phenomena[END_REF]:

∆p p = Λ2HρU 2 inj /2D p . ( 2 
)
Where Λ is the friction factor coefficient of the pipes (dimensionless), H is the depth of the reservoir (in m), ρ is the density of the liquid that flows through the pipes (in kg/m 3 ), U inj is the fluid velocity in the pipes (in m/s) and D p is the pipe diameter (in m). Mass conservation is applied between the injector and the reservoir to get a relationship between the filtration velocity and the fluid velocity in the pipes.

In order to get a simple estimate of the total pressure drop, let us first study the ratio of these pressure drops R p = ∆p r /∆p p and get an estimation of its value based on typical parameter values taken from [START_REF] Renpu | Advanced in Well completion engineering[END_REF] and [START_REF] Dake | Fundamentals of reservoir engineering[END_REF]. The ratio R p reads:

R p = πµL res D 3 p 4KΛHρS res U inj . (3) 
This ratio evolves during the well lifespan since both viscosity and density are changing as the water cut increases. The density evolution seems nevertheless negligible (it changes of roughly 10% from pure oil to pure water), whereas the viscosity evolution changes of about half an order of magnitude. The parameter values used to calculate this ratio are listed in table 1. The friction factor is estimated considering a 0.1% relative roughness and a flow which is turbulent enough to consider a friction factor that does not depend on

Reynolds number [START_REF] Renpu | Advanced in Well completion engineering[END_REF].

Parameter This leads to R p = 0.41 at the beginning of the well life (when only oil flows through the reservoir) and R p = 0.10 in the end (when only water flows through the reservoir). As the water cut has a steep evolution in the early stage of well operation (as observed in [START_REF] Pal | Multiscale method for simulating two-and three-phase flow in porous media[END_REF] for instance), R p becomes quickly small. Therefore, within the well lifespan, it seems acceptable to consider that the energy cost of pumping is mainly due to the regular pressure drop within the pipes, which depends mainly on the well depth, according to the previous remarks and Eq.( 2).

A simple model for a mean global EROI at the wellhead

For a given well at a given depth H, after the early stage of operation, the energy cost E does not changes much for a given flow rate. Its EROI should evolve in time as 1 -W c (t), with W c (t) the water cut of this specific well. For a global modeling, based on the previous analysis on pressure drops in a well, the mean crude oil EROI should evolve as:

(1 -W c (t)) η(H(t))H 0 η 0 H(t) , (4) 
with W c (t) the mean global water cut, η(H(t)) the efficiency of the pumps, H(t) the mean depth of oil reservoir, H 0 the mean depth of oil reservoir at time t 0 and η 0 the pump efficiency at time t 0 . It is noted that η depends on the pressure drop in the well, and therefore on the well depth.

Mean global water cut

As calculated numerically for a given well in [START_REF] Pal | Multiscale method for simulating two-and three-phase flow in porous media[END_REF] for instance, the function W c (t) is not linear and changes from one well to another. A mean global water cut seems therefore hard to model. It would be a complex production weighted sum of type:

W c (t) = 1 N Q oi (t) N Q o i (t)W ci (t -τ i ), (5) 
with Q o i the oil production of well i, W ci the water cut of well i, τ i the time offset between operating the first well and operating well i, and N the total amount of well in the world. Nevertheless, considering similar production and water cut function from a well to another, Eq.( 5) tends toward a rather linear function, with a value of 0 at the beginning of water injection extraction in 1930 and a value of 0.5 at the mid-point of conventional crude oil extraction.

According to [17], this mid-point, the peak of conventional oil, has been reached in 2008. Therefore, the simplest approximation that can be suggested for a global water cut is:

W c (t) = 0.5(t -1930) 78 , (6) 
with t the time (in year).

Efficiency of pumps

From any textbook on pumps and turbomachines, as [START_REF] Kay | Fluid Mechanics and Transfer Procesess[END_REF] for instance, it is possible to estimate the evolution of a given pump efficiency as a function of the pressure gain. However, it is rather complicated to access these data for the pumps used in the oil industry. One can only admit this efficiency decreases when the pressure gain increases. According to the previous analysis, the pressure gain needed to extract oil is mainly (and linearly) depending on the reservoir depth H. It is here suggested to model the efficiency evolution as a negative power law of the pressure gain, therefore as a negative power law of the reservoir depth. It leads to:

η(H) ∼ H -x , (7) 
with x a positive constant.

EROI equation

This analysis suggests the following expression for a mean global EROI: In order to check the reliability of assumption R p << 1, the following model is also proposed, which takes into account the darcian pressure drop in the energy cost. Considering a mean darcian pressure drop on the well lifespan (and therefore a mean global pressure drop ratio R p ), one gets:

EROI(t) = EROI 0 1 -W c (t) (H(t)/H 0 ) x+1 , (8) 
EROI(t) = EROI 0 1 -W c (t) (H(t)/H 0 ) (1 + R p ) x+1 . (9) 
For the same reason that W c (t) seems hazardous to calculate theoretically, R p can hardly be estimated. This is why it is suggested to fit this parameter and check if the fitting provides an acceptable value (that is R p << 1) and an EROI dynamic which is close to the one obtained with Eq.( 8).

Fitting the model parameters on published EROI data

In order to get a consistent fit for parameters EROI 0 and x, it is important to consider EROI data which show consistency with the EROI definition, with the calculation methodology and also with the set of oil well that is considered. For instance, in [START_REF] Gagnon | A Preliminary Investigation of Energy Return on Energy Investment for Global Oil and Gas Production[END_REF], EROI is estimated based on gross energy gain and cost, with a set of well that can be considered as representative of the whole set of well in the world. It corresponds to the approach developed in this study. On the contrary, in [START_REF] Cleveland | Energy and the U.S. Economy: A Biophysical Perspective[END_REF] for instance, the study focus on U.S. well; in [19], a quality correction (or "divisia") is introduced. Therefore, in this study, the set of [START_REF] Gagnon | A Preliminary Investigation of Energy Return on Energy Investment for Global Oil and Gas Production[END_REF] is used. The 1930 EROI value from [START_REF] Cleveland | Energy and the U.S. Economy: A Biophysical Perspective[END_REF] is added to the dataset as it is the oldest data one can get.

A basic fitting method

The easiest way to fit the model parameter would be to consider that the value of EROI 0 should be the 1930 EROI value, as it is consistent with the model development, hence EROI 0 = 100. The x value could then be estimated with only one data point. The latest available value (that is the 2006 value, EROI=18) could be a good candidate, as it would lead to a fit based on the extreme EROI values of the dataset. This rational leads to

x + 1 = 3.39. This fit is presented on Fig. 1 (solid line). This result is rather in line with 2009 values suggested in [START_REF] Hall | What is the minimum EROI that a sustainable society must have?[END_REF]. Values in [START_REF] Murphy | The implicits of the declining energy return on invested of oil production[END_REF] for 2014 suggest however that this fit is a bit pessimistic. It gives an EROI value of 12.5 for the year 2021, which seems acceptable, considering it is a mean value.

A least square fitting method

A more rigorous way to fit the model parameters would be to use a least square method to fit both parameters (EROI 0 and x) at the same time, minimizing the difference between the model and the dataset. This method leads to EROI 0 = 100.676 and x + 1 = 2.6878, with a mean relative error on EROEI equal to 0.42. It is presented on Fig. 1 (dashed line). This fit is rather in line with the value suggested in [START_REF] Murphy | The implicits of the declining energy return on invested of oil production[END_REF] for 2014. In opposition to the first fit this one can be considered as optimistic. It gives an EROI value of 16.2 for the year 2021.

Fitting parameters of Eq.( 9) instead of Eq.( 8) leads to EROI 0 = 103.403,

x + 1 = 2.6878 and R p = 0.00999, with a mean relative error on EROEI equal to 0.42. The mean relative error between Eq.( 8) and Eq.( 9) is equal to 2.10 -10 , one can therefore consider the two models are equivalent. It suggests that the assumption R p << 1 is acceptable for the application proposed in this article and therefore only Eq.( 8) is considered for the remaining of this study. 

Discussion

Reliability

The main assumption in this approach is the condition R p << 1, which is strictly verified for some wells, even sometimes in the early stage of operation.

In many cases, this assumption seems still fairly acceptable (let us say within a 10% margin) so that the model still sounds. It is in line with the equivalence of Eq.( 8) and Eq.( 9). Nevertheless, in some cases, the assumption breaks down, hence the full rational cannot strictly be applied. For a global application, it would seem that this approximation tends to underestimate EROI values. Indeed, in cases where this approximation is not acceptable, the decrease in the energy cost when the water cut increases is not taken into account, what causes the EROI estimation to be an underestimation.

On the other hand, this model does not take into account the initial investment to put the well in operation. If the initial cost is small in comparison to the operation cost, this should not affect the results. Since no calculation was proposed to estimate the ratio between these costs, this assumption can hardly be discussed. However, one can assess that taking into account the initial cost would give lower EROI, hence this approximation tends to overestimate the EROI.

It seems rather hazardous to claim that the first approximation discussed in this section can compensate for the other, even if they have opposite consequences on the model. Therefore the model cannot obviously be considered as optimistic or pessimistic by construction, only the two sets of parameters can be classified as optimistic or pessimistic. This simple approach can nevertheless provide a general trend for EROI dynamic, which is in line with data such as [START_REF] Hall | What is the minimum EROI that a sustainable society must have?[END_REF][START_REF] Murphy | The implicits of the declining energy return on invested of oil production[END_REF] that are contemporary to those used to fit the model. The general trend is also in line with the results of [START_REF] Court | Long-term estimates of the energy-return-oninvestment (eroi) of coal, oil, and gas global productions[END_REF] on the period 1940-2080.

Since all the data comes from economy analysis, it suggests an acceptable consistency between energy-economy, mathematical and physical modeling.

Estimating the net oil production or net energy delivered to the consumer

Beside providing a trend on future EROI evolution, this model can be applied to estimate the ratio between gross and net crude oil production or net energy delivered to the consumer: Based on data from [17,[START_REF] Hall | What is the minimum EROI that a sustainable society must have?[END_REF][START_REF] Mudge | Energy use in Freight Transportation[END_REF][START_REF] Szklo | Fuel specification, energy consumption and CO2 emmision in oil refineries[END_REF] to estimate the cost of refinery, transportation infrastructures, transportation to consumer and the loss in non-fuel refinery products, it is possible to calculate explicitly the net product as a function of EROI and gross product. Let c t be the relative cost for all the previously listed "losses" of the oil industry. One gets c t = 0.54, according to [START_REF] Hall | What is the minimum EROI that a sustainable society must have?[END_REF], Table 3. Energy conservation implies that the remaining part of the gross product is composed of the extraction/production cost plus the net product (or net energy to the consumer), hence:

Q g = Q n + Q ext + Q t , (10) 
with Q g the gross product, Q n the net product, Q ext the extraction/production cost and Q t the previously listed costs, with

Q t = c t Q g . According to EROI definition, Q ext = Q g /EROI, hence: Q n = EROI(1 -c t ) -1 EROI Q g . (11) 
This equation allows to estimate the future evolution of Q n /Q g , based on the function EROI(t) that has been developed. This ratio is presented in Fig. 2, where the solid line corresponds to the pessimistic estimation and the dashed line corresponds to the optimistic estimation. It is similar to the results summarized by [START_REF] Murphy | The implicits of the declining energy return on invested of oil production[END_REF] (a non-linear, steep behavior), yet it differs in taking into account the difference between EROI at the wellhead and EROI "at the consumer" (i.e. EROI(1 -c t )) in the calculation of the net energy delivered to the consumer.

The following observations can also be done:

The ratio of net on gross product had a first 10% relative decay from The net product will be 10% of the gross product between 2063 and 2069.

the minimum EROI to sustain an industrial society (that is EROI=3, according to [START_REF] Hall | What is the minimum EROI that a sustainable society must have?[END_REF]) will be reached between 2062 and 2068.

The net product will be nil between 2068 and 2073 at EROI=2.1.

Conclusion

EROI modeling has been investigated in the past through mathematical and energy-economy considerations to estimate its dynamic. This article shows that a physical modeling of crude oil extraction provides the same trend, considering a business as usual scenario for extraction. It highlights the relevance of the different approaches and confirm a non-linear and steep behavior of the ratio of net product on gross product. It also suggests that industrial societies will not be able to fuel on oil around 2060 and that conventional crude oil will switch from an energy source to an energy sink around 2070. 

  The article is organised as follow: A first part is dedicated to a simple physical description of conventional crude oil extraction in a typical well, showing how it can be used to estimate the energy cost and gain of extraction. It is then extrapolated to global crude oil extraction to propose a two-parameter model. These parameters are then fitted on existing data, proposing a pessimistic and an optimistic estimation. The EROI dynamic suggested by the model and its potential consequences are finally discussed. 1. A simple model for crude oil EROI This section is dedicated to a mechanical modeling of conventional oil extraction, to estimate, based on physical considerations, how the energy cost and gain evolve at the wellhead. This should allow to develop a simple model to estimate EROI dynamic for a single well, and then for global crude oil production.
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 1 Figure 1: optimistic and pessimistic estimations of EROI evolution

  1930 to 2006-2016, that is in 76 to 86 years. It will take only 22 to 23 years to get another 10% relative decay and then 11 to 12 years for the next 10%.
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 2 Figure 2: Q n /Q g ratio evolution for both the pessimistic and optimistic EROI values