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Expectiles define a least squares analogue of quantiles. They have been
the focus of a substantial quantity of research in the context of actuarial and
financial risk assessment over the last decade. The behaviour and estima-
tion of unconditional extreme expectiles using independent and identically
distributed heavy-tailed observations has been investigated in a recent se-
ries of papers. We build here a general theory for the estimation of extreme
conditional expectiles in heteroscedastic regression models with heavy-tailed
noise; our approach is supported by general results of independent interest on
residual-based extreme value estimators in heavy-tailed regression models,
and is intended to cope with covariates having a large but fixed dimension.
We demonstrate how our results can be applied to a wide class of impor-
tant examples, among which linear models, single-index models as well as
ARMA and GARCH time series models. Our estimators are showcased on a
numerical simulation study and on real sets of actuarial and financial data.

1. Introduction.

1.1. Motivation. A traditional way of considering extreme events is to estimate extreme
quantiles of a random variable Y € R, such as the negative daily log-return of a stock market
index in finance, so that large values of Y correspond to extreme losses on the market, or the
magnitude of a claim in insurance. A better understanding of the extremes of Y can often
be achieved by inferring the conditional extremes of Y given a covariate X . Recent exam-
ples include the analysis of high healthcare costs in [49] and large insurance claims in [41].
We focus on the case when Y given X is heavy-tailed (i.e. Paretian-tailed); this assump-
tion underpins the aforementioned papers and is generally appropriate to the modelling of
actuarial and financial data. Under no further assumptions on the structure of (X,Y"), non-
parametric smoothing methods such as those of [7, 18] can be used. Those techniques suffer
from the curse of dimensionality, compounded in conditional extreme value statistics by the
necessity to select only the few high observations relevant to the analysis. Early attempts at
tackling the low-dimensional restriction, such as [12], were built on parametric models. Later
attempts have mostly used quantile regression: a seminal paper is [6], developed further by
[23, 49, 50]. An approach based on Tail Dimension Reduction was adopted by [17].

These techniques, and more generally the current state of art in conditional extreme value
analysis, rely on quantiles, which only use the information on the frequency of tail events
and not on their actual magnitudes. This is an issue in risk assessment, where knowing the
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magnitude of typical extreme losses is important. One way of tackling this problem is to work
with expectiles, introduced in [38]. The 7th regression expectile of ¥ given X is obtained
from the 7th regression quantile by replacing absolute deviations by squared deviations:

(Y| = argminE [y (¥ —6) ~-(1)] | X =2),

where 7, (y) = |7 — 1{y < 0}|y? is the expectile check function and 1{-} is the indicator
function. Expectiles are well-defined and unique when the underlying distribution has a finite
first moment (see [1] and Theorem 1 in [38]). Unlike quantiles, expectiles depend on both
the probability of tail values and their realisations (see [31]). In addition, expectiles induce
the only coherent, law-invariant and elicitable risk measure (see [55]) and therefore benefit
from the existence of a natural backtesting methodology. Expectiles are thus a sensible risk
management tool to use, as a complement or an alternative to quantiles.

The literature has essentially focused on estimating expectiles with a fixed level 7 (see
e.g. [27, 30]). The estimation of extreme expectiles, where 7 = 7,, — 1 as the sample size
n tends to infinity, remains largely unexplored; it was initiated by [9, 11] in the unconditional
heavy-tailed case. Our focus is to provide and discuss the theory of estimators of extreme con-
ditional expectiles, in models that may cope with a large but fixed dimension of the covariate
X. In doing so we shall develop a novel theory of independent interest for the asymptotic
analysis of residual-based extreme value estimators in heavy-tailed regression models.

1.2. Expectiles and regression models. We outline our general idea in the location-scale
shift linear regression model. Let (X;,Y;), 1 <4 < n be a sample from a random pair (X,Y")
such that Y = a4+ BT X + (1 + 67 X)e. The parameters o € R, 8 € R? and 6 € R? are
unknown, and so are the distributions of the covariate X € R% and the unobserved noise
variable € € R. We also suppose that X is independent of ¢, and has a support K such that
14672 > 0forall & € K. In this model, by location equivariance and positive homogeneity
of expectiles (Theorem 1(iii) in [38]), we may write &, (Y|z) =a+ 8Tz + (1 +0 ") (e).
A natural idea to estimate the extreme conditional expectile &, (Y'|x), where 7 =7, — 1 as
n — 00, is to first construct estimators a, ,6' and 6 of the model parameters using a weighted
least squares method and then construct residuals which can be used, instead of the unobserv-
able errors, to estimate extreme expectiles of . This expectile estimator can be adapted from,
for instance, an empirical asymmetric least squares method (see [9, 11]). If € has a finite sec-
ond moment, the weighted least squares approach produces /n—consistent estimators, and
it is reasonable to expect that the asymptotic normality properties of the estimators of [9, 11]
carry over to their residual-based Versions An estimator of the extreme conditional expectile

&, (Y|x) is then readily obtained as ng (Yix)=a+ BTz + (1 +67 )ffn( ).

Our main objective in this paper is to generalise this construction in heteroscedastic regres-
sion models of the form Y = ¢g(X) + o(X )e where g and o > 0 are two measurable func-
tions of X, so that &, (Y|x) = g(x) + o(x)&;, (€). If € is centred and has unit variance,
this model can essentially be viewed as E(Y|X) = g(X) and Var(Y|X) = ¢(X), and is
called location-dispersion regression model in [47]. Even though our theory will be valid
for arbitrary regression models of this form, one should keep in mind models adapted to the
consideration of a large dimension d, where the estimation of ¢ and ¢ will not suffer from
the curse of dimensionality and thus reasonable rates of convergence can be achieved. The
viewpoint we deliberately adopt is that the estimation of g and ¢ is the “easy” part of the
estimation of &, (Y |x) because, depending on the model, it can be tackled by known para-
metric or semiparametric techniques that are easy to implement and converge faster than the
extreme value procedure for the estimation of &, (). This converts the problem of condi-
tional extreme value estimation into the question of being able to carry out extreme value
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inference based on residuals rather than the unobserved noise variables, which is nonetheless
a difficult question because residuals are neither independent nor identically distributed.

In Section 2, given that residuals of the model are available, we provide high-level, fairly
easy to check and reasonable sufficient conditions under which the asymptotics of residual-
based estimators of &, (¢) are those of their unfeasible, unobserved error-based counterparts.
Several of our results are of independent interest: in particular, we prove in Section 2.2 a
non-trivial result on Gaussian approximations of the tail empirical process of the residuals,
which is an important step in proving asymptotic theory for extreme value estimators in gen-
eral regression models. The idea of carrying out conditional extreme value estimation using
residuals of location-scale regression models is not new: it has been used since at least [37]
and more recently in [2, 26, 35] in the context of the estimation of extreme conditional Value-
at-Risk and Expected Shortfall. A novel contribution of this paper is to provide a very general
theoretical framework for tackling such questions. In Section 3, we shall then consider five
fully worked-out examples. We start with the location-scale shift linear regression model
in Section 3.1, a heteroscedastic single-index model in Section 3.2, and a heteroscedastic,
Tobit-type left-censored model in Section 3.3. The latter example allows us to show how
our method adapts to a situation where the model Y = ¢g(X) + o(X )e is valid in the right
tail rather than globally. Aside from these three examples, we study the two general ARMA
and GARCH time series models in Section 3.4 as a way to illustrate how our results may be
used to tackle the problem of dynamic extreme conditional expectile estimation. Section 4
examines the behaviour of our estimators on simulated and real data, and Section 5 discusses
our findings and research perspectives. All the necessary mathematical proofs, as well as fur-
ther details and results related to our finite-sample studies, are deferred to the Supplementary
Material [19].

2. General theoretical toolbox for extreme expectile estimation in heavy-tailed re-
gression models. Our general framework is the following. Let (X;,Y;), 1 <i <n be part
of a (strictly) stationary sequence of copies of the random pair (X ,Y"), with Y € R, such that

(1) Y=g(X)+0(X)e

where g and o > 0 are two measurable functions of X. The unobserved noise variable € €
R is centred and independent of X; in other words, for each ¢, X is independent of ¢;,
although we do not assume independence between the pairs (X, £;). In addition, we suppose
throughout that the &; = (Y; — g(X;))/o(X;) are independent.

It follows from this assumption that a conditional expectile &, (Y|x) can be written as
LY X =x)=g(x)+o(x)ér, (6| X =) =g(x) + o(x)ér, (€), where we used the loca-
tion equivariance and positive homogeneity to obtain the first identity, and the independence
between X and ¢ to get the second identity. We assume throughout Section 2 that g and o
have been estimated, and we concentrate on estimating the extreme expectile &, (), with the
objective of ultimately constructing an estimator of &, (Y|x). Denoting by 7 — ¢, () the
quantile function of €, we work under the following first-order Pareto-type condition:

C1(y) The tail quantile function of ¢, defined by U(t) = ¢1_¢-:(¢) for ¢ > 1, is regularly
varying with index v > 0: U (tx)/U(t) — =" as t — oo for any = > 0.

Condition C;(7) is equivalent to assuming that the survival function of ¢, denoted hereafter
by F : z + P(e > ), is regularly varying with index —1/ < 0 (see [13], Proposition B.1.9).
Together with condition E|e_| < oo, where e_ = min(e,0), the assumption v < 1 ensures
that the first moment of € exists, which entails that expectiles of € of any order are well-
defined. Both of these conditions shall be part of our minimal assumptions throughout.
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The essential difficulty to overcome in our setup is that the ¢; are unobserved. However,

because g and o have been estimated, by g and & say, we have access to residuals é(in) =

(Y; —9(X;))/a(X;) constructed from the regression model (1). Our idea in this section will

be to construct estimators of extreme expectiles based on the observable éf"), and study their

theoretical properties when they are in some sense “close” to the true, unobserved ¢;.

We start by the case of an intermediate level T,,, meaning that 7,, — 1 and n(1 — 7,) — oc.
Section 2.1 below focuses on a residual-based Least Asymmetrically Weighted Squares
(LAWS) estimator. Section 2.2 then introduces a competitor based on the connection be-
tween (theoretical) extreme expectiles and quantiles and new general results on tail empirical
processes of residuals in heavy-tailed models. Section 2.3 extrapolates these estimators to
properly extreme levels 7,, using a Weissman-type construction warranted by the heavy-tailed
assumption (see [51]), and combines these extrapolated devices with the estimators of g and
o to finally obtain an estimator of the extreme conditional expectile &,/ (Y|x).

2.1. Intermediate step, direct construction: residual-based LAWS. Assume that 7, is an
intermediate sequence, i.e. 7, — 1 and n(1 — 7,,) — oo. If the errors ¢; were available, we
could estimate &;, () by &, (¢) minimising ) " | 1, (¢; — u) with respect to u. We replace

the unobserved ¢; by the observed residuals §§n), resulting in the LAWS estimator

g-;n (¢) = argmin Z M., (ggn) — ).

u€eR i—1

Our first main theorem is a flexible result stating that &, (€) is a \/n(1 — 7,,)—relatively
asymptotically normal estimator of the high, intermediate expectile &, (¢) provided the gap
between residuals and unobservable errors is not too large. For technical extensions to the
case of a random sample size or independent arrays, see Lemmas C.5 and C.8 of [19].

THEOREM 2.1.  Assume that there is 6 > 0 such that E|e_|**° < oo, that ¢ satisfies
condition C1(y) with 0 <y < 1/2 and 7, T 1 is such that n(1 — 1,,) — co. Suppose moreover

that the array of random variables éfn), 1 <@ < n, satisfies
&Y — el »

2 1— Lt .
) n( Tn)lrgiagxn 1+ —0

et Vil (£ 1) £ (025

REMARK 1. Theorem 2.1 is a non-trivial extension of Theorem 2 in [9] to the case
when the ¢; are unobserved. The difference lies in the fact that the estimator &;, () is much
more difficult to handle directly; Condition (2), on the weighted distance between the ¢;
and the §§n), allows for a control of the gap between 27 (¢) and the unfeasible fvm (), with
the presence of the denominator 1 + |&;| making it possible to deal with heteroscedasticity
in practice. We shall use this key condition again in our results in Section 2.2. It will be
satisfied when the structure of the model Y = ¢g(X) + o(X)e is estimated at a faster rate
than the \/n(1 — 7,,) —rate of convergence of intermediate expectile estimators. The proof is
based on rigorously establishing that &, (¢) and & (¢) have the same asymptotic distribution;
the striking fact is that the theoretical arguments fundamentally only require stationarity of
the ¢;, with independence only being crucial for concluding that ng (€) is asymptotically

Gaussian by Theorem 2 in [9] and therefore £, (¢) must be so. Theorem 2.1 can then be
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expected to have analogues when the ¢; are stationary but weakly dependent, thus covering
(for example) regression models with time series errors as in [46], as long as one can prove
the \/n(1 — 7,,) —asymptotic normality of ng (€). An example of such a result for stationary
and mixing ¢; has been investigated in [10].

2.2. Intermediate step, indirect construction. We start by recalling, as shown in Propo-
sition 2.3 of [3], that the heavy-tailed condition on ¢ — U(t) = q;_¢-1(¢) entails

€

im gT( ) — (’}/71 _ 1)77'
1 qr (6)

Therefore, if 7 is a consistent estimator of +, and g, () is a consistent estimator of ¢, (¢),

we can estimate the intermediate expectile an( ) by the so-called indirect estimator

&E)=F" =177, ().
An extension of Theorem 1 in [9] (see Proposition A.1 in [19]) shows that under the follow-
ing classical second-order refinement of condition C;(+y), the asymptotic distribution of the
estimator &, (¢) is determined under high-level conditions on (7,q,. (¢)).

Ca(y,p,A) Forall z > 0,

Y

p_
lim 1 [U(tz) | = ® 1
oo A1) | T() P
where A is a function converging to 0 at infinity and having constant sign, and p < 0. Here
and in what follows, (x” — 1) /p is to be read as logz when p = 0.

We now explain how one may construct and study residual-based estimators 7 and g, (¢). Let
210 < 225 < -+ < 2y, be the ordered n—tuple associated with an n—tuple (21, 22, ..., 2,).
A number of estimators of « can be adapted to our case and written as a functional of the tail
empirical quantile process of the residuals, among which the popular Hill estimator ([24]):

- n z—l— no_ n s
=7 E_ k /0 log 7"(7% ds.

Here |-] denotes the floor function. We may also adapt in the same way the moment-type
statistics which intervene in the construction of the moment estimator of [14], and the general
class of estimators studied by [42]. These estimators depend on the choice of an effective
sample size k = k(n) — oo and k/n — 0; it is useful to think of k as being k = [n(1 —7,)].
It is therefore worthwhile to study the asymptotic behaviour of the tail empirical quantile
process s — §fln_) s of residuals, and of its log-counterpart. This is of course a difficult task,
because the array of residuals is not made of independent random variables. To tackle this
problem, we first recall that under condition Ca(7, p, A), one can write a weighted uniform
Gaussian approximation of the tail empirical quantile process of the (unobserved) ¢;:

-1 n g—1—1/2=8 OIP’(D)

nlksln _ oy, 1 (0 4 —3
P s+ 7r (’ys Wo(s) + VEA(n/k)s

uniformly in s € (0,1], where W, is a sequence of standard Brownian motions and ¢ > 0
is arbitrarily small (see Theorem 2.4.8 in [13]), provided k = k(n) — oo, k/n — 0, and
VkA(n/k) = O(1). Strictly speaking, this approximation is only valid for appropriate ver-
sions of the tail empirical quantile process on an appropriate probability space; since tak-
ing such versions has no consequences on weak convergence results, we do not empha-
sise this in the sequel. For certain results which require the study of the log-spacings
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loge,,—|ks|,n — l0gEn—kn, such as the convergence of the Hill estimator, an approximation
of the log-tail empirical quantile process is sometimes preferred: uniformly in s € (0, 1],

1 En—LksJ,n> 1,1 < 1 sP=1 s )
Zlog [ LR ) —log =+ — [ sT W, (s) + VEA(n/k +5 127000(1) ).
o g(Qlk/n(E) *s Tk ) (n/k) ()

Our next result is that, if the error made in the construction of the residuals is not too large,
then these approximations hold for the tail empirical quantile process of residuals as well.

1
~

THEOREM 2.2.  Assume that condition Ca(7y, p, A) holds. Let k = k(n) = |n(1 — 7,)]
where 7, T 1, n(1 — 7,) — 00 and /n(1 —7,)A((1 — 7,)~1) = O(1). Suppose that the

array of random variables éf»n), 1 <4 < n, satisfies (2). Then there exists a sequence W, of
standard Brownian motions such that, for any § > 0 sufficiently small: uniformly in s € (0,1],

;\fnn—)\_ksj,n =s 7+ 1 <7371W (s)+ VEA(n/k)s™7 s -1 + 8'71/25@@(1))
QIfk/n(E) \/E
and
()
1 €n_|ks|n 1 1 ( 1 1sP—1  _i/95 )
“log [ EEE N =log =+ —— (s Wi (s) + VEA(R/E)— + 571270 0p(1) ) .
R PN ) ®s T VE (s) (nf )7 p(1)

Theorem 2.2 is the second main contribution of this paper. It is a non-trivial asymptotic result,
because there is no guarantee that ranks of the original error sequence are preserved in the
residual sequence, and it therefore is not obvious at first sight that Condition (2) on the gap
between errors and their corresponding residuals is in fact sufficient to ensure that the tail
empirical quantile process based on residuals has similar properties to its unobserved errors-
based analogue. As an illustration, we work out the asymptotic properties of the residual-
based, Hill-type estimator of the extreme value index ~y of the errors, as well as the asymptotic
behaviour of the related indirect intermediate expectile estimator in Corollary 2.1 below.

COROLLARY 2.1. Assume that condition Ca(7y,p,A) holds. Let 7, T 1 satisfy n(1 —

) — o0 and \/n(1 — 7,) A((1 — 7,) 1) — X € R. Suppose that the array of random vari-

ables é\gn), 1 <i <, satisfies 2). If ¥ = |n(1-r,)] and G, (€) = é(nnj (1) | then

n(— ) <'y—'y 0, (6) _ 1) <, <A +7/01 {W(S) —W(l)} ds,WW(1)>

’QTn(E) 1_:0 s

where W is a standard Brownian motion. In particular,

_ q,, () B d
n(l —,) <’y -9, (@) 1) — (I,0),

where T ~ N (\/(1— p),7?) and © ~ N (0,~?) are independent. As a consequence, if
moreover Ele_| < o0, 0 <y <1, E(e) =0and \/n(1 —7,)/q-, () = O(1), one has

gm(ef) d M_ 2 ()12
W(T=7) <§m(€)—1> N (AT b 1+ b))

O'=-D7* (-1 7r-1
+ .
l—y—p p

withm(y) = (1 —~)~" —log(y~' = 1) and b(v, p) =
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This result is our third main contribution. Such results on residual-based extreme value esti-
mators appear to be quite scarce in the literature: see Section 2 in [50] and Section 3 in [49] in
linear quantile regression models, Proposition 2 in Appendix A of [26] in ARMA-GARCH
models, and Section 3 in [48] in a nonparametric homoscedastic quantile regression model.
Our result relaxes these strong modelling assumptions, and provides a reasonable general the-
oretical framework for the estimation of the extreme value index and intermediate quantile
via residuals of a regression model. Similarly to Theorem 2.2, this result is of wider interest
in general extreme value regression problems with heavy-tailed random errors.

REMARK 2. When, with probability 1, g(X) is bounded and o(X) is positive and
bounded (this is the setup of our simulation study for linear and single-index models, see
Section 4.1), one could estimate ~y using the Y; = g(X;) + 0(X;)e; directly, because then the
Y; all have extreme value index v (see Lemma A.4 in [19]). A competitor to the estimator 7
is thus ¥, = k! Zle log(Yy—i+1,n/Yn—kn). A numerical comparison of the estimators 7,
and ¥, (which we do not report to save space) shows, however, that the residual-based esti-
mator 7 has by far the best finite-sample performance. The idea is that the presence of the
shift g(X;) and scaling o(X;) in the Y; introduces a large amount of bias in the estimation
of v by J; removing these two components in the calculation of the residuals substantially
improves finite-sample results. A related point is made in [13] (p.83).

REMARK 3. The earlier work of [25] provides general tools to obtain the asymptotic
normality of the Hill estimator based on a filtered process. The essential difference with our
approach is that we put our assumptions directly on the gap between the residuals and the
unobserved noise variables; by contrast, the methodology of [25] essentially assumes that
the residuals are obtained through a parametric filter, and makes technical assumptions on
the regularity of the parametric model and the gap between the estimated parameter and its
true value. The latter approach is very powerful when working with time series models, as
typical such models (ARMA, GARCH, ARMA-GARCH) have a parametric formulation.
By contrast, we avoid the parametric specification and therefore can handle a large class of
possibly semiparametric regression models (such as heteroscedastic single-index models, see
Section 3.2), while still providing useful results for time series models (see Section 3.4).

The theory in [25] allows for non-independent errors in autoregressive time series, see Sec-
tion 3.2 therein. This corresponds to when the filter does not correctly describe the underlying
structure of the time series, and can be used in misspecified models. Our results use the in-
dependence of the errors, but may also be extended to the stationary weakly dependent case:
our argument for the proof of Theorem 2.2 (and hence for Corollary 2.1) relies on, first,
quantifying the gap between the tail empirical quantile process based on the unobserved er-
rors and its version based on the residuals (see Lemma A.3 of [19]), and then on a Gaussian
approximation of the tail empirical quantile process for independent heavy-tailed variables.
Inspecting the proofs reveals that both of these steps can in fact be carried out when the ¢;
are only stationary, S—mixing and satisfy certain anti-clustering conditions, because a Gaus-
sian approximation of the tail empirical quantile process also holds then, see for instance
Theorem 2.1 in [15].

2.3. Extrapolation for extreme conditional expectile estimation. We finally develop
high-level results for the estimation of properly extreme conditional expectiles whose level
7/ — 1 can converge to 1 at an arbitrarily fast rate. One would typically choose 7;, =1 — p,,
for an exceedance probability p,, not greater than 1/n, see e.g. Chapter 4 of [13] in the context
of extreme quantile estimation. Following [51], intermediate quantiles of order 7,, can be ex-
trapolated to the extreme level 7,,, using the heavy-tailed assumption. This idea successfully
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carries over to expectile estimation because of the asymptotic proportionality relationship
& (€)/qr(e) = (v~ —1)77 as 7 1 1, resulting in the following class of estimators of &/ (£):

siwz(l‘ﬁ)ﬂaga

1—7,

where 7 and £, (¢) are consistent estimators of v and of the intermediate expectile &, (¢).
In the context of a regression model of the form (1), these would be based on the residuals
obtained via estimators g(«) and () of g(x) and o(x). One can then estimate &, (Y'|x) in

model (1) by a, (Yl|x)=9(x)+ E(w)aﬁ (€). We examine the convergence of this estimator.

THEOREM 2.3.  Assume that E|e_| < co and condition Ca(7y, p, A) holds with 0 <y < 1
and p < 0. Assume further that E(¢) = 0 and 1,7, 1 1 satisfy

1—1), n(l—1,)

=7, log[(l— )/ (1—14)]

4) Vil —1)A((L=7)" Y = AR and M:O(l).

qr,(€)

3) n(l—m7,) — o0 — 00,

Suppose also that \/n(1 — 1,,)(&,. () /&, () — 1) = Op(1) and \/n(1 — 7,,) (Y — ) 4T

where 1 is nondegenerate. Then
=k
1 — €
n( Tn) / fTﬂ,( ) 1 d T
log[(1 = 7n)/(1 = 73)] \ &, (€)

Finally, if model (1) holds (with X independent of €) and, at a given point x, the estimators

() and 5(x) satisfy g(x) — g(x) = Op(1) and \/n(1 — 7,)(c(x) — o(x)) = Op(1), then

n(l—7,) ?n; (Y|x) _ d
log[(l_Tn)/(l_T;l)] <£7’{1 (Y|$) 1> b

REMARK 4. This result applies to the residual-based direct LAWS estimator and indirect
quantile-based estimator under the conditions that ensure their /n(1 — 7,,)—consistency.
These conditions essentially amount to assuming that the structure of the model is estimated
at a rate faster than y/n(1 — 7,), see Theorem 2.1, the related Remark 1, and Corollary 2.1.

3. Applications of our theoretical results.

3.1. Location-scale shift linear regression model. 'We concentrate here on applications
in the popular example of location-scale shift linear regression model, which we recall below.

Model (M) The random pair (X,Y) issuchthat Y = a + 8" X + (146" X)c. Here the
random covariate X is independent of the centred noise variable ¢, and has a density function
fx on R? whose support is a compact set & such that 1 + 60"« > 0 forall z € K.

Model (M;) features heteroscedasticity. It is well-known that in this model, traditional meth-
ods such as ordinary least squares are consistent but inefficient. A particular concern in
our case is also to find accurate estimators of the heteroscedasticity parameter 6; indeed,
& (Y|e)=a+ BTz + (14+07x),, () with &, (¢) — oo as n — o0, so that, when 7 is
large, even a moderately large error in the estimation of @ can result in a substantial error in
the estimation of the extreme conditional expectile £, (Y |x). We suggest a two-stage proce-
dure to estimate (c, 3, 6), based on independent data points (X, Y;)1<i<n.
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1. (Preliminary step) Compute the ordinary least squares estimators & and ,5 of o and 3,
and then the ordinary least squares estimator of 6 based on the absolute residuals Z;i =

Y; — (@+ 87 X)), 0 =v/u and
(&,B) = argmin Z(Yz —a—b'X;)?, (,v)= argminZ(Z —c—d' X;)2
(a,b) i—1 (e,d) i—1

2. (Weighted step) Compute the least squares estimators a and B of a and 3, weighted
using estimated standard deviations obtained via @, and then the weighted least squares

estimator of 6 based on the absolute residuals Z; = |Y; — (& + 8" X;)|, i.e. @ = D/Ji and
n 2 n = 2
~ Y; —a—b' X, . Zi—c—d'X;
(a,B) = arg minz (Za~l> , (@, v)=arg minz Limc ¢ A
(ab) 1+07X; (cd) 1+07X;

REMARK 5. This is a one-iteration version of a general weighted least squares procedure
where estimates obtained at a given step are fed back into the next iteration to update weights,
this procedure being repeated ng times. Simulation results seem to indicate that iterating the
procedure further does not improve the accuracy of the estimators in practice.

Once these estimates have been obtained, we can construct the sample of (weighted) residuals
§§n) =Y, - (a+ ,@TXZ))/ 1+ 6" X;) satisfying Condition (2) since the weighted least
squares estimators are /n—consistent (see Lemma C.1 in [19] and also (52) in the proof of
Corollary 3.1). One can then estimate &, (¢) by the direct LAWS estimator &, (¢) described
in Section 2.1. The consistency and asymptotic normality of §T (¢) are therefore a corollary
of Theorem 2.1, and this in turn yields the asymptotic behaviour of the estimators

& (Ye)=a+8 x+ (1+0"2)&, (¢) (intermediate level)

7_/

N N 1— - .
and &, (Y|z)=da+8 x+(1+0 z) (”) &, (€) (extreme level)

where 7 is a consistent estimator of ~y constructed on the residuals.

COROLLARY 3.1. Assume that the setup is that of the heteroscedastic linear model (My).
Assume that ¢ satisfies condition Cy () with 0 < v < 1/2. Suppose also that Ele_|**° < oo
for some § >0, and that T, 1 1 with n(1 — 7,,) — oo.

& (Yz) d 27
(i) Then for any x € K, -1 —=N[0,——— ).
Jor any v (57 |e) -2,
(ii) Assume further that ¢ satisfies condition Ca(~y,p, A) with p < 0. Suppose also that
Tn, Th 1 1 satisfy (3) and (4). If there is a nondegenerate limiting random variable T' such

that \/n(1 —7,) (7 —7) 45T, then
(80 )

log[(1 —7)/(1 =) \ &, (Y]2)

We may similarly obtain the asymptotic normality of the indirect estimators ET (Y|x) and
7 (Yz) of the intermediate and extreme expectiles &, (Y'|x) and &, (Y'|z), defined as

& (Vo) =a+B e+ (1+8 a)y "~ 1) 7
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P ~ AT QT 1-m, _771 7z(n)
ad &, (Vo) =a-+ 57w+ (14670) (2] 3 =076 0,
Here 7 is the residual-based Hill estimator of ~y; the asymptotic properties of the estimators
are obtained using Corollary 2.1 and Theorem 2.3. See Corollary E.1 in [19].

REMARK 6. Corollary 3.1 requires a second moment of the noise variable £ because
of the use of the weighted least squares method and the residual-based LAWS estimator of
intermediate expectiles. The R package CASdatasets contains numerous examples of real
actuarial data sets for which the assumption of a finite variance is perfectly sensible. When
this assumption is violated, the alternative is to use a more robust method for the estimation
of the model structure and then use the indirect expectile estimator of Section 2.2. A more
robust method for the estimation of « and 3 is, for instance, the one-step estimator of [39].
Such methods typically require some regularity on the joint distribution of (X, ¢), but avoid
moment assumptions. The convergence of the indirect expectile-based estimator built on the
residuals will then only require a finite first moment, see Corollary 2.1 and Theorem 2.3.

3.2. Heteroscedastic single-index model. A model with greater flexibility is the het-
eroscedastic single-index model; the single-index structure allows to handle complicated re-
gression equations in a satisfactory way, including when the dimension d is large.

Model (M) The random pair (X,Y) is such that Y = g(3" X) + o(B8" X )e. Here g and
o > 0 are measurable functions. The random covariate X is independent of the noise variable
e, and has a density function fx on R? whose support is a compact and convex set K with
nonempty interior K°. Besides, the variable ¢ is centred and such that E|e| = 1.

For identifiability purposes, we will assume that g is continuously differentiable, ||3| =1
(where || - || denotes the Euclidean norm) and that the first non-zero component of 3 is pos-
itive. This guarantees that 3 is identifiable. Other sets of identifiability conditions are possi-
ble, see e.g. [28]. In this regression model, the conditional mean and variance have the same
single-index structure. There are analogue models where the direction of projection in o is
a vector 0 possibly different from 3 (see e.g. [54]). In practice, model (M3) is already very
flexible, and for the sake of simplicity we therefore ignore this more general case; in the lat-
ter, the direction in the variance component can be estimated at the \/n—rate (see Theorem 1
in [54]), and it is readily checked that our methodology below extends to this case.

In model (M>), &, (Y|x) =g(B"x) + (B x)&,, (¢). There are numerous +/n—consistent

estimators of 3 (see e.g. Chapter 2 of [28]). We thus assume that such an estimator ,@ has
been constructed, i.e. /n(8 — 3) = Op(1). Estimate now g with

RE ZYﬂ{\Y<tn}L< )ZL(Z“’X>

Here L is a probability density function on R, h,, — 0 is a bandwidth sequence and ¢,, — co
is a positive truncating sequence. This is inspired by an estimator of [22]; truncating helps in
dealing with heavy tails. Besides, analogously to what we observed in model (M), (,BTX )
is the conditional first moment of [Y — g(37 X )|. Introduce then absolute residuals Z; Tt =

Y — Gh., t.. (8" X;)| and consider a Nadaraya-Watson-type estimator:

Th it (2 ZZzh + ﬂ{ i Pt <tn}L<Z_/6 X) ZL<Z_ﬂ X)
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In Proposition C.1 (see [19]) we show that, under conditions tailored to our framework, both
of these estimators converge uniformly on any compact subset K of the interior of the sup-
port of X at the rate n?/°//logn under the condition nh> — ¢ € (0,00). Similar results,
mostly on the estimation of the link function g, are available in the literature; see for exam-
ple [32] for an estimator based on smoothing splines, as well as references therein.

The residuals are then éf-") = (Y — gh, 1. (ETXi))/Ehmtn (BT X;). Translated in terms of
these residuals, Proposition C.1 of [19] reads

n2/5 ‘g(n) — &

max —:

Viogn 1<i<n 1+ |g|
for any compact subset K of the interior of the support of X . The restriction to such a
compact subset makes sense since kernel regression estimators strongly suffer from boundary
effects (see, among many others, [33]). This restriction is not important in practice since one
would only trust the estimates of g and o on a sub-domain of the support where sufficiently
many observations from X have been recorded. It implies, however, that the residuals 55”)
that can be used for the estimation of the high conditional expectile are those for which X; €

Ko. More precisely, let é\(l?[)(g, . 5(1\7)[( be those residuals whose corresponding covariate

vectors X; € Kgand N = N(Ko,n)=Y ", ]l{X~ € Ko} be their total number. Define

I1{X; € Ko} = Op(1),

{ATN()—argmannTN 2[)(0 u),

u€R i—1

with 7nr = 7, when NV =m > 0. This yields the estimators

ETN (Yx) = gn, +. (BT.’ZZ) + 0, 1, (,@Tw)é\m (¢) (intermediate level)

N N N N 17\ "7
and & (Y]2) =G, o, (B7) + 61, (B ) (1N) &7x (¢) (extreme level)
— N

Again, the estimator 7 is typically calculated using high order statistics of the residuals € LKy

for example, this can be the Hill estimator taking into account the top [N (1 — 7)| order
statistics of these residuals (see Lemma C.6(i1) in [19] for the asymptotic properties of this
estimator). The next result focuses on the estimators {TN (Y|x) and 5* (Ylx).

THEOREM 3.1.  Work in model (Ms). Assume that € satisfies condition C1(y) with 0 <
v < 1/2 and the conditions of Proposition C.1 in [19] hold. Let 1, =1 — n™® with a €
(1/5,1), Ko be a compact subset of K° such that P(X € Ky) >0, and N = N(Ko,n).

(Y 27
(1) We have, for any x € K\, \/17N<§N Y:mi 1) i)/\f<0, 1 72 )
TN - ,.Y

(ii) Assume moreover that € satisfies condition Ca(7y, p, A) with p < 0. Suppose also that
Tn, Th 1 1 satisfy (3) and (4). If there is a nondegenerate limiting random variable T' such

that \/N(1 — 8) (7 — ) -5 T, then for any = € Ko,

N1 —17n) E:;V(Y‘w) B d
logl(L — 7)/(1 - 7] (smmw) 1) —h

REMARK 7. Compared to Corollary 3.1, Theorem 3.1 features the additional restriction
o =1 —n"%with a € (1/5,1). This means that the intermediate expectile to be estimated
has to be high enough so that the rate of (semiparametric) estimation of the structure of the
model is faster than that of the intermediate expectile and the extreme value index ~.
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REMARK 8. In Theorem 3.1, the order of the conditional expectile to be estimated and
rates of convergence are random and dictated by the number N = N(Ky,n) of covariates
X, € Ky (where model structure can be estimated at the rate n?2/5 /+/logn). Random conver-
gence rates are not unusual in situations where the effective sample size is random: see, for
example, Corollary 1.1 in [43] and Theorem 3 in [52] in the context of randomly truncated
observations. The random rate of convergence /N (1 — 7x) in Theorem 3.1 can nonethe-
less be replaced by a nonrandom rate because, with the notation of Theorem 3.1 and if
po =P(X € Ky), \/N(1 —7n) = [npo]*=*/2(1 + op(1)) by the law of large numbers.
Similarly, in convergence (ii) and if 7/, = 1 — n~% with b > a, one can replace 1 — 7y by the

nonrandom sequence 1 — T,,/lpo = (npo) " and the rate of convergence in (ii) can be substituted

with the nonrandom rate of convergence [npg]'=%/2/[(b — a) log(npo)].

Let us finally mention that, if 7 is the residual-based Hill estimator, an analogous result
(Theorem E.1 in [19]) holds for the indirect extreme conditional expectile estimator

~ R ~ R ~ 11—\, = (n
& (YNx)=gn, 1, (B ) +0n,1, (B ) <1 — TZ) F'-1) 7g(N)_LN(1—TN)J,N,K0'

Again, its asymptotic distribution is controlled by that of 7.

3.3. Heteroscedastic left-censored (Tobit) regression model. We briefly discuss how the
assumption that our model describes globally the structure of (X, Y") can be relaxed, through
the example of the left-censored regression model below.

Model (M3) The random pair (X,Y) satisfies Y = g(X )+ 0(X )e when g(X ) +0(X)e >
Y0, and Y = yg otherwise. Here ¥ is known and g and o > 0 are measurable functions. The
random covariate X € R is independent of the centred noise variable ¢ such that Ele| = 1.
On the support of X, the functions g and o are bounded and o is bounded away from 0.

When g is linear and o is constant, this is the Tobit model of [45] with non-Gaussian errors.
The heteroscedastic case is considered in e.g. [34, 40], where it is shown how a linear g can be
estimated at the \/n—rate, with standard nonparametric rates obtained under no assumption
on g. Such models are important in economics (see [45]) and insurance (to model a net loss,
i.e. claim amount minus deductible when the former exceeds the latter, and O otherwise).

Here, if € is heavy-tailed, there is 7. € (0, 1) such that for 7 € [, 1], the conditional quantile
function of Y given X satisfies ¢, (Y'|x) = g(x) + o(x)q,(¢) (see Lemma C.7(i) of [19]),
linking model (M3) to the tail regression models of [48, 50]. We do not have an analogue
formula for expectiles because they are not equivariant by taking increasing transformations,
but

Y )& (9(X)+0(X)e| X =x) =g(x) + o(x)&é () (see Lemma C.7(ii) of [19])

as 7 1 1, which is much weaker than the relationship - (Y |x) = g(x) + o(x)&- (g) true when
the regression model is valid globally. It is also weaker than a specification of the form
& (Yx) =r(x) + & () for T € [7c, 1], which would be an expectile-based version of the
model of [48].

Assume that there are estimators g of g and ¢ of o which are v, —uniformly consistent (for
some v, — 00) on a measurable subset K of the support of X such that P(X € Kj) > 0.
Let (X;,);,e;) stand for all those N vectors (where N is random) relative to noncensored
observations with covariate vectors in Ky, i.e. V; = g(&;) + o(X;)e; and X; € K for 1 <
i < N. Construct residuals as QEN) = (Vi — 9(X;))/0(X;). These approximate unobservable
e; that, given N =m > 0, are m i.i.d. copies of a random variable e such that P(e > t) =
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p~tP(e > t) for t large enough, where p = P(e > (yo — g(X))/o(X) | X € Kp) > 0 (see
Lemma C.7(iii) of [19]). In particular one easily shows that if € has extreme value index
7, then e has too, and &, (¢)/&-(e) — p” as 7 T 1 (see Lemma C.7(iv) of [19]). Let Ny =
Yo 1{X,; € Ko}. The fact that N/Nj is a y/n—consistent estimator of p motivates the
estimators

~ ALNG=Ta)]
& (Y]2) =5(a) +5(a) ( al )

— &-y (€) (intermediate level)
No

N N \TWNa=731 /] N\ TING=m)
and & (Y|z)=g(x)+o(x) (N) <1 N) &ry (€) (extreme level)
0 — TN

where ETN (e) is the LAWS estimator of the expectile of e at level 7y, based on the residuals
S(NV)

e; ', and y| N(1—ry)) is the Hill estimator based on the top [ N(1 — 7x)] elements of these

same residuals. We examine the convergence of the above estimators next.

THEOREM 3.2.  Work in model (Ms). Assume that € satisfies condition Ca(y, p, A) with
0 < 7 < 1/2. Suppose also that E|e _|**9 < oo for some § > 0, and suppose that § and & are
vp—uniformly consistent estimators (here v, — 00) of g and o on Ky with P(X € Kj) > 0.
Let 7, =1 —n~% with a € (0,1) and assume that n*=*/v2 — 0.

() If V/n(1 —1)A((1 — 7)Y = XeRand \/n(1 —1,)/qr, (€) = p € R then, for any
x € K,

v (G

&y (V) 1) —5 N (b(y, p.p, ), 0(7,p)) with

b(v, p,p, )
— (1) (;ﬂE [5 e> yoa_(;](()X), Xe Ko} —E [max <e, W)D "

N {p’)logp Lol <1—|—p {(71 T ID}A and

1—p p I—v—p p
277 R Gt Y
0(v.p) = g 210gp21_,y>2) + (logp)*y*.

(i) Assume moreover that p < 0 and 1,7, 1 1 satisfy (3) and (4). Then, for any x € K,

Ni-m) (&0 N\ o (., A
log[(1 —7n)/(1 = 7y)] (&;V(Y\w) 1) —>N<p T )

Note that when observations with X € K are never censored, we find p=1, N =
S {X; € Ko}, b(v,p,1,2) =0 (because E(g) = 0) and v(v, 1) = 273 /(1 — 2), which
then makes convergence (i) above analogous to Theorem 3.1(i). As expected, the asymptotic
distribution in (ii) is identical to that of the classical Weissman-Hill estimator when p = 1.

3.4. Time series models. Expectiles can be interpreted in terms of the gain-loss ratio.
This is a popular performance measure in portfolio management, well-known in the literature
on no good deal valuation in incomplete markets (see [3] and references therein). Financial
applications typically require working with stationary but dependent time series data. We
present here, in two such time series contexts, applications of our results to the dynamic
prediction of extreme expectiles given past observations. We only focus on LAWS estimators;
extensions of our theory to indirect expectile estimation can be found in Appendix E of [19].
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3.4.1. The ARMA model. We start with the following general ARMA(p, g) model.

Model (7}) The stationary time series (Y} );cz satisfies Yy = 213?21 Y+ Z?:l e+
er where ¢1,...,¢,,601,...,0, € R are unknown coefficients. The polynomials P(z) =1 —
Z?:l ¢;jz? and Q(z) =1+ 23:1 0;z7 have no common root, and no root inside the unit
disk of the complex plane. Finally, (¢;) is an i.i.d. sequence of copies of ¢ such that E(¢) = 0,
E(e?) < o0, and P(e > x) /P(|e| > z) — £ € (0,1] as x — oo.

In model (T}), the process (Y;) is causal and invertible, and so can be represented as
a linear time series in the €;_;, j > 0, by Theorem 3.1.1 in [4]. A conditional one-step
ahead expectile based on data up to time n is then & (Y41 |Fn) = Z§:1 OiYni1—j +
ijl Ojent1—j + &r, () where F, = 0(Yy,, Y, -1, . .) is the past o—field at time n. In gen-
eral, Z?:l i Ynt1—;+ Z?’:l 0;en+1—j depends on the unobservable e, ..., ep41—q, Which
are all linear functions of (Y7,41—;);>1 since (Y;) is an invertible ARMA process. This is why
the dynamic expectile &, (Y41 | Fr) to be estimated is conditional upon the whole past F,,
of the process; in the AR(p) case when ¢ = 0, this becomes the simpler conditional expectile
&r,(Yot1| Yo, Yoo1,...,Ys_pt1), determined by the past p values only.

Among others, the Gaussian maximum likelihood estimator and the ordinary least squares
estimator of the ¢; and 6; are \/n—asymptotically normal because E(?) < oo (see The-

orem 10.8.2 in [4]). We then assume that the estimators (;51 nye s OpnsOmy ..., 0q 0 are
such that %’” = ¢j + Op(n ~1/2) and 9] n=0; + Op(n -1/ 2) To construct residuals, set
g(gix(p”)*q“ - é(H?B)D((p g = U and define §§ M=y - L10inYei— 220195 ngﬁn)J,

for max(p, q) + 1 <t < n. We consider the asymptotic behaviour of the estimators

& (Yo | Fn) = Z gg Yoi1-5+ Z é\j,ngfﬁzl_j +&.(¢) (7, intermediate),
Jj=1 Jj=1

p q I\ =7
~ ~ ~ 1—7 ~
& (Yoy1 | Fn) = Z PjnYnt1—j Z 0jnE. 421 P+ ( ") &, (e) (7] extreme),
J:

1—7,

where Eﬂl (¢) is the LAWS estimator of &, (¢) and 7 is a consistent estimator of ~y, both

constructed on the residuals é\gn) for t,, <t <n only, where t,,/logn — oo and t,/n — 0.
This condition on t,, ensures that the influence of the incorrect starting values for the residuals

has vanished; in the autoregressive case ¢ = 0, one can use all the én) forp+1<t<n.

THEOREM 3.3.  Work in the ARMA model (T1). Assume that ¢ satisfies condition Cy(7y)
with 0 < v < 1/2. Suppose also that there is § > 0 such that E|le_|>T% < oo, and that 7, 1 1
is such that n(1 — 1,,) — oo.

() Ifn®*(1 — 1,) — 0 for some v > 0, then

&r, (Yot | Fn) d < 27 >
n(l— Sl P 1) SN0, :
( )<sm< Vot | ) -3
(ii) Assume further that ¢ satisfies condition Ca(~,p,A) with p < 0. Suppose also that
Tn, Ty 1 1 satisfy (3) and (4) (in addition to nQV“(l — 1) — 0). If there is a nondegenerate
.o . _ d
limiting random variable 1" such that \/n(1 — 7,)(7 —v) — T, then

n(l—7,) g* (Ynt1 | Fn) d
logl(1 — 7)/(1 - 73] (& o1 | F) 1) —h
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3.4.2. The GARCH model. ARMA models are widely applicable but well-known for
failing to replicate the time-varying volatility typically displayed by financial time series. Our
next focus is on general GARCH(p, ¢) models, which arguably constitute the best-known and
most employed class of heteroscedastic time series models.

Model (Tp) The stationary time series (Y)iez satisfies Y; = ey, with oy > 0 such that
ol =w —I—EQ | Bijor i+ Z jand w,a1,...,aq,B1,. .., Bp > 0 are unknown co-
efficients, and (e¢) is an i.i.d. sequence of copies of ¢ such that E(¢) = 0, E(¢?) = 1 and
P(¢2 = 1) < 1. Suppose also that the sequence of matrices

QIED o e athQ BreZ e e Bpe%
1 0 0 0 O v veenns 0
0O 1 0 0 O v cee v 0
0 01 0 O v veee v 0
A, =
t QU e e g P By
O vv e e 0 1 0 0 - 0
0 coveen e 0 0O 1 0 - 0
0 coveennn 0 0 01 0

has a negative top Lyapunov exponent, i.e. lim; oot E(log || Az A1 -+ A1]]) < 0 with
probability 1 (where || - || is an arbitrary matrix norm).

The above condition on (A;) is necessary and sufficient for the existence of a stationary,
nonanticipative solution, see Theorem 2.4 p.30 of [16]. Condition P(¢? = 1) < 1 ensures
identifiability. In pure ARCH models (p = 0), one can estimate the model with weighted
least squares regression of Y,? on its past. This estimator is y/n—asymptotically normal if
E(Y;*) < oo (see Theorem 6.3 p.132 in [16]). Under further conditions on model coefficients
(see p.41 of [16]), this may reduce to E(s?) < oo, but this is still a substantial restriction in
our context of heavy-tailed . An alternative is the weighted L' —regression estimator of [29],
whose /n—asymptotic normality requires some regularity on the distribution of  rather than
finite moments. In GARCH models, the self-weighted quasi-maximum exponential likeli-
hood estimator of [53] is y/n—asymptotically normal for square-integrable innovations.

~(n) -
max(p,q)— p+1

= Er(;)x(p’q) wn, and then define (5{™)2 =@, + P Bj7n((/7\(n + 3 Y

and &?ﬁ”) = Yt/at , for max(p,q) + 1 <t < n. Denoting again by F,, the past o —field and
letting G, 1 = @n+ ") Bjn0a i1 ;+ > j—1 @jnY,y1_; be the predicted volatility at time
n + 1, one-step ahead estimators of intermediate and extreme conditional expectiles are

Take v/n—consistent estimators ajpn and BJ n. TO construct residuals, set o

1—7/

~ PR
6 (Vb1 | F2) = Gria, (6) and & (Vo | 7) =nn x (1222 ) &)

respectively, where §AT () is the LAWS estimator of &, (¢) and 7 is a consistent estimator

of ~, both constructed on the residuals §§ ") for tn, <t <n only, where t,/logn — co and

tn/n — 0 (for pure ARCH models when p = 0, all residuals for ¢ + 1 < ¢ < n may be used).

THEOREM 3.4.  Work in the GARCH model (T5). Assume that ¢ satisfies condition Cy(7y)
with 0 <y < 1/2. Suppose also that there is § > 0 such that E|e_|?>T0 < oo, and that T, =
1 —n~%for some a € (0,1).
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3
(i) Then \/n(1 — 1) (W 1) i>/\/<0, 12_727).

(ii) Assume further that ¢ satisfies condition Co(~y,p, A) with p < 0. Suppose also that
Tn, Ty T 1 satisfy (3) and (4). If there is a nondegenerate limiting random variable T such

that \/n(1 —7,) (7 — ) 45T, then

n(l—1,) & (Yny1 | Fu) d
Togl(L = /(1 — 72 (m Yot | 72 1) —r

4. Finite-sample study. We showcase our estimators on simulated data (Sections 4.1
and 4.2) and real data (Sections 4.3 and 4.4). Here we use, to estimate the extreme value
index, the following bias-reduced version of the Hill estimator 7, see [21]:

b n\P
~RB  ~
T =k ( 1-p\k >

where throughout, k = [n(1 — 7,,)], and b and p are consistent estimators of the quantities
b and p under condition Ca(7,p, A) and the additional assumption that A(t) = byt”. The
estimators b and p may be found in [21] and are available from the R function mop in the R
package evt0; of course, we shall use here their residual-based versions. We also consider
the following bias-reduced version of the family of direct extreme expectile estimators of ¢:

—2k/m |\ T 13855

ﬁ+ [(1/ARP — 1) P[L+ 7 ()] 7 — 1JARB(1 — 7)) 7 with
54' [(1/ARB —1)=P[L +7(1 — k/n)] =7 — 1]bARB (n/k)P’
N 1
(1~ k/n) = (1_ 51/2( €) ) 1 ] B[Fn (& k(€)1 7P 1, and

gl k/n( )

~ ARB ) -1
r*(T’D:(l_?f((;))2Ta1—1(” (1/ ARE — )ﬁ “‘Wﬁ) o

This expression is motivated by the proof of Proposition 1 and Corollary 1 in [9]; here F',
is the empirical survival function (i.e. complementary distribution function) of the residuals.
We similarly consider the following bias-reduced version of the family of indirect estimators:

00 =8 (0) (14 T = g (7 ey

~RB _ P 1+ 7*( —p _ %
(14 QA DTLEP I Yy gy 5),
p
These procedures improve the accuracy of our estimators, without affecting their asymptotic
properties (see [20, 21]). They naturally give rise to extreme conditional expectile estimators
&8 (Y|z) and f* BB(Y|z), to which we refer in the present section.
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4.1. Simulation study: linear and single-index models. We simulate N = 1,000 samples
of n = 1,000 observations (X;,Y;), 1 <i < n. Here X € R*, with independent components,
the first three being uniformly distributed on (0, 1), and the fourth following a Beta(2,1)
distribution. We then simulate from two different models on (X,Y):

G Y=14+8"X+(1/2+8"7X)e.
(G2) Y=1+exp(B'X —2)+(3/2+exp(B' X —2))e.

Model (G1) is a location-scale shift linear regression model, while model (G2) is a het-
eroscedastic single-index model. In both cases, the coefficient vector 3 = (1,1,1,1) and ¢ is
a noise variable, independent of X, with a normalised symmetric Burr distribution, that is,
e=—peo/B((yv—1)/p,(p—")/p), where B is the Beta function and ¢( has density

(5) folw) = (29) 2| PV L+ |27V (2 € R).
We consider the cases v € {0.1,0.2,0.3,0.4} and the second-order parameter p = —1.

Our aim is to estimate extreme expectiles & (Y'|x), in both of these models. We compare
the performances of several procedures, constructed using the following four strategies:

(S1) We assume that Y is linked to X by a location-scale shift linear regression model,
ie.Y =a+B" X+ (1+ 6" X)e. The methodology used for the estimation of &/ (Y |z)
is outlined in Section 3.1, and the bias-reduced direct estimator is used.

(S1i) Identical to (S1), but the bias-reduced indirect estimator is used instead.

(S2) We assume that Y is linked to X by the heteroscedastic single-index model ¥ =
g(B"X)+0(B"X)e. The vector 3 is estimated using the algorithm of [54] (see 1.(a)-
(c) on page 1240 therein), with g and o estimated using the procedure described in Sec-
tion 3.2, with h,, =0.3 and ¢, = n?/5 ~ 15.85. The bias-reduced direct estimator is used.

(S2i) Identical to (S2), but the bias-reduced indirect estimator is used instead.

These procedures are compared with the following eight benchmarks:

(B1) We assume no specific structure on (X, Y') and, at X = &, we use a local bias-reduced
direct estimator relying on those Y; whose X; are the 100 nearest neighbours of x. In this
procedure we use k = 20, i.e. 7, = 0.8 for the extrapolation step.

(B1i) Identical to (B1), but the bias-reduced indirect estimator is used instead.

(B2) We assume the homoscedastic single-index model Y = ¢ (,@TX ) + ¢ with known 3 =
(1,1,1,1). The function g is estimated through the Nadaraya-Watson estimator, with a
bandwidth chosen using the R package np. The bias-reduced direct estimator is used.

(B3) Identical to (S2), although 3 is assumed to be known and equal to (1,1,1,1).

(B4) We assume that the structure of the model linking Y to X is fully known, i.e. we know
3 and the location and scale functions, and we use the direct estimator (no bias reduction).

(B4i) Identical to (B4), although the indirect estimator is used instead (no bias reduction).

(B5) Identical to (B4), although the bias-reduced direct estimator is used instead.

(B5i) Identical to (B5), although the bias-reduced indirect estimator is used instead.

In each procedure except (B1) and (B11i), the intermediate expectile level used as an anchor in
the extreme value index and extreme expectile estimators is fixed at 7,, = 0.9, corresponding
to k= [n(1 —7,)] = 100; in (S2), (S2i), (B2) and (B3), we use the Epanechnikov kernel in
the estimation of the link functions g and o. To assess the performance of our methods, we
compute, for a given estimator Ej (Y|x), the Relative Mean Absolute Deviation (RMAD)

7*,(m)
. , Y|z
RMAD = median 57"7(” —1f,
1<m<N | & (Yz)
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where ¢ = (1/2,1/2,1/2,1/3). The quantity zi(m) (Y'|z) denotes the estimator calculated
on the mth replication, at the level 7/, =1 — 5/n = 0.995. The error RMAD gives an idea of
the uncertainty on extreme conditional expectiles at a typical data point in the centre of the
data cloud. Finally, for all a € (0,1), the true expectiles &, (Y |x) are deduced from &, (&),
obtained by solving the equation ¥ (y)/(2¢(y) + y) = 1 — « via the R function uniroot,
where ¢ (y) = fyoo P(ep > t) dt is computed with the R function integrate.

Results are reported in Table F.1 of [19]. In the linear model (G1), methods (S1) and (S1i) are
clearly the best, and single-index based methods (S2) and (S2i) perform reasonably well. In
fact, for the heaviest tail, methods (S2) and (S2i) slightly outperform (S1) and (S1i) because
they are more robust to the highest values in the sample. In the single-index model (G2),
methods (S2) and (S2i) perform best, and method (S2) is quite close to the unrealistic bench-
mark (B3); methods (S1) and (S1i) are heavily penalised by the misspecification of the con-
ditional mean and variance. The nonparametric benchmarks (B1) and (B1i) are surprisingly
competitive, perhaps because they benefit from a degree of robustness against heteroscedas-
ticity. Not accounting for heteroscedasticity is indeed very detrimental, as a comparison of
method (S2) and benchmarks (B2), (B3) shows, even with the unrealistic advantage of a
correct pre-specification of the direction 8. Finally, a comparison of benchmarks (B4) and
(B5) shows that even though an unrealistic correct pre-specification of the model structure
is obviously beneficial, getting the extreme value step right is very important: in the linear
model (G1), method (S1) outperforms benchmark (B4) for v € {0.1,0.2}, and is competitive
otherwise, because it features a bias-reduction scheme at the extreme value step.

It appears that while knowing model structure is an advantage for lighter-tailed models, this
advantage disappears when the noise variable has a heavier tail, thus illustrating that the
extreme value step, rather than model estimation, is indeed the major contributor to estima-
tion error. For instance, when v = 0.2, the RMAD of benchmark (B5) is only 5% smaller
than the RMAD of method (S2) in the single-index model (G2), and method (S2) is even
slightly more accurate when -y is larger. The difference when v = 0.1 makes sense: in this
setup where extreme expectiles are comparatively smaller, an error on the conditional mean
or variance will have more consequences. Let us conclude that while we used the intermedi-
ate level k,, = 100 for the sake of computational efficiency, in practice one may want to use
a data-driven criterion for the choice of k,,. In Appendix F.1 of [19], we suggest an adapta-
tion of an Asymptotic Mean-Squared Error (AMSE) minimisation criterion; we repeated this
simulation exercise with this choice of k,, and observed that there is no obvious advantage in
the data-driven choice although results are competitive. Full results are reported in Table F.2
of [19].

4.2. Simulation study: time series models. We simulate N = 1,000 replications of time
series of size n + 1 = 1,001 from two different models:

(T1) An ARMA(1,1) model Y; = ¢Y;_1 + Oe1_1 + &4, where the parameters ¢ and 6 are
estimated using default settings of the R function arma from package tseries.

(T2) A GARCH(1,1) model Y; = (w + Y2, + fo?_)/?&;, where w, a and J3 are esti-
mated using default settings of the R function garch from package t series.

The &; are i.i.d. with common density fy as in (5) and p = —1; in the GARCH(1, 1) model,
these innovations are rescaled by 1/T'(1 — 27)['(1 + 27) to guarantee that E[¢?] = 1.

We estimate a one-step ahead extreme expectile &,/ (Y, 41| Fy), where 7, denotes the past
o—field at time n. We then compute, on the mth sample, the target value 55@ (Yot1 | Fn),its
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direct estimate g:;RB,(m) (Yn41| Fn) and its indirect counterpart g:ZRB’(m) (Yot1| Fn), where
7/, =1—5/n=0.995 and k,, = n(1 — 7,,) = 100. We calculate their RMAD

7*,(771)

) Vi | F N

RMAD = median gTF )( +1] )—1 , with 573( ):E:ZRB’( ) or 57*-7RB’( ),
1<msN | €00(V,1 | F) ¢ T n

’
Tn

In the ARMA model, we take ¢,6 € {0.1,0.5}; in the GARCH model, we fix w = 0.1
and take (a, ) € {(0.1,0.1),(0.1,0.45),(0.45,0.1),(0.1,0.85)}. In each model, we take
v € {0.1,0.2,0.3,0.4}. Note that the GARCH model is second-order stationary only if
a+ B < 1 (see Theorem 2.5 in [16]). Our methods are compared with the (unrealistic) bench-
marks generated from knowing model coefficients (and therefore observing the innovations).

Results are reported in Table F.3 of [19]. In the ARMA model, the RMAD does not seem
overly sensitive to the parameters ¢ and 6, but increases with the extreme value index +.
In the GARCH model, errors seem to be sensitive to whether the model is close to second-
order stationarity (note the slightly different errors in the case (o, 5) = (0.1,0.85) and 7 €
{0.1,0.2}). In both models, the indirect estimator has an advantage over the direct estimator,
which gets smaller as the tail gets heavier. Knowing the true values of the coefficients does
not bring a large improvement, except maybe for the lightest tails; this again underlines that
most of the estimation error, and hence of the uncertainty on the estimates, originates from
the extreme value step, rather than model estimation. With our data-driven choice of k,,, the
indirect estimator typically stays the best.

4.3. Real data analysis: Vehicle insurance data. 'We consider the Vehicle Insurance Cus-
tomer Data', made of n = 9,134 total (i.e. cumulative over the duration of the contract) claim
amounts Y of insurance policyholders according to their lifetime value X; (in USD), income
X5 (in USD), number X3 of months since last claim and number X4 of months since policy
inception. We follow the methodology of Section 3.2. A cross-validation procedure using
the R function npindexbw (from the package np) gives a selected bandwidth A* = 0.1
(for covariates standardised by their respective maxima). We also choose t* = co. We ob-
tain B ~ (—0.923,0.386,—0.001, —0.002), which seems to indicate that only lifetime value
X1 and income X5 play a role in the prediction of Y. The estimated functions g and & are
depicted in the top left panel of Figure 1 (the kernel function L is the Epanechnikov kernel).

We now estimate an extreme conditional expectile &/ (Y|x) at level 7/, =1 — 1/(nh*) =
0.999. The top right panel of Figure 1 shows the direct extreme conditional expectile esti-
mator for £* =200 and 7" = 1 — k*/n (the bottom right panel of Figure 1 shows that the
heavy-tailed assumption on the noise is reasonable). The heteroscedastic single-index model
captures the variation in the shape of the data cloud fairly well, and the extreme conditional
expectile curve gives a reasonable idea of the conditional extremes of the data. Interpret-
ing an expectile curve, meanwhile, is not always straightforward. However, in this insurance
example, the expectile &/ (Y'|x) satisfies the following gain-loss ratio criterion (see [3]):

Lo Lo B = & (V)Y > & (Va)}| X =)
oo B (Yie) Y)Y <& (Vi) X =)
o B — & (Y]2)) L{Y > & (V) } X = z)

& (Ye) —E(Y|X =)

Available at https: //www.kaggle.com/ranja7/vehicle-insurance-customer—data and
from the authors upon request.
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In other words, & (Y'|x) is the aggregate premium to be collected over the lifetime of the
contract so that, for customers having the list of characteristics «, the ratio between aver-
age losses exclusively incurred by claims made by such customers above that level and net
average profit is approximately the small quantity 1 — 7). This value & (Y'|z) can be thus
interpreted as a high safety margin for the insurer, and has an even clearer meaning to rein-
surers, who only face a loss when the claim exceeds a certain high threshold.

We compare extreme conditional expectile and quantile estimates at the same level 7,,, the
latter being obtained by combining the standard Weissman-type estimate of an extreme quan-
tile of the noise with our estimates g and &. It can be seen in Figure 1 that the extreme
conditional quantile estimate is outside a pointwise 95% bootstrap confidence interval for
the extreme conditional expectile (constructed using an adapted methodology called semi-
parametric Pareto tail bootstrap, see Appendix F.2 of [19]). This may be relevant to insur-
ance companies, for whom lower (i.e. more optimistic) assessments of risk translate into
marketable contracts with lower premiums and hence improved competitivity, while policy-
makers and regulators would favour the higher (i.e. more pessimistic) quantile estimates to
hedge better against systemic risk. Interestingly, the regression median is below the regres-
sion mean, so there is a qualitative difference between central and extreme assessments of risk
using expectiles and quantiles: a risk assessment based on the regression mean (i.e. a central
conditional expectile) is more conservative than if it were based on the regression median
(i.e. a central conditional quantile), but extreme conditional expectile risk measurements are
less conservative than those made with extreme conditional quantiles.

4.4. Real data analysis: Australian dollar exchange rates. The analysis of exchange rate
risk is a key question in economics. An accurate analysis of exchange rate risk informs strate-
gic decisions made by firms, such as the extent to which they import and export and whether
they should invest in foreign markets, which have consequences on their competitiveness
on the global marketplace. We study the daily log-returns of the Australian Dollar/Swiss
Franc (AUD/CHF) and Australian Dollar/Swedish Krona (AUD/SEK) exchange rates from
Ist March 2015 to 28th February 2019, represented in the left panels of Figure 2 (sam-
ple size n = 1,043). The literature has suggested that expectiles can be fruitfully used to
estimate quantiles (see e.g. [3, 44]). Our goal is to estimate the (dynamic) extreme condi-
tional quantile ¢, (Y;,41 | F) of level 7/, = 0.995 ~ 1 — 5/n on the final day. We consider
a GARCH(1, 1) model, motivated by the finding of [36] that GARCH models fit past Aus-
tralian exchange rates well; the R function garch (in the package t series) returns, with
the notation of Section 3.4.2, (&y,, &y, Bn) = (4.20 x 1077,0.943,0.0465) for AUD/CHF and
(1.21 x 107°,0.576,0.119) for AUD/SEK. We construct the quantile estimator

.RB ~RB\— P o, RB
@) = () =)™ &),

With k* =50 and 7,, = 1 — k*/(n — 1), we get 722 = 0.189 for AUD/CHF (resp. 0.211 for
AUD/SEK) and in}RB(s) = 2.40 (resp. 2.58) (graphical evidence of a heavy right tail of ¢ is
given on the right panels of Figure 2). To check that our estimates make sense, we recall the
characterisation of ¢ (¢) as 0.995 = 7], = E(1{e < ¢ (¢)}) and compare that with

n

1
: >1 {gf.") < qA*T;RB(s)} ~ 0.99424 for AUD/CHF (resp. 0.99520 for AUD/SEK).
/”L —_— n

=2

This is indeed very close to the expected value 7;, = 0.995. Our estimate can be compared

with a bias-reduced version (}:iRB () of the classical extrapolated estimate of [51]:

E n .b\
~xRB ~k ~RB

; =4 1—- = (*) y
an (8) an (E) ( Yk D k )
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where 'qv;’,b (€) is the residual-based Weissman quantile estimator using ‘y\,l;B in its extrapo-
lation step. This estimate is 2.48 for AUD/CHF (resp. 2.64 for AUD/SEK). Our expectile-
based estimate of 2.40 (resp. 2.58) is slightly lower; this makes sense, as the estimated value
of 7 is lower than 1/4, and extreme expectile-based estimates can be thought to reflect this
rather light tail by producing lower point estimates than their quantile counterparts (and when
v > 1/4, expectile-based quantile estimates seem to be higher than traditional estimates,
see e.g. Section 7.1 in [9]). This lower assessment of risk may be interesting to financial
companies, as opposed to regulators who may prefer quantile-based estimates. Finally, the
predicted estimate of ¢,/ (Y;,41|F,) on st March 2019 is 0.0138 with Gaussian and semi-
parametric Pareto tail bootstrap 95% confidence intervals (see Appendix F.2 of [19]) being
[0.0122,0.0154] and [0.0116,0.0160] for AUD/CHF (resp. 0.0156, Gaussian confidence in-
terval [0.0136,0.0178] and bootstrap confidence interval [0.0127,0.0191] for AUD/SEK).
This amounts to a daily variation of 1.4% of the AUD/CHF exchange rate (resp. 1.6% for
AUD/SEK).

5. Discussion and perspectives. We provide a general toolbox for the estimation of
extreme conditional expectiles, by showing how a simple assumption on the residuals of
the model makes it possible to obtain the convergence of residual-based estimators of the
extremes of the noise. By applying our results in examples not limited to low dimensions,
we contribute to the broader question of how to model extremes with a large number of
covariates. The works of [17, 23, 49, 50] introduce dedicated modelling assumptions on
the tail conditional quantiles of Y. The tail linear quantile regression model of [50] is not
straightforward to interpret: even when the conditional quantile is in fact linear in « (for
any 7), this model is the arguably complicated linear model linking Y to X with random
coefficients (see p.808 of [6]). Our generic model provides a straightforward way of seeing
the effect X has on Y and avoids the crossing problem (unlike the method of [50]), since the
structure of the model is estimated only once. The nonparametric model of [17], meanwhile,
rests upon the estimation of a Tail Dimension Reduction subspace, which can only be done
using the pairs (X, Y;) such that Y; is large. This entails a potentially substantial loss of
modelling strength compared to our approach. Besides, the aforementioned papers focus on
the case of i.i.d. data (X, Y;); our method allows us to consider popular time series examples.

Among future research perspectives, it would be nice to extend our results for ARMA and
GARCH models in the ARMA-GARCH model, to allow for heteroscedasticity in time series
not having mean 0. Besides, the basic principle of our approach relies on location equivari-
ance and positive homogeneity, which are true for numerous interesting functionals, e.g. co-
herent spectral risk measures, including the very recent concept of extremiles ([8]). Adapting
our approach to other risk measures constitutes an interesting avenue for further work. An-
other perspective is to relax the heavy-tailed assumption, to extend the applicability of our
method. As far as we know, even in the simple unconditional i.i.d. case, there are currently
no estimation procedures available for extreme expectiles of either light-tailed or short-tailed
distributions, which are the other setups one would consider in an extreme value framework.
Finally, an approach that fully accounts for joint uncertainty between model estimation and
extreme value estimation would be an important next step in order to handle the strongest
possible forms of heteroscedasticity. This will at least require uniform weighted Gaussian
approximations of the tail empirical residual-based quantile process; this very difficult ques-
tion needs to be solved on a case-by-case basis, because the structure of residuals is com-
pletely controlled by the structure of the model. In linear regression, the current state of the
art seems to be uniform non-weighted approximations on the real line (see [5], especially
Section 6 therein). The absence of weighting makes it impossible to use such results for ex-
treme value inference. We are not aware of such results in single-index models, not even
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non-weighted and in the homoscedastic case. This is a very substantial research project in
itself which we defer to future work.
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SUPPLEMENTARY MATERIAL

The supplementary material document () contains the proofs of all theoretical results. It
also provides further theoretical results related to indirect estimators, and further details about
our finite-sample procedures and studies.
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FIG 1. Vehicle Insurance Customer data. Top left: estimates of g (red curve) and o (blue curve) with a histogram
of the B X;. Top right: estimates of the regression mean (red line) and median (orange line) and of the estimated
conditional expectile (solid purple line; dotted lines represent bootstrap pointwise 95% confidence intervals) and
quantile (green line) at level ), =1 — 1/(nh*) = 0.999 in the (3" x,y) plane. Bottom left: curves k — F©
on the non-filtered data Y; (black curve) and residuals (red curve). Bottom right: Exponential QQ-plot of the
log-spacings log(Efl"_)iH’n/?fin_)k* ) 1 << k" =200. The straight line has slope FRB — 0.263.
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estimators in Section E, and further details about our finite-sample proce-
dures and studies in Section F.

APPENDIX A: THEORETICAL TOOLBOX: AUXILIARY RESULTS AND THEIR
PROOFS

Lemma A.1 below is a result on the mean excess function of a sample of heavy-tailed random
variables, used in the proof of Theorem 2.1.

LEMMA A.1.  Assume that € satisfies condition C1(y) with 0 <~ < 1/2 and 7, T 1 is such
that n(1 — 7,) — oo. Let moreover t, — 0o be a nonrandom sequence such that F(t,)/(1 —
Tn) = ¢ € (0,00). Then

IR
PROOF. Write first

c+o
M;gzﬂ{sptn}_

Zz-:z]l{ez >ty }.

The idea is now to split the sum on the right-hand side as follows:

Zazﬂ{el>tn}— — Zﬂ{€l>tn}+ Z n)1{ei >t,}.

ntF

Straightforward expectation and variance calculations yield

n

1
nF(tn); &>t}

MSC 2010 subject classifications: Primary 62G32; secondary 62G08, 62G20, 62G30
Keywords and phrases: Expectiles, extreme value analysis, heavy-tailed distribution, heteroscedasticity, re-
gression models, residual-based estimators, single-index model, tail empirical process of residuals

1



Var <nF1(tn) gn{& > tn}) ~0 <nF1(tn)> ~0 <M> -0,

1 - 1 [*® F(x) 0
E <ntnF(tn)Z(€i —t,)1{e; >tn}> =l F(tn)dl«é T

=1

and Var (ntné(tn) Zn:(ei )1 > tn}> ~0 (nFl(tn)) ~0 (M) 0.

=1

Therefore

as announced. O

The next auxiliary result is an extension of Theorem 1 in [10]. It drops the assumption of an
independent sequence and of an increasing underlying distribution function. We note that the
bias term b(7y, p) of our result below is simpler than the corresponding bias term of Theorem 1
in [10], due to the assumption of a centred noise variable.

PROPOSITION A.1. Assume that Ele_| < oo, that condition Ca(~, p, A) holds with 0 <
v < 1, and that E(¢) = 0. Let 7, 1 1 be such that n(1 — 7,) — oo, \/n(1 —7,)A((1 —
) Y = AeRand \/n(1 —1,)/q-, () = O(1). Then, if
_ 67— (E) > d
(1 —m) (7=~ 20 1) 4 (1, 0),
=) (72225 .0

we have

n(l—m7,) SAGNS 1) % m(y)I' + 6O — A\b(v,p)
& (e)
)

with m(y) = (1 —~)~! —log(y~! — 1) and

'=-D7* ('-Hr-1
+ .
I—y—p P

b(fYa p) =

PROOF. Note that (72 —1)~7 —— (v~} —1)~7 and 7. (e)/qr, () — 1 250, so that
linearising leads to

Enle) | _ ((’Y_tU_: _ 1) + (qw(g) - 1> (14 0p(1))

& (5) (7 1) qr, (€>
(v =1, (e)
(6) + ( ) — 1> (14 op(1)).

To control the bias term, use Proposition 1 in [12], of which a consequence is, for the centred
variable ¢,

(' =17, (e) N N O V.
n(l—rn)< & (o) —1>——>\[ [p— + P
— b, p) + (1),

[ o)
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Reporting this in (6) and using the delta-method, we obtain

& (€)

This is precisely the required result. O

n(l—m1,) (57" () _ 1) LN m(y)I'+© — Ab(v, p).

The following rearrangement lemma is an extension of Lemma 1 in [19], which we use in
the proof of Lemma A.3 below.

LEMMA A.2. Letn>2and (ai,...,a,) and (by,...,by) be two n—tuples of real num-
bers such that for all i € {1,...,n}, a; <b;. Then forall i € {1,...,n}, a;n < bj .

PROOF. See the proof of Lemma 1 in [19], which, although the original result was stated
for n—tuples featuring no ties, carries over to this more general case with no modification.
O

The following lemma is the key to the proof of Theorem 2.2. In our context, its interpretation
is that the gap between the tail empirical quantile process of the residuals and the analogue
process based on the unobserved errors is bounded above by the gap between errors and
their corresponding residuals; this will be used to give an approximation of the tail empirical
quantile process of the errors by the tail empirical quantile process of the residuals.

LEMMA A.3. Let k= k(n) — oo be a sequence of integers with k/n — 0. Assume that
€ has an infinite right endpoint. Suppose further that the €; are independent copies of € and
that the array of random variables EZ(-n) , 1 <1 <mn, satisfies

’ _51’
R, =
R S I P |es]

Then we have both

~(n) ~(n)
En— |ks|,n En— lks],n
sup | ——— —1|=0p(R,) and sup |log | ——— || =Op(R,).
0<s<1|€n—|ks|,n 0<s<1 En—|ks|,n

PROOF. Clearly:
Vie{l,...,n}, gi— Ro(1+ |es|) = & <& < ¢ i=e; + Rp(1+ |e4]).
It then follows from Lemma A.2 that
Vie{l,...,n}, fmgam<<m

Note that for any r € (—1,1), the function = — x + r(1 + |z|) is increasing. Therefore, on
the event { R,, < 1/4}, whose probability gets arbitrarily high as n increases, we have:

Vi€ {1,...,n}, ein — Ra(l+ leinl) = Ein < B < Cin = €im + Ru(1 + [einl)-

Now, by Lemma 3.2.1 in [14] together with the equality & u (Z) where Z has a unit Pareto

distribution, we get £, ,, L, +00. On the event A, := {R, <1/4}N{ep—kn > 1}, which
likewise has probability arbltrarlly large, we obtain

Vi Z n— k‘, (1 - Rn)ei,n - Rn § 552) S (1 + Rn)&,n + Rn
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In other words, on A,,, and for any s € (0, 1],

()
En— lks|,n

—2Rn§—Rn<1+ ! )S _1§Rn<1+>§2Rn‘
En—|ks|,n En—|ks|,n En—|ks|,n

This shows that

)
sup |—=thsbn _q| = Op(Ry).
0<s<1|€n—|ks|,n
Note further that, on A4,,,
~n
En— lks],n
Vs € (0,1], log(1 —2R,) <log 6 — | <log(1+2R,).
n—|ks|,n

Since log(1 + z) < z and log(1 — x) > —2xz for all z € [0,1/2], this yields, on A,,
~(n)

5
Vs € (0,1], |log [ ==l ) | < 4R,
En—|ks|,n
As a consequence,
0
sup |log nlhsln ) Op(R,).
0<s<1 En—|ks|n

This concludes the proof.

O]

The final auxiliary result of this section is used as part of Remark 2. It can be seen as a

Breiman-type result, see Proposition 3 in [4] for the original Breiman lemma.

LEMMA A.4. Suppose that the random variable Y can be written Y = Z + Zs €, where

e 71 is a bounded random variable,

* Zy is a (strictly) positive and bounded random variable,
* ¢ satisfies condition C1(7y),

* 7y is independent of €.

Then'Y satisfies condition C1(7y).

PROOF. We prove that for all 2 > 0, P(Y > tx)/P(Y >t) — 2~ /7 as t — cc. Note that

if aq,b; are such that Z; € [a1, b;]| with probability 1,
P(Zye >tx —ay) - P(Y > tx) < P(Zye >tx —by)
P(Zoe>t—b1) — P(Y >t) — P(Zee>t—ay)
This entails, for any fixed € € (0, 1), that for ¢ large enough,
P(Zye > t(x +¢)) < P(Y > tx) < P(Zye > t(x —¢))
P(Zye>t(l—¢)) — P(Y >t) ~ P(Zee>t(l+¢))’

Let by > 0 be such that Zs € (0, by] with probability 1. Since Z5 is independent of €, we have

for any ¢t >0

P(Zye>t) [ P(e>t/2)
P(2>t) _/0 P(e > t) Fz.(d2).
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Use now Potter bounds (see e.g. Proposition B.1.9.5 in [14]) and the dominated convergence
theorem to obtain

P(ZQ e > t)
P(e > t)
This implies that Z ¢ is, like €, heavy-tailed with extreme value index ~. In particular

P(Zye>t(xFe) P(Zre>tlxFe)) P(Zre>t) . o
Plocst122) ~  Bllcst) Baestazs) 059w

as t — o0o. Conclude that

N /Ob2 2Pz, (dz) = E(Z;) € (0,00).

_ . L P(Y >tx) . P(Y > tx) _
_ A\ 1/'Y< T < T < 1/~ _ 1/~
(1=&)" (@ +e) /7" < liminf P S 1) = MmSUP =gy S (1+e)(z—e)
for any € > 0, and let € | 0 to complete the proof. O

APPENDIX B: THEORETICAL TOOLBOX: PROOFS OF THE MAIN RESULTS

PROOF OF THEOREM 2.1. Note that

n(l—m,) <£T" (e) _ 1) = argmin y, (u)

g'rn (5) u€R

n

. 1
i=1

s (é“’ — &6~ ““))> — (B — &, (e))] :

= n(l—m,
Define
Yn(u):=5 31(5) 2 [mn (51‘ —&r,(e) — m> — 0, (8 — &7, (6))] :

In other words, v, (u) is the counterpart of x,,(u) based on the true, unobservable errors ;.
Note that for any n, u — 1, (u) is a continuously differentiable convex function. We shall

prove that, pointwise in u, xn(u) — ¥ (u) L5 0. The result will then be a straightforward
consequence of a convexity lemma stated as Theorem 5 in [33] together with the convergence

2 2
wn(u)g—uZ,/ 1_7274-% as n — 0o

(in the sense of finite-dimensional convergence, with Z being standard Gaussian) shown in
the proof of Theorem 2 in [10].

We start by recalling that
1

3@ =) = nele) == [ prla vy

where ¢, (y) = |7 — 1{y < 0}|y (see Lemma 2 in [10]). Therefore
Xn (1) = ¥n(u)

1 Z”:/uim(s)/\/n(lm)
7.(e) iz1 70

[or, (B =&, (e) =) — pr, (0 — &r, () — D)]dt.
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Set I, (u) = [0, |ulé&s, (€)/+/n(1 — 7,)]. Since
|Xn(u) - wn(u)‘
4 sup [ or B = €0,(6) — £) — pr (61 — &, () — 1),

= & (e)v/n(l — 1) z; |t]€1, ()

it is enough to show that

n

T, 1 (n)
n = - (&7 =& —t)— o, (g — &, —
(u) &r (e)y/n(1 —73) ; enta) fora (&7 ~&rale) = 8) = or(es L) =)

)
We now apply Lemma 3 in [10], which gives, for any x,h € R,
[or (2 — h) = pr(2)| < [R](1 7 + 21 {z > min(h,0)}).
This translates into
[or, (B — &7, () — £) — o, (6 — &r, () — D)
< \sin) —&i|(1 =7+ 21{e; — &, (e) — t > min(g; — 5(»”),0)}).

Hence the inequality

(8) Tn(u) < Tl,n + T2,n(u>
with
VI=T0 < e
Tipi=Y—— " ") _ 2| and
1, N (@\/ﬁz |g;" — & an
2 " n n
Ty (u) = sup B —&i|1{e; — & (€) — t > min(e; — &, 0)}.

&, () (1—Tn);t|61 (W) '

We first focus on 77 ,,. Define R, ; := \5in —¢&i|/(1 + |&i|) and R, = maxi<j<y, Ry ;. We
have

n(l—1,)
&r,(€)

by the law of large numbers. Note now that &, (¢) — oo and thus

(9) Tl,n = OIP‘ (WRn> = op (\/ n(l - Tn)Rn) i)

Tn

Tl,n < Rn

xS (14 fal) = O (72“(‘))1%)

=1

by assumption. We now turn to the control of 75 ,,(u), for which we write, for any ¢,

Ez—ﬁm(s)—t>min(£i—€§), 0)=ei—&,(e)—t>0 or i & (e)—t>0.

It follows that, for n large enough, we have, for any ¢ such that |¢| € I,,(u),

(10) g; — &, () —t >min(g; — ”(”) ,0) = 5%( ) or ggn) > 572(5)
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Now, for n large enough and with arbitrarily large probability as n — oo, \?Z(n) —&l <1+
lei])/2 forany i € {1,...,n}, so that after some algebra,
€ 1 1 1 1
2> s e @ - D=t Ll > 260
because &, (€) — oo. Since the quantity x + |x|/2 can only be positive if = > 0, it follows
that, with arbitrarily large probability,

an &>l s 26 o)

Combining (10) and (11) results in the following bound, valid with arbitrarily large probabil-
ity as n — o0:

n

Ty (u) 2 STEY —eiln {a > égm (5)} .

<
r, () V(1 — 1)

By assumption on ]éf”) — &4/, this leads to
n(l—m,)
& (e)

Finally, the regular variation property of I and the asymptotic proportionality relationship
between &, (¢) and ¢, (¢) ensure that

L F (6, (2)/6)

n—00 1—m7,

T27n(u) S 4 [ Rn

x n(lim)igil {61' > é&n(ff)}-

i=

exists, is positive and finite.

Lemma A.1 then entails
(12) Ty (1) = Op (\/n(1 —Tn>Rn> .0

by assumption. Combining (7), (8), (9) and (12) completes the proof. ]

PROOF OF THEOREM 2.2. To prove the first expansion, write

) () ()

n—|ks|,n s = En— lks],n <5n lks|n S_’y> +57 En— lks]n 1

QI—k/n(g) B En—|ks|,n Q1—k/n(€) En—|ks|,n

Use Lemma A.3 and Theorem 2.4.8 in [14] to get
~(n)

8n—I_kSJ,n <5n—|_ksj,n . S’y>
En—|ks|,n QIfk/n(g)
1 —y—1 f —y sP—1 —y—1/2-6
(13) =7 Vs Wi(s) + VEA(n/k)s +s op(1)
uniformly in s € (0, 1]. Applying Lemma A.3 again gives
~(n) ~(n)
5 5 —v=1/2-9
(14) s n—|ks|;n 1] < 8_7_1/2_5 n—lks|n 1l = S O]p(l)

En—|ks|,n En—|ks|,n \/E
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uniformly in s € (0,1]. Combine (13) and (14) to complete the proof of the first expansion.
The proof of the second expansion is based on the equality

0 : 0
log n—|ks|,n — log ( n—|ks|,n ) +log n—|ks|,n
Q1—k/n(€) Q1—k/n(€) En—|ks|n

and follows exactly the same ideas. O

PROOF OF COROLLARY 2.1. Notice that, by Theorem 2.2, there is a sequence W,, of
standard Brownian motions such that, for any § > 0 sufficiently small:

()
~ ! En— “n—lks],n
Y= [ log ds
0 4")
Enlk n

_ /0 1 {’Ylogi 4[5 Wa(s) = Wa()] + 4 (%) {“p‘ L, sl/”oﬂ»u)} }ds.

We then obtain that 7 can be written
~ A Lo
VG~ = 12y [ W)~ W] s on().
- 0
Similarly,

()

En— k,n o o
Vi m—1 =AW, (1) 4 op(1).

Noting that the Gaussian terms in these two asymptotic expansions are independent com-
pletes the proof. 0

PROOF OF THEOREM 2.3. The key is to note that

&Yz gl@) (&l
(V) ‘(”a(m)&;(e)) (sﬂI(e) 1)

g(z) — g(x) g(z) \ (@) —ol@) &, )
+g<w>+o<w>@<e>+<”a<w>§%<s>> o@) & (e)

Using the convergence &, (¢)/q-(¢) = (v~ —1)77 as 7 1 1 and the heavy-tailed condi-
tion, we find 1/&; (¢) = o(1/&5, (€)) = (1/an (€)). Our assumptions show that this is a

o(1/4/n(1 —7,)) and therefore
n(l—7,) g - (Y|z) 1
log[(1 = 75)/(1 = )] \ &r, (V)
_ n(l —,) T (5)
log[(1 = 75) /(1 = 7)) \ &r(€)

Our result is then shown by adapting the proof of Theorem 5 of [12], with the condition
p < 0 being used exclusively to control the bias term appearing naturally because of the
extrapolation procedure applied to the heavy-tailed random variable €. We omit the details.

O

1) (1+op(1))+op(1).
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APPENDIX C: WORKED-OUT EXAMPLES: AUXILIARY RESULTS AND THEIR
PROOFS

Lemma C.1 gives the rate of convergence of the weighted least squares estimators in
model (M;). Here and throughout all Op(1) statements are meant componentwise.

LEMMA C.1. Assume that (X;,Y;)i>1 are independent random pairs generated from
model (M ). Suppose further that E(c?) < oo. Then we have

V(@ —a) = 0z(1), V(B — B) = Op(1) and v/n(6 — ) =O0s(1).

PROOF. We introduce the notation

11X, Y
X=|:: |, Y=]|: | andQ=diag([1+0" X )%,...,[1+0" X,]?).
11X, Yy,
A preliminary step is to remark that for any a = (ag, a1, ...,aq) " € R4,

a X Xa= Z[ao + (a1,...,a9)Xi> >0
i—1

n
-2
and " XTQ ' Xa=" [1 + BTXZ} lao + (a1, .., aq) Xi]? >0
i=1
with probability 1, because X has a continuous distribution (and as such, does not put mass
on affine hyperplanes of R?%). The symmetric matrices X' X and X" Q!X therefore have
full rank with probability 1. Since, by the law of large numbers,
1
n

[aeTx} LS E(X,X;) and % [xTQ—lae}

i+1,5+1

P T -2
SE([1+07X] XX,
i+1,541

(where Xy = 1 for notational convenience), the same argument shows that XT%/ n and
x'Q'x /m converge in probability to symmetric positive definite matrices, 31 and X,
say.

Our first step is to show that the preliminary estimators a, ,5 and 0 are \/n—consistent.
Rewrite model (M) for the available data as

o 1

ox(3) fe(p)] <
where € = (e1,...,¢,) and o denotes the Hadamard (entrywise) product of matrices. By
standard least squares theory,

a -1

<?ﬁ> - (x"x) xTv.

B

A direct calculation then yields
i) 7 (%) (o) oo}
: —n(X7x) x=XT{|x oe
(x/ﬁ(ﬂ -B) vn o

Y [1+67X;] e
=n (%T%> o X n~/? > i [1 + OTXZ'] Xiiei

n—1/2 Z?:l [1 + OTXz] Xid€i
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Set for notational convenience X ;o = 1. Since, forany m € {0,1...,d}, the random variables
[1 + OTXi] Ximei, 1 <1 <n, are independent, centred and square-integrable, the standard
multivariate central limit theorem combined with the convergence n (3€T3€)71 = =t
yields
(15) V(@ —a) =0g(1) and v/n(B — B) = Op(1).
We then prove that /n(6 — 8) = Op(1). Recalling that

=" and 0="2

H H

where = E|e| > 0 and v = 110, it is enough to show that \/n(g — p) = Op(1) and \/n(v —

v) = Op(1). Defining
() [<(0)]

), and defining then Z in the obvious way, we have

V1 — (a+ BT Xy)|
Z = :
Yo — (a—{—BTXnﬂ

where e = (ler| = Elel,..., |en| —Ele

~ -1 -
(‘i) - (35%‘) x'Z.
v
We therefore obtain

(Vaz= i) =na=) "« a{[x(5)] o<}

~1 1 r~
(16) o (xTx) xxT (\/ﬁ [Z—ZD.
Since e = |¢| — E|¢] is independent of X and has a finite variance, repeating the proof of (15)
gives

(17) n(l—‘T%>_1 X \}ﬁaﬂ{[x@ﬂ Oe}:Op(l).

Furthermore,

n—1/2 >y {Z — ZZ-]

o (o)) | TR
vn z

n23" | Xia [Z — Zz}

Recalling that X lies in a compact set, we find that for any m € {0, 1,...,d},
n ~
n~/?2 ZXim [Zi - Zz}
i=1

by (15). Combining this with (16), (17) and the convergence n (%T.’{)f
indeed v/n(ix — ) = Op(1) and /n(v — v) = Op(1) and thus

(18) V(0 — 6) = Op(1).

=0 (Vi max (G- ) + (B - 8) Xl ) = Os()

1<i<n

1 P
— 371, we get
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We are now ready to prove the convergence of the weighted estimators a, ,@ and 6. By
standard weighted least squares theory,

(g) - (xTﬁ—lx)flaeTﬁ—ly.

It follows that

o ()l e ([x(3)] o

where €2 is obtained from €2 in the obvious manner. Note that for any 1,7 € {0,...,d},
1 I~ X5 X
— [%Tﬂ_lf{} S == % and
n L+ o [1 + oTXk}

n

l[xTﬁ—l.}:] ‘ _1 %

n i+1,j+1 N — [1 n GTX;J

Recalling once again that X lies in a compact set, that 1 + @ " X is bounded from below by
a positive constant, and (18), we find, by the law of large numbers,

1 =~ 1 ~ -1

o) —[xTe x| - —[xTe x| S0 andthusn (xTQx) D mpt
n n

Besides, for any m € {0,1,...,d},

P OIS S L OIEC

1 < 1 1
= — Z |:1 + GTXi] Xim€i — 5 5
ni [1 n aTX,} [1 n OTXi]

240TX,+07 X,
[1 + éTxir [1 + OTXi]

—vi(7-0) {1y X X,
i=1

Using again the properties of X and (18), some straightforward algebra yields that

2+ OTX,L —+ gTXz 2

R, :=+/n max — 5 — -

1<i<n

= Op(1).
Conclude that
(= (0)]eh- e {=(0)] e},

= —2\/77(5—6’)T {ig){zm& [WQTXJZ + Op (ﬁ%)] Xi}.

Since ¢ is centred and independent of X, we may combine the properties of X and (18) with
the law of large numbers to get

@1 ;ﬁaﬂﬁ—l { [36 <61))] os} - \}ﬁxm—l { [x <;)} os} —0s(1).
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Now clearly

e {6, e

so that, by the standard multivariate central limit theorem,

(22) %xh*{[ae(é)] oe} = 0p(1).

Combining (19), (20), (21) and (22) results in

V(@ —a)=0g(1) and v/n(B8 — B) = Op(1).

We complete the proof by showing that \/n (5 ) Op(1). It is again enough to show that
V(i —p) = ()andf('/— v) = Op(

'x)
+n (xTﬁflae)_l « XT0! (1 [2 - ZD .
Furthermore,
n-l25n [1 + §TXZ} - [2 ~ ZZ}

xTQ-! (f {Z ZD n VY Xa {1 +:§TXZ} - {Z - Zi]

n25 X [1 +9~TX2} -2 [Z — Zi:|

Recalling the properties of X and the /n—convergence of a, E and 6, we find that for any
me{0,1,...,d},

w23 X107 (7 2] | = 00 (VA 1@ - ) + (G- BT X))
=1

1<i<n
=Op(1).
Combining this with (20) and straightforward adaptations of (21) and (22) with e in place of
e, we find \/n(ft — u) = Op(1) and \/n(v — v) = Op(1) as required. O

Lemma C.2 is a general uniform consistency result which is useful for the analysis of the
single-index model (M2).

LEMMA C.2. Assume that (X;,Y;)i>1 are independent copies of a bivariate random pair
(X,Y) such that:

* X has support [a,b], with a < b, and a density function fy which is uniformly bounded
on compact sub-intervals of (a,b).

s There exists § > 0 such that B|Y|>T0 < oo and the conditional moment function z v
E [\y|2+5|2( = z| is uniformly bounded on compact sub-intervals of (a,b).

Let further:
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* (V;) be a sequence of independent copies of a bounded random variable V.
* L be a Lipschitz continuous function with support contained in [—1,1].

Assume finally that nh? — c € (0,00), and t,, = n' with 2/(5 + 6) < t < 2/5. Then for any
ay,b; € [a,b] with a < ay < by <b,

nh Zyzn{yyzy <t} Vi L( hj) - hlnE [yVL <Z;nX>H

2/

sup
Vlogn a1<z<b1
= 0p(1).

We note that, as a consequence, we have a similar uniform consistency result for the non-
truncated version of the smoothed empirical moment, that is
n

1 z—X
Vlogna1<2<b1 nh ZylVZL( >_hn]E |:yVL( h” >:||:()]P>(1)

under the further assumption E|)|%/2+% < co. This follows from noting that

P (U{|yi| > tn}) <nP(|Y|>t,)=0 <t5/7;+6> =0 (n17(5+25)/(5+5)> =o(1)
=1 n

by Markov’s inequality. The stronger moment assumption E|Y \5/ 240 < o0 already appears
in [41] in the context of local polynomial estimation.

2/5

PROOF. The basic idea is to control the oscillation of the random function

St ()L ()]

n2/5

Vlogn

and then use this control to prove that it is sufficient to show uniform consistency over a fine
grid instead, which can be done by using Bernstein’s exponential inequality. Our proof adapts
the method of [23] (proof of Theorem 2)

Define Y =V, Vil{|Ys| <t} and Y := Y V1{|Y| < t,}. Then

Z =

n

n2/> X, 1 Z—X
1| Vs <ty L ——FE L
o 2, iy SV <0} (hn) (5]
n2/5 ) 1 z—X
< n S (n)
o2, [ oV () - E e (1)
(23)
n2/5 - X
—IE V|1 tn )
el UG T Gl

The second term on the right-hand side of (23) is controlled by noting that, thanks to a change

of variables,
z—X
L
S

1
O </ E[|Y|L{|Y| > tn}|X = 2z — hpu] |L(u)| fx(z — hpu) du>

-1

1
B [V > 1)
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~0 <tn15 /11 E [W”w -z hnu} \L(w)| fre(z — hnu) du) = O(t;179)

uniformly in z € [a1, b1]. Here the boundedness of V, the integrability of |L| and the assump-
tion that the (2 + J)—conditional moment of ) and the density function fy are uniformly
bounded on compact sub-intervals of (a,b) were all used. Finally

t;l—é — (0 o(n_2/5) -5 (vlogn)

n2/5

so that

24 o Le vy J niia 1
— >t, = .

@ o, B DI 1 (5 ) ] <o)

Combining (23) and (24), we find that it is sufficient to show that

Loy (2o D Lpfpmp (2] 2
nhnZYi L( " ) hnE[Y L{= = Op(1).

i=1 n

n2/5
sup
v3ogn a,<z<b,

We now replace the supremum in (25) by a supremum over a grid by focusing on the oscilla-
tion of the left-hand side. For a given z € R, let

(25)

Ap(2) = {z e a1, br]

|2/ — 2| < hy,

\/@}'

n2/5

Then [a1,b1] is covered by the A,,(2y,;), with

Viesn - {bl_‘”J — N,

Znj = a1 +JhnW7

where |- | denotes the floor function. Besides, writing |L(z’) — L(z)| < CL|z’ — z| by Lips-
chitz continuity of L, we also find

12/ — 2| <1=|L(Z) — L(2)| < |2/ — 2|£(2) with L(z) :=Cp1{|z| <2}.

Let z, ; be a grid point and z € A,,(2,,;). By construction |2 — zy, ;| /hn < \/log(n)/n?/®
which converges to 0, so that, for n large enough,

vie{l,.. .} ‘L(ﬁ‘) _L<zn,j—»ci>’§ @£<zn,j—xi>'

n hn, n2/5 h
Then
n?/> 1 o), (72— 1 z—X
— Ny L) - —E (Y™
leg”zej:l(Iz)n‘j) nhn; ‘ ( ho, > hn, [ < hy, >}
L N B . 1 Znj— X
< — Ny (2 ) gy (2
~ Vlogn nhn; ! ( hn, ) b, [ < b, )]

1 = o) o (20— X 1 ) o g =X
- Y s . —E|IY\" s Y
i o (35 4 o v (e

n2/5 1 @ (n) Zni — X 1 Zni — X
< Ny g ) SRy [ 2
~ Iogn nhnizl ! ( hn ) b, [ < hn )]
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R T O e AN () g Zrd =X
nhnzm !E< h, o RAES h,

=1

1 Zni — X
SEmly® (|
+2><hnIE[\ |£< - )]

By the boundedness of V, of fy and of z — E[|)||X = z]| over compact sub-intervals of
(a,b), we find, for n large enough,

sup iIE [|Y(”)|£ <Z;X>] <Cy

a1 <z<by n

+

where C is a finite constant. Consequently, for any constant C' > 2C),

- X 1 z—X
_ = (n)
e () e o (50|
1 " (n) an—Xi 1 (n) an—X
— YL ———|-—E|YWL [ ——-
Viogn nhn; ! < hn hn hn

5 | 1 o)y A g — X 1 Znj— X
_— vin YA I R R V(D) el
Viogn nhn;| ¢ ’£< hy, > hy [‘ |£< hn, )]

where the (crude) inequality n2/® /+/logn > 1, for n large enough, was used. Conclude, by
writing [(Ll, bl] - UlgjgNnAn(Zn,j), that
> 3C>

1y (2 XY L m g (22X
nhn;Yi L( h., ) hnE[Y L R,
n2/5 Zni — X 1 Zni — X
<N, P Y ng ") Ry (2
- 1%?2}1% (N/logn nhy, Z ( hn ) b, [ < hn, ﬂ

L O B 1 Znj— X
N, P S AU (NN I - W VA CON I il
+ 15?}% (x/logn nhy, ;| 0| < hn > hn [’ | hn

We finish the proof by showing

n2/5

V logn zeA (zﬂ i)

n2/5

<

+ +C

n2/5
P —— sup
\ logn a1<z<b,

(26)
n2/5 1 — (n) z—X; 1 z—X 1
L B (o L I (n) _ -
Viogn nhniz;YZ L( hy, ) hnE [Y L< h, )] >C O(n)
and
(27
n2/5 1 — (n) z— X 1 z—X 1
P — Ny ) —E Y™ =0 -
(y/logn nhn;‘ ¢ |£< hn ) hn [| ’£< hy, >} >0 O(n)

>o>

>0>.

for C' large enough uniformly in z € [ay,b1]. Since N, is of order n?/%/(h,+/log(n)) ~

n%//./log(n) = o(n), this will entail

1 (n) - & 1 2= &
— S yg ~ T E|lY®™L

e () e ()

> 30) =o(1)

n2/5
P sup
Vviogn g, <z<p,
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for C' large enough, which is sufficient for our purposes. We only show (26) uniformly in
z € [a1, b1]; the proof of (27) is identical. Rewrite the left-hand side of (26) as

P ( il{an)L <Z;f> _E [Y(mL (Z;HXH} >Cun> ,

with u,, :=n3/h,,\/logn. Let v be a constant such that |V| < v with probability 1. Note that
for any ¢ we have the crude bound

‘Yl(n)L <Z;XZ) _E {Y(")L (Z;X)] ‘ < 2ut, InaX1|L(u)|.

n n —1<u<

Remark also that, for n large enough,

Var (Y(”)L <Z;X>) <v’E [3}2L2 (’Z;X)] < Dh,,

for some finite constant D, by uniform boundedness of fy and z +— E DJQ |X = z] over
compact sub-intervals of (a,b). By the Bernstein exponential inequality we get

P < z:; {YE")L (Z;HX> “E [Y(”)L (Z}:fﬂ } > C’un>

C?u2 /2

<2exp| — .
Dnhy, + 2Cvtu, max_y 1) |L[/3

Recalling that t,, = n! with 2/(546) < t < 2/5, u,, = n*/°h,+/Togn and nh> — ¢ € (0, 00),

one finds

1 C?*u2 /2 /52

— —
logn " Dnhy, + 2Cvtyunmax_y 1 |Ll/3 2D = "%

and therefore there is a constant C’ > 0, independent of C, such that for n large enough

(Bl (55) = e (2]}

> C’un> <2exp (—C" C?log n)
uniformly in z € [a, b]. For C' large enough, this yields

(sl (55) = fre () o) o )

which is equivalent to (26). This completes the proof. O

Lemma C.3 provides a uniform control, tailored to the assumptions of Proposition C.1, of the
gap between smoothed moments and their asymptotic equivalents.

LEMMA C.3. Assume that the bivariate random pair (X ,)) is such that:

o X has support [a,b], with a < b, and a density function fx which has a continuous deriva-
tive on (a,b).

* The conditional moment function my,x : z — E(Y|X = z) is well-defined and has a con-
tinuous derivative on (a,b).

* L is a bounded measurable function with support contained in [—1, 1].

Then, as h — 0:
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(i) Forany ay,b; € [a,b] with a < a; < by < b, we have, uniformly in z € [ay,b1],

Ly [yL < f)] —my(2) ) [ L)

-1

1
= () fe(2) + iy (2) fi(2)) / L (u)du+oh).

(ii) Ifmoreover fx and my,x are twice continuously differentiable on (a,b) then, uniformly
inzée [al,bl],

e (50)

— mye(2)fx(2) /

-1

1 1
L(w)du — by () (2) + my () Fie(2)} / ul(u)du

h2 " / / " ! 2 2
+ 5 Amy e (2) fa(2) + 2y 2 (2) f2 (2) +myx(2)fx(2)}/_1u L(u)du +o(h7).

PROOF. Note that

wle (5] mypaz — b~ )L o

Parts (i) and (ii) are obtained by using the following Taylor formulae with integral remainder:

2+
(= +8) = p(2) + 64 (2) + / () — /()] dt

and

52 2440
Pt 8) =9+ () + S D)+ [ a0l ) - de
4
applied to the function ¢ : z — myx(2) fx(2). To get a uniform control of the remainders,
use the fact that this function has uniformly continuous derivatives on any compact sub-
interval of [a, b], by Heine’s theorem. O

Our next auxiliary result is the uniform consistency (with rate) of the estimators of g and o
in the heteroscedastic single-index model of Section 3.2.

PROPOSITION C.1. Assume that (X;,Y;)i>1 are independent random pairs generated
from the single-index model (Ms). Assume further that:

* The functions g and o > 0 are continuous on Kg and twice continuously differentiable
on the interior Kg of Kg.

e The projection 3" X has a density function faTx which is twice continuously differen-
tiable and positive on KB

s Each of the conditional moment functions z — E(X;|8' X = z), j € {1,...,d} is con-
tinuously differentiable on KB.

s There is § > 0 such that E|e|**° < .

* L is a twice continuously differentiable and symmetric probability density function with
support contained in [—1,1].
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Assume also that nh) — c € (0,00), and t,, = n' with 2/(5 + 6) < t < 2/5. Then, for any
compact subset Kq of K° and any estimator ,@ such that \/n (B — ,8> = Op(1), we have

Gh it (ﬁTCL‘) -9 (ﬂTfL‘)) =Op(1)

n2/5
sup

\% log N zeK,

n2/5

and

Gt (B‘Tm) 0 (5%) ’ — Op(1).

sup

V lOgTL ze Ky

Before proving this result, note that when K is convex, its projection Kg := { Bz, xc K},
which is also the support of 37 X, is a compact interval containing at least two points (be-
cause K has a nonempty interior). Note also that Proposition C.1 is tailored to our framework
in the sense that the assumption E|¢|?+® < oo, which puts a constraint on the tail heaviness
of the noise variable, is intuitively close to minimal for the estimation of ¢ and o by esti-
mators of Nadaraya-Watson type. An inspection of the proof reveals that a similar theorem
holds if gy, ¢, and 7, 4, are replaced by non-truncated versions, under the stronger moment
assumption E|e|%/219 < co; see the comment below the statement of Lemma C.2. The regu-
larity assumption on 2 — E(X;|37 X = z) is a technical requirement, which is for instance
satisfied if the density function fx is continuously differentiable and positive on K°.

PROOF. We start by proving the assertion on g, ;. Define a truncated pseudo-Nadaraya-
Watson estimator by

TRE ZY]I{Y]<tn}L< ) ZL(Z_ﬁ X)
The idea is to write
e (572) 0 (72)] <o (7)o )
o (572) - (372)
(28) + |Gt (B72) = G, (B72)

and control each term on the right-hand side of (28) separately. To control the first term, we

first apply the mean value theorem:
’9<37w)——g(ﬁT$))§ (B?—ﬂ>Tw g’(ﬂTx—%A(ﬁF—B)Tx)‘

Since Ky C K°, the distance between the compact set K and the (compact) topological
boundary of K is positive, i.e. p := inf{||x —y||, z € Ko, y € K\ K°} > 0. Itis then straight-
forward to show that, letting K g = [u, v], we have 3" x € [u+ p/2,v — p/2] for any = € Kp.

X sup
A€[0,1]

Since 3 is a consistent estimator of 3, we obtain that, with arbitrarily large probability as
n — 00,

~ T
(29) YA€ [0,1], Vo € Ko, B a + A <,6 - ﬁ) x € [utp/dv—p/d].
Because ¢’ is continuous and therefore bounded on compact intervals contained in (u,v), this

gives
o(372) o (570) | = 0r (e % =) =or)

2/5
(30)

sup

n
Vlogn zeKy
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To control the second term, we show the uniform consistency of the regression pseudo-
estimator g, ;. . The assumptions of Lemma C.2 are fulfilled for (X,),V) = (8" X,Y,1) =
(B"X,g (,BTX) +o (,BTX) e,1) and (X,Y,V) = (8" X,1,1). Recalling that ¢ is inde-
pendent of X and centred, Lemma C.2 then provides

()] o ()

- () hn, hn, n2/5
Z) =

ho ity 1 = B8TX o logn

i I R T

uniformly on any (fixed) compact subset of K§ = (u,v). Noting that h, ~ (¢/n)"/® and

f_ll uL(u)du =0 (because L is symmetric), Lemma C.3(ii) therefore entails

farx(2)9(:) + 0p (25T — s+ 0 (YOI

Viogn n2/5
fBTX(Z) + OP < n2/5

Gho 1, (2) =

uniformly on any compact subset of (u,v), the last equality being correct because fgr x is
bounded from below by a positive constant on such sets. Together with (29) for A = 1, this
yields
n2/5

sup

T 5 [, (87) — 9 (BTw) | = 0x(1)

We conclude by controlling the third term in the right-hand side of (28). The idea is to define
ipgn) :=Y;1{|Y;| < t,} and, for any z and p =0, 1,

3

With this notation,

Ghotn (2) = Ghot (2) = —75
m

(5 () — i @) () — [ (2) — e ()} (2)
(32) = .
() (2) + [ (2) — i) () (2)
Since
(33) ) (2) = f(2)| = op(1) and [mD(2) ~ fa(2)g(2)| = 0p(1)

uniformly on any compact subset of (u,v) by Lemmas C.2 and C.3(ii), we concentrate on
differences of the form

_ _ 1 s [oh(n)]P -B'X; —B'Xi
e S ) ()
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By Taylor’s theorem with integral remainder applied to the function L, we find

AP (2) - w(2)

- n 3-8)"X; ,(z-8"X;
__ [@urx(ﬁ 5) L(zf >

i=1 n

~ 2
I ~[m? 1] B=-BTX | ., (z-B"X,
+nhn;{mi } X2{hn }L <hn )

1 < (n)]? (=BT X.) /I zZ— BTXi " n{ %= ﬁTXi
+ o Z {Q)Z } X /( P e s (s) h., ds
(34)
=T n(2) + Topn(2) + T3n(2).

We handle these three terms separately.
Control of T} ,,(z): Note that
1~ 1 — P z— BT X;
T :_7_T7[(”>]L’71X-.
Recall that X has compact support; Lemma C.2 (choosing V = X;, 1 < j < d) then yields
1 1 2—pBTX logn
T =——B-8)" | —E(YPL'[—— ) X ) +0p | ~5=
) =B )" [ (v (5 ) x ) on (Y2
uniformly on any compact subset of (u,v). Because for any j € {1,...,d},
E(YPX;18' X =2)=[1{p=0} + g(2)1{p=1}]E(X;|8" X =2),

the conditional moment function z — E(Y?X,;|37 X = z) satisfies the regularity require-
ments of Lemma C.3(i). By Lemma C.3(i) and the symmetry of L,

hiﬂ«: <YPL’ (z_ij> X) =O(hn)

n

uniformly on any compact subset of (u, v). Since 8 — 3 = Op(1/1/n), this yields

1 V1
(35) Tin(z)=O0Op <\/ﬁ> = op (%) uniformly on any compact subset of (u,v).
n

Control of 75 ,(z): Recall that X has compact support, B — B =0p(1/\/n), and L" is
bounded to obtain, using the law of large numbers,
(36)

1 1 — 1 1 viogn
T - il viP| = -0 _
p 2’”(2)“Oﬂ”<nh% < 2 > ‘O]P(nh%) B P<n2/5> ‘°P< n2/? )

Control of T3 ,,(2): Use a change of variables to rewrite the integral term in 73 ,,(z) as

(z_ﬁTX'i)/h7l _ 3T . _ Q3T X
/ z— B X; s {LH(S)—LH<Z B Xz)} ds
(=87 X.)/h fim i

_ /(ﬁB)TXi/hn (ﬁ _B)TXi, —Uu {L// <Z _IBTXi Jru) - (z _IBTXi)} du
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Since X has compact support and B-pB= Op(1/4/n) we have
B-B)' X 1 3\ _
O h \/» = Op(l).

max
h,
By uniform continuity of the continuous and compactly supported function L”, it follows

1<i<n

that
-8'X; -8'X;
max sup sup L (Z'@ + u> - L (ZB> ‘ =op(1).
SIS 2€R |u|<|(B-B)T X/ fin fin
We then get
(/@_B)Txi/hn (ﬁ _ B\)TXZ
ilép|T3n( \—0P< Z’Y’p/ T h, du
LG:‘ylp (/6 _B)TXi ’
hn P ‘ hn
1 1< 1 Viogn
37 =op (Wxn;|n|p>zoﬂ’<w):0?< 25 )
Combine (32), (33), (34), (35), (36) and (37) to obtain

= O]P
Viogn ( n2/5
fﬁTX(Z) + op < n2/5

uniformly on any compact subset of (u,v). Using (29) again with A = 1, we get
n
sup

2/5
- _ _
o =op(l).
\/@ wEK,s ghn,tn (,3 ac) Ghnits, (5 ac> ‘ OP( )
Combining (28), (30), (31) and (38) concludes the proof of the assertion on gy, ¢, .

Gt (2) = Ght, (2) =

(38)

We turn to the control of &, ; , where the added difficulty is that the computation of the

(5'x)

the “true values” Z; := }YZ —g (ﬁTXi) ‘ We thus introduce its pseudo-estimator analogue
based on the Z;,

- zZ — ATXZ‘ " z— ATXZ'
mwir=Lanca(SE) Lo(<F%)
=1 " i=1 n

and we seek to control |7, 1 (2) — T, 1, (2)], for z = BT, uniformly in = € K. Write

estimator is based on the absolute residuals ZZ st rather than on

)

nyn

Ohyt,(2) —Th, 1, (2)

S Bt s <)zt () 5 (0

Note that the only pairs (X, Y;) making a nonzero contribution to this difference are those

for which |z — ,B\TX1| < hy,. For € Kj, we thus focus on controlling

Zinnsd{ Zinos, <t} — Z0{Z < t}|1{|BT

sup
mGKo
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Since Z‘,hn,tn —7Z;| < ‘/g\hn,tn (BTXZ) —-g (,BTXi) , the triangle inequality yields
sup Z‘,hmtnﬂ {th < tn} - Z;1{Z; <t,}|1 {’,@Tﬂﬁ -BTxi| < hn}
mEKo
(9 <sp max [gu, (B7X) -9 (87X)
€Ky i:|BTx—BT X;|<h,
@0+ swp Z|1{Zigs, <t} —1{Zi <t} 1{|BT2 - BTX| < ha}.

xeKy

We focus on (39) first, where the idea is to use our uniform convergence result on gy, ¢, .
Write

~ ~ ~ ~ 1
B~ Xl <= 52~ B Xl <o (B B) Xl =+ 02 (- )
irrespective of the index ¢ and « € K, so that, with arbitrarily large probability as n — oo,

Vie{l,....n}, Ve e Ko, |B @ —B"X;| <hp=|8"x—B" X;| <2hy.

Recall that, by (29), BTxe [u+ p/4,v — p/4] with arbitrarily large probability as n — oo,
irrespective of x € K. Since h,, — 0, this yields, with arbitrarily large probability as n — oo,

Vie{l,....n}, Ve e Ko, |8 @ —B Xi| <hp= B X, €u+p/8v—p/3).

In other words, for such indices i, X; belongs to the intersection of K and the inverse image
of the closed interval [u 4 p/8,v — p/8] by the (continuous) projection mapping = +— 3" x.
This intersection is itself a compact set K1, say, and therefore, with arbitrarily large proba-
bility as n — oo,

vie{l,...,n}, Ve e Ky, |8 -8 X;| <h,= X, € K.

Note also that K C K° since K is contained in the (open) inverse image of the open interval
(u+ p/16,v — p/16) by the same projection mapping. It then follows from our uniform
convergence result on gy, ¢, that

(41) sup  max ‘ghn,tn (BTXO —g <BTX1-)
Cl':eK() 7 |,@T§13—BTX1|§hn

o ()

n2/5
We can now control (40). Clearly

1 Zipi, <t} —1{Zi <t}

=1 {Z‘,hn,tn <tn, Z; > L‘n} +1 {Z’,hmtn >tp, Zi < tn} :

~

Recall that [Z; p, ¢, — Zi‘ < ‘ahn,tn (B\TXZ-) —g (,BTXi)‘ and use (41) together with the
assumption ¢,, — oo to find that, with arbitrarily large probability as n — oo,

1 Zina <ta} - 1{Zi <t} 1{|8T2 - BT X,

Vie{l,...,n}, sup Z;
EEK(J

<Z1 {Zz <2t,, Z; > tn} + Z;1 {Zi > tn/2, Z; < tn}
42) gZi]l{tn/2<Zi§2tn}.

<ha}
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Combine (41) and (42) to obtain, with arbitrarily large probability as n — oo,

~ 2T — 2T
sup |op, t, (ﬂ m) = Oh, t, (ﬁ fﬂ)‘

xeKo
(43) < avsélfl()o [Ehn,m (BTCU> = Oyt /2 ('@Tw)} +Op (%) ’

To conclude, note that since E|e| =1,
Z = (Y . (ﬂTX) ‘ —0 (ﬂTX) Yo (ﬂTX) (Ie| — Ele)).

This single-index model linking Z to X has the same structure as model (M3) and satisfies
our assumptions, with g replaced by o and ¢ replaced by || — El|e|. Since for this model
Oh, +, plays the role of gy, ; , we can use the first part of the Proposition to get

2/5

n
sup

Viogn zek,

The result then follows by using (43) to write

(44) Tt (Bﬂn) - (ﬁTm) \ — Op(1).

n?/? AT T n?/? AT T
sup (o, +., (,8 w) -0 (ﬁ a:)‘ < sup (O, 2t (ﬁ a:> -0 (,8 w)‘
Viogn zek, ' Viogn zek, '

g 2 o (72) o (572)

2/5

n — aT T
+ ——— sup |op, 1, (ﬁ :13) —a(,@ w)‘
\% loganKo !

+ Op(1)
and then by using (44) as well as its analogues with ¢,, replaced by ¢,,/2 and 2t,. O

The following de-conditioning lemma is a stronger version of Lemma 8 in [49].

LEMMA C4. Let N = N(n) Py 0 be a random sequence of integers that, for each
n, takes its values in {0,1,...,n}. Suppose that (G,) and (Hy,) are sequences of random
elements taking values in a metric space S endowed with its Borel o—field. Assume that

Vn>1,Vme{l,...,n}, G, |{N(n)=m} L H,y.
Then:
) Imei>Hasm—>oo, wehaveGni>Hasn—>oo.
If moreover S is a linear space endowed with a norm || - ||, then:
(i) If |[Hm| = Op(1), we have |G| = Op(1).
Finally, in the case S = R:

P P
(iii) If Hpy, — +00 as m — oo, we have G,, — +00 as n — oo.
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PROOF. Use the law of total probability to write, for any positive integer mg and any
Borel subset A of S,

n
P(Gn€ A)=P(Gn€ A, N(n)<mo)+ »_  P(Gn€A|N(n)=m)P(N(n)=m)
m=mgo+1
n
(45) =P(Gn€ A,N(n)<mo)+ Y P(Hpye APN(n)=m).
m=mo+1
To show (i), let A be a continuity set of H (in the sense that P(H € 0A) = 0, where 0 A is the
topological boundary of A). By the Portmanteau theorem, there is an integer mg such that
for m > my, |P(H,, € A) —P(H € A)| < /3. With this choice of m we have, for n large
enough,

IP(G,, € A) — P(H € A)]

gP@neAthgm@+MHeAW@Ww§mw+g Y P(N(n)=m)

<Efy 8 .
-3 3 3 7

This proves (i). To show statements (ii) and (iii), deduce from (45) that for any my,
P(G, € A) < sup P(H,, € A) +0(1) as n — co.
m>mo

Fix £ > 0. To prove (ii), let C' > 0 and my be such that P(|| H,,,|| > C) < /2 for any m > my,
and apply the above inequality with A being the complement of the closed ball with centre
the origin and radius C' along with this choice of mq to get P(||G,|| > C) < ¢ for n large
enough, which is the desired result. Finally, to prove (iii), pick an arbitrary ¢ and set A =
A; = (—o0,t]. There is an integer mq such that P(H,, € A;) < /2 for m > my; applying
the above inequality with this choice of mg yields P(G), € A;) < ¢ for n large enough, which
is (iii). O

Our next result is a technical extension of Theorem 2.1 to the case when the sample size n
is random. This will be key to the proof of our main theorems in Sections 3.2 and 3.3, where
one has to work with a selected subset of observations whose size N is indeed random.

LEMMA C.5. Assume that there is § > 0 such that E|e _|?>*% < oo, that ¢ satisfies condi-
tion C1(~y) with 0 <y < 1/2 and 7, T 1 is such that n(1 — 1,,) — oc. Let N = N(n) AN
be a random sequence of integers that, for each n, takes its values in {0,1,...,n}. Suppose
that, for any n and on the event {N > 0}, Egn) and e(n), 1 <4 < N are given such that

i
e Forany n>1 and any m € {1,...,n}, the distribution of (Egn), . ,sg\?)) given N =m

is the distribution of m independent copies of ¢,

o We have
~n) _ _(n)
N(1—7y) max kii(i:)’iﬂ).
SV 1 |

Let finally ETN (€) = argmin, cp Zf\il Nry (§§n) —u) on {N > 0} and 0 otherwise, as well as

1 & uésy ()
Y (u) = m Zl !WTN (51@ —&rn(e) — N(TlN—TN)> — Ny (Q(n) — &y ()
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N

1 ury (€) ~(n)
and xn(u) = m Z [nTN ( ;0 — & (E) — N(1—7'N)> — ey (& — §TN(5))]

=1

on {N > 0}, and 0 otherwise. Then we have x n(u) — ¥ (u) 5 0asn— oo and
N0 a ( mS)
N1—r ) ) LA (o, .
(=) (5+N<e> -2

PROOF. To show that yn(u) — ¥n(u) 2, 0, following the ideas of the proof of Theo-
rem 2.1, it is enough to prove that

(46) Tin = 5 Zﬁ" e L0
and that, if Iy (u) = [0, [ul&ry (6)//N(1 —7n)],
2
T27N(u):

ﬁm(ﬁ) N(1—7n)

x Z sup |5 — Mg — ¢, (e) — t > min(e™ — & 0)}

i=1 lt|eln (u
(47) 0.

Clearly, since N = N (n) £, s and in particular NV > 0 with arbitrarily large probability,

| N
TN =op (N Z(l + ’51@)\)) =op(1)

i=1
where the law of large numbers is combined with the de-conditioning Lemma C.4(i), to show
that N~1S°N (1 + \a§”)y) L1y E|e| < oo. This proves (46). We now turn to the control

of Tp y(u). Use that N = N (n) 2, o and follow the ideas leading to (11) in the proof of
Theorem 2.1 to find, for n large enough,

n . n n n 1
)= () — t > min(e —87,0) > e > 7, ()

]

with arbitrarily large probability, irrespective of ¢ € {1,..., N} and ¢ such that |t| € Iy (u).
Therefore, with arbitrarily large probability as n — oo:

n_n)
()< — J;ijiys 1{e> et

OP(N&N )1 — ) Zs { >£T”()}>'

Combine Lemma A.1 with the de-conditioning Lemma C.4(i) to get

TQJV(U) = O]p(l).
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This is (47). Combine (46) and (47) to get x v (u) — ¥ (u) P, 0. Now a combination of the
conclusion of the proof of Theorem 2 in [10] and the de-conditioning Lemma C.4(i) yields

2 u?

+—asn— oo
1—-2v 2y
in the sense of finite-dimensional convergence, with Z being standard Gaussian. Since x ()
is convex in u, the conclusion follows using the convexity lemma stated as Theorem 5 in [33].
O

v (w) = (u) + op(1) -5 —uZ

Lemma C.6(i) below is a technical extension of Lemma A.3 to the case of a random sam-
ple size. It is essential in, among others, proving that the Hill estimator based on a random
number of residuals is asymptotically Gaussian, which is stated below as Lemma C.6(ii); this
will be used extensively in Sections 3.2 and 3.3.

LEMMA C.6. Let k = k(n) — oo be a sequence of integers with k/n — 0. Assume that

. . . . P .
e has an infinite right endpoint. Let N = N(n) — 0o be a random sequence of integers
that, for each n, takes its values in {0,1,...,n}. Suppose that, for any n and on the event

{N > 0} and e(n) 1 <4 < N are given such that

» Foranyn>1and any m € {1,...,n}, the distribution of (Egn), . ,55\7;)) given N =m
is the distribution of m independent copies of ¢,
* We have

‘A(n)

g~ — a(n)\ P

Ry := max 7—>O.
1<i<N 1+ el n)‘

(i) Then we have both

20
N=|k(N)s|,N

(n)
ENZ|k(N)s),N

~(n)
5
sup w 1| =0p(Ry) and sup |log

< <
0<s<1 EN Lk(N)s],N 0<s<1

= OP(RN).

Here by convention 55(;)_ b(N)s),N and 55\?)_ Lk(N)s),N 7€ equal to 1 on the event {N = 0}.

(ii) If moreover € satisﬁes condition Co(vy,p, A) and 1, T 1 is such that n(1 — 1,) — oo,

vl —71,)A(1—7,)" —>)\€Rand\/ (1—7n) RNHO then the Hill estimator

) IN(1—7x)] g(]\?) 1N
N0 = TN T =3 T s
[N(1-7n)] IN(1—7n)] ; A(;V@) IN(1—7n)|,N

is such that /N (1 — 78 ) (Y| N (1=rx)| — V) i>/\/(/\/(1 —p), 7).

PROOF. We follow the proof of Lemma A.3. On the event { N > 0} N{Rx < 1/4}, having
arbitrarily high probability, we may write

Vie {1,...,N}, el — BRy(L+[el"y]) <875 <el'y + Ru(1+ el ).

Given N = m, the random variable 55\7)%( has the same distribution as &,,_k(1m),m»

N),N
the (m — k(m))th order statistic of a sample of m independent copies of . Since
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Em—k(m),m L oo as m — 0o, we obtain likewise 55\7)_k(N) N L 4o by the de-
conditioning Lemma C.4(iii). On the event A, := {N > 0} N {Rx < 1/4} N {en_pn),n =
1}, whose probability tends to 1, we have
Vi> N~ k(N), (1 - Ry)ely — Ry <) < (1+ Ry)e"y + Ry
Therefore, on Ay,
)
N—|k(N)s|,N

(n)
EN=|k(N)s),N

VSG(O,l], —2RN < —1<2Ry.

Mimic then the final stages of the proof of Lemma A.3 to conclude the proof of (i).
(i1) Define

N 1—7'N n

1 a . 5§V)—i+1,N

5 [ S log
INO=] = IN (T = 7y) ] Zl 55\7)7LN(1*TN)JN

By (i) and the assumption /N (1 — 7n5) Ry 0,

VN =18)A N(=r)] =) = VN = 78) Y Na—ry) —7) +0op(1).
Combine Lemma C.4(i) and Theorem 3.2.5 in [14] to conclude the proof of (ii). ]

Lemma C.7 contains the crucial arguments behind our construction in Section 3.3.

LEMMA C.7. Work in model (Ms3). Assume that ¢ satisfies condition C1(~y) and that K
is a measurable subset of the support of X such that P(X € Kj) > 0.

(i) There exists 7. € (0,1) such that ¢ (Y |x) = g(x) + o(x)q, () for any T € [, 1] and any
x in the support of X.
(i) IfEle_| < oo and 0 <~y <1, one has

& (Yz) = g(®) + o(®)ér (max(e, (yo — g(x))/0(2))).
In particular the expectile £.(Y|X = x) is asymptotically equivalent to &:(g(X) +
o(X)e|X=x)ast11.
(iii) The probability P(e > (yo — g(X))/o(X), X € Ky) is not zero. Let e have the same
distribution as (Y — g(X))/o(X) given that g(X) + o0(X)e > yo and X € K. Then
for t so large that (yo — g(X))/o(X) <t with probability 1,

Ple >t)
Pe > (yo — 9(X))/o(X) | X € Ko)
In particular, e satisfies condition C1 ().
(iv) Letp=P(e > (yo—9(X))/o(X) | X € Ky). Then q-(¢)/q-(e) — p” as T 1 1. If more-
over Ele_| <ocoand 0 <~y <1, then &, (¢)/é-(e) = pYas 71 1.
(v) If, in addition to E|e_| < 0o and 0 < v < 1, the random variable ¢ satisfies condition
Ca(v, p, A), then e satisfies condition Co(y, p,p P A) and, as 71 1,

e L 0T =Y (] = e(X) .
pr(a)_l—i_p e (E[ > -(X) ,XGKQ}—F (1))

P —1 1) 1)1
p <1+p[(’7 ) )
l—v—0p p

Ple>t)=

_|_

} + o(1)> A((1—=7)7h.
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(vi) Under the assumptions of (v), as 7 1 1,

& (V]z)
9@) + o (@) (@)
. ’”’Vq(—)” <1E [max (W}] +o<1>> Fo(JA((1 — 1) L)).

PROOF. The key point is to remark that Y = max(g(X) + o(X)e,y0). By independence
between X and e, the conditional distribution of Y given X = x is then the distribution of

max(g(z) + o(x)e,y0) = g(x) + o(x) max(e, (yo — g(x))/o(x)).
(i) The 7th conditional quantile of Y given X = x is

¢ (Yw) = g(®) + o (@) max(g-(¢), (yo — g(2))/0 ().

Since g and 1 /o are bounded on the support of X and ¢-(¢) — oo as 7 1 1, one has ¢, (&) >
(yo — g(x))/o(x) for T large enough, irrespective of . Conclude that there is 7. € (0,1)
with ¢, (Y|x) = g(x) + o(x)q-(¢) for any 7 € [, 1] and any « in the support of X, as
required.

(i1) By location equivariance and positive homogeneity of expectiles, the 7th conditional
expectile of Y given X = x is
& (Yw) = g(®) + o (@) (max(e, (yo — g(®))/o(2))).

To conclude, it is sufficient to show that for any ¢, the extreme expectiles of ¢ and max(e, #o)
are asymptotically equivalent. To do so we note that the definition of the 7th unconditional
expectile &, (¢) of € as

&+(e) = arg minE(n, (= — 6) — 11,(<))
fcR

can equivalently be obtained as the 7th quantile associated to the distribution function F
defined as

_ E [(5 - y)]l{s>y}]
2E [(¢ = y)iesyy] +y — E[e]
See e.g. the final paragraph of p.373 in [1]. Similarly the 7th expectile & (max(e,tg)) of

max(e, to) is obtained as the Tth quantile associated to the distribution function Ey defined
as

1—-E(y)

E [(max(s, tU) - y)]l{max(e,to)>y}]

1—F = .
o) = 38 [(maxe, t0) — 9) 1 pmotoyot] + ¥ — Elmax(, fo)]

It is straightforward to check that for y > ¢

B E[(e = 9)T{esyy]
L=Eoly) = 55 (e = Y)L{exyy] +y — E[max(e, to)]’

Lemma 3(i) in [49] (with f therein chosen as the identity function and @ = 1) entails that y —
1/(1—E(y)) and y — 1/(1 — Ey(y)) are asymptotically equivalent as y — oo and regularly
varying with positive index. Let U and Uy denote the pertaining tail quantile functions, i.e. the
left-continuous inverses of 1/(1 — F) and 1/(1 — Ej); these are also regularly varying, and
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we will conclude by proving that U and Uy are asymptotically equivalent. A combination of
Equations (1.2.26) and (1.2.28) in [14] and the regular variation property of U entails
-1 -1 -1
lim _ lim _ 1 t =1

ML AR U0 ek A= E) U)o 1= B Tot) -
lim £10(1L/(1— E)(t) = lim ¢ U(1/(1 ~ Bo)(6)) = lim £~ Un(1/(1 — Eo)(6)) = 1.

Apply Proposition B.1.9.10 in [14] to obtain that U and Uy are indeed asymptotically equiv-
alent, thus completing the proof of (ii).

(i11) First of all, if Px denotes the distribution of X,
P(e > (50— 9(X))/o(X). X € Ko) = | Be> (un - gle)/o(@) Px (d) >0
Ko

because P(¢ > (yo — g(x))/o(x)) > 0 for any x (since ¢ is heavy-tailed) and P(X € Kj) >
0. Write then

Ple>t)=Pe>t|g(X)+o(X)e>yo, X € Kop)

Ple>t,e> (yo —9(X))/o(X), X € Ko)
P(e > (yo — 9(X))/0(X), X € Ko)

It is indeed possible to take ¢ so large that (yo — g(X))/o(X) <t with probability 1 since g
and 1/0 are bounded on the support of X . For such ¢,

Ple> 1) = P(e >t,X € Ky) _ P(e > t)
P(e > (yo —9(X))/o(X), X € Ko)  P(e > (yo —9(X))/0(X) | X € Ko)

by independence between X and e, which is the required result.

(iv) That ¢, (¢)/q,(e) — p” as 7 1 1 directly follows from the identity P(e > ¢) = p~!P(e >
t) for ¢ large enough, and therefore g (e) = q;_p,1—r)(€) for 7 close enough to 1, combined
with the regular variation property of ¢ — U (t) = ¢1—¢-1(g). The convergence &, (¢) /&, (e) —
p7 as 7 1 1 follows from the asymptotic proportionality relationship between extreme quan-
tiles and expectiles applied to both e and ¢ (which have the same extreme value index).

(v) Recall from the proof of (iv) that for 7 close enough to 1, g-(e) = q1_p(1—7)(€). Set
V(t) = q1—+-1(e) and pick = > 0. For ¢ large enough, we find
V(tz) U(p'tx)
V() U

P —1

=27+ A(p't) (aﬂ —|—o(1)>

P —1

= a7+ pPA(t) (ﬂ +0(1)>

by assumption Ca(7, p, A) on € and regular variation of |A| with index p (see Section 2.3
in [14]). This exactly means that e satisfies condition Ca(~, p,p~?A). Write then

&(e) 4 ar(e) w (~—1 _ ¢-(e) w (v 1) qr(e)
(48) png(E) —PWqT(E) ( 1)Wq7(e) (v 1) W&(E)-

Use again the identity ¢, (e) = q;_p1—r)(¢) for 7 close enough to 1 to get

Jge(e) L Up'a-n)"hH PPl -t
@ PG T =t (P e -,
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Proposition 1(i) in [12] applied to the random variable ¢ (having expectation 0) entails

EERAC)
(v 1) ”&(5)

-1 _ 1\— -1 _ 1\—p _
(50) :1—<(71_71)[)p+(7 ;‘)) ’ 1+o(1)> A((l—T)_1)+0<qi€)>.

This same result applied to the random variable e, which satisfies condition Co(7y, p,p~ " A),
gives

-1 _ - -1 _ —p _
+<(7 DRt
l—v—p p

_ Yyt =1 yo — 9(X)
—1—|—p’yq7—7(€) <]E |:€ €>0m,XEKQ] +0(1)>
-1 _ — -1 _ —p
+p_p<(7 1) G -1
I—y—p p
Combine (48), (49), (50) and (51) to get (v).

(vi) From (i1),

+oquﬂ%«1—ﬂ—5

(51) +o(1)> A((1—7)7h.

(V) o)l (max(e. (5 — o(@)/o(@)) & ()

9@ + (@6 @ 9(@) 1 (@6 @)
 (Glmax(e o —a@)/o@) .
‘< &) 1>“+<”)

because &, (¢) — oo as 7 1 1. To complete the proof we show that for any ¢,

& (max(e,tg) . y(y 1)
N E I

as 71 1. This is done by, first, writing

(E[max(e, to)] + o(1)) +o(|A((1 = 7) 7))

&r(max(e, b)) _ & (max(e,to)) gr(max(e,to))  ar(e) _ &r(max(e,to))  gr(e)
& (e) ¢r (max(e, o)) ¢r () &(e)  ar(max(e,to)) & (e)
for 7 close enough to 1. Then, using the fact that max(e,p) and ¢ have the same quantile
function for 7 large enough, we obtain, by Proposition 1(i) in [12],

(7—1 _ 1)va(maX(€,t0)) =1+ 7(771 - 1)7 (E[maX(E,tO)] + 0(1))

g-(max(e, to)) gr(€)
O =D (r-17*r-1 > -1
+ + +o(l) JA((1—7 .
(=2 . M) A=)
Combining this with (50) completes the proof. 0

Our final auxiliary result is a direct extension of Theorem 2.1 to the case when the residuals

§§n) approximate an array 5£n), with 1 <3¢ <s, — o0o. This will be useful to deal with the

case of ARMA and GARCH models.
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LEMMA C.8. Let (sy,) be a positive sequence of integers tending to infinity. Assume that,

for any n, the sgn), 1 <1 < sy, are independent copies of a random variable € such that there

is § > 0 with Ele_|**° < 0o and ¢ satisfies condition Cy(7y) with 0 <y < 1/2. Let 7, 1

be such that s, (1 — 1,) — co. Suppose moreover that the array of random variables ?:f-n),
1 <14 < sy, satisfies

2n) _ _(n)
g —¢;
sn(1—7,) max 2 i |

| o) — 0.
s 1 e

Define

S'n,
gn, (6) =arg minz . (g(i”) —u).

u€R i—1

3 3
Then we have +/sp(1 — Ty) (5“(8) = 1) i>/\/<O et ) .

&, (€) "1-2y

APPENDIX D: WORKED-OUT EXAMPLES: PROOFS OF THE MAIN RESULTS
PROOF OF COROLLARY 3.1. (i) The key is to write

(Gl
n<1 n>(§u(y|m) 1)

B S 20 SN O N n(1_7)<&n<e>_l>
atBlat(1+072)¢, () "6

VI—T _ AT
MR P Xﬁ[‘“‘“*(ﬁ_ﬁ) x}

V1—1, ETn (8)
a+pBlz+(1+0Tz)Er, (¢)

x vn(0@—0) .

Now
—a+(B-B)7X; (0-0)X;
A, O a+(B-B) X; (0-0) Xi
1+ OTXl 14+ GTXl
Then clearly, by Lemma C.1 and since X has a compact support,
™ — &
(52) Vvn max ———— = Op(1),

1<i<n 1+ |g]

which proves the high-level condition (2). We conclude by combining Lemma C.1, Theo-
rem 2.1 and the convergence &, (¢) — oo.

(i1) Combine (i) with the second convergence in Theorem 2.3. ]

PROOF OF THEOREM 3.1. (i) We first show

(53) N(1—1v) (?Ng - 1) i>/\/<0, 243 )
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Leteq k,,---,EN,K, be those noise variables whose corresponding covariates X; € Ky, and
. d . .
note that given N =m >0, (¢1,k,,..-,ENK,) = (€1,-..,Em). Besides, N = N(Ky,n) is

a binomial random variable with parameters n and P(X € Kj), so that N/n N P(X €
Kp) > 0. Since 7, =1 —n~* witha € (1/5,1),

VN1 —7y) = NO=9/2 = Op(n(1=9/2) = 65 (n?/° /\/logn)

so that

VN(1—7y) max

1<i<N - 1+ e k|

7

max
Viogn 1<i<n 1+ |g]

Apply then Lemma C.5 to get (53). Statement (i) then follows in a straightforward way from
Proposition C.1 and the representation

An) 2/5 ~(n)
5 €1.K, ;| —Ei
IS el _ < n D |]1{Xi €K0}> =op(1).

nVl2) | _ Ght(BT2)—9(BT2) | G0 (BT2) —o(BTe) o
&) g(BT2) + (BTl () 9(B7a) +o(BTa)ér () ™
. o(8'z) &)
o(B7) +9(B72) /& (&) \Ennle) )

/
1—TN

~ P
(i) Set &, (e) = ( > &+ (€). Use the ideas of the proof of Theorem 2.3 to find that

1—7n

N (&) N N (86
togl(1 = 7)/(1 = 7)) \ &, (V]a) log[(1 =)/ (1 = 73] \ &)

have the same asymptotic distribution. Our result is then shown by using the assumption

VNA—=718)F—7) 95T, as well as convergence (53) and by adapting directly the proof
of Theorem 5 of [12] to obtain

N =) & (e) a
N — T.
logl(1 — )/ (1 — 73] <sﬁv<e> e

We omit the details. ]

PROOF OF THEOREM 3.2. First of all, define

~ N\ wva-rnl
fo=(5) &

EnlYlz) |

&y (V)

_(§@) +5(@)E(e) 1| 9@) +o(@)&ry ()
9(®) + o (®)&ry () &y (V)
9(x) +o(x)éry(e)

-1
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Yyt —-1)7 Yo — g(x) B
~ oo \E e 1 A((1—
4y () max (&, =20y )| For() ) For( A =) ))

by Lemma C.7(vi), the consistency assumption on g and &, and N = N(n) s 50, Now

1/v, = op(1/y/N(1 —7y)), because n'=/v2 — 0 and N(1 — 7y) = N17% < nl=% The
vp,—consistency of g and & then entails

N(1—1n) (W - 1) =+v/N(1—7n) (ZJVEE; — 1) (1+op(1))

(54) (T - 1)E [max <ey°(7_(i§w)>] 1+ op(1).

It is therefore sufficient to consider the convergence of ETN (€). Write

o(28) == () o () o]

& (€) ( &y (€)
+ log +log | p7=E .
<£7'N ( ) §TN (5)
The quantity N/Nj is a \/n—consistent estimator of p > 0, thus making the second term a

Op(1/y/n) =op(1/4/N(1 —7n)), and the fourth term is controlled with Lemma C.7(v) and
a Taylor expansion. Therefore

log (5” (5)> — logp + 0 (V]G (ry) —7) +log (&N(@)

gTN (5) gTN (6)

+py( T 1) (E {5 €= %g_(;g(()X)’ Xe KO} ) N(lu—m)
+p_pp_1 <1+p [(T_l;i);p + (7_1_;1,)_[)_1]) N(l)\— ™)

1

It remains to analyse the joint convergence of | y(1—r, )| and ETN (e). First, clearly

s(n)
‘ cil =O0p(1/vy) =0p(1//N(1 —7n))

SN 1+ e

which is (2) adapted to the random number /V of noncensored observations (see Lemma C.6).
Here the v,, —uniform consistency of g and & on Ky and boundedness of 1/ on the support of
X were used, along with again n'=%/v2 — 0, and the identity N (1 — 1) = N17¢ <pnl=,
Set then

. IN(—7)] )
ANa-m)) = TN D 10%4 e
IN(1—7n)] — L NN
[N(1=7)]

1

and 7| n(; = Z log ON—it1,N .
WU AN =70 & e N —m)N
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By Lemma C.6(i),
YIN(—ry)| =V N(—7y)] T Op(1//N(1 = 7n))

and therefore

(56) NA=7m8)V Ny =) = VN =78) (Y N—ry) —7) +or(1).
Let further
R N N N
&) =argmin > nry (@) — ) and &, (¢) = argmin > 1, (e; — u)
u€R i—1 u€eR i—
along with
1 ol uéry (€)
wN(U) - 2572_]\](6) ’LZI Ny <€i - §TN (6) - ]\[(1_7_1\[)) — Nrn (ei - é’?’N (6))]

1 E (am o ubn(e) N\
andXN(u)_ 2 Z Nry ei ETN(B) N(l—TN) nTN(ei gTN(e)> .

Lemma C.5 entails xn(u) = ¢¥n(u) + op(1). Recall the notation ¢ (y) = |7 — 1{y < 0}|y
and write, as in the proof of Theorem 2 in [10], ¥y (u) = —uT1 n + T2,n (u) With

N

1 1
T = R ) 2 ) 46
and
To.n (u)

N - rub.y(e)//N(1—7xn)
_ _21(6) Z/ (Pry (€ — Ery (€) — 2) — @ry (€5 — Ery (€))) .
T™NAE) =1 Y0

The distribution of the e;, 1 < ¢ < N, given N = m, is the distribution of m independent
copies of e. Using the arguments of the proof of Theorem 2 in [10] and Lemma C.4(i) and (ii),
we obtain 77,y = Op(1) and T3,y (1) — u2/2y. It follows that

2

v () = v (1) + 0p(1) = ;‘—,y —uTin +op(1).

Conclude, by the basic corollary on p.2 in [28], that the minimisers of y and ¢ are both
only a op(1) away from the minimiser of the right-hand side, and thus only a op(1) away
from each other. This can be rephrased as

(57) N(1— ) (ZNEZ; - 1) = VN1 —1v) (ZNEZ% - 1) +op(1).

Finally, the distribution of the pair (V| x(1—ry) J,ETN(e)) given N = m is equal to the dis-

tribution of their counterparts (¥|,,(1—r,,)|>$r,(€)) based on m independent copies of e.
Combine then Theorem 3 in [12], which provides the bivariate asymptotic distribution of
(Vim(1—r) ]+ & (€)), with Lemma C.4(i) to get

Ery ()
T ()

(58) N(1—17n) (7LN(1TN)J - - 1) L N(B(p,p), V(7))
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with B(p,p) = (p™"A/(1 — p),0) (recall that e satisfies condition Ca(~, p,p~"A)) and

2o P01y
_ 2
Vi) = -
SO VL3
(1—9)? 1—2y

Combining (54), (55), (56), (57), (58) with the delta method completes the proof of (i).

(i1) Define
R 1 — 7\ Iwa-mn) 7 N\ TNa-mn)
* — N _
L (1) () &

so that E;J,V(ch) =9g(x) + 3(:(3)5:;V (¢). Then
G0 (&
fﬁ’\, (Y|§E) B 57'1’\, (5)
+O0p(1/4r,(e)) + op(IA((1 = ) 7H)])

- 1) (1+o0p(1)) +op([g(z) — g(z)]) + Op ( Z

2|2
B8
!
=
N———

by Lemma C.7(vi), the consistency assumption on g and 7, and N = N (n) 2 0. Our bias
conditions combined with the regular variation properties of ¢ — ¢;_;-1(¢) and ¢ — | A(t)]
and the v, —uniform consistency of g and & on K yield

& (Ylr) (&9
(V) L= <€T;V @ 1> (14o0p(1)) +op(1//N(1 —7n)).

Since, from the proof of (i),

N —m0) A =) = NP2/ (1= p),7?)

and \/N(1—7y) <§TN 8 - 1> = 0p(1),

a direct adaptation of the proof of Theorem 5 of [12] produces

N(1—17n) &Z’V(s)
log[(1 —7n)/(L—7y)] \ &y (€)

- 1) = VNI =78) A Na-ry) —7) +or(1)

A
Y (p"’ ,72) :
1—p
We omit the details. O

PROOF OF THEOREM 3.3. (i) Write first

= grn (Ynt1|Fn) _
n(l n) (5& (Yn+1 |~7:n) 1)

_ & (e) — (&)
T Y1+ L Oty 6 () ntem) <§Tn () 1)
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S (Djn — ) Yui1

+/n(l—1,)
! §=1 ¢iYny1-j+ 2321 Oient1—j + &1, ()
+v/n(1—7,) 2 5=10n = 0j)ent1-
j=1 93 Ynt1-5 + 201 OjEns1—j +&n, (e)
+v/n(l-7,) F1 Oin(Es g — envicy)
—In

?:1 ¢an+1—j + Z?:l 9j5n+1—j + f'rn (5) .

To control the gap between residuals and unobserved innovations (and hence check the
high-level condition (2)), we rewrite the ARMA model in vector form, namely as Y; , =
Al/t_ljp — Bei_1,4 + €14 with

Br e e e o
YYt 1 0 -+ --- 0
t—1
Yip= . andA=1]0 1 - 0 ’
Yiopes oo O
—01--- - . _911
5€t 1 0 ...... 0
t—1
Et)q = and B = O 1 - .- 0
St 0 i1 0

Set r = max(p, q). Since " =V} — b binYi_j— i gjngﬁz forr+1<t<n,we
have Y, = ﬁnY}_l,p - ﬁngﬁ)l’ ot Egﬁ}, where the notation is defined by replacing the ¢,
¢; and 0; by the ggn)’ ggj’n and 1/9;“ It follows that for such ¢

éz) —Etq = (A - ﬁn)Yt—l,p - (B - én)gﬁ)l,q + B(Eﬁ)lvq B Et_l’q)

t—r t—r
=Y BN A-A)Yi ,— Y B (B-Buei
j=1 J=1
t—r )
(59) ~>N BTN B-B,)E", — et jq) — B e,
7j=1

because E(TZ) = 0. Observe now that by causality of (Y;);ecz, the Y; have the linear rep-

resentation Y; = Z;io Yjei—j, and it is a consequence of the arguments in the proof of
Theorem 3.1.1 in [5] that the ¢; define a summable series and decay geometrically fast,
i.e. |1j| < C R’ for real constants C' > 0 and R € (0,1). Write, for 1 <t <n,

t—1 00 [e's) 00
Vel <> Isllersl+ D llegl < [ D Il fggg;!&HCRZRl\&z\-
=0 i=t §=0 =

=0

The last sum on the right-hand side is finite with probability 1 because ¢ has a finite first mo-
ment. Conclude that maxj<¢<y, |Yz| = Op(1 + max;<;<p |&¢|). Since the ¢; are independent
and satisfy Cy(v), we find

60 = 7*) and th Y| = 7T f
(60) lrg%xnled Op(n”™") an enlrél%xn\ :|=O0p(n"™") forany ¢ >0,
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by condition P(e > z)/P(|e| > x) — £ € (0, 1] as x — oo, combined with Theorem 1.1.6 and
Lemma 1.2.9 in [14], and Potter bounds (see e.g. Proposition B.1.9.5 in [14]). Notice now
that B is essentially the companion matrix of the polynomial Q(z) =1 + Z?Zl 9jzj Jtisa
standard exercise in linear algebra to show that B has characteristic polynomial

a
det(\T, — B) = A7+ 0,079 = MQ(1/)).
j=1

Since ) has no root z such that |z| < 1, all eigenvalues of B must then have a modulus
smaller than 1, i.e. its spectral radius p(B) is smaller than 1. Let || - || denote indifferently the
supremum norm on R? spaces and the induced operator norm on square matrices, and recall
that | B7||'/7 — p(B) as j — oo (this is in fact true for any operator norm), which means
in particular that the series ) - | B?|| is summable. Defining é‘\gn) == ?ﬁ@q = 0 for the
sake of convenience, we obtain

max \é{tn) — &t < max \é\in)

—&¢| + max |g]
1<t<n r41<t<n 1<t<r

o0 oo
A y B j
<[4 AnHz%HB | oax Y| + || B BnHZ%”B | max |=t
J= J=

o
_ B J n _ J
+|B Bn\Z;IIB | max & = il + <1+§1>110>\B ||> max |eil-
iz >
By /n—consistency of the ¢;, and 6;,, ||[A — A,| = Op(n~2) and |B — B,|| =
Op(n_l/ 2). Isolate then maxj <<y, ]EEn) — €¢| to conclude that

max \&Atin) — &/ =0p <1 + 012 [max |Y;| + max Et‘:|> =Or(1)
1<t<n 1<t<n 1<t<n

by (60) and the assumption vy < 1/2. We now use (59) again, this time to control
maxy, <t<n \Eﬁn) — ¢¢| to apply Theorem 2.1 (for the sample size n — t,, + 1 =n(1 +o(1)),
since the estimator ET (¢) is based upon the last n — ¢, + 1 residuals). For t > ¢,, — o0,
| B "erqll < |B"|||l€rqll and t — r > t,,/2 for n large enough; hence, by (59), the bound

max ]é(tn) — & =Op (n_1/2 [1-1- max |Y| + max |5t|] + sup HBJH) .
t,<t<n 1<t<n 1<t<n G2t /2

Since || B7||*/7 — p(B) € [0,1) as j — oo, we have for n large enough

max |§§") — & =Op (n_1/2 [1 + max |Y;| + max |6t|:| +(1- K])t“’)
tn<t<n 1<t<n 1<t<n

for some x € (0,1). We have v/n(1 — k) — 0 because t,,/logn — oo. Conclude that
X w = 0p [ max [E™ —g| ) = 0p(n?/2) forall ¢ >0
ta<t<n 14 gy ta<t<n'
and therefore (2) is proved:

€M —ey|

n(l—7,) max =op(1).

tn,<t<n 1 + ‘€t|

Complete the proof by combining the \/n—consistency of the estimators ggj,n and aj,n’
Lemma C.8 (an extension of Theorem 2.1 necessary here since at each step, the indices
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of the relevant €; may not be contained in those relevant to the previous step and thus, strictly
speaking, we do not work with a single i.i.d. sequence) and the convergence &, () — oc.

(ii) Set

~ N
gwazC ")54@

1—7,
and write

n(l—1,) gf— Yot1 [Fn) .
log[(1 = 7) /(1 = 7)1 \ & (Yot1 [ Fn)

_ &y (e) " n(l—m7,) éé () .
> &Y+ 2 Oieni1—j + & (e) T log[(1—7) /(1= 75)]

n(l—1,) " Z§:1(¢A5j,n — ) Yny1-j
log[(1—7n)/(L=70)] = 220 1 @5Yr1—j + 2251 Ojens1—j + & (€)

~

n(l—m7,) y 2321(9j,n —0j)en+1-;
log[(1 — ) /(1 —7},)] Z§:1 GjYnt1—j + 23‘:1 Ojent1-j +&r(e)

n(l —7,) y i 0j7n(§§:21_j — Ent1-j)
log[(1 —7) /(1 —),)] 10 a1 + 20 Ojens1—j + & ()

Combine then what was obtained in (i) with the first convergence in Theorem 2.3. [

PROOF OF THEOREM 3.4. (i) Recall that &, the & , and the Bj,n are consistent estima-
tors of (strictly) positive parameters, and thus are positive with arbitrarily high probability as
n — oo. In what follows we implicitly work on this high probability event. Write

i <£<Y|f> . 1) e (an@ i 1)

&, (Y1 | Fn) &r,(€)
a'\n-i-l é/-;n, (8)
+v/n(l—m,) <0n+1 — 1> (o)

Let us first check the high-level condition (2). Define = max(p, q). For any ¢ with r + 1 <
t<n,

o1 | Y Y D I e C/ 0 Sl DY I S
I 5 @) @M |
We focus on |(8t(n))2 — o?|. Note that v, = Z;  + Bv;_1,, with
o+ o, Tonle
2 10 0
Ti-1 0 01 ------ 0
Vtp = . y Lig= : and B =
O pi 0 0 cvvvnn 1' 0
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Similarly @(Z,) = Zt(z) + ﬁn?)&)lp where the notation is defined by replacing the o7, w, the

a; and $3; by the (5\")2, @y, the @, and Bj . For r + 1 < ¢ < n then,

t—r—1 t—r—1
vip= Y B'Z_j,+ B v, oY =Y BIZM" + B8
§=0 §=0
and therefore
’l/;zg,rzl)) — Vtp
t—r—1 ) t—r—1
Ri(7 Dt—r2s t—
= Bi(Z", — Zij)+ > (B} —B)Z_j,+ B, 5" — B v,
§=0 §=0
This readily provides

t—r—1
=Y Bl (wn+2ath - Z) + (B0 (1)

7=0 =1

where u(1) denotes the first element of a vector w and A(1,1) the top left element of a
matrix A, and similarly

t—r—1
<8§">>2—a?=21§£;<1,1>< —w+2am— Y)

t—r—1

+ (Bi(1,1) — Bi(1,1)) <w+Za, 2 1)

j=0
(62) + (B8 — BT, (1).

We compare each term in (62) to (5\"))2. First of all

q
7 z | (—w+z<az-,n—am2“)
=1

Jt _

azn'_ %

(63) = 0p(n~1?).

Z

azn

Now B and Bn are positive matrices, so that if «,, := max;<j<p| an — Bi|, clearly ﬁn <
(1 + ) B elementwise and thus By, < (1 + kn ) BI elementwise for any j. In particular
B}(1,1) < (14 k,)?B/(1,1) and likewise B’(1,1) < (1 + &, )’ B},(1,1). Hence the bound

1B (1,1) — BY(1,1)| < [(1+ k,) — 1] max(B?(1,1), B(1,1))
< jhn(1 4 kn) ' max(B7(1,1), Bi(1,1))
(64) < jhn(14 k)% 1BI(1,1).

Like in the proof of Theorem 3.3, let | - || denote indifferently the supremum norm on Rd
spaces and the induced operator norm on square matrices. Notice that |B7(1,1)| < || B?||;
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since || B7||'/7 — p(B) € [0,1) as j — oo (to check that indeed the spectral radius p(B) €
[0,1), use Corollary 2.2 in [17]) and k,, = Op(1/4/n), we have

|BJ(1,1) — B/(1,1)| = Op(kn) = Op(n~/?).

Recalling that (8§n))2 > & — w > 0, we therefore obtain

t—r—1
1 Py A
65 — BJ(1,1) — B’(1,1))| = Op(n~"/?).
(63) T+I{1Satxﬁn (a_\t(n))2 JEZ% ( n( ’ ) ( ) )) P(n )

Next we write, for any i € {1,...,¢},

t—r—1 1 B

1 ~. ) B; (1,1 Bi(1.1 a;Y, :

LY B - Baere, < Y DB
G2 | = = wn+Bn(1’1)ath2] By

Similarly to (64), | B (1,1) — BI(1,1)| < jkn(1 + k)% 1 Bj(1,1). Thus, for any s > 0,

_i Bi(1,1)— BI(1,1))q;Y;>
(Ut ) 7=0

1

j %

Q4 e . 2i—1 E%(Ll)ahny;zjfz/@n
< Rn= ‘7(1—1_’%71)] 57 ~ 2 ~
Qin =5 1+Bn(1,1)az~,nYt_j_i/wn
t—r—1 J ~ 2 s
- . By (1,1)a; .Y~
Qi n Wn
7=0
ar (Gin\° RS
< ko X — (A”> Z (1+ )2 (L4 k) BI(1,1)) Y2
Q;n \ Wn
where the inequality z/(1 + x) < z*, valid for any s and = > 0, was used. Because

|B7(1,1)| < ||B?| and || B?||'/7 N (B) €10,1) as j — oo, as well as x, — 0 in proba-
bility, we have

o
> i+ )Y H(A 4 R BY(1,1))° < 00
j=0
with arbitrarily high probability as n — oco. Hence the bound

max Z (Bj(1,1) — B'(1,1))a Y;Z] _i|=0p (n_1/2 max YtQS>
=0

r+1§t<n At 1<t<n

valid for any s > 0. Recall that there is s > 0 such that E(Y***) < oo (see Corollary 2.3
p-36in [17]). Using the identity

B = [ RO >y <o
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and noting that the function y +— IP’(Y12S° > y) is nonnegative and nonincreasing, it is a stan-
dard exercise to show that P(Y*** > 4) = o(y~!) as y — oc. Conclude that, for any s < s,
nP(Y2 > n®/%) =nP(Y*" >n) =o0(1), and then that

P (max Y2 > ns/s"> <nP(Y2 >ns/%) =0o(1),
1<t<n
of which a consequence is that maxj<;<, YES = O[P(TLS/ %0) for any s < sg. In particular,
since s can be chosen arbitrarily small,

t—r—1
1

66 PO Bi(1,1) — BY(1,1))a; Y2 ;_;| = Op(n*~Y/2) forall s > 0.
( ) T-‘rr{lgatxgn (’O.\t(n))Q JZ%( TL( ) ( ))O[ t—j—i ]P’(n ) or all ¢

Finally, for ¢ > t,, and n large enough,

1 t—r(n) t—r
2 Gy (Bn 0y = B ue) (1)

1 ~ . ) (m) o ‘
< — sup { BZL + || B? } max {O’ + o } =0 sup { Bgl + || B? }
o oy IBall + 1Bl g _max 40 ¢ e (s, B + || B

by consistency of &, definition of aﬁ@p TP ,87{”) and finiteness of at least a fractional
moment of the o; (and hence finiteness of the o, with probability 1; see Corollary 2.3 p.36
in [17]). Besides, it is a simple exercise in linear algebra to show that for a d x d matrix with

nonnegative elements, ||A| = max;<j<4 E;lzl A(i, 7); consequently

1 o
max — (B0 — B v,,)(1)] = O ( sup {(1+ fen)]HBJII}> :
2

tn<t<n (3}?"))2 >t/

Recall that || B?||'/7 — p(B) € [0,1) as j — oo and £, — 0 in probability, so that

1 pt—r=~(n) _ pt—r N —1/2
©7 neeE, @T)Q“Bn 3 — B "v,,)(1)| = Op(n~1/?)

because t,,/logn — co. Combine (61), (62), (63), (65), (66), (67) and recall that 7, =1 —
n~ % to find

~(n) _
%50 and then n(l —7,) max e —el 50

—1
tn<t<n 14 |eq]

n(l—7n) max

(a2

by (61). Condition (2) thus holds. Second, the inequality |Gy41/0n11 — 1| < 02, /02, | —1]
and a similar argument yield

On+1

n(l—m,)

- 1‘ =0
On+1
Conclude by applying Lemma C.8 (for the sample size s, =n — ¢, + 1 = n(1 + o(1)),
since the estimator &, (¢) is based upon the last n — ¢, + 1 residuals; this array version of
Theorem 2.1 is necessary once again here).

(i1) Set

& (e) = (1 ‘T’Q)_W&(e)

1—7,
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and write

n(l— ) & Va1 F) ,
log[(1 —74)/(1 —7})] €T,ZL(Yn+1 | Fn)

_ n(l—m,) A;,/L (e) _1q
log[(1 —7) /(L = 7)) \ & (e)
n(l—7) o1 ) E(0)
log[(1 —7,)/(1 —7))] < 1) r (e)

To conclude, combine (i) with the relationship 7, 41/0p+1 =1+ Op(1/y/n(1 — 7)) and
the first convergence in Theorem 2.3. O

Iy

On+1

APPENDIX E: ADDITIONAL RESULTS ON INDIRECT ESTIMATORS AND THEIR
PROOFS

This section focuses on the indirect versions of our extreme expectile estimators. The first
result is an analogue of Corollary 3.1 in the heteroscedastic linear regression model (M),

for the indirect estimators &, (Y |x) and E:_,y (Y|x) defined as

& (Yie)=a+B e+ (1+8 )y~ )7

_ N N
and g:é(yym):a+ﬁ%+(1+§%)<l Tn) 7! —1)7"

1—7, n—|n(l-7n)],n’
Here 5 =7 ,,(1—r,) s assumed to be the Hill estimator based on residuals, as in Section 2.2.
COROLLARY E.1.  Assume that the setup is that of the heteroscedastic linear model (My).

Suppose that E|e _|? < co. Assume further that ¢ satisfies condition Co(~y, p, A) with 0 < y <
1/2, p <0, and that 1,,, 7], 1 1 satisfy (3) and (4). Then for any x € K,

grn(Y|$) d m(7y) 2 2
ni—7) (uww) - 1) o8 (AT b3 1+ b )
with the notation of Corollary 2.1, and

n(l—m7,) gq*—/ (Ylx) B d A
logl(1 — /(1 — 7)) (&gm) 1) S (12,0)

PROOF OF COROLLARY E.1. To obtain the first convergence, repeat the proof of Corol-
lary 3.1, with &, (¢) replaced by &;, (¢) = (ﬁfnl(lan)J — 1) Yna-m)l 55;1) n(1—7,)],n» a0 ap-
ply Corollary 2.1 rather than Theorem 2.1. The second convergence is obtained by combining
the first convergence with Theorem 2.3. O

The second result considers, in the context of the heteroscedastic single-index model (M3),
the indirect estimators &, (Y|x) and & (Y|x) defined, for an « € K, as

Ern (V1) =G, (BT ) + 50,2, (BT )T = D)TEY v v

at the intermediate level, and

~ R ~ N ~ 1—7, - _— —~~n
&, (V1) =, (87004 5.0, B72) (1220 ) = 0780 v
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at the extreme level. Here 5 = 7| y(1—r,)| is assumed to be the Hill estimator based on the
random number of residuals | N (1 — 7) | where N =" | 1{X; € Ko}.

THEOREM E.1.  Work in model (Ms). Assume that ¢ satisfies condition Ca(7y, p, A) with
0 <y <1/2and p <0 and that the conditions of Proposition C.I in Appendix C hold. Let
Ky be a compact subset of K° such that P(X € Ky) >0, and N = N(Kg,n). In addition,
suppose that the sequences 7, =1 —n~% with a € (1/5,1) and 7], 1 1 satisfy (3) and (4).
Then, for any x € K,

iy §ry (Y )_ d M_ 2 m 2
NI )(W e 1>—>N(>\L_p b(%p)],’v [1+ ()] ])7
with the notation of Corollary 2.1, and
N(1—171n) 57*'& (Yle) _ d A
log[(1 —7n)/(1 =) (&;V(YCB) 1) HN<1—P’7 )

PROOF OF THEOREM E.1. Combine Corollary 2.1 with the de-conditioning Lemma C.4(i)
to obtain

N{—7v) (gm@) —1) N (AT b 2 1 ) ).

gTN (8)

where ETN( )= (?L_Al,(l )l — 1) wa-rn) é&?i N (=) [N Ko Complete the proof by fol-

lowing the final four lines of the proof of Theorem 3.1(i) (this crucially relies on the assump-
tions of Proposition C.1) and the proof of Theorem 3.1(ii). ]

The third result focuses on the indirect estimators

érn n+1 ’]: Z¢jn n+1—j +Zej n5n+1 ] 7_1 - 1)_7677,,(5)

p q -5
~  _(n 1—-7 N\, __ e
and §T n+1 ’f Z n+1 -+ Zej,né\iwr)lfj + < ) (7 t— 1) ’qu (8)

= = 1—-m
in the ARMA(p, ¢) model (77). Here g, (¢) = z-?fln)t e [t 1) (=) | b1 is a top or-
der statistic of the last n — ¢,, + 1 residuals Eﬁ n) éﬂl, a(@n), with ¢,,/logn — oo and

tn/n — 0, and 7 is assumed to be the Hill estimator based on these residuals.

THEOREM E.2.  Work in model (T1). Assume further that e satisfies condition Ca(7y, p, A)
with 0 <y < 1/2 and p < 0, and that 7,7, 1 1 satisfy (3) and (4). If moreover n*Y*t(1 —
Tn) — 0 for some v > 0, then

frn( n-l—l‘}—) d M_ 2 m 2
T (B2 ) 2o (O 2 s i ).

with the notation of Corollary 2.1, and

a(l =) & Yoy | Fn) RV
log[(1 = 7) /(1= 7,)] (ff (Y1 | ) 1) HN(l—N)'
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PROOF OF THEOREM E.2. Mimic the proof of Theorem 3.3, applying (an array version
of) Corollary 2.1 rather than Lemma C.8. O

The fourth and final result gives the asymptotic properties of the indirect estimators

grn (Yoy1 | Fn) = 8n+1(7_1 - 1)_767,1 (e)

= ~ 1-m N\ __ e
and f:;,,(yn—i-l |Jrn) =0n+1 X <1 Tn) (’Y t— 1) vQ‘rn (5)
—In

in the GARCH(p, q) model (1), where again g, (¢) = gfzn—)tnﬂ—L(n—tn+1)(1—m)J,n—tn+1 is

a top order statistic of the last n — ¢,, + 1 residuals 57&?)7 §§Z)+1, e ,§§L"), with ¢, /logn — oo

and ¢, /n — 0, and 7 is assumed to be the Hill estimator based on these residuals.

THEOREM E.3.  Work in model (13). Assume further that e satisfies condition C(7, p, A)
with0 <y < 1/2and p < 0. Suppose also that 7,7}, T 1 satisfy (3) and (4) with 7, =1 —n""
fora € (0,1). Then

Em (Vo1 | Fn) d m(7y) 2 2
n(l —7,) (M - 1> — N <)\ [1_/) - b(%ﬂ)] ;77 [1+ [m(7)] }) ;

with the notation of Corollary 2.1, and

nl-r)  (G0nlF) N\ a (A
log[(1 =)/ (1= 7)) (a,;(ynmfn) 1) N (1—p= ! )

PROOF OF THEOREM E.3. Mimic the proof of Theorem 3.4, applying (an array version
of) Corollary 2.1 rather than Lemma C.8. O

APPENDIX F: FINITE-SAMPLE STUDY: DETAILS ON COMPUTATIONAL
PROCEDURES AND FURTHER FINITE-SAMPLE RESULTS

F.1. Optimal choice of the intermediate level 7,,. In the calculation of our extreme
value estimates, the intermediate level 7, is a tuning parameter that has to be chosen. This is
of course essentially equivalent to choosing the parameter k,, = |n(1 — 7,,) | representing the
effective sample size in the Hill estimator used for the extrapolation. There are various ways
of choosing k,,; we briefly discuss here a procedure based on an asymptotic mean-squared
error minimisation criterion. As highlighted in Equation (3.2.13) p.77 in [14], the asymptotic
mean-squared error of the Hill estimator under Ca(, p, A) is:

AMSE(k,) := (1_1/))2 [A <IZL>]2 + Z

Let us consider the typical case of an auxiliary function A(t) = b~yt”, as in our simulation
study. Minimising the AMSE with respect to k,, yields an optimal value k;; given by

2\ 1/(1-2p)

This optimal value of k,, fulfills the well-known bias-variance trade-off in extreme value
analysis, by balancing in an optimal way the variance increasing with low k,, and the bias
increasing with high k,,. In practice, this value of k; is of course unavailable because it
depends on the unknown values of ~, b and p. In our simulation study where a sample of
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n = 1,000 data points is available, we therefore suggest to use the sample counterpart E;; of
k. obtained through plugging in a prior estimate of ~ calculated using the bias-reduced Hill
estimator with k, = n/10 = 100, along with estimates of b and p obtained using the function
mop from the R package evt 0, all based of course on residuals of the model rather than the
unobservable noise variables.

To check the quality of the estimation with this choice %j; of k,, we repeated our simulation
studies in Sections 4.1 and 4.2, with the same parameters but with E;‘fb in place of k,, = 100.
Results are reported in Tables F.2 and F.4. It is readily seen there that there is no obvious
advantage in using a data-driven criterion for the choice of k,,, and in fact results tend to be
slightly worse. This is most likely because a data-driven choice of k,, is itself random and
therefore may contribute to estimation uncertainty.

Model Procedure v=0.1 v=0.2 v=0.3 v=04

(S 2.29-107%2 [ 3.56-107% | 6.46-102 | 1.13-107 "
(S1i) 1371077 | 314-107 [ 6.51-10° 7 | 1.21-10*
(S2) 2731072 | 3.76-107%2 | 6.17-1072 | 9.86-10"~7
(S2i) 311-107% [ 3.57-10° 7 [ 5.93-10 % | 1.05-10" "
(BID) 1.26-10° " | 8.06-10 2 | 9.89-10 2 | 1.93-10 °
(B1i) 1.58-10°1 [ 785-100% [ 9.75-10 % | 1.96-10 T

Linear (G1) (B2) | 1.22-10 " | 1.09-10 * | 9.90-10 2 | 1.08-10 "
(B3) 252-107% [ 393-107°7 [ 6.78-10 7 | 1.16-10" "

(B4) 482-10 2 [ 413-10° 2 | 6.34-10 2 | 1.04-10 °

(B4i) 815-10 ° [ 273-10 2 | 6.23-10 2 | 1.18-10 *

(B5) 2.26-10% [ 353-10°° [ 6.23-10 7 | 1.06-10" "

(B51) 047-10° [ 3.09-10 2 | 6.38-10 2 | 1.12-10 °

(S1) 1.83-1071 [ 1.10-107" [ 8.13-1072 [ 1.09-107"

(STh) 196-10° ' | 1.18-10 * | 6.97-10 2 | 1.01-10 ¢

(S2) 3.90-107 | 438-1077 | 6.89-10 2 | 1.08-10" "

(S2i) 5.75-107% | 4.27-107% [ 6.53-107% | 1.08-10" '

(B1) 143-10°" [ 889-10 2 | 1.18-10 ' | 2.06-10 *

Single index (G2) (B1i) 1.74-10° 1 [7.64-10 2 | 1.14-10 ' | 2.05-10 ¢

(B2) 346-10"F [ 2.79-10°F [ 2.37-10°1 [ 1.95-107 "
(B3) 297-100% [ 420-1077 | 720-10°* | 1.20-10" '
(B4) 584-10% [ 482.-107 | 7.14-10°? [ 1.13-10° !
(B4i) 9.86-107° [ 3.19-1072 | 7.01-10° 7 | 1.28-107 "
(B5) 273-100% | 412-10°7 | 7.01-10* | 1.15-10" T
(B5i) 1.15-10 %7 [ 361-10* | 7.18-10 Z | 1.22-10
TABLE F.1
RMAD of methods (S1), (S2), (S1i) and (S2i), and of benchmarks (B1)—(B5i), in models (G1)—(G2). Estimators
based on the fixed intermediate level k,, = n/10 = 100.

F.2. Pointwise confidence interval construction. We have explained, following our
simulation studies in Sections 4.1 and 4.2, that most of the uncertainty in the problem of es-
timating extreme conditional expectiles appears indeed to come from the extreme value step.
This seems to be particularly the case as soon as v > 0.2. One may then use the asymptotic
results developed in this paper to carry out pointwise inference about extreme conditional
quantiles. Indeed, in typical cases the limit law in Theorem 2.3 is standard, and in fact is
even Gaussian, because it is the limiting distribution of the extreme value index estimator
7; under their respective suitable conditions, all common extreme value index estimators are
asymptotically Gaussian. This is the case for the Hill estimator, of course, as we state in our
Corollary 2.1, but also for, among others, the Pickands estimator, the Maximum Likelihood
estimator constructed using the Generalised Pareto approximation, the moment estimator
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Model Procedure v=0.1 v=0.2 v=0.3 v=0.4

(S1) 2.30-1072 | 3.82-1072 | 6.55-1072 | 1.18-107 !
(S1i) 1.45-10°7 [ 3.36-10 % [ 6.75-10 % | 1.25-10 T
(S2) 287-1002398-102 | 6.39-10"2 | 1.06-10 "
(S2i) 325-1072 [ 3.62-1072 | 6.11-1072 | 1.08-10~ T
B1) 1.26-10°1 [ 8.06-107* [ 9.89-10 % | 1.93-10 T
(B11) 1.58-10° ' | 7.85-10" 2 | 9.75-10"2 | 1.96-10 "

Linear (G1) B2) 127-10 L | 1.09-10 % | 1.01-10 * | 1.15-10 °
(B3) 2431072 1 3.98-107%2 | 7.31-107%2 | 1.26-10 "

(B4) 482102 [458-10 2 [ 597-10° 2 | 1.07-10 1

(B4i) 9.07-107%[312-1072 [ 6.90-1072 | 1.31-107F

(BS) 239-10 2 | 367-102(6.39-10 2 | 1.04-10 T

(B5i) 965-10 ° | 315-10 2 | 6.41-10° 2 | 1.11-10 ¢

(S 1.84-1071 [ 1.11-107 1 [ 7.96-1072 | 1.10- 107!

(S1h) 1.96-107 % | 1.19-10° ' | 7.08-10 2 | 1.03-10 *

(S2) 404-10 7 [ 44310 2 [ 6.91-10 7 | 1.11-10 ¢

(S2i) 5.86-10 % | 4.37-10 2 | 6.51-10 2 | 1.09-10 '

BD) 1.43-107 1 [ 889-10"2 | 1.18-10 ' | 2.06-10 *

Single index (G2) (B1i) 1.74-10° " [ 7.64-10° 2 | 1.14-10" " | 2.05-10 "

(B2) 348.107F [ 2.79-10°F [ 232-10° 1 [ 1.91-10° ¢
(B3) 292-107% [ 438-107 [ 7.85-10 7 | 1.32-10° "
(B4) 5.84-107% | 5.35-10° 7 | 6.72-10 * | 1.17-10" T
(B4i) 1.10-10°% | 3.64-10° % | 7.76-10 7 | 1.43-10 '
(B5) 2.89-10% [ 428-107 7 [ 7.18-10 7 | 1.14-10° "
(B5i) 1.17-1077 | 368-10 7 [ 7.21-1077 | 1.20-10"*
TABLE F.2

RMAD of methods (S1), (S2), (S1i) and (S2i), and of benchmarks (B1)~(B5i), in models (G1)~(G2). Estimators
based on the data-driven intermediate level k.

of [15] and probability weighted moment estimators (see respectively Theorems 3.3.5, 3.4.2,
3.5.4 and 3.6.1 in [14]). Asymptotic bias terms depend on -, the second-order parameter p
and the auxiliary function A, while asymptotic variances are functions of -y only. For instance,
if 7 is the Hill estimator 7|,,(;_, | as in Corollary 2.1, Theorem 2.3 reads, in model (1),

n(l—m7,) E:,(Y\x) _ d A
log[(1 —7)/(1 = 7)) \ & (V) ! _>N< ! ) ‘

1
Consistent estimators of p and A are available from the work of [22], adapted here by using
residuals instead of the unobserved errors. In each case the asymptotic bias and variance
terms can then be estimated, and carrying out inference on the extreme conditional expectile
of interest is, in principle, straightforward.

For consistency with our finite-sample studies and especially our real data analyses, we
discuss the implementation of such confidence intervals based on the bias-reduced es-
timators ﬁEB, obtained by a bias reduction of the Hill estimator 7 (where throughout

k= |n(l—m,)]) and E:;RB(E), obtained by a bias reduction of the direct extrapolated esti-
mator 2’;, (¢), whose expression can be found at the beginning of Section 4. Combined with
appropriate model structure estimators converging quickly enough, these naturally give rise
to an estimator EIJRB(Y|:B) which, by Theorem 2.3, should satisfy

n(1— 1) &P (Y |z) ]
log[(1—7)/(1—7)] \ & (Y]z) 1] = N(0,47).
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Model Parameters Estimator v=0.1 v=0.2 v=0.3 v=0.4
(¢,0)=(0.1,0.1) Direct | 4.75-107° | 6.31-1072 [ 9.57-10"7 | 1.37- 107"
(estimated) Indirect | 3.00-107% | 5.43-1072% | 9.47-1072 | 1.50-107"

(¢,0)=(0.1,0.1) Direct | 4.49-10° 2 | 6.06-10 2 | 9.30-10 2 | 1.37-10 '
(known, benchmark) | Indirect | 1.96-1072 | 5.32-1072 | 9.62-1072 | 1.48-107!
(¢,0) =(0.1,0.5) Direct | 469-1077 | 6.25-107 7 [ 9.57-10"" | 1.38-10~"
(estimated) Indirect | 3.09-1072 | 5.36-1072 | 9.88-107% | 1.49-107!
(¢,0) =(0.1,0.5) Direct | 4.46-107% [ 6.30-107% [ 9.37-1077 | 1.36- 10"
(known, benchmark) | Indirect | 2.04-1072 | 5.45-1072 | 9.51-1072 | 1.45-107!

ARMA (¢,0)=(0.5,0.1) Direct | 4.93-10 2 | 6.561-10 2 | 9.59-10 2 | 1.37-10 "
(estimated) Indirect | 3.14-1072 | 5.79-1072 | 1.01-107"' | 1.50-107*!
(¢,0)=(0.5,0.1) Direct | 4.53-10 2 | 6.28-10 2 | 9.30-10 2 | 1.36-10 °

(known, benchmark) | Indirect | 2.06-1072 | 5.47-1072 | 9.57-1072 | 1.46-10!
(¢,0)=(0.5,0.5) Direct | 4.51-10 2 | 6.62-10 2 | 9.87-10 2 | 1.42-10 °

(estimated) Indirect | 3.06-1072 | 591-1072 | 1.02-107* | 1.57-107*
(¢,0)=(0.5,0.5) Direct | 4.17-10 2 | 6.28-10 2 | 9.55-10 2 | 1.35-10 "

(known, benchmark) | Indirect | 1.96-1072 | 5.53-1072 | 9.72-1072 | 1.47-107!

(a, 5) = (0.1,0.1) Direct | 4.42-1072 [ 6.03-1072 [ 9.01-107% | 1.31-107 "

(estimated) Indirect | 1.92-1072 | 5.22-1072 | 9.42-1072 | 1.39-107!

(a, 8) =(0.1,0.1) Direct | 4.44-107% [ 6.03-107% [ 9.34-1077 | 1.35-10~"

(known, benchmark) | Indirect | 1.88-1072 | 5.23-1072 | 9.49-1072 | 1.45-107!

(a,B) = (0.1,0.45) Direct | 4.44-10 2 | 5.99-10 2 | 9.00-10"2 | 1.25-10 "
(estimated) Indirect | 1.87-1072 | 5.15-1072 | 9.06-10"2 | 1.33-107}

(o, B) = (0.1,0.45) Direct | 4.44-1072 [ 6.03-10 2 | 9.34-10 2 | 1.35-10 *

GARCH (known, benchmark) | Indirect | 1.88-1072 | 5.23-1072 | 9.49-1072 | 1.45-107!

(o, B) = (0.45,0.1) Direct | 4.51-107% [ 6.03-10% [ 9.30-1077 | 1.31-10~"
(estimated) Indirect | 1.92-1072 | 5.29-1072 | 9.64-1072 | 1.39-107!
(a,B) = (0.45,0.1) Direct | 4.44-10 2 | 6.03-10 2 | 9.34-10° 2 | 1.35-10 "
(known, benchmark) | Indirect | 1.88-1072 | 5.23-1072 | 9.49-1072 | 1.45-107!
(o, B) = (0.1,0.85) Direct | 450-10° 2 | 7.31-10° 2 | 9.64-10 2 | 1.20-10 *
(estimated) Indirect | 2.65-1072 | 6.68-10"2 | 9.57-1072 | 1.14-107!
(o, B) = (0.1,0.85) Direct | 4.44-1077 ] 6.03-107% [ 9.34-1077 | 1.35-10~"
(known, benchmark) | Indirect | 1.88-1072 | 5.23-1072 | 9.49-1072 | 1.45-107!
TABLE E.3
RMAD of the (bias-reduced) direct and indirect extreme conditional expectile estimators in ARMA and GARCH
models. Estimators based on the fixed intermediate level k, =n /10 = 100.

In line with standard practice in extreme value analysis for heavy tails, we consider instead
the equivalent version

=) & (v |z)
log[(1—7)/(L—7)] °\ &, (V]a)

obtained via the delta-method, as this has been observed several times to yield more reason-
able confidence intervals when using Weissman-type extrapolated estimators (see e.g. [16] in
the context of extreme quantile estimation). This immediately provides an asymptotic point-
wise 95% confidence interval for &/ (Y'|x) as

L N(0.47)

_ _
(@) = [ER(¥]@) exp il.9610g[(1 ™)/(1 Tn)]ﬁﬁz%—f |
n n n(l - Tn) "

A slightly different construction, also motivated by Theorem 2.3, is possible by building the
confidence interval directly on the estimator 5:3RB(5) first and combining with location and
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Model Parameters Estimator v=0.1 v=0.2 v=0.3 v=0.4
(9,0) =(0.1,0.1) Direct | 4.91-1077 [ 6.55-10°2 [ 9.72-1077 | 1.42- 107"
(estimated) Indirect | 3.05-1072 | 5.61-107% | 9.79-1072 | 1.51-107*

(¢,0)=(0.1,0.1) Direct | 4.74-10 2 | 6.24-10 2 | 9.70-10 2 | 1.38-10 °
(known, benchmark) | Indirect | 1.93-1072 | 5.47-1072 | 9.70-1072 | 1.48-107!
(¢,0)=(0.1,0.5) Direct | 5.07-10 2 | 6.64-10 2 | 9.51-10 2 | 1.38-10 *
(estimated) Indirect | 3.17-1072 | 5.74-1072 | 9.80-1072 | 1.48-1071
(¢,0) =(0.1,0.5) Direct | 4.89-1077 [ 6.38-1077 [ 9.81-1077 | 1.38-10~"
(known, benchmark) | Indirect | 2.04-1072 | 5.52-1072 | 9.71-1072 | 1.48-107!

ARMA (¢,0)=(0.5,0.1) Direct | 5.00-10 2 | 6.88-10 2 | 9.94-10 2 | 1.44-10 "
(estimated) Indirect | 3.13-1072 | 5.91-1072 | 1.02-107"' | 1.54-107!
(¢,0)=(0.5,0.1) Direct | 4.93-1072 | 6.47-10°2 | 9.79-10 2 | 1.38-10 *

(known, benchmark) | Indirect | 2.13-1072 | 5.55-1072 | 9.80-1072 | 1.50-107!
(¢,0)=(0.5,0.5) Direct | 4.70-10 2 | 7.36-10 2 | 1.01-10" ' | 1.43-10°

(estimated) Indirect | 3.09-1072 | 6.29-1072 | 1.04-107* | 1.56-107*
(¢,0)=(0.5,0.5) Direct | 4.85-10 2 | 6.74-10 2 | 1.01-10" ' | 1.42-10 "

(known, benchmark) | Indirect | 2.00-1072 | 5.77-1072 | 1.02-107! | 1.52-107!

(a, 5) = (0.1,0.1) Direct | 4.65-1072 [ 6.22-1072 [ 9.22-107> | 1.34- 107"

(estimated) Indirect | 1.90-1072 | 5.45-1072 | 9.23-1072 | 1.39-107*

(a, 8) =(0.1,0.1) Direct | 4.61-1077 | 6.19-10% [ 9.55-1077 | 1.37-10~"

(known, benchmark) | Indirect | 1.90-1072 | 5.16-1072 | 9.56-1072 | 1.48-107!

(a,B) = (0.1,0.45) Direct | 4.72-10 2 | 6.20-10 2 | 9.09-10" 2 | 1.28-10 "
(estimated) Indirect | 1.87-1072 | 5.33-1072 | 9.23-1072 | 1.35-107}

(o, B) = (0.1,0.45) Direct | 4.61-10° 2 | 6.19-10 2 | 9.55-10 2 | 1.37-10 *

GARCH (known, benchmark) | Indirect | 1.90-1072 | 5.16-1072 | 9.56-1072 | 1.48-10!

(o, B) = (0.45,0.1) Direct | 4.71-1077 ] 6.30-107% [ 9.80-1077 | 1.35-10~"
(estimated) Indirect | 1.93-1072 | 5.50-1072 | 9.86-1072 | 1.41-107!
(a,B) = (0.45,0.1) Direct | 4.61-10 2 | 6.19-10 2 | 9.55-10 2 | 1.37-10 °
(known, benchmark) | Indirect | 1.90-1072 | 5.16-10"2 | 9.56-1072 | 1.48-107!
(o, B) = (0.1,0.85) Direct | 455-10 2 | 7.40-10°2 | 9.71-10 2 | 1.22-10 *
(estimated) Indirect | 2.67-1072 | 6.80-1072 | 9.31-1072 | 1.14-107!
(o, B) = (0.1,0.85) Direct | 4.61-1077 ] 6.19-10% [ 9.55-1077 | 1.37-10~"
(known, benchmark) | Indirect | 1.90-1072 | 5.16-1072 | 9.56-1072 | 1.48-107!
TABLE F.4
RMAD of the (bias-reduced) direct and indirect extreme conditional expectile estimators in ARMA and GARCH
models. Estimators based on the data-driven intermediate level k.

scale afterwards. In this case, an asymptotic pointwise 95% confidence interval for &/ (¢) is

log[(1 —7,)/(1 - T;z)};y\RB
Ty )

€510 (e) exp [ £1.96

In the class of regression models (1) where & (Y|x) = g(x) + o(x)&; (), this yields an
alternative asymptotic pointwise 95% confidence interval for &,/ (Y'|x) as

_ S log[(1—7,)/(1—7))] ~
2@ = [gle) + (@ ) oxp 10620 Tl s

if g and o are estimated by g and o sufficiently fast that the asymptotic behaviour of E’;RB ()
dominates. In a model where the conditional mean is assumed to be 0 (for example GARCH
models), the intervals f(T,l) and fg) coincide. We illustrate the behaviour of fg)(w) (calcu-
lated on the bias-reduced direct estimator) in the top left panel of Figure F.1 below, on the

example of the Vehicle Insurance Customer data of Section 4.3.

Finite-sample coverages of these two intervals at the 95% nominal level are compared in the
setups of Section 4.1 (see Table F.5) and Section 4.2 (see Table F.6) for an extreme value
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index equal to 1/4 = 0.25. Interval ﬂTl) yields sensible results at a central point = in regres-

sion models, as can be seen from the leftmost table in Table F.5. Interval ﬁ?) has a lower
coverage probability and seems to be too narrow. It is interesting to note that the difference
between the performance of intervals constructed using estimated model parameters (ignor-
ing the uncertainty incurred at the model estimation step) and of those obtained with the
unrealistic knowledge of model structure is negligible; in the regression case, this can be
seen by comparing procedures (S1) and (S1i) with benchmarks (B5) and (B51) in the linear
model (G1), and (S2) and (S21) with benchmarks (B5) and (B5i) in the single-index model
(G2). This illustrates once again that the extreme value step, rather than model estimation,
is indeed the major contributor to estimation uncertainty as long as the model can be esti-
mated efficiently. We illustrate this point further in our time series models, where it can be
seen that for both intervals, the coverage probabilities obtained by assuming knowledge of
the model are essentially identical to those where the model structure has to be estimated. In
our time series examples, coverage of the Gaussian confidence intervals is in fact arguably
quite poor (around 80% in most models), but this will be due to the fact that the sample
size is not yet large enough for the Gaussian approximation to be reasonable for sample
expectiles. This is not due to the uncertainty in model estimation not being accounted for,
since assuming knowledge of the model does not improve coverage substantially. Issues with
finite-sample coverage of Gaussian confidence intervals for the estimation of extreme con-
ditional risk measures such as the Expected Shortfall (closely related to the expectile) have
been reported before, see e.g. [29].

Model Procedure ﬂ;) ﬂﬁ) Model Procedure f(T P ﬁ?)
(ST) | 0910 | 0.746 (ST) | 0.740 | 0.468
(STi) | 0.924 | 0.758 (STi) | 0.740 | 0.458
S2) 0.924 | 0.764 S2) 0236 | 0.114
(S2i) | 0.942 | 0.780 (S2) | 0230 | 0.120
(B2) 0.816 | 0.484 (B2) 0.000 | 0.000
. (B3) 0.908 | 0.720 . (B3) 0343 | 0.154
Linear (G1) (B4 0.914 | 0.760 Linear (G1) (B4 0.932 | 0.760
(B4) | 0.980 | 0.840 (B4) | 0.988 | 0.840
(B5) 0932 | 0.774 (B5) 0.944 | 0.774
(B51) | 0.944 | 0.784 (B51) | 0.962 | 0.784
D 0.844 | 0.590 D 0.034 | 0.026
(STi) | 0.862 | 0.646 (ST | 0.034 | 0.024
S2) 0.920 | 0.802 2 0.590 | 0.442
(S2i) | 0.932 | 0.836 (S2) | 0596 | 0.452
(B2) 0.158 | 0.060 (B2) 0.060 | 0.081
Single index (G2) Egii 82;2 8;28 Single index (G2) Egz; 8;2; 8;23
(B4) | 0.962 | 0.840 (B4) | 0.952 | 0.840
(B5) 0.896 | 0.774 (B5) 0.888 | 0.774
(B5i) | 0.920 | 0.784 (B5i) | 0.908 | 0.784

TABLE E.5

Empirical coverage probabilities of the Gaussian asymptotic confidence intervals (95% nominal level)
associated with methods (S1), (S2), (S1i) and (52i), and benchmarks (B2)—(B5i), in models (G1)—(G2).
Estimators based on the fixed intermediate level ky, = n /10 = 100, left table: central point
x=(1/2,1/2,1/2,1/3), right table: noncentral point & = (0.1,0.1,0.1,0.1). The extreme value index -y is set
to the value 1/4 = 0.25. Benchmarks (B1) and (Bli) are not location-scale approaches and therefore have been
excluded from this comparative table.



50

Model Parameters Estimator f(T }) f; ?>
(¢,0) =1(0.1,0.1) Direct 0.769 | 0.776
(estimated) Indirect 0.785 | 0.794

(¢,0) =1(0.1,0.1) Direct 0.806 | 0.804
(known, benchmark) Indirect 0.824 | 0.822
(6,0) =(0.1,0.5) Direct 0.766 | 0.787
(estimated) Indirect 0.779 | 0.791
(¢,0) =1(0.1,0.5) Direct 0.773 | 0.804
(known, benchmark) Indirect | 0.792 | 0.822

ARMA (¢,0) =(0.5,0.1) Direct 0.756 | 0.776
(estimated) Indirect 0.764 | 0.794

(¢,0) =(0.5,0.1) Direct 0.759 | 0.804

(known, benchmark) Indirect 0.783 | 0.822

(6,0) =(0.5,0.5) Direct 0.698 | 0.783

(estimated) Indirect 0.707 | 0.795

(¢,0) =(0.5,0.5) Direct 0.697 | 0.804

(known, benchmark) Indirect 0.709 | 0.822

(o, 8) =(0.1,0.1) Direct 0.800 | 0.800

(estimated) Indirect 0.817 | 0.817
(a,8)=(0.1,0.1) Direct 0.804 | 0.804

(known, benchmark) Indirect | 0.815 | 0.815

(a,8) =(0.1,0.45) Direct 0.793 | 0.793
(estimated) Indirect 0.806 | 0.806

(e, 8) = (0.1,0.45) Direct 0.795 | 0.795

GARCH (known, benchmark) Indirect 0.818 | 0.818

(a, B) = (0.45,0.1) Direct 0.793 | 0.793

(estimated) Indirect | 0.802 | 0.802
(a,8) =(0.45,0.1) Direct 0.784 | 0.784
(known, benchmark) Indirect | 0.803 | 0.803
(e, 8) = (0.1,0.85) Direct 0.710 | 0.710

(estimated) Indirect 0.732 | 0.732
(a,8) =(0.1,0.85) Direct 0.686 | 0.686
(known, benchmark) Indirect 0.717 | 0.717

TABLE F.6

Empirical coverage probabilities of the Gaussian asymptotic confidence intervals (95% nominal level)
associated with the (bias-reduced) direct and indirect one-step ahead extreme expectile estimators in ARMA and
GARCH models. Estimators based on the fixed intermediate level k,, =n/10 = 100. The extreme value index ~y
is set to the value 1/4 = 0.25.

Situations where trusting these Gaussian confidence intervals might be difficult include re-
gression models featuring the estimation of a nonparametric component (such as the het-
eroscedastic single-index model in Section 3.2, used for the analysis of the Vehicle Insurance
Customer data) whose rate of convergence may be close to the rate of convergence of the
extreme value estimator. In such models, disregarding the uncertainty incurred at the model
estimation stage may be problematic in regions where data is relatively sparse. This is illus-
trated in the rightmost table of Table F.5, where it can be seen that a noncentral point x of
the regression problem, coverage of the proposed Gaussian asymptotic confidence intervals
dramatically decreases, especially in the heteroscedastic single-index model. It may then be
more prudent to move away from the asymptotic approximation and use instead an approach
that fully takes into account the uncertainty in the estimation. We propose and contrast here
a couple of alternatives based on regression bootstrap methods. We develop our ideas in the
example of the heteroscedastic single-index model of Section 3.2. Suppose that from a data
set (X, Yi)1<i<n, we have estimated a direction vector ,@ along with mean and standard
deviation functions g and &. One possibility to describe the uncertainty in the estimation of
& (Yz) is to use the wild bootstrap, widespread in the heteroscedastic regression literature
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and whose origins can be traced back to [60]. This consists in resampling (X;,Y;*)1<i<p as
follows:

Y =3(8" X))+ (Yi—g(B" Xi))e,

where (¢)1<i<p are i.i.d. copies of a random variable ¢* having mean 0 and variance 1. A
natural, possible choice for €* is the standard normal distribution. We illustrate this method-
ology on the example of the Vehicle Insurance Customer data of Section 4.3. We simulated
N = 5,000 such bootstrap samples (X, Y;")1<i<n; in each sample, we kept the direction vec-
tor B fixed and equal to its estimated value based on the original sample, and we estimated
the functions g and o using the same method as in the real data analysis in Section 4.3. This
is sensible because the estimator 3 converges much faster than the nonparametric estimators
of g and o, and therefore keeping the direction fixed is very unlikely to be incorrect as far as
uncertainty quantification is concerned. Using residuals and the direct, bias-reduced extreme
conditional expectile estimator results in an estimate of &+ (Y"|a) which, for the jth bootstrap

sample, we denote by A:}RB’(j ) (Y'|x). We finally build, for a fixed &, pointwise 95% bootstrap

confidence intervals calculated by taking the empirical quantiles at levels 2.5% and 97.5%
of the f*’RB’(J)(Y\w), 1 < j < N. These are reported in the top right panel of Figure F.1.

T

At extreme levels (say here 7, =1 — 1/(nh*), with h* = 0.1) the confidence intervals look
reasonable on the right half of the graph. However, they seem to very substantially overes-
timate the uncertainty in the left half, where data is sparser; this is especially clear around
B"Tx = —0.2, where the estimated extreme conditional expectile curve already extrapolates
far beyond the observations locally relevant, which suggests that the upper bound of the as-
sociated confidence interval should be relatively close to the point estimate, but this is not
the case. Moreover, the wild bootstrap method appears to be very sensitive to the choice
of distribution of £* (alternative choices include the Rademacher distribution or asymmetric
two-point distributions such as the one on p.257 of [39]). Our interpretation is that the wild
bootstrap is too conservative here because it fails to get a good idea of the right tail behaviour
in the data.

To remedy this problem we suggest a second, semiparametric bootstrap method. This time,
the Y;*, 1 <14 <n, are simulated as
Y7 =g(B" X)) +5 (8" X)el,
where the ¢ are obtained by
1. Simulating u; from the standard uniform distribution on [0, 1],
2. If u; € [p,1 — p], for a fixed p € (0,1), taking £f = F~1(u;), where F is the empirical

distribution function of the residuals &;, R
3. Ifu; > 1 —p, taking &f = ((1 —w;)/p) T F~ (1 — p), where 7 = ARB is the bias-reduced

Hill estimator (with k,, = 200 as in Section 4.3) based on the residuals €1, ..., &,
4. If u; < p, taking £} = (u;/p) ~*F~1(p), where 5, = 1'E is the bias-reduced Hill estima-
tor (with k,, = 200) based on the negative residuals —¢1,. .., —&,.

We chose p = 0.001; further investigations, which we do not report here, suggest that results
are not too sensitive to the choice of p as long as p € [0.001,0.01]. The idea of steps 3 and
4 above is to allow the resampling algorithm to give a faithful idea of the right and left tails
of the data through the use of the Pareto approximations of these tails. We call this algorithm
the semiparametric Pareto tail bootstrap. Somewhat similar ideas have appeared before in
the literature, see e.g. [61] whose aim was to approximate the distribution of extreme order
statistics.
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We illustrate this methodology again on the example of the Vehicle Insurance Customer data
of Section 4.3. We simulate N = 5,000 bootstrap samples (X;,Y;*)1<i<p and, like previ-

(2

ously, we keep the direction vector B fixed and estimate the functions g and ¢ using the same
method as in Section 4.3. This yields extrapolated direct bias-reduced estimates of &,/ (Y'|x)
in each sample and therefore pointwise 95% bootstrap confidence intervals calculated by tak-
ing the empirical quantiles at levels 2.5% and 97.5% of these estimates. These intervals are
reported in the bottom left panel of Figure F.1; all three intervals are compared to each other
on the bottom right panel of this Figure. All intervals are roughly similar on the right part
of the graph, but on the left part where data is more sparse, the semiparametric Pareto tail
bootstrap intervals appear to give a much better idea of the type of tail the data exhibits. In
practice, we therefore recommend reporting the Gaussian confidence intervals along with the
semiparametric Pareto tail bootstrap confidence intervals, since the latter may give a more
accurate picture of uncertainty where data is sparser. This is the approach we adopt in the
real data analyses of Sections 4.3 and 4.4.
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A comprehensive analysis of the finite-sample coverage of the proposed semiparametric
Pareto tail bootstrap confidence interval is unfortunately not yet feasible in a reasonable
amount of time because the calculation of these intervals is computationally very expen-
sive: a rough estimation of the amount of time needed to compute the Pareto tail bootstrap
confidence interval in a sample of size n = 1,000 (from any one of the models we examine
in the simulation study) leads to one hour of computational time. Multiplied by the number
of replications (N = 1,000 independent samples in each model), the number of methods and
the number of models we consider, a full study in the spirit of Sections 4.1 and 4.2 would
require at least several months of calculation even if the code were parallelised. To get an idea
of how the proposed bootstrap methodology performs in practice, we suggest the following
small simulation experiment inspired from the kind of general model we consider in this
paper. Consider a sample of (location-scale) random variables Y7, ...,Y,, defined through

Y, =m+ o¢;.

Here the mean parameter is m = 2, the standard deviation parameter is 0 = 1, and the random
variables ¢1,...,e, are n = 1,000 independent and identically distributed realisations of a
symmetric rescaled Burr distribution as in Section 4.2, with v = 0.25 and p = —1. The goal
is to infer an extreme expectile of level 7, =1 —5/n = 0.995 of Y by filtering first the mean
and scale components. This very closely resembles the approach adopted throughout the
paper in location-scale heteroscedastic regression models. The following estimation methods
are compared:

(E1) We estimate first m and o by the empirical mean m and standard deviation . We then
construct the residuals &; = (Y; —m)/7 and estimate &/ (¢) using the bias-reduced direct

and indirect estimators giRB (¢) and 57*_;RB (¢) calculated on the &; with 7, =1 —100/n =
0.9. We finally deduce the two extreme expectile estimators giRB(Y) =m + E@}RB(S)
and &}RB (Y)=m+ Eg*’RB ().

T,
(E2) Same as in (E1), with 7 and & calculated using only the first n/2 observations.
(E3) Same as in (E1), with m and & calculated using only the first n/4 observations.

(E4) Same as in (E1), with 72 and & calculated using only the first /10 observations.

This is compared to the unrealistic benchmark (BE) where m and o are assumed to be known
and thus the true ¢; are accessible. Note that, following the discussion at the top of p.83
in [14], this benchmark should be seen as enjoying a strong advantage over (E1)—(E4), since
the shifted variables Y; have a second-order parameter —y = —1/4, which is much closer to
0 than the original second-order parameter p = —1 of the ¢;. The latter are, strictly speaking,
only accessible in the framework of this unrealistic benchmark (BE). The point of considering
the estimation of the mean and scale components using progressively lower sample sizes is
to assess the influence of the rate of estimation of location-scale model components; in (E4),
there are only 100 variables used to calculate 77 and &, meaning that the “rate of convergence”
of 7@ and & is v/100 = 10, exactly equal to y/n(1 — 7,,) which is the rate of convergence of
the extreme value step.

For each method, we compare three confidence intervals. These are, first of all, the two Gaus-
sian asymptotic 95% confidence intervals

S (ﬂ_%log[(l )0 J)]

T n(l—1,)

7 _

)=
Tn

and

7 _

~ log[(1 —7,)/(1 — 77,)]
M+ B () exp | +£1.96 ogl1 —7n)/( T”)]yf}j%l_T St
" n(l—7,) "
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Approach Expectile estimator f(TZ) f(TZ) ﬁzooo
Bias-reduced direct | 0.994 (1.082) | 0.796 (0.516) | 0.896 (0.739)
Benchmark (BE) | 5. < reduced indirect | 0.998 (1.080) | 0.798 (0.514) | 0.880 (0.679)
Method (E) Bias-reduced direct | 0.992 (1.083) | 0.790 (0.517) | 0.898 (0.742)
Bias-reduced indirect | 0.998 (1.081) | 0.804 (0.515) | 0.882 (0.681)
Method (E2) Bias-reduced direct | 0.992 (1.082) | 0.792 (0.517) | 0.900 (0.739)
Bias-reduced indirect | 0.998 (1.080) | 0.798 (0.515) | 0.880 (0.680)
Method (E3) Bias-reduced direct | 0.996 (1.081) | 0.792 (0.516) | 0.900 (0.741)
Bias-reduced indirect | 1.000 (1.079) | 0.800 (0.514) | 0.884 (0.682)
Method (E4) Bias-reduced direct | 0.994 (1.083) | 0.790 (0.516) | 0.896 (0.741)
Bias-reduced indirect | 0.994 (1.081) | 0.800 (0.514) | 0.884 (0.681)
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TABLE F.7
Empirical coverage probabilities of the Gaussian asymptotic confidence intervals and semiparametric Pareto
tail bootstrap confidence intervals (95% nominal level) associated with the (bias-reduced) direct and indirect
extreme expectile estimators in the location-scale model Y = m + oe. Between brackets: associated average
lengths of the confidence intervals.

We compare these intervals with the semiparametric Pareto tail bootstrap 95% confidence
intervals generated as follows: we simulate 1, = 500 bootstrap samples €7, ..., <), by

1. Simulating u; from the standard uniform distribution on [0, 1],

2. Ifu; € [p,1—p], for p =0.001, taking e} = F~L(u;), where F is the empirical distribution
function of the residuals &;, N

3. Ifu; > 1 — p, taking ef = ((1 —u;)/p) Y F (1 — p), where ¥ = 2B is the bias-reduced
Hill estimator (with k = 200) based on the residuals 1, . . ., &,

4. If u; < p, taking e = (u;/p) " F~1(p), where 7, = B is the bias-reduced Hill estima-

tor (with & = 200) based on the negative residuals —&1,...,—&,.

We then deduce bootstrap samples (Y{*,...,Y,") = (m + o¢7,...,m + o¢};). For each sam-

ple, we estimate the extreme expectile at level 7), (the bias-reduced direct estimator is em-
ployed), and take the empirical 0.025 and 0.975 quantiles of the n; estimates to construct our

bootstrap confidence interval fS)OOt). This is the exact analogue of the construction we pro-
posed above, adapted to this sim%ler location-scale example. We also compare these intervals
with their versions obtained using the bias-reduced indirect estimators. We record empirical
coverage probabilities and average lengths of the intervals. Results are presented in Table F.7.

It is readily seen, first of all, that results are almost completely unaffected by the knowl-
edge of the location-scale model structure, and similarly unaffected by the number of data
points used for the estimation of the mean and scale parameters. It is also seen that the
two Gaussian confidence intervals behave quite poorly, being either too conservative or too
narrow and achieving a coverage rate far from the nominal rate. By contrast, the proposed
semiparametric Pareto tail bootstrap confidence interval behaves fairly well, with a typical
coverage probability of about 90%. This seems to be quite robust to the number of bootstrap
replications: a larger number of bootstrap replications was also considered without chang-
ing results substantially. This constitutes reasonable grounds for recommending the use of
the semiparametric Pareto tail bootstrap confidence interval, although of course a full-scale
simulation study should be carried out in future work to assess its accuracy in the regression
context (subject to computational improvements that are beyond the scope of this article).



