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Abstract

We study the optimization landscape of deep linear neural networks with square loss. It is known
that, under weak assumptions, there are no spurious local minima and no local maxima. However,
the existence and diversity of non-strict saddle points, which can play a role in first-order algorithms’
dynamics, have only been lightly studied. We go a step further with a complete analysis of the
optimization landscape at order 2. Among all critical points, we characterize global minimizers,
strict saddle points, and non-strict saddle points. We enumerate all the associated critical values.
The characterization is simple, involves conditions on the ranks of partial matrix products, and sheds
some light on global convergence or implicit regularization that has been proved or observed when
optimizing linear neural networks. In passing, we provide an explicit parameterization of the set of
all global minimizers and exhibit large sets of strict and non-strict saddle points.

Keywords: Deep learning, landscape analysis, non-convex optimization, second-order geometry,
strict saddle points, non-strict saddle points, global minimizers, implicit regularization

1 Introduction

Deep learning has been widely used recently due to its good empirical performances in image
recognition, natural language processing, and speech recognition, among other fields. However,
there is still a gap between theory and practice. One of the aspects that are partially missing in
the picture is why gradient-based algorithms can achieve low training error despite a non-convex
objective. Another partially open question is why they generalize well to unseen data despite many
more parameters than the number of points in the training set, and how implicit regularization can
help. One important research direction analyses the landscape of the empirical risk. In this paper, we
characterize the local structures around critical points of the empirical risk, for deep linear neural
networks with the square loss.
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Before summarizing the related literature and our main contributions, we first recall definitions
that will be key throughout the paper.

1.1 Reminder: Minimizers, Critical Points of Order 1 or 2, Strict and Non-strict Saddle Points

Let us recall the definitions of local structures of the landscape of the empirical risk, which are
important from the statistical and optimization points of view.

Forw € R", denote by w —— L(w) the function we want to minimize. Assume thatw —— L(w)
is C?2, and denote by VL and V2L its gradient and its Hessian.! We also write A = 0 to say that a
matrix A € R™*" is positive semi-definite. Recall the following four definitions, which are nested:

e w* is a global minimizer if and only if Vw € R", L(w*) < L(w).

e w* is a local minimizer if and only if there exists a neighbourhood O C R™ of w* such that
Vw € O, L(w*) < L(w).

e w* is a second-order critical point if and only if VL(w*) = 0 and V2L(w*) > 0. If, on the
contrary, the Hessian has a negative eigenvalue, we say that the point has a negative curvature.

e w* is a first-order critical point if and only if VL(w*) = 0.

We can also distinguish a specific type of first-order critical point: saddle points. As discussed
below, they can be second-order critical points or not.?

e w* is a saddle point if and only if it is a first-order critical point which is neither a local
minimizer nor a local maximizer.

— A saddle point w* is strict if and only if it is not a second-order critical point (i.e., the
Hessian V2L (w*) has a negative eigenvalue). Figure 2 gives an example.

— A saddle point w* is non-strict if and only if it is a second-order critical point. In that
case, the Hessian V2L (w*) is positive semi-definite and has at least one eigenvalue equal
to zero. Typically, in the direction of the corresponding eigenvectors, a higher-order term
makes it a saddle point (e.g., L(w) = >, w3} atw* = 0). Figure 1 gives an example.

1.2 On the Importance of a Landscape Analysis at Order 2

When the function we are trying to minimize is smooth, convex, and has a global minimizer, the
gradient descent algorithm with a well-chosen learning rate converges to a first-order critical point,
which is a global minimizer (Nesterov, 1998). However, in general, finding a global optimum of a
non-convex function is an NP-complete problem (Murty and Kabadi, 1987); this is, in particular, the
case for a simple 3-node neural network (Blum and Rivest, 1989). Despite that, when optimizing
neural networks, the current practice is still to use gradient-based algorithms.

1. When the input parameter is not a vector, but, e.g., a sequence of matrices, the same definitions hold, where the
gradient and the Hessian are computed with respect to the vectorized version of the input parameters.

2. Defining the index of a critical point as the number of negative eigenvalues of its Hessian, we can equivalently define
strict saddle points as saddle points of index greater than or equal to 1. Similarly, non-strict saddle points are saddle
points of index 0. Note that the latter are degenerate, i.e., their Hessian is singular.
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Figure 1: Example of a landscape with a Figure 2: Example of a landscape with a
plateau (non-strict saddle point). strict saddle point at (0,0).

It has been known for decades that, even in the non-convex setting, for large classes of functions,
gradient-based algorithms converge to a first-order critical point, in the sense that the iterates produced
by the algorithm reach an arbitrary small gradient after a finite (polynomial) number of iterations
(Nesterov, 1998). Recent works have shown that classical first-order algorithms escape strict saddle
points (Lee et al., 2016, 2019). Well-chosen algorithms can be stopped at an output with arbitrarily
small gradient and nearly-positive semi-definite Hessian in polynomial time (Jin et al., 2017, 2018;
Daneshmand et al., 2018; Jin et al., 2021; Gadat and Gavra, 2022). Higher order algorithms, designed
to escape strict saddle points, have been constructed and have a faster convergence (e.g., Adolphs
et al., 2019; O’Neill and Wright, 2023). However, nothing prevents these algorithms to spend many
epochs in the vicinity of non-strict saddle points. This results in a long plateau during training.

To see that this behavior actually occurs in practice, consider the simple experiment whose results
are shown in Figures 3 and 4 (more details in Appendix G). For each run of this experiment, the
parameters of a linear neural network of depth 5 are optimized to fit random input/output pairs. The
discrepancy is measured with the square loss and we use the ADAM optimizer. Depending on the run,
the algorithm is initialized in the vicinity either of a strict saddle point (in red) or a non-strict saddle
point (in blue). The distance between the random initial iterate and the saddle point is purposely not
negligible: it is fixed to around 10% of the norm of the saddle point. Figure 3 shows the typical loss
evolution for both cases. We can see that ADAM rapidly escapes from the strict saddle point but
needs many epochs to escape the plateau in the vicinity of the non-strict saddle point. Figure 4 shows
that this observation generalizes to most runs. We compare the empirical distributions of a random
time (called escape epoch) defined as the epoch at which the loss has significantly decreased from its
initial value. When initialized in the vicinity of non-strict saddle points, the algorithm suffers from
an often large escape epoch and might be stopped there, without the possibility to distinguish this
non-strict saddle point from a global minimum. Improving the analysis beyond local minimizers and
characterizing strict and non-strict saddle points are therefore key to understanding gradient descent
dynamics and implicit regularization.

1.3 Related Works on Linear Networks

Despite the fact that they are rarely used to solve real-world applications®, many recent works have

focused on linear neural networks. These studies are motivated by the fact that the empirical risk of
linear networks is nonconvex and shares similar properties with practical nonlinear neural networks.

3. They indeed compute a linear map between the input and output spaces.
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Indeed, as shown in Saxe et al. (2014), linear networks exhibit nonlinear learning phenomena similar
to those seen during the optimization of nonlinear networks, including long plateaus followed by
rapid transitions to lower error solutions. Also, the implicit regularization phenomena observed for
nonlinear networks (Safran et al., 2022; Timor et al., 2023; Jacot, 2022; Marion et al., 2024; Belkin,
2021; Bartlett et al., 2021) occurs also for linear networks (see the paragraph on this topic below).
Studying these phenomena for linear networks is a good starting point for rigorous work.

The study of linear neural networks can be divided into two categories. The first line of research
studies the geometric landscape of the empirical risk. The second line studies the trajectory of
gradient descent dynamics in linear networks. Our work falls into the first category.

Geometric landscape for linear networks: This first started with Baldi and Hornik (1989).
They proved that for a 1-hidden layer linear network, under some conditions on the data matrices, and
for the square loss, every local minimizer is a global minimizer. Kawaguchi (2016) later generalized
and extended this result to deep linear neural networks under mild conditions and again proved that
every local minimizer is a global minimizer (this part has been proved later by Lu and Kawaguchi
(2017) with weaker assumptions on the data and simpler proofs). This author also proved that every
other critical point is a saddle point, that for a 1-hidden layer linear network all saddle points are
strict, while for deeper networks, there exist non-strict saddle points (Kawaguchi (2016) exhibits a
space of non-strict saddle points where all but one weight matrix are equal to zero). Yun et al. (2018)
gave a condition for a critical point to be either a global minimizer or a saddle point. Zhou and Liang
(2018) removed all assumptions on the data and gave analytical forms for the critical points of the
empirical risk. In the characterization, the weight matrices are defined recursively and can be found
by solving equations; in particular, they gave a characterization of global minimizers. Nouiehed
and Razaviyayn (2022) showed using assumptions only on the width of the layers that every local
minimizer is a global minimizer. They prove that this assumption on the architecture is sharp in the
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sense that without it, and if we do not make assumptions on the data matrices as in previous works,
then there exists a poor local minimizer. Zhu et al. (2020) used assumptions only on the input data
matrix, to prove that for a 1-hidden layer linear network, every local minimizer is a global minimizer
and every other critical point has a negative curvature. Laurent and von Brecht (2018) proved for
different general convex losses that, under assumptions on the architecture, all local minima are
global. Finally, Trager et al. (2020) and Mehta et al. (2021) used results from algebraic geometry to
give other properties about critical points of linear networks.

Most of the previous works focus on local minimizers. None of these works provide simple
necessary and sufficient conditions for a saddle point to be strict or not.* In particular, in the case of
more than two hidden layers, only very specific examples of non-strict saddle points were described.
Furthermore, global minimizers were characterized but not explicitly parameterized. See Section 3.4
for more details.

Gradient dynamics and implicit regularization for linear networks: In this line of research,
authors study the dynamics of first-order algorithms for linear networks, which they sometimes
combine with results about the loss landscape. Arora et al. (2019a) proved that gradient descent
converges to a global minimum at a linear rate, under assumptions on the width of the layers, the
initial iterate, and the loss at initialization. Other works also proved similar results with different
assumptions (Eftekhari, 2020; Bartlett et al., 2018; Wu et al., 2019). However, as noted by Shamir
(2019), these works consider strong assumptions on the loss at initialization. Indeed, Shamir (2019)
gave a negative result on a deep linear network of width 1, by proving that for standard initializations,
gradient descent can take exponential time to converge to the global minimizer. The author also
provided empirical examples of the same phenomenon happening for larger widths. On the other hand,
Du and Hu (2019) proved that if the layers are wide enough, convergence to a global minimimizer
can be achieved in polynomial time using a classical data-independent random Gaussian initialization
(known as Xavier initialization). The required minimum width of the network depends on the norm
of a global minimizer of the linear regression problem. As we will see in Section 3.4 this global
convergence result can be re-interpreted in terms of the loss landscape at order 2.

On a similar line of research, Chitour et al. (2023) proved using assumptions on the architecture
of the network and the data matrices that gradient flow almost surely converges to a global minimizer
for a 1-hidden layer linear network. Later, Bah et al. (2022) proved the same result under weaker
assumptions. They also proved that, in deep linear networks, the gradient flow almost surely
converges to global minimizers of the rank-constrained linear regression problem. This has been
extended to gradient descent in Nguegnang et al. (2024). In Jacot et al. (2022), the authors conjecture
that, for deep linear networks, the gradient flow initialized randomly in the vicinity of the origin,
asymptotically exhibits a saddle-to-saddle dynamics, where the rank of the linear map increases at
each new saddle.

This is related to another consequence of the landscape properties: implicit regularization.
Arora et al. (2019b) showed that, for matrix recovery, deep linear networks converge to low-rank
solutions even when all the hidden layers are of size larger than or equal to the input and output
sizes. Razin and Cohen (2020) proved that, in deep matrix factorization, implicit regularization may
not be explainable by norms, as all norms may go to infinity. They rather suggest seeing implicit
regularization as a minimization of the rank. Saxe et al. (2019) and Gidel et al. (2019) proved with

4. By “simple”, we mean an easier-to-exploit condition than just looking at the smallest eigenvalue of the Hessian.
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different assumptions on the data and a vanishing initialization that both gradient flow and discrete
gradient dynamics sequentially learn solutions of a rank-constrained linear regression problem with
a gradually increasing rank. Finally, Gissin et al. (2019) proved for a toy model that this incremental
learning happens more often (with larger initialization), when the depth of the network increases. As
we will see in Section 3.4, these results can be re-interpreted in the light of the landscape at order 2.

1.4 Summary of our Contributions

Our contributions on the optimization landscape of deep linear networks can be summarized as
follows.

e We characterize the square loss landscape of deep linear networks at order 2 (see Theorem 7
and Figure 6). That is, under some classical and weak assumptions on the data, we characterize,
among all first-order critical points, which are global minimizers, strict saddle points, and
non-strict saddle points. The characterization is simple and involves conditions on the ranks of
partial matrix products. To the best of our knowledge, this is the first simple, necessary and
sufficient condition that differentiates strict saddle points from non-strict saddle points.

e Several results follow from the characterization: under the same assumptions,

— we first immediately recover the fact that all saddle points are strict for one-hidden layer
linear networks;

— more importantly, for deeper networks, when proving that all cases considered in the
characterization can indeed occur, we exhibit large sets of strict and non-strict saddle
points (see Proposition 8 and its proof in Appendix B.8);

— we show that the non-strict saddle points are associated with r,,,, plateau values of the
empirical risk, where 7,44 1s the size of the thinnest layer of the network (see Theorem
7). Typically these are values of the empirical risk that first-order algorithms can take for
some time, as in Figure 3, and which might be confused with a global minimum.

e As a by-product of our analysis, we obtain explicit parameterizations of sets containing or
included in the set of all first-order critical points (see Propositions 9 and 10). We also derive
an explicit parameterization of the set of all global minimizers (see Proposition 11).

The above results are compared in details with previous works in Section 3.4. In particular, our
second-order characterization sheds some light on two phenomena:

e Implicit regularization: we recover the fact that every non-strict saddle point corresponds to a
global minimizer of the rank-constrained linear regression problem, as shown in (Bah et al.,
2022, Proposition 35). Our characterization additionally shows that only a fraction of the
critical points corresponding to rank-constrained solutions are non-strict saddle points. The
others are strict saddle points. Given the differences in the behavior of first-order algorithms
in the vicinity of strict and non-strict saddle points as illustrated on Figures 3 and 4, our
results open new research directions related to the very nature of implicit regularization and its
stability.

e Our characterization can also be useful to understand recent global convergence results in
terms of the loss landscape at order 2. In particular, we show how to re-interpret a proof of
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Du and Hu (2019) to see that gradient descent with Xavier initialization on wide enough deep
linear networks meets no non-strict saddle points on its trajectory.

1.5 Outline of the Paper

The paper is organized as follows. We define the setting in Section 2 and state our results in Section 3.
We prove our main result (Theorem 7) in Section 4. More precisely, we detail the proof structure and
main arguments but defer all technical derivations to the appendix. We finally conclude our work in
Section 5.

Most technical details can be found in the appendix, which is organized as follows. Section A
contains additional notation and lemmas that will be useful in all subsequent sections. In Section B
we provide proofs of propositions and lemmas related to first-order critical points, while Section C
gathers the proofs for the parameterization of first-order critical points and global minimizers.
Sections D, E, and F contain proofs corresponding to each subsection of Section 4. Finally, in
Section G, we describe in more details the illustrative experiment underlying Figures 3 and 4.

2 Setting

In this section we formally define our setting (deep linear networks with square loss), set some
notation, and describe our assumptions on the data.

Model and notation: We consider a fully-connected linear neural network of depth H > 2. The
neural network consists of H layers and maps any input 2 € R% to an output Wy --- Wiz € R%,
where Wy € Rév>du-1 W, e R¥>xdn-1 T/ € RU*¥4 are the matrices associated
with the H layers (dy, is the width of layer h). We set dg = d, and dy = d,. The input layer is
of size d, and the output layer is of size d,. We also define the smallest width of the layers as
Pmaz = min(dg, . .., dy).> We denote the parameters of the model by W = (Wp, ..., Wy).

Let (i, ¥i);—1 ,, With x; € R% and y; € R%, be the training set that we gather column-wise in
matrices X € R%*™ and Y € R%*™, We consider the empirical risk L defined by:

LW) =Y [WyWy—1 - WaWiz; — yill3 = [|Wy - Wi X = Y2,
i=1

where ||.||2 is the Euclidean norm and .|| denotes the Frobenius norm of a matrix.

We set:

m m
EXX:Z.’IJZ‘.%';TF:XXTERdedI , EyyzzyiyiT:YYTERddey,
i=1 =1

m m
XXy :Z%yiTZXYTGRd”Xdy , Yyx :ZyixiT:YXTGRd”Xd”,
i=1 =1

where, AT denotes the transpose of A.

5. The notation 7,4 comes from the fact that it is the maximum possible rank of the product W - - - Wj.
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Assumption 1 Throughout the article, we assume that d, < d, < m, that Xxx is in-
vertible, and that Y xvy is of full rank d,. We define »i/2 = ZYXE)_(%XX e R%W*™ gnd
Y= 21/2(21/2)T = ZYXZ)}IXEXY € R%*y_ We assume that the singular values ofill/2 are all

distinct (i.e., that ¥ has d, distinct eigenvalues).

These assumptions are exactly the ones considered in Kawaguchi (2016). Note that we do not make
any assumption on the width of the hidden layers. As noted by Baldi and Hornik (1989), full-rank
matrices are dense, and deficient-rank matrices are of measure 0. In general, m > d, > d,, which is
the classical learning regime, is essentially sufficient to have the other assumptions verified, due to
the randomness of the data.

Let

2 =pyaAvT (1)

be a singular value decomposition of »1/2 where U € R%*% and V € R™ ™ are orthogonal, and
the diagonal elements of A € R%*"™ are in decreasing order.

Since ¥ = X1/2(21/2)T % can be diagonalized as > = UAUT where A = diag(\y, .. ., Ad, ), With
A1 > -+ > Ag, > 0. Moreover, a consequence of Assumption 1 is that X is positive definite (see
Lemma 20); therefore, we have )\dy > 0.

Additional notation: We list below some notation and conventions that will be used throughout
the paper.
For all integers a < b, we denote by [a, b] the set of integers between a and b (including @ and b). If
a > b, [a,b] is the empty set (e.g. [1,0] = 0).
IfS=0,then) ,.g A\ =0.
Given a matrix A € RP*4, col(A), Ker(A) and rk(A), denote respectively the column space, the
null space and the rank of A.
For a matrix A € RP*9, we write A; € RP for the i-th column of A and A; € RP*IV| for the
sub-matrix obtained by concatenating the column vectors A;, for i € J. The identity matrix of size
p will be denoted by I,,.
When we write W), - - - W}, for h > I/, the expression denotes the product of all W; from j = h to
j = h'. To simplify later developments, we allow two additional cases: when h = h/, the expression
simply denotes W}, and when h/ = h + 1, it stands for the identity matrix I, € R%*dn,
Considering submatrices of compatible sizes, we define a block matrix by one of the three
following ways:

* [A, B] is the horizontal concatenation of the matrices A and B;

. [g] is the vertical concatenation of G and H ;

C D |. .
[E r } is a 2 x 2 block matrix.

By convention, in block matrices, some blocks can have 0 lines or O columns; this means that
such blocks do not exist. However if we have a product between two matrices that have O as the
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common size (the number of columns for the first matrix, of the lines for the second matrix), then
their product equals a zero matrix, of the right size. More formally, if A € R"*% and B € R"*?,
then, by convention, AB = 0,,%,. Note that the product of block matrices is compatible with this
C
D
Further notation that are used in the appendix can be found at the beginning of Appendix A.

convention (e.g., [A , B] = AC + BD s still true if B € R™*? and D € R%*P),

3 Main Results

In this section, we state the main results of this paper. We start with a necessary condition for being a
first-order critical point of L (Proposition 1), to which we give a light reciprocal (Proposition 2). We
then move to our main result (Theorem 7), which is a second-order classification of all first-order
critical points. It distinguishes between global minimizers, strict saddle points and non-strict saddle
points. Finally, the third result is a necessary parameterization for critical points (Proposition 9) and
an explicit parameterization of all global minimizers (Proposition 11). These results are compared
with previous works in Section 3.4. All the proofs can be found in Section 4 or in the appendix,
where most technical derivations are deferred.

3.1 First-order Critical Points: Preliminary Results

In the next proposition, we restate in our framework a necessary condition for being a first-order
critical point, which was already present in Baldi and Hornik (1989) and most of the papers in this
line of research. This proposition will serve later to distinguish between different types of critical
points.

Proposition 1 (Global map and critical values) Suppose Assumption I in Section 2 holds true. Let
W= (Wg,...,W1) be a first-order critical point of L and set r = rk(Wp - -- W1) € [0, "maz]-
There exists a unique subset S C [1,d,] of size r such that:

Wy Wi = UsUS Sy x 2y,

where U was defined in (1). We say that the critical point W is associated with S. The associated
critical value is

L(W) = tr(Syy) = > A
1€S

The proof can be found in Appendix B.2. The result is true even for r = 0, using the conventions
from Section 2 (in this case, S = ).
Note that >y x E;(lX corresponds to the solution of the classical linear regression problem. Therefore,
we can see that for every critical point W of L, the product Wy - - - W7 is the projection of this
least-squares estimator onto a subspace generated by a subset of the eigenvectors of 2. Note that
tr(Zyy) = [[Y]%

The following proposition is a light reciprocal to Proposition 1, by showing that all subsets
S and the corresponding critical values tr(Xyy) — >, .g A; are associated to an existing critical
point. In particular, the largest critical value is reached for S = () and the smallest critical value for
S = [1,"maz]-
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Proposition 2 Suppose Assumption 1 in Section 2 holds true. For any S C [1,d,] of size r €
[0, Tmaz], there exists a first-order critical point W associated with S.

The proof of Proposition 2 is deferred to Appendix B.6. The proof uses Proposition 10, which is
proved in Appendix B.5, before Appendix B.6.

3.2 Second-order Classification of the Critical Points of L

The main result of this section is Theorem 7 below, where we classify all first-order critical points
into global minimizers, strict saddle points and non-strict saddle points. To state Theorem 7 we first
need to introduce some definitions.

Let W = (Wg, ..., W) be a first-order critical point of L. Below, we introduce the notions
of complementary block, tightened pivot and tightened critical point that are key to the main results.
Consider the sequence of H matrices Wy, ..., Wa, W1 and connect them by plugging ¥ xy between
W7 and Wy so as to form a cycle as on Figure 5. Note that the dimensions of these matrices
allow us to consider any product of consecutive matrices on this cycle, e.g., WgWgy_1Wg_5 or
WoW 1Y xy W (the matrix X xy between W; and Wiy is key here). Such products of consecutive
matrices in the cycle are what we call "blocks". In the sequel, we call "pivot" any pair of indices
(i,7) € [1, H], with i > j, and we consider blocks around a pivot (4, j), as defined formally below.

Definition 3 (Complementary blocks) Let W = (Wy, ..., W) be a first-order critical point of L.
For any pivot (i,7) € [1, H], (i > j), we define the two complementary blocks to (i, j) as:

Wj_l "‘leXYWH"‘Wi—&-l and Wi_l‘-'Wj+1.

The general case is represented on Figure 5.

Note that, when 7 = j + 1, the second complementary block is W;1¥; .1, which using the convention
in Section 2 is Id].. Similarly, if ¢+ = H and j = 1, the first complementary block is ¥ xy . First we
state a proposition about the ranks of the complementary blocks which is key to our analysis.

Proposition 4 Suppose Assumption 1 in Section 2 holds true. Let W = (Wp, ..., W) be a first-
order critical point of L and r = tk(Wp - - - W1). For any pivot (i, j), the rank of each of the two
complementary blocks is larger than or equal to 1.

The proof is in Appendix B.7. The boundary case when at least one of the two ranks is equal to r
plays a special role in the loss landscape at order 2.

Definition 5 (Tightened pivot) Let W = (Wy, ..., W1) be a first-order critical point of L and let
r=rk(Wg---Wy).

We say that a pivot (i, j) is tightened if and only if at least one of the two complementary blocks to
(i,7) is of rank r.

Definition 6 (Tightened critical point) Let W = (Wy, ..., W) be a first-order critical point of
L. We say that W is tightened if and only if every pivot (i, j) is tightened.

When H > 3, note that a sufficient condition for a first-order critical point W to be tightened is
the existence of three weight matrices Wp,,, W}, and W, of rank r = rk(Wy --- W;). This is

10
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First complementary block: W;_q--- W1XxyWpg - Wit

Second complementary block: W;_1 --- W,

Figure 5: Complementary blocks to the pivot (i, 7) .

a simple intuition on tightened critical points, that the reader can keep in mind when reading the
article. A special case of this is when W is 0-balanced (Definition 1 in Arora et al. (2019a)), that
is, when WJTHWGH = WjVVjT for all j € [1,H — 1]. Indeed, in that case, the weight matri-
ces W; have equal ranks and (Wg --- W) (W -+ Wi)T = Wy - Wo(WiWHWE - Wi =
Wi - Wo(WEIWo))WT - WE = Wy - Ws(WoWI)2WE - Wk = ... = (WgWhHH, so
that rk(W;) = rk(Wg) = tk(Wg---W1) = r for all j € [1, H]. Therefore, when H > 3,
first-order critical points that are O-balanced are tightened.

Note also that when H = 2, there is no tightened critical point with r < 7,4, because the pivot
(2, 1) is not tightened (both complementary blocks ¥ xy and I, are of full rank, which is larger than
or equal to 7y, = min{dy, di, d; }).

We can now state our main theorem, which characterizes the nature of any first-order critical
point W depending on the associated index set S and the tightening condition. The corresponding
classification is illustrated on Figure 6. Note that Theorem 7 precisely differentiates between first-
order critical points that are second-order critical points and those that are not. Combined with the
fact that every first-order critical point is either a global minimizer or a saddle point (Kawaguchi,
2016), we can distinguish global minimizers, strict saddle points and non-strict saddle points. The
main and most technical contribution is, in the case S = [1, 7], to distinguish between strict and
non-strict saddle points.

We recall that 7,4, = min(dp, . .., dp) is the width of the thinnest layer, and that U corresponds
to the eigenvectors of X (see (1)).

Theorem 7 (Classification of the critical points of L) Suppose Assumption 1 in Section 2 holds

true.
Let W= (Wg,...,W1) be a first-order critical point of L and set v = tk(Wg - - W1) < rpag.
Following Proposition 1, we consider the index set S associated with W.

e Whenr = rpaz:

- if § = [1, rmax], then W is a global minimizer.
— if S # [1, rmaz], then W is not a second-order critical point (W is a strict saddle point).

e When r < rpqr: Wis a saddle point.

11
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[W = (Wg, ..., W) is a first-order critical point of LJ

r:i=rk(Wg---Wh)

3!'S C [1,dy] of size r such that Wg - -- W1 = UsUZ& Sy x Sxx. Also, L(W) = tr(Syy) — Y s Mi

We look at S

m

W is a global minimizer W is a strict saddle point

W is a strict saddle point W is a non-strict saddle point

Figure 6: Second-order classification of the critical points of L.

— if S # [1,r], then W is not a second-order critical point (W is a strict saddle point).

-if S = [Lr]:  we have Wy---Wy = UsULIZyxS{ €
arg min pepay xds i gy<y [BX = Y%

x if W is not tightened, then W is not a second-order critical point (W is a strict saddle
point).

x if Wis tightened, then W is a second-order critical point (W is a non-strict saddle
point).

The proof of Theorem 7 is given in Section 4, with most technical derivations deferred to the
appendix. We now make several remarks. Note from the above that every non-strict saddle point
corresponds to a global minimizer of the rank-constrained linear regression problem, as already
shown by (Bah et al., 2022, Proposition 35).

The next proposition shows the existence of both tightened and non-tightened critical points for
H > 3 (there are no tightened critical points when H = 2 and r < 7,,,4,). Combining this result
with Proposition 2 indicates that all conclusions of Theorem 7 can be observed. In particular, as
already established in Kawaguchi (2016), L is not a Morse function when H > 3.

Proposition 8 Suppose Assumption 1 in Section 2 holds true. For H > 3, for every S = [1,7]
with 0 < r < Tz there exist both a tightened critical point and a non-tightened critical point
associated with S.

The proof is postponed to Appendix B.8. It is constructive: we exhibit in the proof large sets of
tightened and non-tightened critical points.
We can draw additional consequences from Theorem 7 and Propositions 2 and 8:

e For H = 2, for any r < 74z, there exist strict saddle points satisfying Wy --- W7 €
: 2
arg min pepay xds yi gy<, [RX = Y%

12
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e For H > 3, for any r < 74, there exist both strict and non-strict saddle points satisfying
W -+ W1 € argminpegayxds i gy<y [|1BX — Y2

e In the special case r = 0, we have S = () and () = [[1, 7] by convention (see Section 2), so that
S = [[1,7]. In this case, Theorem 7 and Proposition 8 together imply that their exist both strict
and non-strict saddle points W such that Wy --- W; = 0 when H > 3.

Finally, recall from a previous remark that, when H > 3, all first-order critical points that
are O-balanced are tightened. We know from earlier works (e.g., Arora et al. (2019a, 2018)) that
the quantities WjaleH - W; WJ»T are invariant under Gradient Flow. In particular, when we
initialize the weight matrices such that these quantities are equal to zero (the so-called O-balanced
initialization), we have WﬂleH - WjoT = 0forall j € [1, H — 1] along the whole trajectory
of Gradient Flow. In that case, all eventually visited saddle points associated to some S = [1, 7]
are 0-balanced, hence tightened (by the remark after Definition 6) and therefore non-strict (by
Theorem 7).

3.3 Parameterization of First-order Critical Points and Global Minimizers

We now turn back to first-order critical points, and state all new related results. In our analysis, these
results precede the proof of Theorem 7. The presentation has been reversed in Section 3 to highlight
the main contribution of the article.

The next proposition provides an explicit parameterization of first-order critical points. Note that this
is only a necessary condition.

Proposition 9 Suppose Assumption 1 in Section 2 holds true. Let W = (W, ..., W) be a first-
order critical point of L associated with S (cf Proposition 1), and let Q = [1, d,]\S. Then, there exist
invertible matrices D1 € Ra-1xdu—1 D € RAXN gnd matrices Zy € R(dy*’”)x(ditl”),
7y € RU=xde gng 7, € RU=)X(dn1=7) for b € [2, H — 1] such that if we denote Wy =
WyDyg_1, Wl = D1_1W1 and Wh = D;1WhDh_1,f0r all h € [2,H — 1], then we have

Wy = [Us, UgZx) )
W, = [Ug EYXWX] 3)
Al
—~ I, 0O
WhZ[O Zh] Vh e [2,H —1] 4)
Wiy - Ws = [Us,0]. S

The proposition is proved in Appendix C.1, and will be key to prove the last statement of Theorem 7.
Next, we give a sufficient condition for any W satisfying (2), (3) and (4), to be a first-order critical
point of L.

Proposition 10 Suppose Assumption 1 in Section 2 holds true. Let S C [1,d,] of size r € [0, rmaz]
and Q = [1,d,]\'S. Let Dyy_y € Ré—1xdu—1 Dy € ROXN pe invertible matrices and let
Zy € RUy=n)x(dua=n) 7, c Rl=7)xde qnq 7, € RUEr=7)%(dn1=7) for b € [2, H — 1]. Let the

13
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parameter of the network W = (Wy, ..., W1) be defined as follows:

Wi = [Us,UgZu) Dy

—1
= oy [T

_ I, 0 1
Wh—Dh[ 0 7 ]Dhl Vhe[2,H—-1].
If r = Typaq or if there exist hy # ho such that Zy, = 0 and Zy, = 0, then, W is a first-order critical
point of L associated with S.

The proof of Proposition 10 is in Appendix B.5.

Note that, combining Propositions 9 and 10, we obtain an explicit parameterization of all critical
points W with a global map Wy - - - W; of maximum rank r,,,,. In particular, it yields the next
proposition, which provides an explicit parameterization of all the global minimizers of L.

Proposition 11 (Parameterization of all global minimizers) Suppose Assumption 1 in Section 2
holds true. Set Spaz = [1, "maz] and Qmaz = [1, dyl \ Smaz = [Tmaz + 1, dy].
Then, W = (Wy, ..., Wh) is a global minimizer of L if and only if there exist invertible matrices
Dy_y € Réa—1xdu—1 D e RU*D and matrices Zy € R\Gv—rmaz)x(dr—1-"rmas) 7,
R(dn—rmaz)x(dh-1=Tmaz) for h € [2, H — 1], and Z, € R —"rmaz)xde gych that:

WH = [Usnm,w ? UQTILGIE ZH] D;Ilfl

-1
Wi =Dy [UgmMZYXZXX]
1
1
Wy = Dy, |: Tv(r)umc Zoh :| D];_ll Vh € [[2,H — 1]] .

The proof is in Appendix C.2. See in particular a remark in the same appendix on how to interpret
the above formulas precisely (some blocks Z;, have 0 lines or columns).

3.4 Comparison with the State-of-the-art

Next we further detail our contributions in light of earlier works.

Parameterization of global minimizers. To the best of our knowledge, Proposition 11 is the
first explicit parameterization of the set of all global minimizers for deep linear networks and the
square loss. For H > 2, it had been previously noted by Yun et al. (2018) that a critical point W
is a global minimizer if and only if k(W - - - W1) = 740 and col(Wy - -- Wy ., ) = col(Us,,,. )
where Sz = [1, "maz] and where p is any layer with the smallest width 7,,,,,. This is an implicit
characterization.

Another previous work that characterized global minimizers is Zhou and Liang (2018), but their
characterization is not explicit: the weight matrices are defined recursively and should satisfy some
equations, while in Proposition 11 the weight matrices are given explicitly. The same remark holds
for their characterization of first-order critical points.

14
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Saddle points. Among saddle points, we give a characterization of those that are strict and those
that are not.

Previously, for H > 3, it had been noted by Kawaguchi (2016) that (0, ..., 0) is a non-strict saddle
point. This result also follows from Theorem 1 since any critical point is tightened whenever at least
3 weight matrices are of rank r = rk(Wp - - - W7 ) (which is the case for (0, ..., 0) with = 0).

Also, Theorem 7 generalizes two results from Kawaguchi (2016) and Chitour et al. (2023)
about sufficient conditions for strict saddle points. Indeed, it is proved in Kawaguchi (2016)
that, if W is a saddle point such that rk(Wg_1 -+ - W2) = 742, then W is a strict saddle point.
Chitour et al. (2023) proved under further assumptions on the data and the architecture that a
sufficient condition for a saddle point to be strict is that tk(Wg_1 --- Wa) > r = tk(Wg --- W7).
Note that both results are special cases of Theorem 7, with the pivot (H,1). More precisely,
assume that W is a saddle point such that either tk(Wg_1 -+ Wa) = rpas = r = tk(Wg --- Wh)
or tk(Wg—1---Wa) > r = rk(Wy --- Wj) (which includes both conditions above). Then, if
S # [1,r] (whether 7 = ry,q, or not), by Theorem 7, W is a strict saddle point without any
condition on W. But if S = [1,r] with r < ry,4,, our assumption above implies that the pivot
(H,1), and therefore W, is not tightened (recall that rk(Xxy ) = dy > Tmaz > 7). In any case, W is
a strict saddle point.

Finally, Theorem 7 generalizes another result of Kawaguchi (2016) stating that all saddle points
are strict for one-hidden layer linear networks. Indeed, let H = 2 and assume that we have a saddle
point associated with S = [[1, r] for r < ry,4, (the only case where we can expect to see non-strict
saddle points, by Theorem 7). Since H = 2, there is only one pivot which is (2, 1); this pivot is not
tightened because the complementary blocks are I;, and X xy and both are of rank larger than or
equal to 7,4, Therefore, by Theorem 7, when H = 2 (and under Assumption 1), all saddle points
are strict.

Convergence to global minimizer: an example where gradient descent meets no non-strict
saddle points. Some recent works on deep linear networks proved under assumptions on the data,
the initialization, or the minimum width of the network, that gradient descent or variants converge
to a global minimum in polynomial time (e.g., Arora et al., 2019a; Bartlett et al., 2018; Eftekhari,
2020; Du and Hu, 2019). Since for general non-convex functions, gradient descent may get stuck at a
non-strict saddle point, and since non-strict saddle points exist for any linear neural network of depth
H > 3, it seemed impossible to deduce convergence to a global minimum using landscape results
only. Instead, papers such as Du and Hu (2019) chose to “directly analyze the trajectory generated
by [...] gradient descent”.

It turns out that our characterization of strict saddle points can help re-interpret such global
convergence results. Consider for instance the work of Du and Hu (2019), who proved that with
high probability gradient descent with Xavier initialization converges to a global minimum for any
deep linear network which is wide enough. They analyze a network where all hidden layers have a
width dpigden at least proportional to the number H of layers and to other quantities depending on
the data X, Y, the output dimension d,, and the desired probability level. In their analysis, (Du and
Hu, 2019, Section 7) prove that with high probability, a condition 5(t¢) holds at every iteration t.
Importantly, this condition implies that the point W output by gradient descent at iteration ¢ cannot
be a non-strict saddle point. Indeed, using our notation, the condition B(t) yields the lower-bound®

6. omin (W - - - W2) denotes the minimum singular value of Wy - - - Wa € R% X dhidden among min{dy, dhidden } = dy
singular values in total (Du and Hu 2019 assume that dhiggen > dy).
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Omin(Wg -+ - Wa) > %d}(lﬁ(;lll)/ 2 0, which in particular entails that the matrix product Wy - - - Wo
is of full rank min{dpidden, dy} > Tmaz- Let us check that if W is a saddle point, then it is necessarily
strict. By Theorem 7, either r = rk(Wp - - - W) is equal to 7,4, in which case the saddle point W
is indeed strict, or < 7,44, in Which case the pivot (H, 1) is not tightened (since the two blocks
Yxy and Wy _1 - - - Wy are of rank at least r,,,4;), so that the saddle point W is strict, as previously
claimed.

As a consequence, our characterization of strict saddle points in Theorem 7 helps re-interpret the
analysis of (Du and Hu, 2019, Section 7): under Assumption 1, and for wide enough deep linear
networks, gradient descent with Xavier initialization meets no non-strict saddle points on its trajectory.

Implicit regularization. Implicit regularization, in the context of linear networks, refers to
statements showing that the iterates trajectory passes in the vicinity of critical points W such that
W -+ W1 = arg minpepay <do i gy<, [|1RX — Y'||2, for increasing 7 € [0, rymaz]. In such settings,
the gradient dynamics sequentially finds the best linear regression predictor in

D, = {R € RW*% 1k(R) < r},

for increasing r. The subset D, C Ry *dz jg independent of X, Y and the network architecture, and

plays the role of a regularization constraint in the function space.

In the parameter space however, as indicated in Theorem 7 and Proposition 8, there exists both
non-strict and strict saddle points. As illustrated in Section 1.2, Figures 3 and 4, it takes more time to
a first order algorithm to escape non-strict saddle points than strict ones. When H > 3, there exist
two phenomenon: a ’light’ implicit regularization, in the vicinity of strict saddle points, and a ’strong’
implicit regularization in the vicinity of non-strict saddle points.

In Bah et al. (2022), the authors proved that gradient flow converges almost surely to a global
minimizer or non-strict saddle points of L. The limit point corresponds to a global minimizer of
the rank-constrained linear regression problem. In Theorem 7 and Proposition 8, we prove the
existence and characterize such points, and in addition to non-strict saddle points we prove that some
W leading to the solution of the rank-constrained linear regression problem are strict saddle points.
Doing so, we characterize and drastically reduce the strong implicit regularization set.

In Gidel et al. (2019), the authors proved that for H = 2, for a vanishing initialization and
a sufficiently small learning-rate, the gradient algorithm sequentially learns solutions of the rank-
constrained linear regression problem with a gradually increasing rank. More precisely, the algorithm
avoids all critical points associated with S # [1, 7], but comes close to a critical point associated
with S = [1, 7], spends some time around it and decreases again. We know that for H = 2 all saddle
points are strict and that the phenomenon described by the authors corresponds to a ’light implicit
regularization’.

In Gissin et al. (2019), the authors proved for a toy linear network, that, for H = 2, the algorithms
need an exponentially vanishing initialization for this incremental learning to occur, while for H > 3,
a polynomially vanishing initialization is enough. This indicates that this incremental learning
arises more frequently in deep networks. The difference might be explained by the ’strong’ implicit
regularization due to the existence of non-strict saddle points when H > 3.

Authors have put to evidence the rank related implicit regularization depicted in Theorem 7
and Proposition 8 for similar problems. In Arora et al. (2019b), the authors exhibit that for small
initializations and learning-rate, for matrix recovery, deep matrix factorization favors solutions of low-
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rank. In the same context, the authors of Razin and Cohen (2020) state that, implicit regularization in
deep matrix completion should be seen as a minimization of rank rather than norms.

3.5 Perspectives

Implicit regularization. From Theorem 7, we know that the critical points such that Wy --- Wy =
arg Min pepdy xdo i gy<y [|1RX — Y'||? can be either strict saddle points or non-strict saddle points.
From Proposition 8 we know that both cases exist. We know from the experiment described in
Figures 3 and 4, that first order algorithms need more time to escape from the vicinity of non-strict
saddle points than strict saddle points. There are two phenomena: ’light’ and ’strong’ implicit
regularization. To the best of our knowledge, whether the saddle points approached by the iterates
trajectory are strict or non-strict and the impact of this property on the implicit regularization
phenomenon have not been studied.

Though this study goes beyond the scope of this paper, let us sketch the main trends that we
can anticipate from our results. On one side, as explained above, we anticipate the number of
iterations spent by a first-order algorithm in the vicinity of a non-strict saddle point to be larger
than in the vicinity of a strict saddle point. Said differently, the ’size’ of the flat region surrounding
non-strict saddle points is larger than the one surrounding strict saddle points. On the other side,
looking at the rank constraint in Definition 5 (which corresponds to the very last item of Theorem 7),
we anticipate that there are much fewer non-strict saddle points than strict saddle points. ’Strong’
implicit regularization therefore occurs at fewer locations. The influence of these two factors on the
trajectory of the iterates depends on the initialization and the chosen algorithm.

Extent of *flat regions’. Beyond the behavior of the objective function captured by the derivatives,
it would be interesting to study the extent of the ’flat regions’. The goal would typically be to provide
estimates of the time spent by a (stochastic) first order algorithm to escape the flat region. We
observed in Figures 3 and 4, that the flat regions associated to non-strict saddle points are larger but
it would be interesting to extend this empirical study and to study formal estimates of the ’size’ of
the flat regions.

Basins of attraction. Second order critical points can be limit points of gradient descent
algorithms. Even worse, the basin of attraction of such points can be of positive Lebesgue measure.
It would be interesting to exploit the tightness condition and the manifold of non-strict saddle points
to prove that, as conjectured in Chitour et al. (2023) and Bah et al. (2022), the gradient descent
algorithm almost surely converges to a global minimizer.

Generalizing the tightness condition. The tightness condition in the definitions 5 and 6 is for
instance satisfied as soon as three factors are of rank r. It is adapted to linear networks. It would be
interesting to generalize it to other problems such as matrix factorization, structured linear networks
or tensor problems, sharing the same ’compositional structure’.

4 Proof of Theorem 7

The proof of Theorem 7 proceeds in several steps. In the end (see page 22), it will directly
follow from Propositions 13, 14, 15 below and from Lemma 21 in Appendix A. In this sec-
tion, we outline the overall proof structure and state the main intermediate results. We also
provide proof sketches for these intermediate results, but defer many technical details to the appendix.
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In our proofs, we will not compute the Hessian V2L (W) explicitly since this might be quite
tedious. To show that a point W is (or is not) a second-order critical point of L, we will instead
Taylor-expand L(W + tW’) along any direction W’ and use the following lemma. Its proof follows
directly from Taylor’s theorem.

Lemma 12 (Characterization of first-order and second-order critical points) Ler W =
(Wi, ..., Wh). Assume that, for al W = (W}, ... , W), the loss L(W+tW') admits the following
asymptotic expansion when t — 0:

L(W +tW') = L(W) + c1 (W, W)t + co(W, W)t + o(t?). (6)
Then:
e Wis a first-order critical point of L iff c1 (W, W') = 0 for all W'

e Wis a second-order critical point of L iff c1 (W, W') = 0 and co(W,W') > 0 for all W'
Therefore if for a first-order critical point W, we can exhibit a direction W' such that
ca(W, W') < 0, then W is not a second-order critical point.

We divide the proof of Theorem 7 into three parts. Recall that from Kawaguchi (2016), we know
that all first-order critical points are either global minimizers or saddle points (that is, there is no
local extrema apart from global minimizers). We refine this classification.

4.1 Global Minimizers and ’Simple’ Strict Saddle Points

In this section, we start by identifying simple sufficient conditions on the support S associated to
a first-order critical point W which guarantee that W is either a global minimizer or a strict saddle
point. More subtle strict saddle points and non-strict saddle points will be addressed in Sections 4.2
and 4.3.

Proposition 13 Suppose Assumption 1 in Section 2 holds true. Let W = (W, ..., W1) be a
first-order critical point of L associated with S and set r = xk(Wyr -+ - W1) < Trga.

s Whenr = ryaz:

- if § = [1, rmaz], then W is a global minimizer.
- if § # [1, rmaz], then W is not a second-order critical point (W is a strict saddle point).

e When r < rpmar: Wis a saddle point.
- if § # [1,r], then W is not a second-order critical point (W is a strict saddle point).

The proof is postponed to Appendix D. To prove that W associated with S # [1,7] , 7 < Tpas

is not a second-order critical point, we explicitly exhibit a direction W’ such that the second-order
coefficient co(W, W’) in the Taylor expansion of L(W + tW') around ¢ = 0, in (6), is negative.
Using Lemma 12, we conclude that W is not a second-order critical point.
Recall from Proposition 1 that the loss at any first-order critical point is given by tr(Xyy) — > ;cg Ai-
The spirit of the proof is that critical points associated with S # [1, 7] capture a smaller singular
value \; instead of a larger one \; with i < j. Thus, to see that the loss can be further decreased at
order 2 (and is therefore not a second-order critical point by Lemma 12), a natural proof strategy
is to perturb the singular vector corresponding to A; along the direction of the singular vector
corresponding to A;. This part of the proof is an adaption of the proof of Baldi and Hornik (1989).
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4.2 Strict Saddle Points Associated with S = [1,7], r < mpaa

We now address situations that to our knowledge, have never been addressed, in the literature. We
prove the following.

Proposition 14 Suppose Assumption 1 in Section 2 holds true. Let W = (Wy, ..., Wh) be a first-
order critical point of L associated with S = [[1,r], with 0 < 1 < rimaq-
If W is not tightened, then W is not a second-order critical point (W is a strict saddle point).

We sketch the main arguments below. We will again construct a direction W’ such that the second-
order coefficient co(W, W’) in the asymptotic expansion of L(W + tW’) around ¢ = 0, in (6), is
negative.

More precisely, for a first-order critical point W, for any 5 € R, we will consider a well-chosen
WIB such that co(W, W%) = a3? + cf3 for some constants a, c (possibly depending on W) such that

a > 0 and ¢ # 0. Taking
—c if a=0
BZ{ . (N

~%a if a>0

we obtain
-2 if a=0
02(wuwlﬁ) - { 2

-4 if a>0

and therefore
c2 (W, Wlﬁ) < 0.

Using Lemma 12, we can conclude that W is not a second-order critical point.

We now provide intuitions on how to choose W’. Since W is not tightened, there exists a pivot
(i,7), with i > j, which is not tightened. Depending on the values of i and j we will construct W’
differently. However, the strategy for constructing W’ is the same in all cases.

Recall again that from Proposition 1, at any first-order critical point W, the value of the loss is given
by tr(Eyy) — > _,;cs Ai- Contrary to the previous section, since S = [1,7] there is no immediate
way to decrease the loss (at order 2) without increasing the rank of the product of the weight matrices.
Indeed, we have Wy - -- Wy = UsUL Sy x S5 € argming gy <, |RX — Y%

Therefore, to be able to decrease the value of the loss, we need to perturb W in a way that the product
of the perturbed parameter weight matrices becomes of rank strictly larger than r. Also, to prove that
W is not a second-order critical point, we need to decrease the loss at order 2. This is possible when
W is not tightened. For the non-tightened pivot (4, j), we choose a perturbation W’ with all W} = 0
except for W/ and W/. Furthermore, our construction of W and W; depends on whether i and/or j
are on the boundary {1, H}. This is due to the fact that H and 1 play a special role in the product
of the perturbed weights (Wx + tWp;) - - - (W1 + tW/). This is why we distinguish the four cases
below:

* Istcase: i € [2, H — 1] and j = 1. This case is treated in Appendix E.1.
* 2nd case: © = H and j = 1. This case is treated in Appendix E.2.
* 3rd case: i = H and j € [2, H — 1]. This case is treated in Appendix E.3.

* 4th case: i,j € [2, H — 1] with ¢ > j. This case is treated in Appendix E.4.
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4.3 Non-strict Saddle Points

We now provide a sketch of the proof for the converse of Proposition 14, as stated in Proposition 15
below. All the proofs related to this section are deferred to Appendix F.

Proposition 15 Suppose Assumption 1 in Section 2 holds true. Let W = (Wg, ..., Wh) be a first-
order critical point of L associated with S = [1,7], 0 < r < "pmaq.
If W is tightened, then W is a second-order critical point (W is a non-strict saddle point).

To prove Proposition 15, we first state a proposition which indicates that multiplications by
invertible matrices do not change the nature of the critical point.

Lemma 16 Forall h € [1,H — 1], let Dy, € R*dn pe an invertible matrix. We define WH =
WyuDpg—1, Wi = DT'Wi and Wy, = D, "W, Dy, _y, for all h € [2, H — 1]. Then

« W= (Wg,...,W1) is a first-order critical point of L if and only if W = (WH, ce V[Nfl) isa
first-order critical point of L.

o W= (Wg,...,W1) is a second-order critical point of L if and only zfﬁ’ = (WH, e Wl)
is a second-order critical point of L.

The lemma is proved in Appendix B.4.

Proposition 15 is then obtained using Proposition 9 (note that when W is tightened, W is also
tightened since the rank of a matrix does not change when multiplied by invertible matrices), by
showing that W= (W, ..., Wh) as given by Proposition 9 is a second-order critical point of L and
using Lemma 16 to conclude that W is a second-order critical point. This is easier since W has a
simpler form.

More precisely, we have the following result, from which Proposition 15 follows (see Appendix
F.2 for details).

Proposition 17 Suppose Assumption 1 in Section 2 holds true. Let W = (Wy, ..., Wh) be a first-
order critical point of L associated with S = [1,7] with 0 < 1 < ryqq such that there exist matrices
Zy € Ry=)x(du=n) 7, ¢ RU1=")xde gng 7, € RUn=)x(dn-1-7) for b € [2, H — 1] with

Wu = [Us,UgZH] (®)
Wy = {Ug EYXWX} ©)
1
I, O
Wh:[o Zh:| Vh e [2,H — 1] (10)
WH"'WQZ[U810]7 (11)

where Q) = [1,d,] \ S.
If W is tightened, then W is a second-order critical point of L.

Proposition 17 is proved in details in Section F.1. We provide a proof sketch below.
We denote, for ¢ in the neighborhood of 0, and h € [1, H], Wj(t) = W), + tW, where W} €
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R *dn-1 ig arbitrary.

We define W(t) := (Wg(t),...,Wi(t)) and W (t) := Wg(t)--- Wi(t). As in the previous two
sections, we use Lemma 12. However, this time, we show that the second-order coefficient co (W, W’)
is non-negative for all directions W'.

To compute the loss |1V (t) X — Y||?, we expand

W(t) = Wg(t)-- Wi(t)
=Wy +tWy) - (W +tWy)
H
=Wy--- W, thZWH"'WiHW{WFl“'Wl

i=1
+ t2 Z Wy --- Wi—&—lWiIWi—l s Wj.;_lW]{Wj_l Wi+ 0<t2) .
H>i>j>1

Therefore,

H
Wi WX =Y +t> Wy Wi WW;_y - W X

L(W(t)) = '
1=1

2

+t? Z Wy Wind WiWi g - Wy WiW, - Wi X + o(t?)
H>i>j>1

We can now easily calculate the second-order coefficient co(W, W’) in the Taylor expansion of
L(W(t)) around t = 0 (in (6)).

Recalling that co(W, W’) is such that L(W(t)) = L(W) + c2(W, W')t? + o(t?) (since W is a
first-order critical point), we have

H 2

> Wi Wia WW,q - Wi X
=1

(&) (W, WI) =

+2< ST Wy Wi W Wisy - Wi WIW_y - W1 X WH---WlX—Y> ,
H>i>j>1

where (A, B) = tr(AB™). In order to simplify the notation and equations, we define, for all
i €1, H],

T,=Wg- Wi WjW;_1--- W1 X, (12)
and for all 4, j € [1, H] with i > j:
Ty = (Wi Wia W/Wiy - Wy WIW - WAX, Wy WAX —Y) . (13)

Then we set
2
) (14)

H

i=1
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and
ST =2 Z Tij . (15)
H>i>j>1
The coefficient becomes
I% 2
oW W)=|N"T| +2 > T,;=FT+ST.
i=1 H>i>j>1

Using the fact that W is tightened, some weight products become simple (see Lemma 30) and we
can simplify T; and T; ; (see Lemmas 37 and 38 in Appendix F).

This allows us to establish that, for any W, there exist matrices Ao, Az, A4 and a non-negative scalar
ay such that FT = ay + || Aa||? + || A3 + || A4]|? (see Appendix F.1.2) and ST = —2 (A3, A4)
(see Appendix F.1.3). Therefore

CQ(W,W/) =FT+ ST =a1+ HA2H2 + HAg - A4H2 >0,
and using Lemma 12 we conclude that W is a second-order critical point.

We are now in a position to prove Theorem 7 as a direct corollary from the above results.
Proof [Proof of Theorem 7] The classification into global minimizers, strict saddle points, and
non-strict saddle points follows directly from Propositions 13, 14, and 15 above. As for the fact that

Wy W1 =UsUsSy xS €  argmin  |[|[RX — Y|
ReR¥w Xz yk(R)<r

when S = [1, r], it follows from Proposition 1 above and from Lemma 21 in Appendix A. |

5 Conclusion

We studied the optimization landscape of linear neural networks of arbitrary depth with the square
loss. We first derived a necessary condition for being a first-order critical point by associating
any of them with a set of eigenvectors of a data-dependent matrix. We then provided a complete
characterization of the landscape at order 2 by distinguishing between global minimizers, strict
saddle points, and non-strict saddle points. As a by-product of this analysis, we exhibited large sets
of strict and non-strict saddle points and derived an explicit parameterization of all global minimizers.
Our second-order characterization also sheds some light on the implicit regularization that may be
induced by first-order algorithms, by proving that non-strict saddle points and some strict saddle
points are among the global minimizers of the rank-constrained linear regression problem. It also
helps re-interpret a recent convergence result, stating that gradient descent with Xavier initialization
converges to a global minimum for any wide enough deep linear network.

Acknowledgments and Disclosure of Funding

22



Loss LANDSCAPE OF DEEP LINEAR NETWORKS

Our work has benefited from the Al Interdisciplinary Institute ANITI. ANITI is funded by the French
"Investing for the Future — PIA3" program under the Grant agreement n°ANR-19-PI3A-0004. The
authors gratefully acknowledge the support of the DEEL project.” El Mehdi Achour acknowledges
as well funding by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) —
SFB 1481 — 442047500. We would like to thank the anonymous reviewer who made the connection
between 0-balancedness and tightenedness.

Appendix A. Notation and Useful Properties

In this section, we define some additional notation and terminology that will be used through all
subsequent appendices. We also state simple linear algebra facts (Section A.2), together with some
properties about the Moore-Penrose inverse (Section A.3). Since most of the proofs rely on linear
algebra, we recommend the unfamiliar reader to check classical textbooks.

Additional notation: If a matrix A has already a subscript like Wy for example, we denote
by (Wg).; the i-th column and by (W) s the sub-matrix obtained by concatenating the column
vectors (Wpr) i, foralli € J. Also (Wy);,. denotes the i-th row of Wy and (W )z, the sub-matrix
obtained by concatenating the line vectors (Wp); , for all i € Z. More generally (Wp)z 7 denotes
the matrix Wy restricted to the index set Z x J. For instance, (Wg)1:rr+1:dy_, € R *(dr-1-7) jg
the matrix formed from W by keeping the rows from 1 to  and the columns from r 4+ 1 to d_;.
The symbol J; ; denotes the Kronecker index which equal to 0 if ¢ # j and 1 if i = j.

Also, we define the partial gradients with respect to each weight matrix as follows.

A.1 Partial Gradients

Definition 18 (gradient and partial gradients of L) Since the input W = (W, ..., W1) of L(W)
is not a vector but a sequence of matrices, we define the gradient NV L(W) of L at W with a similar
format :

where each partial gradient Vyy, L(W) € R¥dn=1 s the matrix whose entries are the partial
derivatives 8(1/?/75)”](0”. =1,.,dpandj=1,..,dp_1

The next lemma provides explicit formulas for the partial gradients of L. A proof can be found
at the end of Yun et al. (2018).

Lemma 19 Let h € [2, H — 1]. The partial gradient of L with respect to Wy, is:
Vw, LW) = 2(Wg - Wi )T Wy - - WiExx — Zyx)(Wh_y---W1)T .
We also have the partial gradient with respect to Wg:
Vw, LW) =2(Wg - WiSxx — Zyx)(Wg_1--- W) .
Finally, the partial gradient with respect to Wy is:

Vi, L(W) =2(Wg - Wo) T (Wg - WiBxx — Zyx) .

7. https://www.deel.ai/
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A.2 Simple Linear Algebra Facts

Recall that ©1/2 = 2y x 2L X and & = ZV/2(SV2)T = By x5 S vy Recall also from (1)
that ¥1/2 = UAVT is a Singular Value Decomposition, where U € R%*% and V' e R"*™ are
orthogonal matrices.

Lemma 20 Suppose Assumption 1 in Section 2 holds true. Then Y is invertible.

Proof Given the definition of ¥'/2 | it is a standard fact of linear algebra that rk(X'/2)

tk(SyxXxxX) < 1k(Zyx). On the other hand, tk(X!/?) = 1k(SyxEXixX) >
rk(Sy xSy X XT) = rk(Zyy) since Sxy = XXT. Therefore tk(X1/2) = rk(Zyx) = d,
by Assumption 1. Finally, using another fact of linear algebra we have rk(¥) = rk(X1/2(x1/2)T) =
rk(X'/2), and therefore rk(X) = d,,. Hence, ¥ is invertible. [ |
The next lemma is about global minimizers of the rank-constrained linear regression problem.
Lemma 21 Suppose Assumption 1 in Section 2 holds true. Let S = [1,r]. We have
UsUiSyx¥yy €  argmin  ||RX — Y2
ReR¥ >4z yl¢(R)<r
Proof A proof can be found in Yun et al. (2018). [ |

We now present a lemma with elementary properties that we will use frequently and that are
related to the orthogonality of U. The proof is straightforward.

Lemma 22 We have the following properties related to the orthogonality of the matrix U :
* We have 1;, = vut =UTU.
e Foranyi,j € [1,d,], we have UL U; = §; ;.
e ForanyI,J C [1,dy] such that I N .J = (), we have UL U; = 017 |.7]-
* Foranyl,J C [1,dy] suchthat INJ = 0 and IUJ = [1,d,], we have I, = UiU} +U;U7.
* Forany J C [1,d,], we have UTUj = I and vk(U;UT) = |J|.

Note that the same applies also to the other orthogonal matrix V' € R™*" appearing in the Singular
Value Decomposition of %:'/2 (we only replace d,, by m).
Another useful lemma is the following:

Lemma 23 Forany I,J C [1,d,] such that I N J = (), we have
U SUy = 0j7yx1-
In particular, for any S C [1,d,] and Q = [1,d,] \ S, we have UL XUq =0 .

Proof We have, for any k£ € [1,d,], XUy = MU,. Hence for j # k we have
U]-T YU, = )\kUjT Ur = 0 since U is orthogonal. Therefore, if we take two disjoint sets
J={j1,.- .. dp}, K ={k1,...,kn} C [1,d,], the coefficient in the position (I, m) of the matrix
U}FEU K is equal to Uj;, XUy, which is zero, since j; # k. Therefore, U}FEUK = 0. In particular,
UEZUQ =0. |
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A.3 The Moore-Penrose Inverse and its Properties

The Moore-Penrose inverse is the most known and used generalized inverse®. It is defined as follows:
For A € R™*", the pseudo-inverse of A is defined as the matrix AT € R™*™ which satisfies the 4
following criteria known as the Moore-Penrose conditions:

1. AATA = A.
2. ATAAT = AT,
3. (AAN)T = A4t
4. (AT A)T = AT A
A exists for any matrix A and is unique. We also have the following properties:
(i) At = (ATA)" AT,
(i) tk(A) = k(A1) =rk(AAT) = k(AT A).
(iii) If the linear system Az = b has any solutions, they are all given by
r=ATb+ (I - AT A)w
for arbitrary vector w. This is equivalent to
r=ATb+u
for arbitrary u € Ker(A).

(iv) Py := AA™T is the orthogonal projection onto the range of A, and is therefore symmetric
(P = Py) (follows from 3) and idempotent (P3 = P.) (follows from 1).

(v) I, — AT A s the orthogonal projector onto the kernel of A.

Appendix B. Propositions and Lemmas for First-order Critical Points

In this section, we prove all lemmas about first-order critical points. We start by stating some
preliminary results.

B.1 Preliminaries

The following lemma gives a necessary condition for W to be a first-order critical point. It also
provides the global map of the network, defined by Wy - - - Wy. Finally, it states that the projection
matrix Px and X commute, where K = Wy - - - Wy. This is key in the rest of the analysis.

Lemma 24 Suppose Assumption 1 in Section 2 holds true. Let W = (Wy, ..., W1) be a first-order
critical point of L. We define K = Wy ---Woand W = WygWg_q--- Wy = KW1. Then, we
have

Wi =KtSyxS3 + M,

8. en.wikipedia.org/wiki/Moore-Penrose_inverse
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where M € RU > js sych that KM = 0 and K is the Moore-Penrose inverse of K (see Appendix
A.3). As a consequence,

W = PgXyx E;(IX

rk(W) = rk(Pk) = rk(K)

where we recall that P = KK+ € R%*% s the matrix of the orthogonal projection onto the
range of K. Finally,
YPx = Py .

Note that Xy x E;(IX is the global minimizer of the problem with one layer (i.e the classical linear
regression problem). Therefore, the global map Wy - - - W of any first-order critical point of L is
equal to the global minimizer of the linear regression projected onto the column space of K.

Proof Let W = (W, ..., W) be a first-order critical point of L. In particular, the partial gradients
of L with respect to W7 and W are equal to zero at W. Using Lemma 19, this implies

(W W)Wy - - WiExx = Wy - Wa) Sy x
Wi WiSxx(Wg-1--- Wi)T = Syx(Wg_1--- Wi)T .
We substitute in these equations K = WygWg_1---Woand W = WgWgy_1--- Wy = KWj.
Using that X x x is invertible, and multiplying the second equation on the right by ng, we obtain
that any critical point of L satisfies

(16)

KTKW, = KTSy xS
WExxWT =Sy xWT.

The first equation implies W, = (KT K)TKT%y XZ)_(lx + M, where M € R%*d ig guch that
KTKM = 0 (see Property (iii) in the reminder on Moore-Penrose inverse in Appendix A.3).

We have (KT K)* KT = K*(see Property (i) in Appendix A.3) and a standard fact of linear algebra
is that Ker(KT K') = Ker(K).

Therefore, using these properties, we obtain W; = KXy XE)_(lx + M, where KM = 0. This
proves the first statement of the lemma. We then have,

W =KW, = KK"SyxEy + KM = PkYy xSy . (17)

where P = K K is the orthogonal projection matrix onto the column space of K (see Appendix
A.3). Using Assumption 1, we have that Yy x Z;(lx is of full row rank, hence

k(W) = 1k(Px Sy x5y ) = k(Px) = rk(K) , (18)

where the last equality comes from the property (ii) in Section A.3. Therefore, (16) and (18) prove
the second statement of the lemma.

To prove that XPx = Px¥, we remark that, using the second equation in (16), Ly x W7 =
WYX xxW7T and since WX xx W7 is symmetric and (Xyx)? = Yxy, we have

SyxWl =WExy .
Substituting the expression of W from (17), and since Px and Z)_(IX are symmetric, we have

Sy xSy Zxy Pr = Prly xS Zxy -
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Using the definition of ¥, this can be rewritten as
YPr = Pg¥

which concludes the proof. |

Lemma 25 Suppose Assumption 1 in Section 2 holds true. Let W = (Wy, ..., W1) be a first-order
critical point of L. We set K = Wy --- Wy and r = tk(Wy - - - Wh).
There exists a unique subset S C [1,d,] of size r such that:

Py =UTUT = UsUY,

where I8 € R%*4v s the diagonal matrix such that, for all i € [1,dy], (Z°);; = 1ifi € S and 0
otherwise.

Proof Let W = (Wpy,...,W)) be a first-order critical point of L. Using Lemma 24, we
have X Px = Pg). Substituting the diagonalization of X from Section 2, this becomes
UAUT Py = PgUAUT. Since U is orthogonal, multiplying by U” on the left and by U on the
right we obtain AU TPU = UTPxUA. Hence, UT PxU commutes with a diagonal matrix
whose diagonal elements are all distinct. Therefore, I' := UTPrU is diagonal, and P = U ru”
is a diagonalization of Pg. From Lemma 24, we also have r = rk(Px). But, we know that
Pg = KK+ € R%*% is the matrix of an orthogonal projection. Therefore, its eigenvalues are 1
with multiplicity 7 and O with multiplicity d, — r.

Therefore, there exists an index set S C [1,d,] of size r such that I' = Z& where 78 € R% >4y
is the diagonal matrix such that, for all i € [1,d,], (Z);; = 1if i € S and 0 otherwise.

Therefore,
Py =UTUT = U157°UT = UsUE.

If there exist S’ such that T' = Z5', we get P = UZSUT = UZS'UT which implies 7° = 75,
hence S = §'. Therefore, S is unique. |

B.2 Proof of Proposition 1

In this proof, we use Lemmas 24 and 25 stated and proved in the previous section.

Recall that Ay > --- > Ay, are the eigenvalues of X = EYXE)_(lXZXy € Ry xdy

Let W = (Wg,...,Wj) be a first-order critical point of L. We set K = Wy --- Wy, r =
rk(Wp - - - W7). Using Lemma 25, there exists a unique subset S C [1, d, ] of size r such that:

Py = UsUL.
Therefore, using Lemma 24,
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This proves the first statement of Proposition 1.
To prove the second statement, notice that we have
L(W) = [WX - Y|
= [WX|? —2(WX, Y)+|Y|?
= tr(WExxWT) = 2tr(WExy) + tr(Zyy)
= t1(UsUL Sy x X x Sxx Xy Sxy UsUS) — 2tr(UsUSE Sy x B3y Zxy) + tr(Syy)
= tr(UsULUSULR) — 2tr(UsULE) + tr(Zyy)

Since UEUS = I, (see Lemma 22), using Lemma 25 and the fact that U diagonalizes 3, this
becomes

tr(Zyy) — tr(UsULY)
tr(Syy) — tr(UZ°UTUAUT)
= tr(Zyy) — tr(Z°UTUAUTD)
tr( ) — tr(l' A)
tr(Zyy) —

A -
€S

This proves the second and last statement of Proposition 1.

B.3 Lemma 26

In this section we state and prove a lemma about first-order critical points which will be useful in
various proofs. This lemma gives a simpler form for K = Wy --- Wo and W;.

Lemma 26 Suppose Assumption 1 in Section 2 holds true. Let W = (Wy, ..., W1) be a first-order
critical point of L associated with S. We set r = k(W - -- W7).

Then there exists an invertible matrix D € R <% qmatrix M € R ¥ satisfying Wy - - - WoM =
0, such that:

=[5 ]
and
U§SyxTxx

Wi = D! |:
O(dy—r)xds

[+,

Note that the result is still true when r = 0, provided that Uy € R%*0,
To prove Lemma 26, we use Lemmas 24 and 25 stated and proved in the preliminaries of
Appendix B.1. We will also need the following lemma

Lemma 27 Let n be a positive integer and ) # S C [1,d,] such thatn > r := |S|. Let A € RW>n
such that AAT = UgUg. Then there exists an invertible matrix D € R™*™ such that

A= [US Odyx(nfr)]D
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and

A+:D—1[ Us ] :
O(n—r)xdy

Proof [Proof of Lemma 27]
The matrix I,, — AT A is the orthogonal projection onto Ker(A) (see Appendix A.3), hence

tk(I, — ATA) = dim Ker(A4) = n — rk(A)

But we have (see Property (ii) in Appendix A.3) 1"k(AJr A) =1k(A) = 1k(A A+) and, using Lemma
22, 1k(ATA) = rk(UsUZ) = r. Therefore, rk(A) = 7 and

rk(I, — ATA)=n—r.

Let B € R™*(»=") and C' € R("")*" be such that I, — AT A = BC (such matrices can be
obtained by considering the Singular Value Decomposition of I,, — A* A).

T
Denoting D = [ U‘éA ] € R™ "™, we have

UL A

[AtUs , B|D = [ATUs , B] [ o

] = ATUsULA+ BC = ATAATA+ 1, - ATA.

Using Criteria 1 in Appendix A.3 we obtain
[ATUs, BID=ATA+1,-ATA=1, .
Therefore, D is invertible and D! = [ATUs , B]. We have

Ul A . .
[Us + Oayx(n-n]D = [Us, Ogyx(n-n] | " | =UsUsA=AATA=A,

where the last equality follows from Criteria 1 in Appendix A.3. This proves the first equality of
Lemma 27 Finally,

-1 Us + Us 17T — A+ AAF — A+
D — [A*Us, B] — ATUSUL = AT AAY = A*
O(n—r)xdy O(n—r)xdy

where the last equality follows again from Criteria 2 in Appendix A.3. This concludes the proof of
Lemma 27. u

Now we prove Lemma 26.

Proof [Proof of Lemma 26]
Let W = (Wpg,...,W)) be a first-order critical point of L associated with S and r =
rk(Wy -+ - W).

Using Lemma 24, we have r = rk(Wp - - - Wa).
If r = 0, the conclusion of Lemma 26 is trivial because of the convention Uy € R% 0,
When r > 1, using Lemma 24 and Proposition 1, we have Wy ---W; = PgXy XE)_(lx =
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UsULEy xSy Since Ly is of full row rank this implies Py = KK+ = UsUZ. There-
fore, we can apply Lemma 27 with n = d; and A = K to conclude that there exists an invertible
matrix D € R%*% guch that

K =[Us, 04, x(d,—r)|D

which is the form of K in Lemma 26. Moreover, Lemma 27 also guarantees that

K*:Dl{ Us ] )

0(dy —r)xd,
Using Lemma 24, we have W; = K+EYXE;(1X + M with KM = 0. Therefore,
T —1
W, = D! [ Ug ZyxXyx } + M, with KM = 0. This concludes the proof of Lemma
(d1—7‘)><dgg
26. |

B.4 Proof of Lemma 16

Forany h € [1, H — 1] let D, € R% >4 be an invertible matrix. We define W = (W, ..., W1)
by Wy = Wy Dpg_1, W1 = D7'Wy and W), = D, "W}, D, forall h € [2, H — 1].

Assume that W = (Wy, ..., W) is a first-order critical point. Then using Lemma 19 this is
equivalent to

Vi, LW) =2(Wg - -- Wi 1) (Wy - WiExx = Sy x)(Whoa---Wi)T =0 Vhe[2,H-1]
Vv, LOW) = 2(Wi - WiSxx — Syx)(Wi_1---W1)T =0
Vi, L(W) = 2(Wy - - Wo) T (W - - WiExx — Syx) =0.

(19)

Using the definition of W above, we have

Wy W, =Wy - W,
Wy Wyyr =Wpg - WyaD, ' Vhe[1,H—1]
Whoy Wy =Dp_1Wy_q---W1 Vhe[2,H].

Therefore (19) is equivalent to

(BEI)T(?H a Wh+1)T(W£ a WI%(X — Sy x)Wy_1---W)TDE =0 Vhe[2,H-1]
Wy - - WiExx — Syx)(Wg_1--- Wl)TDg_l =0
(DT Wy - Wo)T (W - W1Sxx — Syx) =0.

This is equivalent to

VWhL(W) =2Wg--- Wh+1)T(WH e lexx — ny)(Wh_l e Wl)T =0 Vhe[2,H—-1]
Vi LW) = 2(Wg - WiExx = Xy x)(Wh-1 -+ W)t =0
Vi, LW) =2(Wg -+ Wo) ' (Wg -+ - W1Exx — Syx) =0.
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which is equivalent to Vyy, L(W) = 0, for all h € [1, H] . Therefore, W is a first-order critical
point if and only if W is a first-order critical point. This proves the first part of the proposition.

Now assume that W = (W, ..., W) is a first-order critical point such that it is not a second-order
critical point. Note that from the first part of the proof W = (WH, el Wl) is also a first-order
critical point. Let us prove that W is not a second-order critical point. Using Lemma 12, since
W is not a second-order critical point, there exist W = (W}, ..., W) such that, if we denote
W(t) = W + tW/, the second order term of L(W( ) is strictly negative i.e co(W, W’) < 0. We

will prove that there exist W such that ca(W, W ) < 0 and, using again Lemma 12, we conclude.
As already said, we set W), (t) = Wy, + tW,, forall h € [1, H]. We denote

WH(t) WH + tWN/}{ — Wy +tW} Dy

Wi(t) =W, +th W, + tD; ' W]

Wi(t) = Wh+tWh—Wh+tD '"W/Dp_1 VYhe[2,H-1]
W= (Wi, W),

Hence, we have (where Hi:H_l A shouldread as Agy_1--- As)
W (t)--- Wi(t)

2

= (WuDy_1 +tWyDp_1) ( H (D} "WiDp—1 + chll/V}’LDh_l)) (DYWy +tDW)
h=H-1

= Wy +tWy) - (W1 +tW7)

=Wg(t)---Wi(t) .

Therefore, L(W(t)) = L(W(t)) and
c2(W, W) = o (W, W) .

Since by hypothesis co (W, W) < 0, we conclude that co(W, VV) < 0. Hence (WH, cee Wl) is not
a second-order critical point.

We prove that if W is not a second-order critical point then W is not a second-order critical point
in the same way, by changing D}, with D;l for all h € [1, H]. This proves the second part of the
proposition and concludes the proof.

B.5 Proof of Proposition 10

Let S C [1,d,] of size r € [0,7maz] and Q = [1,d,] \ S. Let Zyg € Ry—m)x(dm1-7),
7y € Rl=nxde and 7, € RE—7)*x(d1-7) for b € [2, H — 1]. Let the parameter of the
network W = (Wy, ..., Wj) be defined as follows:

Wy = [Us, UQZH}

_ [UFsyxaik
WI_[ 7 (20)
I, 0
Wh—[o Zh] Vhe[2,H—-1].
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Note that the above definition of W does not involve the matrices D;, € R% >4 In fact, using
Lemma 16, it suffices to prove that, when r = 7,4, or there exist h; # hg such that Z;,, = 0 and
Zy, = 0, the W defined above is a first-order critical point to conclude that Proposition 10 holds .
We have

I, 0 I, 0 ULsy 331
WH"‘le[US,UQZH][O ZH_I]...[O 22][5 YZ)lf XX:|

=UsUSSy xSy +UgZuZu—1 -+ Z2Z1

If there exists hy # hg such that Z;,, = 0 and Zj,, = 0, it immediately follows that Wg --- W =
UsU EEY X E;(lX
If r = 7paz, then there exists h € [0, H] such that r = dj,.

e Ifr =dy = dy, then Ug € R%*0 and Zy € ROX(dr-1-7) hich, using conventions in
Section 2, gives

UoZu = 04, x(dyy_,—r)- Q1)
Therefore, Wy --- Wy = USUEZYXE;X.

* If r = dy = dg, then, since d, > d,, we have r = d,,, which we have already treated in the
previous item.

o If r = dj, for some h € [2, H — 1], then Z;, ., € R4n+177)%0 and 7, € RO*(dn—1-7) 'which,
using the conventions on Section 2, gives

Zn412h = O(dj 4 —r)x (dp1 ) 22)
Therefore, Wy - -- W1 = UsULSy xS

e If r = dy, then Zy € R(2=7)%0 and Z; e R*% which, using the conventions on Section 2,
gives

7571 = 0(dy—r)xd, - (23)
Therefore, Wy - -- Wi = UsULSy xS

Note that these results still hold if there is more than one layer with the minimum width.
Therefore, in all cases, when r = 7,4, or there exist h; # hg such that Z;, = 0 and Z;, = 0 we
have,

Wiy Wi = UsUS Sy xSy - (24)

Let us prove that the gradient of L at W is equal to zero.
Recall that from Lemma 19 we have

VWhL(W) = Q(WH s Wh+1)T(WH WX xx — EYX)(Wh—l s Wl)T Vh € [[Q,H — 1]]
Vw, LW) =2Wg - WiSxx — Zyx)(Wg_1--- W)
Vi, LW) = 2(Wyg - - Wo) ' (W - W1 Exx — Zyx) .
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Using (24) and Lemma 22, we have

Wy Wilxx — Syx = UsUS Sy xSk Sxx — Syx
= (UsU§ — 1a,)Sy x
= —UqUjTyx -

Also, using (20), forall h € [1, H — 1],

1, 0 I 0
Wi Wit = [Us, UoZu] | 7 o
H ni1 = [Us, Ug H][O ZH—1:| [0 Zh+1:|
= Us: UQZuZu—1 -+~ Zn+1]

and, for all h € [2, H],

[ o I, 0 ULy xS3
R e R e

__{UEEYXEQQ]
SRRV AYAL

We have, for all h € [2, H — 1],
1
2 (Viwn, LOIW))T = (Wh_y - W) (Wi -+ WiSxx = Syx)" (We -+ W)

-UEEYXZ)_(lX T T
= — Zh—l e 2221 (UQUQEYX) [U:S7 UQZHZH—l .. Zh+1]

_UEZYXEQE] T
__ Sy UoUBUs, UoZs Zir 1 -+ Z
Znr - 202, BXYYQ 0lUs: UgZuZp—1 -+ Zp+1]

-UEZYXZ)_(l)(nyUQ} T -
= ULUs, USUoZ Zr1 - ] -
| Zh—1-"+ 22213 xyUgq [UQUs UgUoZnZr— ht1]

Using the definition of 3, Lemma 22 and Lemma 23, we have

L r_ [ Ulsug
5 (thL(W)) - _Zh—l ... Z2Z12XYUQ [O(dyfr‘)xw ZHZH—l . Zh+1]
i Or s (dy—r
T Zh—1-"" XZ(QyZlX)]XYUQ] [O(dyfr)xru ZgZg—1- Zpa1)
= — [ 0r><'r OrX(dhfr) :| ‘
Oy —ryxr Zh—1- 2221 XxyUQZuZy-1+ - Zpt1

Proceeding similarly, we obtain
1 T 0rxd
- L - _ y
9 (VWH (W)) |:ZH—1"'Z2Z12XYUQU5:|

and

(Vw, LOW)" = —[0a,xr , SxvUqZuZu—1- 2] .

N
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If there exists hy # ha such that Z,, = 0 and Z;, = 0, we can easily see that the gradient is equal
to zero, i.e., W is a first-order critical point.

If 7 = 7ppaz, then there exists b’ € [1, H] such that » = dj,,. Using the same arguments as above
that yielded (21), (22) and (23), we have,

e Forh =1,

— if r = dy, we have Z € R(@2-7)%0 3 therefore YxyUgZuZpg—1---Zs € Rda X0,

- if r = dpy, then UgZy = Odyx(dHil,T) and therefore X xyUqQZpZpy—1--+-Z> =
Ody x (dy —1)-

— ifr = djy forsome b’ € [[2, H—1], then Zp 1 Zp = 0(d,,
YxyvUQZuZp—1---Z2 = 0q,x(d)—r)-

=) X (dyyr_q—1) and therefore

Hence, in all cases, Vi, L(W) = 0.
e Forh = H,
- if r = dg = dy, then UQU}, = 04, xq, and therefore Zp 1 - ZoZ1XxyUQU} =

O(dHfl—T‘)Xdy N

— if r = dy 1, then Zy_y € RO*(n-277) and therefore Zy 1 -+ ZaZ1 SxyUUQ €
ROXdy

— ifr = djy forsome b’ € [[2, H—2], then Zp 1 Zp = 0(d,,
Zg-1- ZQZ12XYUQU5 = 0@y 1 —r)xdy-

=) (dys_,—r) and therefore

- if r = dy, then ZoZ; = 0(d2—r)><dgc and therefore ZH_1~--Z2Z12XyUQUg =
O(dy_1—r)xdy-
Hence, in all cases, Vyy,, L(W) = 0.

* Forh € [2,H — 1],

—-if r = dp—1, then Z;_4 S RO%(dr-2-7)  and  therefore
Zn 12920 xyUZuZy—1 -+ Zpyy € ROXT),

-if r = dp, then Zpiq € R(@n+1=7)x0 and  therefore
/SRR ZQleXyUQZHZH_l v Zthl S R(dhflir)xo.

—-if r = dyg, then UgZpy = 0d,x(dgy_,—r) and  therefore

Zp—1 2221 xyUQZuZu—1- Zny1 = 0@, —r)x(dp—r)-

—-if r = di, then Zs7; = O(dy—ryxd, and  therefore
Zp—1 222N xyUQZuZu—1- Zht1 = O(d),_,—r)x(dp—r)-

— if r = dj forsome b’ € [2, H — 1]\ {h,h — 1}, then Zy/ 1 Zp = O(dy sy —r)x (dps_y )
and therefore
Zp-1- 222 XN xyUQZuZy—1- Znt1 = O, —r)x(dp—r)-

Hence, in all cases, Vyy, L(W) = 0.

Therefore, when r = r,,,4,, W is also a first-order critical point of L.
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B.6 Proof of Proposition 2

Let S C [1,d,] such that |S| = r < rpeq, and Q = [1,d,] \ S.
We define W = (W, ..., W7) by:

WH = [US7 Ody X(dHfl—T)]

Wh _ |: Ir Orx(dh,lfr) :| Yh € [[Q,H _ 1]]
Ot —ryxr Oty —r)x(d—1~r)

Wy = [UEEYXZ)_(%X] 7
O(dy—r)xds

By Proposition 10, W is a first-order critical point of L. Moreover, we have Wy ---W; =
Us UEEY X E)_(lX Therefore, W is a first-order critical point associated with S.

B.7 Proof of Proposition 4

Let W = (Wp, ..., W) be a first-order critical point and r = rk(Wp - - - W), using Proposition 1
there exists a unique S C [1, d,] of size r such that

Wi - W1 = UsUE Sy x 53y,

which implies
Wy - WiExy = UsUL Y.
Leti,j € [1, H] such that ¢ > j. The complementary blocks are Wi WiXxyWg - Wipq

and VVi_l ce Wj+1.
Using Lemma 20 and Ug Us = I, we have, for the second complementary block,

rk(Wi—1 -+ Wjg1) > tk(Wy - WiExy) = rk(UsUL X)) > tk(UE (UsULE)S"Us) = vk(I,) = 7.
For the first complementary block, using the same arguments, we have

tk(Wi—q - - WhiExy Wy - Wip1) 2 1tk(Wg - - WiExy Wy - WiZxy)
= 1k(UsUEXUsULY)
> 1k (U (UsUSSUSUEE)SUs)
= 1k(UISUs) .

Recall that, from the diagonalization of X, we have XU = UA, hence, ¥Us = Usdiag((\s)ses)

rk(Wj—1 - WiZxy Wi - - Wig1) > rk(UZ Usdiag((s)ses))
= rk(diag((As)ses))

=r.
This concludes the proof.
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B.8 Proof of Proposition 8
Let H> 3,8 =[1,r] with 0 <7 < rpq,. We define W as follows:

(WH = [U570}

I, 0
Wy, = for he[2,H—1]

0 Zy 25)
Wl = UgEYS(ZXlX] .

Using Proposition 10, W is a first-order critical point associated with S. Let us show that depending

on the choice of (Z;)p—2. -1, W can be tightened or non-tightened.

Since H > 3, there exists h € [2, H — 1]. If we choose Zf_1,...,Za suchthat Zg_q---Zy # 0

(e.g. when only the top left entry of each Zj is nonzero, which is possible since r < Ty =

min(dy, ...,dp)) then W is non-tightened. Indeed, the pivot (H,1) is non-tightened because
_ _ I, 0

tk(Xxy) =dy > randrtk(Wy_q--- Wa) =1k <[ 0 Ziy- ]) > 7.

If we choose Zg_1,...,Zs suchthat Zg_q--- Z5 = 0 (e.g. Z5 = 0), then W is tightened. Indeed,

'8" 8 ] is of rank 7, and by construction

we have rk(Wp) = rk(W;) = r. Hence, all the other pivots are tightened because at least one of

their complementary blocks includes Wy or Wy, and therefore, using Proposition 4, is of rank 7.

Therefore, W is tightened.

the pivot (H, 1) is tightened because W1 --- Wy = [

Appendix C. Parameterization of First-order Critical Points and Global Minimizers

In this section, we prove Propositions 9 and 11 that were stated in Section 3.3.

C.1 Proof of Proposition 9

Before proving Proposition 9, we introduce and prove two lemmas.

Lemma 28 Let r be a nonnegative integer, and let n and p be two positive integers larger than or
equaltor. Let S C [1,dy] of size r and let Q = [1,dy] \ S. Let A € R%*™ and B € R™P be two
matrices such that

AB = [Us,0] .

Then, there exist an invertible matrix D € R™ "™ and two matrices N € R(dy=)x(n=7) gnd
Bpg € RO=1X0=7) gych that

AD = [Us, UoN] (26)
. (L o
D B_[O BDR]. @7)

In the proof below, we can easily see that the result still holds for r = 0 and 7 = min(d,;, n, p) with
the conventions adopted in Section 2.
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Proof Let n and p be non-negative integers such that n,p > 7 and A € R%*" and B € R™*? such
that

AB = [Us,0]. (28)
Recall that for any matrix C' with n columns we write C' = [C}, Cy, . . ., C,] where C; represents
the i-th column of C.
We have from (28),
AlB1,Bs,...,B|=Us. (29)

Since the columns of U are linearly independent, we have

rk(A[By, Ba, ..., B,]) = tk(Us) = r

and {Bj,...,B,} are necessarily also linearly independent. Using the incomplete basis theo-
rem, we complement (By,...,B,) to form a basis (Bi,...,Br, Eri1,...,Ey). We set E =
[Bi,...,By,Eri1, ..., E,] € R"*". By construction, the matrix E is invertible.

We now set A’ = AE and B’ = E~'B. In particular A’B’' = AB.
Also, note that

B H —[B,....B,)],
0
so that

E7By,....,B] = [IO] .

Therefore, we can write

(30)

B/:ElB:|:IT' BUR:|

0 Bpr
with By € R"™*#=") and Bpp € R(=7)%(P=7) guch that

{BUR

_ -1
BDR:| = E ' Byi1,..., By .

We define L € R™("=") and N € R(&—)x(n=7) py []l\-}

] = [Us,Ug) MAE41,...,AE,]. We

have

L
[AE,41,...,AE,] = [Us, UQ] [N] =UsL +UgN . (31)

I, L

We also define the invertible matrix F' = [
0 I n—r

} e R™ " Using (29) and (31) we have

A= AFE
= A[Bl, ceiys BryErgq, .. ,En]
= [US, UsL + UQN]

I, L]

~ s oM | 5 E

= [Us,UgN]F .
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Therefore, defining the invertible matrix D = E'F 1 e R we finally have
AD = AEF™! = [Us,UgN] . (32)

This proves (26).
We also have, using (30) and the definition of F’

D 'B=FE'B
- FB
_ Ir L Ir BUR
0 Infr 0 BDR

| I, Byr+ LBpr
[ B ko). o

However, noticing that, since (28) holds,
(AD)(D_IB) = AB = [U$70} )
and using (32) and (33) we obtain

I, Byr+ LBpr

Us,UgN
[SQ][O Bpn

:| = [Us,0] .
Therefore Us(Byr+LBpr)+UgNBpr = 0. Since [Us, Ug] is invertible we get Byr+LBpr =
0 and NBDR =0.
Finally, (33) becomes
I 0
—1 _ r
DB = [ v ]

This proves (27) and concludes the proof. |

The second lemma states that if the product of two factors takes the format of (27), then up to the
product by an invertible matrix, the two factors have the same format. In the proof of Proposition 9,
we will use this property several times to establish (4).

Lemma 29 Let r, g, n and p be positive integers such that r < min(q,n,p). Let B € R7*™,
C € R™P and P € RU—*0=7") gych that

I, 0
po-[% 0],

Then, there exist an invertible matrix D € R"*"™ and two matrices Bpr € R(@=)x(n=7) gnd
Cpr € RO=1)X0=7) sych that

I,

BD = [ 0 B?m } (34)
I,

D0 = [ 0 CSJR } ) (35)
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In the proof below, we can easily see that the result still holds for » = 0 and » = min(q, n, p) with
the conventions adopted in Section 2.

Proof Let r, ¢, n and p be positive integers such that r < min(q,n, p). Let B € R?*", C' € R"*P
and P € R@=7)%(=7) guch that

I, 0
BC:[O P}. 36)

We have

B[Cla027"'7c7“] = |:‘8":| : (37)

Since the columns of [IT] are linearly independent,

0
I'k(B[Cl,CQ, . .,Cr]) =T

and the vectors C1, ..., C, are necessarily also linearly independent. Using the incomplete basis
theorem, we complement (C4,...,C,) to form a basis (C1,...,Cy, Eyrq1,..., E,). We denote
E=1[Cy,...,Cr,Erqq,..., Ey] € R"™ By construction, the matrix F is invertible.

We now set B’ = BE and C' = E~'C. In particular

B'C' = BC. (38)

Also notice that

E[%]:[Cl,...,cr],

so that

E7Cy,...,C) = [{)] :

Therefore, we can write

' 1~ | Ir Cur
O —F c_[o CDR}, (39)

where Cyp € R™*(P=7) and Cppr € R=7)%(P=7) gre such that [gUR] =EYCrt1,...,Cp).
DR

Now notice that, using (37),

B'=BE
= B[C1,....Cr, EBran,. . Byl
I, B
= { 0 Bg’;] : (40)

where By g € R"™*("") and Bpp € R@)*X("=7) are such that [gmﬂ = B[Ery1,...,Ey] .
DR

Plugging (40), (39) and (36) in the equality (38), we obtain
I, Bur I, Cyp | _| Iy O
0 BDR 0 CDR o 0 P ’
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which yields

[ I, Cur+ BurCpr } _ [ I, 0 }
0 BprCpr '
Therefore, Cyr + BurCpr = 0 or, equivalently ,

Cur = —BugrCbpr - (41)

Define F' = [ I(; _IBUR } . The matrix F' is invertible. Moreover, using (39) and (41) we have
' — I, —BygrCpr
0 Cpr
_ IT _BUR Ir 0
I R 0 Cbpr
I, 0
=G oo |

Therefore, if we define D = E'F, D is invertible and

I 0
1y p—lp—lp =l r
DC=F"E"'C=F C’_[OCDR].
This proves (35).
In order to prove (34), we remark that, using (40) and the definition of F', we also have
BD = BEF
=B'F
_ | I+ Bur I, —Byr
0 BDR 0 In—r
| I 0
| 0 Bpr |

This proves (34) and concludes the proof.

Now we prove Proposition 9.

Proof [Proof of Proposition 9]
Let W = (Wp, ..., W) be a first-order critical point of L. Then using Lemma 26 there exist

D € R%*d1 jpvertible and a matrix M € R%*d= which satisfies Wy - - - WoM = 0 such that
Wg---Wa=[Us, 0D 42)

T —1
W, =D! [US ZY(;(EXX] + M. (43)

Denoting D1 = D~ and using (42), we have Wy - - - WDy = [Us, 0]. Then applying Lemma 28
with A = Wy and B = Wy_; --- WaD; , there exist an invertible matrix Dy _; € Rt-1%xdm-1
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and matrices Zy € R(&v—7)xdu-1-7) and Bpp € R@r-1-7)x(d1-7) gych that
Wi :== Wy Dy 1 = [Us, UgZ)

- I, 0
Dyt Wiy WaDy = [ 0 BDR} . (44)

The first equality proves (2).

Then applying Lemma 29 to (44) with B = D§£1WH—1 and C = Wg_go--- WaD; we get the
existence of an invertible matrix Dy_o € R¥—2%du—2 Cpp e RAa—2-1)x(d=7) and 7, | €
R(dr-1-)x(drn—2-7) gych that

— I 0
. -1 _ r
WH_1 = DH,1WH—1DH—2 = |: 0 ZH_1 :|
and
I 0
-1
Dy oWy _o---WaDy = [ OT Cpn } .

Reiterating the process by using Lemma 29 multiple times with B = D;1Wh and C =
Wh_1---WsyD; for h decreasing from H — 2 to 3, we can conclude that there exist invertible
matrices D), € R%*% and matrices Zj, € R(@=")%(dn-1=7) for b € [2, H — 1], such that

~ I 0
o -1 o r o

Wy, = Dh WyDy_1 = |: 0 Z :| Vh € [[2,H 1]] .

This entails (4).
Ulsyx2id
We also have from (43) that W, = D, [ S 0 XX} + M with Wy - - - WoM = 0. Therefore,
T —1
DW= [US EY(fEXX] +D;'M .

Using (42), Dy = D~ 1and Wy --- WoM = 0, we obtain

[Us, 0)D;'M =0.

Writing Dl_lM = {go] , where Z, € R™*%= and Z; € R(@1-7)%d= e have
1

0=[Us, 0|D;*M

~ [Us, 0] [gg]

= UsZp .

Multiplying on the left by Ug we obtain
Zy = 0.
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Therefore D} = [ ; } , which yields
1

N T -1
Wy = D'Wy = [US EYZJI{EXX] .

This proves (3).
Finally we have

WH e /-‘/172 = (WHDHfl)(-D;Il_lWHleH*Q) T (-D2_1W2D1)
— Wy - WaDy
== [US ’ O] )

where the last equality is due to (42) and D; = D~1. This entails (5) and concludes the proof. W

C.2 Proof of Proposition 11

We first make a comment about notational subtleties to help understand the statement of Proposi-
tion 11, and then prove the proposition.

Recall that 7,4, = min(dg, . ..,dop), and d, = dg > dy = dg by assumption. Therefore, in the
statement of Proposition 11, some blocks Z; have O lines or O columns, and thus do not exist. For
example, depending on the value of r,,4,, we have

Wy =Us,..Di", if ge = dpr—1
Wi =DUL Syx33% if rpee = di

max

and for h € [2, H — 1]

Dy| L 0| DYy i tae = di < dis

Tmax
W — I""maz —1 . _
h = Dh 0 Dh—l if "rae = dh—l < dh
Dyl.,,,, D}:_ll if 7"ae = dp = dp—1

Also, if 7ypaz = dy, then Quae = 0, hence Up,,.. € R%W*0 and Zy € ROX(dr-17Tmas),
Then, using the convention in Section 2, Uq,,,.Zn = Og,x( so that Wy =
RddeHfl'

dH—1—Tmaz)>
[Usmaz ) Ody X(dH_lfrmaz)] ;1171 €
We are now ready to prove the proposition.
Proof [Proof of Proposition 11]
Let Sinaz = [1, 7maz]- Let us first prove that W is a global minimizer of L if and only if W is a
first-order critical point of L associated with S,,4,. From Lemma 21, we have

T -1 . 2
USpaaUs,,.. 2y xXxx € argmin |IRX —Y~.
ReRy *do
rk(R)<rmaas
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Let W be a first-order critical point associated with S, (note that from Proposition 2, such W
exist). We have Wy --- Wy =Us, . Ugmw EYXZ)_(lx, hence, for all W = (W},,..., W), since
tk(Wp -« WY) < Fimqa, we have

LW)> min ||[RX -Y|?=|Wg---W1X —Y|?=LW).

ReRdy > da

rk(R)<rmaz
As a consequence, W is a global minimizer of L.
Conversely, if W is a global minimizer of L, then W is a first-order critical point of L. From Proposi-
tion 1, there exist S C [1, dy] of size r € [0, 7pq.] such that Wy --- Wy = USUEEYXE;(lx, and
we have L(W) = tr(¥yy) — > _;cs Ai- But we have from Assumption 1, A\; > ... > Ay , and,
since X is invertible (see Lemma 20), then Ady > 0. Therefore, using Proposition 2, W is a global
minimizer of L implies that S = [[1, rmaz]] = Smaz- Hence, W is a global minimizer of L if and
only if W is a first-order critical point of L associated with S;,44.
Let us now prove Proposition 11.
Let W = (Wgy,..., W) be a first-order critical point associated with Sy,q: = [1, 7maz]. Us-
ing Proposition 9, there exist invertible matrices Dy, € Ré#-1%du-1 D, e Rhxd and
matrices Zg € R(@v—rmae)x(dn—1-=rmaz) 7, ¢ R(dr—Tmaz)x(dr—1=Tmaz) for h € [2, H — 1], and
7, € Rd1—"Tmaz)xds gych that:

WH = {USmaT Y UQmam ZH] Dfill—l

T —1
Wl = D1 |:U$maa: EDZ};XEXX]
1

Tmazx 0

Wo=on| e )

} D', Vhe[2,H-1].
Conversely, consider matrices Dy, for h € [1, H — 1] and Zj, for h € [1, H] as in Proposition
11, and

WH - [Usmaz ) UQmaz ZH] D;Il—l

T -1
W1 =D, [Usmam EZYlX EXX]
I

Tmax 0

W=Dy | e )

}D;ll Vhe[2,H—-1].

Since [Synaz| = Tmaz» using Proposition 10, we have that W is a first-order critical point associated
with S;q.. This concludes the proof. |

Appendix D. Global Minimizers and Simple Strict Saddle Points (Proof of Proposition
13)

Recall that 7,4, = min(dg, . .., do).
Let W = (Wg,...,Wj) be a first-order critical point of L associated with S of size
r=rk(Wg---W1) < "maz-
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Case 1: S = [1, "naz] = Smaz- In this case, using Lemma 21,

Wi Wi =Us,, UL Syx2il € argmin |[RX —Y|?.
ReRy X da
rk(R)<rmas
Moreover, for all W' = (W7, ..., W/), since tk(Wy; - - - WY) < rpqq, we have

LW)> min ||[RX -Y|?=|Wg---W1X —-Y|?=LW).
ReRdyxda
rk(R)<rmaz

As a consequence, W is a global minimizer of L.

Case 2: In order to prove the two remaining statements, we assume that S # [1,r] with
0 < r < Tmag, and show that W is not a second-order critical point.
To do this we will find W = (W},,..., W) such that co(W,W’) < 0 (see Lemma 12 ). More
precisely, we find a linear trajectory of the form W}, (t) = W}, 4+ tW] such that the second-order
coefficient of the asymptotic expansion of L((W}(t)),_; ) around ¢t = 0 is negative. This proves
that W is not a second-order critical point.

Since § # [1,7], and the cigenvalues (Ag);cpy .1 are distinct and in decreasing order (see
Section 2), there exist j € S and ¢ ¢ S such that

N > )\j . (45)

We denote by S = {i1,...,4,}, hence there exists g € [1, r] such that j = i,.
Note that,

Us=UY_ Ejx
k=1

where Ej ;, € R%>7 is the matrix whose entries are all 0 except the one in position (, k) which is
equal to 1.

Denote by U, the matrix formed by replacing in Us the column corresponding to u; by u; + tu;.
More precisely, set

Ui=Us + tUELg .
SetV =UE;, € R%>" and

T
Vi=> Eyp+tEye RV (46)
k=1
Hence we have
U =Us+tV=UV;. a7

Considering D € R%*% as provided by Lemma 26, we set

W{ = D1 VIEyx I
O(dy —r)xds
W,=0 Vhe[2,H-1]

Wi = VUEWy .
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and for all h € [1, H], Wj(t) = W}, + tW}. Note that
Wy(t) =Wy + tWy = (I, + tVUE) Wy

and therefore
K(t) == Wg(t)--- Wa(t) = (Ig, +tVUS)K ,

where K = Wy - - - Wy. Using Lemma 26, there exists M € R%*% satisfying X M = 0 such that

-1
Wy =D""! { Us ¥y x¥x } +M.
O(dl—r)xdm
Hence,
T -1 T T -1
O(dy—r)xds O(dy—r)xds
where M € R%*d= ig such that KM = 0. Therefore
Wy o= Wg(t) - Wi(t)
= K(t)Wi(t)
T T -1
= (I, +tVUY) <KD1 [ (Us + V) 2vx2xx } +KM> .
O(dy—r)xds
From Lemma 26, using that KM = 0 and K = [Us  0Og, x (4, )] D, this becomes
[ UE+tvTSy x 23
Wy = (Lo, + tVUSE)[Us 04, x(dy—r) /DD [ s 0 JBrxBixx
(dlfr)XdI
= (Ig, +tVUS)Us(UE +tVT) Sy x S¥ -
Using that UgUS = I, (see Lemma 22), we obtain
W, = (Us +tV) (UL + V) Sy x 53 = UGU Sy xS (48)

Recall that our goal is to show that the asymptotic expansion of (49) around ¢ = 0 has a negative
second-order coefficient. We calculate

L(Wh(t) ey ) = WX = Y2
= tr (WExx W) — 2tr(W,Zxy) + tr(Syy) - (49)

Let us simplify tr(W; X x x W) first. Using (48), we have
WiSxx W = DU Sy xSk Sxx 25 Sxy UiUE = GUI SUUT .

Using (47), UTU = Iy, ¥ =UAU 7" and the cyclic property of the trace, we obtain

tr (WiSxxW]') = tr (UViVTUTUAUTUV VT UT) =t (VVTAVVT) = b (Vi) A)
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We define (Ej)k=1.4,,=1.4, the canonical basis of R%*%. More precisely, Ej,; € R%*% has all
its entries equal to 0, except a 1 at position (£, ). Note that for all a, ¢ € [1,d,] and b,d € [1,7]

T _
Ea,bEc,d = 6b,dEa,c )

where dp 4 equals 1 if b = d and 0 otherwise. Using the definition of V; in (46) and j = 1,4, for
g € [1,r], we have

r r
‘/t‘/tT — (Z Eik,k + tEi’g> (Z Eij;/’k/ + tEZg)

k=1 k'=1

T
= (Z Ezk1k> +1Ei, i+ tEi;, +t°Ei,
k=1

= (Z Ek,k’) + tEj;L' + tE,L'J + tQEi,i . (50)
kesS

We also have for all a, b, ¢, d € [1,d,]
Ea,bEC,d = 5b,cEa,d .
Recalling that j € S and i ¢ S, we obtain

(V}VtT)Q = < <Z Ek,k) + tEj’i + tEi’j + t2Ei,i> <(Z Ek’,k’) + tEj’i + tEi’j + t2Ei,i>

keS k'eS

keS
+(tB;j +t°Eii + 0+ 0) + (0+ 0+ °F; ; +tE; ;)

= <<Z Ekk) +tEj; +0+ 0) +(0+0+1°E;; +°F;,)

= <Z Ekk) + (1 + %) By + By + (1 + ) Eyj + t(1+ ) Ej; .
keS

Finally, since for all a, b € [1,d,]

EopA = NEqp (51
we have
tr (WiSxx W) = tr (ViT)*A) = D0 A+ 0+ 20+ 2, (52)
keS

Coming back to (49), we calculate the other term tr(W;X yy ). Using (48), (47) and ¥ = UAU7,
we obtain

tr(W;Exy) = tr(UUL'S) = tr(UV,VIUTUAUT) = tr(ViVEA)
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Combining with (50) and (51), we get

tr(WiSxy) = tr(ViV;TA) =) " A+ 12N (53)
keS

Finally, substituting (52) and (53) in (49), we have

LIWh(t) ey g) = tr(Syy) + D Ak + 21+ )N+ 120 =2 A, — 262N
keS keS
=tr(Zyy) — Z Ak + t2()\j - X))+ )\it4 .
keS

Using Proposition 1 and recalling (45), we finally get as ¢t — 0,
LIWr(t)y—y ) = L(W) +ct? +o(t?) with c=X; -\ <0.

Therefore, we conclude from Lemma 12 that W = (Wy, ..., W) is not a second-order critical
point.

Appendix E. Strict Saddle Points with S = [1,r], r < 7,4, (Proof of Proposition 14)

We refer the reader to Section 4.2, which introduces the 4 cases proved below. Recall that S = [1, 7]
and we set @ = [1,d,] \ S = [r + 1,d,].

In this section, for each vector space R%, we will denote by e,,, the m-th element of the canonical
basis of R% . That is, the entries of e,,, € R are all equal to 0 except for the m-th coordinate which
is equal to 1. The size of e,, will not be ambiguous, once in context, so we do not include it in the
notation.

Remark about » = 0: Using the conventions of Section 2, in this case we have S = () and
Q@ = [1,dy]. Hence Us is the matrix with no column, Ug = U, and UgUg = 04, xd, - For example,
we still have I, = Us Ug +Uq Ug . We can easily follow the proofs below with these conventions
and see that the result still holds.

E.1 IstCase: i € [2,H — 1] and j = 1

In this case, the two complementary blocks are > xy Wy -+ - W;41 and W;_q - - - Wa. Recall that S =
[[1, T']] and r < Tyer = min(dH, . ,do). Note that rk(EXyWH oo Wi+1) = I"k(WH e Wi+1)
because X xy is of full column rank (see Assumption 1, in Section 2) .

Since the pivot (4, 7) is not tightened, using Proposition 4, we have

k(W ---W;
T ( H +1) >r (54)
rk(Wi_l <o WQ) > .
Let us first show that there exists k£ € [r 4+ 1,d,] and [ € [1, d;] such that
Ul (Wi Wig1) . #0. (55)

Indeed, assume by contradiction that for all £ € [r + 1,d,] and [ € [1,d;] we have

UL (W - Wiy1)., = 0.
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Recalling that Q = [1,d,] \ S = [r + 1, d,], we obtain UgWH -+ Wit1 = 0. Using from Lemma
22 that Iy, = USUE + UQU(g’ we have

Wy -+ Wipr = (UsU§ + UQUH)Wy -+ Wit
= U5U§WH"‘Wi+1-

Therefore,
tk(Wg - Wig1) = tk(UsUE Wy - Wigq).

The latter is impossible since tk(UsUL Wy - - - Wi t1) < |S| = r, which is not compatible with (54).
Therefore (55) holds.

Since W is a first-order critical point, using Lemma 26, there exists an invertible matrix D € R% >
such that

Wiy -+ Wa = [Us, 04, x (d4,—r)| D (56)
and since W is associated with S, we have
Wy Wi = UsUESy x5 - (57)

Using (54) and D invertible, we have rk(W;_1 --- Wo D™ 1) = rk(W;_1 - - - W3) > r. Hence there
exists g € [r + 1, d;] such that

(Wi—q - WaD™Y) ,#0.
Therefore, there exists a € R%-1 such that
T -1\ _
a (Wi—y---WoD™ %) g=1. (58)
Recall that k, [ satisfy (55). We define W = (W}IB, e Wllﬂ) by

VV;B = BW! = Beja’ € R%*di-1 where ¢; € R
Wl’fB =W = D‘legUkTEYXE;gX € R4*de | where e, € R%
WP =0 Vhel2,H]\{i}

We set WA(t) = (Wfl(t), e ,W{B(t)) such that W,’f(t) =Wy + tW,’l’B for h € [1, H]. We have

W) s = Wit) - Wi (1)
=Wg - Wiga (Wi + tBW]) )Wy - - Wo (W1 + tW])
=Wy Wi+ t(BWg - Wi a W Wiy - Wi+ Wi - - Wa W)
+ BtEWy - Wi WIW,_y - - W W .

Using (56) and (57), we obtain
WA(t) = UsUL Sy xS + t(BWir - - Wipa Wi Wiy - Wi + [Us,0|DD e, Ul Sy x 55 )
+ BEWi -+ Wigr) ga’ (Wimq - WD) Ul Syx 25
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Using (58) and g € [r + 1,d;], we have
WP (t) = UsUE Sy xS + tBWy -+ Wia Wi W1 - - Wi + (Wi - Wi1) JUL Sy xS
Denoting N = Wy -+ - Wiy W/W,;_y - - - W7, we have

LWP() = [WF()X - Y|?
= [|UsUS Sy xTxx X =Y +tBNX + Bt* (Wi - - W) 4Uf Syx S X7 .

Expanding the square, the second-order term co(W, W’ﬁ)t2 has a coefficient equal to

c2(W, Wh) = B2INX|* + 28 tr(Wg - - Wig1) oUL Syx X XX TS Exy UsUL)
—2Btr(Wi -+ Wit1) 2Uf Sy xS XYT)
= B|NX|]* + 2B tr(Wh - - Wig1) JULSUsUS) — 2B8tr(Wh -+ Wig) JULS)
= B|NX|]> = 28NU (Wi -+ Wi1) 1
where the last equality follows from Lemma 23 and k ¢ S, and UT'Y = AU and the cyclic property
of the trace.

Using Lemma 20 and (55), we have )\kU,?(WH -+ Wiy1).1 # 0, hence we can choose 3 according
to (7), such that co(W, W%) < 0. Therefore, W is not a second-order critical point.

E.2 2nd Case: i = Hand j = 1

In this case, the two complementary blocks are ¥ xy and Wg_1 - - - Wa. We follow again the same
lines as above. Since the pivot (¢, j) is not tightened, using Proposition 4, we have

rk(Wp—q - Wa) > r. (59)

Again, since W is a first-order critical point, using Lemma 26, there exists an invertible matrix
D € R%1*d1 guch that

Wy - Wa = [Us, 0g, x (4, —)| D (60)
and since W is associated with S, we have
Wy Wi =UsUsSy xSy (61)

Using (59) and D invertible, we have rk(Wg_1 --- WoD 1) = rk(Wy_1 - -- W) > r. Hence there
exists g € [r + 1, d;] such that

(Wi_y---WaD™1) ,#0.
Therefore, there exists a € R¥ -1 such that

a'(Wy_1---WoD™) ;=1 (62)
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We define Wy = (W2, ..., W,") by
Wy = Wy = BU11a" € Rbxdi—

Wy =W{ = D le,UL, Sy x S5k € RU*% | where e, € RN
WP =0 Vhel[2,H-1].

We set WO(t) = (Wi (t), ..., W/ (t)) such that W} (t) = W), +tW,”, forall h € [1, H]. We have
WA(t) 1 = Wi(t)--- Wi(2)

= Wy +tBWi)Wy_1 - Wo(Wq + tW])

=Wy WL+ t(BWyWy_1 - Wi+ Wy - WoW)) + BEEW LWy --- WoW] .
Using (60) and (61), then (62) and g € [r + 1,d;], we obtain

WA(t) = UsUL Sy x S5 + t(BWWr—1--- Wi + [Us,0)DD e UL Sy x Sxy)
+ U 10" (W1 - WaD™h) UL Sy xS
= UsUS Sy xSy +tBWEWr_1 - Wi + Bt2U, UL Sy xS -
Denoting by N = W, Wg_y - -- Wi, we have
LW () = [WP(t) X —Y?
= |UsUSSy xS X — Y +tBNX + Bt2U 11 UL Sy x 2 X1
As previously, expanding the square, we can see that the second-order coefficient co(W, WZB) of the
polynomial L(W?4(t)) is given by
c2(W,Wj) = B INX|” + 28 tr(Ur1 UL Sy x Sy X X TS Sxy UsUE)
= 280U U} Sy x By XYT)
= B*|NX|]* + 2B tr (U1 UL SUSUE ) — 28 tr(Up UL E)

Using the cyclic property of the trace, UgUrH = 0 (see Lemma 22), and XU, 41 = A\p41Ur41, we
obtain

co(W, W) = B*INX|* = 28X 11U Ura
= BINXI? ~26As1 -
Using Lemma 20, we have A\, ;1 # 0, hence we can choose /3 according to (7) such that co (W, WQ;) <
0. Therefore W is not a second-order critical point.
E.3 3rd Case: i = H and j € [2, H — 1]

In this case, the two complementary blocks are W;_1--- W1 X xy and Wy _1 --- W; 1. We follow
again the same lines as above. Since the pivot (7, j) is not tightened, using Proposition 4, we have

{rk(WH_l'-'VVjJrl) >r (63)

rk(Wj,1 s lexy) >1r.
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Let us first show that there exist £ € [+ 1,d,] and [ € [1,d;_1] such that

(Wj—1--- W) SxyUp #0 . (64)
Indeed, assume by contradiction that for all k € [+ 1,d,] and [ € [1,d;_1] we have

(Wi ---W1), ExyUy = 0.

Recalling that @ = [1,d,] \ S = [r + 1,d,], we obtain W;_; - -- W1 X xyUg = 0, and using, from
Lemma 22, that I;, = UsUZ + UQUS, we have

Wi_1--WiSxy = Wj_1 - WiSxy (UsUZ + UgU3)
=W,_1-- WiExyUsUS .

Therefore,
I‘k(Wj_l e lexy) = rk(Wj_l R lenygUg).

The latter is impossible since rk(W;_; - - - lenygUg) < |S| = r is not compatible with (63).
Therefore (64) holds.
We know that tk(Wg---W;y1) > rk(Wg---Wp) = r. Therefore, depending on the
value of rk(Wpg ---Wj41), we distinguish two situations: either tk(Wg---Wjiq1) > r or
I‘k(WH cee Wj+1) =T.
When rk(Wg - - - Wjg1) > r, since X xy is of full column rank, we have rk(Xxy Wy - - - Wjtq) =
tk(Wp -+ - Wjy1) > r. Also, using (63), we have rk(W;_y - -- Wa) > rk(W;_1--- W1 Xxy) > r.
Hence, in this case, the pivot (7, 1) is not tightened either. We have already proved in Section E.1 (be-
ware that the pivot is denoted (4, 1), not (j, 1), in Section E.1) that, when such a pivot is not tightened,
W is not a second-order critical point. This concludes the proof in the case rk(Wg - - - Wji1) > 7.
In the rest of the section we assume that tk(Wg - -- W) = 7.
Using (63), we have tk(Wy_1---Wjt1) > r = tk(Wpg --- Wj41). Applying the rank-nullity
theorem we obtain

Ker(Wis 1+ Wis1) C Ker(Wy - Wji).

Therefore there exists b € R% such that

be Ker(WH s Wj—H) (65)
b ¢ Ker(WH,l ce Wj+1) .
Hence, there also exists a € R4 -1 such that
atWy_y- Wjpb=1. (66)

Recall that k, [ satisfy (64). We define Wlﬁ = (W;f, e WI/’B) by

Wy = Wl = BUka” € RAv>di
W]fﬁ — W]/ = be;[ = RdﬁXdﬂ'—l, where ¢; € R%i-1
W’ =0 vhe[l,H]\ {i,5}
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We set WA (t) = (Wfl(t), e Wlﬂ(t)) such that W,?(t) =W+ tW;L’B for h € [1, H]. We have

W) s = Wie) - Wi (t)
=Wy + tﬁW;{)WHfl S Wj+1(W]’ + tWJ{)W]’_l - WA
=Wy W1 +t(BWyWg_1--- Wi+ Wy - Wj+1W;Wj_1 W)
+ BWy - Wi WiW, g+ W

Using Proposition 1 and the definition of Wb above, we obtain

Wht) = UsUL Sy x X5 +t(BWEWr_1 - Wi + Wi - Wi 1bel Wiy -+ W)
+ BPU " Wi —1 -+ Wi b(Wi—q -+ Wi,
= UsUSSy xSy +tBWEWr_1 -+ Wi + BEU (W1 -+ W1),,,
where the last equality follows from (65) and (66) .
Denoting N = W, Wy _; - -- Wi, we have
LWP() = [WF()X —Y|?
= |UsUISy xS X — Y +tBNX + Bt2UL(Wj—1 - - W) X || .

Using the cyclic property of the trace, and, since k ¢ S, UgU r = 0, we get in this case a second-order
coefficient equal to

c2(W,Wj) = B INX|* + 28 tr (Up(Wj—1 -+ W), X XS Sxy UsUZ)
—2Btr(Upg(Wj—1---W1);, Exy)
= BINX|* = 28(Wj—1- W), Exy Uy .

Since from (64), (Wj,l e Wl)l’.EXyUk =% 0, we can choose 3 according to (7), such that
ca(W, W’ﬁ) < 0. Therefore W is not a second-order critical point.

E.4 4th Case: i,j € [2, H — 1], withi > j

In this case, the two complementary blocks are W1 --- W1 Xxy Wy --- Wigqg and Wiy --- Wiy,
We follow again the same lines as above. Since the pivot (i, j) is not tightened, using Proposition 4,
we have

rk(Wi_l s Wj+1) >r (67)

rk(Wj,1 W Exy Wy - Wi+1) >,

Let us first show that there exist & € [1,d;] and [ € [1,d;_1] such that
(W1 W)y, SxyUQUb (Wi -+ Wig1) i #0 . (68)

Indeed, assume by contradiction that, for all k € [1,d;] and [ € [1,d;_;], we have

(Wj—1- W), ExyUoU (W -+« Wig) e = 0.
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Then W, _q - -- WlZXyUQUCgWH -+ Wis1 = 0, and so, using Idy = UgUg + UQUg, we would
have

Wi WhilxyWyg - - Wipn = W1 - Wilxy Ly Wy -+ Wipa
=Wj_1-+ WiSxy (UsU§ + UQUQ) Wi -+ Wipa
=Wj_1- - WiSxyUsUI Wy - Wiyq .

Therefore,
rk(Wj—1 - WiSxy Wy - Wig1) = tk(Wj_1 -+ Wi S xyUsUE Wy - Wiy1).
The latter is impossible since rk(Wj,l---WlEXyUgUgWH---WiH) < |S] = r is not

compatible with (67). Therefore (68) holds.

We know that tk(Wg --- Wj1) > rtk(Wg---Wi) = r. Therefore, depending on the
value of rtk(Wpg ---Wj41), we distinguish two situations: either tk(Wg ---Wjiq1) > r or
rk(WH s Wj+1) =T.

When rtk(Wg---Wjiq) > r, since Xxy 1is of full column rank, we have
tk(Exy Wy - Wjp1) = tk(Wg - - Wjgq) > r. Also, using (67), we have rk(W;_ --- Wy) >
tk(Wj_y--- W1 ExyWpg - - Wit1) > r. Hence, in this case, the pivot (j, 1) is not tightened either.
We have already proved in Section E.1 (beware that the pivot is denoted (4, 1), not (4, 1), in Section
E.1) that, when such a pivot is not tightened, W is not a second-order critical point. This concludes
the proof when rk(Wg - - W) > 7.
In the rest of the section we assume that rk(Wg - -- Wj1) = 7.
Using (67), we have rk(W;_y---Wj41) > r = tk(Wg ---Wj41). Applying the rank-nullity
theorem, we obtain

KCI'(VVZ',1 ce Wj+1) g_ KCI'(WH ce Wj+1).
Therefore there exists b € R% such that

{b € Ker(Wy -+ Wjy1) )
b¢ Ker(Wi—1---Wijyq1) .
Hence, there also exists a € R%-1 such that

a' Wiy Wib=1. (70)

Recall that k, [ satisfy (68). We define W = (W}/,...,W;") by

Wilﬁ = W] = Beral € R%*di-1 where ¢j, € R%
WJ{B — Wj’ = belT € R%*dj-1 where ¢; € R%i-1
Wy’ =0 vhe[l,H]\ {i.j} .

We set W(t) = (WP (1), ..., Wi (t)) with W/ (£) = Wy, + tW,” for all h € [1, H]. We have,

WE) = Wit) - Wi(1)
=Wy Wiga(W; + tBW) YWy - Wi (W + tWJ{)Wj_l W
=Wpg- Wi+ t(BWg - Wit WWi1 - Wi+ Wy - Wi WiW,_q -+ W)
+ BEWy - Wi A Wi Wiy - - - Wi WjW,_q - W1 .
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Using Proposition 1 and the definition of Wlﬁ above, we obtain

W’B(t) = USUEZYXE)_(}X + t(ﬁWH oo ‘/Vz‘—i—lW@'/‘/Vi—l Wi+ Wy Wj+1b€lTWj_1 v Wl)
+ BE(Wi - Wig1) pa? Wiy - Wi b(Wj_y - W),
= UsUS Sy xSy +tBWi - Wi a WiWig - Wy + BEWer -+ Wis1) (W1 - Wh)i,

where the last equality follows from (69) and (70) .
Denoting N=Wyg--- WZ‘+1W1-/WZ'_1 --- W1, we have
LWA (1)) = [[WP(t)X —Y|?
= |UsUESy xS 5 X =Y +tBNX + BE2(Wi -+ Wig1) e (Wi—g -+ Wi) X%

The second-order coefficient of L(W?(t)) is equal to

c2(W, W) = BINX|* + 28 tr (Wg - Wig1) g(Wj—1 -+ W1), XXTS N Sxy UsUL)
=28t (Wh - Wit1) g(Wj—1--- W), Xxy)
= BINX|?+ 28t (Wp -+ Wigr) p(Wj—1 - W), Sxy (UsUE — 1)) -

Using, from Lemma 22, that Ug Ug — 14, = -Ug Ug , and then the cyclic property of the trace, we
obtain

c2(W,Wp) = B2 INX|* = 28tr (Wh - Wis1) p(Wj—1 -+ W), SxyUgUp)

= BINX|?* = 28(Wj—1--- W), ExyUQUG (Wi - Wi1) i -

3]

Since from (68), (W;_1 - -- Wl)l’.EXyUQUg(WH -+ Wiy1). x # 0, we can choose /3 according to
(7) such that co(W, W’ﬁ) < 0. Therefore, W is not a second-order critical point.

Appendix F. Non-strict Saddle Points

In this section, we prove the results related to non-strict saddle points (see Section 4.3).

F.1 Proof of Proposition 17

To prove Proposition 17, we show that for any W', co(W, W’) > 0, which is equivalent to say (see
Lemma 12) that W is a second-order critical point. We follow the proof strategy sketched in Section
4.3 after the statement of Proposition 17, and use the same notation introduced therein. Note that a
first-order critical point can only be tightened if I > 3. Therefore, in all of this section we make
the assumption H > 3. Recall that m is the number of examples in our sample, S = [1, 7], with
T < Fmaz. Weset Q = [r+1,d,].

Recall also that

12 = By x 25X € Rbvxm,
and

o2 =UAVT
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is a Singular Value Decomposition of ¥'/2, where A € R%*™ is such that A; = /A; for all
i € [1,dy], and (Xi);_; g4, are the eigenvalues of 3.
We denote

A = diag(v/A1, ...,/ A) €RTT 71

and

AQ = diag(y/ i1, ..., 1/ Ag,) € RET*d=r) (72)

Recall that, from Section 4.3, co(W, W') = FT + ST .

In what follows, we are going to present a key lemma, then various quick technical lemmas, then we
simplify the expressions of F'T" and ST and conclude the proof of Proposition 17. Then, we prove
all the lemmas of Appendix F.1.

We present a lemma which uses that W is tightened to simplify some products of weight matrices
and lighten further calculations. This is a key lemma as it introduces indices p and g which will be
used multiple times in the proof.

Lemma 30 Suppose Assumption 1 in Section 2 holds true. Let W = (W, ..., W1) be a first-
order critical point of L verifying the hypotheses of Proposition 17, and r, S, Q, (Zp)n=1..1 as in
Proposition 17. If W is tightened, then, there exist p € [3, H] and q € [1, min(p — 1, H — 2)] such
that:

vie[lp—1,  Wg- Wiy = [Us, 0] (73)
Vie[p Hl, Wii--Wo= [ p } (74)
Vielg+1,H], Zii Z2Z1SxyUg =0 (75)
Vi € [1,4], Woo1---Wip1 = [I(; 8] : (76)

The proof of Lemma 30 is in Appendix F.1.5.

F.1.1 USEFUL TECHNICAL LEMMAS

We now present technical lemmas which will be useful in Sections F.1.2, F.1.3 and F.1.4. In all of
these Lemmas, we have S = [1,7] and Q = [r + 1, d, ], and Assumption 1 holds true.

Lemma 31 We have
SxyUg = XVoA@ .

The proof of Lemma 31 is in Appendix F.1.6.

Lemma 32 Let n be a positive integer. For any matrices A € R%*"™ and B € R"™*" we have
IA+UsB|* = |Us A+ B|* + |UGA|” -

The proof of Lemma 32 is in Appendix F.1.7.
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dy—r)

Lemma 33 Let n be any positive integer. For any matrices A € R and B € R"*( we have:

(AUESy xS X, BVg) =0.
The proof of Lemma 33 is in Appendix F.1.8.

Lemma 34 Let n be any positive integer. Let W = (Wyy, ..., Wh) be a first-order critical point of
L verifying the hypotheses of Proposition 17, and r, S, Q, (Zp)n=1..u as in Proposition 17. If W
is tightened, then, for q as in Lemma 30, for any matrices A € R"*(4a=7) gnd B € R"*(dy=") e
have:

(AZy- ZyZ1X , BV ) =0.
The proof of Lemma 34 is in Appendix F.1.9.
Lemma 35 For any matrix A € R4=")%7 ye have

roody

JAUEEy xS XN =D D7 (ha = M) (Ap—ra)® + [AD A%
a=1b=r+1

The proof of Lemma 35 is in Appendix F.1.10.

Lemma 36 Let W = (Wy, ..., W) be a first-order critical point associated with S. For any matrix
A € RW>d= ye have

(AX , Wy WX =Y)=(A, -UgUbSyx) .

The proof of Lemma 36 is in Appendix F.1.11.

F.1.2 SIMPLIFYING F'T

In this section and the next one, we simplify the expressions of F'I" and ST as defined in (14) and
(15). In order to decompose FT' = ay + || As||? + || A3||? + || A4||%, with a; > 0, we first simplify the
terms 7;, for i € [1, H], defined in (12). Let us first consider W tightened satisfying the hypotheses
of Proposition 17, and p and ¢ defined as in Lemma 30. The simplification of T; depends on the
position of ¢ with regard to 1, ¢, p and H. We define J; = [p, H — 1], Jo = [¢ + 1,p — 1] and
J3 = [[2’ Q]]‘

Note that, according to the convention in Section 2, these sets could be empty.

'ifp:H,le(Z)
cifg=p—1,Jo=10
'ifq:LJg:@ .

Note also that {1}, J3, Jo, Ji, {H } are disjoint and {1} U J3 U Jo U J; U{H} = [1, H].
Depending on the position of ¢, we need to distinguish four cases, in order to simplify 7.
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Lemma 37 Suppose Assumption 1 in Section 2 holds true. Let W = (W, ..., W1) be a first-order
critical point satisfying the hypotheses of Proposition 17, and r, S, Q, (Z},)h=1.. as in Proposition
17. Leti € [1, H]. Forany W = (W}, ..., W), recall that , as defined in (12),

T, :WH"'Wi+1WZ'/Wi—1"'W1X-
If W is tightened, then, for p and q as defined in Lemma 30 and J1,Jo,J3 as defined above, we have
e Fori = H.:

Ty = (W) 1.UE Sy x D3 X (77)

e Fori e Jy:

T, = Us(W)1r12US Sy xS X + UgZuZi-1- Zia(W))rs1.d,10US Sy x X X
(78)

e Fori e JyU Js:
T; = Us(W) 110 US Sy x S5 X + UsW)1rirea, Zicr -+ Z2Z0 X (79)
e fori=1:
Ty = Us(W1)1:r, X (80)

The proof of Lemma 37 is in Appendix F.1.12.
We now simplify F'T". Substituting the formulas of Lemma 37 in (14) we have

H
>
=1
= |(Wh).12UE Sy x 2 X

+ > (UsW)1r12 U Sy x S5 X + U ZuZu -1+ ZiA(W])ri1:a,10UE Sy x Sy X)
i€Jy

2
FT =

+ > (UsW) 12U Sy xS X + Us(W)tirpsca, 1 Zio1 -+ Z2Z1 X) + Us (W1 X
i€JoUJ3

FT can be identified with a term as ||A + UsB||? if we take

A= Wi) 1oUSSyx S X + > UoZuZu 1+ Zist(W)ri1:4,1::US Sy x Dxy X

i€Jy
and
B =Y (W)ir1Us Sy xSy X
i€Jy
+ D (WDrranUS Sy x S35 X + W) 1irrttidi s Zicr -+ - Z2Z1X) + (W1, X
1€J2UJ3
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Applying Lemma 32, F'T becomes:

FT = ||[US A+ B|* + |UHA|?

= |UE (W) 10 USSyx S5 X + Y UEUQZuZu 1+ Zia(W)ri1:a,10US Sy x Sy X

i€Jy
+ D (W12 US Sy x S X
i€J1
2
+ > (WD USSyx S5 X + Wtwgttde Zict -+ 2220 X) + (W1 X
1€JoUJ3

+ | UG W) 1 US Sy xSx5 X + D UGUQZuZu 1 -+ Zist (W) )ri1:a 12U Sy x Bx s X
i€J1

Using Lemma 22, we have UgUQ = (0 and UgUQ = Ig, ., hence we can write
FT =F1 + F1y

where

FTy = ([US(Wh) 12 UESyx S5 X + ) (W) 11U Sy x Dy X
1€y

+ Z 115 Us Sy xS X + W) tritds 1 Zic1 -+ 2220 X) + (W) X ||

i€JaUJ3

and

2

FTy = U (W) 1 USSyxSX X + Y ZuZu-1 - Zia(W)) 1,1, U Sy x BX5 X
i€Jy

Let us first simplify F'7T7.

Recall that m is the number of examples in our sample, V' € R™*™ is the orthogonal matrix defined
in(l)and Q = [r+ 1,d,]. WesetS = SU [dy + 1,m] = [1,r] U [dy + 1,m] such that
S'uQ =[1,m].

Reordering the terms and, since V' is orthogonal, using I, = VVT = Vs VS, + Vo VQ , we have

FTi = ||| US (W) 1 + Z (Wirair | UsZyxSxx X
i€J1UJ2UJ3
+Z 17“T+1dz 1Zi-1 o ZaZn X
i€J2
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2

F D VDrrira s Zioa - ZaZa X + (Wi X | (VeVe + VoVg)

i€J3

Since for i € Jo, we have 1 — 1 > ¢, we denote

N := Z(Wi,)lzr,r—&-l:di_lzifl L4l
i€J2

Recall that, using the convention in Section 2, for i — 1 = ¢, we have Z; 1 -+ Zy41 = g,
We also denote

M = (Wt ri1:d;_y Zie1 -+ Z2Z1 XV + (W1, X Vo
i€J3
= Wtworrd, 1 Zio1 - ZaZ1 XV + (W) X Vst
i€J3
L= g(W;{>.,1:r + Z (Wi/)lzr,lz'r .
i€J1UJ2UJ3

Therefore, we obtain

FT = |LULSy xS X + NZy -+ ZoZ1X + JVE + MV |
— ||LUESy XS5 X + N2y ZoZ0 X + JVE| + || MV |
+2(LUSSy xSy X + NZy - 2221 X + JVE , MV} .

Using Lemma 33 and Lemma 34 and Vg Vs = 0 (since V is orthogonal), the cross-product is equal
to zero.

Noting also that since V' is orthogonal || MV [|* = tr(MVZVoMT) = tr(MMT) = |M]|* =
| M7, we have

FTy = |LUTSyxS34 X + NZ, - 22, X + JVE|* + || M7
= || A2||* + || A4])?
where
Ay = LULSy xS 5N X + NZy - 2o 20 X + JVE
= Ug(W;{),lrUEEYXE)}lxX + Z(Wi’)liﬁliTUgEYXE;(lXX
iceJq
+ 3 (W11 UE Sy xS X + W tirrttids 1 Zicr -+ Z2Z1 X))
i€Jo
+ Z ((WZ'/)IZT,IZTUEEYXE;(:}XX + (WZ'/)lzr,r+1:di,1Zi—1 T ZQZIXVS’V‘S:C) + (W{)liﬁ-XVS'V«g;
i€J3

8D
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Api=MT = | Y W) trrtsdir Zir - ZaZ1 XV + (Wi XVo | (82)
i€J3

Let us now simplify F'T5.

We have FTy = ||AUE Sy x5 X ||, with

A=Us(Wy). 1 + Z ZaZg—1- Zist(W])yi1a, 10 € RUETXT
i€Jy

Hence, using Lemma 35, we have

r dy
FTy =YY" (Aa— ) (Ap_ra)® + |A@ 42
a=1b=r+1
rody 2
=D Qe =) [ UF Vi) o+ D (Zi)o—r Zri—1 -+ Zica(W])ritidia
a=1b=r+1 ieJy
2
+ A(Q) U5<W;{).,1:T + Z ZyZyg—1--- Zi-l—l(Wi/)?”-i-l:di,l:T
i€Jy
= a1 + || 43]*
where
roody 2
ar = > o= M) | UE Vi) o + > (Zi)o-r.Zri1 ZitW])rstidia | (83)
a=1b=r+1 ieJy
Az =A@ US(Wir). 1 + Z ZaZa-1-- Zigt(W)rg1:d, 100 (84)
i€y
Finally,
FT =FT, + FT)
= a1 + [[A2])* + (| A3]” + [|A4l1? , (85)

where a1, Ao, A3, A4 are defined in (83), (81), (84), (82). Notice that, since Ay > --- > Ad,» WE
have

a1 >0. (86)

F.1.3 SIMPLIFYING ST

In this section, we prove that ST = —2 (As, Ay), where ST, Az and A4 are defined in (15), (84)
and (82). In order to do so, we first state a lemma that simplifies the terms T; ; defined in (13). We
remind that the sets J;, J2 and Js are defined at the beginning of Section F.1.2.
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Lemma 38 Suppose Assumption I in Section 2 holds true. Let W = (W, --- ,W7) be a first-order
critical point satisfying the hypotheses of Proposition 17, and r, S, Q, (Zp)n=1..g defined as in
Proposition 17. Let (i,j) € [1, H]? withi > j. Forany W = (W},,...,WY{), recall that , as
defined in (13),
Ti,j = <WH"'W1'+1WZ‘,W1’71"'Wj+1W]{W/‘7'71"'W1X, WH---WlX—Y> )
If W is tightened, then, for p and q as defined in Lemma 30 and J1,Js,J3 as defined above, we have
* Foriv= H:

- Forj € Js:
Ty = = (AQUEWi). s (Whinpsruay 1 Zimr -+ 2Z1XV) ) . (87)
- Forj=1:
_ @7171T (11! / T
Ty = = (AQUEWh) s (W1, XV0)T) - (88)
- Forj e J1U Jy:
Th;=0. (89)

e Fori € Jy:

— Forj € Js:

T
T = — <A(Q)ZHZH—1 o ZiakW)rs vt s (Witmpgrd; 1 Zj—1 - Z2Z1 X Vg) > .

(90)
- Forj=1:
Tin == (AQZuZy 1 ZiaWriar s (WD XVQ)T) - O
— Forj e Ji U Jy:
Ti;=0. (92)
e Fori € JoU Js, forall j <1, we have
T;,;=0. (93)

The proof of Lemma 38 is in Appendix F.1.13.

Let us now prove that ST' = —2 (A3, A4). We remind that [1, H] = {H} U J; U Jo U J3 U {1} and
separate the sum appearing in (15) accordingly.

‘We then substitute the formulas of Lemma 38 in (15) and obtain

ST=2 Y Ty

H>i>j>1
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i—1
=2 Z TH,j+ZTH,j+TH,1+Z Z Ti,j+ZZTi,j+ZTi,1+ Z ZTW

jeJ1UJ2 JEJ3 i€Jy jeJ1UlJs, i€J1 jEJ3 i€y i€JoUJs j=1
1<t
T / ! T
= =23 (AQUEWi) s (Wit Zimr o B 21X V) )
J€J3

=~ 2 (AQUEW}) 1 (W1, XV)T)

-2 Z Z <A(Q)ZHZH71 o Zid W) rsridai e s (W)t tid; 1 Zj—1 - ZQZ1XVQ)T>

i€Jy jeJ3
-2 Z <A(Q)ZHZH71 s Zi+l(Wi/)T+1ldi7117“ ) ((W{)l”"”XVQ)T>
1€J1
T
= -2 <A(Q)US(W;{),1T ) Z (Wj{)137"77"+1:dj—12j_1 o ZZZlXVQ * (Wll)lirv-XVQ >
JEJ3
-9 <A(Q) Z ZHZH—I son Zi+1(m/)r+l:di,127“ ’
1€J1
T
Z (W‘]{)IZT,T‘FlZdj_le*l T ZQZlXVQ + (W{)l:r"XVQ >
JjEJ3
= -9 <A(Q) Ug(Wﬁ).,lzr + Z ZgZg_1--- Zi—l—l(Wi/)r-i-l:di,l:r )
1€Jq
T
Z (W]{)lzr,r+1:dj_1 ijl T Z2Z1XVQ + (W{)l;n,XVQ >
JEJ3
= -2 <A3, A4> ) (94)

where we remind that A3 and A4 are defined in (84) and (82).

F.1.4 CONCLUDING THE PROOF OF PROPOSITION 17

Using the simplifications (85) and (94) above, for any W satisfying the hypotheses of Proposition 17,
if W is tightened, then for any W/,

(W, W') = FT + ST
= a1 + || A2||* + || 43| + | A4l — 2 (A3, As)
=ay + || Ag|® + || A5 — A4l]* .

Using (86), we find co (W, W) > 0.
Therefore, W = (W, ..., W) is a second-order critical point.
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F.1.5 PROOF OF LEMMA 30

First note that, for » = 0, we can easily follow the same proof and see that the result still holds with
the conventions adopted in Section 2.

Let us prove (73).

Consider the pivot (¢,7) = (2,1). Its complementary blocks are ¥ xy Wy --- W5 and I4,. Since
W is tightened and rk(I4,) = di > Tz > 7, we have rk(Xxy Wp --- W3) = r. Since X xy is
full-column rank, we obtain rk(Wg - - - W3) = r.

Let p € [3, H] be the largest index such that

rk(Wg---Wp) =1 (95)

Using (8) and (10), we have Wy --- W), = [Us , UgZuZu—1 - - Zp).
Since rk(Wp - --W),) = r and since the columns of UgZyZy_1 - - Zp are in the vector space
spanned by the columns of Ug (which are orthogonal to the columns of Us), (95) implies

ZuZyg-Zy=0.
Therefore,
Wy W, =[Us, 0] .
Using (10), for all ¢ € [[1,p — 1],

Wey W1 = Wy - W) (Wp_q - Wiyq)

I 0
—[Us, 0] |'r
Us » 0] 0 Zp1---Zita
=[Us, 0] .

This proves (73).

Let us prove (74).

We consider the pivot (p, 1). Its complementary blocks are ¥ xy Wiy - - - Wy and Wy,_q - - Wa.
We have, by definition of p, tk(Wp - - - Wy41) > r. Therefore, since ¥ xy is full-column rank, we
have rk(X xy Wg - - - Wpi1) = rtk(Wy - - - Wp11) > 7. Note that this holds both for p = H and for
p < H. Hence, since W is tightened, the second complementary block is of rank r, i.e.

tk(Wp—1---Wa) =1.

) | Iy 0
Using (10), we also have W,,_1 --- Ws = [ 0 Zy1--Zs } .
Then, since rk(Wp,_1---Ws) =r, we have Z),_; - - - Zo = 0 and
[ 0
)

Using (10) again, for all i € [p, H],

Wit Wa=(Wi_i- W) (Wp_y - Wa)
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e 0 I, 0
10 Zi1--Zp| [0 0
| I 0O
0 o]"

This proves (74).

Let us now prove (75).
Using Proposition 1, Lemma 20 and Lemma 22, we have

tk(Wy_1 - WiExy) > tk(Wg - - Wi Exy) = rk(UsULY) > 1k(UE (UsUL2)S"Us) = k(1) = 7.

Using (74) for i = p, we also have rk(W,_; --- W1Xxy) < rk(Wp_1---W3) = r. Hence,
tk(Wp—1---WiXxy) =1

Notice that, considering the tightened pivot (H, H — 1), since rk(Iy,, ,) = dg—1 > Tmaz > 1, We
obtain I‘k(WH,Q e lexy) =r.

We consider ¢ € [1, min(p — 1, H — 2)] the smallest index such that rk(W, - -- W1 Xxy) = r.
Using (10) and (9), we have

— [ ng
Wq...WIZXY* I Zq...zglexy

MUY

- A UF

Since k(W -+ - W1 xy) = r, every row of Z, - - - ZoZ1 X xy lies in Vec(U{ , ..., UL), hence we
have
Zy- 7221 SxyUq =0 .
Finally, we conclude that, for all i € [¢ + 1, H],
L Lo XNxyUqg=Zi 1+ Zgp14y- - Zo2Z1XxyUg
=Zi 1+ Zgi10
=0.

This proves (75).

Let us now prove (76).

Consider the pivot (H, q). Its complementary blocks are Wy WiXxy and Wy_q--- Wyiq.
We have, by definition of g, rk(Wq_1 ---WiXxy) > r. Hence, since W is tightened, the other
complementary block is of rank r, i.e. tk(Wg_; - -- Wy41) = r. Using (10), we have

I, 0

Therefore, Zp_1 -+ Z441 = 0 and

I, 0
WH_1-~-Wq+1=|: ]

0 0

64



Loss LANDSCAPE OF DEEP LINEAR NETWORKS

Finally, using (10), for all 7 € [1, q],
Woe_1- - Wiga =Wg_1-- - Wea Wy - Wipa
(1 0] [L 0
“1o o]0 Z Zip
(L0
10 0|

This proves (76) and concludes the proof.

F.1.6 PROOF OF LEMMA 31
Recall that 21/2 = EYXE;(:B(X. We have

Yxy = XY7T
=xxT(xxT)y-txyT
=X(=VHT.

Using (1), we obtain
Yxy = XVATUT,

and, since U is orthogonal, we have
YxyU = XVAT
Restricting the equality to the columns in (), we obtain
SxyUg = XVoA@ |
where A(@) is defined in (72). This concludes the proof.

F.1.7 PROOF OF LEMMA 32
Let A € R%*" and B € R"*". We have

|4+ UsB|* = | Al + |UsB||* + 2({A, UsB)
=tr(ATA) +tr(BTU{UsB) + 2(UL A, B) .

Using Lemma 22, this becomes

|A+ UsB||*> = tr (A" (UsU& + UgUK)A) + tr (B"B) +2(U¢A, B)
= tr(ATUQUSA) + tr(ATUsUS A) + tr(B"B) + 2(U§ A, B)
= |UGAI? + lUS AlP” + || BII* +2(Us A, B)
= |USAI? + |USA+ B|* .
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F.1.8 PROOF OF LEMMA 33
Recall that 1/2 = Yy XE)_(&X has a Singular Value Decomposition »/2 = pavT (see (1)).
Hence, we have ©'/2V = UA and therefore %.!/2V = UgA(@), where A(@) is defined in (72).
As a consequence,
UlSy xS X Vg = UEEY21;

= UlUA@

=0,
where the last equality follows from Lemma 22. Finally, we obtain for any A € R"*", B €
Rnx(dyfr)

(AUESy xS X, BV ) = tr(AUS Sy xSy x X Vo BT)
=0.

F.1.9 PROOF OF LEMMA 34

Using Lemma 31, we have X xyUg = XVQA(Q), then replacing this formula in (75) with ¢ = ¢+ 1,
we have
Zy- ZoZi XV A@ =0 .

Since A(®) is diagonal and its diagonal elements are non-zero, it is invertible, hence
Zy--Z2Z1 XVg=0.
Finally, for any matrices A € R"*(4—") and B € R"*(4—") we have

(AZy--- 721X , BVE) = tr(AZy- - 2271 XV BT)
~0.

F.1.10 PROOF OF LEMMA 35
Recall that A(S) is defined in (71) and ¥ = UAUT. Let A € R(4v—7)%" we have

|AUL Sy x5 X || = tr(AUL U AT)
= tr(A diag(\, ..., \)AT)
- s

rdy

:Z Z Aa(l4bfr,a)2

a=1b=r+1

r dy r dy
- Z Z ()\a - )\b)(Ab—r,a)Z + Z Z )\b(Ab—r,a)2

a=1b=r+1 a=1b=r+1

rdy

=3 (a— M) (Apra)® + [AQD A2

a=1b=r+1
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F.1.11 PROOF OF LEMMA 36

Let W = (Wp, ..., Wj) be a first-order critical point associated with S verifying the hypotheses of
Proposition 17 and let A € Ry X da Using (11), (9), and Lemma 22, we have

(AX , Wy WX -Y)=(A, Wy - W XXT —YXT)
= (A, UsULSy xS X XT — Sy x)
= (A, UsUiSyx — Syx)
= (A, -UgU4Syx) .

F.1.12 PROOF OF LEMMA 37

Let W = (Wpy,---,W7) be a tightened first-order critical point satisfying the hypotheses of
Proposition 17, and r, S, @, (Zy)p=1..g defined as in Proposition 17. Since W satisfies the
hypotheses of Proposition 17, we are going to use all the equations (8), (9), (10) and (11) defined by
these hypotheses and (73), (74), (75) and (76) of Lemma 30.

Let W = (Wy,,...,W]) and i € [1, H]. Recall that 7; is defined in (12) and .J; = [p, H — 1],
Jy=[q+ 1,p— 1], J3 = [2, ¢], where p and q are defined as in Lemma 30.

Consider the case : = H.
Substituting (74) and (9) in (12), we have

Ty = Wi (Wi - Wo)W1 X

o [ I 0] [ UESyxEYy
_WH[O OH Z X

_ o | USSyxEyk

vy [ R | x

= (W) 12Us Sy xSk X -
This proves (77).

Consider now the case i € J.
Substituting (8), (10), (74) and (9), in (12), we have, for i € J;

T = Wy(Wh—1 - Wi )W) (Wi - - Wo)W1 X

T -1
:[US,UQZH][IT 0 ][I 0 ]Wi’[[r OHUSEYXEXX}X

0 ZH—l 0 Zz'—i—l 0 O Z1
T -1
:[USa UQZHZH122+1}W1,|: USEYG(ZXX :|X

=[Us, UgZuZu-1- Ziz1) W)) 12U Sy x X5 X
= Us(W)) 1120 UL Sy xS X + U0 ZuZi-1 - Zigt (W) rs1:a, 10U Sy x 255 X -

Note that the above calculations are still valid in the case ¢ = H — 1. In this case using the convention
in Section 2, Wg_q1--- Wi+1 = IdH71 and Zg_q1--- Zi—f—l = IdH,l—r-
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This proves (78).

Consider now the case i € Jo U J3 = [2,p — 1].
Substituting (73), (10) and (9), in (12), we have, for ¢ € Jo U J3,

Ti=Wg - Wir)) W] (W1 - - Wo) W1 X
B L0 ] [ 0 ][ ULSyxSik
_ / UgZYXZ)_(lX
= US(WiI)lzr,lerngXE)_(lXX + US(WiI)liT,T+1:di—1Zi—1 e ZaZn X

Note that the above calculations are still valid in the case ¢ = 2. In this case, using the conventions
of Section2, Wi_y---Wa =14 and Z;,_1 - - - Zy = Igq,_,.
This proves (79).

Consider finally the case i = 1.
Substituting (73) in (12), we have

Ty =Wy - - Wo)WiX
= US(W{)].:T,.X .
This proves (80).

Note that, using the conventions of Section 2, the proof still holds for » = 0. In this case, T; = 0, V«.
This concludes the proof.

F.1.13 PROOF OF LEMMA 38

Let W = (Wg,---, W) be a tightened first-order critical point satisfying the hypotheses of
Proposition 17, and r, S, @, (Zx)p=1..g defined as in Proposition 17. Since W satisfies the
hypotheses of Proposition 17, we are going to use all the equations (8), (9), (10) and (11) defined by
these hypotheses and (73), (74), (75) and (76) of Lemma 30.

Let W = (Wy,,...,W]) and (i, j) € [1, H]? with i > j. Recall that T} ; is defined in (13) and
Ji=[p,H—1],Ja =[q+ 1,p— 1], J3 = [2, q], where p and ¢ are defined as in Lemma 30.

Consider the case i € {H} U J; and j € J; U Jo with i > j.
Applying Lemma 36 to (13) and using (10) and (9), we obtain

T,j = <WH"'Wi+1VVi’Wifl"'Wj+1WJ{Wj71"'W1X7 WH---WlX—Y>
=Wy Wit WiWiy - W aWWi_y - Wi, —UQU4Syx)
= —tr (WH cee Wi—i-lWi/W'—l s Wj_:,_lW](Wj_l ce lenyQUg;)
_ W W W Us XUq T
= —tr ((WH Wl+1Wi Wi_1 WJ_HW]- Zj—l o ZzzlzXYUQ UQ .
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Using Lemma 23 and since j > ¢ + 1, using (75), we obtain

T;; = 0.

)

This proves (89) and (92).

Consider now the case i = H and j € J3.
Applying Lemma (36) to (13) and using (76), (10) and (9), we obtain

Ty = (WyWy_1- WiaWijW_1 - WX, Wy - W1 X —Y)
= (WyWy_1 - W aWW,_1--- W1, —UqUbSyx)

_ , [ I, 0 [ UESy x 53 T
—<WH|: 0 0:|W |:Zj_1'-‘Z221 ,UQUQEYX

5 s, Tt )
Using Lemma 31, Lemma 23 and the cyclic property of the trace, we have
Thj=—tr <(W;{)~,12T(W]{)1:rv [ A/ ZOXV A@UT ])
j—1 2414 VQ Q

= —tr ((le'—l).,lzr(Wj{)lzr,rJrl:dj_lZj—l “e ZZZlXVQA(Q)U£>

= —tr (AQUEWi).tr W)y Zy1 -+ 2221 X Vo)
—(AQUEWh) 1o s (Wi 1 Za - 221X VR) )
This proves (87).

Consider now the case i = H and j = 1.
Applying Lemma 36 to (13) and using (76) and Lemma 31, we obtain

Ty = (WyWioy - WaW(X , Wy - W1 X —Y)
= (WyWy_1---WaW|, —UqU4Syx)

(o[ o, s
(0 v
<A“”UQIWg 1T,W§XT(W%) )7
= (AQUEWH) 1o (Wr XVR)T)
This proves (88).

Consider now the case : € J; and j € Js.
Applying Lemma 36 to (13) and using (8), (10) and (9) , we obtain

Ti,j:<WH"‘Wi+1WiIWi—1"’Wj—&-lw/j{wj—l"‘WlX7 Wy WX -Y)
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=Wy Wit WiWi_y - Wi aWW,_y - W, —UQUQTZYX>

UlSy xSy}
=- <[U$, UgZuZp-1-+ Zita) WiWi—1 -+ Wi Wj [ §EYXOXX ] : UQUgEXY>
Zi 1 Zaly

- _ . ane . / Ués T
= —tr <[Us s UZuZuy—1++ Ziga | WiWieq - Wi W [ Zi1 - ZoZiSxy UqgUg
U’Tz(f
— _ ULUe UXUAZ 700 1 T I W Wit oo Wi W s =YQ
tr([ Vs VQVQ4HLH-1 H—l] i Vi1 J+1 ][ Zi 1 2325y Ug ]) .

Using Lemma 22 and Lemma 23, we have
e = . / . . , 0
Tij=—tr ([0 s ZnZi—r - Zin | WilWia Win1W; [ Zj 1 Lo XxyUg
= —tr (ZuZu-1-- ZisiW))rgr:a, Wic1 -+ Wisa(W3) rqeay_1 Zj—1 -+ Z2Z1XxyUQ) -
(96)

Here, since W is tightened, taking the tightened pivot (7, j) we have two possible cases: either

tk(Wiq---Wjg1) = rorrk(W_y - - WiXxyWg --- Wig1) = r . We treat the two cases sepa-
rately.
In the first case, using (10) we have

I, 0 I, 0
Wisy---Wip1 = { 0 Zi_l]'”[ 0 Zj+1:|

_[Ir 0 ]
0 Zifl"'ZjJrl :

Hence, rk(W;_1 - - WjH) = rimplies Z; 1 --- Z; 1 = 0 and we conclude that

I, 0
= [ 5 0]

Then, using this last equality, (96) becomes

I. 0
T ; = —tr (ZHZHl o Zigt (W) rg1ad.. [ (; 0 } (W) rs1edy 1 Zj1 - ZZleXYUQ)
=—tr (ZaZg-1-- Zigx(W)ravdi 1 W) trpsr:dy_ Zj—1 -+ Z2Z18xy Ug) - 97

In the second case, we have rk(W,_1 --- W1 X xyWpg --- Wii1) = r. Let us prove that (97) also
holds in this case. Using (10), (9), (8), Lemma 23 and S = [1, ]}, we have

Wi1-- - WhilxyWg - Wipa

_| Usx [Us, UoZuZi-1 - Zisi]
7\ Ty DSxy s, UgZuZy_ i1

B UIsUs ULSUGZuZ—y -+ Zisa

| Zjor 22 ExyUs Zjor-- ZoZiXxyUQZuZu—1 - Ziga }

[ diag(Ma, e M) 0

| Zjo1 - ZZiSxyUs Zj_y - ZoZhExyUQZuZu—1 - Ziga } '
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Therefore since tk(W;_1 --- W1 X xyWg --- Wi41) = rand for all i € [1,7], A; # 0, we must
have

Zj 1 ZoliNxyUglyZy -+ Ziy1=0. (98)
Using the above equation, and the cyclic property of the trace, (96) becomes

Tij=—tr (ZaZg-1-- ZigtW))rgra, Wicr -+ Wi a(W)) rgria, 1 Zj—1 -+ ZoZ1 ExyUQ)
=—tr (Zj—1- 2221 XxyUQZuZi 1+ ZisaA(W))rgra, Wit - Wita(W)) g1,y )
=0.

We can use (98) again to write the equation 7; ; = 0 in the format of equation (97). Indeed, we have

—tr (ZuZu-1- Zigx (W) rgvrids 1o W)t i, 1 Zj1 -+ Z2Z15xy UQ)
=—tr (Zj—1- ZoZ0SxvUQZuZu—1 - ZisaW))rs1:d; 10 W) Lirr s 1:d, 1)
=0

=T, .

Therefore, in both cases we have
Tij=—tr (ZuZp-1-- ZisxW)rsvdi 1o Wi torps1:ay_ Zi1 -+ Z2Z18xyUQ) -
Using Lemma 31, it becomes
T;; = —tr (ZHZH—l o Zia(W) e vds 1or (W) Lerirgtedy 1 Zjo1 -+ ZQZIXVQA(Q)>
= —tr (A(Q)ZHZH—l o Zict(W) e vdy 1r W) territedy Zj—1 -+ ZQZlXVQ>
= — <A(Q)ZHZH—1 o Zidn W) rsridi i s (W)t tid; 1 Zjo1 -+ Z2Z1XVQ)T> .
This proves (90).

Consider now the case i € J; and j = 1.
Using Lemma 36 to simplify (13), we have

Tiq :<WH"'W/¢+1W/,{W/@>1'“W2W{X, WH"-WIX—Y>
= (Wh - Wit WWi_1 - WoW| , —UgU5Syx) -

Using Lemma 31 and substituting (8), (10), and since ¢ > p, using (74) , this becomes

)

Tin = — <[US s UZuZu 1+ Zia| W] { {)T 8 ] Wi, UQ(XVQA(Q))T>
- <A(Q) [UgUS ’ UC:SUQZHZH—l e Zi—l—l] (Wi/).,llT'(Wll)li'I’,. ) (XVQ)T> .
Using Lemma 22, it becomes

Ti1=— <A(Q) 0, ZuZa—1- Zig1] W) 10 (W) 1er,. (XVQ)T>
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= (ADZyZy o Zia Wt + (W1 XVQ)T)

This proves (91).

Consider now the casei € Jo U J3 = [2,p — 1] and j < i.
Applying Lemma 36 to (13) and , since 7 < p, using (73), we obtain
Ti; = <WH Wi A WIW,;_q -+ Wj+1W]’-Wj_1 WX, Wy W X — Y>

= (Wh - Wit WWiy -+ Wi WW_y - Wi, —UgU5Sy x)

= —tr([Us , OOW/Wi_y -+ Wi WiW;_1 - WiExy UgUQ)
The cyclic property of the trace and Lemma 22 lead to

Ti; = —tr([UUs , W/ Wiy -+ Wi aWiW,_1 - WiSxyUg)
=0.

This proves (93) and concludes the proof.

Note that, with the convention of Section 2, the proof still holds for r = 0. In this case, T; ; =
0,vi > j.

F.2 Proof of Proposition 15

Let W = (Wg, ..., W) be a tightened first-order critical point associated with S = [1, 7] with
7 < Tmaz- Then, using Proposition 9 there exist invertible matrices D1 € RH-1xdH - 1., D e
R4 >4 and matrices Zy € Ry—)xdr-1-7) 7, ¢ R(dl 7)Xds and Zy, € R(dh ’")X(dh 1=7) for
h € [2, H — 1] such that if we denote WH =WygDyg_1, W1 Dy YW, and Wh =D, "W,Dh_1
forall h € [2, H — 1], and W= (WH, ey Wl), then

Wy = [Us, UgZ)

N T -1
W= [Us EYZfExx}

I, 0
0 Zp

Wi Wy = [Us,0] .

Wh—[ ] Vhe[2,H —1]

Then, due to Lemma 16, and since W is a first-order critical point, we have that Wisa first-order
critical point. We also have WH Wl W - - - W1. Hence, according to Proposition 1 W is also
associated with S. N

Since W is tightened and multiplication by invertible matrices does not change the rank, W is also
tightened. Hence, W satisfies the hypotheses of Proposition 17 and therefore is a second-order
critical point. Finally, using Lemma 16, we conclude that W is a second-order critical point. Since
r < 'mae and X is invertible (Lemma 20), using Proposition 1, we have

Tmaz

L(W) =tr(Syy) — > A > tr(Syy) — Z Ai

Therefore, W is not a global minimizer, hence W is a non-strict saddle point.
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Appendix G. A Simple Illustrative Experiment

Next we provide more details on the experiment whose results were plotted in Figures 3 and 4. The
goal is to illustrate the behavior of the ADAM optimizer in the vicinity of strict or non-strict saddle
points.

Experimental setting. We optimize a linear neural network starting in the vicinity either of a
strict saddle point (10000 runs in total) or of a non-strict saddle point (10000 runs in total). For each
run, the setting is the following:

* Network architecture: d, = 10, dy, = 4, H = 5 and dy = d3 = d3 = d; = 10.
» Data construction: m = 100 i.i.d. data points (z1,y1),..., (Zm,¥m) € R% x R% such

that, for all ¢ = 1, ..., m, the points x; and y; are drawn independently at random from the
Gaussian distributions NV(0, I4,) and N'(0, Iy, ) respectively.

* Initial iterate: we define it as (Wy,..., Wg) = WP 4 (V, ..., Vy), for a critical point W%

(defined later) and a random perturbation (V1, ..., Vi) whose components (V},); j are drawn
cp

independently from the distributions N (0, a,%), with oy, = 0.1%. The critical point

W€ is defined as in (25) in Appendix B.8, for r = 2 (S = {1,2}) and

7 Ig, o for all h € [2, 4], for runs starting at a strict saddle point;
h = 0(d),—2)x(dp—2) forall h € [[2,4], for runs starting at a non-strict saddle point.

Since d4 = d3 = do = dj, note that the sizes of the above matrices Z}, are consistent with (25).
As explained in Appendix B.8, when Z}, = I, _ for all h € [2, 4], the critical point W is
non-tightened and therefore Theorem 7 guarantees that it is a strict saddle point. Similarly,
when Zj, = 0(4, —2)x (4, —2) for all h € [2,4], the critical point W is tightened and Theorem
7 guarantees that it is a non-strict saddle point.

* Optimizer: we use the ADAM optimizer of the Keras library, with the default parameters.

Observations. Figure 3 in Section 1.2 shows the evolution of the loss along the optimization
process for two representative runs (initialization near a strict or a non-strict saddle point). We can
see that, when initialized in the vicinity of the strict saddle point, ADAM rapidly decreases below the
initial value L(W). On the contrary, ADAM needs many epochs to exit the plateau at the critical
value of the non-strict saddle point.

In order to assess the importance of this phenomenon, we repeated the above experiment 10000
times for both strict saddle points and non-strict saddle points. For each run, we define and compute
the escape epoch as the first epoch such that L(W) < L(W?) — % (the average of the critical
values associated with S = {1,2} and 8’ = {1, 2, 3}). On Figure 4 (Section 1.2) the histograms of
the escape epoch are displayed separately for runs corresponding to strict saddle points (in red) or
non-strict saddle points (in blue). We can see that, while ADAM quickly escapes from the vicinity of
the strict saddle points, it takes many more epochs to escape from the vicinity of the non-strict saddle
points. In the last case, the plateau can easily be confused with a global minimum.
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