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Comparison between a slope stability method with radial slices and the General Limit Equilibrium formulation

) is also introduced. The new procedure worked well in all cases for both the new method and the GLE formulation and it is suitable for use with spreadsheets.

Introduction

In [START_REF] Alexandre | A new slope stability method[END_REF], a new slope stability method, which makes use of radial slices, was presented and comparisons with the Morgenstern-Price (MP) method were made for four simple cases. In the first two cases, both comprised of homogeneous dry soil and circular slip surfaces, the numerical procedure first devised worked well while that for the last two cases it failed to produce converged safety factors. One of these two cases where convergency was not achieved was a non-circular slip surface on dry homogeneous soil and the other comprised the same slip surface and same soil but subjected to a completely submerged condition. To solve this convergency problem a different numerical scheme was developed based on the work described in Ezpinoza (1992). The results showed good agreement between these two methods regarding the safety factors (maximum difference in safety factor was 3.2%) as well as in relation to the variation of the normal effective stresses at the base of the slices for all four cases. Despite the good results obtained, more work was deemed necessary for assessing the relative potential merits of the new method. The present paper attempts at providing a more comprehensive comparison with other rigorous slope stability methods currently in use in engineering.

Basic equations

In the method introduced by Alexandre (2020), as can be seen in the figure below, radial lines originated at the moment centre subdivide the potential slip surface in slices. For the sake of clarity, the following figure below shows all the relevant forces, distances and angles, from which, the revised equations of equilibrium will be based on. It is, however, important to note that the slice depicted below is geometrically distorted to facilitate the understanding of each variable. As in any other method of this kind, slices are numerous, which means that the central angle, in most applications is very small, in the order of a few degrees. The meaning of the symbols shown in the figure above are as follows (subscripts L and R indicate the left and right radial sides of a slice): E L and E R are the inter-slices total normal forces; X L and X R are the inter-slices shear forces; W is the weight of the slice; N 0 is the effective normal force at the base of the slice, U is the pore-pressure resultant at the base of the slice and T is the shear force at the base of the slice. In addition, is the angle between the vertical direction and the radial direction, is the slice inner angle, is the angle between the direction of the base of the slice and the direction perpendicular to the radial line and is the angle between the horizontal direction and the direction of the base of the slice. It is worth noting that = ¡ . Also, in the derivation of all equations, is considered positive in the counter-clock direction, forces pointing towards the moment centre are considered negative and moments and tangential forces are positive in the counter-clock direction. The equations of equilibrium shown in the sequence as well as Figure 2 above differ from their counter-parts from [START_REF] Alexandre | A new slope stability method[END_REF] as no pore-pressure resultants at the radial sides of the slices are considered. The reasons for this change are exposed below.

The equations presented in [START_REF] Alexandre | A new slope stability method[END_REF] included separate terms for the pore-pressure resultant and the normal effective resultant at the radial sides of the slices. As shown by [START_REF]Soil strength and slope stability[END_REF] section 6.8.1 Soil and Water Forces, in addition to complicating the development of slope stability software, it makes little difference if the side normal resultants are expressed by total or effective forces which is also corroborated by [START_REF] Geoslope | Stability Modeling with SLOPE/W -An Engineering Methodology[END_REF] in section 2.13 Seepage forces. Therefore, the equations of equilibrium presented in [START_REF] Alexandre | A new slope stability method[END_REF] were revised to the present form shown below:

W cos + (X R ¡ X L ) cos 2 ¡ ¡ N 0 + U cos ¡ T sin + (E L + E R ) sin 2 = 0 (1) (E L ¡ E R ) cos 2 ¡ W sin + T cos ¡ ¡ N 0 + U sin + (X L +X R ) sin 2 = 0 (2) (E L D e L ¡ E R D e R ) cos 2 ¡ W sin D + T cos D b ¡ ¡ N 0 + U sin D b = 0 (3)
It is worth noting that, in equation ( 3), D is the distance from the centroid of the slice to the moment centre, D e L and D e R are the distances from E L and E R to the moment centre, and D b is the distance from the point of application of N 0 and U to the moment centre.

Assuming that the strength of the soil is given by the Mohr-Coulomb failure criteria, = c 0 + 0 tan 0 , then, the mobilized shear at the base of the slice is given by:

m = c 0 F + 0 tan 0 F ( 4 
)
Where F is the safety factor. Here, m is used instead of just , as used in [START_REF] Alexandre | A new slope stability method[END_REF], in order to add clarity to the concept of mobilized shear resistance. Also, as conventionally defined, c 0 and 0 are the cohesion and friction angle of the soil and 0 is the normal effective stress. Considering that the length of the base of the slice is l then the mobilized shear force at the base of the slice is:

T m = c 0 F + 0 tan 0 F ! l (5)
Considering also that the effective normal stress resultant at the base of the slice is N 0 = 0 l, then:

T m = c 0 l F + N 0 tan 0 F (6)
In the following section, equations (1) to (6) will be used to develop a procedure for the assessment of the safety factor of a potential failure surface.

3 Procedure for the calculation of the safety factor of a potential failure surface

As the problem of determining the safety factor of a potential failure surface is statically undetermined, additional equations and/or hypothesis are required to match the number of equations and unknowns. In the present method, in addition to what was previously stated, the following hypothesis were adopted:

the effective normal force N 0 and the pore-pressure resultant U act at the intersection between the base of the slice and the radial line that bisects it; the ratio between inter-slice forces X and E is constant. That is X /E = a ; and a constant safety factor is assumed for all slices.

These assumptions are, of course, not new, and have been adopted in other methods such as Spencer's, MP's or in the GLE formulation. The adoption of the first assumption, related to the position of N 0 and U , is only acceptable if the slices are numerous and small in width. The second hypothesis, although lacking in theoretical justification, has proved to work satisfactorily as observed in the numerous implementations of the classical methods mentioned above. Lastly, the third assumption, although not true, is adopted to reduce the complexity of the problem. Despite these limitations and shortcomings as well as its clear inferiority in relation to more rigorous and sophisticated methods, like the finite element method, limit equilibrium methods still dominate the analysis of slope stability in routine engineering work.

Considering these assumptions and the previous equations, a procedure for calculating the safety factor of a potential failure surface, which is simpler than the ones described in Alexandre ( 2020) as well the one described by [START_REF] Espinoza | General framework for stability analysis of slopes[END_REF], was developed and it will be described below.

Making use of the inter-slice forces assumption as described above, the following can be written:

X L = a E L (7) X R = a E R (8)
Considering also that the force T becomes T m as described by equation ( 6) in a limit equilibrium condition for a given safety factor, then, equations ( 1) and ( 2) can be re-written as follows:

E R sin 2 + a cos 2 ¡ N 0 cos + sin tan 0 F ! = c 0 l F sin ¡ W cos + U cos + a cos 2 ¡ sin 2 E L (9) E R a sin 2 ¡ cos 2 + N 0 tan 0 cos F ¡ sin ! = W sin ¡ c 0 l F cos + U sin ¡ a sin 2 + cos 2 E L (10)
These equations, on the other hand, can be re-written as:

c 11 E R + c 12 N 0 = L 1 (11) c 21 E R + c 22 N 0 = L 2 (12)
Where:

c 11 = sin 2 + a cos 2 (13) c 12 = ¡ cos + sin tan 0 F ! (14) c 21 = a sin 2 ¡ cos 2 (15) c 22 = tan 0 cos F ¡ sin ! (16) L 1 = c 0 l F sin ¡ W cos + U cos + a cos 2 ¡ sin 2 E L (17) L 2 = W sin ¡ c 0 l F cos + U sin ¡ a sin 2 + cos 2 E L (18)
Solving the system comprised by equations (11) and ( 12) for E R and N 0 gives us:

E R = ¡ c 22 L 1 ¡ c 12 L 2 c 12 c 21 ¡ c 11 c 22 (19) N 0 = c 21 L 1 ¡ c 11 L 2 c 12 c 21 ¡ c 11 c 22 (20) 
These forces are key components in calculating the safety factor of the potential failure surface.

Working from left to right along the potential slip surface, E R and N 0 can be determined for all the slices considering that E L for the first slice is zero if no external force is acting on it and also considering that E R for slice i becomes E L for slice i + 1. With knowledge of the normal effective force N 0 at the base of each slice, the safety factors of forces and moments for the entire slip surface can be calculated using the following equations from [START_REF] Alexandre | A new slope stability method[END_REF]:

F m = P D b ¡ c 0 l + N 0 tan 0 cos P [W sin D + (N 0 + U)sin D b ] (21) 
F f = P (c 0 L + N 0 tan 0 ) cos P (N 0 + U ) sin (22) 
If, for assumed values of F and a , the safety factors as calculated using equations ( 21) and ( 22) are equal to one another and to the input safety factor, F , to a certain degree of numerical tolerance, then, this is the safety factor of the potential failure surface. It is worth noting that this condition of matching input and output safety factors is congruent with a value of zero for the last E R force as calculated using equation ( 19) if no external force is applied to the last slice. By the same token, dissimilar safety factors are associated with a non-zero value for the E R in the last slice.

However, the safety factors matching condition is seldom accomplished for the first chosen pair of values a and F . In this case, an iterative procedure is required for obtaining the correct safety factor. This procedure consists of the following two major steps.

Step 1: Using the calculated safety factor from equation ( 21) as the new input safety factor1 , additional rounds of calculations are carried out until F and F m match. If, for this particular matching condition, the calculated F f yields the same value for safety factor and the last slice's E R is at the same time zero (or very small and within a certain numerical tolerance) then the procedure is finished and this final calculated safety factor is the safety factor sought for. If, however, this does not occur, the following second step is required.

Step 2: Choose another value for a and repeat steps 1 and 2 until F = F m = F s is reached at the same time that the last slice's E R is zero (or small enough for practical purposes).

During the calculation of the safety factors for all the cases explored and described later in this paper it was observed that the expression for F f as given by equation ( 22) is very sensitive and not suitable for use in a ¡ F plot with intercepting F m and F f curves as it is commonly used in the GLE procedure. Therefore this practice was abandoned and replaced by a ¡ E R plot, which worked very well in all the cases described herein.

The ¡ E R plot described above, as it will be seen later in this paper, worked so well that it was also used in the GLE procedure. The equations and procedure for calculating the safety factor in accordance to the GLE formulation are presented in Appendix A. A flow chart for the previously described procedure is given below:

Assign a value for λ a Assign a value for F For all slices, calculate E R and N' with eqs. ( 19) and ( 20 It is also worth noting that this procedure can be implemented in a spreadsheet as it will be seen later.

Verification of the new method

The verification of the new method was carried out for ten cases selected from the Slide Verification Manual, [START_REF] Rocscience | Slide -2D limit equilibrium slope stability for soil and rock slopes -Slope Stability Verification Manual[END_REF]. These cases represent a variety of conditions in terms of soil and water conditions as well as regarding the shape of the potential failure surface.

As it was done in [START_REF] Alexandre | A new slope stability method[END_REF], the comparison between the new method and the GLE formulation comprised the value of the converged safety factor, the variation of the effective normal stress along the potential failure surface and the position of the thrust line. The option for using the GLE formulation instead of Spencer's, MP's or any other rigorous method is justified in terms of easy of calculation.

Calculations for the new method and for the GLE formulation were carried with Fortran 95 programs developed by the author in Netbeans IDE 8.2 specially for this aim. All calculations were carried out for 30 slices and the convergence criteria was set to a maximum of 0.01kN for the last slice's E R , which is considerably less than the 100 lb mentioned by [START_REF]Soil strength and slope stability[END_REF] in section 14.5.1 Iteration tolerances and convergence. The bisection method was used for finding the roots of the a ¡ E R and ¡ E R curves. After all the forces are determined, the distance D eR can be determined for each slice by re-writting equation (3) as:

D eR = E L D e L cos 2 ¡ W sin D + T m cos D b ¡ ¡ N 0 + U sin D b E R cos 2 (23)
When using the equation above, E L = 0 for the first slice if no external forces are applied to it. Once all the distances D eR are determined using equation ( 23), the coordinates (x t ; y t ) of the thrust line can be determined as:

x t = x c + D eR sin( + /2) (24) y t = y c ¡ D eR cos( + /2) (25)
Where (x c ; y c ) are the coordinates of the moment centre.

The weight of each slice was calculated based on the unit weight of the soil and the area of the slice as determined using a CAD software called Librecad. This same software was used for determining all required angles and dimensions but the distance D. For the determination of the distance D, the position of the centroid of the slices was first carried out using the equations for an irregular polygon.

As a check, additional calculations were made with spreadsheets. The detailed input and output data for Case 6 for the new method and the GLE formulation is presented in Appendix B. The spreadsheets used for the new method and for the GLE formulation for Case 6 are presented in Appendix C.

Case 1

The first case is the Slide Verification Problem #1, which is in fact, as informed in the Rocscience manual, problem 1(a) from [START_REF] Giam | Example problems for testing soil slope stability programs[END_REF]. It consists of a dry homogeneous soil slope with a height of 10 m and a 2H:1V slope as can be seen below. Soil properties are as follows: c 0 = 3 kPa, 0 = 19.6 o and = 20kN/m 3 . The converged safety factor for Spencer's and MP's methods as well as for the GLE formulation was 0.986 for a circular surface with centre at (29.104 m, 55.527 m) and 30.527 m of radius.

For the same circle, the converged safety factor for the new method and for the GLE formulation using the procedure described above was 0.987 and 0.986 respectively. Plots of a ¡ E R and ¡ E R curves, of the variation of the effective normal stress along the potential failure surface and of the position of the line of thrust for both methods are shown in sequence below. As can be seen in the plots above, while in the new method the line of thrust is located outside the soil mass in the second last slice, the line of thrust was entirely located within the soil mass in the GLE formulation.

In relation to inter-slice forces it worth noting a small tensile normal force in the second last slice in the GLE formulation results while the results for the new method show none.

Case 2

The second case is the Slide Verification Problem #3, which is in fact, as informed in the Rocscience manual, problem 1(c) from [START_REF] Giam | Example problems for testing soil slope stability programs[END_REF]. It consists of a dry heterogeneous soil slope with a height of 10 m and a 2H:1V slope as can be seen below. Soil properties are as follows:

Material name c 0 (kPa) The converged safety factor for Spencer's method was 1.375 for a circular surface with centre at (34.121 m, 43.254 m) and 18.781 m of radius. For this same circle the GLE/MP methods gave a safety factor of 1.374 in accordance with the manual.

0 ( o ) (kN/m 3 )
For the same surface, the converged safety factor for the new method and for the GLE formulation using the procedure described above were 1.392 and 1.367 respectively. Plots of a ¡ E R and ¡ E R curves, as well as of the variation of the effective normal stress along the potential failure surface and the position of the line of thrust for both methods are shown in sequence below. 

Case 3

The third case is the Slide Verification Problem #8, which is in fact, as informed in the Rocscience manual, problem 3(b) from [START_REF] Giam | Example problems for testing soil slope stability programs[END_REF]. It consists of a dry heterogeneous soil slope with a height of 12.25 m and a 2H:1V slope as can be seen below. The converged safety factors for the MP's method and the GLE formulation was 1.262 for a noncircular surface with centre at (53.300 m, 45.000 m), left slip surface endpoint at (41.850 m, 27.750 m) and right slip surface endpoint at (73.310 m, 40.000 m). Spencer's method resulted in a safety factor of 1.277 for this surface in accordance with the Rocscience manual.

For the same surface, the converged safety factors for the new method and for the GLE formulation using the procedure described above were 1.325 and 1.336 respectively. Plots of a ¡ E R and ¡ E R curves, as well as of the variation of the effective normal stress along the potential failure surface and the position of the line of thrust for both methods are shown in sequence below. As can be seen in the thrust line plots above, both lines are located outside the soil masses in the top part of their respective surfaces.

In relation to inter-slice forces it worth noting a small tensile normal force in the second last slice in the new method while that for the GLE formulation, more significant tensile normal forces were noticed in four slices in the top part of the surface. It is also worth noting that, while a tensile normal effective stress was observed in the last slice in the GLE formulation, none was observed in the new method.

Case 4

The fourth case is the Slide Verification Problem #16, which is in fact, as informed in the Rocscience manual, example #3 from [START_REF] Arai | Determination of noncircular slip surface giving the minimum factor of safety in slope stability analysis[END_REF]. It consists of a homogeneous soil slope with a height of 20 m, a 1.5H:1V slope and subjected to water pressures from a water table as can be seen below. The water table is indicated as a dashed line. For the same surface, the converged safety factors for the new method and for the GLE formulation using the procedure described above were 1.100 and 1.112 respectively. Plots of a ¡ E R and ¡ E R curves, as well as of the variation of the effective normal stress along the potential failure surface and the position of the line of thrust for both methods are shown in sequence below. As can be seen in the thrust line plots above, both lines are located outside the soil masses in the top part of their respective surfaces.

In relation to inter-slice forces it is worth noting a small tensile normal force in the second last slice in the new method while that for the GLE formulation, on average, more significant tensile normal forces were noticed in four slices in the top part of the surface. It is also worth noting that, while a tensile normal effective stress was observed in the last slice in the GLE formulation, none was observed in the new method.

Case 5

The fifth case is the Slide Verification Problem #20, which is in fact, as informed in the Rocscience manual, example #5 from [START_REF] Greco | Efficient Monte Carlo technique for locating critical slip surface[END_REF]. It consists of a heterogeneous soil slope with a height of 50 m, a 5 m wide intermediate horizontal bench and an averaged 1.8H:1V slope as can be seen below. Soil layers 2 to 4 are subjected to water pressures from a water table, which is indicated by a dashed line. Although the unit weight of layers 1 to 4 differ from one another, an averaged unit weight of 20.17 kN/m 3 was used to facilitate the calculations. As the critical circle involves comparable quantities of soil from layers 1 to 3, this is not considered a significant deviation from the original case, for the purpose of comparison of the converged safety factor. In addition, the most important comparison in this and all other cases in this paper is between the results of the new method and the results from the GLE formulation as calculated using the procedure outlined in the previous section. As this averaged unit weight was also adopted in the calculations of the GLE formulation then the comparison between methods is valid.

The converged safety factor for Spencer's method was 1.093 for a circular surface with centre at (68.356 m, 111.368 m) and 92.339 m of radius.

For the same surface, the converged safety factor for the new method and for the GLE formulation using the procedure described above were 1.077 and 1.106 respectively. Plots of a ¡ E R and ¡ E R curves, as well as of the variation of the effective normal stress along the potential failure surface and the position of the line of thrust for both methods are shown in sequence below. 

Case 6

The sixth case is the non-circular counter-part of Case 5 in section 4.5 above. As such, the significant difference is the potential failure surface considered. For this case, the same averaged unit weight used in the previous case was used for the calculations with the new method and the GLE formulation.

The converged safety factor for Spencer's method was 1.010 for a non-circular surface with centre at (45.995 m, 192.224 m), left slip surface endpoint at (22.383 m, 20.000 m) and right slip surface endpoint at (169.607 m, 70.000 m). Other points required for defining the non-circular failure surface were obtained using the WebPlotDigitizer software, as described in [START_REF] Rohatgi | WebPlotdigitizer[END_REF]. For the same surface, the converged safety factor for the new method and for the GLE formulation using the procedure described above were 1.023 and 0.987 respectively. Plots of a ¡ E R and ¡ E R curves, as well as of the variation of the effective normal stress along the potential failure surface and the position of the line of thrust for both methods are shown in sequence below. 

Case 7

The seventh case is the Slide Verification Problem #22, which is in fact, as informed in the Rocscience manual, taken from [START_REF] Fredlund | Comparison of slope stability methods of analysis[END_REF]. The case assessed here consists of a dry heterogeneous soil slope with a height of 40 ft, and a 2H:1V slope as can be seen below. The drawing shown below is, in fact, a mirror image of Figure 22.1 from the manual as, for using the equations presented herein, the slope has to start at the lower left end of the potential failure surface. Dimensions and soil properties were kept in the imperial system as done in the Rocscience manual to be consistent with the original paper. Before the results are presented it is worth noting that the geometry used in the manual does not match the geometry in Figure 8 from [START_REF] Fredlund | Comparison of slope stability methods of analysis[END_REF]. Therefore, the results presented here should differ somehow from the results from the original paper. However, as mentioned before, the most important comparison is between the new method and the GLE formulation as calculated using the procedure described in the beginning of this section.

The converged safety factor for Spencer's and GLE/MP's method was 1.382 and 1.372 for a composite failure surface with centre at (120 ft, 90 ft), 80 ft of radius and limited by a horizontal plane at the contact between the upper and the weak soils. It is worth noting that, in accordance with the Rocscience manual, the GLE formulation and MP's method made use of the half-sine inter-slice function.

For the same surface, the converged safety factors for the new method and for the GLE formulation using the procedure described above were 1.390 and 1.416 respectively. Plots of a ¡ E R and ¡ E R curves, as well as of the variation of the effective normal stress along the potential failure surface and the position of the line of thrust for both methods are shown in sequence below. As can be seen in the thrust line plots above, both lines are located outside the soil masses in the top part of their respective surfaces. In addition, although only slightly, the thrust line also lies outside the soil mass in the lower part of the slope in the GLE formulation.

In relation to inter-slice forces it worth noting that, on average, significant tensile normal forces were noticed in three slices in the top part of the surface in the GLE formulation while none was observed in the new method. It is also worth noting that, while a tensile normal effective stress was observed in the last slice in the GLE formulation, none was observed in the new method.

Case 8

The eighth case consists of the same geometry and soil conditions from section 4.7 but subjected to water pressure from a piezometric line (indicated as a dashed line in the figure below). This case is labeled Case 3 in the Rocscience manual.

The converged safety factor for Spencer's and GLE/MP's method was 1.244 and 1.237 for a composite failure surface with centre at (120 ft, 90 ft), 80 ft of radius and limited by a horizontal plane at the contact between the upper and the weak soils. For the same surface, the converged safety factors for the new method and for the GLE formulation using the procedure described above were 1.261 and 1.284 respectively. Plots of a ¡ E R and ¡ E R curves, as well as of the variation of the effective normal stress along the potential failure surface and the position of the line of thrust for both methods are shown in sequence below. As can be seen in the thrust line plots above, here again, both lines are located outside the soil masses in the top part of their respective surfaces.

In relation to inter-slice forces it worth noting that significant tensile normal forces were noticed in three slices in the top part of the surface in the GLE formulation while a much smaller tensile force was observed in just one slice in the top part of the slope in the new method. It is also worth noting that, while a tensile normal effective stress was observed in the last slice in the GLE formulation, none was observed in the new method.

Case 9

The ninth case is based on the Slide Verification Problem #24, which is in fact, as informed in the Rocscience manual, taken from [START_REF] Low | Stability analysis of embankments on soft ground[END_REF]. It consists of a heterogeneous soil slope with a height of 6 m, and a 3H:1V slope as can be seen below. As explained in Case 7, section 4.7, the drawing shown below is based on a mirror image of Figure 24.2 from the manual, for the same reasons explained therein. The converged safety factor for Bishop's simplified method was 1.439 for a circular surface with centre at (29.044 m, 22.944 m) and a 18.449 m radius. As the coordinates of the centre of the circle and the radius do not correspond to the drawing indicated in the manual, it was decided to adopt a circle tangent to the contact between the middle and the bottom layers and with a centre that is close to the original centre. This adopted circle has a centre at (29.044 m, 23.4441 m) and a radius of 18.449 m. For this adopted surface, the converged safety factor for the new method and for the GLE formulation using the procedure described above were 1.460 and 1.454 respectively. Plots of a ¡ E R and ¡ E R curves, as well as of the variation of the effective normal stress along the potential failure surface and the position of the line of thrust for both methods are shown in sequence below. As can be seen in the thrust line plots above, both lines are located outside the soil masses in the top part of their respective surfaces.

In relation to inter-slice forces it worth noting tensile normal forces in two slices in the top part of the slope in the new method while that for the GLE formulation, more significant tensile normal forces were noticed in four slices in the top part of the surface. It is also worth noting that, while a tensile normal effective stress was observed in the last slice in the GLE formulation, none was observed in the new method.

Case 10

The tenth case is the non-circular analysis described in the Slide Verification Problem #75, which is in fact, as informed in the Rocscience manual, taken from [START_REF] Duncan | Soil strength and slope stability[END_REF]. The case assessed here consists of an embankment over soft clay as can be seen below. As explained in Case 7, section 4.7, the drawing shown below is, in fact, a mirror image of Figure 75.1 from the manual, for the same reasons explained therein. Although the unit weight of layers 1 to 4 vary, an averaged unit weight of 19.78 kN/m 3 was used to facilitate the calculations. As the critical surface involves comparable quantities of soil from layers 1 to 4, this is not considered a significant deviation from the original case, for the purpose of comparison of the converged safety factor. In addition, the most important comparison in this case is between the results of the new method and the results from the GLE formulation as calculated using the procedure outlined in the previous section. As this averaged unit weight was also adopted in the calculations of the GLE formulation then the comparison between methods is valid.

The converged safety factor for Spencer's method was 1.167 for a non-circular potential failure surface with centre at (94.247 m, 162.467 m), left slip surface endpoint at (13.264 m, 30.500 m), right slip surface endpoint at (151.231 m, 18.500 m) and a horizontal plane at the bottom of the Lacustrine clay layer. The other points required for defining the non-circular failure surface were obtained using the WebPlotDigitizer software, as described in [START_REF] Rohatgi | WebPlotdigitizer[END_REF].

For the same surface, the converged safety factors for the new method and for the GLE formulation using the procedure described above were 1.156 and 1.198 respectively. Plots of a ¡ E R and ¡ E R curves, as well as of the variation of the effective normal stress along the potential failure surface and the position of the line of thrust for both methods are shown in sequence below. As can be seen in the thrust lines above, while in the GLE formulation the line is located outside the soil mass in the top part of the slope, the line of thrust was entirely located within the soil mass in the new method.

Discussion

A comparison between the safety factors from the Rocscience manual and the results obtained in this paper reveals that the values of the safety factors are in general agreement. Nevertheless, it would be precipitated to draw any conclusions between the overall performance of the new method in relation to the accepted rigorous methods used in practice and adopted in the manual for the various cases studied herein. The main argument against such comparison is that many important details of the calculations using the Slide software such as the number of slices, convergence criteria and convergence tolerance are not directly comparable. Although these details could be obtained by installing Slide 2D demo software and accessing the original files, still the comparison would not be strictly applicable given the likely different range of the important details mentioned above. Therefore, instead of carrying out this comparison, it was opted to compare results from the new method with results from only one rigorous method, in this case the GLE formulation, for comparable number of slices, convergence criteria and convergence tolerance. The discussion that follows is an attempt at this more reasonable comparison.

The results of the safety factors for the new method, for the GLE formulation and the percentage difference between them, considering the GLE formulation as the benchmark, are summarized in the In terms of safety factors, on average, the difference was 0.57% and the maximum difference between methods was less than 4%. In terms of effective stresses at the base of the slices, good agreement was also common. In some cases, the variations were almost identical as for example in Case 1.

In other cases, however, the agreement was only in terms of the general shape as for example in Case 4. In relation to the line of thrust, the general shape is in close agreement in some cases as for example in Case 2. In other cases, where part of the line of thrust is located outside the slip surface, the general trend is quite different. In these cases, however, it can be seen that the lines of thrust are located outside the slip surface in the same region, which is the upper part of the slope.

A careful examination will show that, in general, the line of thrust in the new method is higher than in the GLE formulation, specially in the upper part of the slope. This, in turn, is consistent with the less frequent and less intense tensile stresses at the base of the slice or between slices in the new method when compared to the GLE formulation. In fact, the resuts of the new method show no tensile stresses at all at the base of the slices. The tables below summarize the results regarding tensile stresses at the base or between slices:

Case Slice Taking into account all the results, it is clear that the stability analyses carried out with the new method show good agreement, both in qualitative and quantitative terms, when compared to the GLE formulation.

It is also worth pointing out that the new numerical procedure worked well in all cases for both the new method and the GLE formulation. The safety factors for forces and moments were the same to three decimal places for the new method and the GLE formulation for all but two cases. These two exceptions were cases 7 and 8 using the new method. In Case 7, the safety factor for moments was 1.390 while the safety factor for forces was 1.380. In Case 8, the safety factor for moments was 1.261 while the safety factor for forces was 1.252. Reasons for this difference are unclear although it is suspected that it might be related to the more pronounced non-linearity of the new method.

Although the procedure described by [START_REF] Espinoza | General framework for stability analysis of slopes[END_REF] worked well for those cases explored in [START_REF] Alexandre | A new slope stability method[END_REF], the new procedure is simpler and suitable for use with spreadsheets despite of the difference in safety factors noted above in two cases.

Conclusions

In this paper, the equations of equilibrium from [START_REF] Alexandre | A new slope stability method[END_REF] were revised in relation to the inter-slices normal side forces. As presented in this paper the revised equations of equilibrium are in line with the common practice of treating these forces as total forces rather than effective forces.

The new method, as shown by the good agreement with the GLE formulation, works well and provides safety factor results that, for the ten cases studied in this paper, are within 4% of the benchmark safety factors.

The lines of thrust in the new method lie, in general, above the lines of thrust of the GLE formulation. This observation is consistent with the less frequent and pronounced tensile stresses in the upper part of the slip surface both at the base of the slice as well as between slices.

The new numerical procedure, which makes use of the boundary condition for the normal side force in the last slice as a control for convergence, works well for the determination of the final safety factor of the slip surfaces both in the new method and in the GLE formulation.

Considering that

X R = E R , X L = E L and that T m = c 0 l F + N 0 tan 0 F
, then the equations above can be rewritten as:

¡ E R ¡ W + c 0 l F + N 0 tan 0 F ! sin + N cos + E L = 0 (A3) E L + c 0 l F + N 0 tan 0 F ! cos ¡ N sin ¡ E R = 0 (A4)
Considering that N 0 = N ¡ U , the equations above can be further manipulated to read :

¡ E R + N cos + tan 0 sin F ! = W ¡ E L ¡ (c 0 l ¡ U tan 0 )sin F (A5) E R ¡ N tan 0 cos F ¡ sin ! = E L + (c 0 l ¡ U tan 0 )cos F (A6)
or:

c 11 E R + c 12 N = L 1 (A7) c 21 E R + c 22 N = L 2 (A8)
where:

c 11 = ¡ (A9) c 12 = cos + tan 0 sin F ! (A10) c 21 = 1 (A11) c 22 = ¡ tan 0 cos F ¡ sin ! (A12) L 1 = W ¡ E L ¡ (c 0 l ¡ U tan 0 )sin F (A13) L 2 = E L + (c 0 l ¡ U tan 0 )cos F (A14)
Solving the system comprised by equations (A7) and (A8) gives us:

E R = ¡ c 22 L 1 ¡ c 12 L 2 c 12 c 21 ¡ c 11 c 22 (A15) N = c 21 L 1 ¡ c 11 L 2 c 12 c 21 ¡ c 11 c 22 (A16)
Knowing all the N forces, the safety factors regarding the moment equilibrium and the horizontal equilibrium for the whole slip surface can be calculated as:

F m = P [c 0 l + (N ¡ U )tan 0 ] cos( ¡ ) R P (W sin R) ¡ N R sin( ¡ ) (A17) F f = P [c 0 l + (N ¡ U )tan]cos P (N sin) (A18)
For the determination of the thrust line, the vertical distance along the right side of the slice (from the midpoint of the base of the slice) can be obtained making use of the moment equilibrium equation of the slice. Taking moments at the midpoint of the base of the slice, follows that:

D eR = E L D eL + X L w /2 + X R w /2 E R (A19)
Where w is the width of the slice as indicated in Figure 64. When using the equation above, D eL = 0 for the first slice if no external forces are applied to it. Once all the distances D eR are determined using equation (A19) the coordinates (x t ; y t ) of the thrust line can be determined as:

x t = x c + R sin() + w /2 (A20) y t = y c ¡ R cos() + D eR (A21)
Where (x c ; y c ) are the coordinates of the moment centre.

It is worth noting that while the procedure used in the new method and in the GLE formulation was essentially the same, the variables obtained from solving their respective linear systems were not. In the new method the system was solved for E R and N 0 while that in the GLE formulation the system was solved for E R and N . While it could be argued that for the sake of consistency it would be better to solve for the same variables, this difference is not significant as the calculation of the effective normal force N 0 is straightforward and can be done after all the total normal forces N are obtained. 
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 7 Figure 7. Line of thrust for the new method.
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 22 Figure 22. Slope geometry and potential failure surface for Case 4.
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 23 Figure 23. Last slice's E Ra plot for the new method.
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 28 Figure 28. Slope geometry and potential failure surface for Case 5.
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 29 Figure 29. Last slice's E Ra plot for the new method.
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 30 Figure 30. Last slice's E R -plot for the GLE formulation.
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 31 Figure 31. Line of thrust for the new method.
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 32 Figure 32. Line of thrust for the GLE formulation.
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 33 Figure 33. Normal effective stresses along slip surface.
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 34 Figure 34. Slope geometry and potential failure surface for Case 6.
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 35 Figure 35. Last slice's E Ra plot for the new method.
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 36 Figure 36. Last slice's E R -plot for the GLE formulation.
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 37 Figure 37. Line of thrust for the new method.
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 38 Figure 38. Line of thrust for the GLE formulation.
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 39 Figure 39. Normal effective stresses along slip surface.
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 40 Figure 40. Slope geometry and potential failure surface for Case 7.
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 41 Figure 41. Last slice's E Ra plot for the new method.
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 42 Figure 42. Last slice's E R -plot for the GLE formulation.
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 43 Figure 43. Line of thrust for the new method.
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 44 Figure 44. Line of thrust for the GLE formulation.
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 45 Figure 45. Normal effective stresses along slip surface.
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 46 Figure 46. Slope geometry and potential failure surface for Case 8.
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 47 Figure 47. Last slice's E Ra plot for the new method.
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 48 Figure 48. Last slice's E R -plot for the GLE formulation.
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 49 Figure 49. Line of thrust for the new method.
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 50 Figure 50. Line of thrust for the GLE formulation.
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 51 Figure 51. Normal effective stresses along slip surface.
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 52 Figure 52. Slope geometry and potential failure surface for Case 9.
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 53 Figure 53. Last slice's E Ra plot for the new method.
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 54 Figure 54. Last slice's E R -plot for the GLE formulation.
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 56 Figure 56. Line of thrust for the GLE formulation.
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 58 Figure 58. Slope geometry and potential failure surface for Case 10.

Figure 59 .

 59 Figure 59. Last slice's E Ra plot for the new method.
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 60 Figure 60. Last slice's E R -plot for the GLE formulation.
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 61 Figure 61. Line of thrust for the new method.
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 62 Figure 62. Line of thrust for the GLE formulation.
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 63 Figure 63. Normal effective stresses along slip surface.

Table 1 .

 1 Soil properties for Case 2.

	Soil 1	0.0	38.0	19.5
	Soil 2	5.3	23.0	19.5
	Soil 3	7.2	20.0	19.5

Table 2 .

 2 Soil properties

Table 3 .

 3 Soil properties

	Soil properties are as follows:			
	Material name c	0 (kPa)	0 ( o ) (kN/m 3 )
	Layer 1	9.8	35	20
	Layer 2	58.8	25	19
	Layer 3	19.8	30	21.5
	Layer 4	9.8	16	21.5

Table 4 .

 4 Soil properties

Table 5 .

 5 Soil properties

Table 6 .

 6 Soil properties

table below

 below 

	:			
	Case Factor of safety -new method Factor of safety -GLE % difference
	1	0.987	0.986	-0.10
	2	1.392	1.367	-1.83
	3	1.325	1.336	0.82
	4	1.100	1.112	1.08
	5	1.077	1.106	2.62
	6	1.023	0.987	-3.65
	7	1.390	1.416	1.84
	8	1.261	1.284	1.79
	9	1.460	1.454	-0.41
	10	1.156	1.198	3.51

Table 7 .

 7 Safety factor comparison.

Table 8 .

 8 Tensile inter-slices normal forces in the GLE formulation.

	Case Slice	E R
	3	29 -3.20 kN
	4	29 -9.00 kN
	8	29 -55.79 lb
	9	28 -0.06 kN 29 -8.97 kN

Table 9 .

 9 Tensile inter-slices normal forces in the new method.

	Case Slice	0
	3	30 -6.77 kPa
	4	30 -21.33 kPa
	7	30 -186.04 psf
	8	30 -243.14 psf
	9	30 -16.92 kPa

Table 10 .

 10 Tensile normal effective stresses at the bases of the slices in the GLE formulation.

9 Appendix B -Input and output data for Case 6

  

	Slice	Friction angle (rad)	c' (kPa)	DL (m)	Db (m)	D (m)	Teta (rad)	Beta (rad)	Alpha (rad)	Delta (rad)	W (kN)	U (kN)
	1	0.5236	19.8	5.6578	174.4565	174.0116	-0.1206	-0.3355	-0.2149	0.0316	105.9214	53.8215
	2	0.5236	19.8	5.7343	175.7581	174.3628	-0.0890	-0.3355	-0.2465	0.0316	317.2980	159.9247
	3	0.5236	19.8	5.8326	177.2580	174.9161	-0.0573	-0.3355	-0.2781	0.0316	530.3606	271.5756
	4	0.5236	19.8	5.9455	178.9643	175.6656	-0.0257	-0.3355	-0.3098	0.0316	749.2170	389.8732
	5	0.5236	19.8	6.0739	180.8866	176.6141	0.0060	-0.3355	-0.3414	0.0316	975.8430	516.1458
	6	0.5236	19.8	6.2192	183.0359	177.7669	0.0376	-0.3355	-0.3731	0.0316	1212.3645	651.9097
	7	0.5236	19.8	6.3826	185.4246	178.4448	0.0692	-0.3355	-0.4047	0.0316	1611.6796	919.4393
	8	0.2793	9.8	5.5601	186.6934	178.0490	0.1000	0.0997	-0.0003	0.0298	1876.4836	1000.7397
	9	0.2793	9.8	5.5652	186.7780	177.2164	0.1298	0.0997	-0.0301	0.0298	2070.1047	1122.4931
	10	0.2793	9.8	5.5801	187.0286	176.5556	0.1596	0.0997	-0.0599	0.0298	2261.5112	1246.8763
	11	0.2793	9.8	5.6051	187.4463	176.0720	0.1894	0.0997	-0.0897	0.0298	2450.9971	1374.8186
	12	0.2793	9.8	5.6402	188.0331	175.7732	0.2191	0.0997	-0.1195	0.0298	2647.0682	1507.2138
	13	0.2793	9.8	5.6858	188.7914	175.6354	0.2489	0.0997	-0.1493	0.0298	2843.1347	1645.0839
	14	0.2793	9.8	5.7422	189.7248	175.6673	0.2787	0.0997	-0.1790	0.0298	3043.5634	1699.5942
	15	0.2793	9.8	5.8098	190.8376	176.0825	0.3085	0.0997	-0.2088	0.0298	3206.1826	1724.2633
	16	0.2793	9.8	5.8890	192.1349	176.9211	0.3383	0.0997	-0.2386	0.0298	3323.9431	1770.1771
	17	0.2793	9.8	5.9806	193.6228	177.5728	0.3680	0.0997	-0.2684	0.0298	3524.2259	1820.8023
	18	0.2793	9.8	6.0852	195.3085	178.0071	0.3978	0.0997	-0.2982	0.0298	3816.4183	1876.5309
	19	0.5236	19.8	6.2037	195.0183	177.4691	0.4274	0.8180	0.3906	0.0294	3814.3836	1809.1228
	20	0.5236	19.8	6.0613	192.7668	175.9522	0.4568	0.8180	0.3612	0.0294	3619.6618	1543.0674
	21	0.5236	19.8	5.9338	190.7298	174.6168	0.4862	0.8180	0.3318	0.0294	3438.6864	1295.6447
	22	0.5236	19.8	5.8203	188.8970	173.4560	0.5157	0.8180	0.3024	0.0294	3269.9593	1064.2450
	23	0.4363	58.8	6.3551	186.9128	172.2823	0.5463	0.9036	0.3573	0.0319	3329.5816	915.1912
	24	0.4363	58.8	6.2129	184.8097	171.1116	0.5781	0.9036	0.3254	0.0319	3091.3524	633.4456
	25	0.4363	58.8	6.0876	182.9369	170.1401	0.6100	0.9036	0.2936	0.0319	2867.0862	370.1229
	26	0.4363	58.8	5.5582	181.2837	169.3498	0.6418	0.9036	0.2617	0.0319	2651.7487	112.3600
	27	0.6109	9.8	6.6501	179.4259	168.8210	0.6740	1.0125	0.3384	0.0327	2409.5690	0.0000
	28	0.6109	9.8	6.0817	177.4799	169.2074	0.7067	1.0125	0.3057	0.0327	1866.4610	0.0000
	29	0.6109	9.8	5.9644	175.7612	170.5689	0.7394	1.0125	0.2731	0.0327	1160.6787	0.0000
	30	0.6109	9.8	5.8629	174.2598	172.0693	0.7721	1.0125	0.2404	0.0327	401.9923	0.0000

Table 11 .

 11 Input data for the new method.

	Slice	Friction angle (rad)	c' (kPa)	R (m)	Width (m)	Weight (kN) Alpha (rad)	Teta (rad)	U (kN)
	1	0.52	19.80	174.37	4.89	86.46	-0.34	-0.12	43.36
	2	0.52	19.80	175.55	4.89	252.60	-0.34	-0.09	130.09
	3	0.52	19.80	176.86	4.89	421.00	-0.34	-0.06	216.82
	4	0.52	19.80	178.32	4.89	589.40	-0.34	-0.04	303.54
	5	0.52	19.80	179.92	4.89	757.79	-0.34	-0.01	390.27
	6	0.52	19.80	181.65	4.89	926.19	-0.34	0.02	477.00
	7	0.52	19.80	183.51	4.89	1133.28	-0.34	0.04	563.72
	8	0.52	19.80	185.50	4.89	1460.76	-0.34	0.07	752.30
	9	0.28	9.80	186.52	4.86	1753.99	0.10	0.10	856.98
	10	0.28	9.80	186.58	4.86	1946.26	0.10	0.12	950.92
	11	0.28	9.80	186.77	4.86	2138.53	0.10	0.15	1044.86
	12	0.28	9.80	187.08	4.86	2330.80	0.10	0.17	1138.80
	13	0.28	9.80	187.53	4.86	2523.06	0.10	0.20	1232.74
	14	0.28	9.80	188.10	4.86	2715.33	0.10	0.23	1326.68
	15	0.28	9.80	188.79	4.86	2906.29	0.10	0.25	1420.62
	16	0.28	9.80	189.61	4.86	2843.15	0.10	0.28	1444.08
	17	0.28	9.80	190.55	4.86	3206.15	0.10	0.30	1443.85
	18	0.28	9.80	191.61	4.86	3364.55	0.10	0.33	1460.07
	19	0.28	9.80	192.78	4.86	3636.35	0.10	0.35	1476.29
	20	0.28	9.80	194.08	4.86	3908.16	0.10	0.38	1492.51
	21	0.28	9.80	195.48	4.86	4179.96	0.10	0.40	1508.73
	22	0.52	19.80	194.68	5.47	4734.76	0.82	0.43	2291.06
	23	0.52	19.80	191.81	5.47	4492.55	0.82	0.47	1903.89
	24	0.52	19.80	189.23	5.47	4250.30	0.82	0.51	1516.72
	25	0.44	58.80	186.59	5.07	3659.17	0.91	0.55	1131.52
	26	0.44	58.80	183.90	5.07	3099.62	0.91	0.59	678.91
	27	0.44	58.80	181.54	5.07	2438.62	0.91	0.64	226.31
	28	0.61	9.80	179.10	4.21	1458.19	1.02	0.68	0.00
	29	0.61	9.80	176.55	4.21	874.91	1.02	0.72	0.00
	30	0.61	9.80	174.45	4.21	291.64	1.02	0.77	0.00

Table 13 .

 13 Input data for the GLE formulation.

	10 Appendix C -Spreadsheets for Case 6

Table 15 .

 15 Spreadsheet for the new method.

	9.8
	c1
	35
	Phi 1

Table 16 .

 16 Spreadsheet for the GLE formulation.

Although using the calculated F m value as the new input works well for most cases, the Fortran 95 programs developed in the present work use the absolute value of the average between the input and output safety factor values as the new input:

Table 12. Output data for the new method.

Appendix A -Equations for the GLE formulation

In this paper, a simplified version of the GLE formulation was adopted. The figures below show all applicable variables. Writing the equations of equilibrium in the vertical and horizontal directions considering that, in the limit equilibrium conditions, T becomes T m , gives us: