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The properties of a one-dimensional phononic crystal made of identical piezoelectric elements sepa-

rated by thin metallic electrodes connected to the ground are studied theoretically for cases where the

locations of the electrical connections change as a function of time with a specific speed. This spatio-

temporal modulation of the electrical boundary conditions results in significant non-linear effects that

are evidenced numerically. The interaction between an incident harmonic longitudinal wave and the

time-dependent phononic crystal is shown to lead to frequency splitting analogous to Brillouin scat-

tering. Moreover, the boundaries of the Bragg bandgaps are strongly affected, and for some specific

modulation speed, one-way wave propagation can be achieved. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4975680]

Since the seminal work of Lord Rayleigh in 1887,1 the

propagation of waves in media exhibiting a periodic modula-

tion of their physical properties has received a great deal of

attention. When the modulation occurs in the spatial domain,

these media correspond to periodic distributions of scatterers

embedded in a host matrix and are nowadays known as pho-

tonic crystals2 (PtCs) for electromagnetic waves and phononic

crystals3 (PnCs) for acoustic waves. Due to the spatially peri-

odic structure, their transmission spectra may present bandg-

aps in the frequency domain whereby propagation is

forbidden. However, the periodic modulation may also occur

in the temporal domain. For example, it was shown4 that a

bulk medium whose dielectric function obeys a sinusoidal

function of time with frequency F exhibits a photonic band

structure periodic in the frequency domain with periodicity F
and bandgaps in the wavenumber domain. Moreover, when a

slab of this medium is illuminated at frequency f0 at normal

incidence, the reflected and transmitted waves contain har-

monics of F , and the slab itself behaves as a polychromatic

source of frequencies f 6
n ¼ 6f0 þ nF , n being an integer.

Similar results were obtained when considering the propaga-

tion of acoustic waves through a corrugated cylindrical wave-

guide with a time-varying diameter5 or through a fluid with

periodically time-varying density and bulk modulus.6 One

may note that the interaction between an incident wave and a

time-varying propagating medium leads to a frequency split-

ting that resembles Brillouin scattering7,8 where the frequency

shift between the scattered photon, f 0, and incoming photon,

f0, depends on the pump phonon frequency F . This frequency

shift is independent of the speed of wave in the propagating

medium in contrast with Doppler-type effects observed in

time-dependent PtCs and PnCs.9,10 The modulation of the

physical characteristics of the propagating medium may also

depend on both time and spatial coordinates. The effect of

such spatio-temporal modulations on wave propagation was

investigated in the context of parametric amplification11 in a

linear transmission line made of a series of LC resonators

with distributed time-space periodic shunt capacitances. More

recently, the spatio-temporal modulation of the dielectric12,13

or acoustic14–16 properties of photonic or phononic structures

has also been used to achieve time reversal symmetry break-

ing and then one-way wave propagation.

The present work focuses on the propagation of longitu-

dinal acoustic waves in PnCs constituted of a periodic array

of electrodes arranged in a homogeneous piezoelectric mate-

rial. It is known that for such a system,17 if the electrodes are

connected to the ground, a superlattice is formed which may

exhibit frequency domain bandgaps at the edge of the

Brillouin zone, whereas if all electrodes are left floating they

have negligible effect on the propagation properties, provided

that they are thin enough with respect to the wavelength.

Here, we address the case of time-dependent electrical bound-

ary conditions applied to the electrodes. We show theoreti-

cally with the help of the Finite Difference Time Domain

(FDTD) method18 that a spatio-temporal modulation of the

piezoelectric PnC leads to a Brillouin scattering-like fre-

quency splitting. Additionally, the system becomes strongly

non-reciprocal, and for specific modulation characteristics,

one-way wave propagation can be achieved.

The structure under study is a one dimensional stack of

identical Lead Zirconate Titanate (PZT)19 elements sepa-

rated by thin electrodes. Among this periodic set of electro-

des, a periodic subset is connected to the ground and this

subset is spatially shifted as a function of time. We can

define a spatial period a for this subset, as well as a constant

shift velocity v, with a sign depending on the shift direction

(v> 0 for shifts towards þx, as defined in Fig. 1(a)). It

should be pointed out that we do not consider electrodes

moving at velocity v, but rather motionless electrodes con-

nected to the ground through switches whose on/off states
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shift as a function of time with velocity v. In the following,

to facilitate the interpretations, it is assumed that an electrode

is present at each spatial location in the FDTD mesh, allow-

ing for a smooth spatial shift of the grounded electrode

conditions.

In the frame of electrostatics and linear elasticity, propa-

gation of elastic waves is governed by Newton’s law and

equations of piezoelectricity.17 In the course of the FDTD cal-

culations, these equations are discretized with the Yee algo-

rithm which involves half-period shifted space and time grids

for stress and elastic displacement.18 Specific Convolution-

Perfectly Matched Layers20 (C-PMLs) are used at both ends

of the discretization mesh to alleviate unwanted reflection of

waves on these ends (see Fig. 1(a)). The spatial mesh size

Dx¼ 250 lm is kept constant in all simulations, whereas the

temporal mesh is chosen to both satisfy the Courant-

Friedrichs-Lewy criterion18 and give an integer number of

time steps between two switching times. Figure 1(b) presents

the normalized FDTD transmission coefficient through a stack

made of 14 periods of the time-independent 1D piezoelectric

PnC, i.e., when the electrical connections never switch

(v¼ 0), with a¼ 1 cm. For the transmission calculation, two

reference locations A and B are defined (see Fig. 1(a)). A is

the mechanical stress source location, while B is located on

the other side of the crystal. The first and last grounded elec-

trode locations define the extent of the crystal region. The

band structure of the same PnC but of infinite extent along the

x direction17 is shown in Fig. 1(c). It exhibits a large bandgap

from 129 to 192 kHz approximately (width equal to 40% of

the central frequency) and a narrow bandgap around 570 kHz.

As expected, bandgaps observed in Fig. 1(c) correspond to the

regions of very low transmission in Fig. 1(b). From Fig. 1(c),

one notes that when all the electrodes are left floating, no

bandgap occurs in the band structure and the PnC behaves as

a non dispersive medium.

When v 6¼ 0, it is necessary to ensure that the whole set

of grounded electrodes stays in the same region of the system

and thus never reaches A or B. Therefore, anytime a

grounded electrode position reaches a boundary of the crys-

tal (shown with dashed lines in Fig. 1(a)), and it is trans-

ferred to the opposite boundary. Figure 2(a) shows the

temporal Fourier transform (FT) magnitude of the stress field

at location B measured over a total simulation time of 500 ls

for three values of v, with an harmonic excitation of fre-

quency f0¼ 100 kHz at location A. For v¼ 0, the system is

linear and the FT shows a single peak (whose width is

directly related to the total simulation time) at f0. For v 6¼ 0,

additional peaks appear at frequencies f 6
n ¼ 6f0 þ nfv, n

being an integer and fv ¼ v=a the characteristic frequency of

the electrode connection changes, as 1=fv is the time interval

between two equivalent states of the electrode connection

schemes. This non-linear effect can be regarded as an

FIG. 1. (a) Piezoelectric stack geome-

try. 14 electrodes (thin lines) with

a¼ 1 cm separation are grounded in

the crystal region (delimited by two

dashed lines). On each side, a measure-

ment point (A or B) is placed, 5 cm-

away from the crystal region boundary

and from the C-PML boundary. C-

PMLs are 5 cm-wide. (b) Transmission

coefficient from A to B. (c) Band

structure of an infinite piezoelectric

PnC with electrodes located every

1 cm and connected to the ground

(solid lines) or left floating (dashed

lines).

FIG. 2. Temporal FT of the stress field

at location B, TB for (a) v ¼ 6450 m/s

and (b) v ¼ 61300 m/s. Result for the

time-independent crystal (i.e., for

v¼ 0) is shown on each graph for ref-

erence. The vertical dashed and dotted

lines correspond to frequencies fþn ¼
f0 þ nfv and f�n ¼ �f0 þ nfv, respec-

tively, with f0 the excitation frequency,

fv the characteristic frequency of the

electrode connection changes, and n an

integer.
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intermodulation between an acoustic probe of frequency f0
and a pump of frequency fv. It is also analogous to Brillouin

scattering,7 if we regard the continuous shift of the electrical

connections as a propagating local modulation of the effec-

tive material properties. The incident acoustic signal and the

continuous shift are then analogous to Brillouin’s probe pho-

ton and pump phonon, respectively, and the f 6
n ¼ 6f0 þ nfv

formula simply corresponds to an energy conservation condi-

tion for their interaction. Figure 3 shows the same FT results,

this time both at locations A and B, and for the values of v
varying between �2000 and þ2000 m/s. Each horizontal

line corresponds to a stress field FT obtained from an indi-

vidual FDTD simulation. Figure 3(b) shows the lines corre-

sponding to the f 6
n ¼ 6f0 þ nfv formula for n varying

between �2 and þ2. It can be verified that they match with

the FT peaks particularly well, even for large values of v.

Lines of lower amplitude are also visible, corresponding to

larger values of n.

Classical Brillouin scattering effects require both an

energy conservation and a momentum conservation relation-

ship. To investigate the latter, we report in Figure 4 the spatial
FT of the stress field inside the crystal region, for v¼ 1300 m/

s. Since the field data come from the FDTD simulations, it is

in fact a time-space FT over the crystal region and over the

full simulation time. The brightest spot in this figure corre-

sponds to the incoming signal at f0. The wavenumber for this

spot k0ðf0Þ is close to the value obtained from the dispersion

curve of the time-independent crystal (kðf0Þ, approximately

0.74 p=a). Several secondary bright spots also appear in the

FT results, all at frequencies f 6
n ¼ 6f0 þ nfv. They can be

divided into two families. One family (highlighted with cir-

cled markers and connected with dark gray solid lines in Fig.

4) is formed by the two sets ðkþn ; fþn Þ and ðk�n ; f�n Þ with

k6
n ¼ 6k0ðf0Þ þ nG, where G is the reciprocal lattice vector

norm 2p=a and n is an integer. This formula corresponds to

the momentum conservation relationship. Indeed, since the

grounded electrode subset possesses a spatial periodicity a, it

can only exchange momentum in quanta of G. Therefore, this

family of spots is a signature of the Brillouin scattering-

related non-linear effect in the time-dependent crystal. The

second family of spots lies mainly on two almost straight lines

originating from ðk; f Þ ¼ ð0; 0Þ. Using the properties of

eigenmodes in time-space periodic structures and some

approximate dispersion formulas deduced from the simulated

spatial FTs, it is possible to build an approximation of the dis-

persion curves for the time-dependent PnC (see

FIG. 3. Temporal FT of the stress field

at locations (a) A and (c) B as a func-

tion of v, the grounded electrode shift

velocity, for an excitation frequency

f0 ¼ 100 kHz. (b) Guidelines showing

the interpretation of the main features

in graphs (a) and (c). The solid and

dashed black lines correspond to the

Brillouin scattering-related peaks fþn
and f�n , respectively (with the same

notations as in Figure 2). The solid

gray lines show the expected modifica-

tion of the first Bragg gap frequency

boundaries considering the approxi-

mate dispersion diagram for the time-

dependent crystal (see the supplemen-

tary material).
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supplementary material). They are shown as light gray dashed

lines in Fig. 4. It can be verified that the bright spots of both
families are very close to the approximate curves. One possi-

ble explanation for the presence of two families of bright

spots is that both Brillouin scattering-related and same-

frequency phonon interactions are involved here. In practice,

the Brillouin scattering-related process would transfer energy

to other frequencies, whereas the same-frequency interaction

would only change the wavenumber.

Reciprocity of fundamental frequency transmission

coefficient (FFTC) is now investigated. Since the geometry

is symmetric with respect to its center, comparing FFTCs at

f0 from A to B with two opposite values of v is equivalent to

comparing FFTCs from A to B and B to A at f0 with a single

value of v. Therefore, the results shown in Fig. 2(b), where

the signal at f0 for v¼ –1300 m/s is about 35 dB below that

for v ¼ þ1300 m/s, show that a highly non-reciprocal FFTC

is achieved. The same effect is also clearly visible in Fig. 3

at location B, with a signal at f0 significantly reduced when v
is between �1900 and �600 m/s approximately, compared

to the signal between þ600 and þ1900 m/s.

We now focus on the dependence of the FFTC upon this

choice of f0. Figure 5 displays simulated FFTCs, for a f0
parameter sweep between 10 and 700 kHz with 10 kHz steps,

and a v parameter sweep between �2000 and þ2000 m/s

with 50 m/s steps. Each pixel of the image corresponds to an

individual FDTD simulation. This parametric study shows

that the previously observed FFTC dip results from a shift of

the first Bragg bandgap (located at the X point in the band

diagram, i.e., at k¼ p=a) towards lower or higher frequencies

depending on v. Even though its width and depth change

slowly as a function of v, the boundaries of this apparent

Bragg bandgap are close to the ones deduced from the

approximate dispersion diagram for the time-dependent crys-

tal (see supplementary material), shown in Fig. 5 as two obli-

que light gray lines. Interestingly, the effect is not limited to

FIG. 4. Time-space FT of the stress

field inside the crystal region for v ¼
þ1300 m/s and f0 ¼ 100 kHz. Light

gray dashed lines show the approxi-

mate band diagram for the time-

dependent crystal, whereas dark gray

solid lines with circle markers high-

light the Brillouin scattering-related

bright spots ðk6
n ; f

6
n Þ.

FIG. 5. FFTC as a function of the fun-

damental frequency (f0) and the

grounded electrode shift velocity (v).

Light and dark gray solid lines show

the apparent modification of the dis-

persion branches frequency boundaries

at the X and C points, respectively.
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the first gap at X. Frequency shifts of the higher Bragg

bandgaps at X are also visible. Small gaps open up for large

values of v slightly below frequencies corresponding to

shifted eigenfrequencies at C. Additionally, if the lines corre-

sponding to the approximate frequency shift of the first gap

at X are drawn in Fig. 3(b) (solid gray lines), it can be veri-

fied that they give a good approximation of the dark area vis-

ible in the FT results at point B (Fig. 3(c)).

We have investigated the propagation of longitudinal

acoustic waves through a 1D PnC made of identical piezoelec-

tric elements separated by thin metallic electrodes connected

to the ground. Attention was focused on cases where the loca-

tions of the electrical connections change as a function of

time. We have shown that this spatio-temporal modulation of

the electrical boundary conditions results in significant non-

linear effects analogous to the classical acousto-optical

Brillouin scattering. Due to this scattering effect, a single

input frequency produces multiple harmonics in the output.

Since the amplitude of these harmonics reaches rather high

values, this effect could be exploited to realize up (or down)

frequency conversions of an input signal, which can be con-

trolled by the modulation frequency. Non-reciprocal wave

propagation was also achieved inside the piezoelectric modu-

lated structure, with transmission contrasts reaching 40–50 dB

in some cases. One important advantage of this type of system

is that it can be easily controlled using transistor-based switch-

ing circuits. This enables real-time tuning of characteristics

such as the gap position, the non-reciprocity parameters, or

the inter-frequency energy transfer (from f0 to the various f 6
n ).

In order to get a clearer picture of the system’s behavior, we

have chosen a case with 40 electrodes in each PnC period.

However, additional simulations have shown that similar

effects can be evidenced with only a few electrodes per

period. Beyond the effects highlighted here, this structure may

serve as a unique platform to investigate a large variety of

unusual and intriguing wave propagation phenomena.

See supplementary material for the procedure used to

construct an approximation of the band diagram for the time-

dependent crystal.
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