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applications to the classification and ensemble controllability problems
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Abstract: We study the optimal control in a long time horizon of neural ordinary differential equations which
are control-affine or whose activation function is homogeneous. When considering the classical regularized em-
pirical risk minimization problem we show that, in long time and under structural assumption on the activation
function, the final state of the optimal trajectories has zero training error if the data can be interpolated and
if the error can be taken to zero with a cost proportional to the error. These hypotheses are fulfilled in the
classification and ensemble controllability problems for some relevant activation and loss functions. Our proofs
are mainly constructive combined with a proof by contradiction: We find that in long time horizon if the final
error is not zero, we can construct a less expensive control which takes the error to zero. Moreover, we prove
that the norm of the optimal control is constant. Finally, we show the sharpness of our hypotheses by giving
an example for which the error of the final state of the optimal trajectory, even if it decays, is strictly positive
for any time.
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1 Introduction

In this paper we study the optimal control of neural ordinary differential equations for a long time horizon.
Neural ODE have been used in Machine Learning in the last five years, a trend started with [Weil7, [HRI7].
However, they date back to the 90s, when they were already used for the construction of controls (see the survey
[Son92]) and when their controllability properties were first studied (see, for example, [Zbi93] and [SS97]). The
control systems governed by neural ODE have considerably better controllability properties than linear control
systems. In fact, as pointed out in [RBZ21], for a fixed d € N, if chosen the right neural ODE we can control
an arbitrarily large amount of data in R?, whereas in linear systems we can at most control an amount of data
equal to the dimension of the control.

Roughly, though we do it in an abstract setting, the problem under study is the following: Given a dataset
x = (2',...,2V) € RYY, for
RHYN = {(z',...,2V) e RHN : 2t £ 27 Vi,j€{1,...,N}:i#j},

we seek to take simultaneously the data set to some target points or regions in R? in a given time 7' > 0. The
distance to those targets is measured with an error function (also known as loss function). The control is the
minimizer of the risk minimization functional, which provides a balance between a small cost for the control
and a small value for the loss function at the final state of the optimal trajectory.

We study the controllability on control-affine neural networks, which are given by the following equations:

{y(t) = w(t)o(y(t)) + (),

1.1
y(O) =&, ( )

for z € R? the initial value, and o : R — R? a Lipschitz function, which is called the activation function. The
functions (w,b) are the controls and they belong to L?(0, T;U), for U defined by:
U .= ded X Md><1-

If we want to emphasize the dependence of (l.1) to the initial value and the control, we write y(-;x,w,b).
Similarly, we denote the sequence of solutions of (1.1)) for some fixed control (w,b) and a data set x as:

y('; X, W, b) = (y(a xlawvb)v s 7y(‘; ZL'N; w, b)) .

Since o is Lipschitz, (1.1)) is well-posed by the Cauchy-Lipschitz Theorem.

In addition, we also study more compound neural networks, which are given by the equations:

{yu) = (D)o (wlt)y(t) + (1)), s
y(0) =z
Here x is the initial value and (r,w, b) is the control, which belongs to L2(0, T;U), for:
U= M x Mgxg x Maxi,
for:
MC{M e Mgyq: M;; € {1,-1}, Vi=1,....d, M;; =0, Vi#j} (1.3)
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(a) Rectified linear units. (b) Parametric linear units.

Figure 1: Some usual activation functions for d = 1.

In fact, the intensity of the flow is modelled by (w, b), and the direction of the flow, by r. We may take M = {I},
which makes sense when o admits negative values. However, we have considered the general setting to have
relevant results also for the case in which o is a positive function; that is, in which ¢ > 0. We assume that the
activation function o is Lipschitz and homogeneous in the sense that:

o(A\z) = Ao(x), YA>0, VreR% (1.4)
This includes important activation functions such as rectified linear units, which are given by:

o(z) = (max{z1,0},...,max{zq,0}),
see [NH10]; parametric rectified units, given by:

0'(37) - (ax11w1<0 + x11a21>0a ey Oél'dlwd<0 + xdlzd>0)a

see [HZRS15]; and, of course, the identity, o(z) = x (see Figure[1|for the graphs of such activations functions in
one dimension). As in the previous system, y(-;z,r, w,b) and y(-;x, 7, w,b) denote the solutions of (1.2, which
is a well-posed system by the Cauchy-Lipschitz Theorem.

As stated in the first paragraph, we study the properties of any optimal control in a long time horizon. The
main contribution of our paper is that, if the data can be interpolated and the error can be taken to 0 with a
cost proportional to the current error, we improve the asymptotic bound O(1/T) for the error of the final state
of the optimal trajectory obtained in and prove that it is exactly 0 for a sufficiently large time. In
fact, in the simulations presented in [EGPZ20, Examples 4.2 and 4.4] the final errors seem to be 0, so we want
to determine theoretically if, as their simulation suggests, the error is taken exactly to 0. Even if approximate
controllability is usually enough for practical purposes, obtaining null controllability is interesting to broaden
the perspective of the field. We work in an abstract setting, though we give concrete examples of problems
that satisfy our assumptions, notably the ensemble controllability and classification problems. In ensemble
controllability we aim to control two or more independent equations by applying the same control. The study of
ensemble controllability dates back to [Rus86] and [Lio88, Chapter 5], and relevant papers on this topic include
[TW00, WZL17, [RBAZ22]. The main difference of this paper and with

the previous ones is that in our papers the trajectories satisfy the same differential equation, whereas in the
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other papers they satisfy different differential equations (i.e. differential equations which at least do not have
the same coefficients). As for the classification problem, it is a simplified version of the ensemble controllability
problem, where the objective is to split the data into two sets, for instance, {x1 < 1} and {z; > 1}. An
additional contribution of our paper is an example of neural ODE and loss functions where the error can be
taken to 0, but for all time T° > 0 the error at time 7" of the optimal trajectories is strictly positive. This
illustrates that the results are far from being trivial.

This paper follows a well-established research line that studies the properties of the optimal control and
trajectories in a long time horizon. This allows, for instance, that when doing numerical simulations, one may
identify when a local minimum is not an optimal control. The turnpike property is a notion developed since
the 1950s which means that when minimizing certain functionals all the optimal trajectories are most of the
time near some specific state (the turnpike) independently of the initial value and the target (see, for instance,
[McK76] and [DSS87]). An important recent paper regarding the study of the turnpike property is [PZ13], the
first work which provides rigorous mathematical proof and a framework for the turnpike property for linear
quadratic optimal control problems. Also, interesting recent studies on the turnpike property include discrete
optimal control problems in [DGSW14] and [GG18], finite-dimensional nonlinear control problems in [TZ15]
and [Tré20], optimal control problems for hyperbolic systems in [GTZ16] and [SPZ19], general Hilbert spaces
in [TZZ18] and [BP20], boundary optimal control problems in [GHI9], Navier-Stokes equation in [ZamI§],
fractional parabolic equation in [WZ21], Hamilton-Jacobi in [EKPZ20], the finite time turnpike phenomena in
[GSZ21], hands-off controls in [SN20] and in deep neural networks in [FHS21], and Lipschitz nonlinear functions
in [EGPZ22]. Finally, the optimal control for neural ODE is also studied in [EYG2I], where the authors consider
the cost of the L'-norm of the control instead of the L?-norm and obtain that for that norm the optimal control
satisfies some sparsity properties and that the error of the final state belongs to O(1/T).

2 Main results

2.1 Optimal trajectories for control-affine neural ODE

As stated in the introduction, we study the optimal control of a data set ruled by a neural ODE. To measure
how far the data is from the objective we introduce the error function (also referred in the literature of Machine
Learning as loss function) & : (RY)N — Rt := [0,00). We assume that £ is continuous and satisfies the
Hypotheses [I] and [2| which are later introduced in this section.

This allows to define the empirical risk minimization functional for a target time T

Jr(w,b) = E(y(T; x,w,b)) + / [(w(t), b(1))|2dt, (2.1)

where y denotes a solution of (|1.1)) and |-| denotes the Frobenius norm. In this paper we denote any minimizer of
Jr by (wr,br). Moreover, the trajectories induced by such minimizers, called optimal trajectories, are denoted

by yr(t;x) == y(t;x, wr, br).

Ezample 2.1. One usual definition for the error function is

N
> Ei(a'), vxe RHN, (2.2)
i=1

E(x) = %

for E;(z) = d(x, A4;), for d the euclidean distance and for given sets A; C R (that might consist of a single
element).
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First of all, we recall that the functional Jr has at least a minimizer:

Proposition 2.2 (Existence of minimizers). The functional Jr given in (2.1) has at least one minimizer in
L2(0,T;U).

Proposition is classical, and the proof can be found, for instance, in [Tré05l Proposition 6.2.3]. The main
idea of the proof is that Jr is a sum of a positive weakly continuous functional and a positive continuous convex
functional. For this result the continuity of £ is essential.

For having Jr minimizers which take the error to 0 the first thing that we need, of course, is that the error
can be taken to 0, a property known in Machine Learning as interpolation (see [EGPZ20]):

Hypothesis 1 (Interpolation). For the data set x there are controls:
(w*7 b*) € L2(07 17“)7
such that € (y(1;x,ws,by)) = 0.

Hypothesis [1] is used to show that the error of the final state of the optimal trajectories decays as T — oo (see
Lemma [3.3| below).

In addition, we assume that the error can be taken to 0 with a cost proportional to the error:
Hypothesis 2 (Local controllability of the system). Let the data set be x € (R%)Y. Then, there are C,& > 0
both just depending on £ and x such that for all X = (Z1,...,Zx) € (RY)Y satisfying £(X,x) < &, there are
some controls (w, b) satisfying:
[ (w, b) || Lo (0,120) < CE(X),
such that:
E(y(Lix,w,b)) = 0.

As shown in Appendix [A] an additional assumption to Hypothesis [I]is necessary to take the error to 0. Without
Hypothesis [2] the cost to take the error to 0 may be considerably higher than obtaining some small error, so it
might not compensate to take the error exactly to 0 (see Proposition [A.1)).
Now we have all the tools to state the first main result of this paper:

Theorem 2.3 (Annihilation of the error in a long time horizon). Let x € (RY)Y, o be a Lipschitz activation
function, € be an error function such that Hypotheses and are satisfied and Jr given in (2.1). Then, for
T > 0 large enough depending on o, x and £, and for all € > 0 there is § > 0 such that Jr(w,b) < inf Jp +
implies:

E(y(T;x,w,b)) < e. (2.3)

Moreover, for T > 0 large enough the following equality holds for any optimal trajectory:

E(yr(T;x)) = 0. (2.4)

Theorem is proved by showing that if T is sufficiently large and if £(y(T;x,w,b)) is small and strictly
positive, we can construct with Hypothesis [2[a control (w, ) such that:

Jr(w,b) < Jp(w,b) — %E(y(T; x,w,b)).

For that, we show in Lemma that the trajectories may be preserved when we perform a diffeomorphism in
the time variable, then in Lemma[3.4] given a control with a non-constant norm we construct a more efficient one
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and in Proposition [3.:6] we use this to construct a control for which the value of the empirical risk minimization
functional is smaller for all controls with a non-constant norm.

The construction of such control is far from trivial and, as illustrated in Appendix [A] the hypotheses are
rather sharp. As explained in the first part of the introduction, Theorem [2.3] improves the results presented in
[EGPZ20], where the authors prove that the error of the final state of the optimal trajectory is of size O(1/T).

Ezample 2.4 (Application of Theorem to the classification problem). Let us consider:
X = (xl,...,a:M,xMH,...,xN) e (RHY,
the error function given by (2.2)), for
+ Dlg > , i=1,..., M,
i) = (21 + Dlay>—1(21) i
($1—1)1w1>1($1), Z:M+1,...,N,

and any neural function o of the type o(z) = (6(x1),...,0(x4)) such that there is ¢ > 0 such that cs < &(s)
for all s > 0 and &(s) < ¢s for all s < 0. Hypothesis [2]is clearly satisfied, as it suffices to consider € = 1/(2N),
b=0and w(t)r = (2Nc 1&(X)x1,0,...,0). Thus, Theorem [2.3|implies that if the data can be classified (i.e. if
Hypothesis [1] is satisfied), then by computing the optimal control for a sufficiently large time, the data is sent
to the sets {z; < —1} and {z; > 1}.

2.2 Optimal trajectories for neural ODE with a homogeneous activation function

In this section we present the analogous results to those in Sectionfor the neural ODE (1.2)) with activation
functions which satisfy (|1.4]). Let us reformulate Hypotheses [1| and [2 in the context of (1.2)):

Hypothesis 3 (Interpolation). For the data set x there are controls:
(74, Wy, by) € L2(0,1;U),

such that E(y(1;x, 74, ws, b)) = 0.
Hypothesis 4 (Local controllability of the system). Let the data set be x € (R?)Y. Then, there are C > 0 and
€ > 0 both just depending on £ and x such that for all X = (Z1,...,Ty) satisfying £(X) < &, there are some
controls (r, w, b) satisfying:
| (w, 0)|| Loe (0,10) < CE(X),
such that:
E(y(L; X, r,w, b)) =0.

Again, we seek to get sufficient conditions so that the optimal trajectories induced by:
T
Trr,w ) = u(Tix ) + [ (o), bo)Pat (25
0
satisfy €(yr(T;x)) = 0. Since |r| is constant (see (T.3)), it makes no sense to include it in the definition of Jr.

For the functional Jy the following result holds:

Theorem 2.5 (Annihilation of the error for a sufficiently large time). Let o be a Lipschitz activation function
satisfying (L.4) and E an error function satisfying Hypothesis@ and. Then, for T > 0 large enough depending
on o, x and E, and all € > 0 there is § > 0 such that if Jp(r,w,b) < inf Jp + 0:

El(T;x,r,w,b)) <e. (2.6)
Moreover, if T is large enough and if Jp has an optimal trajectory:

E(yr(Tsx)) = 0. (2.7)
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The proof of Theorem is analogous to that of Theorem [2:3] so we just give some brief explanations in the
first comment of Section As with Theorem [2.3] Theorem improves the results presented in [EGPZ20],
where the authors prove that the error of the optimal trajectory at a final time 7" is of magnitude O(1/T) also
for the solutions of with an activation functions satisfying .

Remark 2.6 (Existence of minimizers of .J7). We have stated “if .J; has an optimal trajectory” in Theorem [2.5
because, as far as we know, it is an open question to see if Jp admits a minimizer. The main obstacle to adapt
the proof of Proposition 2.2]is that nonlinear functions and weak limits may not commute. However, as we see
in the first comment of Section [d] we can improve Theorem 2.5 and obtain that for 7" large enough and all £ > 0
there are controls (r,w,b) such that Jp(r, w,b) < inf Jp + ¢ and E(y(T;x,r,w,b)) = 0.

Ezample 2.7 (Application of Theorem to ensemble controllability). Theorem can be applied to the
ensemble controllability problem. Let x € (RY)YN for d > 2, M given in :

o(z) = (max{z1,0},...,max{zq,0}), (2.8)

the activation function, z = (2%,...,2") € (R%)Y the targets, and £ given by for E;(z) = |z — 2%| the
error function. Then, it is proved in [RBZ21, Theorem 2] that Hypothesis [3|is satisfied. Moreover, as we prove
in Appendix [C} Hypothesis [d] also holds. We present the proof because the bounds for the cost of the control is
not a straight consequence of the computations in [RBZ21]. Consequently, Theorem (and all the auxiliary
results and corollaries) can be applied to this neural problem.

Remark 2.8 (Functionals allowing expensive controls). As in [EGPZ20], we can consider the functional:

Jrs(w,b) = E@(Tsx,w,b)) + b / (w (), (1)) Pt

instead of Jr for , and:
T
Jr.s(r,w,b) == E(y(T;x,r,w,b)) + (5/ [(w(t),b(t))|?dt,
0

instead of Jr for (1.2)-(1.4). By linearity (see Remark it holds that:
Jrs(w,b) = Jps-1.1(6w(td), 6b(t0)),

and:
Jr.5(ryw,b) = Jps-1 1 (r(t6), Sw(td), 5b(t5)),

respectively. A straight consequence is that (w,b) is a minimizer of Jp s if and only if (Jw(td),db(td)) is a
minimizer of Jps-1 ;. Similarly, (r,w,b) is a minimizer of Jr s if and only if (r(t8), sw(t8), 6b(t5)) is a minimizer
of Jps-11. Thus, analogous results to Theorems and and all the auxiliary results hold true for Jr s and
Jr s when T is fixed and J > 0 is small enough depending on o, £, x and 7.

3 Optimal control for control-affine neural ODE

In this section we work in the control problem described by and the risk minimization functional Jp
given by . In this section C' > 0 denotes an arbitrary constant that may change from line to line and
depends only on o, £ and x. Similarly, when we assume that T is large enough we mean with respect to o, €
and x. We first present some technical results in Section then conclude the proof of Theorem in Section
by a proof by contradiction, and finally provide additional properties of the optimal controls in Section [3.3]
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3.1 Preliminaries

We first construct controls to have the same trajectory but at a different velocity:
Lemma 3.1 (A technical result regarding the time variable). Let x € (RY)N and
¢ € L}y (0,00, RT).
Then:
y(T (1), w,0) = y (%, 80 ()w(T($)), ST ()BT(s) ), e € [0,77), (3.)

for T* >0 and I' any solution of:
['(s) = ¢(I'(s)), s€[0,T%),
(5) = 6(T(s), s€[0,77) 652)
r'(0) = 0.
Remark 3.2 (Invariance of trajectories when ¢ is constant). An important application of Lemma is the case
¢(t) = X € RT; that is, when ¢ is constant. Then, (3.1)) becomes:

y(At;x, w,b) = y(t;x, Aw(As), Ab(As)). (3.3)

Proof of Lemma[3.1 It suffices to see that for all ¢ the function ¢ — y(I'(¢);2,w,b) is a solution of (.1
with initial value z* and controls ¢(I'(¢))w(I'(t)) and ¢(I'(¢))b(I'(t)), since (1.1)) has a unique solution by the
Cauchy-Lipschitz Theorem. From the initial condition on (3.2]) we obtain that:

y((0); 2", w,b) = y(0; 2", w, b) = .
Moreover, from the first equation of (3.2)) and the chain rule:

& (00t w,5)) = o))", w0,
= o(0(0) (wD () (y(N(t):a" w, ) +b(I(1))) (3.4)

= (20 ®)w(r@))o (ur (@), w,0)) + (ST ELIE)).

Next, we recall that Hypothesis [1| implies that the error is at most of size O(1/T):

Lemma 3.3 (Boundedness of the error with respect to T'). Let T > 0, o be an activation function and € an
error function satisfying Hypothesis[1l Then:

C

E(yr(T3x)) < = (3.5)

Lemma [3.3]is proven in [EGPZ20]. Briefly, it is a consequence of the definition of yr as the optimal trajectory

and that, by Remark Fw, (%) and +b,. (=) are controls that take the error to 0 (see Hypothesis [1| for the

definition of (wx,bs)). In fact:

E(yr(T5x)) < Jr(wr,br) < Jr (;w (5). 2. (f)>
(3.6)

1 [t )
-z / (. (), b (1)) P,

Finally, we prove that we may assume that the norm of the optimal control is constant if it does not get
null or explode:
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Lemma 3.4 (Construction of more efficient controls). Let:
(w,b) € CH([0, TLUN{(0,0)}),

be such that t — |(w(t),b(t))| is not constant. Then, there is a control (w,b) such that t — |(w(t),b(t))| is
constant, such that:

|((1), b(1))| € (%|<w7b>\7%%|<w7b)|) in (0,7, (3.7)

and such that: ) - ) -
y(T;x,w,b) = y(Tsx, w,b), /0 I(@(t),b(t))\zdt</0 |(w(t),b(t))[*dt. (3.8)

Remark 3.5. Lemma implies that ¢ ~ |(w(t),b(t))| is constant. However, it does not imply that t
(w(t),b(t)) is constant, just that its Frobenius norm is constant.

The proof consists on constructing new controls with a time-transformation that will allow us to arrive to
the same target with a smaller cost:

Proof of Lemma[34 Let us consider the auxiliary function:

b4 (t) = Lo, (1), (3.9)

S
|(w(t), b(2))]|

for v > 0 to be fixed later, and I'y given by:

I'y(s) = ¢4(T4(s)), se€[0,T,], (3.10)
r',(0) =0,
for:
T, :=sup{t: T, (t) < T}.
Note that from the definition of T’ it follows that:
r(7,)="T. (3.11)

Since ¢, is C! (as (w,b) # 0, by compactness min, 7 [(w, b)| > 0), (3.10) has a unique solution by the Cauchy-
Lipschitz Theorem. Moreover, v + T, is continuous and decreasing, lim,_,o Ty = oo, and lim,_, o T, = 0, so
there is v* > 0 such that:

T, =T. (3.12)
For that value v* it holds:
N 1
N = ;fT — , (3.13)
T J0 [(w(Ty= (£)),b(T= ()]
because by (3.11) and ((3.12):
T * T
y*dt / .
/0 |(w(Ty- (), 6T ON] Jo 7 ! T
Considering (3.1) we obtain that:
Y(T3 %, ¢ye (g (5))w(Ly (5)), oy (T (8))0(Ls (5))) = y(Ly= (T); %, w, b) (3.14)
=y(T;x,w,b). .
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Moreover, considering the strict inequality between the harmonic and arithmetic means (see, for instance,
[Kom11]), (3.10)-(3.13), and the Change of Variables Theorem we get that:

T T
/ ¢3*(Fw(t))\(w(1“w*(t)),b(Fw(t)))th:/ (v*)?dt = (v*)*T
0 0
VT

;fT dt
T J0 [(w(T'y= (8)),b(Ty= (1))l

T
<3 [ rmr @, o -
= [ b (o )00 (.- () Pl
T
= [ twte) by Par.

0

Therefore, combining (3.14]) and (3.15])) we obtain (3.8)) for:
W(t) = Gr (Dye (D)W (Ty= (1)), b(t) = e (T (£))B(Ty= (1)),
Finally, since v* is the harmonic mean of values in:

[ i ()], max| (B} ]

we obtain (3.7)). O

3.2 Construction of controls which take the error to zero

Let us state the properties of the controls that we construct in this section:

Proposition 3.6. Let o be an activation function and E an error function that satisfy Hypotheses [ and[3
Let T > 0 be large enough and (w,b) be such that:

JT(U), b) S 2inf JT. (316)
Then, there is a control (i, b) such that:
E(y(T;x,w,b)) = 0, (3.17)
and: 1
Jr (i, b) < Jp(w,b) — FEW(T5x,w,b)). (3.18)

The first step is to remark that £(y(T;x,w, b)) is small for large T'. The second step is to approximate (w, b)
by some control (w,b) satisfying the hypothesis of Lemma The third step is to show that if (2.4) is false,
we may prolong for some 7 > 0 the controls w and b in [T, T + 7] so that:

G(T + 7;%x,,b) = 0. (3.19)
The fourth step is to take those trajectories to [0, T] with (3.3). The fifth and last step is to check that the new

control satisfies (3.18)).

Proof of Proposition[3.6 Step 1: estimate of &(y(T;x,w,b)). If E(y(T;x,w,b)) = 0, then it suffices to
consider (w,b) = 0, so we suppose from now on that &(y(T;x,w,b)) > 0. Moreover, from (3.6) and (3.16) we
obtain for T large enough that:

E(y(T;x,w,b)) € (0,/2), (3.20)

10



1 for £ the value in Hypothesis [2|
Step 2: approximating the control. Clearly, C1([0,T];U \ {0}) is dense is L*(0,T;U). Moreover,

(w,b) — E(y(T;x,w,b)),
2 is continuous from L2(0,T;U) to R. Thus, there is (w,b) € C([0,T];U \ {0}) such that:
1@, )1 22 0,724) < ll(w, )l 220, 7:20), (3:21)

3 and:
E((T;x,w,b)) < 2E(y(T;x,w,b)). (3.22)

s+ Moreover, by Lemma [3.4] we can suppose that ¢ — |(@(t), b(t))| is constant. In addition, from (3.6)), (3.16) and
s (3.21) it follows that:
= C
@, D) || oo (0,100 < —=. 3.23
1,010 < (3.2

Step 3: taking the error to 0. From Hypothesis (3-20) and (3.22) we obtain a control (w,b) €
L>(0,T;U) that takes the solution from y(T’;x,w,d) to a state X such that £(x) = 0. Moreover,

(@, B)l| s 0,100) < CE((Tx,@,b)) < CE(y(Tsx,w,b)).

s Consequently, by Remark for some:

E(y(T;x, @, b))

r<c-2L : (3.24)
(0, b)[| Lo 0,7:00)
7 the control (@,b) can be prolonged to [0, T + 7] so that both:
(@, B) | oo (0. 747:24) = (@, D) || Lo (0,720 (3.25)
s and (3.19) are satisfied.
0 Step 4: taking the trajectory to [0,7]. We consider:
o T+7 _ (THT
w(t) = T w< T t),
T+ T+ (3.26)
- T T
b(t) := b t).
(0= 275 ()
1 Then, (3.17) is true. In fact, the equation (3.3) with A\ = T;T implies:
y(T5x,0,b) = y(T + m:%,10,0).
Step 5: efficiency of the new control. First, we realize that:
. T
Tr,b) = T () = E(Tixw,) + [ (w(0).50) P
0
T+7\? (7T T+T1 ~(T+T 2
— 0 t],b t dt. 2
(7)) o (5 ) o

11
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Considering that t — (@(t),b(t)) is constant in [0, 7], and that (3.21)) and (3.25) are satisfied we deduce that:

/0T|(w(t),b(t))|2dt—/0T (w <T;Tt>,E(T;Tt>)

Consequently, we obtain from (3.20)), (3.23)-(3.25)) and (3.27)-(3.28]) that:

2
dt > 0. (3.28)

h 2r 7 r T+ - (T+T 2
Jr(w,b) — Jp(w,b) > E(yr(T;x,w,b),x —<—|—>/ (ﬁ}( t),b( t)) dt
7( ) 7( ) (yr( ) %) T T2 0 T T
> (1-C|(w, E)HLOC(O,T;M) - CéT_l) E(y(T:x,w,b))
> (1= CT2) E(y(Tsx,w,b)),
which implies (3.18) for T large enough. O

Now we may conclude the proof of Theorem [2.3] by a proof by contradiction:

Conclusion of the proof of Theorem[2.3 Let ¢ > 0. It suffices to consider § = ¢/3. If (w,b) are such that
Jr(w,b) <inf Jp + /3, then E(y(T;x,w,b)) < e. Otherwise, by Proposition |3.6| there are (@, b) such that:

Jr(i,b) < Jr(w,b) = = < inf Jp - <,

which is absurd. Similarly, if (wr, by) is a minimizer of Jr and (2.4) is not satisfied, then the control (i, b) of
Proposition satisfies Jp(w, b) < Jr(wr, br), contradicting the definition of minimizer. O

3.3 Additional properties of the optimal control

As a consequence of Remark we can easily prove that, assuming Hypotheses [1| and [2] for a sufficiently
large time the optimal controls are of the form:

(7 (5) 7(7)

for (w.,b,) the minimizers of the functional:

T
- / \(w(t), b)) dt,

considered in the domain:
{(w, ) : E(y(1;%,w,b)) = 0}.

In addition, we can prove that such minimizers belong to L°°(0,7T) and satisfy that ¢t — |(w(¢),b(¢))| is
constant, which follows from:

Lemma 3.7 (A more efficient control). Let (w,b) a control in L?*(0,1) such that t — |(w(t),b(t))| is not
constant. Then, there is a control (1,b) such that:

(L;x,9,b) = y(L;x,w,b),

<

1, )| 20,720y < 11w, )| 2(0,7500);
and, if (w,b) € L>(0,T;U),
| (0, D) oo (0, 7:24) < 2[[(w, b)[| Lo (0,74 - (3.29)

12
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The proof of Lemma [3.7] is based on classical results from Measure Theory and is postponed to Appendix
Lemma [3.7] compared to Lemma [3:4] has the advantage of having less restrictive hypothesis. However, it has
the disadvantage that we do not obtain neither a contraction for the L> norm (see Remark nor a control
with constant norm, which is needed for proving Proposition |3.6

4 Further comments and open problems

e Analogous results for neural ODE whose dynamics are described by (1.2). Clearly Lemmas
and and Proposition can be proved for system (|1.2|) with o satisfying (1.4]) as in Section

Bl The key lemma is Lemma [3.1] since the other results use the homogeneity of the system via Lemma
The analogous of Lemma can be proved by replacing (3.4]) by:

L0yt w,b,1) = SOOI 20, b)
= ST ) (wTO)y(T(W); ', w,b) + b (1))
= r(T()o (A0 w(D(E)y(D(E); ', w,b) + ST OT()).

The last equality follows from (1.4]). Finally, Theorem and the analogous of Proposition imply that
for all § > 0 there is a control (r,w,b) such that Jp(r,w,b) < inf Jr — 4§ and E(y(T;x,r,w,b)) = 0.

e Optimal control for non-homogenous activation functions. It remains an open problem to deter-
mine if similar results to Theorem hold for non-homogeneous activation functions satisfying ¢(0) = 0
such as the hyperbolic tangent,

o(xz) = (tanh(zy), ..., tanh(zy)),

see [ES18]. We may wonder whether similar results hold with more general activation functions if we
replace M (see ([1.3])) by the unitary matrices or by Mgy q (of course, the cost of r must also be included
in the risk minimization functional). This would include, for instance, sigmoid,

U(.’L‘) = ((1 + e_xl)_lv ) (1 + e_xd)_1)7

see [MS95]; softplus,
o(x) = (log(1+e*1),...,log(1l + ")),

see [GBBII] (see Figure [2| for their graph in one dimension), and others like logistic and cross-entropy
function. The main difficulty is that the analogue of Lemma [3.1| cease to be true, so another tool is needed
to prove the main result, probably a local inverse theorem result.

e Optimal control with other norms. It is a relevant problem to determine if similar results to Theorems
2.3 and hold for any other Lebesgue or Sobolev norms. In particular, the most interesting scenario is
to replace both in Jr and Jp the terms || (w, b)H%?(O,T) by ||(w, b)||?{1(0’T) and adding the restriction that
the component of r can only change signs if (w,b) = 0 or to measure the H! norm of r if the space M
is connected. The interest of this is double: thinking in potential applications it makes sense to also try
to bound the variations in the time variable, which can be obtained by minimizing the time derivative.
Moreover, if we consider the H'-norm we can prove as in Proposition that Jr admits a minimizer.
The main difficulties when studying these norms are that Lemmas and may not be proved as easily
(if they are true) because we need to keep track of the time derivative and because we cannot define the
control on [T, T + 7] independently to the controls on [0,7] due to the time derivative.

13
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Figure 2: Some activation functions for d =1

A A pathological case

In this section we prove that without Hypothesis[2| the error may not be taken exactly to 0 if the ratio between
the cost of correcting the error and the error explodes as the error vanishes. We present an example for the
sake of simplicity, though the proof can be replicated whenever the gradient of the error is null on all the points
where the error is null, which is the key impediment for taking the error exactly to zero.

Proposition A.1 (Necessity of local controllability). Let us consider d =1, x = x1 = 1, £(x) = 22, 0(s) = s
and Jr given by (2.1)). Then, yr(T) > 0 for all T > 0.

Proof of Proposition[A.]. Let (wr,br) be a minimizer of Jp. Clearly wr,br < 0. Let us prove by contradiction
that yr(T) > 0. For that, we suppose that yr(7T)) = 0. By Lemma t — |[(wp(t),br(t))| is a constant
function equal to some constant ¢. In particular, for > 0 small enough the following inequality is satisfied:

T
(yr(T = 4))* - / |(wr (1), br(t)[* = (yr(T — §))* — %3 < (C8)* — %5 < 0. (A1)
T-6
The estimate |y (T — §)| < C§ follows from the formula:
T s
yr(T = 6) = —/ br(s) exp (—/ wT(z)dz> ds,
T-5 T-5

which follows from yr(T) = 0. Consequently, we obtain from (A.1)) that:
Jr(wrlor—s),brlo,r-s) — Jr(wr,br) <0, (A.2)
which contradicts that (wr, br) is a minimizer of Jy. O

Remark A.2 (On Hypothesis . It is trivial that Hypothesis [1]is satisfied by the activation and error function
introduced in Propositions

B Proof of Lemma [3.7

In this section we prove Lemma [3.7} Here u denotes the Lebesgue measure. In order to prove Lemma [3.7] we
need the following classical result of measure theory, whose proof can be found in [Yeh06, Thm. 3.25]:

Lemma B.1 (Comparison between sets of positive measure and open sets). Let S C [0,T] be a measurable set

€

such that 1(S) > 0. Then, for all e > 0 there is an open set O° = |J_, (af,b5) such that p(O°AS) < e.

1771
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Proof of Lemma[3.7 Since |(w, )| is not constant, there are some sets S; and S3 and some constants Cy, Cy > 0
such that Cy < Cs, |(w,b)] < Ci on Si, |(w,b)| > Cy on S5 and:

inf{|z? — z'| : 2! € Sy,2% € So} > 0. (B.1)

From Lemma we get that for ¢ > 0 small enough there are two sets O] = U?:il(ai,iabi,i) and 05 =
U:l:gl(ag,iv b5,;) satisfying:
p(OT\ S1) <&, u(O5\8s) <e, (B.2)

and:

w(0f) = u(©05) = A A5} (B3)

If ¢ is small enough, because of (B.1) we may also assume that:

O;N0O;5 =0. (B.4)
Let us consider the auxiliary function:
1 t€[0,T]\ (01N 03),
1+~ teOf,
(b’Y(t) = 14~ i (B5)
0 t>T,

for v > 0 to be fixed later, and I'y given by:

{n(s) — 6, (T, (s), Vs >0, (B.6)
I',(0) =0.
We remark that:

F’Y(T) =T. (Bj)

Indeed, it can be proved that if I'(7.) = a and ¢,(t) = c on [a,b], then ' (T% + 2=%) = b. Hence:

142y

r, (u([o,T] \ (05N 03)) + ﬁu(oi) +

which considering (B.3)), (B.4) and (B.5) implies (B.7).

Consequently, the following controls satisfy the conclusions of Lemma
(@,) = ¢ (T (1)) (w(T5 (1)), BT (1))). (B.8)
Indeed, from and it holds that:
Y(T5%, oy (5)w (5 (s)), 4 (5)b(T4(s))) =

(F’Y (T)a Xa ’LU, b)

Yy
y(T;x,w,b).
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In addition, if v and e are small enough:

T T
/|mmﬂmmn/N%@wmmanGWMWt
0 0
= [l P
oHEle

R EEIT 0) HE )P
Py O5)urs (05)

wégmmwwwa+kgvégm@mmww

s 1 (M) )

min{u(S1), p(S:
0y PSS}y )2 s, > 0

The second equality follows from the change of variable s = I',(¢), the first inequality from the definitions of
S1, So, OF, 05 and (B.3), and the last inequality from Cy > Ci, (B.2)), being v and ¢ small enough, and the
well known identity:

li = L*(0,T).
C%#(SX-)p:C”g”LQ(A,dz) 0, VgeL0,T)

Finally, if (w,b) € L>(0,T;U) the estimate (3.29) follows from (B.5)) and (B.§]) by taking v < 1. O
Remark B.2 (Sharpness of the estimate ([3.29))). The construction provided in the previous proof may not ensure
us that:

1(@, )| Lo 0,7504) < [[(w, b)[| o< 0,704
for instance if |(w, b)| = 1, for Q C [0,T] a set such that p(2) € (0,7) and which contains an open neighbour-

hood of every rational number in [0, T]. However, we can replace in the estimate (3.29) the constant 2 by any
constant strictly greater than 1.

C Local ensemble controllability

In this section we prove the following result:

Lemma C.1 (Local ensemble controllability result). Let o be the activation function defined by (2.8) and &
defined in Example[2.]. Then o and £ satisfy Hypothesis [}

The main contribution with respect to the result on [RBZ21] is that we keep track of the cost and continuity
of the control. The controls that we construct are different to those in [RBZ21], in which w and b have a single
non-zero component at any time, since we do not search for a sparse property, but to obtain the continuity of
the controls with respect to the initial data. We recall that C' is a positive constant sufficiently large changing
from line to line which depends on the target set z. Moreover, for d = 2 we denote:

ol (R R I e R
r= , w= = , b= .
0 wa Wa1  Wa2 ba
Proof of Lemma[C.d. In order to simplify the notation we prove Lemma for the case d = 2, though the
proof is analogous for any d > 2. We prove Lemma [C.I] by induction on N.
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Step 1: the base case. Let us begin with the case N = 1. We may take x = (x1,22) to z = (21, 22) with a
force proportional to |z — x| by applying the controls w = 0, by = |21 — x1], by = |22 — @a|, r1 = sign(z — 1)
and o = sign(zs — x2).

Step 2: the inductive case. Step 2.1: rearranging the points. We may suppose by rearranging the

indexes that [2V| = max;—1,  n |2‘|. For the rest of the proof we define e := "z—xl and:
5 :: 1 N - Z M ]. . .
min{|z" | max 2 e, } (C.1)
Then, & > 0 since, for i = 1,..., N — 1, either |2¢| < |2V]| or |2?| = [2V]| but 2¢ # 2V, so cos(2?,e) < 1.

Step 2.2: controlling (z!,...,2V~1) in [0,1/2]. By the induction hypothesis and linearity we know that
for € small enough, if YN 7" [2% — 27| < £ there are some controls (r,w, b) satisfying:

N-1
1w, bl L=(0,1/2) < C > |z" =], (C.2)
i=1
and such that:
y(1/2; (xl,...,xN_l),r,mb)—(zl, ,zN_l) (C.3)
We fix:
€ = min {é __ 5 }
B OV + 1)
If:
N . .
S olE -t <é, (C.4)
i=1
then: 5 )
ly(t; 2™, w, b) — 2| < B Vt € [O, 2} . (C.5)

Indeed, |2V — 2| < ¢ by (CA4) and, if [y(-;2™,w,b)| < [z¥|+ 2 on [0,t), for t < 1/2, then:

t N| 3§
[ ottt a® v+ bisps < 1m0 R Plion 0
0
considering (C.2]) and that £ < W. In a similar way, we can prove that:
N . .
ly(1/2; 2N, 7w, b) — 2| SCZ|zi—x’|. (C.6)
i=1
Indeed, for t € [0,1/2] by (C.2):
N-1 _
o (wy(1/2;2™ 7, w,b) 4 b)| < [lwll oo (0,1/2)(|2V [+ 8) + 1Bl e (0,1/2) < C Z 2" — 2.
i=1
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Step 2.3: controlling y(1/2;z™,7,w,b); in [1/2,3/4]. We seek to obtain that:
y(3/4; 2N rw, b))y = 2. (C.7)

If y(1/2; 2™, w,b); = 21V, it suffices to consider 71 = 1, ro = 1, w = 0 and b = 0, so we may restrict to the case
y(1/2; 2N, w,b) # 2V, To obtain we consider the controls r; = sign(z —x1), 72 = 1, wy = czij\il |2t —zt|e,
b = czij\il |2t — 2| (= |2V |4+ 6), wy = 0, by = 0 in [1/2,3/4], for ¢ to be fixed later. These controls are constant
in [1/2,3/4]. First, we remark that o(w; - z +b) = 0 for all z such that z-e < |zV| — §. In particular, from

and we derive:
y(3/4; (1, ..., 2N w, b) = y(1/2; (2t .., 2N T w, b) = (24 ..., 2N . (C.8)
Moreover, |y(t; ™, r,w,b); — 23| is decreasing on [1/2,T.], for:
T, = inf{T, > 1/2: y(T,; 2™, r,w,b); = 2]},

In addition, thanks to (C.5) in [1/2, Ty] the following inequality is satisfied:

N
: 0
o (4o IV — N % I
|y(t,.73 ,r,w,b)1|—|w1-y(t,x 7T7wab)_b1|2ci§:l|z —Z‘|2

Combining this with (C.6) we obtain that T, < 3/4 if ¢ > C; i.e. if ¢ is sufficiently large just with respect to
z (recall that 0 is a fixed parameter depending only on z). Consequently, since T, is continuous with ¢ and
lim_,o T\ = oo there is some ¢ € (0, C] such that T, = 3/4. In particular, there are some controls (r, w,b) such

that (C.7)), (C.8]) hold, and such that:

N
||(’w,b)||Loo(073/4) < CZ ‘Zi — .’IJZ|

i=1

Finally, arguing as in the final part of Step 2.3 we obtain for C large enough that:

N
3 i 7 30
ly(3/4; 2™ 7, w,b)g — 25 | < min {c E._l: 2t — 2], 4} ,

Step 2.4: controlling y(-; ™V, 7, w,b) in [3/4,1]. In a similar way, we can prolong the controls in [3/4, 1]

so that y(1;x, 7, w,b) = z and:
N

1w, b) [0,y < C Y |2" = 2],
i=1
are satisfied. This can be done as in Step 2.3 by fixing 1 = 1, 79 = sign(zs — x2), w1 = 0, by = 0, wy =
cZi\Ll |2t — zile, by = cZﬁl |2t — 2¢|(—]2N] + §) for some ¢ > 0. Indeed, since w; = 0 and by = 0, the function
t = y(t; 2N, r,w,b); is constant in [3/4,1]. O
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