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Abstract — Non-linear mechanical oscillators com-
bined with piezoelectric transducers are widely used in
vibration energy harvesting applications for their broad-
band behavior. However, the complexity of their behav-
ior for a given excitation and especially the existence of
multiple orbits needs to be addressed. In this paper, a
new approach has been developed to predict the prob-
ability of occurrence of each orbit. Combined with the
power harvestable by each one, it allowed us to calcu-
late an expected power at each drive frequency. This ap-
proach was used to demonstrate that our generator has
a constant expected harvested power between fd = 23 Hz
and 55 Hz.

1 Introduction

Figure 1: Experimental setup from [1] used in this article.

A vibration energy harvester usually involves 3 sub-
systems : a mechanical oscillator, an extraction circuit and
a storage unit. In this article, we focus only on the mechan-
ical oscillator and its extraction circuit. Linear mechanical
oscillators are ideal if the available vibrational energy is con-
centrated in a narrow frequency band. In the case where the
energy is distributed over a wider frequency band, non-linear
oscillators such as the Duffing oscillator allow for increased
performance. However, the behavior of nonlinear oscillators
is much more complex than that of their linear counterparts.
For a given excitation, they can oscillate on several orbits,
often very different. These orbits can be periodic but also
chaotic. In particular, the output power of each of them can
differ drastically. The ability to predict these orbits but also
their probability of occurrence is an essential challenge in the
development of vibration energy harvesting. In this paper,
we present a new method to predict the probability of occur-
rence of each orbit to derive an expected harvested power,
as a function of the driving frequency.

2 Materials and methods

2.1 Experimental setup

A complete experimental set-up including a frame, a me-
chanical Duffing bistable oscillator, its extraction circuit and
associated power measurement has been developed [1] as
represented on Fig 1. The oscillator consists of a buckled
steel beam of length L on which is fixed a mass M . Two am-
plified piezoelectric actuators are used. The smaller one has
a force factor α and a blocked capacity Cp and is used to ex-
tract energy from the mechanical oscillator. The second and
stiffer one is used to adjust the level of buckling. It is there-
fore not directly taken into account in the model. The volt-
age in the electrical circuit is noted v. The harvested power is
dissipated in a resistor of constant resistive load R= 7.83 kΩ.

2.2 Numerical model

The mechanical oscillator and its extraction circuit have been
modelized as follows according to [2].
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Where x represents the position of the mass M . The oscilla-
tor has two stable positions at x = ±x0. The linear behavior
for small oscillations around x ≈ x0 has a natural angular
frequency ω0 and a mechanical quality factor Q as defined
in [3]. The oscillator is submitted to a sinusoidal ambiant
acceleration of amplitude A= 2.5 m.s−2 and frequency fd .

The non-linear ODE Eq. 1 were solved numerically us-
ing the Python package Scipy. A representative grid of ini-

tial conditions X0 =
�

x(0) ẋ(0) v(0)
�>

with 400 points
was determined. For each frequency, a simulation was per-
formed from each X0 until convergence to a harmonic or
chaotic regime. The stable orbits were deduced and clas-
sified by type (harmonic or chaotic) and if necessary by sub-
harmonic, i.e. those for which we oscillate at a frequency
which is sub-multiple of the driving frequency. An orbit is
high when it often crosses the saddle point at x = 0 and
goes from one equilibrium to the other. It is considered low
when it oscillates around one of the two equilibrium points
±x0. We take the following notations: H1H (resp. H1L)
for a first order high (resp. low) harmonic and SH3H for a
three order high sub-harmonic. The proportion of oscillators
converging to a given type of orbit is noted r and is called
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Figure 2: (a) Probability of occurrence. (b) Orbital average harvested power (from simulation and experiments) and
expected power as a function of the driving frequency fd .

the probability of occurrence in what follows. The average
power dissipated in the resistor Ph,k was also calculated for
each orbit in steady operation. The expected power E[Ph] is
calculated as the sum of the average powers Ph,k associated
with each orbit weighted by their probability of occurrence
for each frequency as follows:

E[Ph] =
∑

k

rk Ph,k (2)

3 Results and discussion

Fig 2-(a) shows the probability of occurrence r of each orbit.
It illustrates in particular that the more energetic a high orbit
becomes with the increase of fd , the smaller its r is. Fig 2-
(b) shows that the expected power E[Ph] does not follow
a specific orbital harvested power for all drive frequencies
fd . In particular, it is close to the high orbit 1 (H1H) at low
frequency but moves away from it as its r decreases. It also
indicates that the expected power is almost constant between
fd = 23 Hz and 55 Hz. Finally, it proves that the decrease in
power beyond 55 Hz is related to the increasing value of r of
the H1L orbit. This approach allows us to know which orbits
one should try to modify to increase the power expectation.

4 Conclusion

In this paper, we have presented a tool predicting the ex-
pected power that can be harvested with a bistable piezo-
electric generator. Each orbit accessible at a given driving
frequency corresponds to an available power that can be ex-

tracted from the mechanical oscillator. Indeed, this tool al-
lowed us to see that the more a high orbit sees its energy
increasing according to the driving frequency fd , the more
its probability of occurrence r tends to decrease. Consider-
ing the presented results, an orbit jumping strategy will be
established in order to stay on the most energetic orbit as
long as possible regardless of the excitation frequency.
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