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COMPARISON OF THE MAHLER MEASURE AND THE LENGTH
FOR ALGEBRAIC INTEGERS
HAVING ALL THEIR CONJUGATES IN A SECTOR.

V. FLAMMANG

Abstract

In this paper, explicit auxiliary functions are used to get lower and upper bounds for the
Mahler measure involving the length for an algebraic integer having all its conjugates in a
sector. Mostly, these bounds improve the usual ones. At our knowledge, it is the first time
that such a work is done.

1 Introduction

Let o be a nonzero algebraic number of degree d with minimal polynomial P = agz®+ a 2% +
ot ag=ap(x — ay)...(x — ag). We define:

d
e the Mahler measure of o as M(a) = Hmax(l, lavi]),
i=1

d
e the length of a as L(a) = Z .
i=0

We have the well-known ineq;alities 279 (a) < M(a) < L(a).

Now, we consider that « is an algebraic integer whose all conjugates lie in a sector Sy = {z €
C such that |argz| < 6}, with 0 < 6 < 90°. Since the algebraic integers a; = «, ..., ag have

positive real parts, we can show by induction that then the polynomial P has a sequence of
d

coefficients with alternate signs so L(«a) = |P(—1)| = H 11+ .

i=1
In 2014, we studied the case of # = 0 [F2]. It means that the conjugates of « are all positive
real numbers. Using the method of explicit auxiliairy functions and our recursive algorithm, we
proved:

Theorem 1. If the minimal polynomial P of « is different from z, x — 1, 2> — 3z + 1, z* —
T2 + 1322 —Te + 1, 22 — 4o + 1, 26 — 122° + 442 — 6723 + 442% — 122 + 1 and 2® — 1527 +
8329 — 2202° + 303z* — 2202 4 8322 — 152 + 1 then

1-058358(111(0[)0'562454 < M(Oé) < 0'379128dL(a)1.803995.

These inequalities are generally better than the classical ones. For instance, if o has minimal
polynomial 2% — 622 + 8z — 1, we get:

1.0583589L(a) 0962454 = 5,63845 < M(a) = 7.18421 < 8.10185 = 0.379128¢L(a) 180399



instead of
279L(a) = 2 < M(a) = 7.18421 < L(a) = 16.

The purpose of this paper is to establish such inequalities in the case of 0 < # < 90. It is the
first time that this kind of work is done at our knowledge. We need to recall a theoretical result
of M. Langevin [La] on the Mahler measure. He proved that there exists a function ¢(f) on
[0, 180°), always > 1, such that if a # 0 is not a root of unity, whose conjugates all lie in Sy,
then M(a)'/¢ > ¢() where d denotes the degree of a. In 1995, G. Rhin and C. Smyth [RS]
were the first to succeed in finding the exact value of ¢(#) for # in nine subintervals of [0, 120°]
and conjectured that ¢(f) is a ”staircase” decreasing function of €, which is constant except for
finitely many left discontinuities in any closed subinterval of [0, 180°). They used the method of
explicit auxiliary functions with polynomials found by heuristic search. Later, in 2004, G. Rhin
and Q. Wu [RW] gave the exact value of ¢(f) for four new subintervals of [0, 140°] and extended
four existing subintervals. These improvements were allowed thanks to Wu’s algorithm [Wu].
Based on this algorithm we have developed our recursive algorithm where the polynomials are
found by induction. It allowed the author and G. Rhin [FR] in 2013 to find for the first time
a complete subinterval and a fourteenth subinterval. A complete subinterval is an interval on
which the function ¢(6) describing the minimum on the sector |arg z| < 6 is constant, with jump
discontinuities at each end. In 2014 [F3], we applied this reasoning to the length. It means that
we computed the greatest lower bound ¢(f) of the quantities L(a)'/? for 6 belonging to eight

subintervals of [0,90). Here again, one subinterval is complete. The following table summarizes
our results:

Table 1 Intervals [6;,6’;] for i # 6 and [0, 6’s) where ¢(6) is known exactly. Here ¢(6) = ¢(6;) = L(P)/ deg P for
0 € [0;,0';] when i # 6 and for 0 € [05,0¢).

i c(0) 0; 05 P

1 2.236068 0 1826 a2 —3x+1

2 2.140695 26.408740 29.78 % — 523 4922 —bx +1

3 2.030543 38.668282 40.42 x* —4z3 4+ 722 —4dx+1

4 1950116 47.941432 48.68 x% — 7x7 + 2525 — 5025 + 63z* — 5023 + 2522 — T + 1
5 1.898828 49.353681 54.93 z* — 323 4522 -3z +1

6 1.853006 59.360240 60 8 — 527 4+ 1626 — 2925 + 372% — 2923 + 1622 — 5z + 1
7 1.732050 60 7119 2?2 —z+1

8 1.626576 76.795630 81.02 xz*—z3 4322 —x+1

From now on, we suppose that the conjecture of G. Rhin and C. Smyth on the function ¢(#) is
true. We prove the following results:

Theorem 2. If « is an algebraic integer whose conjugates all lie in:

[0, 18.26) then 1.1411487 L(a)%42™53 < M(a) < 0.2182439.L(«)2490525
[18.26, 29.78) then 0.681486%.L(a)08176 < M(a) < 0.343833%.L(q)! 990903

[29.78, 40.42) then 0.951716%.L(a)0-447824 < M(q)

IN

0.215121% L( ) 2356599

[40.42, 48.68) then 0.826667%.L(a)%%9317 < M(a)

IN

0-128230d.L(a)3'544544



[48.68, 54.93) then 0.820391%.L(a)05241%6 < M(a) < 0.197247%.L(q)3016706
[54.93, 60)  then 0.528810%.L(a)!15%% < M(a) < 0.152149%.L(q)3-545630
[60, 71.19)  then 0.952391¢.L(a)0434332 < M(a) < 0.547165%.L()1677066
[71.19, 81.02) then 0.903804%.L(a)0457938 < M(a) < 0.5824419.L(«)719218

We give in Table 2 below an example for each sector.

The proof of these different inequalities uses the principle of explicit auxiliary function intro-
duced into Number Theory by C. J. Smyth [Sm1]. The method is based on the fact that the
resultant of two polynomials in Z[X] with no common roots is a nonzero integer.

To get the lower bounds, the auxiliary function is of the following type:

Vz € Sp, f(2) =logmax(L,|2]) — colog|z + 1| = > ¢;log|Q;(2)] (1.1)
1<5<J

where the ¢;s are positive real numbers and the polynomials (); are nonzero elements of Z[X].

J
Then
d

Zf(a,-) > md,

=1

where m denotes the minimum of the function f on the sector Sp. Thus

d
log M(c) > md + cglog L(«) + Z c;log | HQj(ai)L

1<5<J i=1
d
If the minimal polynomial P of a does not divide any @; then HQj(ozi) is a nonzero integer

i=1
because it is the resultant of P and ;. In this case, we have

M(a) > e™L(a)%.
To get the upper bounds, the auxiliary function is of the following type:

Vz € Sy, f(2) = —logmax(1,|z]) + colog |z + 1| — Z ¢;log|Q;(2)].
1<5<J

In each case, f is invariant under complex conjugation. We can then limit ourselves to 0 <
arg z < . Since the function f is harmonic outside the union of arbitrary small disks around
the roots of the polynomials ();, the minimum is taken on the upper edge of Sy where z = ze
with « > 0.



The auxiliary function on the half line Ry = {z € C, 2z = ze?, 2 > 0} is

f(z) =logmax(1,z) — cplog |z + 1| — Z ¢;log|Q;(2)]. (1.2)
1<5<J

In the following sections, we explain how to construct an auxiliary function, especially how to
find a good set of polynomials @;. All the computations are done on a MacBook Pro with the
langages Pascal and Pari.

2 Construction of an explicit auxiliary function

2.1 Rewriting the auxiliary function (1.2)

Inside this auxiliary function, we replace the numbers ¢; by rational numbers a;/q where ¢ is
an integer such that g.c; is an integer for all 1 < 7 < J. Then we have

t
Ve >0, f(z) = logmax(1,z) — ¢glog |z + 1| — ;log Q(2)] > m (2.1)

J J J
where @ = HQ? € Z[X] is of degree r = Zaj deg(Q;) and t = ch deg(Q;) is a positive
i=0 i=1 j=1
real number. We want to get a function whose minimum m is as large as possible. It means to
search a polynomial ) € Z[X] such that

1|co
sup |Q(z)|t/7u <e ™,

>0 max(1,z) —

If we suppose that ¢ is fixed, we need to get an effective upper bound for the quantity

t7,((0,00)) = liminf inf sup (|P(z)\% cp(z))
r>1 PeZX] >0
r— +oo deg(P)=r

z 4 1|
where we use the weight ¢(z) = i
max(1,x)
It is clear that this quantity is closely related to the weighted version of the integer transfinite
diameter of a compact subset K of C

tz,,(K) = liminf inf sup (]P(z)\% go(z)) .
n>1 PeZlz] zeK
n— oo deg(P)=n

where ¢ is a positive function defined on K. We replace K by the infinite interval (0,00), but
the weight ¢ ensures that the quantity ¢z ,((0,00)) is finite.



2.2 How to find the polynomials @),

We proceed as follows: suppose that we know 1, Q2, ..., @y. We use the semi-infinite linear

programming method (introduced into number theory by C. J. Smyth [Sm2]) to optimize f for

this set of polynomials (i.e., to get the greatest possible m). We obtain the numbers cq, ¢1, co,
J

..., ¢y and f in the form (1.2) with ¢ = ch deg(Q;).
i=1

k
Then, for several values of k, we search a polynomial R(z) = Z a1z € Z|[7] such that
1=0

[z 41| _
R r+k — m
igng(Z) ()] max(l,2) =

where m is the minimum of the function f. We search

‘Z—F 1‘(;0 —(T‘+k‘)/t
max(1, x))

1 Q)R () (

is as small as possible.

Since R(z) is not a real linear form in the unknown coefficients a;, we replace it by its real part
and its imaginary part. Then, we apply LLL to the linear forms

|20 + 1’00

—(r+k)/t ¢ —(r+k)/t
-Im(R(z e 1%
)) and | Q(z) - Tm(E( n>>.< )) .

max(1, z,

Qe Re((z)) - (2t 1
The z;, are suitable control points in [0, 50] , including the points where f has its least local min-
ima. Remember that 2, = z,e?. We get a polynomial R whose factors R; are good candidates
to extend the list of polynomials (Q1, Q2, ...,Qs). We only keep the polynomials R; which have
a nonzero coefficient ¢; in the new optimized auxiliary function f. After optimization, some
previous polynomials (); may have a zero coefficient and are removed.

The polynomials ); and their coefficients c; can be read off from Table 3 and Table 4 below.

2.3 Where the Rhin-Smyth conjecture is needed

Within our semi-infinite linear programming program, we need a lower bound for the quantities
L(a)l/ 4 where « is an algebraic integer having all its conjugates in a sector. Remember that
the function ¢(#) is exactly the greatest lower bound of these quantities. That is why the eight
subintervals of [0,90) appear in Theorem 2. Because on each of them, either we know the exact
value of ¢(0), or, under the hypothesis that the conjecture of G. Rhin and C. Smyth is true, we
have a lower bound for it thus for the quantities L(a)l/ 4 We give an example of how it works.
For 6 € [0,18.26), we have [F3] ¢(0) = 2.236068. But we do not know the exact value of ¢(0)
on [18.26,26.408740). Nevertheless, if we suppose that () is a staircase decreasing function
of 0, then we can say that ¢(f) > 2.140695 which is the exact value of ¢(#) on the following
subinterval [26.408740,29.78). We iterate this reasoning on each subinterval where the exact
value of ¢(0) is not known.



Table 2: P is the minimal polynomial of the algebraic integer a whose all conjugates lie in the sector [6;,0").

[6:,67) P 279L(a) | Our lower bound M (o) Our upper bound L(a)
[0,18.26) 23 — 52?2 +7x —1 1.75000 4.59136 6.22226 7.43501 14.0000
[18.26,29.78) 3 — 522 + 8z — 3 2.12500 3.18337 5.61347 11.4485 17.0000
[29.78,40.42) zt — 43 4 722 — 4z + 1 1.06250 2.91779 4.33064 4.55268 17.0000
[40.42,48.68) 3 — 322 +4x—1 1.12500 2.10807 3.14790 5.08538 9.00000
[48.68,54.93) x* — 323 + 522 -3z +1 0.81250 1.73766 2.96557 3.47122 13.0000
[54.93,60) 3 — 222 43z —1 0.875000 1.41287 2.32472 3.4931 7.00000
[60,71.19) xt — 223 + 422 — 22+ 1 0.62500 2.23901 2.89005 4.26129 10.0000
[71.19,81.02) 23— 2?4201 0.625000 1.54279 1.75488 3.14369 5.00000

Table 3: The polynomials Q; and their coefficients c; used for the lower bounds in Theorem 2.

[0,18.26) Cj Qj
0.069302390379 x
0.371118419047 = —1
0.031411836366 2 — 3z +1
[18.26,29.78) c; Q;
0.002437560806  5z¥ — 18x3 + 2922 — 23z + 8
0.001061948615  5z* — 1923 + 3222 — 262 4+ 9
0.009415541713  10z% — 343 + 4922 — 34z + 10
0.000307427745  13z* — 4523 + 6522 — 45z + 13
0.008285897341  2z7 4 926 — 8125 + 2242 — 32223 + 26522 — 120x + 24
0.004756616202 2 4 7128 — 50927 + 163325 — 310625 + 3835z% — 314823 + 16812 — 536z
+79
0.000727997673  2z° — 11128 4 74127 — 238326 + 46232° — 5858x% + 494823 — 272122
+893x — 135
0.001049319352  x!! — 200210 + 171529 — 703428 + 1784327 — 30825 + 37797x° — 33283z
+20788x3 — 882722 + 2308z — 284
0.001949219424 2211 — 195210 + 161829 — 654228 + 1647127 — 283602 + 34767°
—30686x* 4+ 1925123 — 822522 + 2167z — 269
0.001033849131 3zl — 205210 + 17032 — 698825 + 1789327 — 313076 + 389244°
—34753z* 4+ 2199123 — 944722 + 2494x — 309
0.000521463318 5zt — 363210 4 3023z° — 1230328 + 3105027 — 5331526 + 6484425
—56497x4 + 3481823 — 1454222 + 37262 — 447
0.003314331646 1113 — 775212 + 7505211 — 36392210 4+ 11196522 — 24082628 4 37983627
—449505z% 4 401780z — 269162+ + 13187323 — 4491022 + 9567z — 968
0.000216099044 1213 — 817212 + 7920211 — 3848710 4+ 118612x° — 25534828 + 4027187
—476099z6 4 42471925 — 283724x* + 13850423 — 4696522 + 99562 — 1002
0.000861280624 1313 — 797212 + 7747211 — 38024210 4 1185992 — 2585638 + 412985x7
—49431325 4 44621625 — 301407z 4 14863323 — 5085122 + 10860z — 1099
[29.78,40.42) c; Q;
0.215858078320 2 —x + 1
0.022246718914 222 — 3z + 2

0.001855528030
0.001442212353
0.001307301497
0.000415058230
0.001852500229
0.000492561336
0.000120050649
0.000342003517
0.001681915713
0.000125294152

0.001910181120

x473x3+512731+1

x4 — 423 + 822 —7x + 3

3zt — 723 + 822 —dx +1

3zt — 923 + 1322 — 92+ 3

26 — 525 + 1324 — 1723 + 1322 — 52+ 1

8 — 927 + 3926 — 98x% + 15924 — 17123 + 12122 — 522 + 11

8 — 927 + 3925 — 1002 + 168z* — 18823 + 13822 — 61z + 13

228 — 1227 + 3820 — 722 4 8924 — 7223 + 38x2 — 12z + 2

210 — 329 4+ 2027 — 5225 + 6925 — 5224 + 2023 — 3z + 1

210 — 1129 4 6028 — 20027 + 45020 — 71125 + 801z?* — 63723 + 34522
—116x + 19

5212 — 50211 4 248210 — 77329 + 16682 — 26077 + 301926 — 2607x°
+1668z* — 773z3 4 24822 — 50z + 5




[40.42, 48.68) c; Q;
0.02590718645 22 — 2z + 2
0.01941817601 222 — 2z +1
0.11827937410 222 — 3z + 2
0.00038026400  4x* — 923 4+ 1022 — 5z + 1
0.01060190670 728 — 2925 + 57x* — 6523 + 4622 — 192 + 4
[48.68, 54.93) c; Q;
0.155106991371 2z2 — 3z + 2
0.008668166571  2x% — 8z + 1423 — 1122 + 4z + 1
0.003912861880 67 — 4426 + 12725 — 2152 + 23023 — 16122 + 68z — 15
0.004034414973 927 — 3526 + 7825 — 98x% + 823 — 4022 + 122 — 1
0.004310120971 428 — 3327 + 12426 — 27325 + 39524 — 38423 + 25222 — 102z + 22
0.003806593612  8z8 — 4927 + 14825 — 26925 + 324x* — 26123 + 13922 — 44z + 7
0.001615690909 62 — 6228 + 23527 — 53926 + 80925 — 851x* + 62023 — 31122 + 962 — 16
[54.93, 60) c; Q;
0.00000010000 2% — 223 + 422 — 2z + 1
0.00000010000  z* — 3z + 622 — 4z + 2
0.00000010000  2z* — 423 4+ 622 — 3z + 1
0.00000010000  2z%* — 423 4+ 722 — 4z + 2
0.00000010000 28 — 2% + 423 — 522 + 3z — 1
0.00000010000 28 — 925 4 252* — 4123 4+ 3722 — 192+ 5
0.00000010000  z7 — 2926 + 4122% — 1091x* + 184423 — 158922 + 813z — 198
0.00000010000  z® — 48z7 4 207626 — 8817x% + 21913z* — 303843 + 27630x2 — 13250z
+3929
[60,71.19) c; Q;
0.177813299876 z2 + 1
0.022335665277 2x2 —x +2
0.019836674768  x6 — a5 + 524 — 323 + 522 —x + 1
0.005717360870  3z6 — 425 + 122% — 923 + 1222 — 42 + 3
0.001223177207 !9 — 329 + 1828 — 3327 + 6525 — 6725 + 70zt — 4023 + 2422 — 62 + 2
[71.19,81.02) c; Q;
0.004602700691 2% — x® + 52T — 323 + 52 —x + 1
0.085737005206  3x0 — 425 + 122% — 923 + 1222 — 42 + 3
Table 4: The polynomials ); and their coefficients c; used for the upper bounds in Theorem 2.
[0,18.26) c; Q;
0.647286246321 =«
0.097976553424  z2 — 3z +1
[18.26,29.78) c; Q;
0.474121906237 =«
0.010151342146  z* — 623 + 1222 — 6z + 1
0.000222468351  2x7 — 2326 + 9425 — 177x* + 14423 — 5922 + 122 — 1
[29.78,40.42) c; Q;
0.678499578979 =z
[40.42, 48.68) c; Q;
1.13905764949 «x
0.04916744121  z* — 323 + 522 — 3z + 1
0.01162652604 a8 — 525 4+ 132* — 1723 + 1322 — b5z + 1
[48.68,54.93) cj Q;
0.878492951062
0.029955915957  z* — 323 + 522 — 3z + 1
0.017156080155 % — 323 + 622 — 3z +1
0.003933620090 x* — 323 + 722 — 3z +1
0.006942288287 8 — 627 + 2120 — 4125 4+ 53z% — 4123 + 2122 — 6z + 1
[54.93, 60) c; Q;
1.092450513855 «
0.045279700135 % — 223 + 422 — 22+ 1
0.022451405283 8 — 527 + 1625 — 2925 4 372 — 2923 + 1622 — 5 + 1
[60, 71.19) c; Q;
0.338533155338 «
[71.19,81.02) c; Q;

J
0.359609490561

T
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