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AN ANALOG TO THE SCHUR-SIEGEL-SMYTH TRACE PROBLEM

V. FLAMMANG

Abstract

If a denotes a totally positive algebraic integer of degree d i.e., its conjugates a; = a, ..., aq
are positive real numbers, we define Si(a) = Zle a¥. Si(a) is the usual trace of @ and was
studied by many authors throughout the years. In this paper, we focus our attention on the
values of Sy(«) and our purpose is to establish for So the same kind of results than for the
trace.

1 Introduction

Let a be a totally positive algebraic integer of degree d > 2 i.e all its conjugates a1 = «, ..., qq
are positive real numbers. For k > 1, we put

1
Then, Si(a) = Tr(a) is the usual trace of o and tr(ar) = =Tr(«) denotes the absolute trace

of a. The “Schur-Siegel-Smyth trace problem”is the following: fix p < 2, then show that all
but finitely many totally positive algebraic integers a have tr(a) > p. Many authors studied
this problem. All the results after those of I. Schur [Sc] and C.L. Siegel [Si] are based on the
method of explicit auxiliary functions. For more details on this problem, see for example [S1],
[ABP], [AP1], [AP2],[AP3], [LW], [DW], [F1]. In 2016, we solved it for p < 1.792812 which
is the better result at our knowledge [F1]. On the other hand, J.P. Serre [AP3] showed that
this method does not give such an inequality for any p larger than 1.8983021... . Therefore
this method cannot be used to prove that 2 is the smallest limit point of the set of quantities
{tr(c), @ totally positive algebraic integer}. In this paper, we call the S measure of « the
d

quantity Sa(a) = Za? and the absolute Sy measure of o is defined by so(a) = 1Sy(a). S»
i=1

denotes the set of all sy(a) (where « is a totally positive algebraic integer) . Like for the trace,

our aim is to search the supremum of all p > 0 such that all but finitely many totally positive

algebraic integers satisfy sa(a) > p. First, we prove that p < 6. We consider the following

polynomial due to C. L. Siegel [Si]:

F(X)=[[(X = (¢"+ ¢ +2)

k=1

where ( is a primitive pth root of unity for p an odd prime. We have

p—1 p—1 p—1
2 2 2
_ _ p—1
S2(F) =D (¢ + (M) +6) 14+4) (F+ () =675~ -5
k=1 k=1 k=1
10 .
Hence, s(F) = 6 — 1 Therefore, the analog of the “Schur-Siegel-Smyth trace problem” for

the So measure is: Fix p < 6. Then prove that all but finitely many totally positive algebraic
integers a have sg(a) > p. Y. Liang and Q. Wu [LW] in 2011 solved the problem for p < 5.31935.
In this paper, we solve it for p < 5.321767. More precisely, using the method of explicit auxiliary
functions, we prove the following result:



Theorem 1. If « is a totally positive algebraic integer of degree d whose minimal polynomial

is different from v — 1, x — 2, 2> =3z + 1, 23 — 522 + 62 — 1, o* — 723 + 142% — 8z + 1,

x® — 9zt + 2823 — 3522 + 152 — 1 et 28 — 1125 + 452* — 8423 + 7022 — 21z + 1 then we have:
so > 5.321767.

Corollary 1. The seven first points of So are:

1 = Sg(l‘ — 1)

3.5 = so(2? -3z +1)

4 = sz —2)

4.333333... = so(a® — 522462 —1)

5 = so(2® — 92* + 2823 — 3522 + 152 — 1—
5.166666... = so(a® — 112° + 452* — 8423 + 7022 — 21z + 1)
5.25 = szt — 723 + 1422 — 8z + 1)

1
We recall that an algebraic integer « is reciprocal if & and — are conjugates.
o

Corollary 2. If « is a totally positive reciprocal algebraic integer of degree d whose minimal
polynomial is different from x> —3x+ 1, 2> —4x +1, 2* — 723 + 1322 — Tz + 1 and 2% — 1125 +
412* — 6323 + 4122 — 11x + 1, then we have :

sa(a) > 7.2465075.

Finally, we follow the method developed by J. P. Serre (see Appendix B in [AP3]) for the trace
to prove the following result:

Theorem 2. The method of auxiliary functions does not give an inequality involved in Theorem
1 for any p larger than 5.895237.... Therefore this method cannot be used to find a limit point
greater than this constant. We can not prove by this way that 6 is the smallest limit point of So.

2 Proof of Theorem 1

2.1 The principle of auxiliary functions
The auxiliary function involved in the study of the So measure is of the following type:
for z > 0, f(z) =2 — Z cjlog|Q;(x)| (1)
1<5<J
where the ¢; are positive real numbers and the polynomials (); are nonzero polynomials in Z[z].

Let m be the minimum of the function f. If P does not divide any ();, then we have

d

Zf(az-) > md

i=1

ie.,

d
Sa(e) =md+ > ¢ilog|[JQs(cw)l.
=1

1<j<J



d

Since P is monic and does not divide any (); then H Q;(cy) is a nonzero integer because it is
i=1

the resultant of P and Q);.

Hence, if o is not a root of (), we have
so(a) > m.

Remark: The following sections reproduce the corresponding sections of [F1].

2.2 Link between auxiliary functions and generalized integer transfinite di-
ameter

Let K be a compact subset of C. The transfinite diameter of K is defined by

1
t(K) = liminf inf |P|§O7K
n>1 PeC[X]
n—oo P monic
deg(P)=n

where |P|o g = sup |P(z)| for P € C[X].

zeK

We define the integer transfinite diameter of K by

1
tz(K) = liminf inf 1P| i
n>1 PeZX]
n—oo deg(P)=n

Finally, if ¢ is a positive function defined on K, the @-generalized integer transfinite diameter
of K is defined by

t,(K) = liminf inf sup (yp(z)ﬁ go(z)) .
n>1 PeZX] zeK
n— oo deg(P)=n

In the auxiliary function (1), we replace the coefficients ¢; by rational numbers a;/q where g is
a positive integer such that g.c; is an integer for all 1 < j < J. Then we can write:

for z > 0, f(x):xz—;log|Q(:n)|2m (2)

J J J
where Q = H Q?j € Z[X] is of degree r = Z a;jdeg@; and t = Z c¢j deg @Q; (this formulation
j=1 j=1 j=1
was introduced by J. P. Serre). Thus we seek a polynomial @) € Z[X] such that

sup [Q(x)[//"e ™ < e,
x>0

If we suppose that ¢t is fixed, it is equivalent to find an effective upper bound for the weighted
integer transfinite diameter over the interval [0, co[ with the weight p(z) = e~%":

t

tz,x([0,00)) = liminf inf sup (]P(x)\v @(m))
r>1 PeZX] x>0
r—oo deg(P)=r

Remark: Even if we have replaced the compact K by the infinite interval [0, co[, the weight ¢
ensures that the quantity ¢z ,([0,00)) is finite.



2.3 Construction of an auxiliary function

The main point is to find a set of “good ”polynomials ()}, i.e., which gives the best possible value
for m. Until 2003, the polynomials were found heuristically. In 2003, Q. Wu [Wu] developed an
algorithm that allows a systematic search of “good ”polynomials. His method was the following.
We consider an auxiliary function as defined by (1). We fix a set Ey of control points, uniformly
distributed on the real interval I = [0, A] where A is “sufficiently large ”. Thanks to the LLL
algorithm, we find a polynomial @ small on Ey within the meaning of the quadratic norm. We
test this polynomial in the auxiliary function and we keep only the factors of ) which have a
nonzero exponent. The convergence of this new function gives local minima that we add to the
set of points Ejy to get a new set of control points F1. We use again the LLL algorithm with the
set F1 and the process is repeated.

In 2006, we made two improvements to this previous algorithm in the use of the LLL algorithm.
The first one is, at each step, to take into account not only the new control point but also
the new polynomials of the best auxiliary function. The second one is the introduction of a
corrective coefficient ¢. The idea is to get good polynomials (); by induction. Thus, we call this
algorithm the recursive algorithm. The first step consists in the optimization of the auxiliary
function f; = 22 — tlogz. We have t = ¢; where ¢ is the value that gives the best function
fi1. We suppose that we have some polynomials @1, Q2, ..., @ and a function f as good as
possible for this set of polynomials in the form (2). We seek a polynomial R € Z[z] of degree k
(k = 10 for instance) such that

sup |Q(x) R(x)|7Fe ™ < e
x€l

J
where QQ = H Qj. We want the quantity
j=1

—22(r+k
sup Qi) () exp (=0
zel

to be as small as possible. We apply the LLL algorithm to the linear forms

—z:2(r + k:)> ‘

Qe Rt exp (7

The x; are control points which are points uniformly distributed on the interval I to which we
have added points where f has local minima. Thus we find a polynomial R whose irreducible
factors R; are good candidates to enlarge the set {Q1,...,Q }. We only keep the factors R;
that have a nonzero coefficient in the newly optimized auxiliary function f.After optimization,
some previous polynomials ); may have a zero exponent and so are removed.

2.4 Optimization of the c;
We have to solve a problem of the following form: find

mgxmin f(z,C)

rzeX
where f(z,C) is a linear form with respect to C' = (¢, c1, ..., ) (co is the coefficient of x and is
equal to 1) and X is a compact domain of C, the maximum is taken over ¢; > 0 for j =0,..., k.

A classical solution consists in taking very many control points (z;)i<i<n and in solving the
standard problem of linear programming;:

max min f(z;, C).
C 1<G<N

The result depends then on the choice of the control points.



The idea of the semi infinite linear programming (introduced into Number Theory by C. J.
Smyth [S2]) consists in repeating the previous process adding at each step new control points
and verifying that this process converges to m, the value of the linear form for an optimum
choice of C'. The algorithm is the following:

(1) We choose an initial value for C i.e., C" and we calculate

I : CO.
mo = min f(z, C7)

(2) We choose a finite set X of control points belonging to X and we have
my < m < mg = min f(z,C°).
xe€Xp

(3) We add to Xo the points where f(z,C?) has local minima to get
a new set X7 of control points.
(4) We solve the usual linear programming problem:

i C
max min f(z,C)

We get a new value for C' denoted by C' and a result of the linear programming equal to

m, = min f(z,C"). Then we have
zeX

my <mj <m < mq = min f(z,C") < my,
r€eXq

(5) We repeat the steps from (2) to (4) and thus we get two sequences (m;) and (m)) which
satisfy
my<m) <...<mi<m<m; <...<mg < myg,

We stop when there is a good enough convergence, for example when m; — m; < 1079,

Suppose that p iterations are sufficient then we take m = m;.

3 Proof of Corollary 2

Let « be a totally positive reciprocal algebraic integer of degree d with minimal polynomial P.
Then there exists a totally positive polynomial @ of degree d/2 satisfying:

P(X) = X¥2Q(X + % —2).

Let aq, ..., ag and B, ..., By/2 be the roots of P and @) respectively. Then we have:

1
for 1 <i<d/2, Bi=a;+— —2.
-

(2

d d/2 1 d/2 1\2 d/2
_ 2 _ 2, 1) _ L RPN Logy2
Hence, So(a) = ;al ; (al + a?) ; ((az + Oéi) 2) ;(ﬁz +2)°—d
Le., Sa(ar) = S52(B) + 451(8) + d.
So,
321
() = Sz(f) i 4812(5) f1> w 4 2.1.792812 + 1 = 7.2465075,

since [ satisfies the hypothesis of Theorem 1 above and those of Theorem 1 in [F1].



4 Proof of Theorem 2

As said in the Introduction, we follow in this section the work and the notations of J. P . Serre
[AP3]. Here, the first inequality is:

t
Vo >0, 2°>c+ ;log\P(mﬂ (1)

where t > 0 and p = deg P. Hence, we have to prove that ¢ < 5.895237. For 0 < v < 1, we

put P(z) = 2"?R(x) where ¢ = deg R = p(1 — ). We need to assume that |R(0)] > 1. The

inequality (1) can be rewritten as:

(1 =)t
q

22> c+tylogx + Jdog|R(z)|  (2).

Let 0 < a < b. On the interval (a,b), we choose the measure called “equilibrium distribution

1 1
”in capacity theory: du(z) = — oo )dx. Now, put:
@ —z)(z—a

=7(l4+y/1—-¢%),a=7(1—-+/1—¢g?) and b=7(1+ /1 — g?),

where 7 > 0 and 0 < g < 1. Therefore, du(z) =

—

1
——dy.

T 1— y2

4.1 Auxiliary calculus

We will need some integration formulas:

o V) € (C,/ log |z — A|du(x) > log L, where L is the capacity of the interval (a,b) and so is

b—a
4
b1
. / % log | K (x)|du(z) > log L where K is a polynomial of degree k and highest coefficient of

equal to

rnoglulus > 1.

b u u? a
. logxdu(z) =logL+1log |14+ = +4/u+ — | where u= —.
; 2 4 L

b
These three formulas were already in [AP3]. Here, we need to calculate I = / 2dp(z).
a

”yvl* / At /1wy+(1_gz)/ly2
V1i—y V1 1y/1—¢2 —14/1—9y?
2 2
379 . Besides, if we put z = l—i-y—i- u_’_&

2 4’
1 a+b 1
we have a = L(z + — — 2) andb:4L+CLSOT:?:L z 4+ — | and finally we get
z 2

/abedu(:c) 2 <z+ i)Q (3_292> .

Then, we put y = sin ¢ and we obtain I = 72

b1 1t 1 dy
We also need to calculate J = / —du(x) = 2/ . First, we put
a ¥ T8 (L yy/ 1= g2)? /1 -2
1
y = cose. Hence, J = oy / C—l—(cposcp where C' = 71_92 > 1. Then, we put
1 —?
cos p = o2 We get
1 +oo

Foo ve+1 1 —v
e A e e e [V (e ey .



(071)11) +oo

1 2Carctan(m c -
+7r7'2(1 — 92) (02 — 1)3/2 7-2(1 _ 92)(02 — 1)3/2 97292 ut, we have 7°g
0

1 1 1\?
ab=a(4L +a) = L(z+ - —2)(4L + L(z + - — 2)) = L? <z - ) . Finally, we get
z 2 z

b1 1
b=~

4.2  First integration over the interval (a,b)

We begin to integrate the inequality (2) over an interval (a,b) and get:

1\* (3-¢°
L? <z+z> < 29 > <c+ty(logL + logz) +t(1 — ) log L

i.e.,

1\?/3-¢?
c< L? <z+> (3 29 > —tylogz —tlog L
z

f(L,z)

In order to optimize the function f(L,z), we calculate its partial derivatives to find the pair
(L, z) for which they both are zero ( for a given pair (v,t)). We obtain:

t(1—~2 1
L2:7( ) and z= 7+7.
43 - ¢?) 1—x
1 2t
Now, remember that a = 7(1 —\/1—¢?)=L(z+ - —2) = 3 5(1—+/1—~?%). Hence, we
z -9
2t
choose g =~ and 7 = @/3 5- Finally, we have
-9
c 1 1 1++ -y 1 9
- < - — =1 - log(1 - log(1 — —log4(3 — .
; S5 glogt — ——log(l+7) — ——log(1l —7) + ; log 4(3 =)

a(vy,t)

4.3 Second integration over the interval (a,b)

Let @ be the reciprocal polynomial of the polynomial R i.e., Q(z) = qu(%), deg@ =deg R =q.
As we assumed that |R(0)| > 1 then the highest coefficient of the polynomial @) has modulus
> 1. We write the inequality (2) for 1:

t(1—19)

1 1
— > c+tylog—+ log [z71Q(z)],
X X

ie.,

(1

1 _
> e~ tlogz + 1= 1og |0(a)].
x q

Again, we integrate this inequality over an interval (a,b) and get:
1 1
———— <c—t(logL+logz)+t(l —v)log L
YI2 (2 +1)°
ie.,
1 1
c<—————— t+tylogL+tlogz.
D

9(L,z)

7



As before, we want to optimize the function g(L, z). Its partial derivatives are both zero for the
following values of L and z:

_ A2
nglify and 2= 1_'_77
2ty4 1—x
Therefore, we have
c_v 1=9v L+y Y 4
-< L - log(1 — log(1 — —log(2ty7).
- <5~ 5 log(1—7) + ——log(1 +7) — 5 log(2t7")

b(7t)

4.4 The last calculus
k

Now, we have to find the maximum of the function c(v,t) = tinf(a(v,t),b(y,t)) where t > 0
and 0 < v < 1.
e We put h(v,t) = ta(v,t) and we calculate its partial derivatives:

Oh t 2
—<—10g(1+7)+log(1—7)— 72>.

oy 2 3 -1

<0

Thus, it is no need to compute the other partial derivative to check that they cannot be both
Z€ro.
e We put k(v,t) = tb(v,t) and we calculate its partial derivatives:

okt

7 =3 (=1 +1log(1 —7) + log(1 + 7) — log(2ty"))
and ok 1 1+
-7 i g 4
— =——"log(1 — log(1 — —log(2ty*).
5 5 108(1 =) + ——log(1 +7) — 5 log(2t77)
ok Ok 1—
Then, if — = — =0, it implies that v = log T Thus, again the partial derivatives of
oy Ot ~— 1

>0
<0

the function k£ cannot be both zero.
e Consequently, the maximum of the function ¢(vy, t) is taken at a point (v, ¢) for which a(v,t) =
b(7,t).
(v,1). - , \
This equality gives (1 —v)logt =1—~v —2(1+7)log(1+ ) + log4(3 — %) + vlog(27")

()
ie,t = exp 16(7) . Thus, the function ¢(v,t) becomes a function ¢(y). The final compu-
-7

tations are done with the Xcas system. We obtain vy = 0.109888..., tg = 12.456245... and
co = 5.895237. .. as announced in Theorem 2. This finishes the proof.

Remarks:

1. The constant ¢ obtained for the auxiliary function of Theorem 1 is equal to 15.448160
whereas the optimal value is equal to tg.

2. Our final optimisation is done numerically as Serre did. So, as he commented, it would be
nice to have an actual proof but the function is too unpleasant for this to be straightfor-
ward.



Polynomials and coefficients involved in Theorem 1

pol=[z,
z—1,
T — 2,
x2 —3x+1,
2 4z 42,
3 _5x2 4+ 62 —1,
3 —6x2 4+ 9z —1,
3 — 622 49z — 3,
4723 4 1422 — 8z + 1,
4 — 823 + 2022 — 17z + 3,
4 _ 8x3 4+ 2022 — 16z + 2,
5 _ 9% 4+ 2723 — 3122 + 122 — 1,
5 _ 94 4 2823 — 3522 + 152 — 1,
5 _9gz% 4+ 2723 — 3222 + 13z — 1,
6 _ 1125 4 442* — 7923 4 6322 — 18z + 1,
6 _112°% + 4524 — 8423 + 7022 — 21z + 1,
6 _ 112°% 4 442* — 7823 4 6022 — 16z + 1,
6

— 1125 + 442* — 7823 4 5922 — 15z + 1,

8 _ 2627 4+ 13620 — 36725 + 544x* — 43523 + 17122 — 27z + 1,

— 1427 + 7825 — 22125 + 338z* — 27323 + 10622 — 17z + 1,

— 1427 + 7825 — 22245 4 345z* — 28923 + 12022 — 21z + 1,

— 1527 + 9025 — 27625 + 459z* — 40523 + 17122 — 27z + 1,

— 1527 + 9028 — 27725 4+ 467x* — 42823 + 20022 — 42z + 3,

— 1527 + 9125 — 28625 + 495z* — 46223 + 21022 — 36z + 1,

— 1527 + 9028 — 27625 4 458z* — 40023 + 16522 — 27z + 1,

— 1728 + 12027 — 4562 + 10122% — 1333z* + 101623 — 42122 + 862 — 7,

— 1728 + 12027 — 4562% 4+ 10122% — 13322* 4+ 101023 — 40922 + 77z — 5,

— 1728 + 11927 — 44425 + 9562° — 12052* + 86723 — 33522 + 61z — 4,

— 1728 + 12027 — 4562 4 10112% — 1324x* + 98623 — 37622 + 57z — 1,

— 1728 + 12027 — 4552% 4+ 10012® — 1287x* + 92423 — 33022 + 45z — 1,

— 1628 + 10427 — 35425 + 680x® — 745z* 4 45423 — 14522 + 21x — 1,

10 _ 1829 + 13528 — 54927 + 132026 — 19202° + 1662z* — 813z3 + 20622 — 24x + 1,

10 1829 + 13628 — 56227 + 138825 — 2104x° + 1937z* — 103623 + 29422 — 36z + 1,

10 _ 1829 4+ 13628 — 56127 + 137726 — 20582° + 18442* — 94123 + 24822 — 28z + 1,

10 _ 1849 + 13628 — 56127 + 137626 — 204925 + 18152% — 89923 + 22022 — 21z + 1,

10 _ 1829 + 13628 — 56227 + 138725 — 209625 + 1913z* — 100223 4 27122 — 30z + 1,

120210 4 17129 — 81828 + 240527 — 449228 + 531825 — 3861x% + 16043 — 34022 + 32z — 1,

— 21219 4 1902° — 97128 4 30887 — 6348x° + 8490x® — 72592* 4 380323 — 11312 + 1662 — 9,

— 21210 4+ 18929 — 95328 + 295427 — 581226 + 723825 — 5523x% + 241523 — 5382 + 48z — 1,

— 20210 4 17229 — 83228 + 248527 — 473326 4 57302% — 42612* + 181223 — 39022 + 36z — 1,

— 22210 4 20829 — 110628 + 363527 — 764325 + 1028625 — 8609x* + 419423 — 104022 + 96 — 2,

— 22211 4+ 210210 — 114229 + 390628 — 875227 + 1297225 — 1254025 + 76012* — 268623 + 49122 — 39z + 1,

— 22211 4209210 — 112429 + 377228 — 821827 + 1174028 — 1087925 + 6347x4 — 221223 4 42122 — 372 + 1,

— 22211 4209210 — 112429 + 377228 — 821827 + 1174025 — 1087925 + 63462* — 22083 + 417x2 — 36z + 1,

— 22211 4210210 — 114229 + 390528 — 874127 + 1292525 — 1244125 + 749424 — 263123 4 48122 — 39z + 1,

— 22211 4210210 — 114229 + 390628 — 8753z7 + 1298328 — 1258625 + 7694x* — 2780x3 + 534x2 — 45z + 1,

— 22211 4209210 — 112429 + 377128 — 820527 + 1167426 — 107132° + 6130z* — 207023 + 38022 — 33z + 1,

— 22211 4210219 — 114229 + 390628 — 8753z7 + 1298228 — 1257925 + 76762* — 275923 + 52322 — 43z + 1,

13 _ 24212 4 252211 — 1523210 4+ 58652 — 1505128 + 2616027 — 3070226 + 2385825 — 11830x* + 352923 — 57522 + 43z — 1,
13 _ 24212 4253211 — 1542210 4601929 — 1574828 4 2809527 — 3410726 + 2764525 — 14402x* + 452123 — 76622 + 57z — 1,
13 _ 24212 4253211 — 1541210 4+ 600222 — 1562628 + 2761427 — 329722 + 2600825 — 12987x* + 383023 — 5962 + 41z — 1,
13 _ 24412 4 253211 — 1542210 4 60202° — 157622° 4 2817627 — 3435926 + 2810625 — 149132* + 486223 — 89722 + 83z — 3,
13 _ 23212 4 231211 — 1332210 + 487829 — 1185528 + 1941027 — 2130928 + 1534325 — 69622* + 188023 — 28422 + 24z — 1,
13 _ 923212 4 231211 — 1332210 + 487929 — 1187028 + 1950227 — 2160725 + 15893z5 — 7544x* + 221623 — 37622 4 322 — 1,
13 _ 24212 4253211 — 1541210 4 600222 — 1562628 + 2761527 — 3298126 + 2603925 — 13038z* + 387123 — 61122 + 43z — 1,
13 _ 23212 4233211 — 1368210 4+ 51532 — 1302128 4 2242527 — 2623126 4+ 2042325 — 101892* + 306523 — 50522 + 39z — 1,
13 _ 24212 4252211 — 1523210 4 58662 — 1506628 4 2625127 — 3099126 + 2437825 — 1236924 + 384723 — 67922 + 60z — 2,
't — 25213 4+ 277212 — 1794211 4 7543210 — 2162729 + 4322728 — 6051727 4 5878926 — 38703x° 4+ 16577x* — 433123 +
623x2 — 42z + 1,

¥ — 26213 4 299212 — 200421 4 8684210 — 2552029 + 5191528 — 7334927 4 7124026 — 4646225 4 19566z* — 499823 +
699x2 — 45z + 1,

214 — 25213 4+ 276212 — 1774211 + 7370210 — 2077829 + 4062128 — 5531727 + 5200226 — 330275 + 13693z — 353123 +
52622 — 39z + 1,

215 — 2721 325213 — 2303212 + 10687211 — 34185210 + 7728329 — 12459528 4+ 14281227 — 11475820 + 6298225 — 22638x4 +
498623 — 60522 + 35z — 1,

216 — 3021% 4 406214 — 3279213 4 17620212 — 66499z 4 181381210 — 362482z° + 53249428 — 57192227 + 44296520 —
24172425 + 89680x* — 2141223 + 30082 — 211z + 5,

217 — 31216 4 435215 — 3657214 + 20548213 — 81514212 4 235128211 — 500454210 + 78944129 — 919189z + 780461x7 —
4732936 4 1987612° — 55359x* 4+ 9643x% — 97122 + 50z — 1,

x19 — 34218 + 530217 — 5022216 + 32335215 — 149817214 4 516044213 — 1346309212 42685700211 — 4107313210 + 479974022 —
424750328 4 280374627 — 134997325 + 45938025 — 105694x* + 1544623 — 131222 + 57 — 1,

219 — 35218 + 561217 — 5459216 + 36045215 — 170995214 + 602002213 — 1602180212 43253797211 — 5055385210 +59902652° —
536778428 + 358720127 — 175238625 + 60878425 — 144820x* 4 2236423 — 207422 + 102z — 2,

x19 — 35218 + 562217 — 5490216 + 36480215 — 174653z 14 4622572213 — 1683908212 4349014021 — 5560315210 + 6790955z —
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63067102% 4 439199027 — 224660725 + 81988325 — 205010x* + 3319723 — 321022 + 162z — 3,

219 — 34218 + 530217 — 5022216 + 32335215 — 149818x14 4 516067213 — 1346543x12 42687089211 — 4112655210 + 48137162 —
427291028 + 283594927 — 13781132 4 47589525 — 11192224 + 1685223 — 148022 + 65z — 1,

z19 — 35218 + 560217 — 5432216 + 35716215 — 168601x1* 4 590399213 — 156260912 4 3155931211 — 4876919210 + 57481842 —
512236728 + 340056027 — 164550526 + 562769x° — 1302552 + 1917023 — 163422 + 69z — 1,

219 — 35218 + 561217 — 5460216 + 36072215 — 171322214 + 604350213 — 1613309212 43290472211 — 5141552210 + 613575322 —
554318428 + 3734798z7 — 1835017x° + 63648925 — 1487162* + 2184823 — 182022 + 73z — 1,

221 382204667219 — 7177218 452983217 —284588x164+115100421° —3578829414 48659711213 — 1640596 7212 424365366211 —
28282682210 + 25479854x° — 1761711628 4 920083327 — 35522276 + 984814° — 1884432% + 2352443 — 175822 + 68z — 1,
221 382204667219 — 7176218 4+52953x17 —284180x164+1147673x1° —3560605214 48589071213 — 16205933212 423944730211 —
27621392210 + 247031682° — 1694066328 + 877016227 — 335623426 + 9231452° — 1756902 + 2193223 — 165722 + 662 — 1,
221 382204667219 — 7177218 4+52983x17 —284589x164+115102941° —3579108214 4866154713 — 16413896212 424389035211 —
28332790210 + 2555580829 — 1769930828 + 926336927 — 3584683z° + 99571325 — 19060024 + 23733z3 — 176422 + 68z — 1,
222 — 41221 4 780220 — 9141219 4 73882218 — 436925217 + 1957369216 — 6785074x1% + 18431384x1% — 39495678z13 +
66883162212 — 89298078z +93411216x10 — 7577387422 + 4697372028 — 218239737 4 740968425 — 17803662 4+ 290753z —
306843 4+ 195822 — 68z + 1,

226 — 47225 41036224 — 14237223 4+ 136775222 — 976348221 + 5373366220 — 23351006219 + 81411511218 — 230121322217 +
530874984216 — 1003098910x1% + 1554044082214 — 1971645439213 + 2041748237212 — 1716463523z + 1162576984210 —
6280643402° + 26717443928 — 8804424727 + 2201276228 — 406415625 + 534378z* — 4754923 + 265022 — 81z + 1]

coef=[1.4338923, 2.3791685, 1.0670872, 1.0283822, 0.0933236, 0.5583063, 0.0829329, 0.0100999, 0.0572444, 0.0013090,
0.0007186, 0.0849735, 0.1862799, 0.0303978, 0.0045486, 0.1091599, 0.0038395, 0.0088677, 0.0025727, 0.0036384, 0.0062433,
0.0026132, 0.0017400, 0.0170124, 0.0015320, 0.0000021, 0.0037592, 0.0022086, 0.0077010, 0.0044824, 0.0024851, 0.0196657,
0.0455162, 0.0039525, 0.0001574, 0.0111271, 0.0026080, 0.0025693, 0.0016778, 0.0048469, 0.0022862, 0.0117032, 0.0126292,
0.0013425, 0.0037429, 0.0063653, 0.0048968, 0.0019928, 0.0185382, 0.0105638, 0.0024603, 0.0021767, 0.0014564, 0.0027321,
0.0147307, 0.0038494, 0.0107454, 0.0034055, 0.0011166, 0.0014229, 0.0003166, 0.0053721, 0.0036493, 0.0012079, 0.0022056,
0.0017564, 0.0017591, 0.0036141, 0.0016779, 0.0146680, 0.0053908, 0.0043565, 0.0022349, 0.0009102];
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