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FURTHER ENUMERATION RESULTS CONCERNING A RECENT
EQUIVALENCE OF RESTRICTED INVERSION SEQUENCES

TOUFIK MANSOUR AND MARK SHATTUCK

ABSTRACT. Let asc and desc denote respectively the statistics recording the number of ascents
or descents in a sequence having non-negative integer entries. In a recent paper by Andrews
and Chern, it was shown that the distribution of asc on the inversion sequence avoidance class
I,(>,#,>) is the same as that of n — 1 — asc on the class I,(>,#,>), which confirmed an
earlier conjecture of Lin. In this paper, we consider some further enumerative aspects related
to this equivalence and, as a consequence, provide an alternative proof of the conjecture. In
particular, we find recurrence relations for the joint distribution on I, (>, #,>) of asc and desc
along with two other parameters, and do the same for n — 1 — asc and desc on I, (>, #,>).
By employing a functional equation approach together with the kernel method, we are able to
compute explicitly the generating function for both of the aforementioned joint distributions,
which extends (and provides a new proof of) the recent result |I,(>,#,>)| = [In(>,#,>)|.
In both cases, an algorithm is formulated for computing the generating function of the asc
distribution on members of each respective class having a fixed number of descents.

1. INTRODUCTION

Let S, denote the set of permutations of [n] = {1,...,n}, written in one-line notation. An
inversion within @ = 7y ---m, € S, is an ordered pair (a,b) where a,b € [n] with a < b and
mq > mp. The inversion sequence of  is defined by © = x1 - - - x,,, where x; for each i € [n] records
the number of inversions for which 7, = 4, that is, inversions caused by ¢ when its position relative
to the elements in [i — 1] is decided. Note that such sequences x are characterized by the property
0 <z <i—1for all i. For example, if 7 = 451632 € S, then z = 001332. Let I,, denote the set of
all inversion sequences of length n. The systematic study of patterns in members of I, is a topic
that has only recently been initiated in [3, 12], starting with the avoidance of a single pattern of
length three.

Martinez and Savage [14] extended the notion of pattern avoidance by considering a fixed triple
of relations (p1, p2, p3) € {<, >, <,>,=,+#, —}, where — denotes the universal relation (i.e., z —y
for all 2,y € [n]). They studied the set I,(p1, p2, p3) consisting of those e = e1---¢, € I, for
which there exist no indices 1 < i < j < k < n such that e;p1e;, ejp2er and e;pzer. Note that
sequences in I, (p1, p2,p3) are synonymous with members of I,,({r,...,7.}) for some patterns
T1,...,7r of length three, where I,,({1,...,7}) denotes the subset of I,, whose members avoid
each 7; for i € [r] in the classical sense. For example, we have I,,(>, <,>) = I,,({101,201}) and
I,(<,—, <) =1,({011,012,021}).

Since their introduction in [14], the problem of enumerating members of an avoidance class
I,(p1, p2, p3) is one that has been investigated extensively, with many connections having been
made to sequences in the OEIS [15]. We refer the reader to [10] and references contained therein.
Moreover, several equivalences among the 343 possible sets I, (p1, p2, p3) were conjectured in [14]
and later proven in [2, 5, 7, 9, 10, 17]. Paralleling the study of pattern avoidance on permuta-
tions represented in the one-line notation (see, e.g., [8]), analogous problems, such as avoidance of
vincular [11] or multiple [16] patterns, have been considered on inversion sequences.

A further direction in the study of inversion sequences avoiding a pattern of relation triples is
obtained by considering the distribution of a statistic on members of an avoidance class; see, e.g.,
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2 T. MANSOUR AND M. SHATTUCK

[2, 7, 10, 13, 14]. In this paper, we consider the distribution of the number of ascents, descents
and levels over certain avoidance classes of I, involving a pattern of relation triples. Recall that
given a sequence w = wy - - - Wy, an ascent is an index ¢ € [n — 1] such that w; < w;41, a descent
is one with w; > w;+1 and a level one with w; = w;+1. Let asc(w), desc(w) and lev(w) denote
respectively the number of ascents, descents and levels in the sequence w. Further, recall that
within a descent w; > wj41 for some j € [n — 1], the entries w; and w;yq are referred to as a
descent top and a descent bottom, respectively. Note that desc(w) + lev(w) = n — 1 — asc(w) for
all w of length n.

Lin [10] conjectured the following equivalence involving the ascents statistic on the avoidance
classes I, (>,#,>) and I,(>, #,>):

(1) Z qasc(e) — Z qn—l—asc(e), n>1.

e€l, (>,7#,>) e€ln(>,#,>)

This equivalence was shown by Andrews and Chern [1] using a functional equation approach. Here,
we consider some further combinatorial aspects of (1). In particular, we consider a refinement of
both sides of (1) by introducing a variable p which marks the number of descents in members of
each class. We compute an explicit formula for the generating function of the joint distribution
of desc and asc on I,,(>,#,>), and also of desc and n — 1 — asc on I,,(>,#, >), using the kernel
method [6].

Comparing the p = 1 cases of our main results below (see Theorems 4 and 13), in addition to
providing a new proof of (1), yields a formula for the generating function of both sides of (1).
Such a formula was not given explicitly in [1]. Further, taking p = ¢ = 1 yields a new proof of the
fact first shown by Lin [10] that

2) (2,2, >)| = |In(>, £, >)| = |Sa(4231,42513),  n > 1,

which confirmed a conjecture made originally in [14]. Note that the sequence of cardinalities
|S,,(4231,42513)| for n > 1 corresponding to the ¢ = 1 case of (1) occurs as entry A098746 in
[15]. To show (2), note that Lin did not enumerate either I,,(>,#,>) or L,(>,#,>) directly,
but rather defined a bijection between the two and enumerated instead the set I,,(>, —, >), which
had been shown in [14] to be equinumerous with I, (>, #,>) via a bijection. Thus, the method
employed here allows for a unified proof of (1) and (2), which were shown previously by seemingly
unrelated approaches, and leads to a refinement of these relations in terms of the descents statistic
(and other parameters).

The organization of this paper is as follows. In the next section, we consider the joint distribution
of desc and asc on I,,(>,#,>) and find its generating function. To do so, a recurrence is found
for a refinement of this distribution involving two additional parameters which is then converted
to a system of functional equations involving the corresponding generating functions. Further, an
algorithm is devised for finding the generating function for the distribution of asc on members
of I,(>,#,>) having a prescribed number of descents. In the third section, we consider the
distribution of desc and n — 1 — asc on I, (>, #, >) and compute the generating function of this
distribution. Comparable formulas are found and an algorithm is given for determining explicitly
the coefficient of p™ for a fixed m in this generating function.

We remark further that in order to obtain recurrences for the joint distribution of (desc, asc) on
I,(>,+#,>) and of (desc,n—1—asc) on I, (>, #,>), we must refine these sets according to a pair of
new parameters on each. In particular, to study members e € I,,(>, #, >), it is useful to consider
a parameter which we call the height of e and is defined as the maximum letter that starts either
a descent or a level of e. On the other hand, for e € I,,(>,#,>), it is convenient to consider the
statistic which tracks the smallest letter serving as a descent top for the largest descent bottom in
e. These parameters (and variants thereof) may very well prove interesting to study in their own
right on other types of discrete structures that are often represented as sequences, such as finite
set partitions or functions between two finite sets of prescribed size.
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2. THE DESCENTS AND ASCENTS STATISTICS ON I,,(>,#,>).

We first define two new concepts related to the relative sizes of the non-ascent entries within an
inversion sequence. Let the height of e = ejes--- e, € I,, be given by

hgt(e) = max{e; : 1 <i<n—1and e; > e;y1}.

If a = hgt(e) with j € [n — 1] minimal such that e; = a, then let the depth of e be defined
as dep(e) = e;jq1. Here, and in the subsequent section, we find it more convenient notationally
to represent members of I,, using positive instead of non-negative integers, which is achieved by
adding one to each entry of the standard representation.

Let A, = I,(>,#,>) and suppose e € A,, has height and depth values of a and b, respectively.
If @ > b, then there exists a single descent ab and at most two runs of the letter a, the first of
which has length one. On the other hand, if @ = b within e, there can exist only a single run
of a. Within a (maximal) subsequence of the form ab---b, any letter beyond the second will be
referred to as a redundant bottom, regardless of whether or not a and b are distinct. For example,
if e = 123116333669 € Aj2, then hgt(e) = 6 and dep(e) = 3, with the last two 3’s redundant
bottoms. If e = 1132267779 € A;¢, then hgt(e) = dep(e) = 7, with only the third 7 a redundant
bottom.

We now decompose A,, into disjoint subsets as follows. Given 1 < i <n—1and 1 < j < n,
let B, (i,7) denote the subset of A, whose members have height i and last letter j, where the
last letter is not a redundant bottom. Let C,(i,j) be defined the same as B, (i, j), but where
the last letter is a redundant bottom. Note that C,(i,7) can be nonempty only when n > 3 and
1 <j <i<n—2. Define the distribution polynomial b, (¢, j) = b, (¢, j;p, q) by

bn(l,j) — Z pdcsc(w)qasc(ﬁ),
TEBL(1,7)

and likewise for ¢, (4, j) = ¢n (i, j;p, ¢). For example, we have
Bs(3,4) = {11314, 11324, 11334, 12314, 12324, 12334}

and C5(3,2) = {11322, 12322}, which implies b5(3,4) = ¢*+¢>+2pg*+2pq® and c5(3,2) = pg+pq>.
Assume by, (4, j) or ¢,(i,7) to be zero if the subset of A, corresponding to i and j is empty.
Let

and
n—2 1

=YY cnli,j), n>3,

i=1 j=1
and put by = 0 and ¢; = ¢ = 0. Note that b, and ¢, are polynomials in p and q. Then we seek a
formula for a,, = a,(p,q) defined as

Ap = bp 4+ p + ¢ L, n > 1.

Note that a,, gives the joint distribution of desc and asc on A,,, where the ¢"~' term accounts for
the sequence 12 ---n which belongs to no subset B, (i, ) or Cy (4, 7).
The arrays b, (i, j) and ¢, (i, j) satisfy the following system of recurrences.

Lemma 1. We have
j—1 i—1 i—1
bn(ir) = Gim—2-q" >+ qen1(i,0) + ¢ Y bo1(i,0)+q > bna(k,i)+q ) cnli,0)
(=i+1 k=1 =1

i—1n—i—2

(3) —|—q2z Z Cn—s(1,0), 1<i<n—-2andi<j<n,
=1 s=1
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with by(n —1,n) =0 forn > 2,
i—1n—i—1

(4) (Zl)—alnl qn2+zbn 1kl+qzzcn s+1 7 1§ZSTL—1,

(=1 s=1

i—k—1
(5) (Z ])_5171 1°- pqn 2+pzbn 1 k { +p Z ( >qs+lcnsl(kaj)a

k=j+1 s=0
for 1<j<i<n-—1,

(6) Cn(laj):bn—l(lvj)+cn—l(27])7 1§]<Z§7’L—2,
i—1

(7) Cn(i,8) = Gin—2-q" >+ cn1(i,i) + 3 bua(k,i), 1<i<n-—2.
k=1

Furthermore, we have the following alternative recurrences to (3) and (5) above when i < j and
1> 7, respectively:

/=1 t=0
and
1 1—1 1—1 J k
—(bn(i,5) = Y bu1(ks i) =iz "2+ D cnca(k )+ DD ek, b)
pq k=j+1 k=j+1 k=1¢=1
j £-1 j k—1n—k-—2
(9) DI EICNENDY enr_1(k,0)

Proof. To show (3), let m € B, (i,7) where j > i. Note that 1 < i < n — 2 is required since the
height cannot be achieved for the first time by the penultimate letter if j > i. Suppose that = has
depth ¢ for some ¢ € [i]. Then it may be verified that = can be decomposed uniquely as
7m=ril"i’a

where s > 0, « is a (strictly) increasing sequence in [i 4+ 1,j] ending in j and 7’ contains only
letters in [i — 1], with » > 1if ¢ < ¢ and » = 1 if £ = 4. To see this, note that 7’ cannot contain any
letters greater than 4, for otherwise ¢ would fail to be the height of 7. Further, if ¢ < 7, then 7/
cannot contain ¢ either, for then (>, #,>) would be realized by #i¢. On the other hand, if ¢ = i,
one need only consider the leftmost occurrence of i to obtain the stated decomposition.

If || > 1, then the weight of all possible such 7 is given by qZ%;ilﬂ bn—1(i,£), upon deleting j
and considering the penultimate letter which belongs to [i + 1,5 — 1] in this case. So assume «
consists of only the terminal j, i.e., # = 7’il"i®j, where £, r and s are as before. We consider then
the following cases on s and £: (i) s = 0,0 =4; (ii) s > 1,0 =1¢; (iii) s = 0,0 < ¢; (iv) s > 1,4 < 1.
One may verify that the respective contributions towards by, (4, j) in the four cases are given by
(i) Oi,n— 2" 24 30520 baa(kyd), (i) gen—1(i,4), (i) ¢ 321 (ba-1(i, ) + o1 (i, 6)) and (iv)
> Z" 2 (bp—s—1(i,4) + cn_s_1(i,£)). Note that in (iii), deletion of the final j results in an
arbltrary member of By—1(i,¢) UCp—1(i,¢) for some ¢ € [i — 1], upon considering whether r = 1
or 7 > 1 in the decomposition of m above, where the factor of ¢ accounts for the ascent arising
due to j. In (iv), on the other hand, there are two extra ascents that arise since j > i > ¢ with
5 > 1 so that deletion of ¢° along with the terminal j from 7 results in a sequence enumerated by
bp—s—1(%,£) + cn—s—1(3,£). Now observe that (6) follows from the definitions, upon removing the
final letter which must be equal to its predecessor in this case. Formula (3) then follows from (6)
and combining all the previous cases.

To show (4), let m € B,,(i,4) where 1 < i <n — 1. First suppose that 7 ends in 4,7 with no other
i’s occurring in 7. If ¢ < n — 1, then deleting the final letter results in a member of B,,_1(k,1) for
some k € [i — 1], whereas if i = n — 1, then in addition one can have 7 = 12---(n — 1)(n — 1),
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which is accounted for by the extra term &; ,—; - ¢" 2. So assume it is not the case that 7 ends in
1,1 with no others i’s occurring. Note that it is not possible for 7w to have a single run of 7’s which
occurs at the end and has length three or more, for that would imply that the terminal i is a
redundant bottom with such 7 not being enumerated by b,,(7,7). Then we must have 7 = 7if"i°,
where 7 has letters only in [i — 1], r,s > 1 and £ € [i — 1]. Note that the first ¢ occurring in the
j-th position for some j > i, together with » > 1, implies s < n — ¢ — 1. Then deletion of 7* from
m results in members of B,,(4,7) whose weight is given by the second sum in (4), upon applying
(6). Combining the previous cases now yields (4).

To show (5), let m € B,,(i,7) where 2 <i<n—1and j € [i —1]. Then j not a redundant bottom
implies we must have 7 = 7’ij where max(n’) <. If i =n—1, then 7’ = 12 -+ (n —2) is possible,
which is accounted for by &; ,—1 - pg" 2, so assume 7’ has height k for some k € [n — 2]. Note that
k > i is impossible, for otherwise kij would correspond to an occurrence of (>,7#,>). If k € [j],
then the terminal j may be deleted yielding a p Y 7_, b,—1(k, i) possibilities, where the factor of
p accounts for the descent between ¢ and j. So assume k € [j + 1,7 — 1]. Then 7 must have the
form m = akj"Bj, where max(«) < k, » > 1 and S is increasing on [k + 1,4] with last letter i.
If |B] = s+ 1, then there are (i_lz_l) ways in which to choose the members of 5. Deleting
from 7 (keeping the terminal j) yields a member of C,,—s—1(k, ), as the resulting sequence would
end in a redundant (descent) bottom in this case. Considering all possible k£ and s then gives the
weight of the remaining members of B, (i, j) and implies (5), where the pg**! factor in the final
sum accounts for the ascents caused by the members of 8 and the descent between the last two
letters.

To show (7), first note that m € C,(¢,7) must end in a run of i’s of length at least three with all
other letters outside of this run strictly less than ¢. Upon deleting the final 4, there are ¢,,—1(i,1)
possibilities if 7 ends in four or more ¢’s. Otherwise, 7 = 7’ii, where ' € B,,_2(k,i) for some
k <iorn =12---(n — 2), the latter applying only if i = n — 2, which implies (7). To show (8),
consider the same four cases (i)—(iv) used in the proof of (1) above, but where the single terminal
j is replaced with an increasing sequence § in [i + 1, j] whose last letter is j. Then the first sum on
the right side of (8) gives the contribution towards the overall weight of those members of 5,,(4, j)
in which cases (i)—(iii) apply. This is seen upon deleting all letters in 8 where |5] = t + 1 and
adding back an extra copy of the letter ¢ to the end, which results in a member of C,,_+(i,¢). To
find the weight of members of B,,(4, ) in case (iv), first delete from 7 both 8 and * (which directly
precedes ) and then add back a letter £ to the end. Note that the resulting sequence belongs to
Cr—s—t(i,0) for some ¢ < i, with ¢ < n —s—t — 2 implying s € [n —i —t — 2]. Considering all
possible £, ¢ and s then gives the second sum on the right side of (8).

To show (9), suppose m € B,,(i,j) where ¢ > j. Then we may write 7 = pij, where max(p) < 1,
and consider cases based on the last letter ¢ of p. If ¢ > j, then deleting i from 7 results in a
member of B,,_1(t,j) and considering all possible ¢ yields a contribution of qu;}H bn—1(t,7)
towards the weight in this case. Now suppose t = j. If p=12---(n—2), theni=n—1,j=n—2
and 7 has weight pg"~2. So assume p # 12---(n — 2) and let hgt(p) = k. If k < j, then deleting i
and the terminal j implies a contribution of pq Zi;ll bp—2(k, j) towards the weight. If k = j, then
either p = p/j" ! or p = p/jl%;", where r,s > 1, £ € [j — 1] and max(p’) < j. Removing i from 7
in the first case and removing the terminal section j"ij from 7 and adding back a copy of ¢ in the
second (so that the resulting sequence is p’j¢1) yields respective contributions of pgc,_1(4,7)
and pg? E%;i E’:;f_2 ¢n—r—1(4,2), upon considering all possible ¢ and r in the latter case. Note
that r,s > 1 and ¢ < j implies two ascents (and a descent) are lost with the removal of j"ij
from 7. The remaining possibility when ¢ = j is for j +1 < k < — 1, in which case p = p'kj",
where max(p’) < k and r > 1. Deleting i and considering all k yields pgq E;C_:ljﬂ cn—1(k,J), as the
resulting sequence ends in kj" ! where k > j.

Now assume ¢ < j, and again let k& = hgt(p). Note that k£ > j is not possible in this case, for
otherwise ktj is an occurrence of (>,#,>). If k = j, then p = p'j¢", where £ € [j — 1] and r > 1,
and thus there are pq Z;;i ¢n—1(4, £) possibilities, upon deleting 7 and the terminal j and putting
back an ¢. So assume k < j. Considering whether ¢t < k or k < t < j implies p must have one of
the following four forms: (a) p = p'kf5k", (b) p = p'k" 2, (c) p = p'kl°k"a or (d) p = p'k" 2,
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where r > 0, s > 1, £ € [k — 1], max(p’) < k and « is a nonempty (strictly) increasing sequence
in [k+ 1,7 — 1]. Deleting ¢ and j from m in (b) or in the r = 0 case of (a), and adding a copy
of the current final letter, yields a contribution of pq Ek 1 ? 1 tn—1(k,€), upon considering all
possible k and ¢. If T > 11in (a), then removal of the final r + 2 letters of 7, followed by adding
an £, yields pq Zk 5 Ig 11 Zf:_f_2 cn—r—1(k, ), as the resulting sequence is of the form p'kest!
where s > 1. Further, it is seen that cases (¢) and (d) combine to yield pqz Zt g1 bn—2(k, 1),
where ¢ denotes the last letter of a.

Finally, combining the ten contributions towards the weight coming from all the cases above, and
observing the simpliﬁcations

j—1 k ik
Cn— 1].7 +ch 1]7 +chn 1 ke chn—l(kg
k=1¢=1 k=1(=1
j—1e-1 i 41
angkj+22bn2k€ anng+Zan2H DO bna(k
k=1 f=Fk+1 =2 k=1 =2 k=1
and
J—1lk—1n—k-—2 J k—1n—k-2
Z Z Cn—r— 1], +Z Z Cn—r— 1 ké :ZZ Z Cnfrfl(kyé)y
(=1 r=1 k=2(=1 r=1 k=2(=1 r=1
yields (9) and completes the proof. O

From the recurrences in the prior lemma, we have that the nonzero values of b, (4, j) and ¢, (4, j)
are given for n = 2 by ba(1,1) = 1, for n = 3 by b3(1,2) = b3(1,3) = b3(2,2) = ¢, b3(2,1) = pgq,
c3(1,1) =1 and for n = 4 by

ba(1,2) = ¢ bi(1,3) =g +¢*  ba(1,4) = q+2¢° ba(2,1) = pq
ba(2,2) =q+pg®  ba(2,3) =" +pg®  ba(2,4) =¢* +pg®  ba(3,1) = pg+pg°
ba(3,2) = pq + pg® ba(3,3) = ¢ + ¢* ca(l,1) =1 ca(2,1) = pg
c1(2,2) =g,
which may be verified directly using the definitions.
Define now the following generating functions: A(x) = 3 5 an2", B(z) = > 5,b,2" and

C(z) =3, 53 cna™. Then clearly,

A(x) = B(x) + C(z) +

X

1—qx’
Note that A(x) is the (ordinary) generating function for the joint distribution of desc and asc on
I,(>,#,>) for n > 1. In order to study B(z) and C(z), we refine them as follows. Define

B~ (z,v,w) = by (i, 7)v'w?
n>3 i=2 j=1
n—2
Co(z,v) = en (i, 8)v'a™,
n>3 i=1
n—2i-1
C™(z,v,w) = cn (i, v w? 2™,
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Translating (3)—(9) above in terms of these generating functions yields the following system of
functional equations.

Lemma 2. We have B(x) = By(z,1)+B" (x,1,1)+ B~ (2,1,1) and C(z) = Cy(x,1)+C~ (z,1,1),
where

CquutP(w+1)  quz

+ _
BT (z,v,w) = T quur + T w(Cg(x,vw) wCo(wx, v))
2
;]ﬂ(BJF(:E, v,w) —wBt (wz,v,1)) + fﬂ(BJr(x, 1, vw) — w? BT (wz,1,v))
—w —w
+ ﬂ(C_(gc,vw, 1) — C™ (wz,v,1))
1—w
2
T w x wr
+ T w (1_960 (x,vw,1) — 1_w$0 (w:z:,v,l)) ,
Bo(e,0) = —2%— 4 aB* (2, 1,0) + ——C (2, 0,1)
o(x,v Rl eBY(w,1,0) + — x,v,1),
2,3
_ B pqUiwT pr n n
B = B - B 1
pgqur - _ VT
(O ) - O ).
_ X _
C™ (z,v,w) = EB (x,v,w),
vad x?
= Bt (z,1
CO('rv’U) (1—.’[])(1—(]’1).’[]) + 1— 1 (ZC, av)a
+ - W o -
BT (z,v,w) = T w_quz (Co(x,vw) CO(1 — qwx’v(l qwx)))
qu — _ wr
. -0 (21— 1
(O ) - ¢ (1 quo). )
2
q“wx 1 _ w _ wT
1—w—quwzx (1—1:0 (2, vw, 1) l—wx—qwxc (1—qwx’v(1 qwx),l))
and
iBf(gc v, W)
pq ) )
v _ _ viwa? (A _
- m(‘B (z,0,w) = B~ (vz,1,w)) + 1— quwz + l—v(C (z,0,w) = C™ (v, 1,w))
x v
T <1 — U(Cf(x,vw, 1) + Co(z,vw) — C~ (v, w, 1) — Co(vz, w))
vw _ _
g (C™ (z,vw,1) + Cy(z,vw) — C~ (vwz,1,1) — Co(vwz, 1))>

vw

(1 B ow) — oB ) -

l—w\1l—-w (B (x,1,vw) —UwBJr(vw:r,l,l)))

1—ovw

v ’UQ’LU

2 C- 1) —
taz <(1 —v)(1 —ovw)(1 —z) (@, 0w, 1) (1 —v)(1 —vw)(1 —vwz)
v? v2w
— c~ 1 c~ 1,1) ).
(1—2v)1 —w)(1 —vz) (v, w, 1) + (1—2)(1 —w)(1l —vwz) (vwz, 1, )>
By use of the first, fourth and fifth equations in Lemma 2 with v = 1, we find a formula for
Bt (x,1,w):

C~ (vwz,1,1)

qux(qr —x+1)
Bt (z,1 =
(z,1,w) (qur —wzr+w+2x —1)(1 —x)

B (z,w,1)
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qu?z(1 — z)(quz — wz + 1)
(quz —wzr +w+ 2 —1)(1 — wx)?

B~ (wx,1,1)

quz(1 —x)

Bt 1,1
(quz —wz +w+ 2 —1)(1 — wx) (wz, 1,1)

qu3z3(1 — w)(wr —w — 1)
(quz —wz +w+ 2z —1)(1 — quwz)(1 —wz)’

Using this last expression twice (both for BT (z, 1,vw) and B (vx, 1,w)), substituting into the
final equation in Lemma 2 and replacing x with /v, we obtain the following result.

Lemma 3. The generating function A(x) is given by

1 4 l—z+4qx __ T
where

K(z,v)B™ (z/v,1,v) = Ay (z,v)B™ (z,1,1) + Az(z,v) BT (z,1,1) + A3(z,v),

Az, v) = (
(v—2)2%((qv — g — v +2)2? + (v? — v — 2)x — V% + 20v)qp

K(z,v) = (x —v)(gz +v — 1)(que + v* — vz — v+ z) — qz*(qua — qz + v — vr — 20 + 2x)p,
= (z —v)(quz +v? — vz — v + x)zq

* (1—2)? ’
(x —v)(1 —v)(g2® +vr — 22 —v +2)ap
As(x,v) = T ,
_ (z—v)(g2® — g+ vz —2® —v+x+1)(1 —v)pgx®
Al = (=)~ g |

Note that the kernel equation K (z,v) = 0 (see prior lemma) has two power series solutions vy (z)
and vg(x), where

q((2p +1)/pq — 2pq — p) 2

vi(z) =1+ (Vpg —q)z -

2\/Pq
_ 9(CGpg+3p+a+1)yPa—12p% —8p® ~16pg—3p—q) 5
81 ’
a((2p +1)v/Pg +2pg+p) ,
va(z) =1~ (/pg+q)x — 2 /pd T
B q(4(5pq + 3p + q + 1)\/pq + 12p*q + 8pg® + 16pg + 3p + q) 24
8v/pq

Substituting v = v1(z) and v = va(z) into
K(x,v)B™ (z/v,1,v) = Ay (z,v)B™ (z,1,1) + Az(z,v) BT (2,1,1) + A3z(z,v),
and solving for B™(x,1,1) and BT (z,1,1), we obtain

. - pa(vi(z) — 1) (va(z) — 1)
B L) = D — or(e)un@ + an@) Fen@) o -0
Bt 11) = — qr(gr — x4+ 1)(vi(x) — 1)(va(2) — 1)

(1 —2)((g — )22 —vi(z)v2(x) + zv1(2) + 202(2)) (P — @)
qz?((q — Da(vy(z)va(z) + 22) + (22 — 2+ 1 — qx)(v1(z) + v2(x)) + (1 — 2q)2% + (1 + 2¢)x — 2)
(I —2)(1 —qgz)((q — 1)a? — vi(2)v2(z) + 201 (2) + 202(7))

Hence, by Lemma 3, we have the following result.

+




FURTHER ENUMERATION RESULTS CONCERNING EQUIVALENCE 9

Theorem 4. The generating function A(x) is given by
Aw) = (1 —vi(2) —v2(2) = (¢ = Da)a(g — )2® — vi(@)va (@) + 2 (v1 () +v2(2)),
where vi(x) and va(x) are the power series solutions to K(xz,v) =0 as defined above.

Remark: The equation K(z,v) = 0 actually has four roots, namely, vy (z), v2(z) and the two
additional roots given by

(2p+ 1) 2 N q(4p® + 8pg + 8p + 1)

(2p+1) g2 4P’ +8pg+8p+1) ,
v()—x—q\/_:zr\/_—i- 57 2T+,

where it is assumed p, ¢,z > 0. To determine which of these roots are to be used in obtaining an
explicit formula for B~ (z,1,1) as a Taylor series, we define

pr(v—1)(w—1)
((g— 122 —vw+zv+2w)(p — q)

F(z,v,w) =

Note that F(z,v,w) = F(x,w,v) and so it suffices to consider the first terms in the expansion of
F(z,vi(x),v;(x)) centered at z =0 for 1 <i < j < 4:

F(I, V1 (I), 1}2(117)) = pq;pg + (2q + 3)pqx4 4+

F(z,v1(x),v3(x)) = _Mﬁ+ o

q(p—q)
Fleun(o),vaa)) = YA
Pleua(o),vafa)) = ~LLEVPD
Pleua(o),va(a) = YLD
Pl (o). va(a) =

Hence, we must take v1(z) and ve(x), as was done above.

2.1. Case p=q = 1. Letting p = ¢ =1 in Lemma 3 gives
K'(z,v)B™ (z/v,1,v) = A'(x,v)B™ (z,1,1) + (1 — 2) A’ (x,v) Bt (z,1,1) + A" (z,v),

where

K'(z,v) = v® — v? 4 2uz — 22,

x(v—x)(ve — v+ x)

Al(z,v) =

(1 —x)? ’
A (x,v) = T - 2)vz vt 1).
(1-2)?
Thus, by taking v =1 or
16 1 3V3 8 3V3
v=uv3(z) =1+ 9 sin4(§ arcsin( 5 x)) —3 sinz(g arcsin( 5 x)) =1-2z—-32" —102° +--- |

the latter being a root of K'(x,v) = 0, we obtain
(22 —1)(x — 1)BY(2,1,1) — (2 =2+ 1)B™ (x,1,1) — 2 = 0,

22 (av3(x) — v3(x) + 1)
(1—x)?

avg(x) —vg(z) + 2
(1—x)?

B~ (x,1,1) + zvs(@) — va(x) + x)B+(x, 1,1) +

1—x

= 0.
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Theorem 5. Let y = cos(% arcsin(@)). Then the generating function , - an(1,1)x™ is given

3
by
(4y* —1)* -9 6 4 2 6 2
By E— B+ (64y° — 96y~ + 36y~ + 27x — 4)(64y° — 12y~ — 27z + 2)V/1 — 4x |,
where A = (256y® — 256y5 — 48y* + 56y + 81z — 8)(x(4y? — 1)* + (z — 1)((4y* — 1)* — 92)?) and
B = (4y? — 1)% — 9(32y*x + 169y* — 1632z — 8y* — Tz + 1)((4y? — 1)? — 9x).
2.2. Coefficient of p™. Note that Lemma 2 implies the following formula.

Lemma 6. The generating function A(x) is given by

1 l—ax+4+qx __ T
Ax) = Bt (x,1,1 —— B 1,1 —_—

@) =3B @ L0+ a5 B @ L)+ g a0

where
1 pqua? B (20, w) = pqvwad n pr(BT (z,w,v) — Bt (z,1,vw))
(I-2)1 —v—qux) T (1 — quwz)(1 — quz) 1—w

2,2

- pav T B~ ( o 1 — quz,w)

(1 —v—quz)(l —ve — quz) 1 —quax
and

22314+ w—wr)(1 —w)  qua®
1w Bt _ qw'z ( BHo 1
(1 —w=quz)B(z,v,w) (1 —2)(1 —wx)(1— quwx) + 1—=z (,1,00)

quiz?

1—
— X B"(wz,1,v) — quw*xBT (wx,v,1) + qua(l = v +gr)

B~ (z,vw, 1)

1—wx (1 — I)Q
B qw%((ll__ﬁc; qux) B (we.v.1),
with
Bt (x,v,1) = = qx)(lx_ P BT - —:Uqg:’ 1o(l = qz)) — %B'W:v, 1,)
_ %B‘(m,v, 1)+ q _1x—_:1cq/I)QB_(1 _quﬂl(l —qx),1)

(qr + x — 2)qua®
(1—2—qz)(1 —qz)(1 —z)(1 —quz)
Given a generating function f(z) = f(z,p), we denote its coefficient of p™ by f(z|m). From
Lemma 6, one obtains the following result.

Proposition 7. We have

1 l—z4qx __ T
A = ——Bf(z,1,1 — B 1,1 ————nm
(I|m) 1— 1 (Ia l |m) + (1 — .’IJ)2 ({E, ) |m) + (1 — (E)(l — qx) ,09
where BT (z,v,w|m) and B~ (z,v,w|m) satisfy
2 2,3
_ quz _ qUtwx
B = B -1 m
(@, v, wlm) (1—2)(1 —v—quz) (2,0, wlm —1) + (1= quwz)(1 — quz) ™'
n (BT (z,w,v|m — 1) — BT (x,1,vwlm — 1))
1—w
(10 e B2 1~ g — 1)
- — quz,wlm —
(1—v—quz)(1l — vz — qux) 1—qux’ e ’
2.3 1 _ 1— 2
(1 —w — quz) BT (2, v, w|m) = qowe (1 +w — w)(l = w) m,0 + MBJr(ac, 1, vw|m)
(1—-2)(1 —wz)(l—qowz) ™  1-—x
3,2
1—
- %B-’_(’wl‘, 1,vlm) — qu?x BT (wz,v, 1|m) + WB_(% vw, 1jm)
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qu?z(1 — wz + qux)

(11) (1 —wa)? B~ (wz,v,1|m)
and
+ _ il +(2 - - pt
l—z+4+qx _ 1—a _ T
- WB (x,v,1|m) + (1 —r— qx)QB (1 — qxvv(l _q$)71|m)
(qz + z — 2)qua®
) (=gl -0l - D) —qua) ™

with B~ (z,v,w|m) =0 for m < 0.

2.2.1. Case m = 0. By Proposition 7, we see that B~ (x, v, w|0) = 0 and thus

qr3(1+w—2)(1 —w) _quz

(w—a2)(1-2)1-—qx) 1-—2

Let w = wo(z) = (1 +z — gz + /(1 + 2 — qz)2 — 4z). Then

(wo(x) +1 — x)(wo(x) — 1)a?
wo(x)(gr — 1)(wo(z) — )

(1-w-— 17

VBt (z/w,1,w[0) = Bt (x,1,1/0).

w—x

BT (x,1,1/0) =

and

(wo(wz) — w)(w + wo(wr) — wr)qu?3

wo (wz) (wo (wx) — wz)(quz — 1) (quwr + w —wr — 1+ x)°
Thus, by Lemma 2, we have C~ (z, v, w|0) = B~ (x,v,w|0) = 0, and then by Proposition 7, we get

BT (z,1,w[0) =

B* (v, w|0) = quuw?x? (vwr — vw — v + 1)\/¢2v2w2r? — 2qv2wiae? + v2w2r? — 2quwr — 2w + 1
Y 2(quw?z? — quwzx + quwz — vwzr + wx + v — 1)(quuwr — vwx +vw +x — 1)
quuw?r?(2qwr? — qux + 2wa? — 2wr — 2z + 1)
2(qrwx — vwz + vw 4+ & — 1) (qwz — 1)(quw?2? — qrwa + quwa — vwz + wx + v — 1)
q?w?z?(2z — 1 — w(2qz? + 222 — 4o + 1) + 2w?(¢*x + 222 — 2qx + q — 22 + 2))
2(qrwx — vwz + vw + & — 1) (qwz — 1)(quw?2? — qrwa + quwa — vwz + wx + v — 1)
n qudwdz3 (wr —w — 1)(q — 1)(qwz — 1)

2(quwzr — vwx +vw + x — 1)(quz — 1)(quw2ar? — quwr + qur — vwr +wzr +v — 1)’

Hence, Proposition 7 implies the following result.

Theorem 8. We have
2z
l—z—qr+ /(1 —z—qx)? —4gz?
2.2.2. Case m = 1. By the m = 0 case and Proposition 7, we have
q?wz? z(B*(z,w,v|0) — Bt (z,1,vw|0))
(1 = quwz)(1 — quz) 1—w
B vwz(qur — va? + vz +z — 1)y/(1 = (1 + @vwz)? — 4qu2w2a?
2(qv?wz? — quwzx + quxr — vwz +vr + w — 1) (qrwx — vwz + vw + = — 1)

A(z[0) =

B™ (z,v,w|l) =

vwz((1 —2)(1 —vz)(1 — vwr) + que(vwr? —wr — w + 2z — 1) + ¢*v?wz?)

2(quwa? — quwz + qur — vwz + vr + w — 1)(qwr — vwr +vw +x — 1)

So the generating function B (z/w, 1, w|1) satisfies
quz

1—w-— B* 1wl
(1w 225 B (o 1, wf)
__ quz Bt (s,1 1|1)+qwx(w—x+q:17)

1—x T (w —z)2

quz(l — z + qx)

B~ (z/w,w,1|1) — e

B~ (x,1,1]1).
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By substituting w = wo(x), we obtain
(wo(r) — = + q)(1 — x)
(wo(z) — x)?

which implies that the expression of B*(z,1,w|1) can be found from

(1-—w-— fﬂ)BJr(:v, 1, w|1)
—x

- l—o+gqx
B~ (w/wo(w), wo(w), 1|1) = ———1=B" (a1, 1]1),

B*(z,1,1]1) =

2
qu T
=——B 1,11) +

qua(l — z + qx) qu?z(1 — wz + qur)

(1 —x)? (1 —wx)?
Hence, by Proposition 7, one gets an explicit formula for B¥(z,v,1|1), and subsequently for
B*(x,v,w|1), which implies the following result.

B (z,w,1]1) — B™ (wx,1,1]1).

Theorem 9. We have
(g —Da* — (4¢° + ¢ + ¢+ 1)2® + (64> + 5q + 3)a* — (4g + 3)z + 1
2¢224\/(1 — x — qx)? — 4qa?
P — 3¢* +2¢+ )22 + (3¢ +2)z -1
2¢2 x4 ’
2.2.3. General Case. Note that our calculation may be extended to any m > 1. More precisely,
to find the generating function A(z|m), we have the following algorithm:

Az|l) =

+

e Let m > 1. Suppose we have found the generating functions BT (z,v,w|m — 1) and
B~ (z,v,w|m — 1).

e By (10), we have an explicit formula for the generating function B~ (z, v, w|m).

e By (11), we have

(1-—w-— u(;ﬁﬁx:r )BT (z/w, 1, w|m)
_ _1‘1M Bt (z,1,1|m)
-z
_ 1—
CwaEw :c)—;- qx)B—(ac/w,w, 1)m) — wB—(% 1,1|m).
w—xT — X

Thus, by taking w = wg(x) and using the formula of B~ (x/w,w,1|m), we obtain an
explicit formula for the generating function BT (x,1,1|m).

By (11) with v = 1, we obtain an explicit formula for B¥(x, 1,w|m).

By (12), we derive a formula for B¥ (x,v, 1|m).

Thus, by (11) and the results of the previous steps, we obtain a formula for B (z, v, w|m).
Hence, by Proposition 7, namely,

1 l—z+4qx __
_ +
A(z|m) = T—22 (z,1,1{m) + WB (z,1,1m),
we derive a formula for the generating function A(z|m).
Applying this algorithm for m = 2,3 yields
(077 bm

A(z|m) = Tt )
2qm+Lgdm+L (g + z — 1)2m=3, /(T — 2 — qz)2 — dgez " 2q et (g + o — 1)

where

ag = (x+1)(x —1)" + 2(22% — 52?2 — 3z — 9)(z — 1)°¢ — 222 (2" + 623 — 1322 + 92 — 18)(z — 1)3¢>
—22%(x — 1)(32* — 302® + 532% — 632 + 42)¢® — 22*(32* — 3623 + 8022 — 1052 + 63)¢*
+2°(22° 4 2t — 923 + 642% — 1262 + 126)¢° — 22°(32? + 523 + 102% — 212 4 42)¢°
+ 227 (323 + 42 — 32 + 18)¢" — 2%(22% + 9)¢® + 27¢°,

by = (x+1)(x — 1)* + (223 — 222 + 32 — 6)(x — 1)%¢ + 22(x — 1)(4a® — 1122 + 152 — 15)¢°
+223(323 — 1022 + 152 — 10)¢® + 24 (822 — 152 + 15)¢* — 2° (222 — 3z + 6)¢° + 2°¢5,
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az = — (222 + 22 4 1)(z — 1)'? — z(42* — 62° — 2527 — 18z — 15)(x — 1)*¢
— 22(325% — 182° — 152" — 423 + 14727 4 342 + 105) (z — 1)3¢% + 23 (42™ 4 292° — 1442°
+ T4zt — 40423 4+ 69222 — 2862 + 455)(z — 1)%¢® + 2*(62® — 4027 — 19525 + 71425 — 132524
+ 29442° — 321122 + 22622 — 1365)(z — 1)%¢* — 2°(122% + 1527 + 892° — 11312° 4 27152
— 59252° + 738122 — 5291z + 3003)(z — 1)3¢° + 2°(52® + 1027 — 6525 + 13202° — 42102*
+ 96502 — 1283722 4 97242 — 5005)(x — 1)%¢5 — 27 (z — 1) (52 — 112% — 1527 + 732° — 14222°
+ 53702* — 131432 4 1785322 — 14157z + 6435)q" + 2°(222° — 252° — 2827 — 1122° 4 14482°
— 60762 + 1519223 — 205262 + 16302z — 6435)¢° — 2°(352° + 2625 + 2142 — 11302 + 517023
— 987822 + 97242 — 5005))¢” + 1°(2027 — 22° 4 202° — 622 + 11322° — 361922 + 4290z
—3003)q"% + 21 (525 + 202° — 42* — 114> + 104522 — 1352 + 1365)¢" — 2'2(102° + 92

+ 122° + 24527 — 286 + 455))¢"? + 3 (32* + 423 + 4327 — 362 + 105)¢" — M (42® — 22 + 15)¢™*

1 1
+ 2'%¢",

by = — (222 + 22+ 1)(x — 1)" — z(22% + x + 2)(22° + 2 — 5)(z — 1)°q — 2%(32° + 22° + 5a* — 492°
+ 5722 — 61z + 45)(z — 1)3¢® — 23(112° — 3325 + 862* — 2182® + 27622 — 236 + 120)(z — 1)%¢?
— at(z — 1)(192° — 972° + 2872 — 5882° + 7072? — 532 + 210)¢* — 2°(272° — 1662° + 5322*
— 100723 + 113422 — 7702 + 252)¢° — 25(352° — 181" + 47423 — 6652% + 532z — 210)¢° + 27 (52°
— 34z +1282° — 2402% + 2362 — 120)q" + 25(32* — 162° + 482% — 612 + 45)¢® — 27 (422
— Tz 4+ 10)¢° + 20410,

3. THE DESC AND n — 1 — ASC STATISTICS ON I, (>,#,>).

We start by decomposing the set 7, = I,(>,#, >) as follows. To do so, it is useful to consider
the largest descent bottom z of e = ejes - - e, € T, where e contains at least one descent; that is,
x=max{e;41: 1 <i<n—1ande; > e;41}. If wis the leftmost letter of e forming a descent
with z, then w will be referred to as the leftmost top of e. Let U,,(i,7) for i < j denote the subset
of 7T, consisting of those e having leftmost top ¢ and largest letter j, where it is assumed further
that e ends in a j. Let V,(i,7) for i < j be the same as U, (7, j) except that j is not the last letter
of e. Let W, (i,7) for i > j be the subset of T, whose members e have leftmost top ¢ and are
expressible as e = €’ij° for some s > 1 where max(e’) < 4. Finally, let Z, (i) be the subset of T,
whose members end in ¢ and are weakly increasing (i.e., contain no descents).

A few remarks are in order concerning these definitions. Note that the leftmost letter ¢ forming a
descent with z within any member of 7, is also the smallest such letter, for otherwise a (>, #, >)
would be present with izz, where z is the smallest. Further, no element greater than ¢ can occur
anywhere to the left of the first ¢ due to avoidance of (>, #, >), with all i’s occurring as a single run
(directly preceding the first «). Similarly, z is the only element less than i occurring somewhere to
the right of the run of i’s. Thus, members of V,, (4, j) must end in z, for otherwise there would be an
occurrence of (>, #,>) involving the last letter or a descent bottom that exceeds x contradicting
its maximality. Further, members of W, (i, j) are seen to have largest descent bottom j. Finally,
a common interpretation for the parameter j which applies to all three of the subsets U, (4, j),
Vo (i,7) and W,,(4,7) is that it represents the largest element occurring anywhere to the right of
the run of the letter <.

Define the distribution polynomial u, (i, j) = w, (i, j; p,q) by

i, ) = Z plese(m) gn—1-asc(x)
TEUR (1,])
and likewise for vy, (4, 7), wn (4, j) and z,(7). For example, we have V5(2,4) = {12141},
Us(2,4) = {11214,12114, 12134, 12144, 12214},
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Ws(3,2) = {11132,11232,11322, 11332, 12232, 12322, 12332}

and
Z4(4) = {1114, 1124, 1134, 1224, 1234},

which implies v5(2,4) = p2¢?, us(2,4) = pq+4pq?, ws(3,2) = 4pg® + 3pq® and 24(4) = 1+ 3¢+ ¢>.
Put zero for any of these polynomial arrays if the subset of 7,, corresponding to the parameters in
question is empty. Thus, these arrays may be nonzero only for the following parameter values: (i)
Un(i,j):n>4,2<i<n—2andi<j<mn, (ii) v,(i,j): n>5,2<i<n—-3andi<j<n-1,
(iii) wp(3,7): n>3and 1 <j<i<n-—1and (iv) 2z,(i): n>1and 1 <i<n.
Define u,, = ZZ:; Z?:Hl un(i,7) for n > 4, and likewise v,, for n > 5, w, for n > 3 and z, for
n > 1. Then we seek a formula for ¢,, = t,,(p, ¢) given by

lp = Up + Uy + Wy + 20, n>1,

where we put zero for u,, v, or w, if the corresponding subset of 7, is empty. Note that ¢,, gives
the joint distribution of the desc and n — 1 — asc statistics on all of 7,,. Recall that n—1—asc(r) =
desc(m) + lev(m) for all © € I,,.

The arrays un(i,7), vn(%, ), wn(i,7) and z,(7) satisfy the following system of intertwined recur-
rences.

Lemma 10. We have

(13) wn(iy§) = qun_1(i,5) + iwn,l(i,e) + 3 (w10, 0) + -1 (i, 0)),
/=1 l=i+1

for2<i<n—-2andi<j<n,

(14‘) ’Un(zuj) = q(pun—l(laj) + ’Un—l(iuj))u
or2<i<n—3andi<j<n-—1
[ J )

j—1
wn (i, 5) = Pazn—1(i) + q2wn—1(i, ) — qun—2(i,§) = pazn—2(i)) +pqg »_ un—2(k, j)
k=2
j—1 i—1
(15) +pQZ(un—1(kvj) - qun—2(k7j)) + Z (wn—l(kvj) - qwn—Q(kvj) _pqzn—2(k))7
k=2 k=j+1
forl<j<i<n-—-1,
i—1
(16) 2n(i) = qzn 1 (i) + D zna(j),  1<i<n—1,
j=1
n—1
(17) zn(n) = Zn-1(7)s n>2,
j=1

with the initial condition z(1) = 1.

Proof. To show (13), first suppose © € U,,(i,j) where i and j are as given. If the penultimate
letter of 7 is also j, then there are clearly qu,_1(i,7) possibilities, so assume that this is not the
case. Let £ be the second largest letter of m occurring to the right of the last ¢, x be the maximum
descent bottom and y be the penultimate letter. Then y < z is not possible, for otherwise izy
would be an occurrence of (>, #,>). Further, x < y < £ is also not possible. To see this, suppose
to the contrary that x < y < ¢ and let w denote the rightmost letter in 7 that is distinct from
both y and j. If w > y, then y would be a descent bottom, contradicting that x is the maximum
descent bottom. If w < y, then an occurrence of (>,#,>) would be witnessed by fwy. Thus, we
must havey =fory = 2. If y =L and £ € [i + 1,5 — 1], then there are u,_1(¢,¢) possibilities by
definition, upon deleting j. If y = 2 and £ € [i + 1, j — 1], then 7 is expressible as 7 = 7’2" j for
some r > 1 where max(n’) < ¢. Note that the letter directly preceding the run z” must be ¢, for
otherwise membership in 7,, would be violated. Removing j from 7 then gives v,,_1(4,¢) for the
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contribution towards the weight in this case. Thus, the total weight of the members of U, (i, 7)
in question for which i < ¢ < j is given by Z%;;H(un_l(i,ﬁ) + vp—1(3,£)). On the other hand,
only ¢ = x is possible if it is assumed that ¢ < i. In this case, all letters to the right of the last ¢
(except j) are x. Thus, removing j and considering all possible values of z yields the remaining
sum on the right side of (13), which finishes the proof of (13).

To show (15), suppose ™ € W, (i, ) where 1 < j < i <n—1. If 7 ends in two or more j’s or if it is
of the form 7 = 7’ij, where 7’ has no descents, then there are contributions towards the weight of
qwn—1(i,7) and pgz,—1(i), respectively. Note that the extra ¢ factor in the former case accounts
for the level between the last two letters of m which is lost when the final letter is deleted, whereas
pq in the latter case accounts for the descent between ¢ and j which is lost. So assume henceforth
7w = 7'ij, where 7’ contains at least one descent; note that max(r’) < i. Let k denote the final
letter of n’. If k € [j + 1,4 — 1], then there are wy,—1(k,j) — qun—2(k, j) — pqzn—2(k) possibilities
for each k by subtraction, upon deleting ¢, and summing over all k gives the last summation
expression on the right side of (15). If k = 4, then one gets q(wn—1(7, ) — qun—2(%, j) — pqzn—2(7)),
where the ¢ factor accounts for the extra level occurring between the last two letters .

Suppose now k = j and let z and ¢ denote the largest descent bottom and leftmost top of 7,
respectively. Then ¢ = i is not possible, for otherwise (>, #, >) is realized with iji, so we must
have £ < i. If j < ¢ < i and z # j, then {zj would not be allowed, whereas if z = j, then the
resulting inversion sequence would be of a form not even enumerated by w,, (4, j) since ¢, and not
7, would be the leftmost top of w. If ¢ = j, then jzj would occur with z < j, which is again
not allowed. Thus, we must have 2 < ¢ < j — 1 and deleting ij from 7 yields a member of
Uy —2(L, 7). Considering all possible £ in this case then gives a contribution towards the weight
of pq E;;; Un—2(¢,7). Finally, if k& < j, then £ > j would imply ¢kj is not permissible, whence
2 < /¢ < j—1. Then deleting i from 7 in this case results in a member of U,,—1(¢, j) in which the
next-to-last letter is not j. By subtraction, there is a contribution of pq(u,—1(¢,j) — qun—2(¢,7))
for each ¢, which we then sum over ¢. Combining now all of the previous cases implies (15).

The remaining formulas can be shown quickly. To realize (14), consider cases based on whether
the terminal run of the maximum descent bottom of m € V,, (4, j) is of length one or greater than
one. Note that in the former case, the next-to-last letter must be j resulting in a descent involving
the final two letters. To show (16) and (17), we delete the final ¢ from © € Z, (i) and consider
cases on whether the next-to-last letter equals 4 or is less than 4, noting that the first option is not
possible in the case i = n since 7 € I,,. (]

From the recurrences, we have that the nonzero values of the arrays above are given for n = 2 by
22(1) =4q, 22(2) = 17 for n =3 by w3(271) = Pgq, 23(1) = q27 23(2) = 2Q7 23(3) =1+ q and for
n =4 by

ua(2,3) = pg uq(2,4) = pg wy(2,1) = 3pq°
w4(3,1) = pg + pg® wa(3,2) = pg + pg* z(1) = ¢°
24(2) = 3¢° 24(3) = 3¢ + 2¢> z(4) = 143¢ + ¢,
which may be verified directly.
Now define
n—2 n
U(z,v,w) = Z Un (1, )0 w 2",
n>4i=2 j=it+1
n—3 n—1
Vi(x,v,w) = Z v (4, j)v'w’ ™,
n>5 1=2 j=i+1
n—1i—1
W (z,v,w) = wp (4, §)v'w! 2™,
n>3 i=2 j=1
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By translating (13)—(17) above in terms of these generating functions, we obtain the following
system of functional equations.

Lemma 11. We have
wx

U(z,v,w) = qzU(z,v,w) + . (W (z,vw, 1) — wW (wz,v,1))

11ixw (U(z,v,w) + V(z,v,w) — wU(wz,v,1) — wV (wz,v,1)),
V(z,v,w) = pgaU(z,v,w) + qzV(z,v,w),
W(x,v,w) = 1]9:19510 (wZ(z,v) — Z(z,ow)) + 2qzW (z,v,w) — ¢*2*W (z,v,w)
 pga? pqua’

(wZ(z,v) — Z(x,vw)) +

T 1_U(U(x,l,vw)—vU(vx,l,w))

+ ]loq_v:z (U(z,1,0w) — U(va, 1, w) — gzU(z, 1,0w) + quaU (va, 1, w))
v pqur?

+ T o (W (z,v,w) — qz*W (z,v,w)) — m(mZ(m, v) — Z(z,vw))
v pquia?

T (W (v, 1,w) — quaW (vz, 1,w)) + m(wZ(vx, 1) — Z(vz,w)),

Z(x,v) =vaeZ(va, 1) + ve 4+ qeZ(x,v) + %(Z(m,v) — Z(va, 1)).

The last equation in Lemma 11 implies

O—gf— ’ )Z@ﬁug_x+xZ@J)—1x Z(z,1).

v 1—w —v

By taking v = vo(z) = 3(1 — 2 + gz + /(1 —  + qz)? — 4qz), we obtain

o 1) = L@
Z(z,1) (@)
and hence
(18) Z(x,v) = vz (vo(va) — v)

vo(vz)((1 —v)(1 — qz) — vx)’
Further, Lemma 11 gives

qpx
1—qx
Thus Lemma 11 implies that the generating functions U(x,1,v) and W (z,v, 1) satisfy

V(z,v,w) = U(z,v,w).

U(z,1,v) = qzU(x,1,v) + %(W(I, v,1) — oW (vz,1,1))
v pqT pQUT
+ = U(U(:C, 1,v) 4+ T qu(:v, 1,v) —oU(vz,1,1) T qu(’U,T, 1,1)),
2,2 pqua’
W(z,v,1) = 2q2W (z,v,1) — ¢z W (z,v,1) + . (U(x,1,v) —oU(va,1,1))
-0
i)qvx (U(z,1,v) = U(vz,1,1) — gaU(x, 1,v) + quaU(vz, 1,1))
—v
+ 1 ! (W (z,v,1) — g2° W (z,v,1)) — lvx (W(va,1,1) — quaW (v, 1,1))
—v —v
+ F(x,v),
where
1— 2
F(x,v) = 1lvir%nl<]%wqgc)(u}Z(gc,v) — Z(z,ow)) — %(wZ(m,v) — Z(x,vw))

pgv*a’
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Hence, by finding U(x,1,v) in the first equation and substituting it into the second with use of
(18), one obtains the following result.

Lemma 12. We have

K(z,0)W(z,v,1) = A(z, )W (ve,1,1) + B(z,v)U(vz, 1,1) + F(x,v),

where
K(x,v) = (qx — 1)2((q:c - 1)2 - (pq:tc2 +2¢%x?% — 2qx® — 4qx + 2z + 2)v + (gx — x — 1)2112)
o= (1 —v)((qz — 1)? — (pga® + 2% — qa® — 2qz + @ + 1))
Alw,0) = - 2@z = V* + (@2 +q(p—g — Da® — (g = Vo + v+ ga(glpg +9 = Da® + (1 = 2)(p+ Dz +p + 1)o°)
’ (1 —v)((qz — 1)% — (pgz? + ¢*a? — qz2 — 2qz + = + 1)v) ’
Bla,v) = Prvrllar = V)® — qr(g(g = Ve + (p — dg + Dz +2)v + g(q*(g — Vo — (1= 20)(p — )z — p + 9)0")
’ (1 — qua)((gz — 1)? — (pga? + ¢?2® — qa® — 2qz + = + 1)v) ’
_ plgu(g—D2? —qlv+ Dz +1) = o
F(z,v) = (= 1)v:c—qx—v+ 0 V(1 — vz + quz)? — dquz
. (qv*(q — 1)*2° — qu(qu — 2¢ + v)2” + (2qv + ¢+ v)z — 1)

2(qur — gz —vr —v+ 1)
For the kernel equation K (z/v,v) = 0, namely,
pqur® — ((qz —v)(v — 1) —v2)* = 0,

we have two different power series solutions v(z) = f1(z), f2(z) such that v(0) = 1 that are given
by

filz)=1-(1- POz — #(\/p_q(p—l— 2) — p(2q + 1))
—v(s\/—(2pq+q+p+1) p(5pq +8¢° +24q + 3)a” + - -+,
fa(w) =1 =1+ pa)r — o—=(v/pa(p + 2) + p(2¢ + 1))2*

\/_
- g(8\/p_q(2pq +p+q+1) +p(5pg + 8¢% + 24q + 3))2® +

Replacing by /v in Lemma 12, we have
K(xz/v,0)W(z/v,0,1) = A(x/v,v)W (x,1,1) + B(z/v,0)U(z,1,1) + F(x/v,v).
By taking v = fi(x) and v = fa(x) in this last equation, we obtain the system

Alz/ f1(@), fr(z))W (2, 1,1) + B(z/ fi(z), f1(2)U(z,1,1) + F(z/ fi(2), f1(z)) = 0,
A(z/ fa (@), fo(x))W (2, 1,1) + B(z/ f2(z), f2(2))U(z,1,1) + F(z/ f2(), f2(z)) = 0,
which leads to

(19) U 1,1) = A/ [1(@), [1(@))F(x/ f2(2), fo(x) — Alz/ fa(x), f2(2)) F(z/ f1(x), f1(2))
o Ax/ fi(x), fi(2))B(x/ f2(2), f2(2)) — Alz/ f2(2), f2(2)) B(x/ f1(2), f1(2))’
20) Wie11) = LR, @) B/ B(@), fo(@)) = Fla/fa(w), [2) B/ fy (@), ()
o (@), f1(2))B(x/ f2(x), f2(x )) A(z/ f2(2), f2(x))B(z/ fi(x), fr(z))

Moreover, we have V(z,1,1) =
generating function formula.
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ields the following

Theorem 13. The generating function ), < tn(p,q)z™ is given by

1 —qx + qpx
1—qx

where Z(x,1), U(x,1,1) and W(x,1,1) are given by (18), (19) and (20), respectively.

Uz, 1,1) + W(z,1,1) + Z(x,1),
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Remark: The equation K (x/v,v) = 0 actually has six roots (counting multiplicities), namely,
vi(x) = f1(x), va(x) = fa(x), v3(x) = va(x) = gz and the following additional root of multiplicity
two given by

—|— 2 + 8¢+ 12
assuming p,q,z > 0. We must decide Wthh roots to use in obtaining an explicit formula for
U(z,1,1) as a series, and in accordance with (19), we define

Gl v, w) = Az /v, v)F(r/w,w) — A(z/w, w)F(z/v,v)
Y Az /v,v)B(z/w,w) — A(z/w,w)B(z/v,v)
Since G(z,v,w) = G(z,w,v), it suffices to consider the first few terms in the expansion of
G(z,vi(x),vj(x)) about = = 0 for (i,5) € {(1,2),(1,3),(1,5),(2,3),(2,5),(3,4),(3,5),(5,6)}.
From this, it is seen that G(z,v;(x),vj(z)) is a generating function in x whose coefficients are
polynomials in p and ¢ only when (3, j) (1,2).

3.1. Case p = ¢ = 1. Then the kernel equation K (z/v,v) = 0 in this case has for two of its roots

16 1 3V3 8 1 3vV3
v=1landv=1+ n s1n4(§ arcsin( 5 x)) ~3 sin2(§ arcsin( 5 x))

Proceeding as in the proof of Theorem 13, we obtain the following result.

Theorem 14. Let y = cos(3 arcsm(3\/2§)). Then the generating function - t,(1,1)x™ is given
by B
(4y* — 1) — 9z 6 4 2 6 2

S E— B + (64y° — 96y* + 36y° + 27x — 4)(64y° — 12y — 27x + 2)V/1 — 4z |,
where A = (256y® — 256y° — 48y* + 56y + 81z — 8)(z(4y? — 1)* + (z — 1)((4y* — 1)* — 92)?) and
B = (4y* — 1)5 — 9(32y*z + 16y* — 16y%x — 8y? — Tz + 1)((4y* — 1)2 — 9z).
Remark: Comparing Theorems 5 and 14 implies (2), which was originally shown in [10] by a
different method.

3.2. Case p = 1. Comparing the formulas from Theorems 4 and 13 when p = 1, one can show
with the aid of mathematical programming the following result which is equivalent to (1).

Corollary 15. We have a,(1,q) = t,(1,q) for alln > 1.

Remark: The joint distributions a,,(p, q) and t,,(p, q) are seen however to differ for general p, where
p marks the number of descents (upon comparing the n = 5 terms of the corresponding generating
functions).

3.3. Coefficient of p™. Recall that we denote the coefficient of p™ in a generating function f(x)
by f(z|m). Note that by (18), we get
vz (vg(ve) — v)

Z(x,v|0) = vo(v)((1 —v)(1 — qx) — vx)’

with Z(x,v|m) =0 for all m > 1.
By Lemma 12, we get

K'(z,v)W (z,v,1) = A'(z,0)W (vz,1,1) + B (x,v)U (v, 1,1) + F'(z,v),

where
N2, P 2 12,02
Koy - @2 D= Dor —gp v+ 1) (g = Dor’p
1-wv 1—-w
A, v) = ve(qr — 1)(1 — qv:c)l((q —Dvz—gz—v+1) v2z?q(qPvz? —|—1(1 —2q)vx +v — x)p7
—v —v

2% ((1 — 2¢)ve +v + 1) 7
1 —qux

B'(z,v) = (qz — 1)(q(q — 1)vz”® — quz — gz + 1)qzvp +

)
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F'(z,v) = (q(q — Dvz® — quz — gz + 1)(%(1 — 9P~ 1)1};36_223 — 1)p2> V(1 — vz + qur)? — dquz
2 2 (1 vaq 2
+ (va(q(1 = 2q)va” + qua + 1) — (1 — gz)(1 — qua) )<§(1 —qz)p — =T —gz—o5 1" )
Thus,
K'(x/v,v|0)W (z/v,v,1lm) + K'(x/v,v|1)W (z/v,v,1|m — 1)
(21) = A'(z/v,v|0)W (x,1,1|m) + A’ (z/v,v| )W (z,1,1|m — 1)

)
+ B'(z/v,v|1)U(z,1,1/m — 1) + B'(x/v,v]2)U(x,1,1|m — 2)
+ F'(x/v,v]1)0m1 + F'(x/v,0]2)d, 2.

This equation performs a procedure which computes the coefficient of p™ for all m > 0. Clearly,

V(z,v,wm) = U(x,v,wlm) = W(z,v,w|m) =0, m < 0.
Hence, by Theorem 13, we have that the coefficient of p° in the generating function Doy tnx™ is
given by Z(z,1) = 1;:(095;)

3.3.1. Case m =1. Suppose m = 1. Clearly, Z(z,v|1) = 0. By Lemma 11, we have V (z,v,w|1) =
0. Then by (21), we get

((g — Doz — gz — v + v)*(qz —

U)QW(J:/U,U, 1)1)

v2(1 —v)
__(@=Tjva — gz —v? +v)a(gr — 1)(gz — ) w(1,1)
1-w T
— Sl —)alg 12 — qzo — g+ )y/{g 127 g + D 11
+ %(qw —v)(q(q — 1)%2® — q(q — Dwa? — 2¢%2* + (2¢ + 1)vx + gz — v).

Differentiating with respect to v and then substituting v = vo(x), we obtain
q(q—1)%2° —q(B8¢—Da® + Bg+ Dr -1 (qv —1)* — qz?
2z(qr — 1)\/(¢ —1)222 = 2(¢ + 1)z + 1 2z(qr — 1)

which leads to an explicit formula for W(x/v,v,1) and hence for W(x,v, 1).
To find U(z, 1,1|1), we use Lemma 11 to get

Wi(x,1,1]1) =

(1 -5 - = )U(a/w, 1 wl1) = 72— (W (2/w,w,1]1) — wWW (2,1, 1]1)) = 7=, 1,1]1).

1—-w 1-

By taking w = vo(x) and using the expressions for W(z/w,w,1|1) and W(x,1,1|1) (from the

previous step), we obtain explicit formulas for U(z,1,1|1) and U(z/w,1,w|1). In particular,

q(q — D)%% — q(qg — 1)(5¢® — 3¢ — 1)a* + (10¢® + 1)23 — 2(5¢° + 4q + 2)2 + (5g + 4)x — 1

22(1 — qx)\/((¢ — 1)%22 — (2¢ + Dz + 1)3

(q(g —1)32* — ¢*(4qg — 3)2® + (6¢* + 3¢ + 1)a? — (4g + 3)z + 1)
2x(1 — qz)((¢ — 1)%22%2 — (2¢ + 1)z + 1)

By Theorem 13, we have that the coefficient of p' in the generating function D psq tna™ is given

by -

U(z,1,1]1) =

+

Uz, 1,1[1) + W(x,1,1|1).

3.3.2. Casem > 2. Let m > 2 and suppose we have determined the generating functions W (x, v, 1|m—
1) and U(z, 1, w|m—1). Now let us describe an algorithm for finding W (xz, v, 1|m) and U (z, 1, w|m).

e By Lemma 11, we have Z(z,v|m) = 0 and V(z,1,w|m) = {£-U(z,1,w|m — 1). Hence,

we know V' (z, 1, w|m).



20 T. MANSOUR AND M. SHATTUCK

e By Lemma 11, and noting Z(z,v|m — 1) = 0, we have

(1—gqax/v)(1 - % 1 f U)W(:E/U,U, 1im)

7q7x2 xT/v vim — —vUul(x m —

_U(l_v)(U( Jv,1,0lm — 1) —vU(z,1,1jm — 1))

+ 161_201}((1 —qz/v)U(z/v,1,vlm—1) — (1 — qx)U(x,1,1jm —1)) — MW(L 1, 1jm).

Note that v = vo(x) is a solution to 1 — 4¥ — %= = 0. Hence, by taking v = vo(x) and
using the prior established results for W (z,v,1jm — 1) and U(z, 1, w|m — 1), we obtain an
explicit formula for W(z, 1, 1|m), which leads to a formula for W (z/v,v,1|m) and thus
W(z,v,1lm).
e By Lemma 11, we have
(1- % 1 ibw)U(:v/w, 1, wlm) = ﬁ(W(m/w,w, 1im) — wW(x,1,1jm))
+ ﬁ(V(z/w, L,wlm) —wU(x,1,1|m) — wV (x, 1,1|m)).

By taking w = vp(x) and using expressions of W (x, v, 1|m) (see second step of the algo-
rithm) and V' (z, 1, w|m) (see first step), we obtain U(x, 1, 1|m), which leads to an explicit
formula for U(z, 1, w|m).

Hence, by applying the algorithm above, one can find the generating functions W (x, v, 1|m) and
U(z,1,wm) from W(x,v,1|m — 1) and U(z, 1, w|m — 1). Then the coefficient of p" in the gener-
ating function ) ., t,a™ is given by

U(z,1,1jm) + V(z,1,1|m) + W(x,1,1|m), m > 2.
4. CONCLUDING REMARKS

In this paper, we have discussed various computational aspects related to the joint distribution of
desc and asc on I,,(>, #,>) as well as of desc and n — 1 — asc on I,,(>,#,>). As a consequence
of our results, we obtained new proofs of (1) and (2) above in a unified way. As a first step in
our proofs, we established, by combinatorial arguments, Lemmas 1 and 10, which we then rewrote
in terms of generating functions thereby obtaining systems of functional equations. Note that we
proceeded in this manner since the recurrences are intertwined and involve intricate relationships
between multiple arrays and parameters. We leave it as a challenge for the reader to express
the relations between the various generating functions directly using the symbolic enumeration
technique described in [4], which appears more difficult to implement in this case than the method
presented here in deriving these relations.

Let A(x,v,w) = A(z,v,w;p,q) be given by

A(z,v,w) = B (z,v,w) + B™ (x,v,w) + Bo(x,vw) + C~ (x,v,w) + Co(x,vw) + %,
where the B and C functions are defined just prior to Lemma 2. By the definitions, the coefficient
of 2™ in A(z,v,w) is the joint distribution of the height, last letter, desc and asc statistics on
I,(>,#,>), marked by v, w, p and ¢, respectively. Note that A(z,1,1) coincides with A(x)
defined above. Let B(x,v,w) = B(z,v,w;p,q) be given by

B, v,w) = U, v,w) + V(a, v,w) + W, v,w) + Z(,0),

where the U, V', W and Z functions are defined just prior to Lemma 11. Note that the coefficient
of 2™ of B(x,v,w) gives the joint distribution of the following four parameters considered on
I, (>,#,>): (i) leftmost top, (ii) largest letter occurring to right of leftmost top, (iii) desc and
(iv) n — 1 — asc. Here, the leftmost top of an inversion sequence with no descents is defined as its
last letter, with parameter (i) assuming a value of zero in this case.

Then we have the following table of univariate distributions when n = 6 obtained by setting all
but one of {v,w,p,q} equal to unity in A(z,v,w) or B(x,v,w). Note that the only distributions
that the A and B groups have in common when n = 6 are the respective last ones, with these



FURTHER ENUMERATION RESULTS CONCERNING EQUIVALENCE 21

f(z:q) | [=°](f(x;9))

Az, q,1;1,1) | 102¢° + 142¢* + 131¢> + 88¢®> + 31q + 1

Az, 1,¢;1,1) | 102¢5 + 102¢° + 102¢* + 85¢> + 62¢> + 42¢
A(z,1,1;q,1) | 77¢% + 286 + 132

A(z,1,1;1,q) | ¢° + 50¢* + 220¢> + 188¢? + 35q + 1
B(x,q,1;1,1) | 42¢% + 112¢° + 123¢* + 116¢° + 101¢*> + ¢
B(x,1,q;1,1) | 60¢° 4+ 69¢° + 67¢* + 59¢° + 49¢> + 59¢ + 132
B(x,1,1;¢,1) | 51¢% 4+ 312q + 132

B(x,1,1;1,q) | ¢° + 50¢* + 220¢> + 188¢? + 35q + 1

TABLE 1. Distributions of different statistics on Is(>,#, >) and Is(>#, >).

being equal due to (1). In particular, the descents statistic distribution is different on I,,(>, #, >)
and I,,(>,#,>). Consider replacing Z(z,v) with Z(z,t), where t € {1, w,vw}, in the definition
of B(z,v,w) above keeping all other terms the same. Such replacements would correspond to
different definitions of the leftmost top statistic in the case of a (weakly) increasing inversion
sequence. Three other similar tables can be obtained when n = 6, using Z(z,t) instead of Z(x,v)
as described in the definition of B(x,v,w), and in each case, there is no other commonality
between the A and B groups of distributions outside of the one correlating to (1). We thus leave
as an open problem the question of finding other equally distributed, naturally defined statistics
on I, (>,#,>) and I,,(>,#, >) and further, if possible, a generalization of (1) in terms of joint

distributions of two or more statistics defined on the respective classes.
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