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Aix Marseille Univ, Université de Toulon, CNRS, CPT, Marseille, France;
e-mail: rouleux@univ-tln.fr

In this report we present preliminary results about
the tunneling problem for a magnetic Schrödinger
operator. As a motivation we consider the 3-D
time-dependent Schrödinger operator H(t) = −h2∆+
V + E(t) · x where V is a radial potential and E(t)
a circularly polarized field with uniform frequency
ω. The quantum monodromy operator (QMO)
that takes the system through a complete period
T = 2π/ω, turns out to be unitarily equivalent to
eiTPA(x,hDx)/h, where PA(x, hDx)) identifies with a
magnetic Schrödinger operator. When V is suffi-
ciently confining, PA(x, hDx)) presents a double mag-
netic well. Then we construct its semi-classical
ground state and examine the splitting between its
two first eigenvalues.

1 Introduction

The general motivation is to describe some (semi-
classical) spectrum for the quantum monodromy
operator (QMO) associated with a periodic time
dependent self-adjoint N -body Schrödinger opera-
tor H(t) on L2(R3N ). Recall QMO is the unitary
operator that evolves the physical system through
one period. This spectrum is the same as for Flo-
quet Hamiltonian Ĥ = Dt+H(t) on L2(R3N

x ×Rt),
see e.g. [21]. Scattering theory for Floquet Hamil-
tonian leads to important properties, such as local
decay (in time) for the probability density. Bound
states are also of interest, e.g. regarding tunnel-
ing properties. A.Tip [23] has investigated the case
where H(t) is the Hamiltonian for an atom with
N particles of charge ej and mass mj (e0 = N
being the charge of the nucleus of mass m0) sub-
ject to the circularly polarized periodic electric field
E1(t) = (sinωt,− cosωt, 0) ∈ R3. Let also V
(rotationally invariant in R3N) be the sum of all
Coulomb potentials between the particles of charge

ej . Neglecting spin effects, we have

H1(t) =

N−1∑

j=0

(2mj)
−1p2j + V (x) −

N−1∑

j=0

ejxj ·E1(t)

Time-evolution U1(t, s) corresponding to H1(t) is
well defined, and QMO is U1(T+s, s) (independent
of s ∈ R). An equivalent formulation can be given
in terms of

H2(t) =
N−1∑

j=0

(2mj)
−1

(
pj − ejA2(t)

)
+ V (x)

with E1(t) = −∂tA2(t), and the corresponding
time-evolutions Uj(t, s), j = 1, 2 are related by a
unitary operator X(t). One of the main observa-
tions in [23] is that the group of unitary operators
R(t) = eiωtL3 , L3 being the vertical component of
the angular momentum (tensor product over the
N particles), takes A2(t) into a constant magnetic
potential A0 = ( 1

ω , 0, 0), i.e.

R(t)H2(t)R(t)
−1 =

∑

j

(2mj)
−1(pj−ejA0)

2+V (x)

and
U2(t, s) = e−iωtL3ei(t−s)PAeiωsL3

where PA is the time-independent self-adjoint op-
erator

PA =

N−1∑

j=0

(2mj)
−1(pj − ejA0)

2 + V (x)− ωL3

Quantum monodromy operator U2(s + T, s) over
the period T = 2π/ω, is of the form

U2(s+ T, s) = e−iωsL3eiTPAeiωsL3
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This relates the (discrete) spectra of U2(s + T, s)
and PA (either real spectrum or resonances), in
the sense that if E is an eigenvalue of PA, then
F = eiTE is an eigenvalue of U2(s + T, s). For
simplicity we assume henceforth there is only one
heavy nucleus and one electron x ∈ R3, and in-
troduce a semi-classical parameter h so that L3 =
x1hDx2

−x2hDx1
, and PA on L2(R3) takes the form

PA(x, hDx) = (hDx − νA0)
2 + V (x) − ωL3, where

ν is a coupling constant. In case V is Coulomb po-
tential, the complex dilation theory of PA set up in
[23] gives an insight into the resonant spectrum of
PA. Here we still assume V to be rotation invariant,
but allow for non Coulomb (confining) potentials,
so that PA has discrete, real spectrum.

2 Hamiltonians

The classical Hamiltonian is

pA(x, ξ) = (ξ1−
ν

ω
)2+ξ22+ξ

2
3+V (|x|)−ω(x1ξ2−x2ξ1)

(1)
and we may rewrite PA as a magnetic Schrödinger
operator. Namely, after the affine change of co-
ordinates x = 2ν

ω2 y + (0, 2ν
ω2 , 0), and the substitu-

tion W (y) = 4ν2

ω4

(
V (|x(y)|) − λ2

ω2 (y
2
1 + y22)

)
, we get

pA(x, ξ) =
ω4

4ν2 p
′
A(y, η) +

ν2

ω2 , where

p′A(y, η) = (η1 +
2ν2

ω3
y2)

2 + (η2 −
2ν2

ω3
y1)

2 + η23

+W (y) = (η − ω′A(y))2 +W (y)
(2)

Note that the corresponding operator P ′
A(y, hDy)

commutes with symmetry y3 7→ −y3. General spec-
tral properties of magnetic Schrödinger operators
are well-known, see e.g. [7], in particular when
W (y) → +∞ as y → ∞, P ′

A(y, hDy) has only dis-
crete spectrum.
Discrete semi-classical spectrum of PA near some

energy level E is generally associated with local
minima of the Hamiltonian. Among these minima
it is easy to find those which are the critical points
of r 7→ V (r), namely

ρ±0 = (x0, ξ0)
± =

(
(0, 2νω−2,±

√
r20 − 4ν2ω−4), 0

)

with V (r0) = E − ω2ν−2. We will write as well
ρ±0 = (y±0 , η

±

0 ) = (y±0 , 0) in the new coordinates y.
So the y-projection of the critical points y±0 of

p′A(y, η) are located on the y3-axis, symmetric with
respect to the (y1, y2) plane. At such a critical
point, η±0 = 0.

For a suitable choice of parameters
(r0, V

′′(r0), ω, ν), it may happen that ρ±0 is
an elliptic point even if r0 is not a minimum of V .
However, to meet hypotheses of [19], we assume
that E is the bottom of the spectrum of PA,
and thus r0 is a global minimum of V . To avoid
multiple tunneling, we assume also that there is no
other critical points of pA than ρ±0 at energy E.

Such elliptic fixed points ρ±0 of Hamiltonian pA,
will be called the magnetic microlocal wells. We
consider Dirichlet realization PM

±

A (x, hDx) local-
ized in some (large enough) neighborhoods M± ⊂

R3 of x±0 (by symmetry PM
±

A (x, hDx) are unitarily
equivalent) and study their semi-classical spectrum
in a h-neighborhood of E, see [9]. Note that the

spectral parameters for PM
±

A and P ′
A
M±

are related
as follows:

PM
±

A (x, hDx)u±(x) = (E + λA(h))u±(x)

⇐⇒ P ′
A
M±

(y, hDy)u
′
±(y) = (E′ + λ′A(h))u

′
±(y)

(3)

where E′ = 4ν2

ω4 V (r0), λ
′
A(h) = 4ν2

ω4 λA(h), and
u′±(y) = u±(x) we will denote for short again by
u±(y). We know that the first eigenvalue λA(h)

of PM
±

A (x, hDx) − E is non degenerate. By tun-
neling, this will gives raise to splitted eigenvalues
E0(h) < E1(h) for PA(x, hDx) exponentially close
to λA(h). Thus our main goal consists in solv-
ing the rather standard problems: (1) Find semi-
classical asymptotics of λA(h), h→ 0. (2) Estimate
the splitting E1(h)−E0(h) (tunneling between ρ±0 ).
Point (1) results directly from the general microlo-
cal arguments of [19] near ρ±0 applied to PA, that
we recall here. Point (2) relies more specifically on
the fact that PA (or P ′

A) is a magnetic Schrödinger
operator. Both use complexification of time t 7→ it
for Hamilton equations in the “classically forbidden
region”.

3 Microlocal approach: WKB expansions

near the microlocal magnetic well

We work with PA rather than the rescaled oper-
ator P ′

A, and since our constructions will hold in
a small neighborhood of x0 = x+0 , x0 ∈ M =
M+ say, we shall write sometimes PA instead of
PM

+

A (x, hDx). At an elliptic fixed point Floquet
exponents, i.e. eigenvalues of the fundamental ma-
trix FpA = J Hess pA(ρ

±

0 ), are purely imaginary.
Their square µ′2 are the roots of a 3:rd degree poly-
nomial with real coefficients. It turns out that we
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can find an open set of parameters (r0, V
′′(r0), ω, ν)

such that r0ω
2ν−1 ≥ 2 and µ′2

1 < µ′2
2 < µ′2

3 < 0.
When these conditions are met, applying a linear
canonical transformation κA, and setting the refer-
ence energy to E′ = 0 to simplify notations, which
amounts to set V (r0) = 0, pA takes the form, with
µ′
j = iµj, µj > 0

pA(x, ξ) =

3∑

j=1

µj(x
2
j + ξ2j )/2 +O(|x, ξ|3) (4)

in local coordinates (x, ξ) vanishing at ρ±0 (but
not the same as the original coordinates of the
problem). It is important to note that, although
κA changes drastically the geometry of the phase-
space, we still get informations on u′±(y), see [19],
Remark 5.2 and below. Namely, κA does not gen-
erate additional caustics in the region of interest.
Examine first WKB constructions and decay

properties of the normalized quasi-mode associated
with λA(h) by microlocal technics and the method
of complex deformations [9], [10], [7], [17]. We fol-
low here [19].
Consider the global FBI transform (with c(h) a

normalization constant)

Tu(x, ξ;h) = c(h)

∫

R3

ei(x−y)ξ/h−(x−y)2/2hu(y) dy

(5)
that maps isometrically L2(R3) into L2(R6). It is
associated with the transformation κT : T ∗R3 →
Λ = {ζ = i Im z}, (x, ξ) 7→ (z, ζ) = (x − iξ,−iξ),
such that − Im(dz ∧ dζ) = dx ∧ dξ, Re(dz ∧ dζ) =
0 on Λ. The pluri-subharmonic (pl.s.h) weight
defining Λ, is −φ0(z, z) = (Im z)2, namely Λ =
{ζ = ∂φ0

∂z }. Transformation T intertwines PA with

P̃A(x, ξ, hDx, hDξ) whose Weyl symbol is given by
p̃A(x, ξ;x

∗, ξ∗) = pwA(x − ξ∗, x∗), so that the eigen-
value equation becomes, with uT = Tu and u = u+
as in (3)

(P̃A(x, ξ, hDx, hDξ)− λA(h))uT (x, ξ;h) ∼ 0 (6)

which we will solve by WKB method, by looking for
uT of the form uT (z;h) ∼ e−ξ

2/2h−ϕ(z)/ha(z;h).
The reduced operator Ψ(x, ξ, hDx, hDξ) =

eξ
2/2h+ϕ(z)/hP̃A(x, ξ, hDx, hDξ)e

−ξ2/2h−ϕ(z)/h

acting (formally) on symbols a(z;h) is in-
deed a h-PDO Ψ(z, hDz;h) with symbol
σΨ(z, ζ;h) ∼ σ0(z, ζ) + hσ1(z, ζ) + · · · , and
σ0(z, ζ) = −pA(z − ζ, iζ).

Remark 1 We could also use the standard unitary
Bargman transform [22] T0 : L2(R3) → HΦ(C

3),

space of holomorphic functions square integrable
with respect to the weight Φ(z) = |x|2/4. It is some-
what more natural in this context, but we found it
convenient to stick to notations of [19], [18].

Performing another “absolute” metaplectic com-
plex transformation T2 (independent of all param-
eters), associated with a complex canonical trans-
formation κ2, we can arrange so that σ0 has the
quadratic approximation σ02(z, ζ) =

∑3
j=1 2µjzjζj

near the magnetic microlocal well. We still denote
by uT the corresponding quasi-mode. In fact T2
could be avoided if we replace T by T0.
We solve Hamilton-Jacobi (HJ) equation

σ02(z, ∂zϕ0(z) = 0 by ϕ0(z) = 1
4z

2. This gives
the complex “outgoing” Lagrangian manifold
Λ0
+ = {ζ = ∂zϕ0(z)}, and also the “incoming” one

Λ0
− = {ζ = −∂zϕ0(z)}. By the stable-unstable

manifold Theorem this carries to σ0(z, ζ), thus
we can solve HJ equation with holomorphic
phase function ϕ(z) = ϕ0(z) + O(|z|3) defining
Λ±. Continuing this way, we can also solve the
transport equations with an analytic symbol
a(z;h). Altogether we get a WKB solution of
(Ψ(z, hDz;h) − λA(h))a(z;h) ∼ 0 microlocally
near ρ0 = ρ+0 , such that

uT (z, h) ∼ e−ξ
2/2h−ϕ(z)/ha(z;h) (7)

Here ∼ means modulo a remainder term
O(e−1/Ch). Applying classical variational prin-
ciples, this is justified by Agmon type estimates,
which say how close the microlocal solution
approaches the actual eigenfunction. To this
end, we use the method of non characteristic
deformations. Namely in some neighborhood Ω
of (0,0) where microlocal solution (7) holds (i.e.
before the occurence of focal points on Λ±) there is
a deformation of −φ0 to a family of pl.s.h. weights
−φt(z, z), such that the R-Lagrangian manifold
Λt = exp tHq(Λ) is transverse to {z = 0} at (0,0),

and hence of the form ζ = ∂φt

∂z . We check that
φt(z, z) → 2Reϕ(z) as t → ∞. Moreover σ0
remains elliptic outside (0,0) along these deforma-
tions, in the sense −σ0(z, ζ)|Λt

≥ Const.(|z|2+ |ζ|2)
for all t, and φt satisfies the eikonal equation
∂tφt(z, z) = −2σ0(z, ∂tφt). We then modify φt to
another weight ψt such that ψt < 2Reϕ near ∂Ω,
where WKB constructions of type (7) fail to exist,
and get the following Agmon estimate: If u is the
1:st normalized eigenfunction of PMA then for any
compact set K ⊂ Ω, there exists ε > 0 and hε > 0,
such that uniformly for z = x− iξ ∈ K, 0 < h < hε
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we have

eξ
2/2h+ϕ(x−iξ)/h(Tu+(x, ξ;h)− uT (x, ξ;h)) =

O(e− ε /h)
(8)

Altogether, this gives the asymptotics for the first
eigenvalue λA(h) for P

M+

A (x, hDx)

λA(h) = hTr+(FpA) +O(h2) (9)

where Tr+(FpA) =
∑3

j=1 µj . This gives also the
asymptotics of Tu+ in Ω ⊂M .
The main drawback is the poor control of the

neighborhood of x0 where this asymptotics holds
for u = T−1uT (left inverse), because κA is not
merely implied by a change of variables in the x-
space. Nevertheless since κ−1

T (Λ̃+), Λ̃+ = {ζ =
i∂zϕ(z)} is a strictly positive Lagrangian manifold
at (0,0) (also after applying κ2), the same holds for

κ−1
A ◦ κ−1

T (Λ̃+) (in the initial canonical variables),
and so Λ+ has no focal points near ρ0. So Agmon
estimate (8) again justifies the asymptotics of u of
PMA (x, hDx) in some (real) neighborhood ΩR of x0.
Of course by symmetry y3 7→ −y3 everything car-

ries to M−. To proceed we need to extend WKB
constructions, when ω′ is small enough, near min-
imal geodesics for Agmon metric associated with
the Hamiltonian without a magnetic field, .

4 Geometry and quantization of magnetic

Hamiltonians

We work here with the rescaled operator
P ′
A(y, hDy) = (P ′

A)
M (y, hDy) localized in M =

M+. In Classical Mechanics the generalized mo-
mentum η of a particle is related to its velocity by
v = η −A(y). The magnetic symplectic 2-form is

σA = dv ∧ dy = dη ∧ dy + dA(y) = σ + dA(y)

Consider first the kinetic term K0(y, η) = |v|2 =
(η − A(y))2. We know [12], [20] that if dA(y) 6= 0,
then Σ = {K0 = 0} = {dK0 = 0} is a 3-D
submanifold of T ∗R3, and Σ ∩ Σσ (Σσ denotes
orthogonal complement with respect to the sym-
plectic 2-form σ) is the Hamilton vector field for∑3

j=1 Fj(y)(ηj −Aj(y) where Fj(y) are the compo-
nents of the vector intensity of the magnetic field
B(y). In the present case Σ ∩ Σσ = R ∂

∂y3
. (Note

that in the 2-D case, Σ is just a 2-D symplectic
manifold). Many examples of integrable magnetic
Hamiltonians are provided in [13].

As in the case of Schrödinger operator without a
magnetic field, we may define complex branches of
the energy surface by considering imaginary times.
They glue along Σ. For Hamiltonian (1) with a
potential V sufficiently confining, the “magnetic
classically allowed region” (MCAR) is a domain
in R3 with 2 connected components in ±y3 > 0
bounded by the closed 2-D manifolds defined by
πy

(
Σ ∩ {p′A(y, η) = E′}

)
, where πy : T ∗R3 → R3

is the natural projection, and the “magnetic clas-
sically forbidden region” (MCFR) its complement.
For small ω′, the MCAR can be viewed as a defor-
mation of the “classically allowed region” (CAR)
for the Hamiltonian P ′

0(y, hDy) = (hDy)
2 +W (y)

without a magnetic field.
We stress that in the MCFR we make the sub-

stitution v 7→ iv instead of ξ 7→ iξ as in [10]. By
this transformation the Hamiltonian remains real
and gauge invariant. This is consistent with the
following example of operator on L2(R2)

H(y, hDy) = (hDy1)
2+(hDy2−by1)

2+V1(y1)+ω
2y22
(10)

which is unitarily equivalent (after partial Fourier
transform with respect to x2) to the Schrödinger
operator without a magnetic field H ′(x, hDx) =
(hDx1

)2 + (hDx2
)2 + (ωx2 − bx1)

2 + V1(x1) (see
[2], [6]). It turns out that our computations lead
(up to the present accuracy) to the same quantities
as [10], but without factor i at some places, see e.g.
Proposition 1 below.

Remark 2 Quantization of the kinetic term with a
linear A(y) = (−y1, 0, 0) (Landau gauge) was con-
sidered first in [14], p.496, leading to Landau lev-
els with infinite degeneracy. In this case, the y-
projection of classical trajectories consist in a fam-
ily of helices, with arbitrary center. The gener-
alized wave-functions are expressed in term of a
family of Hermite functions oscillating in the y1-
direction around the center. This gives a hint at
understanding the case of magnetic Schrödinger op-
erator (MSO) P ′

A(y, hDy) : degeneracy is lifted by
the potential, that fixes somehow the center of the
helix.

Notice that the potential well UE′(h) for

p′0(y, η) = η2+W (y) at energyE′(h) = 4ν2

ω4 (V (r0)+
λA(h)) with 2 connected components U±E′(h) is
given by

UE′(h)
± = {y : V (|x(y)|) −

ν2

ω2
(y21 + y22) ≤

V (r0) + λA(h), ±y3 > 0}
(11)
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Thus y±0 (the “center” of each well) verifies y±0 ∈
U±

E′ , and ∂U±

E′(h) ⊂ M± if r 7→ V (r) grows fast

enough at infinity and near 0, so that in particular
W |y3=0 > 0. Under these conditions, by the hyper-
plane symmetry, p′0 has two potential wells U±

E′(h)

localized near y0 = y±0 . Conditions on Floquet ex-
ponents (see Sect.3) ensure that W has nondegen-
erate minima at y±0 .
Taking Weyl quantization of p′A(x, ξ) = (η −

ω′A(y))2 +W (y), where A(y) = (−y2, y1, 0) (sym-

metric gauge) and ω′ = 2ν2

ω3 , we get the magnetic
Schrödinger Hamiltonian

P ′
A(y, hDy)u(y;h) = (2πh)−3

∫

R6

ei(y−z)η/hp′A(
y + z

2
, η)u(z) dz dη

(12)

and by a change of variables

P ′
A(y, hDy)u(y;h) = (2πh)−3

∫

R6

ei(y−z)
(
η+A

(
y+z
2

))
/hp′0(

y + z

2
, ξ)u(z) dz dη

(13)

Remark 3 For non linear magnetic potentials
A(y) we need to modify this quantization, since it is
no longer gauge invariant, see [15]. There are far-
reaching generalisation of such h-PDO’s, in partic-
ular Berezin-Toeplitz operators, see [3], [4], [11].

5 WKB constructions for P ′
0 and P ′

A

We will somehow relate the quasi-modes of P ′
0 and

P ′
A in M±, outside U±

E′(h). Since we are looking for

rather rough estimates on the eigenvalue splitting,
it is sufficient here to search for WKB solutions of(
P ′
0(y, hDy) − λ′A(h)

)
w(y;h) ∼ 0 in the classically

forbidden region (CFR) W (y) ≥ E′(h), although
P ′
0 and P ′

A do not have the same ground state, see
e.g. the discussion in [7], Sect.7.2.
First we recall some known facts on tunneling

for Schrödinger operators without a magnetic field.
Let S+

E′(h)(y) be Agmon distance from U+
E′(h) to

y for the Riemannian conformal metric
(
W (y) −

E′(h))
)
+
dy2, E′(h) = 4ν2

ω4 (V (r0) + λA(h)) which
vanishes on UE′ . We know that the exponential
decay of w from the well U+

E′ , say, is given roughly

by e−S
+

E′(y)/h, see [9], [17]. So we have to compute
w near minimal geodesics γE′(h) between ∂U±

E′(h).

Such (finitely many) minimal geodesics are also

called librations [2], [6], [1]. Within the required ac-
curacy on tunneling rates, we could again replace
E′(h) by E′, which amounts to replace the libra-
tions by the instanton between U±

E′ = {y±0 }.
Changing t to it we may assume that in

W (y) ≥ E′(h) (CFR) P ′
0 − E′(h) takes the form

Q′
0(y, hDy)+E

′(h) = (hDy)
2−W (y)+E′(h). Then

the WKB solutions of (Q′
0(y, hDy) + E′)w(y, h) =

λA(h)w(y, h) are given by

w(y;h) = e−φ(y,E
′)/hb(y, E′;h) (14)

In particular the phase function φ solves (lo-
cally) Hamilton-Jacobi equation (∇φ(y, E′))2 −
W (y) + E′ = 0 and the amplitude b(y, E′;h) =
b0(y, E

′;h)+hb1(y, E
′;h)+ · · · the transport equa-

tions. These WKB expansions can be justified by
Agmon estimates near the minimal geodesics γE′

as in [17].
Let nowQ′

A(y, hDy)+E
′(h) = (hDy−ω′A(y))2−

W (y)+E′(h) be the corresponding Hamiltonian in
MCFR. Recall that MCFR (with the magnetic field
of strength ω′) is a deformation O(ω′) of the CFR
(without the magnetic field).
To solve (Q′

A(y, hDy)+E
′(h))u(y;h) ∼ 0, we try

u(y;h) = e−ψ(y,E
′)/hb(y, E′;h)w(y, E′;h) =

e−(φ(y,E′)+ψ(y;E′))/hb(y, E′;h)c(y, E′;h)
(15)

and replace E′(h) by E′ as stated above. We find
(omitting parameter E′(h)), using (12) and (13)

(Q′
A(y, hDy) + E′)u(y;h) = (2πh)−3

∫ ∫

exp
[
i
(
(y − z)(η + ω′A(

y + z

2
)) + φ(z) + ψ(z)

)
/h

]

(
q′0(

y + z

2
, η) + E′

)
b(z, E′;h)c(z, E′;h) dz dη

(16)
(we have identified the operator with its Weyl sym-
bol). Applying asymptotic stationary phase yields
eikonal equation

(−ω′A(y) + φ′(y) + ψ′(y))2 −W (y) +E′ = 0 (17)

which is Hamilton-Jacobi equation for Hamiltonian
(η − ω′A(y) + φ′(y))2 +W (y) + E′. By a stability
argument (17) has again a unique solution near γE′ ,
and can be solved perturbatively in ω′ > 0 small
enough.
Namely, look for ψ(y) = ω′ψ0(y) + ω′2ψ̃1(y, ω

′).
Substituting into (17) we get at first order in ω′:
2∇φ(y)∇ψ0(y) = 2〈∇φ(y), A(y)〉 which is a trans-
port equation along the integral curves of Hamilton
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vector field HQ′
0
. Using Hamilton Eq. for Q′

0 it

can be written as d
dtψ0(y(t)) = 2

(
−y2

∂φ
∂y1

+ y1
∂φ
∂y2

)

or in cylindrical coordinates y1 = r cos θ, y2 =
r sin θ, y3 = y3,

d
dtψ0(x(t)) = 2∂φ∂θ (x(t)) which can

be integrated as (see also [10], Eq.(2.27)1) ψ0(t) =

ψ0|H∗
+ 2

∫ t
0
∂φ
∂θ (x(s)) ds. Higher order approxima-

tions in ω′ are obtained similarly. In particular set-
ting ψ̃1 = ψ1 + ωψ̃2, we find

2∇φ(y)∇ψ′
1(y) = −(ω′y)2 − ψ′

0
2
+

2〈 A(y), ψ′
0〉 = −|ψ′

0 −A(y)|2

or (see also Eq. (2.27)2 and Lemma 3.9 of [10]),
d
dtψ1(x(t)) = −

∫
|ψ′

0(x(s))−A(x(s))|
2 ds The same

type of arguments holds for transport equations
defining c(y, E′;h).
Note that in dimension 1, the leading order

term of the symbol b(y, E′;h)c(y, E′;h) would as-
sume the familiar form b(y, E′;h)c(y, E′;h) =
Const. exp

[
− 1

2

∫ y
(W (z) − E′)−1/2 dz

]
, and we ex-

pect this formula to hold in the 3-D case as well.

Remark 4 The computation above is based on rep-
resentation (13) in the real domain, can actually be
carried over MCFR where the phase becomes com-
plex (possibly purely imaginary), if we choose suit-
able branches of solutions with positive imaginary
part. This can e.g. be achieved after performing a
FBI transform of type (8) which allows for complex
phases.

This eventually gives u = uWKB outside some ω′-
neighborhood of CAR {y : W (y) ≤ E′(h)} of the

form Ω̃+
ω′ ∪ Ω̃−

ω′ .
In fact CFR and MCFR may differ by O(ω′). To

ensure that our WKB solutions overlap with the
microlocal solutions obtained in Sect.3, we need to
assume that representation (7) of the actual eigen-
function holds in a sufficiently large neighborhood
(of size O(ω′)) of the CAR {y :W (y) ≤ E′} (with-
out the magnetic field). This requires that we have
a good control, sufficiently far away the microlo-
cal wells, of the pl.s.h. weights −φt constructed
in Sect.3. It should be instructive to consider the
model (10) from this viewpoint.
Let us summarize our constructions in the fol-

lowing:

Proposition 1 : Assume Ω̃+
ω′ ∪ Ω̃−

ω′ ⊂ Ω+
R ∪ Ω−

R,
where Ω±

R have been defined at the end of Sect.2.
Then there are WKB solutions uWKB as in (15) of
(PA(x, hDx)− E − λA(h))uWKB ∼ 0 extending the

quasi-modes u± of PM
±

A constructed in (7) along
the (finite set) of minimal geodesics γE′ between
∂U±

E′(h).

As in the case of Schrödinger operator without a
magnetic field, we can control the decay of eigen-
functions outside U±

E′ by Agmon estimates. We
start with a rough weighted energy estimate. Let
Ea = {y : dE′(U+

E′ , y) + dE′(U−

E′ , y) ≤ SE′ + a} ⊂

M+ ∪M− for suitable a > 0, and Ω̃ ⊂ R3 large
enough with C2 boundary, such that U+

E′ ⊂ Ω̃,

U−

E′ ∩ Ω̃ = ∅, Γ = ∂Ω ∩ Ea ⊂ M+ ∩ M−, see

[7],p.43. Let also Φ be a Lipschitz function on ∂Ω̃.
Then for all u ∈ C2(Ω;C), u|∂Ω̃ = 0, we recall from
[7],Prop.7.2.25

∫

Ω̃

|(hDx −A(x))(eΦ/hu)|2 dx+

∫

Ω̃

(W (x) − E′ − |Φ′(x)|2)e2Φ/h|u|2 dx

= Re

∫

Ω̃

e2Φ/h(P ′
A − E′)u(x)u(x) dx

(18)

The weight Φ should of course be related with φ+ψ,
but the term (W − E′ − |Φ′(x)|2) in the second
integral refers rather to the eikonal equation veri-
fied by φ alone, so instead of the decay observed in
the WKB solution, we end up with this we would
get in case A(x) = 0. So sharper estimates would
require either to assume analyticity of the poten-
tial as in [10], or to change formula (18), to a for-
mula verified by the ratio φA = uA/u0 of ground
states with and without a magnetic field. Note
that in case λA(h) = λ0(h), which is achieved in
particular (Bohm-Aharonov vector potential) when

rotA = 0 in Ω̃, necessarily non simply connected,
and

∫
γ
A(x) dx ∈ 2πhZ for all closed path γ ⊂ Ω̃,

then (hDx − A(x))φA = 0. This is due to an iden-
tity by R.Lavine and M.O’Carroll, see [7],p.93 and
references therein, and leads in particular that φA
is just a (x-dependent) phase factor. So in this
case there would be no additionnal decay due to
the magnetic field.

6 The gap formula and estimate of the

splitting

.
As in the case of Schrödinger operator without a

magnetic field, we relate the splitting to an integral
of u+

∂u−

∂y3
over Γ ⊂ {y3 = 0} that bissects the clas-

sically forbidden region near the minimal geodesics.
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The gap formula is given by the interaction matrix
using Stokes formula with the magnetic potential

w+− = h2
∫

Γ

(
u+

∂u−
∂y3

− u−
∂u+
∂y3

)
dS(y)+

h

∫

Γ

(
u+(y)〈A(y),

∂

∂y3
〉u−(y)

− u−(y)〈A(y),
∂

∂y3
〉u+(y)

)
dS(y)

(19)

The second term vanish since A3(y) = 0, hence
(19) is identical to the gap formula without a mag-
netic field. This altogether with (18) yields an es-
timate for the splitting of the form

e−
(
SE′+O(ω′)

)
/h ≤ E1(h)−E0(h) ≤ e−

(
SE′−O(ω′)

)
/h

(20)
but getting a sharper exponent requires to modify
(18) as suggested above. Precise Agmon estimates
also depend on the number of these geodesics,
and on the structure of the eigenfunction uA of
PA(y, hDy) near ∂U

±

E′(h), obtained in Sect.3.
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