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Purely cubic spin splittings in the band structure of bulk insulators have not been extensively
investigated yet despite the fact that they may pave the way for novel spin-orbitronic applications and
can also result in a variety of promising spin phenomena. By symmetry analysis and first-principles
simulations, we report symmetry-enforced purely cubic spin splittings (SEPCSS) that can even lead to
persistent spin textures. In particular, these SEPCSS can be thought to be complementary to the cubic
Rashba and cubic Dresselhaus types of spin splittings. Strikingly, the presently discovered SEPCSS are
expected to exist in the large family of materials crystallizing in the 6̄m2 and 6̄ point groups, including the
Ge3Pb5O11, Pb7Br2F12, and Pb7Cl2F12 compounds.
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Introduction.—The discovery of spin splittings and of
the associated spin textures guides a new way toward the
spin-orbitronic applications of materials without inversion
symmetry, and is attracting considerable attention [1–21].
Most of the discovered spin splittings are consistent with
the linear Rashba (LR) or linear Dresselhaus (LD) types, or
consist of a mixture between LR and LD kinds [6–9,
11–18,21]. For the linear spin splittings, the energy levels
are dispersed with crystal momentum (k) following
Ek ¼ αk2 � τk, where the α and τ terms are the effective
mass and linear spin splitting terms, respectively. Among
the linear spin splittings, one important and promising case
is the so-called persistent spin textures (PST) arising when
the LR and LD contributions compensate each other, whose
spin configurations are k independent, therefore enabling
long-range spin transport without dissipation [7,9,15,
19–23]; interestingly, the linear-spin-splitting-based per-
sistent spin textures can be well protected by symmetry and
thus are not easily destroyed [7]. Moreover, the cubic
Rashba (CR) and cubic Dresselhaus (CD) spin splittings,
with the band dispersion characterized by Ek ¼ αk2 � τ0k3,
have started to gain attention recently, possibly due to some
unique benefits to spin transport [3–5,24–27]. For example,
some important experimental discoveries reported CR in,
e.g., (001) SrTiO3 surface [4], Ge/SiGe quantum well [3],
SrTiO3-based heterostructures [28], and surface states of
antiferromagnet TbRh2Si2 [29]. As it will be shown later,
the CR effect is usually, by symmetry, mixed with linear in
k spin-splitting contributions (note that by mixing we mean
that both effects simultaneously exist); consequently, the so
far observed CR are mostly based on nonbulk materials

(e.g., quantum well, surface, interface) [3,4,28,29].
Focusing on the emerging field of cubic spin splittings,
several questions are naturally raised. (i) Are there bulk
materials (instead of quantum wells or surfaces or inter-
faces) presenting symmetry-enforced purely cubic spin
splittings (SEPCSS) without mixing with linear in k terms?
(ii) Are there SEPCSS (if any) whose mechanisms are
beyond CR and CD? (iii) Is it possible to obtain symmetry-
enforced PST but in the regime of purely cubic spin
splittings? Answering these questions may not only
enhance the opportunity for original device applications
of spin splittings but also enrich the fascinating field of
spin-orbit interactions. In particular, addressing (iii) may
enable the device applications based on dissipationless spin
transport (due to PST) via possible benefits of SEPCSS.
Novel purely cubic spin-orbit interaction may also provide
a test bed to explore e.g., spin transport in a system
with higher spin (e.g., spin 1 and 3=2 quasiparticles)
[19,27,30,31]. Note that question (i) has already been
successfully addressed in zinc-blende-type semiconductors
(see, e.g., Refs. [5,32]), some of whose bands are purely
CD type [2]. However, questions (ii) and (iii) remain
completely unknown, to the best of our knowledge.
Our main results are as follows. By first deriving the

symmetry-allowed lowest order in k spin splittings (two-
band model) along all 32 point groups, we do identify some
novel SEPCSS, which differ from those associated CR and
CD. They occur in 6̄ and 6̄m2 point groups. We further
show that these SEPCSS showcase symmetry-enforced
persistent spin textures within purely cubic spin splittings.
Finally, we propose a family of materials calling for the
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experimental verification of our theory as well as the design
of spintronic devices based on SEPCSS with PST.
Results and discussion.—The supporting discussion

(Sects. I, II, III) and methods (Sect. IV) are detailed in
the Supplemental Material (SM) [33].
Symmetry analysis of the two-band Hamiltonian.—Let

us recall that our target is to find possible candidates with
SEPCSS, limiting ourselves within the two-band effective
Hamiltonian [32] incorporating only the spin degree of
freedom (i.e., the degeneracy of orbital degree of freedom,
albeit important in some cases [56], is not considered). Our
strategy is to derive the possible symmetry-allowed lowest
order in k spin-splitting terms, case by case by exhausting
all the 32 crystallographic point groups. Note that, by
symmetry, only 21 point groups can present such spin
splittings (see Sec. I of SM and Table S1 [33]). Out of these
21, there are 18 point groups allowing linear spin splittings;
the other three cases, which are 6̄m2, 6̄, and 4̄3m,
present cubic spin splittings as lowest orders within
the framework of the two-band model. Note that none of
the terms given in Table S1 [33] correspond to the
recently reported cubic Rashba spin-splitting term [i.e.,
iðkx − ikyÞ3ðσx þ iσyÞ − iðkx þ ikyÞ3ðσx − iσyÞ, with σx,
σy, and σz being Pauli matrices] [3,4]. In other words,
from the viewpoint of symmetry, the cubic Rashba must be
mixed with linear spin splittings; even though the linear
term might be tiny or negligible (see, e.g., Refs. [3,4]), it is
allowed by symmetry once the cubic Rashba appears. Also,
the cubic spin splittings for 4̄3m are exactly the cubic
Dresselhaus term [2,5].
Typical spin splittings and textures.—In Figs. 1(a)–1(c),

we show sketches of band structures for purely linear and
cubic spin splittings as well as a mixture of the two. One
can clearly see the difference between the purely linear and
purely cubic spin splittings; that is, the latter presents zero
value of ∂Ek=∂k at k ¼ 0. At small k, the feature of the
mixed case is similar to that of the purely linear spin
splitting [see Figs. 1(a) and 1(b)]. The spin textures of
linear Rashba and Dresselhaus effects [Figs. 1(d) and 1(e)]
as well as those of cubic Rashba and Dresselhaus effects
[Figs. 1(g) and 1(h)] are also depicted (Fig. 1).
Interestingly, Figs. 1(d) and 1(e) show magnetic vortex
and antivortex patterns [62] but in reciprocal space instead
of the usual real space. The persistent spin texture whose
spin configuration is independent of momentum (k) is
sketched too for the linear spin-splitting case [Fig. 1(f)].
Strikingly, the spin splittings [kyð3k2x − k2yÞσz and
kxðk2x − 3k2yÞσz] occurring in 6̄m2 and 6̄ point groups
highlight a novel persistent type of spin textures (with
cubic in k terms as lowest orders); as we will see below, our
proposed PST are “protected” by symmetry and thus are
rather robust. In Fig. 1(i), we show the spin texture of
kyð3k2x − k2yÞσz as an example. Such novel spin textures and
purely cubic in k spin splittings in 6̄m2 and 6̄ point groups,
which are complementary to purely cubic Rashba and

Dresselhaus types, have seldom been noticed previously.
More precisely, we are aware of previous works using
kyð3k2x − k2yÞσz or kxðk2x − 3k2yÞσz to interpret the spin
splittings and/or textures in materials with other point
groups (e.g., 3m, 3; see Refs. [18,60]), but the kyð3k2x −
k2yÞσz and/or kxðk2x − 3k2yÞσz terms are often mixed with
linear in k spin splittings—and therefore destroy the
persistent spin textures (see, e.g., the case for LaWN3

[18]) and is beyond the purely cubic spin splittings.
Route toward the PST with cubic spin splittings.—Let us

start from our two-band Hamiltonian for the 6̄ point group
within the ðkx; kyÞ plane, given by

Hðkx; kyÞ ¼ E0 þ αðk2x þ k2yÞ þ ζkxðk2x − 3k2yÞσz
þ λkyð3k2x − k2yÞσz; ð1Þ

FIG. 1. Sketches of the band structures and spin textures due to
linear or cubic spin splittings. Panels (a)–(c) depict band energies
Ek versus k in the form of Ek ¼ αk2 � λk, Ek ¼ αk2 � λk� ηk3,
and Ek ¼ αk2 � ηk3, respectively. Panels (d) and (e) are sche-
matic spin textures in, e.g., the mm2 point group for linear
Rashba (i.e., −kyσx þ kxσy) [1,7] and Dresselhaus (i.e.,
kyσx þ kxσy) [2,7] spin splittings, respectively. Panel (f) sketches
the linear persistent spin textures (e.g., obtained by kxσy) [7]
whose spin configurations are independent of the momentum k.
Panels (g) and (h) are sketches of spin textures due to cubic
Rashba [i.e., ðkx − ikyÞ3ðσx þ iσyÞ − ðkx þ ikyÞ3ðσx − iσyÞ] [3,4]
and Dresselhaus [i.e., ðkxk2z − kxk2yÞσx þ ðkyk2x − kyk2zÞσyþ
ðkzk2y − kzk2xÞσz] [2,5] spin splittings, respectively. Panel (i) shows
the persistent spin texture due to cubic spin splittings [e.g.,
kyð3k2x − k2yÞσz]. The spin textures are considered within the
ðkx; kyÞ plane; the arrows and color denote the in-plane and out-
of-plane components of spin textures, respectively. In panels (d)–
(h), the spin configurations have in-plane components sx and sy
with hardly any out-of-plane components sz, while in panel (i) the
spin textures merely have sz with the blue (red) colored sectors
denoting sz of −0.5 (þ0.5). In our model, there should be two
spin- texture branches associated to two bands; only one branch is
shown here for each case.
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where σz is a Pauli matrix or operator, α is a coefficient
related to the effective mass, and ζ and λ characterize spin
splitting terms. The eigenvalues of Eq. (1) are easily obtained
as E� ¼ E0 þ αðk2x þ k2yÞ � ζk3x � 3λk2xky ∓ 3ζkxk2y ∓ λk3y.
The eigenvectors corresponding to Eþ and E− are j↑i and
j↓i, respectively, which are the eigenstates of the Pauli σz
matrix or operator. Our model [Eq. (1)] thus implies that the
spin components (sx ¼ sy ¼ 0 and sz ¼ � 1

2
) are indepen-

dent of the momentum k, suggesting the persistent spin
textures for 6̄ point groups. A similar conclusion can easily
be realized for the 6̄m2 case.
Possible candidates.—We now move on to propose the

possible candidates that can achieve our abovementioned
PST with SEPCSS. In particular, we are interested in the
materials Ge3Pb5O11, Pb7Br2F12, and Pb7Cl2F12, which
were experimentally reported to have the space group of P6̄
(6̄ as the associated point group) under appropriate syn-
thesis condition [40,63–65]. We take these materials as our
test bed to perform a sequence of simulations (see Sect. IV
of the SM [33]) based on density functional theory (DFT).
The relaxed crystal structures for these three compounds
are shown in Table S2 of the SM [33]. Our crystal structures
from DFT coincide with the experimental values;
for example, the deviations of the calculated lattice
parameters ða; cÞ from experimental ones [63–65] are
ð−0.6%;−0.3%Þ, ð−0.9%;−1.5%Þ, and ð−0.6%;−1.1%Þ,
for Ge3Pb5O11, Pb7Br2F12, and Pb7Cl2F12, respectively.
The band gaps are about 2.1, 3.6, and 3.8 eV for

Ge3Pb5O11, Pb7Br2F12, and Pb7Cl2F12, respectively (see
Figs. S2 and S3 in SM [33]). Meanwhile, we found that the
conduction band minimum (CBM) for Ge3Pb5O11 locates
at the Γ point, while the CBM for Pb7Br2F12 is at a valley
along the L −M line and that for Pb7Cl2F12 is in the
vicinity of the A point (Figs. S2 and S3 of SM [33]). The
valley along the Γ − A line for Pb7Br2F12 is very close, in
terms of energy, to that along the L-M line. In the present
work, we will concentrate on the band structures and spin
textures around the Γ point. Note that even if the Γ point for
Pb7Br2F12 and Pb7Cl2F12 is not the k point indexing their
CBMs, it is still possible in experiments to access the
conduction level around the Γ point [66].
We compute the band structures from DFT along both

the kx and ky directions around the Γ point for Ge3Pb5O11,
Pb7Br2F12, and Pb7Cl2F12, then we fit those band structures
to our model in Eq. (1); the results are shown in Figs. 2(a)
and 2(b) in the main text and Fig. S4 in SM [33]. Our model
fits the bands very well with the coefficients reported in
Table I. Interestingly, the lower conduction bands around
the Γ point showcase the feature of electrons for Ge3Pb5O11

(i.e., with positive effective mass) and the feature of holes
for Pb7Br2F12 and Pb7Cl2F12 (i.e., with negative effective
mass), respectively.
Finally, the spin textures (η component sη, η ¼ x, y, z)

around the Γ point within the ðkx; kyÞ plane are obtained
from DFT and also from our parametrized models.

Figures 2(c)–2(f) are for Ge3Pb5O11, while Figs. S5(a)–
S5(h) (in SM [33]) are for Pb7Br2F12 and Pb7Cl2F12. For all
the three investigated compounds, the spin textures
obtained by DFT and our models agree with each other.
Specifically, our models give sx ¼ 0, sy ¼ 0, and sz ¼
�0.5 for Ge3Pb5O11, Pb7Br2F12, and Pb7Cl2F12; in
comparison, the DFT-resulted spin textures yield sx ¼ 0,
sy ¼ 0, and sz ¼ �s0, with s0 ranging from 0.44 to 0.48 for
these compounds. This, together with the good fit of the
DFT band structures by our models, confirms the validity
of our above analysis about the effective Hamiltonian, in

FIG. 2. Band structures of Ge3Pb5O11 around the Γ point, along
kx (a) and ky (b) directions. The black solid lines and red dots are
the band structures obtained by DFT and the model described by
Eq. (1), respectively. Panels (c) and (d) are the spin textures
calculated by DFT of the outer (lower) and inner (higher)
conduction subbands, respectively; panels (e) and (f) are the
equivalent of panels (c) and (d) but computed by the model. Only
the out-of-plane components (sz, denoted by red and blue colors)
are nonzero. Note that the “zigzag” patterns of the border lines
separating the positive and negative sz sectors are due to the
discrete (coarse) k-point sampling (see Sect. IV of the SM [33]).
A dense enough k-point mesh should result in straight border
lines as shown in Fig. 1(i). To reproduce the DFT-based spin
textures, we used a similar coarse k-point mesh when evaluating
the spin textures based on our models.
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order to describe the SEPCSS with PST for the 6̄ point
group. We also tested our models for the 6̄m2 point group.
More precisely, we investigated the conduction levels
around the Γ point of GaSe (P6̄m2 space group) and
K2HfF6 (P6̄2m space group). We found that the spin
splittings and textures of these materials are basically well
described by our models giving PST as well—with merely
some slight in-plane components (see Figs. S6 and S7 and
the discussion in the SM [33]).
Furthermore, it is interesting that the spin textures (see

Fig. 2 in the main text and Fig. S5 of the SM [33]) for
Ge3Pb5O11, Pb7Br2F12, and Pb7Cl2F12 are different from
each other in the sense that the border lines separating the
þjszj and −jszj sectors vary case by case. Let us elucidate
such a fact analytically. Based on the eigenvalues of Eq. (1)
we evaluate ky=kx (according to Eþ ¼ E− and assuming
that kx > 0) as

ky
kx

¼

8
>>>>><

>>>>>:

− ζ
λ −

ðζ2þλ2Þ2=3
λðζþijλjÞ1=3 −

ðζ2þλ2Þ1=3ðζþijλjÞ1=3
λ

− ζ
λ þ ð1−i ffiffi

3
p Þ½ðζ2þλ2Þ1=3ðζþijλjÞ1=3�

2λ þ ð1þi
ffiffi
3

p Þðζ2þλ2Þ
2λðζ2þλ2Þ1=3ðζþijλjÞ1=3

− ζ
λ þ ð1þi

ffiffi
3

p Þ½ðζ2þλ2Þ1=3ðζþijλjÞ1=3�
2λ þ ð1−i ffiffi

3
p Þðζ2þλ2Þ

2λðζ2þλ2Þ1=3ðζþijλjÞ1=3 :

ð2Þ

In fact, Eq. (2) provides the slope (i.e., ky=kx) of the three
border lines separating the different sectors of the spin
textures [note again that the border lines should be straight
lines if we use dense enough k-point mesh; see Fig. 1(i)].
Summary and perspective.—We have identified purely

cubic spin splittings, i.e., ζkxðk2x−3k2yÞσzþλkyð3k2x−k2yÞσz
without any mixing with linear spin splittings, in the
nonpolar 6̄ point group. Such spin splittings are comple-
mentary to the cubic Rashba and cubic Dresselhaus
types and form robust persistent spin textures which are
tunable by varying the ratio between ζ and λ via, e.g.,
strain engineering, or alloying of different compounds.
We further propose three compounds, e.g., Ge3Pb5O11,
Pb7Br2F12, and Pb7Cl2F12, to corroborate our theory and
achieve our abovementioned effects. Furthermore, we also
listed several nonmagnetic and nonmetallic candidates,

extracted from the Materials Project [40,41], with 6̄ and
6̄m2 point groups in Table S3 of the SM [33]. This shows
that there is a rather big family of materials that can fulfill
the PST with SEPCSS; note that all the materials listed in
Table S3 (see the SM [33] have been experimentally
prepared and they have a wide spectrum of band gaps,
thus allowing experimental and technological access to our
proposed PSTwith SEPCSS in 6̄ and 6̄m2 point groups. All
in all, our discoveries extend the physics of spin orbits and
may also lead to novel nondissipative device application
because of these unique cubic spin splittings and persistent
spin textures. Also interesting is that materials with
symmetry (e.g., ð6=mÞmm) higher than 6̄ and 6̄m2 may
still present 6̄ or 6̄m2 symmetry when they are grown as a
monolayer (see, e.g., Ref. [67]), or when studying their
specific high-symmetric k points whose little group is 6̄ or
6̄m2—as evidenced in, e.g., Ref. [68]. In particular, we
point out that purely cubic persistent spin texture we
identified in bulk oxides and fluorides in this study may
have a natural link to monolayer transition metal dichalco-
genides (TMDCs), where out-of-plane spin polarization is
also found in a related point group (6̄m2) albeit around the
K point of the Brillouin zone [67]. Given the outstanding
optoelectronic properties and valley physics found in
monolayer TMDCs, further exploration of transport and
optical properties in systems having pure cubic interaction
could be highly useful [69–71].
Note that our suggested candidates are made of lead and

are thus possibly toxic. Hence, discovering lead-free
materials presenting large SEPCSS with PST constitutes
an interesting avenue to pursue. In particular, a high-
throughput screening of corresponding candidates will
be highly desired both experimentally and theoretically.
A possible starting point may be the lead-free systems
listed in Table S3 of the SM [33]. Note also that widely
used crystal structure predictors (such as USPEX [72] and
CALYPSO [73]) can allow the design of these lead-free
materials even from scratch, by, e.g., considering binary
and ternary alloys involving heavy elements (implying
large spin-orbit coupling).
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TABLE I. The parametrization of E0, α, β, ζ, and λ in our model
[Eq. (1)] for the low conduction bands (around the Γ point) of
Ge3Pb5O11, Pb7Br2F12, and Pb7Cl2F12. The kx and ky ranges for
fitting our models are 0.188, 0.115, and 0.115 Å−1 for
Ge3Pb5O11, Pb7Br2F12, and Pb7Cl2F12, respectively.

Ge3Pb5O11 Pb7Br2F12 Pb7Cl2F12

E0 (eV) 2.13 3.76 3.98
α (eVÅ2) 1.27 −1.11 −2.08
ζ (eVÅ3) −5.24 −2.92 1.75
λ (eVÅ3) −3.43 −5.04 8.65
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